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SECTION I 

INTRODUCTION 

The purpose of this study was to include a number of recent advances 

in theoretical and experimental behavior of reinforced and plain concrete in 

a computer program for analyzing plain or reinforced concrete structures. The 

properties of reinforced concrete are represented by variable moduli that 

combine the stiffness of steel and concrete and can change due to (l) cracks, 

(2) progressive failure of bond, (3) orthotropy due to different tangent 

moduli in different directions, (4) general orthotropy due to inelasticity of 

concrete in compression and cracks in tension, (5) confining effects, and 

(6) inelasticity of steel. 

Although a model of this type was originally developed by Isenberg and 

Adham in 1969 (Ref. 1), the present study aims at specific types of improve-

ments as follows: 

• Improved constitutive properties of plain concrete, especially in 

muitiaxial compression 

• Improved representation of dowel action 

• Improved representation of bond s' 'p, ' nc 1 ud: review of previous 

work and some new exper'ments 

• Inclusion of rebond'nc capabi,:*y 

• Development of a computer orogram :n„orporates the constitutive 

properties and that can be 'nse^ted ,.:th few or no changes into a 

wide variety of continuum frnite element, and finite difference 

programs 

The present study was carried in four pimary steps as follows: 

STEP 1. The purpose of tnis step was to -ef<ne the formulation of the 

material model proposed by Isenberg and Adham (Ref. 1) on the basis of experi-

mental and analytical data that became available after this model was proposed 
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in  1969.    The work  included:     (1)   literature review,   (2)  evaluation of data 

that are pertinent  to the   improvement of the  Isenberg-Adham model,   (3) modifi- 

cation of  the model   based on  the above pertinent  data. 

STEP 2.    The purpose of this step was  to develop a set of subroutines  for 

the plain and  reinforced concrete models  developetl under Step  1.    The sub- 

routines are designed  to De used with  finite element or finite difference codes 

and can handle plane stress,  plane strain, axisymmetric,  and  three-dimensional 

states of stress or strain. 

In the   intended application a solution   is obtained by the  step-by- 

step method of  Integration.    The subroutines calculate  stress and strain 

at  the end of the current  step,  based on  the current  strain   increment. 

However,  the capability of calculating strains from a known state of stress 

was also included. 

STEP  3-    The purpose of  this step was  to obtain new experimental   data on 

bond slip and to compare  the  results with  the assumptions  contained   in  the 

mathematical  model.     Cylindrical   specimens of concrete   were each cast with one 

reinforcing bar cast concentrically.     Strain gages were placed on the  inner 

surface of  the bar and  the outer surface of  the concrete.    One experiment was 

performed on bond slip   in   tensio;,, while another experiment was performed on 

bond slip   in compression.     Each experiment used  two  instrumented specimens  and 

one noninstrumented  specimen on which only  total   elongation/contraction were 

measured.     Auxiliary  tests were made on noninstrumented specimens to determine 

the physical  properties of  concrete. 

STEP  4.    The purpose of  this step was  to   incorporate  the computer package 

developed under Step  2   into an existing dynamic,   inelastic,   two-dimensional 

continuum finite element  code   (FEDIA), which has  been developed by Agbabian 

Associates.    The new version of FEDIA, which  includes   the new material  package, 

is  called FEDRC.     The FEDRC  code was used  to analyze several   reinforced concrete 

structures  in order to demonstrate the capabilities of  the material  model 

developed under this  study.    Five static cases and four dynamic cases were 

analyzed,  for a total  of nine demonstration cases.     Cases  1  and 2 represented 

static behavior of deep beams, while static cases  3,  **>  and 3 were aimed at 



representing the extreme condition of beam columns under static loads. The 

first dynamic case was a deep beam subjected to impact loading, while the 

second case demonstrated dynamic beam column response. The third dynamic 

case was aimed at demonstrating the capability r the code to model the 

behavior of reinforced concrete silos. The fourth dynamic case represented 

the behavior of reinforced concrete beams under impact loading. The results 

of these demonstration cases were compared with available experimental data. 

The main application of the present work is to the analysis of the static 

or dynamic response of reinforced concrete structures. Although the examples 

reported are two-dimensional, the computer program is capable of analyzing 

three-dimensional structures. 

Section II of this report is a review of current approaches to analyzing 

composite models of reinforced concrete. 

Section III is a discussion of the recent data on parameters to construct 

a composite reinforced concrete model. 

Section IV describes the method of analysis used in this project. The 

fundamental assumptions and the formulation of the model are given. 

Section V includes a description of the experimental studies. 

Section VI contains a detailed description of the Ccises studied and dis-

cussion of the results. 

Sections VII and VI H provide a si -y a'vl cu-nc!u>ic-is, derived from 

this study, and of̂ er recommendations. 

The computer package MATpAC (Materia' Pdc'-;«ig<-) . " in this study, is 

described in Appendix I. The f toc°d re for :: p input for the analytical 

model is given in Appendix II. 

Units of measurement are given throunhout n borl< Fnylish and System 

International units. 
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SECTION  II 

REVIEW OF CURRENT APPROACHES USED TO FORMULATE 
COMPOSITE HODELS 

1.       BACKGROUND AND SCOPE OF REVIEW 

A rigorous analysis of a reinforced concrete structure requires the 

idealization of the structure as a composite model.    The  formulation of such 

a model   is complicated by the  following factors. 

• The reinforced concrete member  is composed of two materials:    steel 

and concrete. 

• The stress/strain relationship for reinforced concrete  is nonlinear. 

• The data on confining effects a. H failure theory for concrete under 

biaxial  or three-dimensional  states are Mmited. 

• The  influence of creep and  shrinkage may need  to be accounted for. 

• The inception and propagation of cracks,  the associated bond-slip 

relationships, and change  in topology" are difficult  to model. 

• The effect of stirrups, dowel  action, and aggregate  interlock at 

cracks on shear transfer mechanism is not clearly understood. 

• The orthotropy due  to reinforcement, cracks, material  nonhomogeneity, 

and anisotropy may change the effective properties during a solution 

updating,   thus  requiring successive evaluation  and transformation 

of composite properties. 

Significant progress has  recently been made  in developing analytical 

methods to examine reinforced concrete structures.    The  finite element method 

has provided the basis for most of the new analytical  methods. 

There are presently two distinct types of constitutive equations that are 

used  in finite element or finite difference models of reinforced concrete.    The 

discrete cracking element approach, advanced by Ngo and  Scordelis   (Ref.  2) and 

*Topography of the surface. 



by Nilson   (Ref.  3),   uses a special   linkage element  to represent the bond 

between steel   and  concrete.     A different  approach,  proposed  by  Isenberg and 

Adham  (Ref.   1),  develops a composite modulus  from  individual   properties of 

concrete and  steel,   and  the  bond  between   them. 

As a result  of  the differences   in techniques used  to account for  com- 

posite behavior,   the  two approaches have developed along different  lines. 

The discrete cracking element approach allows  a much  simpler model of concrete 

properties  to be  formulated  because the cracks occur  between finite elements 

rather than within  them.     The equivalent  continuum approach  requires  the crack 

directions  to be computed and  stored on an element-by-element basis.    The 

properties of the continuum elements become orthotropic as cracking and   inelas- 

ticity progress. 

Both the scope of  application and  formulation of  the discrete cracking 

element approach have  been expanded and   refined  by  several   authors  (Ref.  A) 

to include beams  and  shear walls  subjected to  static   loading.    The equivalent 

continuum approach has  been applied  to cylindrical  concrete  s'los embedded   in 

rock through which the  static equivalent of dynamic  ground  shock  loading  is 

applied   (Ref.   5).     The  finite element method  has  provided  the basis  for most 

of the analytical   solutions  that use these two approaches. 

2.       BASIC  FINITE   ELEMENT MODELS  USED  FOR THE  ANALYSIS OF  REINFORCED 
CONCRETE  STRUCTURES 

The  finite element method  has  provided an  extremely  powerful   tool   for  the 

analysis of complex  structures and continuous media   (Refs.   6-11).    This method 

has been used  to  solve an extensive  range of elastostatic,  as well  as elasto- 

dynamic,  problems   (Refs.   Il-l't).    The method proved  successful  also  in 

the solution of elastic-plastic problems   (Refs.   15-17)- 

A comprehensive  survey of the  literature on appli-ntion of the finite 

element method to  the  analysis of  reinforced  concrete  structures was made by 

Scordelis   (Ref.   A).     The following material   presents a summary of finite element 

models based on  the  linkage element and  continuum approaches.     In addition, 

brief summaries are   included of some pertinent  applications of the finite 

element method which are not necessarily based on  the two approaches under 

discussion. 
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a.      Original   Linkages-Element Model 

The first finite element model   for the analysis of a  reinforced concrete 

beam was described by Ngo and  Scordelis  (Ref.  2).    Simple beams were repre- 

sented  by two-dimensional   triangular finite elements.     A special   linkage 

element was developed to  represent bond-slip phenomena.    This element, which 

is   illustrated  in  figure   1,   links continuum elements  representing  steel   rein- 

forcing  to those representing  concrete at discrete points.    The  linkage element 

has two degrees of freedom corresponding to relative displacement  between steel 

and concrete along  the reinforcement   (eh)  and perpend icu'ar  to the  reinforce- 

ment   (ev).    The bond stress-strain  relationship  is  given by 

ah 

av 

Kh0 

0     Kv k 1 (0 

The axial  and  transverse  stiffness,     Kh   and    Kv,    are  prescribed   in the 

natural  coordinate  system, which is  parallel and  perpendicular to  the axis of 

the bar.    The strains and displacements are  related by   the  displacement trans- 

formation  illustrated  in   figure  1.     In order  to add the stiffness  of the  link- 

age element to the global   stiffness matrix,  transformation  to global   coordinates 

is  performed. 

With the aid of the   linkage element,   it was  possible to  construct an 

analytical  model   for the  study of  reinforced concrete  beams.     A typical   result 

from this analysis  method   is  shown   in  figures  2 and 3.     The   result  agrees with 

intuition   in  that  stress   in  the steel   bar  is maximum at  a crack,   the bond 

force   is zero at the crack and   reaches maximum of opposite  sign on either side 

of a crack. 

b.       Refined Linkage  Element Model 

Ngo, Scordelis,  and  Franklin   (Ref.   18)  extended the work of  reference 2. 

Shear   in beams with  diagonal   tension  cracks was studied as   illustrated by the 

example given   in figures  k and  5.    The model  was  refined by  representing the 

concrete and main   longitudinal   reinforcement by quadrilateral  elements 
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Figure   1.     Linkage Element  (Ref.   2) 
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consisting of  two constrained  linear-strain  triangles  (Ref.   \k), and  the 

influence of  stirrups,  dowel  shear, aggregate   interlock and horizontal   split- 

ting along  reinforcement near the support were considered.    One-dimensional 

bar elements were used for the vertical  stirrups. 

c.       Nonlinear Model 

Wilson   (Refs.   3 and 19)   refined  the work of  reference 2 by  introducing 

nonlinear material   properties and a nonlinear bond-slip relationship   into  the 

model.     He accounted  for these nonl ineari ties by applying  the  load   in small 

increments   (Figs.   6 and 7).     Improved quaHrilateral  plane stress  finite 

elements were used.     Cracking was accounted  for by stopping  the solution when 

an element   indicated a tensile failure.    The new cracked structure was 

redefined,   the  revised  information was  then   input   into the computer,  and  the 

structure was   reloaded  incrementally.     The method was applied  to concentric 

and eccentric  reinforced tensile members  that were subjected  to  loads  applied 

longitudinally  through the reinforcing Ld^s,  and  the  results were checked 

against experimental   data.    Nilson found bond stress patterns  that are similar 

to  those  found by Ngo and Scordelis   (Ref.   2). 

The main shortcoming of Nilson's work,  besides approximate treatment of 

constitutive properties of plain concrete,   is  the difficulty of handling   tensile 

cracking.     While   it may be possible  to terminate a static calculation,   remesh, 

and begin   loading again from the beginning,   it   Is extremely difficult  to do  this 

in a dynamic calculation. 

d.       Refined Nonlinear Models 

Franklin  (Ref.   20)  performed a  nonlinear analys :   of the beam, as shown 

In figure  8,   in which cracking within   the  finite ele    nts and  redistribution 

of stresses was automatically accounted for,  so th.     the response from  In'tlal 

loading  to failure was obtained   in one continuous computer analysis.     Incre- 

mental   loading, with  Iterations within each  increment, were used  to account 

for cracking and nonlinear material   properties,    unlike the preceding studies, 

the crack  is not predefined, and progressive cracking  Is assumed to occur over 

an entire element normal  to a principal   stress direction rather than along a 
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single line.    This permits the use of the same structural  nodal  point topology 

throughout the solution,  rather than the necessity for splitting the nodes 

after cracking and establishing a new topology, as would be required by Nilson's 

nonlinear approach. 

The segmental  material  uniaxial  stress-strain curves used for the 

concrete,  steel,  and  bond stress/slip are shown  in  figures  8(a)  and   (b).    Two 

different modeling schemes used  in the analysis are  shown  in figures 8(d)  and  (e). 

In the first  scheme,  figure 8(d),   the beam  is  divided  longitudinally  into 

a series of "frame elements," each having a total  depth equal  to that of the 

beam.    The frame element  is subdivided  into ten concrete layers and may have 

reinforcement at  up to four  layers over the depth.     Utilizing an assumption of 

plane sections remaining plane at sections a-d and  b-c, the stiffness of the 

frame element  subjected  to axial  force,  shear, and moment at each section can 

be evaluated for material  properties that may vary vertically from  layer to 

layer, but are constant over the  length of the element.    For this purpose, each 

layer Is assumed  to be  In a state of uniaxial  stress.    The nonlinear analysis 

proceeds  In the usual  manner with the modulus of elasticity of each concrete 

or steel   layer,  taken  from the stress-strain curves  of figure 8(a),  being 

dependent on  the  strain existing at the start of the   load  Increment.    When a 

concrete  layer cracks   in  tension,  its modulus  is set  to zero and the stress   is 

redistributed  to the  remaining structure.    Obviously,   for this  idealization 

only vertical  cracks can occur  in the beam.    Also,  no account  Is taken of | 
1 

bond slip. j 
I 

For plane stress  systems  In which diagonal  cracks occur and the two- I 

dimensional  stress state dominates the  behavior,  the  second scheme  (shown  in 

Fig. 8(e)) is more realistic.  Here the beam segment  a-b-c-d  is subdivided  into 

series of concrete quadrilateral    plane stress elements  l-j-k-Jl, made up of 

two constrained  linear  strain triangles and one-dimensional  steel bar elements 

r-s.    Bond may be simulated by adding  linkage elements between double nodes 

introduced at  points  such as    r.     In the present example. Franklin  (Ref.  20) 

assumed  Isotropie behavior during each  increment of  loading prior to cracking. 
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He used a single  tangent modulus    E    taken from the uniaxial  stress-strain 

curve  (Fig,   8(a))   as  the smaller of  the tangent moduli     Ej    and    E2    corre- 

sponding  to  the   two current principal   strains.     The modulus    E     is  used  to 

define his   Isotropie two-dimensional   constitutive  relation.    On  the other 

hand, Nilson   (Refs.  3 and   19)   treated  the material   as orthotropic and used 

tangent moduli     Ei     and    E2.    Franklin assumed a modified biaxial   failure 

envelope for  the concrete which approximates   the actual  envelope  (Fig.   8(0*). 

When  tensile cracking  failure occurs,   the element   is  cracked normal   to  the 

principal  stress  direction,  and this  stress   is   redistributed to the  remaining 

structure.     Subsequently,   the element   is  assumed  to be anisotropic and  to have 

zero modulus of elasticity normal   to  the crack. 

Experimental  and analytical   load versus midspan deflection curves are 

shown  in figure 9-     't can be seen that the analytical cracking  load  is   lower 

in all  cases  than  the experimental   load,   indicating that  the actual  tensile 

strength of  the concrete was higher than assumed, or  that at  low loads  the 

"tension  stiffening" effect of the concrete between cracks   In an element, 

which was  Ignored,  cannot be neglected.    All  analytical  curves  indicate a 

stlffer model  after cracking than found experimentally.    Only the analytical 

model   with a   low bond   link failure  limit  produced a failure  load  less than 

the experimental  value, all  others being much higher.    Scordells  (Ref.  h) 

concluded  that for beams that fail   primarily because of diagonal   tension 

cracking,  the bond, dowel   shear, and aggregate   interlock must be modeled more 

accurately before a reliable finite element prediction can be made of the 

failure  load. 

e.      Wall  Panel  Study 

In this example,  the  response of a wall   panel   specimen was studied experi- 

mentally and analytically by Cervenka   (Ref.  21)   and also analytically by 

Franklin   (Ref.  20).     Dimensions,  loading,  reinforcing scheme, and method of 

loading are shown   In figure  10.    Because of symmetry, each half of the deep 

beam test  specimen can be considered simila'-  to a wall  panel  subjected to a 

single transverse   load. 
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In Cervenka's analysis,  constant-strain  triangular finite elements were 

used  to model   the concrete and  steel   reinforcement.     The  steel  was assumed  to 

be uniformly distributed over  the element   in  two orthogonal  directions,  and 

a composite material   constitutive  relation was developed   in order to determine 

the element  stiffness matrix.     Both the concrete and  steel  were assumed  to 

have elastic-perfectly plastic stress/strain  curvec   (Figs.   11(a),   11(b)).     For 

the concrete,     f^ = 3880 psi   (26753 x  103 N/m2),    f.   = 529 psi   (36^7 x  103 N/m2), 

Ec =  2900 ksi   (19996 x  10l   N/m2);  and  for  the s^e! ,     fy =  51,200 psi 

(353024 x  103 N/m2),     Es = 27,300 ksi   (188233 x lO1' N/m2).     The assumed   biaxial 

stress   failure  criteria  shown   in   figure  11(c)  was  adopted   for  the  concrete.    An 

incremental   nonlinear  analysis  was  used which  accounted  for  tensile  cracking and 

subsequent  stress  redistribution.     Plasticity of  the  uncracked  concrete,  which 

is   in  a biaxial   state  of stress,  was  assumed   to obey  the  von  Mises  yield   con- 

dition  and  associated  flow rule,   and was  used   in  the  finite element  analysis 

to account  for plastic  deformations   under  biaxial   compressive  yielding.     No 

account was   taken,  either  in   this  analysis  or  the one  that  follows,  of  bond 

slip,   aggregate   interlock,  or  tension  stiffening of  concrete   in   the  cracked 

zone.     Cervenka compared his  analytical   results with  Peter's  experimental 

studies on   reinforced  concrete wall   panels  and spandrel   beams   (Ref.   22). 

He  concluded   that  reasonable  correlation with experimental   results  can  be 

obtained  in  problems  by monotonically   increasing  the   loading.     However,   in 

the  problems with cyclic  load'ng,  nonlinear  effects  of bond slip  and crack 

surface deterioration  should be properly accounted  for,   in order  to achieve 

good  correlation with  experimental   measurements. 

In  the  analysis   using Franklin's  program  (Ref.   20),  quadrilateral   elements 

made up of  two constrained  linear strain  triangles   (Ref.   \k)  were used  for  the 

concrete and one-dimensional   bar elements were used  for the steel   reinforce- 

ment.     The same uniaxial   stress/strain curves   (Fi^s.   11(a)   and   11(b)) were 

used  for the concrete and steel, while a slightly different  failure criterion 

(Fig.   8(c))  was assumed for  the concrete under biaxial   stress.     Tensile  crack- 

ing was accounted for and the  concrete was  assumed  to have  failed when   it 

reached    f     in compression with no subsequent plasticity. 
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Figure 11.     Material   Idealization and  Selected  Results   (Ref.   21) 
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The two analyses both seemed  to predict experimental   load-deflection curve 

and crack pattern quite well   (see Figs.   11(d),   11(e), and  11(f),  respectively). 

From these  results  it appears that for wall  panels  in which the reinforcement 

is distributed rather uniformly over the entire wall  panel,   the effects of 

bond  slip,  dowel   shear,  aggregate  interlock,  and tension stiffening of 

the concrete  in a cracked zone are of much   less  importance  than  for the case of 

a beam   in which  the major  reinforcement   is  concentrated along a single   line. 

3.       CONTINUUM METHOD 

General constitutive equations that consider the following aspects of 

reinforced concrete behavior were developed by  Isenberg and Adham  (Ref.   1). 

• Inelastic stress/strain properties of plain concrete  including 

tensile cracking and compressive crushing 

• Inelastic stress/strain properties of steel 

• Progressive deterioration of bond 

• Anisotropy  (different effective moduli   in different directions)  due 

to cracking and crushing 

These equations  have been adapted  to a plane strain,  static finite element 

code, which was  applied to determine quasi-static aspects of hardened struc- 

ture   response  in  the SAMSO RockTest   11   program."    Comparison between pre- 

dictions  and-measurements,   reported   in  reference 5, was encouraging. 

The continuum approach  requires composite moduli   to be defined.     Due to 

the tendency for concrete to develop  large-scale, discrete cracks under 

tensile  stress,  these models must be capable of representing anisotropy.    Thus, 

tensile stress/strain properties perpendicular to a crack should be different 

from those parallel  to the crack.    A central  problem  is to define the principal 

directions of anisotropy-that  is, directions  in the material  for which funda- 

mental   stress/strain properties can be derived and subsequently transformed to 

*The  RockTest   II   program sponsored by  the U.S.  Air Force  included design and 
validation  testing under a HEST/DIHEST environment of facility subsystems for 
an advanced fixed-base,   large payload missile system. 
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other directions.    A fundamental  assumption of the  Isenberg and Adham approach 

is that the principal  directions of anisotropy coincide with the principal 

axes of  stress until   tensile cracking occurs.    Thereafter,  principal  directions 

of anisotropy arc assumed  to be parallel   and perpendicular  to the direction of 

first cracking.    Within this framework of orthotropy,  tangent moduli   for the 

composite material  are defined   in the principal  directions of orthotropy. 

These moduli  depend on the tangent  stiffnesses of  the concrete and  steel   and 

on  the state of bond  between  them.     A variable modulus model, described  below, 

was developed to represent data available   in 1968   (Ref.   1).     A variable 

modulus  model  of the  reinforcing  steel   was  also defined.     These  two contri- 

butions  are  combined,   using  area-averaging  as modified by   the bond-slip 

relation,   into  composite moduli   of  a  section.    The  development of  this  model 

includes: 

a.       Compressive-Stress/Strain  Relations   for Plain Concrete 
(Tangent floduius) 

The  relation between   increments of  stress and  strain   for   increasing 

compressive  stress was  considered.     ExperImen'al   data  from which  the 

tangent modulus  could be obtained were  availab'c al   that   time  for   the  follow- 

ing  states of stress: 

• Uniaxial   Compressive  Stress (cj   ■'0;  02 = 03 « 0)" 

(Barnard,   Ref.  23 and   Kaba'la,   Re«".   2'') 

• Triaxial   Compressive  Stress (-;   <  ^  =03   < 0) 

(Balmer,   Ref.   25) 

• Biaxial  Tensile and   Comoress've  V'-.-       ;.-      •    0:0;  >  0;  03 = 0) 

(Isenberg,  Ref.  26,  27) 

'•'Throughout   this  report   the   stre, . will   b«  compressive   if preceded  by  a 
negative sign. 
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The relevant data from these experiments are  illustrated  !n figure  12. 

The stress/strain   (a /ej   relation for unconfined   compression,   figure  12(a), 

is nonlinear before maximum stress   is  reached and, when  testing   is performed 

in a stiff machine,   the curve has a falling branch. 

The triaxial  compression experiments,  figure 12(b), were performed  in  the 

usual   way,  whereby an   initial  all-around  confining pressure   is  applied  to  solid 

cylindrical   specimens.-    This  is followed  by applying additional  stress 

(additional     oj)   in  the direction of the   long axis of the specimen.    The data 

of  interest are the    ai/ej    curves developed during application of the addi- 

tional   stress.    Balmer's experiments apparently were not performed  in a stiff 

testing machine.    Hence there  is no reason to expect a falling branch  in  the 

0\/z\    curves  that he measured.     The existence of a falling branch  under 

triaxial  compressive stress has been neither proved nor disproved. 

The biaxial   tension and compression experiments were performed by subject- 

ing  tubular  specimens  to combined  torsion and compression.    The  technique   is 

reported   in   reference  27.    The data   indicate  that   the shape of  the    oi/cj 

curves are   roughly similar  to those measured   in  unconfined compression and 

triaxial  compression.    However,  the magnitude of  stress at a  particular  strain 

and    the maximum value of    01    depend  heavily on  the state of stress.     Although 

the    Oj/ej    curves   in figure  12(c)   contain a small   Poisson's-ratio effect 

because of  the  fact   that    z-i     is  changing,   the effect   is  small  and 

El    %   C!     -    V£2 (2) 

These data suggest that, if an ideal series of tests covering a wide range 

of stress states could be performed on a group of identical specimens, the 

OlAl curves shown in figure 13(b) might be obtained.  These curves represent 

loading conditions where the lateral stresses ao and 03 are held constant. 

Hence, the slope of the Q\ft\    curve at any point is the tangent modulus 
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(a)  Bi1inear model 

(b) Model based on modified Kabaila equation 

Figure 13.  Idealized Stress/Strain Curves for Plain Concrete 
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0 
00,03 = const (3) 

which is prescribed as a function of the current values of Oi, 02 and 03. 

The bilinear model shown in figure 13(a) is attractive because it is simple 

and represents the broad characteristics of the experimental curves up to 

maximum stress. The state of stress at which the model OJ/EI curves change 

slope is given by 

/o? + o3\ 
f . fc + ^__) w 

The tangent modulus Ej  is defined as follows: 

If 01 > f    ,    Ei - Enr oc (5) 

01 < f    .    Ej = Epc 

where E^ and E   are the tangent moduli for concrete in the elastic and 

Inelastic regimes, respectively, and 

ß  * An experimental parameter corresponding to angle of inr.ernal 

friction 

f  » An experimental parameter related to the unconflned compres- 

sive cylinder strength of concrete, with the value of f. 

considered to lie between 0.8^ and 1.0 times the unconfined 

compressive strength f^. 

Values of ß and f  may be obtained for a specific type of concrete by 

plotting maximum aj versus (c. + a.)/2 and finding the slope and intercept. 

This has been done for the maximum combined stress data shown in figure 12 

and some additional data obtained in biaxial compression, reference 28 

(oj ■ 02 < 0; 03 ■ 0). The result is shown in figure 1^, where an attempt has 
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been made  to take   into account  the different  properties of test specimens used 

by the various   investigators.     In each   individual   test series, the companion 

values of    aj     and     (ao + o^)/!,    are divided  by    f   ,    where    f      Is here 

defined as   1.0 times unconfined compressive strength   in that  test  series.    The 

results of  tests   in  biaxial   tensile and  compressive  stress are so closely 

grouped   In a  small   area of the graph that  they are  represented by only three 

symbols. 

In determining  the parameter    3     from experimental  data, more weight   Is 

given  to the  results of  triaxial   compression  tests  than  to biaxial   compression 

tests.     This   Is done when the model   is  being applied  to plane strain  situations, 

where the most  frequent  states of  stress are   .loser  to triaxial   than  to biaxial 

compression.     For  plane  stress analyses,     ?    should  be evaluated on  the basis 

of biaxial   compression  tests. 

b.       Tensile Stress/Strain Relations   for Plain Concrete 
(Tangent Modulus) 

The relation  between  increments of  stress  and  strain   for  Increasing 

tensile  stress   Is  considered next.     Thp   states  of  stress  for which data on 

the tangent modulus are available are: 

• Uniaxial   tensile stress,   reference  2° 

• Biaxial   tensile  and  corinressive  sf^-s' ,   reference  27 

These data   indicate   that  the  tensf'e  sfess/s* »•a'n  relations are approximately 

linear up to maximum comb'^ec'  sfd   ,  r-*1 • Wjc;1-   »Vy are not exactly  linear. 

It was decided  to  represent  the  tpnoe^t  r^cdu1j     :i  tension by a constant 

m E        (a constant) (6) 
Oc 

where    Eoc     is equal   to the  initial   tangent modulus   in unconfined compression, 
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In addition to tensile stress/strain relations,   it  is also necessary 

to have a criterion of maximum tensile stress or cracking stress.    The sense 

and magnitude of the  lateral   stresses    02,03    affect the maximum tensile 

stress, as experiments under biaxial  tensile and compressive tests show 

(Refs.  27,  30,  and 31).    However, at the time of conducting  the study  reported 

in reference 1,  there were no data on maximum tensile stress  as a function 

of two lateral  compressive stresses    (02 < 0, 03 < 0)    or as a function of 

one lateral  tensile stress     (00 > 0)    and one  lateral   compressive stress 

(03 < 0).     In the absence of such experimental  data,  a criterion based on 

data from the biaxial   tensile and compressive stress state was assumed.    The 

mathematical  statement of the tensile strength criterion  is as follows: 

For 02 < 0 and 02 < 03 

where f     ■    f    - n 02 (7) 

and 

f      ■    Unconfined  tensile strength of concrete  (> 0) 

n      ■    Slope of cracking envelope 

If    0} = f ,    maximum tensile stress has been  reached and cracking  is 

said to have occurred. 

For both    02,  03  > 0 

f't    -    ft (8) 

The graphical   representation of this criterion  is  illustrated  in 

figure  15.    The projection of this criterion  in    OJ/OJ    plane is shown for 

convenience  in  the same  figure and correlates well  with the actual   criterion 

shown  in  figure 8(c) . 
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(a)     Thrce-d'riensiorv '   cracking criteria 
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(b)  Projection of tensile cracking criterion in the o. c- plane 

Figure 15. Tensile Cracking Criteria 
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c. Poisson's Ratio 

Experimental data on Poisson's  ratio are available mainly from tests  in 

triaxlal  compressive stress.    The data  in reference 32 clearly show that 

under this state of stress, Poisson's ratio is approximately a constant up to 

50 to 90 percent of maximum combined stress and that  It   increases  rapidly as 

maximum stress  is approached. 

No attempt has been made to represent this type of variation  in Poisson's 

ratio.     Instead,  it has been assumed  to be  initially constant, equal   in all 

directions and equal  to the value measured  in unconfined compression near zero 

stress.    This assumption   is justifiable because the model   is   intended to apply 

in situations of plane  strain or nearly uniaxial  strain.    These situations 

differ sufficiently from triaxlal  compressive stress,  where  lateral  expansion 

is not prevented. 

The  initial  value of Poisson's   ratio for plain concrete   is used  for the 

composite material.    When  Inelasticity occurs, one or more tangent moduli 

decrease.    Consequently,   in order to preserve the symmetry of  the finite 

element  stiffness matrix,  one or more Poisson's  ratios of the composite material 

are also decreased.    This  procedure  is justified mathematically but does not 

necessarily represent physical  processes.    The steps  required  to maintain a 

symmetric stiffness matrix are described below. 

d. Properties of Steel 

The required properties of the steul are the tangent modulus, the yield 

stress, and Poisson's ratio. These properties are assumed to be the same in 

tension and compression.  It is also assumed that yielding of a steel bar is 

governed only by the stress in the direction of the bar.  The Influence on 

yielding of stresses perpendicular to the bar is neglected. 

No specific experimental data were used in the I senberg/Adham model 

(Ref. 1) to define the properties of the steel.  Engineering handbook values 

of elastic Young's modulus, Poisson's ratio, and yield strength were used. 

The experimental tensile stress/strain curve of the steel bars were idealized 
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as   shown   in   figure   it.     The  broken   line   is   the  stress/strain  curve  used   in 

the model.     The parameters which  characterise  the model   are: 

E0.      -     Elastic  Vounrj's  modulus 

E =     Plastic  Younq's   nodulu- 

f =    Yield  strength of  bteel 

In  addition,   Poisson's   ratio  for   Heel, should   be  specified. 
s i 

e.       Composite   dehavior 

The  composite   mode!    combines   the  variat'ons   in   steel   and  concrete  proper- 

ties  discussed  above  and   accounts   for: 

• The  combined  properties of  s?eel   a^c  concrete 

• The change   in   princ'nal   directions  of   stresses  and   the orientation 

of cracks 

• Progressive  bond  failure between  steel   and  concrete 

• Material   orthotropy 

• Mechanical   orthotropy 

• Orthotropy   due   to  crackinc 

The  present model   considers  the   fir   u   e   emem      .sier:  JS  a  continuum  in which 

properties are  uniform wil^'n  30  element.     "r    demonstrate  the method,   the 

linear  strain   '.riangle   !s  used   ; n   the  oresp'it  an.'lysis. 

f.        Idealization of  a  Reinforced  Concrete  Structure 

A typlca.   finite  element   Idealization  oF  a   reinforced  concrete  structure 

and  the  surrounding  medium   is   shown   in  figure   17.     The  external   loads  act   in 

the x-y plane,  which   Is also the  plane of primary  reinforcement   (Fig.   18). 

For a  reinforced  concrete  element   the  reinforcement  areas    A-      and    Ac in 
5I       "ll 

an arbitrary orthogonal orientation are given.  The angle *■■,     is the inclina- 

tion of the reinforcement relative to the global x-axis as shown In figure I8(b] 
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IDEALIZED TENSILE  STRESS/STRAIN CURVE 

Figure 16.    Tensile  Stress/Strain  Curves  for  Reinforcing Steel 
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Figure   17-     Simplified  Finite-Element  Representation of  a  Reinforced  Concrete 
Structure  Embedded   in a   Homogeneous  Medium   (i.e.,  Rock) 
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(a)     Homogeneous material (b)     Reinforced  concrete 

Figure   18.     Finite Elements 
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Both    A.   ,  A,.     ,    and    $    may vary from element to element.    While the method 

is  addressed  to  reinforced concrete elements,   it can also be applied  to homo- 

geneous elements of plain concrete or  rock,  etc.,  by eliminating  from the 

analysis  the terms corresponding  to the  reinforcement as shown   in figure  18(a). 

The objective of  the reference  1   investigation   is  illustrated by figure  19- 

The  compressive paths  (1-2-3).   (1-2,-3l),  etc., of figure  19(a)   are applicable 

for  defining  the  tangent moduli   for compressive states of stress for both 

composite and  homogeneous elements,  as discussed above.    The tensile path   (1-^-5) 

in  figure  19(a)   applies to homogeneous elements only.    The composite  behavior 

of a   reinforced  concrete element   in tension   is   illustrated   in figure  19(b).     In 

this   figure,   the portion   {I'-V)   shows  the composite behavior before cracking. 

After  primary cracks occur, a  reinforced concrete element behaves differently. 

The   bond  between  steel  and concrete allows  the concrete to continue adding a 

portion of   its  stiffness to that  of  the  reinforcing steel,   resulting   in a 

composite tensile modulus as   illustrated  by  the segment   (V-5')   in figure 19(b). 

The  portion   (S'-^1)  of figure   19(b)   represents  the condition when bond   is 

completely broken and the composite modulus   is determined by the  plastic 

modulus of  steel.    At this stage,   strains may become excessive. 

Upon application of  load,  three components of stress develop   In  the 

element.     The average element  stresses    c.,   a? ,  and 03     in  the  principal 

directions of orthotropy are used   to check and update the properties of  the 

entire element.     At the end of each   load  step, a check  is performed   in each 

of the three orthotropic direct'ons,  and  the  properties of  the  elements are 

changed according  to the stress magnitudes,   the  loading/unloading history, 

and   the orthotropic properties along the three directions.     The  three-way 

check can  be  summarized as follows. 

If    01     is compressive,   the modulus     Ej     is obtained as shown above. 

However,   if    Oj     is tensile and does not exceed cracking stress     f      (see 

equations 7 and  8), an  initial   tensile modulus equal  to the   initial   unconfined 

compressive modulus    E        is used.     In  this case,  the principal   axes of 

orthotropy coincide with principal   axes of  stress.    This behavior   is   repre- 

sented by  segments   (I'-V)  of figure   19(b),  and the principal  axes of orthotropy 
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still coincide with the principal axes of stress.  If, however,  Oj  exceeds 

the cracking stress f't,  the principal directions of stresses are recorded 

as the initial cracking directions.  The effective areas of steel  As and A« 
12 

are  found  by  resolving    As   and Aj        to the cracked direction  and  the cracking 

angle    G     is  recorded, as   illustrated   in  figure 20.    The cracking directions 

are  thus  recorded and used as a permanent  reference for calculating  and updat- 

ing  the orthotropic properties of  the element.    After cracking,   the  principal 

axes of  stress may differ from the cracking axes.    The present  analysis 

assumes  that  these deviations are   small   and  that fixing  the cracking  directions 

approximates  the actual   behavior of  the  structure under consideration.     The 

check on cracking   is repeated again  for  the    o    and 03     stresses,   following 

similar  steps. 

For   increased  stresses,  a postcracking hypothesis   is adopted.     The 

present analysis  used available experimental   data   (Ref.   33) on  the extension 

of cracks   in  rtinforced concrete members  subjected  to tension  loads.     it   is 

based on  the premise that, after   initial   cracking,  the concrete  contributes 

to the overall   stiffness of the sect'on  by an amount proportional   to the 

bonded   length    D,    and that a  variable can  be used  to estimate  the 

reduced  stiffness of the section at  various  stages of   loading.     The  variable 

A     is defined as 

D 
d+D (9) 

where     D     is  the  bonded   lenct^ or  concrete,  and    d     's   the  unbonded  cracked 

length of  concrete. 

The  variable    A     is  used  to compute  the composite  stiffness     E]     of 

the  section,  which  is given by: 

1 
1-)-l M 

E  A' '   E  A'     + E 
s    S]          c, do) 
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Figure 20.     Initiation of  Cracks  and  Bond Slip   in  the  Principal   Direction 
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Figure  20.      Initiation of Cracks  and  Bond  Slip   in  the Principal   Direction 
(concluded) 
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where 

Modulus of steel   (Eos  or Eps) 

Percentage of steel   in  the  1-direction 

Concrete  initial  modulus  in tension  (E,^) 

Cracking variable as computed for direction 1 

The above  formula was used successively   to compute the ,composite moduli     Ei, 

E2    and    E3     in the three orthotropic directions. 

Before cracking, the value of    X     is one and the concrete and  steel  con- 

tribute all   their respective stiffnesses.     However, after cracks occur,  the 

first  term  In the denominator of equation   10  increases with  the decrease of    X, 

while  the second t^rm decreases with decrease of    X.    When bond  becomes entirely 

broken,   X    = 0,   the  second  term disappears and  the composite  stiffness 

becomes  the  stiffness of the steel   bars.     Thus continuous change of   \     accounts 

for  the continuous   loss of bond due  to   increased   loads and provides a  simple 

way for updating  the composite properties of  the element. 

The variable    X    describes  the extent of bond deterioration.     Bond begins 

to deteriorate at  the onset of cracking of concrete and ends when  the concrete 

ceases  to add any stiffness  to the assemblage.     This range varies among mate- 

rials and  should be part of  the   input  to  the problem.    The onset of yielding 

of  reinforcing steel   Is the upper  bound  for  the cracking  range. 

The composite shear modulus    G]2    was  computed  in a similar manner. 

•12 
1 
I 1    2(1  +  v21)    + 2(1  + v  ) 

Xo 2     2(1   + v1?)   + 2(1  + vs)   Ai? (11) 

For a homogeneous element (plain concrete, rock, etc.), the second and fourth 

terms in the above equation vf.iish. 
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The form of equation  11   is somewhat analogous  to the equation for shear 

modulus of an   Isotropie material,    G - g-rr .     \.     Equation  11 has two basic 

parts.    First,  a shear modulus  is calculated as   if the element  isotropical1y 

possessed the effective    E    and    v    in the  1-1 direction.    A second calculation 

is made using  the effective    E    and    v    in the 2-2 direction.    The average of 

the two shear moduli   is assumed to be the effective shear modulus for the 

element.     In several  practical calculations of structural  response,    Gj2 

based on equation   11  varied from 0.75 to 1.0 times  the .shear modulus  for plain 

concrete near zero stress. 

k.    SUMMARY OF BASIC  MODELS 

A summary of  the models that are discussed  above  is given  in table   I. 

From this summary   it was concluded that the advantage of the discrete 

cracking element approach  is   its simplicity  for computer programming and   its 

ability  to represent detailed bond-slip behavior at  the exact position of  the 

reinforcing.     Disadvantages of this approach are   the following: 

• The parameters of the cracking element  do not have a clear 

physical   meaning and are  therefore difficult  to evaluate. 

• The   independent degrees of freedom of the cracking elements are 

the absolute displacements.     It would therefore be possible 

for  continuum elements on either  side of  the cracking element 

to move  past each other   if  there were a  reversal   in sign of 

the  load. 

• In order  for  the cracking direction  to  be completely general, 

it   is necessary  to supply a cracking element  for every nodal 

point   in   the assemblage. 
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The advantage of  the equivalent continuum approach   is that   it offers 

complete generality with  respect  to directions of cracking and orthotropy and 

with respect to the constitutive properties of plain  concrete.     A disadvantage 

is  complexity of computer programming that   is needed due  to the orthotropic 

formulation of composite  stress/strain  relations. 

5.       OTHER MODELS  OF  REINFORCED CONCRETE 

A brief summary of other studies of  reinforced  concrete behavior are 

included here  for completeness.     Bresler and  Bertero   (Ref.  Ik)   studied  the 

effects of repeated   loads on  reinforced concrete members.    Selna  (Refs.   35 

and 36) developed  a method of analyzing one-dimensional   beams and frames as 

layered systems,  assuming   linear elastic behavior up   to tensile cracking or 

perfectly plastic  yielding.     Time-dependent   shrinkage  and creep effects were 

included.     Sandhu,  Wilson,  and Raphael   (Ref.   37)   performed  two-dimensional 

stress analyses of plain concrete dams,   including  the  effect of creep. 

Similar studies have been undertaken by several  other   investigators.     Valiappan 

and Ooolan   (Ref.   38)  made  two-dimensional   stress  studies  that   included  the 

effects of tensile cracking and elastic-plastic  behavior  in compression using 

an   initial   stress  approach.     The postcracking  stiffness of cracked finite 

elements was set equal   to zero. 

In a  recent   report  Yuzugullu and Schnobrich   (Ref.   39)  used  the 

finite element method   to  study  the  inelastic  behavior  of shear wall-frame 

systems.     They assumed   that cracked concrete does  not   carry any tensile forces 

perpendicular  to the cracks,   but maintains some amount  of shear stiffness 

because of  the   irregular  surface of  the crack.     Uniaxial, perfectly plastic 

behavior was assumed  for  both  the  cracked  concrete  and   reinforcing  steel. 

A  linkage element  similar  to that developed by Ngo and  Scordelis  (Ref.   2) 

was used. 

Taylor et al.   (Ref.   kQ)   presented a  finite element analysis  that 

used an  incremental,   iteravive solution  to predict   the  nonlinear behavior of 

reinforced and prestressed  '■.oncrete structures  subject  to cracking.    The 

initiation and propagation of cracks were accounted  for by  redefining   (within 
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each   iteration)   the finite element grid  lines  so that they more nearly coin- 

cided with the predicted crack paths.     Linear  strain elements were used  to 

model   the  reinforcement.    A linkage elemen».   (Ref.   2) was used to model   the 

bond/slip mechanism.    The  solution   is  path-independent, and no attempt was 

made   to discuss cyclic stress-strain stateo. 
• 

Studies of  reinforced concrete slabs  by the finite element method have 

been presented by Jofriet and HcNiece   (Ref.  Al)   and by Bell  and  Elms   (Ref.  ^2) , 

which   incorporate  progressive cracking   in   triangular or quadrilateral   plate 

bending elements.     Changes   in  the  bending  stiffness of elements due  to cracking 

normal   to the  principal  moment direction are accounted  for by using a  reduced 

flexural   rigidity   in forming  the element stiffnesses.     Comparisons between 

! computed and experimental   results are presented. 
I 
| Wahl   and  Kasiba   (Ref.  ^3)  applied  the  finite element method  to the analysis 

of prestressed concrete nuclear reactor structures, which were treated as axl- 

symmetric solids. Rashid (Ref. M) discussed an analysis method (more refined 

than that of Wahl and Kasiba) that accounts for cracking, temperature effects, 

creep, and  load history. 

A study was  undertaken by Endebrock and Traina   (Ref.  kS)   to determine 

the behavior of plain concrete under combined stresses and  to formulate com- 

puter-oriented constitutive   relations   for concrete.     One nominal   concrete 

strength was   tested  under various   loading combinations.    The  loading com- 

b'inat'i'ons   included   the uniaxial, biaxial,  and   triaxial   states of stress with 

various combinations of compressive and  tensile  stresses.    The test specimens 

were  three-inch cubes.    The  test  information was obtained as stress/strain 

records  for the  three principal   directions  of  the cubical   test specimens. 

During  the  testing program it was  noted  that  somewhat different strength 

values were obtained depending upon  the orientation of  the cube with  respect 

to the applied   loads  and  the direction of casting.     The uniaxial   compressive 

strength was not greatly  affected by  the orientation of the cubes;  however, 

the biaxial   and  triaxial   test   results were  noticeably affected by  the cube 
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orientation.    The failure mode of the cubes was identical   to that described 

by several   investigators,     it was noted that  the slightest  confinement of a 

test cube  in an   intended uniaxiat   test would noticeably affect the maximum 

strength. 

In triaxial   compressive   tests,   it was noted that   the maximum stress was 

greatly affected by  the magnitude of  the minor stress  and  somewhat affected 

by the  intermediate stress.     The strains were generally affected  in  the 

same manner. 

The test results from this   investigation were compared  to available test 

results  reported by other   investigators.    The scatter   in   results   reported  is 

rather  large;  however,  many of  the  investigators used different testing 

procedures,  equipment,  and  different  shaped  test  specimens.     The   results of 

this   investigation were  bounded by   the  results   reported  by  other   investigators, 

A model   to predict  concrete behavior was  developed.     The mathematical 

development of the model  was   theoretical; however,  empirical   results were 

incorporated  into  the model   such  that  the  test  results were  simulated.     The 

mode!  was  used  to predict   the  constitutive  relations   for  concrete  subjected 

to  combined  loads.     The   loads  can  be  tensile or  compressive.     The model 

solution was  incorporated   in  a computer program. 

The experimental   data generated by   this  study   represent  a  substantial 

addition  to  the   information  available on multiaxial   loading.     However,   the 

model   developed  uses one  concrete  strength only  and  does  not  account  for  the 

effect of  loading and unloading  under  combined stresses. 
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SECTION   III 

RECENT DEVELOPMENT   IN METHODS OF OBTAINING 
PARAMETERS OF A COMPLETE MODEL 

One of the greatest difficulties  In any attempt  to analyze a  reinforced 

concrete member   is   to  select  a material  model   general   enough  to  allow good 

correlation with data  from various   types of   loading  tests and  to evaluate  the 

parameters appearing   in  such a model.     Recently  reported  progress,  summarized 

below,   indicates   that  suitable descriptions  of  the  behavior of  plain concrete 

and  of   the   influence of  reinforcing  are available.     These elements will   be 

combined  in  Section   IV   to obtain  a model  of   reinforced  concrete. 

1.       CONSTITUTIVE  PROPERTIES OF PLAIN CONCRETE 

Considerable work has been conducted on uniaxial   behavior of plain concrete. 

However, most of this work does not account  for the combined stress states 

encountered   In  refined analysis by  the finite element method.     The paper  by 

Popovlcs  (Ref. 46)   on  stress/strain  relationships  for concrete under uniaxial 

loading provides an excellent review of the  literature.     Information on  the 

response of concrete under combined  stresses  is much more meager   (Refs.   1, k,  kS, 

and 47  through  51).  particularly with respect  to general   stress/strain  relation- 

ships.     Significant experimental  work was  reported  by Kupfer,  Hilsdorf and  Rusch 

(Ref.   50).    Buyokozturk,  Nilson, and  Slate   (Ref.   52)   have used  the finite element 

method   to develop an analytical  model  of plain concrete composed of aggregate 

elements and  paste elements  to study   its behavior under  two-dimensional   combined 

stress  states.     Liu,  Nilson,  and Slate  (Ref.   53)  proposed an analytical   form of 

stress/strain   relationship of concrete  in biaxial   compression.     In addition, 

orthotropic constitutive  relationships were stated   in a matrix form adapted to 

finite element models.     They also compared  their biaxial   relation  to those 

developed by Saenz   (Ref.   54) and  by  Desayi   and Krishnan   (Ref.   55). 

The following constitutive  relations developed by Liu, Nilson, and Slate 

for concrete   in biaxial   compression  are adopted. 

^E 

(1 ^[•♦K^HfrH^ 
(12) 
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where secant modulus  at ultimate   load    E.-   = 0„/e   ,    and    o„,     e.    are   the sc p     p» p»       p 

peak stresses and strains   in biaxial   compression   respectively,   and 

01 

3i 

=    Stress   in  the  1-direction 

=    Strain   in  the   1-direction 
02 

E      =     Initial   tangent modulus   in uniaxial   loading  for unconfined 
compression 

v      =    Poisson's  ratio  in uniaxial   loading  for unconfined  compression 

The value of    E    can  be computed from the equation of Pauw  (Ref.   56)   as 

recommended   In  the American Concrete  Institute Code   (318-71): 

E    =    33 W 
3/2 V^I psi 

(13) 

(E  =  kin w3/2 yrjN/m2) 

in which W  Is the unit weight of the hardened concrete, in pounds per cubic 

foot (kg/m ); and f' = ultimate cylinder strength of concrete in uniaxial 

compression, in pounds per square inch (Newton/m2). 

Pauw (Ref. 56) examined Poisson's ratio v  in a series of tests and 

found values near 0.20,  Liu, Nilson, and Slate (Ref. 53) found that the 

ultimate strength a.  could be computed ^rom: 

<  0.2 1  1.2 - ß 

1.0 >  ß > 0.2    —  =  1.2 

p     1 2 
5.0 >  B >  1.0    T1  = -Ls£ 

ß > 5-0 °t  =l(-r^r) 
^8 

(14) 



and 

=    02/01     if the  1-direction is considered, 

and    Ep    is computed from 

<     1 

>     1 

ep    =    0.0025 

_6 
EP    =     (-500 + 0.55 ap)  x  10    ,     op     in  psi 

{        =     (-500 + 7.98 x lO-5 Op)   x 10-6,   Op     in    N/m2)> 

where (15) 

0O    =    Unconfined compressive strength 

In  addition  to Young's moduli, which must be computed for each of the  three 

orthotropic directions,   three Poisson's   ratios must be computed:    V12  = V21, 

^23 = ^32.     and    v31 = V13. 

When  cracking occurs, a  simplification can be made.     For example,   for 

cracking   in  the plane peroendicular to  the 1-direction,  the  coupling effects 

are removed and 

V21    =    V31 (16a) 

For simplicity it is assumed that 

v23  =  v32 =  0 (16b) 

Three concrete shear moduli   are also  required.     Assuming  that  the  1-2 plane 

is  uncracked, 

E'   E1 
lb   2b 

Elb   +   E2b   +  2E2b   ^ 
(17) 

i n which 

'lb 

■^ 

1   + (Ä^WWT 
^9 

(18) 



where 

'12 =  V 21  =  ^31  =  v13  =  v23 '32  =  ^ (19) 

for biaxial compression and is equal to E for biaxial tension and tension- 

compression cases (for concrete in tension, it can be assumed without signifi- 

cant loss of accuracy that linear behavior is obtained up to failure; the 

elastic slope will be taken equal to the Initial tangent modulus in compression) 

and 

El 

E1 ■Q" 
1 + ^-&fö)T 

(20) 

for biaxial compression, and is equal to E for biaxial tension, and to E0 

for tension-compression case, where 

E2 «= E in the 2-direction 

ß1 » 02/ai for biaxial compression 

ß2 ■ Oj/ö2 for tension/compression 

Assuming that there is a crack in the plane perpendicular to the 3-direction, 

G13  =  G23  =  0 (2i; 

it follows that 

J12 

l_       J 

_ 
E2b 

Vv 

X'v 

A' 

E'   E' lb   2b 

Elb+E2b      +2E2b^ 12 

(22) 
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where 

qiH  (23) 

Liu,  Nilson,  and Slate   (Ref.   53)   recommended equation 22  for the constitutive 

relation of concrete   in biaxial   loading and   indicated that   it produces   results 

that compare well with experimental  data as   illustrated   in figures  21   and 22. 

However,   they also  indicated  that  no experimental   data are presently available 

to check  the shear term in  the proposed  relationship. 

2.       DOWEL ACTION OF REINFORCEMENT  CROSSING  CRACKS   IN CONCRETE 

If a shear force acts on  the cracked  specimen,   the cracked  surfaces may 

slip,   the force being counteracted only by  the crosswise bars.     During  slipping, 

the bars develop shears  that cause  flexural   stresses.    This   resistance of  the 

bars  to slipping  is called "dowel   action." 

Dowel  action has  been studied  by several   investigators.     Jones   (Ref.   57), 

Parmelee   (Ref.   58),  Krefeld and  Thurston   (Ref.  59),  and  Lorensten   (Ref.   60) 

have studied dowel  action  in  reinforced concrete beams. 

Parmelee   (Ref.  58)   proposed  that  the  transverse force-displacement   rela- 

tionship of  reinforcement at an   inclined  crack can  be approximated  by consid- 

ering  a  semi-infinite  elastic  rod  subjected   to tension,     T,     and  transverse 

shear,     V   ,    and  restrained at  the end of  the gap by embedment   in an elastic 

medium   (Fig.   23)-    The displacement,     A,    of such a  rod depends  to some extent 

on  the effective width,    a-,    of   the  longitudinal   cracked  zone   (Fig.   2^). 

A brief summary of the  previous work on dowel   action  has  been presented 

by  Bresler and  MacGregor   (Ref.   6l). 

The  studies  reported above have neglected the action of the  stirrups and 

the effect of horizontal  cracking of the  concrete cover.     No consideration has 

been given  to the dowel  action   in  the postcracking  stage. 
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— ^LOT Of PROfOSCO COUATION 

 STRESS STRAIN CURVI FROM KUPFER ET AL.   (REF.   50) 

STRAIN 

Figure 21. Comparison of Plot of Proposed Equation with Those 

Obtained from Biaxial Compression Tests (Ref. 50) 

9000 
(3W5 

PLOT  Or PROPOSED EQUATION 

STRESSSTRAIN   CURVE  MOM SAENZ  (REF.   5M 

0.001       0.001 
STRAIN 

Figure 22. Comparison of Plot of Proposed Equation with Those 
Obtained from Biaxial Compression Tests (Ref. 5^) 
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[^-aV2   -[-   aV2-^| 

Figure 23.     Dowel  Action-Displacement 

Figure 2'*.     Dowel   Force-Displacement Relationships 
(after Parmelee--Ref.   58) 

53 



Dowel action in precracked and uncracked specimens was studied by Hofbeck, 

et ai. (Ref. 62), Johnston and Zia (Ref. 63), and Peter (Ref. 22). It was also 

discussed  in the ACI-ASCE Joint Committee 426  report   (Ref.  6'»). 

In a  recent  paper Dulacska  (Ref.  63)  conducted a test program to examine 

the phenomenon of dowel  action  in ordgr to establish theoretical   load-deformation 

relationships.    The Dulacska tests were made using specimens designed as  shown 

in figure 25.     To simulate cracks,   two  layers of 0.0078-in,-thick  (0.019812  cm) 

sheet brass, which were connected  in  the middle by a skewed steel  stirrup, 

were embedded  in  the test specimens.    During  testing,  relative slip along the 

simulated crack and opening of the crack perpendicular to the direction 

of the  load were  recorded. 

Experimental   results for the failure  load   in the bar were found  to corre- 

late well  with the following relationship: 

pcj) YOyn sin  6 
jj \       3PY on sin 6 / 

(24) 

where 

Y 

P 

U 

N 

Failure load of dowel  shear 

Bar  size 

Angle of stirrups in degrees 

Yield stress of steel 

Cube strength of concrete 

Coefficient of local compression of concrete 

Constant 
2      2 

1 • .J /lJy 

Axial   tension force of bar 

Axial   tensile force  inducing yield   in pure  tension 
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APPLIED LOAD 

T 

FOAMED PLASTIC 

TWO  LAYERS 
OF  SHEET  BRASS 

APPLIED  LOAD 

(T)THE  DIAMETER OF 
REINFORCEMENT 
AND THE  5 
ANGLE ARE 
VARYING 

DETAIL   A 

Figure 25.     Details of Test  Specimen Construction 
(Ref.  65) 

55 



From test  results,   it was found  that  slip   in   inches   (cm)  can be predicted 

by the approximate expression: 

r V^H^H) <25, 

where 

Ä - Constant 

T = Dowel shear load 

T = Failure load of dowel shear calculated from equation 2k 

4) a Bar size 

a = Cube strength of concrete 

when    T,  cfi,     and    a      are   in consistent  units. 

Equation 25 was plotted as a function of    T    and    A    for two values of 

6 =»  10      and '♦O    respectively, as shown   in  figure 26. 

The  results   indicate  that an   increase   in   the angle    6    results   in a 

decrease of  the dowel   shear force    T    and   increase   in  the bar's normal   force 

N.    Also,  an   increase   in  the concrete-strength    oc     results  in an   increase 

of dowel   shear capacity    Tf. 

3.       BOND SLIP 

Bond slip enters  constitutive equations  for  reinforced concrete  through 

the effective moduli  of  the composite material.     It may be defined quanti- 

tatively as  the percentage of its own stiffness  that concrete contributes  to 

the stiffness of a composite element. 
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Figure  26.     Dowel  Shear Force-Slip  Relationship  (Ref.  65) 
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The new work bearing on  this subject   is  that of   Ismail   and Jirsa  (Ref.   66) 

An expression for    X,    the  ratio of concrete contributing to overall  stiffness 

of the section was defined as  follows: 

r E     dx 

A    =    1  - -~j-  (26) 
Ä^7 

where 

E      =    Steel   strain 
s 

T = Tensile  force 

A = Cross-sectional   area of steel 

E = Young's modulus   for steel 

L = Length of  specimen 

The  length of  test  specimen was   16  in.   (^0.6 cm),   selected to  limit  the 

formation of secondary  cracks  between  the ends  and  the primary crack at  the 

midlength.     The  location of  the primary crack was  determined by  inserting 

greased sheet metal   strips   (crack formers)   in  the  form prior  to casting,  as 

illustrated  in  figure 27(a).     The concrete strength    f     was  ^.75 ksi 

(32751  x  103  N/m2)   for  two specimens  and  3-25 ksi   (22'409 x  103 N/m2)   for the 

other two.     Data from this work are shown   in  figure 27 as a  relationship 

between    X    and    a$/ay ,    where    os     is  the stress   in  the steel   reinforcing 

bar and    oy     is yield  stress of  this bar.    The data   indicate  that    X    can be 

presented as a function of 

• Concrete strength 

• Steel stress (fraction of yield strength) 

• Cycle of loading/unloading 

The experimental work by Tanner (Ref. 67) represents a valuable addition 

to the data on bond slip. The concentric pullout specimen, figure 27(b), was 

used  to  simulate  conditions obtained   in  the  constant moment   region of a 
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STRAIN GAGE LEADS 

THREADED END 
PLATES 

CRACK FORMER 

(a) Dimensions of test specimen used by Ismail and Jirsa (Ref. 66) 

5/16 IN. x 3/8 IN. COOVE 
(0.80 x 0.95 cm) GAGE 

9 IM. 
"(22.85) 

9 IN. 
(22.85)" 

18 IN. 
"(kS.?) 

(b)  Specimen used in test series II by Tanner (Ref. 6?) 

•Hi.   -  REINFORCING BARS 
5/16 IN. x 3/8 IN. GROOVE 
(0.80 x 0.95 cm) 

WOES 

NOTE:    CENTIMETERS   IN PARENTHESES 

(c)     Specimen used   in test series   I I I   by Tanner   (Ref.  67) 

Figure  27.    Test Specimens of Bond  Slip  (Refs.  66,  67) 
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reinforced concrete beam between  tensile cracks.     The  lapped-splice specimen, 

figure 27(c), was designed  to simulate spliced  reinforcement   in a constant 

moment  region of a beam between  tensile cracks. 

Data from both  tests are plotted for different  concrete strength  in 

figure 28.    The  results of Tanner's  concentric pullout  tests   (M-B)  are 

bounded by the  results of   Ismail   and Jirsa  (Ref.   66).     However,   the results 

of Tanner's  lapped-splice specimens were considerably higher than  those 

obtained from concentric pullout   tests performed both by Tanner and by   Ismail 

and J i rsa. 

The  linear bond-slip  relation used by  Isenberg  and Adham  (Ref.   1)   is also 

indicated  in figure  28. 

The effect of  loading and unloading on    \    was   studied by   Ismail   and 

Jirsa   (Ref.   66)   and   indicates   that    \     is  reduced  by  cyclic  loading whenever 

the peak moments   in   the preceding  cycle are greater   than   in any previous  cycle. 

k.       CRACK WIDTH AND  CRACK SPACING 

Extensive  Investigations have been carried out  concerning crack widths 

and crack spacing  In  reinforced concrete members  (Refs. 33 and 68-8'»)  and 

several   theoretical   and empirical  formulas have been developed (Refs.  68-69, 

75-76, and 8U-86). 

One of the simplest and most useful   studies  found   in   the  references 

cited above  is  the one conducted by Broms   (Ref.   33).     Data on  crack widths 

were obtained from flexural   and  tensile  tests of members   reinforced with steel 

bars,  figures 29 through  33. 

A tension member   is  shown   in  figure 29(a).    The  crack spacing at  the  level 

of  the  reinforcement was observed  to decrease  rapidly with   increasing applied 

load.    After the axial   stress   in   the  reinforcement   had  reached a certain 

critical   value,  the  spacing of visible cracks   remained approximately constant. 

It has been shown by  Broms   (Ref.   33)   that high calculated  axial   tensile stress 

will  be present within  an area  located  inside a circle  that   is   inscribed between 
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SENBERG-ADHAH MODEL  (LINEAR) 
(REF.   1) 

5  0.3 

0.1 

DATA FROM TANNER (REF. 67) 

TENSION 
TYPE 

• ll-B-1 CONCENTRIC 
o ll-B-2 CONCENTRIC 
A ll-B-3  CONCENTRIC 

f,  PSI 
c 

3980 (27 x 10' M/m-') 
3980 (27 x 10' N/m ) 
Il500     (31   x   10'   N/m') 

18"   (Ii5.7 cm) 

• Kl-A-I  LAPPED SPLICE 2900 (20 x 10' N/m) 
• lll-A-2  LAPPED SPLICE It125 (28 x 10* N/m) 

18" («5.7 cm) 
-T 

DATA FROM   ISMAIL AND JIRSA  (REF.  66) 

f   PSI   3250 (22 x   10'   N/m'), (t750 (33 »  I06 N/m') 

16"    (ItO.bli cm) 

1.0 

Figure 28.     experimental   Bond-Slip  Results   (Refs.   66,   67)   Compared with 

Analytical   Results   (Ref.   1) 
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Figure 29.     Tension Members   (Ref.   33) 
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Figure  30.     Mechanism of Tension  Cracking   (number  reinforced 
with one   bar)    (Ref.   33) 
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two adjacent preexisting  cracks.     Outside this stress  circle,  compressive 

stresses or very small   tensile  stresses will  be present,  as   illustrated  in 

figure  29(b). 

According to Broms   (Ref.   33) , 

When the maximum tensile  stress within  any one  stress  circle exceeds 
the  tensile crack strength of  the concrete,  a new  tensile crack develops. 
This  tensile crack will   spread   laterally until   the  average  tensile stress 
at  the  root of  the crack decreases  to a value smaller  than   the tensile 
strength of  the concrete.     This  appears  to occur when  the crack approaches 
the periphery of the corresponding  inscribed circle.     For the  case when 
the member  Is   reinforced with a  single  reinforcing bar,   the   length of 
this new tensile crack will   be governed by  the diameter of  the circle 
inscribed between  two adjacent  preexisting cracks  and  thus,   by the crack 
spacing.     If  the diameter of  the   inscribed circle   is equal   to or larger 
than  the total  width of  the member shown   in  figure  30(a),   then  the 
normal   crack will   traverse  the   total  section of  the member.     Such d 
crack  is defined as  a primary crack.     If on  the other hand,   the diameter 
of  the  inscribed circle   is   less  than  the  total width as  shown   in 
figure 30(b),   then  the new crack  (which forms halfway between   two exist- 
ing primary cracks)  will   extend over only part of  the  total   member 
width.    This crack will   be defined as a secondary crack.     Therefore as 
cracking proceeds,   the  length of subsequent  cracks will   decrease  in 
proportion  to  the crack spacing as  shown   in  figure 30(c). 

The  length of the new cracks  that develop  in  a member  reinforced 
with several   bars will   depend on  the spacing of  the   individual   bars and 
on   the primary crack spacing.     In  the case when  the primary crack spacing 
is   larger than  the spacing of  the  reinforcement   (Figs.   31(a)   and 31(b)), 
the   individual   stress  circles  corresponding  to each  reinforcing bar 
overlap.    As a   result,   the   tensile cracks  that develop  at each  individual 
bar join   into a single  crack  that extends over part or  all  of  the width 
of  the member.     The new  tensile crack will  extend   to  the unloaded vertical 
sides of the member   (and will   become a primary crack)   if the  stress 
circle corresponding   to  the bar   located closest  to  the  side of  the member 
reaches  the side of  the member   (Fig.   31(a)).     This  condition occurs when 
primary crack spacing   is   larger than  twice  the thickness of  the side cover. 
When  the primary crack spacing   is   less than   twice   the  concrete cover 
(Fig.   31(b)),   then  the new tensile crack will  not   reach  the  surface of the 
member and will   become a secondary crack. 

The preceding analysis  suggests  that  the absolute minimum visible 
crack spacing will  be  equal   to  the distance  fiom  the surface   to the 
center of the bar located  closest  to the surface of  the member.    This 
distance  is defined as  the distance    t.    Thus,   it   is  suggestorl  that  the 
theoretical  minimum crack  spacing will  be equal   to  the   thickness of  the 
concrete cover   (measured  from the center of  the  reinforcing bar  located 
closest  to the  considered  face). 
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Figure  31.    Mechanism of Tension  Cracking  (member reinforced 
with several   bars)   (Ref.   33) 
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The formation of flexural   cracks affects  the  longitudinal   stress 
distribution  in  flexural   members.    The stress distribution within a 
cracked  flexural  member can be  calculated approximately  from  theory of 
elasticity.     It can be shown  that high tensile stresses will   be present 
within  the circular area  located between two adjacent  cracks,  as   illus- 
trated   in  figure  32.    Outside   this circular area,  compression  stresses 
or small   tensile stresses will   be present.    The stress  circles governing 
the  stress distribution  for the   tension zone have been   redrawn   in 
figure 33(a).    When a set of cracks occurs approximately halfway between 
existing primary cracks,   the new cracks will  spread  laterally  until 
they  reach the periphery of the corresponding stress circles where  the 
intensity of the average axial   tensile stress   is   low.     If  the primary 
crack spacing  is   less  than  twice  the distance from the   level   of  the 
reinforcement to the neutral   axis,   then  the  length of   the new cracks 
will   be  less  than  that of   the original  primary  flexural   cracks   (which 
extend  to the neutral  axis)   and  the new flexural   cracks will   become 
secondary flexural  cracks. 

The secondary flexural   cracks   (shown  in  figure 33(b))  will   cause 
a  stress   redistribution   in  the   immediate vicinity of  the  reinforcement. 
A new set of cracks,  secondary   flexural  cracks of  the  second order, 
develops when the maximum  tensile stress   in the concrete exceeds  the 
tensile strength of  the concrete.     The  lengths of  these  new  tensile 
cracks will  be governed by the  diameter of the corresponding  stress 
circles   (the distance between   two adjacent tensile cracks).      If  the 
crack spacing for adjacent cracks   is   less than  twice  the  thickness of 
the bottom cover of  the  flexural   members,  then  the corresponding stress 
circles and the new set of tensile cracks will   not  reach  the bottom 
face of the member,  as shown   in   figure 33(b). 

In  summary,  the work of  Broms   indicated that  the assumption  of a uniform 

linear stress distribution   in  cracked  reinforced concrete may   lead  to   large 

errors when  the calculated crack spacing of the main  cracks  approaches  twice 

the  thickness of the concrete  cover or  the spacing of  the   individual   rein- 

forcing  bars.     The absolut« minimum  visible cracking  spacing was   found  to be 

equal   to  the  thickness of  the  concrete  cover.    The average  minimum crack 

spacing will   be  larger  than   the absolute minimum crack spacing  given above. 

t     <    crack spacing    <    2t (27) 

where     t     is  the thickness of  the  excrete cover as   Indicated   in  figures 29 

and  33. 
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Figure 33.    Mechanism of Tension  Cracking   (flexural  members) 
(Ref.   33) 
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From the observation that the average crack spacing  Is approximately equal 

to twice the distance    t,    Broms   (Ref.  33),  found that the crack width can be 

calculated  from the relation 

Wave      -     2tes (28) 

where Wave = crack width or the total elongation of the reinforcement, and 

£ = Is the average steel strain. 

1 1 
1 i 

n 
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SECTION   IV 

FORMULATION OF PRESENT MODEL 

This  section summarizes  the  formulation of the mathematical  model 

developed under  the present contract.     This model   is essentially an   improved 

version of  the   Isenberg/Adham model   (Ref.   1).     The  improvements were  based on 

pertinent  studies  reviewed at  the beginning of  this contract.     No new devel- 

opment of  fracture  theory or nonlinear constitutive  relations was   included 

in  the scope of  the present work.     Some  features of  the model   such as  concrete 

stress/strain   relations were discussed   in previous sections,  and  their details 

are not  repeated.     Other features  such as  the dowel  action formula are modi- 

fied and   their details are  included  in  this  section.    The model  was  formulated 

in steps   that  are summarized below. 

1.       STEPS TO  FORMULATION OF THE  MODEL 

The model  was  formulated   in  two basic  steps: 

STEP  1.     This  step establishes the  stress/strain relations   in  principal 

directions of orthotropy.    The   formulation   includes  the following elements: 

• Concrete  stress/strain   relations 

• Steel   properties 

• Bond-slip  relations 

• Dowel   action 

• Composite moduli of reinforced concrete 

The principal   directions of orthotropy were defined as follows: 

• Before cracking, principal   directions of orthotropy are defined  by 

principal   directions of stress. 

• Direction of first cracking defines principal  direction of ortho- 

tropy, while second and  third principal   direction of orthotropy 

are  directions of the   largest  stress and   its normal. 
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STEP 2.     This  step  involved matrix  transformation from principal   directions 

of orthotropy to global  directions and  included: 

• Formulation of matrix of direction cosines 

• Assembling global  stiffness matrix 

The details of the above steps are given below. 

2.       CONCRETE  STRESS/STRAIN RELATIONS 

Two types of  plain concrete stress/strain models are  incorporated   in  the 

present analysis: 

a.      Variable Modulus Model 

The virgin   loading stress/strain  relations   incorporated   in  this model   are 

those suggested  by Liu,  Nilson,  and Slate  in  reference 53 and described   in 

detail   in  Section   III.     In these  relations  the moduli  of elasticity  in ortho- 

gonal  directions are expressed as functions of strain and confinement.    The 

moduli    Ej    and    Gj.    are functions of the state of stress and strain and  take 

the form 

E. 
M 

1   + (^-IfeHy 
(29) 

-        E!.EJ 
Ij (1  + v)(E.  + EJ 

' J 

(30) 
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where 

'-', 
Tangent moduli in directions  i, j 

Initial tangent modulus for concrete 

Strain in di rection  i 

Strain at peak stress 

Poisson's ratio for concrete 

SC 
Secant modulus based on ultimate stress and corresponding 
strain 

B.     = Ratio of principal stress in the direction normal to the 
principal stress in the direction considered 

The peak stress,  a , due to combined loading is expressed as 

1 + 
1.2 - ß, 

o     for ß.  < 0.2 
o I 

= 1.2 J. for 1.0 > ß.  > 0.2 

1.2 a. 
for 5.0 > 8.  >  1.0 

2.    ! +  1  
6; I     1.26. - 1 

for ß.  > 5.0 (31) 

where 

a  =  f,  the unconfined cylinder strength in uniaxial compression, 

The strain  E  corresponding to a       is given as 

0.0025 for ß. < 1 

(-500 + 0.55 op) x 10'
( 

(-500 + 7.98 x 10'  ; ) x ID' 
p 

! for ■ >  1 

0  in ps1 
P 

■J in N/m  (32) 
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The secant modulus E   is given by 
sc ^ ' 

E
5c " r- <"> 

P 

The corresponding   incremental  stress/strain   relation  is given by 

F.. de. 

where    do j     is  the stress  increment  in the   i-direction, and    v     has a constant 

value equal   to Polsson's ratio for concrete. 

The descending  branch of  the stress/strain  relation  in unconfined  compres- 

sion  is not  represented  in the model.     The  reason  is that  including  it would 

require either a negative tangent modulus or  complete reliance on  the   load 

vector correction method of  integrating equations of motion.    The first   require- 

ment  leads  to numerical  difficulties with   implicit  integration methods, while 

the second  demands  the capability for   iteration  in the main code.     Since   this 

would tend  to produce a material  property package which works for some codes 

and not for others,   the falling branch  is excluded.    However,  to  include   the 

descending  branch of  the stress/strain   relation   in a future model, general 

equations   12,   and/or 29,  should be modified  to  incorporate the point of failure 

or some other  point on  the descending branch of  the curve. 

Observation of  the numerator   in equation  29  reveals that  the  tangent 

modulus    E,     becomes negative whenever    c.     exceeds    c  .    When  this occurs,  an 

arbitrary  small   value   is  substituted  for    E..     This value  Is usually   taken  as 

1   percent of    Ec. 

Another  difficulty encountered   is  that  equation 7.3 becomes  singular when 

vß,    =    1 (35) 
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This problem was avoided by  arbitrarily setting    fci.   = 0.0.    Therefore,   in  the 

present model  no additional   strength  is obtained under biaxial  or triaxial 

confinement. 

Figure 31» shows   the stress/strain relations  for plain concrete  in compres- 

sion, used  in  the present model.     Unloading and  reloading occurs with the 

initial   tangent modulus    Ec. 

The concrete modulus   in  tension  is assumed to  have a constant value    Ec 

until cracking,     however, after cracking,   the concrete modulus  is set  to a 

minimal  value to avoid numerical  difficulties, while  the stress  is set  to zero 

(Fig-  35).     In  the event of  rebonding, after  tension cracks have been closed, 

the modulus   is set  to a user specified   fraction     »    of  the  initial  modulus.     E 
c 

Rebonding  is   indicated   in the code by a change of   the sign of strain. 

The cracking  strength of concrete     f     In any given direction was dis- 

cussed  in Section II   and can  he expressed as 

f 
t 

no2 (36a) 

for o2 < 0    and 02   <   03 

where 

f      ■    Unconflned  tensile strength of concrete 

n      =    Slope of cracking envelope to be determined experimentally (Fig. -15) 

02    B    Mlrimum nonpositive stress   normal   to  the  tension axis 

Equation 36(d)   can also be expressed as 

f 
t 

= f 

02 
1 -T 

c 
(36b) 

where 

f 
c 

Unconflned compressive cylinder strength of concrete 
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(a)    Virgin  loading and unloading/reloading behavior 
of  present model 

PRESENT MODEL   SLOPE 0.01   Ec 

3 

OBSERVED BEHAVIOR IN 
UNCONFINED COMPRESSION 

(b)  Present model does not account for descending portion of 
compressive stress/strain relations for plain concrete 

Figure 3k.     Stress/Strain Relations for Plain Concrete 

73 



TENSION 

(COMPRESSIVE STRAIN) 

CKACK 

(TENSILE STRAIN) 

1-2-3-^  LOAÜING   IN TENSION 

k-5 RELOADING   IN TENSION 

5-6 REBONDING   IN COMPRESSION 

COMPRESSION 

Figure 35.     Stress/Strain Relations for Plain  Concrete  in Tension 
for Variable Modulus Model 

7^ 

mm 



Equation 36(a,  b)  accounts  for the change  in  ultimate  tensile  strength due 

to the  interaction of perpendicular stress components. 

b.      Plastic Capped Model 

In addition to the variable moduli  stress/strain  relations used  in com- 

posite moduli, stress/strain  relations based on a strain-hardening  theory of 

plasticity are also  included  in  the computer program.    These  relations were 

developed under a separate project  (Ref.  51).    This type of mathematical formu- 

lation does not readily  lend  itself to the composite moduli   approach, and hence 

it  is   included in the computer program for those cases where steel   Is absent 

or can  be neglected. 

The yield surface consists of  two segments    Fj and F2    defined as 

Fi   -   VJI+ gi(Ji) " Kl 

F2    - 2        + r^ _ - K2 I (37) 
A 

where 

Jl = First  invariant of stress 

J^ a Second  invariant of stress deviator 

gi(Jl) ■ A function of    Jj 

r = Constant 

Ki,  K2 ■ Hardening parameters 

The hardening  laws  used are 

d^lP      =    h! dFi (38) 

and 

vc 
d  ePr    =    h2  dF2 (39) 
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where   I^p    is  the second  invariant of the plastic-strain deviator and 

£^c     is  the volumetric plastic strain associated with compaction only.    The 

variables    hi    and    h2    are functions of   the stress and plastic strain 

invariants. 

The yield surface and the hardening rules are used in conjunction with 

the flow  rule 

aFi 3F2 

U ao.j 3a.j 

where    de^j     are the plastic strain  increments and    Xj  and X2    are  factors 

to be determined. 

The  incremental  stress/strain  relations are expressed as 

da..     '    C.^jdc       -  deP ) (^) 

where    d   .       is  the stress  increment,    de, „    is  the total  strain  increment 
OiJ ki 

and    C.,, .      are the coefficients of the elastic stress/strain   relationship. 

Substitution of equation   '♦O  in equation M yields 

/3F! 3F2        \ 
daij   =  ciJki -ki 

The  values of    Xj  and X2    are obtained from the solution of 

Ai  Xi  + A2 X2    =    A3 (i»3) 

Ai*  Ai  + A5 X2    -    A6 {W) 
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where 

and 

3F!                       dFi 3F! 
=   + 2 hi -   

ij uuk!. 
Al = 7^ +2hl'^TrCi^ ä^" cl55) 

aFa 3Fl 9Fi 
2 " T^T   ini^ ijk' ^ 

h2    9F2 3F] 

3    3a.        UK!.   3a. 
i J k X. 

3F2        h2      dr2 dF2 

iT + ~T    3a. .   CiJki!,    30" 
1 "J ki 
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(W) 

3Fl 

i J 

(W) 

A5  = nr + ~T ^T" cijk! rr- C»?) 

h2     3F2 
A6  =  T — ^Jk. dEk. (50) 

It should be noted however that if yielding occurs on Fj only 

A2 = A,, = A5 = A6 = 0 

Consequently 

>2  =  0 

>,i  = A3/Al 

Similarly, if yielding occurs on Fo  only 

Ai  = A9  = As = Au = 0 



and 

A6/A 6/« 5 

For an elastic case both    Xj and X2    are  zero. 

Substitution of    Xj and A2     in equation  41   results   in  the desired 

incremental   stress/strain  relations. 

The actual   functions  used by  the authors of  reference  31   are detailed 

below, where  the constants   (yi   through y25)   are model   fitting parameters. 

The yield surfaces are given by 

fö- 
Ji/yit 

yi y2 - ya e 
(J, - K)/r 

1  - e    1        b      ' -  K, 
(51) 

and 

Ji 
+ y? Ji - Kj (52) 

with   initial   values of    Ki  and  K2    given  by 

Kj     -    y24 

K2      =     y2 5 

(53) 

(5^) 

The hardening   rules are given  by 

hi   -   y? 
1  - y9 1  - e 

,10VTI'/('-'..Ji> 

yi2 - yia Ji 
(55) 
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and 

n2 14 v^ 1 - e yR/yv. e'J2 /Y16 

1 - yzoJi yi? 1  - eJl/yl8 Ji/ i/yi9 (56) 

where 

yi  through y25   ■    Constants 

Coefficients    Y.    through    Y        were assumed  in  reference 51   to have  the 

following values   (Table   II) 

Table  II.    Values of  Coefficients Used  in Model   (Ref.   51)" 

1000 

Y6 - 700 

Y      - 0.0001 

Yl6 - 0.8x10 

21 

16 

Y2 - 12.2 

V2 

Y
12-2 

2     -11 
Y      - -0.70 xlO 

Y22-0 

11.0 

-5 Yg -  0.1x10 

Y      " 0.7x10' 

Y18 - 0.135x10 

23 

-lit 

Y^ - '♦O.OOO 

100 

Yll4 - -O^xlO 

Y19 - 60,000 

-3 
10 

800 

■   120 

Y       - '»OOO 

Y20 - 0.0005 

These values were based on concrete cylinder strength    f'  = 7000 psi 

(kBl x  10    N/m).    Guidelines for selecting  these coefficients  for different 

concrete  strengths are  included   in Appendix   I. 

3.       STEEL PROPERTIES 

The main properties of  reinforcing steel   treated are the area  fraction of 

the steel   and   its stress/strain   relationship.     Both of  these are originally 

prescribed by the user   in so-called "steel  coordinates";   that   is,   in directions 

parallel   to the axes of the bars.     These areas are then  transformed  to  the 

principal   directions of orthotropy where they are  incorporated  together with 

the  tangent moduli of the steel   into  the composite moduli. 

-Valid only for English units. 
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a.       Steel   Transformation 

The number of  reinforcing "steel  sets" for the structure being analyzed 

is specified by   input to the computer program.     Each "steel   set"   is defined as 

steel   reinforcement  in any three directions  that are not necessarily orthogonal; 

the  three directions are specified by direction cosines with respect  to the 

global  coordinates.    The actual  steel   ratios  involved  in the three directions 

are left as variables from element to element.    Thus, the steel   reinforcement 

in an element   Is completely specified by specifying the steel  set  involved. 

The steel   set defines the reinforcement directions and the three steel   ratios 

that set  the amounts of reinforcement  In the three directions. 

In each  load step,  for each  individual  element  the code determines coordi- 

nates based on  the principal directions of orthotropy.    The code then determines 

the equivalent  amount of steel   reinforcement  in the principal  directions of 

orthotropy by transforming the actual   steel   ratios. 

Let    X,  Y,  and    1    represent the global  coordinates for the entire struc- 

ture;    x,  y,  and z    the local  coordinates  for the element;    x  ,  y    and z. the 

actual steel directions; and pxs , p  , and p 2s the accompanying steel ratios 

as shown in figure 36. 

Further, let the direction cosines of coordinate directions x, y, and z 

with respect to coordinates X, Y, and Z be represented by the array 

cos a,,  cos 6   cos y 
X X X 

cos a   cos a        cos y 
y      v      v 

cos a   cos 0   COS Y 

(57) 

where a , ß , and Yv, for example, denote the angles between the x-axls and 
x, X X 

the    X-,  Y-,  and    Z-axes,  respectively.     Similarly,  let the array 

cos axs       cos ays 

COS  Y 

cos a 

cos ßxs       cos ßys       cos ßJ,s 

COS   Y COS   Y„ 
ys zs 

(58) 
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STEEL DIRECTION 

STEEL RATIO 

LOCAL 
COORDINATE 

-GLOBAL COORDINATE 

Figure 36.     Coordinates System for Transforming Steel   Areas 
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represent the direction cosines of steel  directions    xs, ys, and zs    with 

respect to the global  coordinates    X, Y, and Z.    The first set of direction 

cosines as given by equation 57 are calculated  internally by the code follow- 

ing the establishment of the local  coordinates, while the second set of 

direction cosines  as given by equation 5? are available as part of  the  input. 

The direction cosines of ths steal  directions    xs, ys, and zs   with 

respect to the  local   coordinates    x,  y, and z    are  then easily obtained as  th* 

scalar product of equations 57 and 58.    Thus, 

cos a        cos a        cos  a 
xs ys zs 

COS   ß   ,      COS   & COS    ß xs ys zs 

COS   Y COS   Y COS   Y 
xs 'ys ZS 

cos av    cos ß,.    cos Y 
X Ä X 

cos a      cos ß      cos Yy 

cos az    cos ßz    cor  Y 

cos a        cos a        cos a 
xs ys zs 

cos ßw.    cos ß        cos ß 
"* ys zs 

ccs Y        cos Y        cos Y 
xs ys 'zs 

(59) 

where    a    ,  ßxs     and    YXS •    for example,  represent  the angles between  the 

x -axis and the x-, y   ,  and z-axes,  respectively. 

JL 

In  FEDRC    code,  tne original  steel   ratios specified by the user  In the 

steel directions,    xs,  ys, and zs, are transformed  Into equivalent steel 

ratios  In the  local   coordinate directions    x, y,  and z,    using the direction 

cosines obtained  in equation 59 as follows: 

cos2a cos2a xs ys 

cos2ßv, cos2ß 
XS ys 

COS2Y COS2Y ' xs ' ys 

cos2a 
zs 

cos2ß 
zs 

COS2Y zs 

ys (60) 

The justification  for this transformation   Is  that  It does not give rise 

to negative steel   areas and that  it conserves  the  total   steel  area.    The  latter 

follows from the  fact  that  the sum of squares of a  set of direction cosines   is 

unity. 

*FEDRC   is a modified version of Agbabian Associates FEDIA code, which   is a 
dynamic,   inelastic,   two-dimensional   continuum finite element code.     The modi- 
fication consisted of   incorporating  the present material  package   In FEDIA code, 
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b.       Steel   Stress/Strain Relations 

The  tensile and compressive stress/strain relations are linearly elastic, 

perfectly plastic as shown in figure 37»     Instead of assuming perfect plas- 

ticity,   the user of the present computer program may specify hardening by 

means of a nonzero slope. 

k.       BOND-SLIP RELATION 

The bond-slip is accounted for by  the quantity X   in equation 26, which  is 

assumed  to vary from 1.0 to 0 as the strain  in the steel  reaches the yield 

strain.     The variation of    X     in the present model   is shown  in figure 38. 

This relation   is based on data from previous experiments.     (These are compared 

to the experiments conducted as part of  the present study  in Sec.   V).     Further 

refinements   in  this relation,   including  taking  into account the spacing 

between cracks,   the effect of cyclic   loading,  and the strength of concrete 

used,  are probably desirable from .a theoretical  point of view.     However,   in 

the author's opinion,  they were not justified   in view of other uncertainties 

that were encountered at the beginning of  this study. 

5.       DOWEL ACTION 

Dowel   action was discussed  in Section   III   and  refers   to the shear   stiff- 

ness afforded  to cracked sections by the  reinforcing bars that span  the 

cracks.     Dowel   action  is   represented by  a  variable shear modulus that 

relates   incremental  shear stress  to   incremental  shear strain   in  the principal 

directions of orthotropy as  follows: 

dro     =     r,od^o (61) 

The formula  for the shear modulus,  used   in  the present computer program,   is 

similar  to  that suggested by Dulacska   (Ref.   65)  and summarized  in  Section   III 

in equations  2k and 25.    However,   the present  formilation   is simplified by 

the assumption  that the angle between  the  stirrup arid the crack direction   is 

assumed   to be 90  .    This assumption  follows directly from transforming  the 

steel   from  its natural  coordinates to the principal  directions of orthotropy. 
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■MAY HAVE NONZERO SLOPE TO ACCOUNT 
FOR HARDENING AT LARGE STRAINS 

Figure 37.     Stress/Strain Relations for  Reinforcing Steel 
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ISENIERS-AOtMM MODEL  (LINEAR) 
(MF.  I) 

DATA FROH TANNER (REF. 67) 

M-B-1 
M-B-2 
M-B-3 

TENSION 
TYPE 

CONCENTRIC 
CONCENTRIC 
CONCENTRIC 

PS I 

39«0 
39«0 
'tSOO 

18" (*5.7 em) 
«T 

(27 
(27 
(Jl 

JO6 N/m') 
I06 */m7) 
106 M/»2) 

* lll-A-1 LAPPED SPLICE 2900 (20 x lO^ N/m') 
• lll-A-2 LAPPED SPLICE MJ.S (28 x IQ6 N/n2) 

18" (Ii5.7 m) 
•T 

DATA FROH ISHAIL AND JIRSA (REF. 66) 

& in 
f  PSI 3250 (22 x 106 N/m2), 4750 (33 x 106 N/m2) 

16" ('tO.64 cm) 
► T 

1.0 

Figure 38.  Experimental Bond-Slip Results (Refs. 66, 6?) Compared with 

Two Sets of Analytical Results (Ref. 1 and present stud>) 
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r 
For 6=0, Dulacska's relationship, equation 2^4, 'educes to the simple for 

V a pa n c y (62) 

where 

Tf ■ Failure force 

(ji ■ Bar size 

oc = Cube strength of concrete 

a = Tension yield stress of bar 

n  = Coefficient of local compression of concrete 
2 

P   =  1 N_ 

N. 

N  = Axial tension force of bar 

N  = Axial tensile force inducing yield in pure tension 

and the maximum shear stress r, that the bar is capable of withstanding is 

as follows: 

v.i^iZ (63) 

The relation between the dowel shear force T and the displacement A given 

by equation 25 was also simplified to the form 

k- -aA (64) 

where a is a constant. 
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The validity of the present simplified  relation was demonstrated by com- 

paring  it with Dulacska's  relation,  which agrees well with experimental  data. 

Five different cases  involving different stirrup angles, diameters and yield 

strengths were performed as  shown  in table   III.    The value of the parameter    a 

in equation 61* was selected   in order to match the  relation of Dulacska.    The 

results obtained by both  relations are compared in figure 39. 

Equation f>h can be written  in  terms of stresses  in the form 

-ay 
1   - e 

shear (65) 

where 

shear 

=    Length of element 

=    Dowel   shear strain 

The dowel  shear modulus can be calculated  from equation 65 by differential   n 

Tf dy 

■»IT 
ae 

shear (66) 

or 

■oMY 
G    =    T    ae 

shear (67) 

and for 

Y . «0       G    »    G ' shear o 
(68) 

Substituting equation 68   into equation 67,   the constant    n    can be calculated 

from 

G 
ä    =   ~ (69a) 
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(cm) 

(10 x I0"J)   (20 x 10'3)   (30 x M)'1)   (»0 x lO'') 
r 

CASE   I 

  OUUCKSKA 

 AGBABIAN ASSOCIATES. 

(8896) 

(W72) 1 

I 
- (***8) t 

(2221.) 

0 O.0ÜI 5 x lü'3    lü x io"3    15 x lo'3 

SLIP, A IN. 

(a.) 

(10 x IO'3) (20 x IO"3) (30 x IO"3) (*0 x IO"3) 

1000 

1  ■ 1         '         '      i 

TMAX          | 

«.•r- ^=i ' 

---- —      '              CASE  2 

/ 
 OULACKSKA                          | 

 AGBABIAN ASSOCIATES r 1 

-l(«M) 

5 X 10 ^    10 X 10 
A IN. 

15 X 10 

{cm) 

(10 x  IO"3)   (20 « 10 3) (30 x IO"3)   (*0 x IO"3) 
1 1 

TNAX           ] 
IUÜC 

^- ̂ ^—■            ! 

^^^ CASE  3                                    j 

1    ^<^'  DULACSKA                           | 

p 
—AGBABIAN ASSOCIATES 

(W*8) 

5 x io'3    10 x io'3 15 X 10 

2000 

looo 

(a») 

-3)(3 
T T 

(10 » IO'3) (20 x IO'3) (30 x IO"3) (*0 x IO"3) 

(8896) 

-(4M«) 

CASE "i 

 OULACSW. 

---AGBABIAN AiSOCIATES 

1.0001 

320o| 
I 

1600; 

800; 

«-3, 
(cm) 

(10 «   IO'3)  (20 x  IO'3)  (30 x  IO"3)    CO x  IO'3) 
I   " T "T- f 

MAX 
-(17792) 

(8896) 

CASE  5 

 DULACSKA 

---AGBABIAN ASSOCIATES 

5 X  IO'3 10 X  IO'3 15 X   io'3 

t 
5 x io'J 10 x io'3 15 x io"3 

A   IN. 

N -  NEWTON 

Figure 39.     Comparison of  Dowel  Action Relationships 
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Thus equation 6? can be used to calculate the dowel shear modulus for various 

stages of loading.  Substituting equation 69(a) in equation 67, we get 

r        ^ IY shear I ..  . 
G = G e {69b) 

6.   COMPOSITE MODULI OF REINFORCED CONCRETE 

The purpose of this subsection is to introduce a method that incorporates, 

in a composite model, the variations in steel and concrete properties discussed 

above.  The composite model accounts for 

• The combined properties of steel and concrete 

• The change in prin_ipal directions of stresses and the orientation 

of cracks 

The combined properties of steel and concrete at various phases of loading 

will be discussed in the next paragraphs, while the matrix transformation from 

principal and orthotropic directions to global directions will be given in 

the next subsection. 

a.   Composite Moduli for Uncracked Reinforced Concrete 

The composite moduli for the uncracked reinforced concrete elements are 

given by 

E.  = E«: A«: + Est A^ (70) 

where 

E.      =    Effective composite moduli 

E;   (from equation 29)   for   loading   in compression 

E1?     =     {Ec for unloading or  reloading   in compression 

Ec for   loading   in tension 

SO 



"st " Modulus of steel 

Effective steel ratio in direction i (area fraction) 

A?  = 1 - A. = effective concrete ratio in direction i 

The composite tangent moduli matrix is 6 x 6. For convenience it is 

partioned in 3 x 3 blocks as follows: 

C = m (71) 

In the principal orthotropic directions there is no coupling between 

normal and shear components.  Hence 

Y « 

0 0 0 

0 0 0 

0   0   0 

(72) 

and X can be defined as follows; 

X    =    T- 

Ml   "   V23V32)A1 Mvi2   +   v13v32)Aj 

Mi - -3.-i)Ae| 

E1(v13 + vi2v23)A' 

E; (^ ;. + v: jv j 3)Am 

E.(1 -  12v?1) A' 

(73) 

where 

v. , 1J 

=  1 - V23V32 - V12V21 - VJ3V31 - v12
v:,3v31 ~ v13v?lv32 

= Poisson's ratio of concrete taken as a constant  v  in this 
study 

and 

[z] = [zc + zs] (7M 
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where 

G Ai 
s ' 

GSA2 

0 

0 

0    G A3 

(75) 

where 

Gs = Shear modulus of steel 

A*, A^, A, = Projected steel ratios in the principal stress directions 

and 

G12A1 

0 

0 

0 

G2 3A2 

0 G31A3 

(76) 

where Gi2f G23, G31 have already been defined by equation 30, and A^ = 1 - A?. 

The possibility of yielding of steel in uncracked concrete is not included 

in the present model. 

b.  Onset of Cracking 

In order to check for cracking, it is necessary to calculate the stress 

carried by concrete.  This is done by the following equation: 

Ec 0i 

E A, + E  A* C    !        St    i 

(77) 
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where 

Oj' » Effective average stress 

a^ » Stress in concrete 

Cracking occurs whenever 

a, > f; (78) 

The value of    f     can be calculated from equation 36. 

In order to simulate the sudden  increase  in strain without additional 

loading at  the onset of cracking,  the stress    a,     is  reduced by the amount 
0^ A^    at  that point.    This  implies that  the force in the element at  this 

instant  is carried by steel  alone. 

c.       Composite Tensile Modulus After  Cracking 

The composite modulus after cracking  is given by 

i.."- A; :E" A:> E" A; (7,) 
EstAJ+ (1 -X) Ee A; 

where X defines the bond-slip relation shown in figure 38 and can be 

expressed in the form 

^ ,   lOx     - J 1 - -y-    for 

| ,0(;.7- 
x)   for 0.15 < x < 1.1 

x i    0.15 

(80) 

where 

tensile stress in steel 
yield stress of steel 
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For a crack  in the 1-directlon  (Fig.  20)  the first row and column of combined 

tangent moduli     X    and    Z    of equation 71  are altered to 

X    = 

El 

0 

0 
unal tered 

(81) 

GA; 1   0               0 

0 

0 
j   unaltered 

(82) 

For cracks in both the 1- and 2-directions, the alterations in X are; 

X = 

El 

0 

0 

E2 

0 

0 

unal tered 

(83) 

For cracks in all 3 directions 

X « 

El 

0 

0 

0 

E." 

0 

0 

0 

E3 

(8M 

where    E,     is calculated  from equation 79 and     G    is  the dowel  shear modulus 

calculated from equation 67. 

For unloading/re loading  in  uncracked direction 

^    '    ^c (85) 
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For unloading/releading for cracked element  in cracked directions 

E|     =    E$tA* + 0.01  ECA^ for        e.  > 0 (86) 

d.      Composite Modulus for Postyielding of Steel 

When  steel  yields,    E.     is set  to a 

difficulties,   the value presently used  is 

When  steel  yields,    E.     is set  to a nominal  minimum value to avoid numerical 

E.   «    0.01   Ec A^    +    0.05 Est A| (8?) 

However,  the stress  is not allowed to exceed  the yield stress of steel 

For unloading/reloading,  the steel  modulus  is  used.    Thus 

E,     -    E.,     A^ (88) 
st I 

e.      Composite Moduli  for Rebondlng Behavior 

If unloading causes the strain to be negative   (i.e., compression), 

rebonding occurs.     During  rebondlng a  user-specified fraction of  the concrete 

stiffness  is  used  in the composite modulus.    Thus 

E"I = - EC A? + E
st 

A: <89) 

where a is a user-specified quantity.  A value not to exceed 0.5 is recom- 

mended by the authors. The rebonding was illustrated in figure 35 by the 

portion 5-6 of the stress/strain path.  The rebonding relations included in 

the code are base' on adjusting the stiffness of the element to avoid any 

instability in the solution. 
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7.      COORDINATE TRANSFORMATION PRINCIPLES 

Various coordinate transformations are carried out  in  the program. 

The procedure and principles of these transformations are discussed in  this 

section. 

a.    Definition of Direction Cosines 

Let (x, y, z)  be one orthogonal system of coordinates and (x1, y1,  z1) 

be another system of coordinates obtained by  rotating  the system (x, y,  2). 

The direction cosine table for the system is defined  in table IV, where 

£,1, mi, ni    are the cosines of the angles between  the positive x'-axis 

and the positive    x, y and z    axes  respectively.     Similarly,    8,2, "12, r\2 

are the direction cosines of    y1  with respect   to    x,   y,  and 2    and    ?3, m^,   n^ 

are the direction cosines of    z1     with  respect   to    x,  y,  and z. 

Table   IV.     Direction Cosine for  Rotation of Axes 

x' y' 2'            | 

X *1 ^2 
^ 

y ml m2 mg         j 

z "1 "2 ns 

b.    Stress  and Strain Transformation 

Let    a and    a1  be   the stress  components  in   the     (x, y,  z)    and    (x1, yl  z',) 

coordinate systems,   respectively.     In expanded   form these are 

a    = 
xy 

YZ 

xy 

yz 

, 1 
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Since stress  is a tensor  quantity,  the transformation due to rotation of 

axes  is  represented by 

i 

xy zx 

y* 

k.. 

Ä.^      mi     ni 

i-2        m2       n2 

£3      1113      ns 

T T 
xy zx 

T n 
xy y yz 

T x a 
ZX yz Z 

Ä! i2 £3 

mi ni2 1113 

"1       "2       n3 

(90) 

or  in expanded form 

xy 

:' 
yi 

■' 

zx 

«f "i n! 2 £^1 2 nimi 2 Ajm 

ti m| 
2 

02 2  £2m2 2 n2m2 2   J!,2n2 

»1 ^ ni 2  Ä3fn3 2  ri3m3 2  £313 

Ä,1Ä,2    mim2    nin2    ''ii£,2 + £im2    nim2 + min2    ^^2 + n1^2 

^a^S     m2m3     n2n3    m2^3  + ^2nl3     n2ni3   + m2n3     £2n3   + n2Ä3 

ilij    m1m3    nin3    nii£3 + £^3    nim3 + n3mi     £103 + £3ni 

xy 

yz 

(91) 

Symbolically, equation 91   is written as 

A 0 (92) 

where    A    is  the  transformation matrix in equation  91. 

In a similar manner,   the transformation  from   o1    to    a    is obtained as 

0    =    B a (93) 

97 



where 

^1 
m2 

ll 

m^ 

2  £^2 

2 inim2 

2 2 2 nj        n2 113 2n ^2 

2 t2Ä3 

2 012(113 

2 02113 

2 M3 

2 11111113 

2 n1n3 

fcimi 112112 «.31113 J.2fni + ni2Ä.i J!-3m2 + ni3J!,2 ^l™! + mlÄ3 

mlnl 11202 'i13n3 niin2 * nlm2 m2n3 "^ n2',13 nlm3 * fnln3 

^lnl     *'2n2     i-3n3      J!'2nl   +  ^ln2     ^3n2   +  n3*'2     ^ln3  +  nlJ!'3 

(94) 

If  the strain components     e,   e'     correspond to    o and a1     respectively,   the 

strain  transformations  can  be obtained from the conservation of energy. 

iT   • T 

0'   e'    ■    0 e (95) 

Substituting equation 93 for 0 into equation 93 results in 

Hence 

0' e' ■ o' B E 

e' - B e (96) 

or substituting equation  92  for    0'     into equation   95 results   in 

Hence 

0 A e      =    0 e 

e    =    A e1 

(97) 
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c.      Transformation of Matrix of Stress-Strain Relations 

In order to  transform the matrix relating stress and strain the 

following procedure  is  followed.    C and C     intern-'- "-e stress with strain 

in  the  respective  coordinate systems.    Thus 

o    =    Ce (98) 

and 

o'    =    Ce' (99) 

Premul tiplying equation 99 by    B    and substituting  for    e'     from equation 96 

results  in 

Ba'     =    BcVc (100) 

Substituting equation 93 into equation  100  results   in 

0    =    BC'BTe 001) 

Comparison of equation 98 and  101   results   in  the designed transformation 

of the stress-strain  relationship matrix.    Thus 

C    =    BC'B7" (10'>) 

Similarly,   it can  be shown   that 

C    =■    ACAT (103) 
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8.  WIDTH OF FINITE ELEMENTS IN CRACKING ZONE 

When a reinforced concrete member Is subjected to tensile stresses, the 

first cracks (primary cracks) will be developed when the stresses exceed the 

allowable tensile stresses of the concrete. When a crack forms, the tensile 

stress in the concrete immediately adjacent to it must drop to zero (Refs. 3, 

6k,  and 85), as illustrated In figure '•C. However, the reinforcement, which 

is bonded to the concrete, retains its tensile stress and therefore strain. 

Thus tensile stress must continue to exist in the concrete along the reinforce- 

ment and will spread throughout the portion between cracks. At the same time, 

the concrete stress f0, along the bars, must increase gradually from zero at 

the crack to a maximum value f0 /  v (Fig. I»o). 

When the forces on the reinforced concrete member are increased above 

those causing the primary cracks, the steel stresses will increase; and the 

portion of bond remaining after slip will cause the longitudinal concrete 

stresses to also increase. The maximum tensile stress in the concrete, ^o (max) ' 

may then somewhere well exceed the tensile strength of the concrete, and a new 

crack will be started.  The same mechanism may result in several cycles of 

cracks. Broms (Ref. 33) indicated that crack spacing is usually stabilized 

when the crack spacing is approximately equivalent to the thickness of the 

cover. The bond-slip relation used in the model is based on initial perfect 

bond. This perfect bond requires enough length to develop. Therefore, the 

width of the finite element in the expected cracking regions must be enough 

to develop this bond.  However, the element size in areas of stress concentra- 

tion should be small enough to provide reasonable approximation of the exact 

stress gradient. Therefore the analyst should select the element size based 

on these two requirements and should interpret the results on the basis of 

this selection. This subject is addressed further in section V. 

9-  ASSUMPTIONS AND LIMITATIONS OF THE MODEL 

a.  The deformations (displacements, rotations, and strains) are assumed 

to be small and, accordingly, the analysis utilizes the initial, 

undeformed geometry of the system. 
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Stress   in concrete  at  distance     x     from crack 

Stress   in steel  at  distance    x     from crack 

Figure 40.     Stress Distributions   in Cracked Segment 
(Refs.   3,  Si»,   85) 
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b. The geometry cnn  be  two- or   three-dimensional. 

c. The continuum can be approximated by a system of two- or three- 

dimensional   finite elements. 

d. The material   properties are homogeneous within each element. 

e. The directions of  first cracks  in an element define   the directions 

of orthotropy  in   this element. 

f. The continuum  is  divided   into elements  that are   long enough  to 

provide full   bond at  the  beginning of  loading   in  tension. 

g. The bond   is perfect between  steel  and f.oncrete   in compression. 

h.       The mechanical  properties of  reinforced concrete elements can be 

approximated by composite variable moduli. 

i.       The steel   bars are allowed  to yield only  in tension. 

j.       The rebonding capability  is  based on adjusting  the  stiffness  proper- 

ties of the element. 

k.       The creep effects are neglected. 

1.       The value of Poisson's   ratio   in uncracked elements   is assumed con- 

stant throughout  the  solution. 

m.       Poisson's  ratio  is assumed zero after cracking. 

n.       Confining effects were  not activated  In the present model. 

o.       The strains   in a  cracked element  represent  the average value of the 

strains  in the bonded and debonded zones of the element. 
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SECTION V 

EXPERIMENTAL STUDIES 

1.       INTRODUCTION 

Experimental   studies of  bond slip were performed as part of  the present 

project to add to the data that are presented by  Mains   (Ref.  87).     These data 

indicate the average strength  contributed by the concrete   to a composite 

section subjected  to uniaxial   tensile stress.    The concrete contribution  is 

expressed as a fraction     X    varying  from 1.0 to zero.     The value of    X    is 

known   to be a function of  several  variables: 

a. Strain  in  the steel 

b. Length of uncracked   section 

c. Concrete strength,   bar deformations,  and other material   parameters 

In the present experiments,  factors b ai.d c are held constant. 

In the composite model   explained  in Section   IV the function of    X    is to 

facilitate forming a composite modulus from the concrete and steel  moduli, 

as follows: 

E !  (104) 
1-   X + 
E A E A +E   Ar s    s s   s     c   c 

Experimental  data by   Ismail   and Jirsa (Ref.  66)   and Tanner   (Ref.   67) were shown 

in figure 38 and were reduced   to a  form that expresses    X     as a function of 

average steel   strain  in  a  finite element.     In addititpn  to exploring  the varia- 

tion of    X    in  tension,   the  present  experiments  also   investigated   bond slip  in 

compression. 

Cylindrical   specimens with a coaxial  piece of reinforcing bar were sub- 

jected  to tension and compression,   as illustrated  in figure k].     Strain gages 

were attached  to the reinforcing bar as shown   in figure  A2.    Strains were 

also measured on  the surface  of the concrete.     The approximate  load/deflection 

properties of the specimens  are shown in figure M. 
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18 IN. 

(45.7 cm) 

3/k IN. 
(TYP) 
(1.9 cm) 

M   IN. GAGE 
LENGTH  (TYP) 
(2.5^ cm) 

6 IN. 
(15.2 cm)- 

REGION 

© 

© 

© 

EVENT 

STEEL   IN ELASTIC CONCRETE   IS 
NEARLY  ELASTIC.     BOND   IS   BROKEN 
ONLY AT THE ENDS OF THE 
SPECIMEN 

STEEL   IS  ELASTIC.     CONCRETE 
IS CRACKED AT SEVERAL POINTS. 
BOND   IS  BROKEN  OVER AN APPRE- 
CIABLE LENGTH 

STEEL YIELDS.     BOND MAY  BE 
BROKEN OVER A  LARGE  PERCENT 
OF LENGTH OF SPECIMEN 

(b)    Tension  test 

UNDERREINFORCED 
IN  COMPRESSION 

UNREINFORCED 
CONCRETE 

(a)     Test specimens (c)    Compression  test 

Figure 41.     Test  Specimen Configuration and Loading 
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NO.   7 REBAR 

i_TACK WELD AFTER 
INSTALLATION OF 
STRAIN  GAGES 

0.72  IN.   (TYP) 
(1.78 cm) 

1/8 IN. GAGE 
LENGTH (TYP) 
(0.32 cm) 

Figure /*2.     Instrumented Rehar Details 
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The specimens were tested  in unconfined compression and tension   in  a 

universal   testing machine.    The tension specimens were tested by  applying 

tensile  forces   to  the ends of  the  reinforcing bar  (Fig.   ^(a)).     The  com- 

pression specimens were tested by applying  compressive stress to  the  concrete 

only;  one  end of  the bar was  cut slightly  above   the  level  of  the  bottom end 

of the  concrete cylinder,  and the other end passed through a hole   in   the 

crosshead of   the  testing machine  (Fig.   ^3). 

Automatic  recording of data from the  strain gages and  load cells   facili- 

tated  the processing of results. 

2.       MANUFACTURE OF  SPECIMENS 

a.       Strain Gaging of  the Specimen 

The major task  in preparing specimens was  the gening of  the   reinforcing 

bars.     To   increase survivabi1ity,   the strain gages wp' tailed   inside  the 

rebar  by machining a ground-finish   flat  surface on  t i.   (81.28 cm)   long 

pieces of  rebar  in order to combine  them as a pair fc, i specimen.     When 

the two flat surfaces were matched,   the pair formed with   the  same 

diameter as   in  the unmodified condition.     Figure k' .s   the  cross   section 

of  the specimen  rebar. 

Prior  to welding the  two parts   together,  a s!ot with a ground-surface 

bottom was   first machined  into  the  flat  side of  the  larger piece  of   rebar. 

Foil   strain  gages   (Micro-Measurements, Type SA-06-125-DP-350) were   installed 

with AE-15 adhesive   in the bottom of  the  slot at a spacing of 0.72  in. 

(1.78 cm)   center to center,  for a total   of 25 gageF over the  18-in.   {h5.7 cm) 

concrete specimen  length.     The gages were cured  two hours at  150  F.     Hook-up 

wires were No.   30 AWG magnet wire with double Formvar  insulation.     Gages were 

wired  for  the 3"wire hook-up method   (3 wires to each gage).    When all   the 

gages  had been  installed and wired with   the  leads extending out one end of the 

slot,  a wash coat of epoxy was used as waterproofing qver the gages. 

The next  step  in the processing was   to weld the two pieces  of  rebar 

together  to form a single piece again.     The steel was chilled  in dry   ice and 
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RECESSED 
IN CONCRETE 

Figure kl.    Configuration of Compression Test Specimen 
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spot welded along the  length.    The prechilllng successfully prevented  heat 

damage to the  installed gages since  the temperature of the bars  remained well 

below room ambient temperature.     Finally,  the central  slot was  filled with 

epoxy  to preclude concrete entry. 

When all   four rebars had been welded,   they were installed   in a  testing 

machine and exercised three  times   to 60 percent of yield  to minimize "first 

cycle off-set" that  is common  in  strain gage work.    At this time the  load cell 

built   into  the  tensile specimens just above  the "concrete  line" was  calibrated. 

After  the exercisings,  the bottom portions of the two compression specimen 

rebars were cut off adjacent to the last strain-gage.     (The compression specimen 

rebar was originally the same  length as the  tensile specimen rebars,   to facili- 

tate  the exercising after gage installation.) 

The next step was to cast  the specimens,  and after the concrete was  c-i?d 

a minimum of 35 days,  the specimens were  taken out of cure and dried  suffi- 

ciently to   install   the surface gages.     The  concrete surface was  sanded   lightly 

in  the gage   installation area and  the vicinity neutralized with phosphoric acid. 

Washed and  redried,  the area was  coated with A-10 epoxy to provide a smooth 

surface for gage  installation.    After the surface was cured overnight,  sanded 

and cleaned,   the gages were  installed with Eastman 910 adhesive.    These outside 

gages   (except  for end gages)   had a gac,^  length of one  inch  to attempt   to 

average around any aggregate   inclusions near  the surface.     The  cente^r-to- 

center spacing of these gages was   the same  as   the spacing on  the  rebar.     In 

order  to accommodate this  spacing,   two changes were required: 

The gages were staggered  in   two  lines  the length of  the specimen. 

The end gages used were  the   1/8-in.   (0.32 cm)   length  used on  the 

rebar,   in order  to get   the   required center spacing close  to the end, 

The external  gages were postyield  foil  gages, Micro-Measurements 

type EP-08-10CBE-120. 

The outside gages   /ere also wired   in   the 3"wire method using No.   30 AWG 

magnet wire.     The finished  installation was given a coating ot  AE-15 adhesive 

as waterproofing. 
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b.      Pouring Concrete Specimens 

Pouring of the specimens was done after  the reinforcing bars were gaged 

and waterproofed.     In pouring the specimens,  the  reinforcing bars were centered 

in molds of polyvinyl   tubing.    Concrete was poured  in three lifts, and each 

lift was vibrated  for about 10 sec.     In the tension specimens the bars were 

centered by drilling a center hole  in the bottom cap, which aligned the bottom 

of the bar.    The top was aligned using a jig with a central  hole.     In  the 

compression specimens,  the bottom of the bar  rested on a cardboard plug cen- 

tered  in the bottom of the mold and covered with masking tape, which held the 

bar centered while concrete was poured and vibrated.    The top of the bar was 

positioned with a jig.    The cardboard plug caused the bar to be recessed about 

1/4 in.   (0.63 cm)   relative to the concrete surface.    This  recess prevented the 

rebar from shunting compressive load around the  concrete and directly  into  the 

testing machine base. 

3.       MIX PROPORTIONS OF CONCRETE 

The mix proportions and aggregate grading are shown  in table V.    The 

strengths of 6-x-12-in.   (IS^-x-SO.1» cm)  cylinders, cured according to ASTM 

standards, are shown  in figure ^5.    These samples were poured as a trial  batch. 

When the specimens with reinforcing bars were cast, companion 6-x-12-in. 

(IS.Z-x-SO.'» cm)   cylinders and 6-x-l8-in.   (15.2-X-45.6 cm)  cylinders were also 

cast.    They were tested on the same day as  the  reinforced specimens. 

k.       STEEL PROPERTIES 

The  reinforcing bars used in  this  investigation are No.  7 deformed bars, 

ASTM Grade 60.    They conformed to standard specifications for "Deformed 

Billet-Steel   Bars  for Concrete Reinforcement," ASTM Designation A615-68 

(Ref.  88).    The minimum yield strength is 60,000 psi   (4137 x 105 N/m2). 

5.       SPECIMEN TESTING AND DATA RECORDING 

After 35 days of curing in a 100-percent-humldlty environment, the four 

instrumented  test  specimens and the five nonInstrumented specimens were  removed 

from the curing  room.    The exterior gages were applied to the four test  speci- 

ment as detailed   in Section  1(a).    The data  recording system was  readied and 

the testing began. 
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Table V.    Mix Proportions and Aggregate Grading of Concrete 
Used for Test Specimens 

k-.. IB07 

PHYSICAL CHEMICAL 
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PROJECT 
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CONC.SUB-CONTR. 
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250 North Hash St., El Segundo 

MIX DESIGN NO. 
DAT! 

0T 3719-1     | 

DESIGN STRENGTH     Trial  Batch 
MAX. AGGR. SIZE      3/4" 
MAX. SLUMP 
WATER/CEMENT       6.4S 
DESIGN METHOD 

WSO USD 

AVIIAOI   COMMISIIVI   IIIINOIN OP MIVIOUUT 
IVAIUAIIO   CTllNOiti »d 
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ICEMENT TYPf  II     5.4b sks 513 3.15 2.61                  1 
AGGREGATE    1. U C Sand 1300 2.64 7.88 

l/CCRECATE   3. Gravel No. 4 265 2.65 1.60 
|AGGREGATE   3. 

AGGREGATE   4. 
Gravel No. 3 (regraded) 1695 2.65 10.23 
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ADMIXTURi m ^' 293 1.0 4.68 
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R.C.E. No 
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a.       Plain Specimen Testing 

The nongaged  sample specimens were tested  prior to the gaged specimens  to 

determine basic  strength of  the concrete,  and   to determine the  fracture char- 

acteristics of samples with rebar  included, when  tested  in the same manner as 

that  to be used on  the strain-gaged specimens.     The five tests were all   run 

the same day   (October 5,   1973).    The samples were 53 days old at  that  time. 

The results are summarized below: 

• Sample   1:     Split  cylinder test on  a 6-in.   dia.   by  12-in.-long 

(15.2 x  30.A cm)   cylinder  (compressive   loading on side of  cylinder. 

roller bearing  fashion).     Ultimate  load:     75,750  lb  (337 x  103  N). 

Tensile  strength:     715 psi   (^930 x  103  N/m2). 

• Sample 2:     Compressive test,  end   loading of 6  in.  dia.   by   12-in. 

(15.2  x  30.^  cm)   long cylinder.     Ultimate   load:     183,000  lb 

{Q]k  x  103  N).     Compressive  strength:     6'i70 psi   (^61   x  10^  N/m2). 

• Sample 3*     Compressive test, end   loading of 6-in.  dia.   by   18-in.- 

long   (15.2 x ^5.6 cm)  cylinder.     Ultimate  load:     168,000  lb 

(7'»7 x  103  N).     Compressive strength:     5960 psi   ('♦109 x  lO4  N/m2). 

• Sample A;     Compressive test,  6-in.   dia.   by  l8-in.-long   (15.2 x 

^5.6 cm)   cylinder with coaxial   No.   7  rebar protruding   11   in. 

(27.9'»  cm)   from  top of specimen only.     Capping  compound partially 

removed  from lower end of  rebar  to prevent   load  transfer to  rebar. 

Ultimate   load:     135,000  lb   (600 x   103  N) . 

• Sample  5:     Tensile  test,  6-in.   dia.   by   l8-In.-!ong   (15.2 x  ^5.6  cm) 

cylinder with coaxial  No.   7 rebar   through specimen and protruding 

from each end.     Tensile  load applied  to  rebar.    Ultimate  load: 

3^,000   lb   (151   x  103 N)   to  first   circumferential   crack,  continued  to 

46,000   lb   (205  x  103 N),   by which   time   cracking was  extensive over 

enti re  specimen. 
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b. Instrumented Specimen Testing 

Instrumented tests took longer to set up than did tests of the plain 

samples. The four specimens were tested on the following schedule: 

• Compress ive Test (Sample No. 2) tested 10/18/73 to a load of 

15*«,500 lb (687 x 103 N).  Sample was 66 days old. 

• Tensile Test (Sample No. 3) tested 10/2V73 to a load of M.OOO lb 

(196 x ID3 N).  Sample was 72 days old. 

• Compress ive Test (Sample No. 1) tested 10/29/73 to a load of 

160,000 lb (712 x 103 N).  Sample was 77 days old. 

• Tensile Test (Sample No. k)   tested 10/29/73 to a load of ^3,000 lb 

(191 x 103 N).  Sample was 77 days old. 

Physically, the evidence of failure of these specimens looked similar to 

the failure modes of the nongaged samples.  Photographs of all samples are 

shown in figures 46 and '»7. 

c. Data Logging System 

The data from the strain gages were sequentially sampled and routed to an 

analog-to-digltal converter (ADC) and then recorded on 7-track magnetic com- 

puter tape. The tape was directly computer-compatible, which greatly 

facilitated data processing. 

The data system consisted of 50 channels of bridge completion and balanc- 

ing system, bridge excitation, a 50-channel reed-relay scanner, a 12-bit ADC 

and a digital magnetic-tape recorder, all interconnected as indicated on the 

block diagram shown In figure MJ. This system scanned through all 50 channels 

in }/k  sec. These scans were conducted every 5 to 20 sec, as indicated in 
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(a)     A  rebar preparation.     Bottom:     Internal  groove. 
Next   to  bottom:     Strain  gages   installed  in  groove. 
Next  to  top:     Leads attached  to gages. 
Top:     Rebar welded together. 

(b)     A  view showing external   strain  gages 
prior  to  testing 

Figure  ^6.     Specimen  Preparation 
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(c)  Test specimens and batch test samples 
prior to curing 

(d)  Same as above, top view 

Figure 46.  Specimen Preparation (concluded) 
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[ü)     Specimen  Uo.   2   duriny 
ccjripress ion   testing 

(b)     Gpecimen  No.   3  durinq   tension 
testing.     Note  cracks. 

Figure   47.      Specimen  Testing  and  Results 
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(c)  12 in. x 6 in. (30.A8 x 15.2^4 cm) diameter 
split test specimen.  Failure at 
75,750 (337 x 103 Newton) lb equal to 
tensile strength of 715 psi (^930 x 10^ N/rn^) 

(d)  Split tect specimen showing interior 

Figure ^7.  Specimen Testing and Results (continued) 
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(e)     18  in.  x 6  in.   (^5.6 x  IS^ cm) 
diameter specimen with non- 
instrumented  rebar,  after 
compression test 

(f)     18  in.   x 6  in.   US.6 x  15.2^ cm) 
diameter  batch  sample after 
compression  test 

Figure h7.     Specimen Testing and  Results   (continued) 
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(g)    Noninst rumen ted specimen with  rebar,  after 
tension  test.     Note cracking pattern. 

rSdP- 

(h)  Back side of above speci men 

Figure  47.    Specimen Testing and Results   (continued) 
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(i)  Instrumented specimen No. 1, after (j)  Instrumented specimen No. 2, after 
compression test. Cracking at compression test 
upper end 

Figure kf.     Specimen Testing and Results (continued) 
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MAJOR CRACK. 

(k)     Instrumented specimen No.   3,  after tension 
test, showing cracking pattern 

MAJOR CRACK> 

Ti ^MK 

(I)  Instrumented specimen No. b,  after tension 
test, showing cracking pattern 

Figure ^7-  Specimen Testing and Results (concluded) 
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the testing summary above.    Because of the essentially steady-state, bandwidth- 

limited nature of the data, no antialiasing filters   were used ahead of the 

scanner. 

The specimens were hooked up in pairs, a compressive specimen with a 

tensile specimen, each serving  in turn as  temperature-compensating dummy to the 

other.    The gage factor desensitization effect of the resistance of  the  long 

leads of small   gage wire was compensated  mathematically.    When a step- 

function   increase  in the strain  level of some channels was found much  later  in 

processing,  the effect was confirmed and quantified by ECAP* computer analysis 

of the circuit; one of the double lead wires was broken.    Thus, correction 

factors were  incorporated as needed. 

6.       EXPERIMENTAL RESULTS 

For the  tensile tests, specimens of the type shown  in figuie Al(a) were 

subjected  to  tensile forces applied directly to the reinforcing bar,  as  shown. 

An idealization of the load/deflection curve to be expected from such a  test  is 

shown  in figure M (b), where the three regions of differing stiffnesses are 

explainable   in terms of cracking of the concrete and yielding of the steel. 

Before cracking occurs,  the tensile forces are resisted by the composite stiff- 

ness of the concrete/steel  lipecimen.    As the bond between the concrete and 

steel  deteriorates, through cracking of the concrete, the participation of the 

concrete  In   resisting  the tensile forces diminishes, eventually  leaving only 

the steel   to carry the  load.    The variable composite Young's modulus   resulting 

from such a model   is expreased  through equation 104,   in which    \     is   the bond 

strength parameter.     Ismail  and Jirsa   (Ref.  66)   have defined    X     for a   test 

specimen  similar to that of figure AlCa),   loaded   in tension, according  to the 

formula 

*Sampled data systems  usually  require antialiasing filter ahead of  the scanner 
to prevent errors caused by  the sampling   (scanning)  process.     However,  the 
bandwidth  limited nature of the essentially steady state data collected on 
this   test precluded the need for such filtering. 

tElectronic Circuit Analyses Program,  developed by  IBM. 
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(105a) 

where 

es ■ The steel  strain 

T - The  tensile force 

A$ * The steel  cross-sectional  area 

t, ■ Young's modulus  for steel 

L ■ The   length of  the specimen 

before cracking    X ■  1,    which  indicates  strong bond between concrete and 

steel and  results  in full participation of concrete stiffness in equation lOU. 

However,  after cracks occur,  the first  term  in  the denominator of equation   10A 

increases with  the decreases of    X,    while the second term decreases with 

the decrease of    X.    When bond becomes entirely broken,    X « 0,    and the 

second term disappears while the first  term equals   the stiffness of the steel 

bars.    Continuous change of    X    thus accounts for  the continuous  loss of bond 

due  to increased   loads and provides a simple way  for updating the composite 

properties of the element. 

Equation  105(a)  can also be expressed  in the form 

dx 

1 --2  (105b) 

where    es/Es     for a unit  length of the specimen can be  regarded as  the  ratio 

of the strain    E,     in a steel  bar totally or partially bonded to concrete 

and the strain     e,     in a steel  bar free of any bond with concrete.     It should 

be noted that 

Mk 
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for  the case where bond between concrete and steel   bar   is completely  broken. 

Figure ^»9 shows  an  idealization of the strain distribution to be expected 

in  the  reinforcing  bar at various stages of   loading of  the specimen.     The area 

of  the shaded portion of each figure  is equal   to    X.     Figure ^Sia)  shows the 

strain distribution at an early stage of  loading,  before any major cracks have 

developed.    Throughout most of the length of  the  reinforcing bar,  the strain 

is but a small   fraction of the strain which would prevail   if  there were no 

concrete.    At  the ends of the specimen,  however,   since the load beyond  the 

concrete portion of  the specimen  is carried entirely by  the reinforcing bar, 

the strain  in  the  reinforcing bar approaches the value  it would have  if there 

were no concrete.     Thus,   local   bond deterioration near each end of the soecimen 

has reduced  the  role of the concrete  in supporting  the  tensile  load.     Figure 

'♦9(b)  shows the strain distribution  in the  reinforcing bar after a crack has 

developed.    The value of the strain at the site of the crack  is the "no-concrete" 

strain value.    Comparison with figure i»9(a)  shows  that the formation of a crack 

results  in a  large  reduction in the value of    A.     Figure ^9(0  shows the strain 

distribution   in  the   reinforcing bar after  the steel/concrete bond has completely 

deteriorated.     Note  that  the strain  is the no-concrete strain throughout  the 

specimen and  that  the value of    X    is zero. 

Test specimens  3 and ^ were tested  in  tension.    Strain gages distributed 

along the  reinforcing bar were used to obtain plots of  the strain distribution. 

Figure kS shows plots of  the strain distribution   in the  reinforcing  bar of 

specimen k during each of the three stages   illustrated   in figure '»9.     The 

strains at each end of  the reinforcing bar are higher  than the no-concrete 
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X = SHADED AREA 

X 
0 1      L 

(a) At an early stage of loading 
e 

TOTAL SHADED AREA 

0 1 L 

(b)    After a crack has developed 

2 

SHADED ARP.A 

0 1 

(c)    Bond completely broken 

Figure ^9.     Idealization of the Strain Distribution  in a Tensile 
Specimen at Three Stages of Loading 
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strain.    As described in subsection 2, the  reinforcing bars were split in order 

to install  strain gages.    An error was caused by the  local  failure of the weld 

joining the two parts of the reinforcing bar.    Therefore, strain measurements 

near each end of  the specimen were disregarded  in computing    X.    Curve  (a)  of 

figure 50 shows  the strain distribution  in specimen k during the load stage 

corresponding  to  (a) of figure ^3.    Curve  (b) of figure 50 shows  the strain 

distribution after cracks had developed.    Unlike  (b) of figure kS, cracking  in 

specimen k resulted in the total  loss of bond strength over almost half the 

length of the specimen.    Curve  (c) of figure 50 shows  the strain distribution 

in specimen k during the final stages of  loading.    The strain throughout  the 

specimen is approximately the no-concrete strain. 

Figure  51  shows the strain distribution  in specimen 3 during the three 

load stages.     Curve  (a)   is the strain distribution prior to cracking, curve  (b) 

shows the postcracking strain distribution, and curve  (c)  shows the strain 

distribution after total  deterioration of the bond.    The strain at one end of 

the specimen  is abnormally high, due to splitting of the reinforcing bar 

during 1oa>1 stages  (a) and  (b).    By load stage  (c),  both ends had split. 

Equacion 105 was used to evaluate    X    at each load step of the tensile 

tests.     The close spacing of the strain gages along the reinforcing bar made 

possible the evaluation of the  integral  of equation  105 by numerical   integra- 

tion.    Due to the fact that a typical   load step contained several bad strain 

gage readings, which had to be  ignored  in  the analysis, an  integration   routine 

capable of variable step size was required.    For this reason the trapezoidal 

rule was used.     Figure 52(a) shows    X,     as obtained from the tensile  tests, 

plotted against fraction of ultimate load.    Ultimate load,  in the case of 

tensile specimens,   is  taken to be the product of the yield stress and the 

cross-sectional  area of the reinforcing bar. 

The sudden drop  in    X,    occurring once for each specimen,  signals  the 

onset of cracking.    Although in both cases this drop occurred at a load fraction 

of O.k,  it should be emphasized that the two specimens were identical.     Hence, 

agreement between  the specimens on such matters as cracking stress  is  to be 

expected. 
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Figure 50.    Strain Distribution  in the Reinforcing Bar of Specimen k for 
Load Fractions     (a)  0.356,     (b)  0.533,     (c)  0.828 
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Figure 51. Strain  Distribution  in   the Reinforcing Bar of Specimen  3 for 
Load Fractions    (a)  0.325.    (b)  O.i.55,     U)  0.795 

129 



\.i 

1.0 

to 

«^   0.8 
o 

o 
o 0   0.6 

00 

o 
u 

o 
o 

0.2 

0 

SPECIMtN  A 

— ——— SPECIMEN 3 
if 6600 PS I 

(45  x  106  N/m2)- 

0.2 0,4 0.6 
FRACTION OF ULTIMATE  LOAD 

0.8 1.0 

(a)     Present experimental   results,   bond-slip  relations   in  tension 

Figure   52.     Bond-Slip  Relations 
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DATA FROM TANNER (REF. 67) 

TENSION 
TYPE 

lONCENTRtC 
CONCENTRIC 
CONCENTRIC 

IS" 
T- 

f^.  PSI 

3980 
3980 
«500 

(27 x lO11 H/m?) 
(27 x 10G N/i»?) 
(31 x  \Oh N/m2) 

lll-A-I LAPPED SPLICE 
lll-A-2 LAPPED SPLICE 

2900    (20 x  10*   H/m) 
Ii125    (28 x I0,, N/m?) 

18"  (1.5.7 cm) 
»T 

DATA FROH ISMAIL AND JIRSA (REF. 66) 

f PSI 3250 (22 x 10' H/m7),  Ii750 (33 x 10° N/n/) 

Ife" ('t0.6lt cm) 

• SPECIMEN 3 PRESENT 
EXPERIMENTAL 
DATA        )• SPECIMEN* {! 

18"  (*5.7 cm) 

'STEEL 

V< TcEL 

(b)     Experimental   results   (Refs.   66,  67,   ard  present   study)   vompared  with 
analytical   results   (Ref.   1   and  preser.   s.udy) 

Figure   52.      Bond-Slip  Relations   (concluded) 
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An   interruption  in  the testing of specimen k  is evident   in  figure  52. 

After  the specimen had been  loaded   to a   load fraction of 0.30, a  power  failure 

occurred,  causing the  load fraction  to drop to Q.2k.    The test was  resumed from 

there.     The deterioration of  the bond  that took place prior to the power failure 

could  not be  recovered.     Therefore, when  the test was  resumed,     \     retained  its 

value  from before the power  failure.     During  reloading,  further destruction of 

the bond was minimal   until   the  specimen  had been reloaded to a  load  fraction of 

0.30,   the value at which the power failure had occurred.    At  this  point, des- 

truction of  the bond at  the original   rate was resumed.     A similar   Interruption 

of the   testing of specimen 3 occurred.     This  interruption was caused by a 

failure of  the  load cell   to operate properly.    Hence,  no data are  available 

for  the portion of  the  ttsc prior   to   the   interruption.     The  curve  shown   in 

figure  52(a)   is  the portion of  the  specimen  3 test  after  the   interruption. 

The   left-hand portion of   the  curve   is   flat,   indicating   reloading   rather 

than   vi rgi n   loading. 

Ismail   and Jirsa   (Ref.  66)   conducted similar tests,  using  tensile  speci- 

mens with No.  9 reinforcing bars, whereas No.  7 bars were used   in  the present 

study.     They used concrete of  3-25 ksi   (22^4 x 105 N/m2)   and 4.75  ksi 

(328 x  105 N/m2)  ultimate strength, while concrete of 6.6 ksi   (455 x  lO5 N/m2) 

ultimate  strength was used  in  the present  study.    The primary effort of the 

tests  of   Ismail  and Jirsa was   to study  the bond deterioration under cyclic 

loading.     They obtained  the  result  that  unloading and  reloading up to the pre- 

vious  maximum  load did  little  damage   to  the bond.     Loading beyond  the previous 

maximum was  detrimental   to the bond.     The  path of  the    X    versus   load  fraction 

curve observed during  the power failure of specimen k   in  the present  study  is 

consistent with this  finding. 

Other  bond-slip data were  discussed   in sections   III   and   IV.     The  choice oF 

the  bond-slip  relation  used   in   this   study was  based mainly  on   the experimental 

data  by   Ismail   and Jirsa   (Ref.   66)   and  Tanner  (Ref.   67),  as   illustrated   in 

figure  38.     The experimental   results  obtained  from specimens   3  and  h, 
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superimposed on bond-slip data of figure 38, are presented  in  figure 52(b). 

Several  observations on  this  figure  follow: 

• There  is a good agreement  between experimental   results of specimens  3 

and 4 of the present  study and specimens   il-B of Tanner   (Ref.   67). 

Both tests were performed under similar conditions where cracks 

were allowed to develop  arbitrarily durir;"  testing. 

• The bilinear bond-slip relation used in the present model correlates 

well with the experimental data of the crack-controlled specimens of 

Ismail and Jirsa (Ref. 66) and falls in between experimental results 

of Tanner   (Ref.   67)   and specimens 3 and h of this  study. 

• The  Isenberg-Adham model   (Ref.   1)   correlates well  with   the 

experimental   results of specimens   lll-A of Tanner   (Ref.   67). 

• The  results of  specimens   3  and A of  this  study  and  specimens   ll-B 

of Tanner, which had a  total   length less  than the 30 bar diameter 

required to develop  full   bond,  can be considered  representative of 

bond-slip behavior of  short  samples pulled  from both ends.     The 

behavior can be characterized by  three stages:     (1)   gradual  deterio- 

ration of bond caused by end effects,   (2)   sudden   loss  of bond when 

major cracks occur,   (3)   some  recovery due  to aggregate   interlock 

followed by gradual   deterioration of bond. 

• The results of specimens   lll-A of Tanner, where   the bar was pulled 

only from one side,   can  be considered representative of behavior 

of samples which are   long enough to develop full   bond.     Behavior 

of such samples   is  characterized by deterioration of  bond. 

Specimens  1  and  2 were  tested   in compression,   the  load  being applied 

directly to the concrete,   rather  than to the steel,  as was  the case with the 

tension  specimen.    A bonding parameter,    X,    applicable   to  these  tests, and 

for which the values  1.0 and 0.0 have meanings similar to those described for 

concrete   in   the  tension  specimens,   can  be defined  for steel   in   the  compression 

specimens   through 
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A     =     -TT  (1C7) 

dx 
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where     t. c     is  the strain  in  the  concrete.     If the bond were perfect,   the strain 

in   the  steel  would equal   the strain   in  the concrete.     The value of     •    obtained 

from equation  107 would,   therefore,   be   1.0.     If  the bond  had  partially deterio- 

rated,   the  strain   in  the  concrete would  exceed  the strain   in   the  steel,   since 

the   load  bears  directly en   the concrete.     In  this case     >    would  be   less   than 

1.0.     A  value of    \ = 0.0 would   result   if  the  bond were  so  ineffective  that  no 

strain could be transmitted  from  the concrete  to the steel. 

Figure   53 shows  the  strain  distribution   in  the steel   and   in  the  concrete 

of  specimen   1   at various  stages  of   loading.     At each  stage  the   strain   in  the 

concrete  exceeds  the strain   in  the  steel.     Evident   in  fiaure   53  is  a   trend  for 

the   strain   in  the concrete  to exceed   the  strain   in the  steel   by  a  proportion 

that   increases with  load,  although  the   trend   is  not  rapid.     There  appears  to 

be  no  sudden  deterioration  of  the  bond  as  there was   in  the  tensile   tests when 

cracks  appeared.     Figure  5**  shows  a  similar  sequence of  strain  distributions 

for  specimen  2.    These  curves   invite   the  same observations made   in  connection 

with  specimen   1,  except   that  the   steel   and concrete  strains   recorded  during   the 

early  stages of   loading  are   in   less  agreement   than  in  the  case  of  specimen   1. 

Figure  55  shows    A,     calculated   through numerical   integration   by  trape- 

zoidal   rule,   plotted against  fraction  of ultimate  load.      In  the  case  of  the 

compression  specimens,  ultimate   load  was  taken  to be  the  experimentally meas- 

ured   load at which failure occurred.     The observation  from figures   53 and   5^ 

that   the  bond  for small   load  fractions was weaker  in specimen  2  than   in 

specimen   1   Is   reconfirmed   in  figure  55.     Note  that  the compression  data  con- 

tain  no  striking  features,   such  as  the  sudden  deterioration of   the  bond  due 

to  cracking.     However,  due   to bad  placing of   the  bearing  cap   in   the  com- 

pression   test,  symmetry of   the  concrete  strain   fron both  ends  was  not 

preserved   (Figs.   53 and  5^0   and  some   irregularities of  strains  were observed 
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Figure 55«     Bond-Slip Relation  in Compression 
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at early stages of  the  loading.    This   irregularity has apparently caused 

the unrealistic drop  in bond between steel   and concrete at  the beginning 

of the  loading   (Fig.   55).    Therefore a  reasonable correction of  figure 55 

would be  to  let    a'     represent  the start of  the  test with full   bond,   i.e., 

X =  1.    A possible  linear relation  for bond slip   in compieasion,    a'   - b1, 

based on  the present experimental   data   is  postulated  in  figure 55.    This 

relation   indicates  that the effective stiffness of steel  can  be  reduced by 

as much as   36 percent by application of   the  ultimate  load  in compression. 

7.       CONCLUSIONS 

From  the above observations on bond  slip   in   tension,   it  can  be concluded 

that   the bilinear  bond-slip  relation  used   in   this  study  follows  a course 

approximately   through  the middle of  the experimental   data  for both short  and 

long  samples  shown   in  figure 52(b).     However,   the  use of very  short  finite 

elements may   reduce  the accuracy of  the model.     The dependence of bond slip 

on other parameters,  such as concrete strength or number of  loading cycles, 

requires additional   study. 

In compression,   the  computer model   assumes  perfect bonding.     Since  com- 

pressive  loads  are  carried primarily by  the  concrete, and since  figure  55 

indicates   that   the contribution of  steel   in   compression  remains  high  through- 

out most of  the   range of  loading,   this  approximation seems  reasonable.     However, 

for heavily   reinforced  concrete  structures  with  a  dominant  compression  mode 

of  behavior,  a   refinement of  the  compression  bond-slip  relation   included   in 

the present  model   may  be justified. 
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SECTION VI 

DEMONSTRATION OF CONSTITUTIVE  PROPERTIES 
IN RESPONSE OF STRUCTURAL  ELEMENTS 

1, INTRODUCTION 

This section describes  the application of the orthotropic model  of 

reinforced concrete to the response of structural  elements such as shallow 

and deep beams,  circuiar arches,  and beam  columns.    The analyses were per- 

formed with an existing  two-dimensional   axisymmetric  finite element 

computer program,  FEDIA,-1 into which  the  constitutive equations were   inserted 

as a module.     Both static and dynamic calculations were performed.     In many 

of  the nine demonstration cases,  comparison was made between experimental 

measurements  and the results of analysis.     In  fact, the reason for performing 

static analyses was  that there were many more published  results  of static 

experiments   than of dynamic experiments.     Hence,  there were greater oppor- 

tunities  for validating the model   through static than  through dynamic calcu- 

lations.     A summary of the demonstration  cases   is given  in table VI. 

One of   the main difficulties  in performing  these analyses was  that some 

details of  the concrete and steel  properties  required for the model  were not 

measured.     Among these were  the Young's modulus, Poisson's  ratio,   tensile 

strength,  slope of the cracking envelope  for concrete, and dowel   action 

parameter    n.    Where these were not  available  from experiments,   they were 

assumed on   the basis of previous measurements on similar concrete.     A summary 

of  the properties used in each of the cases   is given  in  table VII. 

2.       CASE  S-l   (DEEP BEAM 2S1.6-1  OF  CRIST,  REF.   89) 

The static analysis of deep beam 2S1.6-1 was performed using  the  finite 

element mesh shown  in figure 56.     Sizes  and  locations of  the elements were 

chosen such  that the  refinement was greatest   in  regions of high stress gradi- 

ents   (for example,  compression  zone)   so  that  reinforcing bars were approxi- 

mately   in  the center of the elements.    The area of tension steel   in  Elements  1 

AFEDIA  is  a dynamic,   inelastic,   two-dimensional,  continuum finite element  code 
developed by Agbabian Associates. 
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Table VI.    Summary of Example  Problems 

Case 
1  Number Loading Type of Structure 

Experimental       i 
Source Data        | 

i  S-1 Static Deep beam Crist (Ref. 89)          1 

S-2 Static Deep beam Crist (Ref. 89) 

S-3 Static Beam column Lane (Ref. 90) 

S-k Static Beam column Lane (Ref. 90)           | 

!  s-5 Static Beam column Lane (Ref. 90) 

D-1 Dynamic Deep beam Crist (Ref. 89) 

D-2 Dynamic Beam column Lane (Ref. 90)           j 

D-3 Dynamic Ci rcular arch 

0-. Dynamic Beam Feldman, et al. (Ref. 91) 1 
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through 8 was about 5 percent of the cross-sectional areas of the elements. 

Stirrups in other parts of the beam had areas ranging between 0.15 percent 

to 0.^ percent of the cross-sectional areas of elements in which they were 

located. 

Several different methods of applying uniform pressure loading were 

investigated.  These include: 

a. Applying the full value of the expti imentally measured collapse 

load in one step and then iterating until equilibrium is reached 

b. Applying increments of load, reforming the global stiffness matrix 

and iterating for equilibrium at every step 

c. Applying increments of load, reforming the global stiffness matrix 

at every step, and accepting some degree of diseaui1ibrium at each 

step 

The results presented below were obtained with procedure b. 

The main results of the analysis are shown in figures 57 through 59. 

Figure 57 shows that the analysis overestimates both stiffness and strength 

of the beam, as indicated by the curve of external load versus midpoint deflec- 

tion. The steei yields at 570 kips (2535 x 103 N) external load in the 

analysis ?nd ^70 kips (2091 x 103 N) in the experiment.  Figure 58 compares 

measured and calculated distribution of steel strain and beam displacement 

at the onset of yielding and at the collapse load.  As figure 5/ shows, these 

are not the same loads for analysis and experiment.  There is a general 

agreement between calculated and measured strains and displacements except 

for the measured displacement at LA, which was not reported in reference 89. 

The present writers cciisider that it is more meaningful to compare strains at 

the onset of similar phenomena than at the same load levels in the event these 

are different.  Figure 59 compares measured and calculated crack patterns 

at the collapse load.  The model results appear to predict most of the cracked 

regions.  However, the absence of cracks from some elements such as 19, 29, 30, 

38, 55, and 63 is an indication that the analytical model is stiffer than the 

expe r i men ta1 mode 1. 
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3.   CASE S-2 (DEEP BEAM 2S1.6-3 ov CRIST. REF. 89) 

The static analysis of deep beam 2S1.6-3 was performed using the finite 

element mesh shown in figure 60.  The refinement of the finite elements and 

their arrangement with respect to the reinforcing is similar to the mesh for 

Case S-1, except that there are fewer elements in the compression zone in 

Case S-2.  The tension steel is 5 percent of the cross-sectional area of the 

concrete.  The steel percentage elsewhere is about 0.15 percent. 

The main results of the analysis are shown in figures 61 through 63. 

Figure 61 shows that the analysis overestimates the stiffness and collapse 

load, as was the case for S-1.  Reasonable agreement between measurements and 

calculations of steel strains at yielding of steel and collapse load is shown 

in figure 62(a).  There is a general agreement between calculated and measured 

displacements as illustrated in figure 62(b).  However, since the collapse 

load is taken as the load at whicli the solution begins to be unstable, both 

calculated strains and displacements should be considered as approproximate 

values.  As in Case S-1, it is found that nodal point forces are in dis- 

equilibrium following yielding of the steel.  This contributed to over- 

estimating the collapse load in the analysis.  The model appears to predict 

well the crack patterns in the bottom and center of the beam.  However, the 

absence of cracks from elements such as 27, 35, 36, 43, 44, 45, 51, 52, 53, 

5^, 60, 61, 62, and 71 indicates that the analytical model is stiffer than 

the experimental model. 

k.       STATIC CASES S-3, S-4, S-5 (BEAM COLUMNS 5-3-I, 5-2-1, 5-0-1 OF LANE, 
REF. 9ü) 

An analysis was performed of beam columns subjected to different ratios 

of transverse to axial load. The geometry, properties, and loading correspond 

to those used in physical experiments performed by Lane (Ref. 90).  The 

geometry and arrangement of reinforcing is the same in each case. Three values 

of the ratio of axial load (P) to lateral load (F) were treated:  3-18, 1.9, 

and 0 (transverse load only).  The finite element representation of the beam 

column is shown in figure 64.  A plane of symmetry was assumed at midspan in 

order to conserve computer time. 
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Figure 63.    Comparison of Calculated and Observed Crack Patterns at Collapse 
of  Beam 2S1.6-3,  Case S-2   (Crist,  Ref.   89) 
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As   in  the case of other static analyses,  the collapse load must be 

approached  slowly, with iteration at each  load step to assure that nodal  point 

equilibrium  is   reached at each step.     The onset of collapse  is detected by 

observing  that displacements  increase while external   load   is held fixed.     This 

signifies  that nodal   point equilibrium cannot be satisfied, and  that collapse 

eventually will  occur  if enough  iterations are performed.     This procedure  leads 

to an upper bound on collapse  load.     In  the  following analyses,  an attempt was 

made to find  the collapse  load through  the procedure of  incrementing external 

load   in  small   steps and  iterating at each step. 

Results  of  the  three beam-column  analyses  are  compared  in  figures  65 

through   70 with experimental  measurements.     The general   indication  of   the 

results   is   that   the analytical  model   overestimates   the collapse   load of   the 

beam.     Figures  65,  67,  and  69  indicate   that  before yielding,  the  analytical 

model   is   stiffer  than  the experiment.     However,  after yielding,   the  analytical 

model   results   in  displacements   that  are  higher  than  the measured values. 

The same  trend was observed   in   the  comparison  of  strains  at  the  bottom of 
I 

beam 5".J"1  of  case  S-3 where  the  calculated  strains   in   Element  107 were 

compared   to  the measured steel   strain  as   illustrated   in  figure  66(a).     Since 

the strains   in   the element  after propagation  of cracks are essentially  those 

of  the  steel   embedded   in  the element,   the  comparison  between element  strain 

and steel   strain   is  justified  in   this   case. 
I        * 

The  average strain calculated  in  Element  80 at  top of beam 5-3-1 

(Station   3)  was  compared  to strains  measured   in  both concrete and  steel 

(Fig.   66(b)).     The  results   reveal   good  correlation except   in  the postyielding 

regime,  where   the  calculated  strains  appear   to exceed  the measured  values. 
'i 

i 

The strain in steel at the bottom of the middle of beam 5-2-1 of case S-'« 

was compared to the strain in Element 107 at the sane location of the beam 

as illustrated in figure 68(a).  The comparison reveals a trend similar to 

that observed for case S-3 where the analytical nodel appeared to be stiffer 

than the experimental beam at the early stages of the loading. 

The strain calculated at the top of beam 5-2-1 was compared to the strain 

measured in both steel and concrete at this location as illustrated in 

figure 68(b).  The comparison reveals that the calculated element strain exceeds 
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the  steel   strain   indicating   that  the  analytical   model   overestimates  the 

stiffness.    The same  trend was   revealed  in  figures  70(a)   and  70(b)   for 

beam 5-0-1 of case S-5. 

In each of  the above  discussed  cases,  the  analysis  slightly  overestimated 

the  collapse  load.     This  appears  to be partially  due   to applying   too  large a 

load   increment. 

5.       CASE  D-1   (DYNAMIC  ANALYSIS OF  BEAM 2D1.f-1   OF  CRIST,   REF.   89) 

The dynamic analysis of  beam  2D1.6-1   is performed using  the  finite element 

mesh  shown  in figure 56.     Dynamic   loading pulse  LI,   shown   in  figure 71,   is 

applied to this model.     There are   two main differences between  the dynamic 

analysis and  the  physical   experiment.     In  the  analysis  the  pressure  load  is 

assumed  to be stationary,  whereas   in  the physical  experiment   it   is a  traveling 

wave applied by a  shock  tube.    This detail   is omitted  from the analysis for 

economy.     The second difference  is   that  the analytic mode-    's  assumed  to  res>t 

on  fixed supports,  whereas   the  physical   beam  rests on  flexible   supports.    This 

detail   is omitted  because   it   is   irrelevant to  the procerties of  the model  'minq 

investigated but would affect comparisons. 

The measured deflection/time  history of  the midpoint of the beam  (Ref.   89) 

is  compared with  the computation   in  figure 72.     T^e  mathematical   model  under- 

estimates the displacement oc  the physical  beam, and  has  a fundamental  period 

which  is slightly   longer.     The tine to tV max:"ium measured centerline 

deflection of 0.32  in.   (0.81   cm)   was  E.; msec.     The max'^urr calculated center- 

line  deflection of 0.19   in.    (0.^8  cr]   occur-ed a     1/_  "-sec. 

The above  results  are   ;n genT.ra"   sg-jeme^L vr t:^   the  previous  .static 

results which  indicate   that   the a^f'yti ca]  model   ;s  stiffer  than  ttie experi- 

mental  model.     However,   since  the   test apparatus  used   (Ref.   89)   allows  the 

supports  to move,  which complicates  the  response of  the   test  beam,  the  test 

results  should  be   interpreted   in   the cross  sense.     The model   beam undergoes  a 

great  deal  of   localized yielding,   as   is   illustrated   'n   figure  73, when 

measured and computed  steel   "fain?  are plotted  as   •'■   ^unction  of   length along 

the  beam.    The  comparison   is made  at   two dirrerent   tines   to allow  for  the 

possibility   that   the  model   and  pbys'ca!   beans   do not   reach   their maximum 
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Figure 70.    Comparison of Measured and Calculated Strains,   Beam 5-0-1, 
Case S-5   (Lane,   Ref.   90) 
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Figure 73-     Comparison of Strains  in Tension Steel   in  Analysis 
and Physical   Experiment, Beam 2D1.6-1,   Case D-l 
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responses  at  the same  time.     The  comparison  is  favorable except   that  the 

analysis  greatly exaggerates   the  strain  concentration  at several   points. 

Figure   73(a)   indicates   that  the  strains   calculated at  0.0086 sec  correlate 

well   with  the measured strains   in   the middle of  the  range between     l/b 

and     L/2    of   the beam  length.     For   the   range of  length  between   0 and LA, 

the calculated strains  appear   to  fluctuate  above and  below  the measured  strains 

for  approximately one-third of   the   length of  the  beam.     After  that  point   the 

calculated  strains exceed   the  measured  strains by a  very   large margin.     The 

discrepancy  between  calculated  and  measured  strains   for  the   first  one-third 

of   the   length of  the  beam may  be  due   to  the difference   in end-support  condi- 

tions.     While  the analytical   mode'   assumes   rigid end  supports,   the  experimen- 

tal   model   rests on  flexible  supports. 

The  comparison of calculated  strains  at a  later  time of  0.0113  sec,  with 

measured  strains  for    t  =  0.0085  sec,   illustrated   in  figure  73(b),   indicate a 

trend  similar  to that observed   in   figure  73(a).    The  strains obtained  from the 

analysis  are  the average  strains  of  the  cracked and  uncracked  regions of  the 

element.     Since  the  strains   in   the  cracked   regions   increase  drastically with 

the   increase   in  response,   the  average  value of  strain   is expected   to jump  to a 

very  high  value  also.     Crist   (Ref.   89)   indicated  that   the experimental   data 

were  not  complete because of  gage  damage,   and  there appeared  to  be   radical 

deviation  of  steel   strain   in  sone  casei.     However,  Crist   indicated  that 

this   can  be  attributed  to   the  proxim;ty of   the strain  gages   to  the  cracks. 

Therefore,   conclusions  should  not   be  based  on comparison of   results  at  middle 

points  or  quarter points  of  the  beam where  both analytical   and  experimental 

mental   results  appear  to  be  least   rel'ab'e. 

Comparison   is made   in  figure  7^  of measured and observed crack  patterns. 

Although  the calculations  stop at  about    T = 0.017 sec,     the computed cracks 

do not extend after about    T = 0.012 sec.     Hence, comparison with  the  final 

observed crack pattern   is  valid.     The absence of cracks   from elements  28,  29, 

38,   ^5,   '♦6,   kj,  53,  S4»,  63,   70,   and   71   indicates  that   the analytical   model 

is  stiffer  than  the experimental   model.     The overcracking   in   the  compression 

zone   that   is  observed   in   figure  7^   requires additional   investigation and  has 

been  discussed at  the end  of   this   section. 
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Figure 7^.  Comparison of Calculated and Observed Crack Patterns 
for Beam 2D1.6-1, Case D-1 
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6. CASE  D-2   (DYNAMIC ANALYSIS  OF BEAM COLUMN  5-3-1  OF LANE,   REF.   90) 

The dynamic analysis of a beam column was performed using the finite element 

mesh shown in figure 6'4. Dynamic loading, shown in figure 75, was applied simul- 

taneously as axial and transverse forces. There is no physical experiment corre- 

sponding  to  this analysis. 

The  results of  the analysis are presented   in  terms of velocity/ and 

displacement/time histories and   in terms of stresses  in the compression  zone 

and along  the  tension steel.     Figures  76 and 77  show the midspan displacement 

and velocity up  to the time of collapse and numerical   instability at 

t = 0.025 sec.     Figure 78 shows  the extreme fiber  stress  in the compression 

zone at midspan   (Element 113)•     In the present case, onset of   instability   is 

signaled by a   reduction  in the compressive  stress   'n Element  113»  even  though 

vertical   load and  rotation are  increasing.     Figure  79 shows  the extreme  fiber 

stress   in  the  tension zone at midspan   (Element  106).     Cracking occurs  at 

t = 0.007  sec.     There  is no  longitudinal   steel   in  this element, and  hence  the 

longitudinal   stress drops abruptly to zero.     Figure 80 shows   longitudinal   stress, 

normalized  to stress at the yield point of  steel   in several  elements containing 

tension steel.     Near the center of the span,   represented by Elements 90 

and  107,   the stress  rises tu  the yield point.     In other locations,   represented 

by Element  58,   the stress rises  to a maximum value which is considerably  less 

than  the   yield point and then  fluctuates  as a hinge  forms   in  the center  span of 

beam and  redistribution takes place. 

7. CASE  D-3   (DYNAMIC ANALYSIS  OF A  REINFORCED  CONCRETE  RING) 

The dynamic analysis of a  reinforced concrete ring subjected  to a   travel- 

ing pressure pulse was performed  using  the  finite element mesh shown   in  fig- 

ure 81.     The analysis  simulates the  behavior of an underground  reinforced 

concrete silo when subjected  to a pressure pulse  traveling  in  the surrounding 

soil  or  rock. 

Only  half of  the ring  is modeled  because of  symmetry.    The concrete   is 

reinforced only   in  the circumferential   direction, with 1  percent steel   In  the 

inner  layer of elements and 0.37 percent   in  the outer  layer of elements. 
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Figure 75.    Axial  and Transverse  Loading  for Beam Column  5-3-1,   Case D-2, 
Having P/F = 3-75 (Lane,   Ref.   90) 
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Figure 78.  Extreme Fiber Stress in the Compression Zone at Midspan, 
Element 113, Case D-2 
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Figure 79.  Extreme Fiber Stress in Tension Zone at Midspan, 
Element 106, Case D-2 
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Figure 81 .     Finite   Element  Mesh for a  Reinforced  Concrete  Ring and  the Associated 
Traveling  Pressure Pulse,   Case  D-3 
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The pressure pulse, which   is   triangular  in shape as  shown   in figure 81, 

is   assumed to travel   at a constant velocity of 3000 ft/sec  {S\^ m/sec)   in 

the R-direction.    The  rise   time   is 0.003 sec with  a peak pressure of 800 psi 

(5516 x  103 N/m2).     The pressure   is applied normal   to  the outer surface of  the 

ring.     The arrival   time  for  the  midpoint of side   I-** of  Element  1   (Fig.   81) 

is   taken as  zero, and the  arrival   times  for other   loaded sides are determined 

on   the basis of  the   3000-ft/sec   {3\h m/sec)   traveling speed and the differences 

between  the R-coordi nates of  the midpoints of  the   loaded sides  and that of 

the   reference point  with  zero  arrival   time.     Figure  82  shows   the  loading 

conditions  at     t    sec. 

A total  of 2^40   integration   time steps of 0.00005  sec each were taken  for 

the   inelastic analysis,  resulting   in 0.012 sec of   response  history.    Figures 83 

through 86  show  the   time  histories of stress  components   (effectively,   hoop 

stress)   in  four   selected  elements.    There   is,   however,   no experimental   data  for 

compari son. 

The curves  presented   show   that  Element   1   cracks   in   tension  at about 

0.0108 sec while Element  ^0 cracks  it about  O.OOM  sec.      in  both cases,   the 

stress   level   drops   instantaneously to  that corresponding   to  the  50,000  psi 

(3^5  x   106  N/nr )   yield point  assumed  for   the   reinforcing  steel.     This   is 

because  the  steel   percentages  assigned  to  the outer and   the   inner element 

layers  are  both  so   low that   the   transfer  of   stress   from concrete  to steel 

accompanying  the  concrete  cracking  throws   large  enough   load  on  the  reinforcing 

steel   to cause   it  to yield   instantaneously.     Notice  that   in   the case of 

Element  kO,   the yielding  of  steel   in  tension   is   followed  by  a  period of 

unloading and   reloading of   the  element.     The   stiffness  assigned  to  the  steel 

during  this  period  corresponds   to the elastic modulus,   while   that assigned 

to  the cracked  concrete   is   taken  as  5 percent  of   its   initial   tangent modulus-- 

a more-or-less  arbitrarily  selected value. 

Other elements  which develop  tension cracks  and  yielding of steel   during 

the   response are  indicated   in   figure 87  together with   the   times  at which  the 

cracks first  develop.     The  element which develops   the   largest  compressive 

stress   is  Element  39.     The   time  history of  the  stress     cz     in   this element, 

which  is almost  directed   in  the  circumferential   direction,   is  given  in figure  85. 
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Figure 82.     Loading  Condition on  the  Ring  at  T Seconds,  Case  D-3 
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Figure 87.     Elements  Developing Tension Cracks  and   the Times   in 
Milliseconds at Which the Cracks Develop,  Case D-3 
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Figure 83 shows  the deformed shape of  the central   axis of  the ring at 

various times during  the dynamic response.     For convenience,  the deformed shapes 

have been drawn with Nodal   Point 62 considered stationary.     It must be empha- 

sized,  however,  that since  the displacements are magnified  '»O times  in  this 

figure,  the deformed  shapes are considerably distorted.     Care must therefore 

be exercised   in  interpreting  this figure.    As an example,   the figure suggests 

that  some tension should develop  in Element  33-    The  reason that no tension   is 

indicated  in  the output may  be due  to the fact  that  Element  3^ cracks  in one 

direction very early   in  the  history at 3-65 msec.     Then at  5-05 msec,   it cracks 

in a second direction  perpendicular to the  first.     With  Element  3^ rendered 

almost useless structurally,  only Element  33  remains   in  the   locale to carry 

the  load.    Since a stress  component calculated  for an element   is  the average 

stress across  that element,  a  single element  is   inadequate  for determining 

bending stresses or the  variation of stresses across an element.    The absence 

of tensile stress  in  the output  for Element 33,   therefore,   seems  reasonable. 

8.       CASE D-i»   (DYNAMIC  ANALYSIS  OF REINFORCED CONCRCTE  BEAM  3b2 OF FELDMAN, 
REF.  91) 

a.       Introduction 

The dynamic behavior of a double-reinforced concrete beam under dynamic 

loads  is  investigated   in  this  sample problem.    The  beam has a  span  length of 

9 ft   (2.7 m)   and a cross  section of 12  in.   by 6  in.   (30.i* x  15.2 cm), as shown 

in  figure 89.     The beam has   two No.  9 bars  as  tension   reinforcement,  two No.   7 

bars as compression  reinforcement and No.   2 stirrups  spaced at a constant 

interval  of A-lA   in.   (10.78 cm).     The effective  depth   is  9-925  in.   (50.5 cm). 

The ultimate strength of  concrete   (f)  as   reported   in   referencj 91   is 

3.26 ksi (22 x 106 N/m2),  the initial tangent modulus   (Ec)   is  3-7^ ksi 

(26 x  10 ' N/m  ),  and   the   r 

^5.8 ksi   (316 x 10(' N/m2) 

( 0 
(26 x  10    N/m  ),  and   the   reinforcing  steel   has  an  average  yield   point of 

The beam  is  simply  supported  and  is  subjected   to   two  concentrated   loads 

symmetrically  placed  at  a  distance of  18  in.   (^5.7  cm)   from  the midspan.    The 

loads are derived from exp/osive sources,  and each of  them has a  time varia- 

tion as shown   in  figure  90.     Since the  load-time curve   is  very nearly  triangu- 

lar,   it  is   idealized  in'o what   rs shown  in  fig.ire 90 for  the actual numerical 
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Figure 88.     Deformed Shape of  Ring at Various Times   in Milliseconds 
(displacements magnified '♦O times),  Case  D-3 
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calculation.     In  the actual   test  the oeam  is  subjected  to two additional 

force  pulses   (blows).     However,  only   the  first pulse  is  considered  in   the 

following  analysis. 

The  finite element mesh used   in  the analysis   is  shown   in  figure 89.     It 

is a   10 by  15  rectangular mesh with   176 nodal   points and  150 elements.     The 

right   boundary corresponding  to  the midspan  section   is   rollered   to  reflect  the 

beam  symmetry.     Any element  crossed   by  steel--whether  tension  steel,  compres- 

sion   steel   or a  stirrup--is considered   reinforced,  with  the   steel   percentage 

calculated as  the steel  area divided  by the cross-sectional   area of  the element 

perpendicular  to  the  steel   reinforcement. 

A  total  of 50 one-msec  steps are  taken,   resulting   in 50 msec of  response 

history.     The  FEDRC code was  used  for  the dynamic analysis,   and   the  results are 

discussed   in   the  following  section. 

b.       Case D-'*:    Original   Results and Modifications  Required   to   Improve 
These  Results 

The dynamic  analysis of  Case   D-h was  performed   first  using   the original 

version of FEDRC code.     Selected  portions of  the analysis are shown  in  fig- 

ures  91(a).   92(a),  93(a),  and  9^.     Figure  91(a)   reveals   that   the   beam  started  to 

crack at ^ msec.     However,  cracks were  initiated   in  the  second   row  in a  heavily 

reinforced  group of elements   rather   than  at  the  lower  tension   fibers of   the 

beam.     An  examination of  the cracking  criteria   in  the original   version of  the 

code   indicated  that  f'ie  cracking  of  an  element was  established  on   the  basis  of 

overall   element  stress.     Since  the  heavily  reinforced elements   have more  stiff- 

ness,   they developed  higher  stresses  and  therefore  cracked  first.     To avoid 

this   condition  the cracking  criteria were modified   in  such a  manner  that   the 

onset  of cracking would  be decided  Oy the concrete  stress  rather  than  the 

average  element  stress.     The  result  of  this modification   is   illustrated   in 

figure  91(b).     A similar comparison,  at 5 msec,   is shown   in   figures 91(c) 

and 91(d). 
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Another discrepancy was observed in   the propagation of cracks in  the 

beam at  12 msec,  as shown   in figures 92(a)   and 93(a).     Double cracks were 

developed  in  the  top compression   zone,  implying  that  tension stresses were 

developed   in  both  directions. 

An examination of   the   interaction  formula   (36a)   for  cracking   (Fig.   15) 

f;     =    ft   -  na2 

where 

f' = Tension  cracking stress 

f = Unconfined   tensile stress of  concrete   (>o) 

n = Sloping of  cracking  envelope   (<o) 

02 = Minimum nonpositive  stress  normal   to  tension  axis 

indicates  that   if  large compressive stress    oo     is applied,    f'     will   approach 

zero stress and cracks will   be  initiated at almost zero-tension  stress   (Fig.   15), 

Therefore,  a slight numerical  noise in the solution, which  is almost  unavoidable 

in any numerical   solution,  would   trigger cracks   in  the  compression zone. 

To prevent  the  contaminating  of crack patterns with unrealistic  cracks, 

a  5-p^rcent   threshold was  used as  a  numerical   noise  filter.     As  a  result,   only 

tension  stresses   that  are  above  0.05 ft  are  allowed  to  produce   tension  cracks. 

The  results of  this modification  are shown   in  figures  92(b)   and  93(b). 

Another  feature   that  was  added  to  the material   package   is   the capability 

to  simulate  the  sudden   increase  of  strain  at   the onset  of cracking.     This   is 

achieved  by dropping  the  concrete  stress   level   in  the  element   immediately after 

cracks.     The  result of  such modification   is  shown   in  figure  3b. 

The material   package was further improved  by   including rebondinq capability, 

With all   the above   improvements   Incorporated   in  the material   package,  a modified 

version of  FEDRC  became available.    This  version was  first  used  to  rerun  the 

analysis  of dynamic case  D-k and   later  to  recalculate   the  static  response of 

beam S-1.     Both  these  calculations will   be  discussed   in   the  following  pages. 
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c.  Case D-4:  Results of Modified Dynamic Analysis 

The results of case D-A are shown in figures 95, 96, 97, 98, and 99. An 

examination of the displacement time-history plots (Fig. 95) reveals good 

agreement between calculated and measured displacements for the first 20 msec. 

This time almost coincides with the end of the loading part of the triangular 

pulse and the beginning of the unloading portion of this pulse (Fig. 90). How- 

ever, for longer times, the calculated displacements are nigher than the 

observed displacements.  A maximun displacement of 2.^0 in. (6.1 cm) was cal- 

culated at the middle of the beam, as compared to 1.25 in. (3.2 cm) obtained 

from experimental i leasurements (Ref. 9').  Both velocity and acceleration 

time-history at the middle of the beam are shown in figure 96.  The displace- 

ment time-history of nodal point 116, located 18 in. (^5.6 cm) away from 

the center of the beam, is shown in figure 97-  There is a general agreement 

between the shapes of the displacement time-histories obtained from analysis 

and experimental measurements os illustrated in figures 95 and 97. 

The results recorded in figure 98 reveal good correlation between calcu- 

lated and measured strains for a range that extends to 20 or 25 msec.  This 

range again coincides with the ascending part of the input pulse given in 

figure 90.  However, for the descending part of the loading (beyond 20 or 

25 msec), calculated strains are 'arger than measured strains. 

The stress time histories for selected elements are shown in figure 99- 

Figures 99(a), (e), and (h) indicate that the stress drops to a zero value 

immediately after cracks occur in unreinforced concrete elements.  However, 

rebonding can be observed in figures 99(a)» and (e), where a buildup of com- 

pression stress occurs beyond ^5 msec. 

An examination of figure 99(b) reveals that Element 52 cracked at approxi- 

mately 7 msec, whereas steel bars yielded at approximately 15 msec.  A similar 

trend was observed in figures 99(f) and 99(0•  The stresses in elements at 

the top of the beam are illustrated in figures 9?(d), (g), and (k),  The rapid 

fluctuations of stresses from loading to unloading reflect the effect of 

waves and undamped oscillations on the response. 
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It should be emphasized that the calculated strains are the average 

strains in the element. Hioher strains would be expected in the cracked 

portion of the element while lower strains would be expected in the portion 

of the element where the bond is still intact.  As a result the calculated 

strains would be higher than the strains measured at the same points on the 

beam where the bond is still intact.  In addition reference 91 has indicated 

that strain damage occurred in some cases such as steel bars of element \k7. 

(Fig. 9o) .  It should also be observed that in the compression zone the 

concrete strain may exceed the steel strain, as clearly illustrated in the 

experimental work reported in section V (Figs. 52, 53, ar.d 5^).  Therefore 

the average strain in element 1^9 near the top of the middle of the beam 

should be higher than the strain in the compression steel of the same element 

as revealed by figure 9o. 

The crack pattern calculated at the end of the 50 msec of the first blow 

is shown in figure 100.  This figure indicates that cracks cover almost the 

entire beam. 

d.  Discussion of Results of Case B-h 

From the preceding results it can be concluded that the modified analy- 

tical model can predict the response of beam 3b2 (case Q-b)   in the ascending 

portion of the loading, but overestimates the response in tne unloading and 

free-vibration periods. 

Since the dynamic behavior of a beam is more affected by damping in the 

unloading and free vibration portions of the response, a discussion of the 

damping mechanism is necessary. 

The present material package accounts only for the hysteretic damping 

generated by the inelastic material behavior.  Another type of damping that 

can be incorporated in a dynamic model is viscous damping.  This type 

of damping is important at later stages of loading and would participate in 

damping of the free vibrations of a beam.  Therefore, the absence of the 

viscous portion of the damping appears to contribute to the overestimation of 

the free vibration response of the beam. 
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9.    CASE S-l (MODIFIED STATIC ANALYSIS OF REINFORCED CONCRETE BEAM 2SI.6-I 
OF CRIST, REF. 89) 

a. Introduction 

The static  response of beam S-I   (Fig.   56)  was recalculated using  the 

modified material   package that was used  earlier  for  the final  dynamic analysis 

of case D-k.    These  results are also compared with  both experimental  measure- 

ments and original   analysis  results.     Conclusions and recommendations are given 

at the end of this section. 

b. Results  of Modified Analysis 

The results are shown   in figure  101  and  are compared  to those obtained 

from both the original   analysis and experiment   (Ref.  89)- 

Figure 101   reveals  that  the modified analysis  represents a considerable 

improvement over  the original   analysis.     Collapse   loads  predicted  by the modi- 

fied analysis appear  to correlate well  with the experiment.    Yielding occurs 

at approximately  the same  level of loading.    Better correlation between calcu- 

lated and measured displacements was also found   in   the postyielding range. 

Figure 102 compares measured and calculated  distribution cr steel   strain 

at  the onset of yielding and at the collapse  load.     There   is a general   agree- 

ment between calculated and measured  strains.     However,   since the analytical 

collapse  load   is  taken as  the  load at which  the solufon  begins to be unstable, 

the calculated  strains must  be  interpreted within   this approximation.     The 

propagation of cracks   in  the deep beam  is  shown   in  figures   103 through  107. 

Figures   103 and   10^  show the crack patterns calculated at  200 kips   (890 x   103  N) 

loading by the original   and modified versions  respectively.    The modified 

package appears  to provide a better control  of  the cracks at this early stage 

of  loading.     However,   figures   105,   106,  and  107   indicate that the modified 

analytical   model   is affected  by cracks over a wider area.     Thus,   it  responds 

as a softer system,   allowinn  better correlation between calculated and 

measured displacements. 
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The  results  indicate  that  the modified model  provides a better tool   for 

predicting collapse  load and deflection of static cases.    However,  overcrack- 

ing was observed  in the compression  zone.     Additional   investigation of cracking 

under   lateral   confinement  should  be conducted,   including comparative analysis 

for  static and dynamic cases  treated  here.     This will   improve  the prediction 

of crack formation and postcracking  behavior. 
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SECTION VII 

SUMMARY 

The primary study objective was  to  incorporate recent  advances  in 

describing  the behavior of  plain and  reinforced concrete   in a computer program 

for analyzing plain or reinforced concrete structures.     This objective was 

achieved   in a three-step approach. 

a. Pertinent analytical  and experimental  data  that  became available 

after the development of the original   I senberg/Adham model were 

reviewed and evaluated   (Sees.   II  and   III). 

b. A material   behavior package was prepared for  incorporation  in 

computer programs   for analyzing typical   reinforced concrete struc- 

tures   (Sec.   IV and App.   I). 

c. A matrix of cases was considered to validate  the material   behavior 

package by comparing  the analytical   results with the experimental 

data obtained  from different sources  (Sec.   VI). 

Secondary objectives were satisfied by a test program conducted to 

support  the development of a model  of bond slip   incorporated  in  the material 

behavior package.    A final   objective was the provision of guidelines for per- 

forming analyses of  typical   reinforced concrete  structures with the computer 

package developed   in this  study. 

1.       ANALYTICAL MODEL 

The analytical  model   developed under this  contract   is essentially an 

improved version of the   Isenberg/Adhan model   (Ref.   l).     The  improvements were 

based on pertinent  studies   reviewed at  the beginning of  this contract.    Two 

types of plain concrete stress/strain models were  incorporated  In the present 

model:     (a)  variable modulus model   and   (b)  plastic-capped model.    The virgin 

stress/strain  relations   incorporated  in the variable modulus model were based 
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on  those suggested by Liu,   Nilson,   and Slate   (Ref.  53).     However,  only the 

ascending branch of the stress/strain  relations was  activated   In   this  study. 

The  steel   reinforcement   is  specified  as a number of steel   sets   in  any 

three  arbitrary directions.     The pertinent experimental   data on  bond slip 

were fitted by a bilinear relation.     The dowel action was accounted for by 

a simplified  relation based on  the work of Dulacska   (Ref.   65).     The properties 

of  steel  and concrete were combined   to represent composite behavior at  various 

phases of  loading.    Rebonding capability was   incorporated   in  the code and was 

based on adjusting the  stiffness of   the element to avoid numerical   instability 

of  the  solution. 

2.       EXPCRIMENTAL STUDIES 

Experimental   studies on bond  slip were performed under  this  contract  to 

add   to  the sparse data  that were available,   to verify analysis assumptions on 

bond  slip and,   in addition,   to provide some guidance  for element   size  selection. 

Four cylindrical   specimens,   each  reinforced with a coaxial   piece of  rebar, were 

subjected  to tension and compression.     Strain gages were attached   to the  rein- 

forcing  bar and  t > the  surface of  the concrete. 

Results of  tension  tests were  compared  to those of   Ismail   and Jirsa 

(Ref,   66)   and Tanner  (Ref.   67).     The   results were also compared  to  the 

analytical   relationships of   reference  1  and  the bilinear   relationship used 

in   this  study. 

The  two specimens   tested for bond slip   in  tension had a  total   length 

less  than  the 30-bar diameter required  to develop full  bonH.     Their behavior 

was  characterized by three  stages:      (a)  gradual  deterioration of  bond caused 

by end effects,   (b)  sudden   loss  of bond when major cracks occur,   and   (c)   some 

recovery due  to aggregate  Interlock,   followed by gradual   deterioration of bond. 

The  two specimens  tested  In  compression   indicated that  the effective 

stiffness of steel   can be  reduced by  as much as  36 percent by application of 

the  ultimate  load   in compression.     The analytical model   developed  under  this 

study assumes  full   contribution of  steel   in compression. 
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3.       RESULTS OF DEMONSTRATION  CASES 

The material   package developed for this contract was   incorporated   in 

FED I A,  a dynamic  inelastic,   two-dimensional  continuum,  finite element coJe 

developed by Agbabian Associates.    The demonstration of  the capabilities of 

this package  included nine cases.     Static cases were completed  for  two uni- 

formly  loaded,  reinforced-concrete deep beams   (cases  S-1   and  S-2)  and for three 

reinforced-concrete beam columns   (cases S-3,  S-4,  and S-5).     Four dynamic 

cases were completed.     Case D-1   was performed with the deep beam of static 

case S-1.     Case D-2 was  for  the  beam column configuration of case S-3.    The 

third dynamic case,   D-3. was designed  to demonstrate  the  capability of the 

code to model   the behavior of buried,   reinforced concrete  silos.     Case D-k 

represents  the behavior of  reinforced-concrete beams  under   impact   loading. 

In  addition, one static and one  dynamic case were repeated using a modified 

version of the reinforced concrete model.     The results of these demonstration 

cases were compared  to available experimental  data. 

The  results of  the original   analyses for the static cases appear to 

predict most of the cracked  regions.     However,  the general   results   indicate 

that  the analytical  model   is  stiffer than  the experimental  model.     The 

analysis appears also to overestimate  the collapse  load by about 20 percent. 

The modified material   package behavior, which  incorporated changes   in  the 

criteria  for  the onset of tensile cracking,   showed marked   improvement  in pre- 

dicting both   initial   cracking and  the collapse  load   in  the  reanalysis of 

case S-1. 

The  results of case D-1,   the dynamic analysis of  the deep beam,   indicate 

general  agreement with  test   results,  except  that  the analysis  greatly exagger- 

ates the  strain concentration at   the points corresponding  to cracking and 

plastic hinge development,   i.e.,   the points at one-fourth,  and  three-fourths 

of  the  length of the beam.     It  should be noted that  the strains obtained 

from the analysis are the average strains of  the cracked and  uncracked 

regions of  the element.     Since  the strains   in  the cracked  regions   increase 

drastically with the  increase   in  response,   the average value of strain   is 

expected  to jump to a very high  value.     Comparable deviation of steel   strain 
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was observed   in the experimental  work of Crist   (Ref.  89).    The proximity of 

the  strain gages  to the cracks was suggested as one of the causes of this 

deviation.     Therefore,  both analytical   and experimental   results appear  to be 

least reliable at  the cracks.     Peak dynamic deflection was underestimated by 

a factor of about   two.    Crack patterns   in  the tensile region were   in  reason- 

able ögreement with test  results,  but  excessive cracking was predicted  for 

the compression zone.     No direct experimental  data were available  for compari- 

son with  the  results of dynamic cases  D-2 and D-3.     However,   the general 

character of the results  indicates  that   the analytical model   is applicable 

to both  the  beam column and  buried  structure configurations  treated. 

Overestimation of collapse   loads,   alreadv evident  from the static  cases, 

and observation of anomalous crack  initiation during the early stages of 

calculating  the dynamic response of case  D-4,   led  to modification of  the 

composite model  of  reinforced concrete  behavior.     The results of  the modified 

dynamic analysis of case D-k,   indicated  favorable agreement with experimental 

data   in   the ascending portion of the   loading.     Strain  in  the  tensile  steel 

and compressive strain  in the concrete were   in excellent agreement  during this 

stage.     However,   the analysis was found  to overestimate the response   in  the 

unloading and free-vibration phases.     This was attributed  to the higher 

effective  stiffness of finite elements with higher steel   ratios, which attrac- 

ted  higher  stresses. 

The original   test  for cracking,  which predicted crack  initiation   in 

reinforced elements on the basis of average element  stress,  was  replaced by 

a criterion  based on concrete stress above.     This produced   initial   cracking 

at  the  beam edge,   in agreement with experimental  observation.     Also,   cracking 

in  the  compression  region was found  to be  sensitive to the   interaction  of 

lateral   stresses.     Therefore,  the criteria were modified to eliminate unreal- 

istic cracks   in the compression zone.     Case D-'» was  then  reexamined  using  the 

improved  reinforced concrete model. 
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The design of finite element meshes for the nine demonstration cases 

was guided by factors thai included (a) uniform distribution of compression 

and tension steel, as well as stirrups in all elements, (b) elements wide 

enough to provide full bond at the start of the loading and to allow primary 

cracks to develop within the element, (c) elements small enough to allow for 

adequate description of stress and/or strain gradients, (d) integration time- 

step in a dynamic solution small enough to allow resolution of the dynamic 

input with sharp rises, and (e) budget limitations on size of problem and 

the number of integration time steps. 
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SECTION  VIM 

CONCLUSIONS AND  RECOMMEiJDATIOIJS 

1.       CONCLUSIONS 

From the previous discussion,  the  following conclusions can  be  summarized. 

a. The experiments performed as part of  this study presented additional 

data for  the  interpretation of the bond-slip behavior of  reinforced concrete 

members.     Concrete strength and  load history appear to have a significant 

effect on  bond-slip  relations   in tension.     For  bond-slip   in compression,   the 

present experimental   results   indicate  that perfect bonding may not exist.     Some 

reduction   in  the effective stiffness of steel   in compression   is expected. 

b. The composite material  model   that was   incorporated in a  finite 

element computer program provided numerical   solutions  that were  in general 

agreement with experimental   result?.     In general   the numerical  solutions 

overestimated  the stiffness  and collapse  loads.     Agreement between  analytical 

and experimental   results was  better for static than  for dynamic cases. 

c. In   the  two examples   for which a more  refined material  model was 

used for  comparison with earlier analyses of  this  study,  considerable  improve- 

ment was  observed.    The   refined static analysis of  case S-l   resulted  in 

improved prediction of collapse  load, while  the   refined dynamic analysis of 

case D-'*  resulted   in good correlation with measured displacements  for the 

loading portion of  the   input.     The  refined model   incorporates  the  following 

changes:     (l)  onset of cracking   is described by  the concrete stress   rather 

than the average element stress,   (2)   initiation of cracking by numerical 

noise   in   regions of compressive confining stresses was  avoided by   introducing 

a "noise"  filter,   (3)   sudden   increase of strain  at   the onset of cracking was 

incorporated by dropping  the concrete stress   level   in  the element   immediately 

after cracks are   initiated,   (M   rebonding capability was   included. 
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d. The authors  feel  that without  introducing additional  damping 

mechanisms,   the model   is  incapable of providing good correlation with 

experimental   observations of dynamic behavior  in  the unloading and free- 

vibration portions of  the response. 

e. Onset of cracking and propagation of cracks depend to some extent 

on the distribution of finite elements and percent of steel   in these elements. 

f. Long elements   in the tensile  region allow better description of  the 

bond at  the beginning of loading, while shorter elements may underestimate  the 

role of the concrete prior to cracking. 

g. Smaller size elements  allow better description of  the  response   in 

regions of high stress or strain gradient. 

h.       Shorter  integration  time steps would allow more accurate description 

of the   initial   response to short   rise-time dynamic   input. 

2.       RECOMMENDATIONS 

The  results of  the matrix of demonstration cases  indicate  that several 

areas  need  further study.     It   is  recommended  that   improvements be made   in 

the material   package  that would  lead to better correlation between computed 

response and experimental observations.     The  recommended   Improvements  and 

studies are  summarized   in the following: 

a. Additional   dynamic cases   for which experimental   measurements  are 

available should be studied with  the modified material  package  to determine 

the   importance of damping mechanisms  not  presently accounted  for. 

b. The effects of finite element size and distribution and steel   percent 

on  the analysis  results need more detailed examination. 

c. The  details of concrete strength  under multlaxlal   loading,  dowel 

action,  bond slip,  variation of Poisson's  ratio,  and rebonding need further 

experimental   and analytical   investigation. 
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d.       The feasibility of using other elements   in  the composite model   to 

describe  (a)  crack  initiation and  (b)   failure under multiaxial  stress condi- 

tions, as well  as alternative forms of the basic constitutive relations  that 

avoid limitations of  the Liu,  Nilson,  and Slate formulation  (Ref.  53)  adopted 

here,  should be   investigated. 
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APPENDIX   I 

USER'S GUIDE AND DESCRIPTION OF THE 
COMPUTER PROGRAM MATPAC 

1.       INTRODUCTION 

A material   model   package consisting of a set of subroutines has been 

developed for plain and  reinforced concrete.     Two  types of models  defining 

the constitutive properties of concrete have been   incorporated in  this 

package.    These  two  types of models are 

• Variable modulus  model 

• Capped plastic model 

The  routines are designed to be used with  finite element or finite 

difference codes and can handle plane stress,  plane strain,  axisymmetric, 

and  three-dimensional   solids.     Both models  are capable of handling plain 

concrete.     However,  only  the variable modulus model   is equipped to handle 

cracked reinforced concrete. 

The code calculates  stress and strain at  the end of  the current step 

based on  the current  strain as stress   increment.     Incremental   tangent  stress/ 

strain  relations are also calculated-. 

The code   is accessed  by call   to subroutine MATPAC with proper arguments 

whenever stress or  tangential   stress/strain  relationships are necessary.     The 

code operates on  stress or strain  increments. 

The  important  options  of  the code are  tabulated  below. 

a. Variable modulus model  or  plastic-capped model   controlled  by 

variable   ICOMPS 

b. Plane  stress,   plane  strain,   axisymmetric or  three-dimensional   state 

of  stress  controlled  by variable  NELTYP 

c. Steel   orientation   in global  or  prescribed directions controlled  by 

variable  NRB 
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d. Stress increment input or strain increment input options controlled 

by the sign of variable NSPLIT 

e. Splitting of stress or strain increments for better accuracy con- 

trolled by the magnitude of variable NSPLIT 

The controlling variables are defined in section 2, with suggested guide- 

lines for choice of material properties. Guidelines for variable initialization 

and storage are also included. 

A brief description of each subroutine and its functions is included in 

section 3- Section k contains the program flow charts. The listings of the 

routines are given in section 5- 

Examples using the stress increment option and the strain increment option 

are shown in section 6. Section 7 contains the listing of the main program for 

testing the MATPAC program. 

2.   DEFINITION OF VARIABLES 

The variables used as arguments of the material package (MATPAC) are 

described in detail below and in table VIM on page 221. 

STRESS  The six components of stress are stored in this location.  In rec- 

tangular coordinate system the stress components are stored in the 

following order:  [o , o , o , i  , t  , T  1.  In plane stress and 3 x  y  z  xy  yz  zx      K 

plarwe strain problems the last two components are not used.  In 

cylindrical coordinate system (r, z, 6) the stress components are 

arranged as follows:  [o , o , o ,  i  ,  t „, T. ].  For axisym- 
r  z   ö   rz   zb  or 

metric problems the last two components are not used. 

STRAIN  The six strain components are stored in this location.  The strain 

components are arranged in the same order as STRESS. 

STRING  The incremental stress (NSPLIT ■ 0) or the incremental strain 

(if NSPLIT <  0) components are stored in this location.  The com- 

ponents are arranged in the same order as STRESS. 
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EPSEL   For the plastic-capped model the elastic strain components are stored 

in this location.  For the variable modulus model strain components 

are stored in this location to indicate loading or unloading paths. 

COEFF   Fifteen constants defining material property for reinforced concrete 

for the variable modulus model are stored in this location.  The 

arrangement of the properties is as follows: 

C0EFF(1) 

C0EFF(2) 

C0EFF(3) 

C0EFF(4) 

C0EFF(5) 

C0EFF(6) 

C0EFF(7) 

C0EFF(8) 

C0EFF(9) 

C0EFK(1O) 

C0EFF(11 
through 15) 

= Ec,  initial modulus of elasticity for concrete 

= Es, modulus of elasticity for steel 

= !f'|>  ultimate compressive strength of concrete 

= f ,  yield strength of steel 

= v, Poisson's ratio for concrete 

= f , cracking strength of unconfined concrete in 

tension 

= n, a constant reflecting change in cracking stress 

due to confinement (o crack = f' - n-o, o = nonpositive 

confinement) = f IV   -  negative quantity 

=  n, dowel coefficient of local compression for shear 

(usually of the order 4.0) see equation 62 

=  Gs,  shear modulus for steel 

=  Fraction of Ec during rebonding after crack 

(recommended value - O.S) 

=  Currently not used 

BLKMOD  Bulk modulus for concrete (used only for plastic-capped model) 

SHRMOD  Shear modulus for concrete (used only for plastic-capped model) 

YCOF    Twenty-five material constants defining the plastic-capped model are 

stored in this location. The values suggested for these material 
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parameters for a concrete with an ultimate unconflned compressive 

strength of f  (in psi, or English units) are as follows: 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

YC0F 

1) 

2) 

3) 

k) 

5) 

6) 

7) 

8) 

9) 

10) 

11) 

12) 

13) 

HO 

15) 

16) 

17) 

18) 

19) 

20) 

21)] 

22) 

23)) 

2k) 

25) 

f 
c 

T 
= 12.2 

= 11.0 

= '♦OOOO.O 

= 800.0 

= 700.0 

= 2.0 

= 1.0x10 

= 100.0 

= 120.0 

= 1.0x10 

= 2.0 

= 7-0 x  10* 

» -2.4 x   10 

= 4000.0 

-If 

7000 

=    8.0 x  10 
15 

-12 
f c 

7000 
= -7.02 x  10 

= 1.35 x   10n 

= 6.0 x  ID1* 

= 0.0005 

=    0     (not  currently used) 

=    0 

=    5.0 x   10 
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DC     A 3 x 3 direction cosine table indicating principal orthotropic or 

cracked directions (for variable modulus model only) 

DCS    A 3 x 3 direction cosine table indicating steel orientation if 

different from global coordinate directions (for variable modulus 

model only). 

1st column direction cosine of 1st steel direction 

2nd column direction cosine of 2nd steel direction 

3rd column    direction cosine of 3rd steel direction 

The steel directions need not be mutually orthonormal. 

Steel area      \ 
AST    Steel rat ios (^ 

Total cross-sectional area/ 

AST(1)  Steel ratio in direction 1 

AST(2)  Steel ratio in direction 2 

AST(3)  Steel ratio in direction 3 

(for variable modulus model only) 

NRB     A flag.  If NRB < 0, the steel directions are assumed to be in the 

global coordinate directions.  If NRB  0, steel is oriented in spe- 

cified directions indicated by DCS (for variable modulus only). 

ZK1,ZK2 Cap parameters to be stored for the plastic-capped model. 

S12P    Second plastic deviatoric strain invariant to be stored for the 

plastic-capped model. 

ICOMPS  A flag. 

IC0MPS = 1   for variable modu'us model 

IC0MPS = 2   for plastic-capped model 

NELTYP  Type of problem 

NELTYP = +3 for plane stress problem 

= -3 for plane strain problem 

= 4 for axisymmetric problem 

>  ^4   for general 3-D problem 
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C       A 6 x 6 incremental stress/strain transformation matrix. 

- do = C de 

For plane stress, plane strain, and axisymmetric problems the first 

k x k  block of the C-matrix is used. 

ICRACK  A counter designating number of cracked planes for variable-modulus 

model. 

ICRACK = 0 (uncracked concrete) 

= 1 (1 plane cracked) 

= 2 (2 J. planes cracked) 

= 3 (3 J_ planes cracked) 

NSPLIT  A flag designating stress increment or strain increment input.  The 

flag also designates the number of splits made to the stress or strain 

increment (for variable modulus model only). 

if NSPLIT < 0,  strain increment input and 

INSPLITJ  = Number of splits 

If NSPLIT > 0,  stress increment input and 

|NSPLIT| = Number of splits 

The following quantities must be initialized to zero.  The material 

package updates these quantities. 

STRESS, STRAIN, EPSCL, DC*  ZKl^" ZKlT  SlZpf" ICRAu' 

The following quantities must be stored for each element (or points where 

stress is calculated). 

STRESS, STRAIN, EPSEL, DC? ZKI?* SI2Pt* ICRACK? AST,' DCS," NRB" 

"■Applicable for variable modulus model only. 

■-Applicable for plastic-capped model only. 
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Table VI11.     Definition of Arguments of   Program MATPAC 

Argument Size Defini tion 

STRtSS 

STRAIN 

STRNC 

EPSEL 

CCfEFF^ 

BULKM0D^' 

SHRM0D^ 

YC0F** 
DC* 

DCS* 

AST* 

INIRB* 

ZK1** 

ZK2** 

SI2P** 

I^OMPS 

NELTYP 

I CRACK* 

NSPLIT 

6 

6 

6 

6 

15 

1 

1 

25 
3 x 3 

3 x 3 

3 

1 

1 

1 

6x6 

Stress components.    The routine updates  the stress. 

Strain components.    The routine updates   the strains. 

Strain   increments or stress  increments based on NSPLIT 

Elastic strains."*    The  routine updates   the elastic 
strains. 

Coefficients defining material  property   (see next page). 

bulk modulus of concrete. 

Shear modulus of concrete. 

Yield coefficients defining capped yielding of concrete 
Direction  cosines of cracked directions.   (If NRB > 0) 

Direction  cosines for steel   directions. 

Steel   ratios as  fraction of cross-secticndl   area 

A flag. 
NRB <  0    steel   in global  coordinates   (DCS not necessary) 
NRB >  0    steel   in direction    DCS. 

Constant   in first yield surface. 

Constant   in second yield surface. 

Second plastic deviatoric strain   invariant. 

A flag. 
IC0MPS =  2,   for capped plastic model. 
ICfilMPS =  1,   for variable modulus model. 

Type of  problem. 
NELTYP =     3 for plane stress 

=  -3 for plane strain 
=     4  for axisymmetric 
>     k for 3"dimensional   stress 

Tangent stiffness  relating  stress/strain   increments 
(da = Cdc). 

A counter  designating number of cracked planes. 

A flag. 
NSPLIT <   0,    strain   increment   input option 
NSPLIT  >  0,     stress   increment   input option 

The  stress or strain   increments are subdivided by 
iNSPLITl.     For better accuracy   |NSPLIT|  may be  increased. 

*Applicable 
ftAApplicable 

for variable modulus model  only, 

for plastic capped model  only. 
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The  following quantities must be stored  for each different material. 

COEFF*   BLKMOot* SHRMOot* YCOF** 

The following flags must be appropriately set. 

ICOMPS to exercise the variable modulus model  or the plastic-capped 

model 

NSPLIT to exercise the stress   increment  input or the strain   increment 

input options 

3.       SUBROUTINES AND THEIR FUNCTIONS 

The material   property package  contains   22 subroutines.    The  functions 

of each of   these  routines are described below.    The  routines appear  in 

alphabetical   sequence. 

(1) Subroutine CADJST 

CADJST  adjusts the C-matrix defining incremental   stress/strain  relation- 

ship for plane-stress problems.     CADJST   is called from subroutine  ELFUNN. 

(2) Subroutine CHANGE 

CHANGE   interchanges orthotropic coordinate axes such  that  axis normal 

to cracked  planes always precede axis normal   to uncracked planes.     CHANGE   is 

called from subroutine CRACKS. 

(3) Subroutine COMPOS 

COMPOS  calculates  composite modulus of steel  and concrete   in  directions 

normal   to  cracks according to equation  79«    COMPOS  is called from 

subroutine VARMOD. 

^Applicable  for variable modulus model  only, 

•^Applicable  for plastic-capped model  only. 
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(4) Subroutine COMPUT 

COMPUT computes incremental stress by premultiplying incremental strains 

by the C-matrix.  It then updates the stress vector. COMPUT is called from 

subroutine LLFUNN. 

(5) Subroutine CRACKS 

CRACKS checks for crack-initiation   in principal  orthotropic directions. 

CRACKS calls subroutine CHANGE   to reorder coordinate system.     CRACKS  is 

called from subroutine ELFUNN. 

(6) Subroutine CTRANF 

CTRANF transforms C-matrix from orthotropic to global   coordinate 

directions.    Transformation procedures  are described in section   IV.     CTRANF 

is   called from ELFUNN. 

(7) Subroutines D0WEL1   and D0WEL2 

D0WEL1  and D0WEL2 calculate  shear stiffness due to dowel   action.    These 

routines  are called  from subroutine VARMOD. 

(8) Subroutine ELFUNN 

ELFUNN  is a major subroutine of  the package.     ELFUNN calls PRNSTR to 

evaluate principal   stresses and directions,  calls TRANSF  to evaluate 

coordinate transformation matrices,  calls MATPLY  ro convert  stress and 

strain from one coordinate system to another,  calls HAXMIN   to evaluate 

principal   stress directions   in   a plane,   calls CRACKS  to determine cracked 

planes   if any,  calls  STLTRN   to  transform steel   ratios  from steel   directions 

to principal  orthotropic directions,   calls VARMOD  to evaluate  the C-matrix 

in principal  orthotropic directions,   calls CTRANF  to convert C-matrix from 

principal  orthotropic direction  to global   direction,  calls  COMPUT  to compute 

incremental   stress  from incremental   strains, and calls PLASTK for the capped 

plastic model   computations.    ELFUNN   is called  from MATPAC. 
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(9) Subroutine FORMC 

FORMC  formulates  the C-matrix  (Eq.   71)   in  the principal  orthotropic 

directions.     FORMC  is called from subroutine VARMOO. 

(10) Subroutine JACOB! 

JACOB!   is  a standard subroutine   to  find eigenvalues and eigenvectors. 

!t   is  used here  to find the principal   stresses and  their directions.     JACOB! 

is called  from subroutine PRNSTR. 

(11) Subroutine LODUN 

LODUN  determines   loading or unloading/reloading   in  directions  normal 

to cracked planes.     LODUN   is called from subroutine VARMOD., 

(12) Subroutine MATPAC 

MATPAC   .ontrols  the material   package program.     !t bifurcates  the  program 

for the  stress and strain  increment options.     It calls ELFUNN to obtain stress 

from strain   increment and  SOLVEX to convert  stress   increment  to corresponding 

strain   increments. 

(13) Subroutine MATPLY 

MATPLY  is  a matrix multiplication   routine used  to transform stress  and 

strain   from one coordinate system to another.     MATPLY  is  called from 

subroutine ELFUNN. 

(IM     Subroutine MAXMIN 

MAXMIN calculates  the principal   stress  directions  in a plane.     MAXMIN 

is  called  from subroutine ELFUNN. 

(15)     Subroutine MODUL! 

MODULI   calculates   the  tangent modulus of  uncracked concrete  in   com- 

pression  according  to equation  29.      MODULI   is called from subroutine VARMOD. 
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(16) Subroutine PLASTK 

PLASTK calculates stress  increments  from strain  increments based on   the 

plastic capped model.    PLASTK is  called  from subroutine ELFUNN. 

(17) Subroutine PRNSTR 

PRNSTR evaluates principal stresses and directions.  PRNSTR calls JACOB! 

to solve the general eigenvalue problem. PRNSTR is called from ELFUNN. 

(18) Subroutine REBOND 

REBOND checks  for  rebonding  after a crack  is  intiated.     If  rebonding 

occurs,   the  concrete modulus  is   set   to a user-specified fraction of  the 

initial   concrete modulus.     REBOND  Is   called  from VARMOD. 

(19) Subroutine  SOLVEX 

SOLVEX   is an equation-solver  routine using Gaussian  reduction   techniques. 

SOLVEX converts stress   increments  to corresponding strain   increments.     SOLVEX 

Is called   from MATPAC. 

(20) Subroutine  STLTRN 

STLTRN   transforms  steel   ratios   from original  steel   directions   to the 

principal   directions of orthotropy.     Transformation principles  are  discussed 

in  section   IV.     STLTRN   is called  from ELFUNN. 

(21) Subroutine TRANSF 

TRANSF evaluates  transformation  matrices   for stress  and strain   in order 

to  change   from one coordinate system  to another.    Transformation  principles 

are discussed  in section   IV.    TRANSF   is called from subroutine ELFUNN. 

(22) Subroutine VARMOD 

VARMOD  computes  the  tangent stress-strain  relationship for  the variable 

modulus  model . 
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VARMOD calls LODUN  to check loading/unloading   in cracked directions; 

calls COMPOS  to obtain composite modulus   in directions normal   to cracked 

planes, calls MODULI   for tangent moduli   in directions normal  to uncracked 

planes,  calls DOWEL 1  and DOWEL?, for shear stiffness  due to dowel   action, 

and finally calls FORMC  to assemble  the C-matrix defining incremental   stress- 

strain  relationship.    VARMOD is called from ELFUNN. 

226 



FLOW CHARTS FOR MATPAC PROGRAM 

C START") 
I       ■ 

C      CALOLATES STRESS FTO 
n mm iNCRetNis FOR COM 
POSTTE HATERIALS  Elf   4 

aWENSI0NSTRESS(8).STR/a 
NCei.STRINCiei.EPSELiei.C 
0EFF(1S").YC0F(25).DC(3,3) 
,t]CS(3.3).AST(3),C(e.e).S 
i6(e).EPS(e).DEPS(e),AS(e 
).STRSlN(e).A(e.G).B(6,6) 
.EPSPL(e),FSl(e),FS2(G).B 
l(G).B2(6).TDS(6),P0E(e). 
ftJTER(IO) 

REAL NU 
x 

EQUIVALENCE (POE.SIGMTD 
S.EPSl.lBS.DEPSJ.tBl.BlfF 
ERMFS2,ASMFSl.Ah(£PS 
PL.B) 

NSTM 

TEST       1 

IF CIABS(ffl.TYP).L£.1) 

^ 

S^ROUIMELFIW 
PAGE    1 

<fe 1 > NSIt*                         | 

>l / 

TEST       2 

J (ICOfS.EQ.2) 

lEC=C0EF(l)                  1 
1 

bcOEFF(2)                   | 
■ i 

S(WafF(3)                  | 
1                  ' 

SY=C0EFF(f)                   | 
i 

\mmTis]             | 
■ 

SWXETie)                   | 
1 

SLCPEtflBTI?)               | 
i 

|Q«0(JF(81                 | 
i 

iGsrooEFmi          | 
i 

EEBOMWmaO)            | 
i 

TEST       3              1 

IF (ICRACK.EQ.C)             | 
i 
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C CRACKED SECTION COW 
ERT TO PRINCPAL ORTIOT.ROPI 
CDIRECnONS        ELf 30 

r 

C CRACK NORMAL TO l-AXI 
S- FlfC EXIREMLM STRESSES I 
N?-3PLW£ Elf 34 

CALL 

MAXKIN 

C      ADJUST DIRECnONS 

 ELF 36 

cc=cosmeA) 

SS^MCnCTAl 

^ 

aflWUTOE ELFUW 
PAGE    2 

CALL 
PRNSTR 

) > > > ) 

Q 
00101-1.3 

x 
flmx;(T.2)*ccfflC(j.3)*ss 

DCa.3)="0C(J.21*SSfflC(Jl 
3)*CC 

DC(J.2)^lfl 

DBD 
COKOMf 

CALL 

TRANSF 

CULL 

MATPLY 

mz> 
CALL 

MATPLY 

C      OfCK FOR ADDmONAL 
CRACKS 

Elf 4? 
x 

CALL 

STITRN 

CALL 

CRACKS 
"~T~: 

'_ CALL \ 

y, TRANSF-/ 
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V MATPLY / 

CALL 

HATPLY 
;—r~' 

CALL 

HATPLY 
"T~: 

CALL 

SUTRN 
"~T~: 

CALL 

VARHOD 

CALL 

CTRAff m: 
CALL 

cam 

TEST       5 

IF (fllTYP.EQ.3) 

DO 50 M.NSIZ 

olRMNiD^TRWNdJ+STRIN 
Cili 

^ 

sumoEafuw 
PAGE    3 

CALL 

CADJST 

D0 60I=1.ICRACK 

TEST       7 

IF (SIGdl.LE.O. 

S^-SY^ASCI) 
x 

TEST        6 

IF (SIüdl.GT.S) 

(JULRT) 

EST ? ^-ncacmoNAL-lpA 
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no 
(MINLE 

^-SY*AS(I) 
x 

TEST       9 

IF (EPS(I).6T.O. 

afiROUTOE ELFIW 
PAGE    4 Q 

USE TERTEK MODEL 

Elf ?8 

ffi^ 

DOZSOI-l.NSG 

EPSPLa)=STRAINa)-EPSLl{ 
I) 

MD 
CONHNLE 

CALL 

PUSTK 

D0260I--1.NSK 

STRAIN (I) =5TRAINa)+STRlN 
CQ) 

x 
EPsa(i)----STRMNa)Psa; 
i) 

m~> 
(mm 

TZJl 

TEST      10 

IF (t4LTYP.EQ.3J 
r 

230 



SLBR(mi€ ELRNJ 
PAGE    5 

CALL 

CADIST 
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( SIARl) 
i 

IlIDOEIONSIGdKEPSaui 
8U),C(G.G).E0C(3).ESS(3) 
,AC(3).P0IS(3.3i1DEPS(l). 

|£PSÜ.(l).GSTL(3i            i 
i 

|ROLNU 
1 

|si=SIG(i) 
i 

|S2=SIG(2) 
i 

|s^SIG{3) 
i 

lEWPSd) 
i 

|E2^PS(2) 
i 

|E$€PS(3) 

|GI-GST 
1 

|[X) 5 1-1.3                  | 
i 

IGSTKD^ST             1 
1 

|POIS(LI)---0.                 1 
i 

AC(I1=1.-AS(I)                j 
i 

ESS(I)---ES                     | 
i 

DO 5 7=1.3                   | 

(5" 

SIBROUnit VAffflD 
PAGE     6 

POIS(IJ)=NU 

[rz> 
(XNTWI 

x 
TEST        1 

F (ICRACK.EQ.O) 

CALL 

LOON 

GOTO 

UJOMTm H£> 

P0IS(2.1)=0.                 | 

POIS(31l)=0.                  | 

POI8(1.2)^                  | 

P0IS(1.3J=0.                  j 

GSTLUW.                     1 
j 

6STL(3)=0.                     1 

S=S2fS3                        | 

232 



StBROUrot VARMDO 
PAGE    ? 

TEST        3 

F aCRACK.EQ.2) 

233 



afiROimt VARMOD 
PAGE     8 

äz> 
CALL 

ICDLÜ 

CALL 
HDOU 

POI8(2.2)=ai124(Wß/((ai1 
aOJßHd.+NUS) 

x 
TEST       5 

ff (AS(1).L£.0.) 

GOTO 

ucomniowLi 

^Sl/ASd) 

CALL 

CAÜ 
D(MI2 

(J) 

(I 
TEST       5 

IF (ABS(rfl.TYP).GT.4) 

CALL 

DOUE12 

m~~> 
t&^tsa 

CALL 

^S14S3 

23^ 



S=S1+S2 

CALL 
MOOIU 

POIS(l.l)=OmUiW12/((DUl 
HWOKl.+NU)) 

PCKl2,2)=OLM2«W13/((Dlh 
?HU13)*(1.4Nü)) 

PQIS(3,3)=aiU4Dll13,/(([lM 
l-KUfllfü.+Nü)) 

CAU. 

^zrz 
(mm j 

(*°Z) 

aBRoamt VARMOD 
PACE    9 
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(JTART) 
3 

C      OEKS FOR REBQNM3 
AFTER CRACK 

REB2 

afiROeEREBCM) 
PAßE   10 
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Q START) StöROOf CADIST 
PAGE   11 

C      ADJUST C-MATRIX FOR P 
LAhE-STRESS PRMS 

CAD2 

[rot DMNSION CHAT(6.6) 

DO 151-M 

DO 5 J=L4 

CmT(IJ)=CMAT(IJ)-CmT( 
3J)*CmT(3J)/CHAT(3.3) 

rz> 
omu 

¥ 

CMAT(J(3)=0. 

3 
(XMIM£ 

'> ■> > > > > 

anoNAL >- 

i 
[.f£.J      >-pT(LI)=aiAT[L:) , 1   ! 

o 
omu 

X 
DO 25 1=1.4 

TEST       1 

F (CMAKLD.GL-.O. 
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PACE   12 

238 



C START ") 
i 

sumJiMomjr 
PAGE   13 © 

DIItNSIONC(ß,e),STRWC(e 
l.STRESSiei.STRSlNlß) 

TEST       1 

IF (haTYP.EQ.--3) 

> > > y /TV 

4s1 * / STRINCO)^. 

\ 
F 
/ 

TEST        2 

ff (faPfP.EQ.3) 

GOTO 

iJcacrnoNAii ■> ■> > > 
/-> 

IIZ> 
STRK(3)=-C(3.1)*STR1NC( 
l)-C(3.2)+STRINC(2)-€(3.4 
)+STRINC(4) 

X 

STRINC(3)-3TR1NC(3)/C(3.3 
) 

sz> 
DO 20 M.NSIZ 

STRSINa)=0. 

DO 15 J=1.NSIZ 

STRSIN(I)=STRSINa)-i€(IJ 
)4STRINC(J) 

1Z> 
(MIME 

STRESS (MRESSdHSTRSI 
N(I) 

(XNFWl- 
x 

TEST       3 

IF (MLTYP.EQ.3) 
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A   4 / STRSINO)^. 

aBROUroEOOfUT 
PACE   W 

(jcm j 
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( START ^ 

C FCRMLLATES TRM ORMA 
HON HATRICIES TO CONVERT S 
TRESS/STRAIN       TRN   3 

C      Ot SET OF OOORDINATE 
SYSTEM TO ANDTIO 
 TRN 4 

c  : •  
D[MNSIONA(e.G).B(G.e)1D 
C(3.3).fP(8) 

DATA([f(I)J-l.ei/1.2.2.3 
,3.1/ 

C      FORM TRANSFORMATION M 
ATRICIES A AM B 

TRN8 
x 

DO 5 1-1.3 

LWf(2«-l) 
x 

L^lf(^I) 

DO 5 J-i.3 
x 

Kl=tP(^M) 
x 

K2^P(2tf) 

BdJi^aJiajJ) 

B(I+3J+3)=OC(Ü.Kl)*DC(L 
2.K2)-KX:(U.K2)4DC(L2.K1) 

B(I+3Jy=0C(LlJ)*DC(l2J 

^ 

S^ROietTRANSF 
PAGE   IS ® 

B(IJ43)=OCa.Kl)ffiCa.K2 
)42. 

A(J.1)=B(LJ) 

A(J+3.Ii3i=8a+3J+3) 

A(J.i+3)^a+3.:)+2. 

A(J+3.I)=Ba.Tf3)/2. 

[LZ> 
omiE 

2k] 



(START ) aflROJTMCTlWF 
PAGE   16 © 

1 

QD C     TRANSFORMS C-HATRIX T 
0 GLOBAL COORDINATE SYSTEH 

CTRS (MME                     ' i 

lÜlMENSIQNACe.e) .8(8,6) .C 
(6.6) 

1 ■             i 

L      .     ,     j            , ., 1 

Qnm ) 

|[)0 51=1.6 (™D 
'               i 

|DO 5 n.e 
[ 

|Aa.J)=o. 
■ 

|DO 5 K=i.e 
• 

|Aa.J)^a.J)4B(LK)4C(K, 

15     > 
|oOMnNUE 

I 

IDG 10 1=1,6 
1                i 

|DO IO j=i.e 
■ 

|caj)=o. 
i 

|D0 10 K=1.G 
'                i 

lcaj)=caj)+Aa.K)4B(j, 1 
r                    1 

@ 
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(JJTÄRT) 

D[DtNSI0NPQIS(3.3).EC(3J 
,B(3) .AC(3) ,AS(3) .0(6.6) 
.hP(5).GS1L(3) 

x 
DATA(fP(I).M.5)/1.2.3,l 
.2/ 

c    MHAUZE 

P0R5 

DO 5 1=1.6 

DO 5 7=1.6 

ca.i)=o. 

EZ> 
COMIUlf 

X 

M.-P0IS(2.3J*POIS(3.2)- 
P0IS(1.2)tP0IS{2.1)-P0IS( 
1.3)4P0IS(3.1)-PQISÜ.2)* 
P0IS(2.3jtf0IS(31l)-P0IS( 
1.3)*P0IS(2,1)4P0IS(3.2) 

X 

DO 10 1=1.3 
x 

imm) 

Kwam 
X 

A=EC(I)*ÄCa)/D 
X 

C(LI)=A*(1.-P0IS[I.K1*P0 
IS(KJ))€S(IlMSa) 

W 

SlßROUnit FORMC 
PAGE   17 ^ 

C(I.l)=A*(P0IS(IJ)tfOI§( 
I.K)4P0IS(KJ)) 

C(I.K)=A*(P0IS(LK)+P0IS( 
IJ)4P0IS(T.K)) 
  i' 

C(I+3J+3)^0IS(I,I)*AC(I 
l+GSTLQl+ASQ) 

SZ> 
(MM.' 

DO 15 1=1,2 

11=1+1 
x 

DO 15 7=11.3 

C(IJ)=C(J,I) 

GO 
CONTWf 

(mm ^) 
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(JHART) 

C      MERCHANGES A)aS TO 
ORDER CRACKED KRECUONS 

CHA3 

nKNSI0NDC(3,3).SIG(e). 
ICO) 

x 
DIMI6(M) 

SI6(M)^I6(N) 

SI6(N)-ai1 

OMtötttt) 
x 

SI6(H1)"-SI6(N1) 
 i~ 

8IG(Nl)=ai1 

i~ 

IC(M)"IC(N) 
l~ 

IC(N)OLM 
 m 

DO 5 1=1,3 
i 

DIHOC(LM) 

DC(I.H)=OC[LN) 
,„:.,' i~ 

Dca.Ni^m 

¥ 

sumet CHANGE 
PAGE   18 

[iZ> 
COOJLE 

2kk 



( START ^) 

C      MATRIX fUnfUCAHON 
ROUTOE 

MAT 3 

C      IOPT.GE.1        Y--A« 

MAT 4 

C      lOPUM        Y-(A)T 
RANSPOSt + X 

MATS 
E 

SLDROUmt MATPLY 
PAGE   19 

2^5 



r START") 
I 

C     EVALUATES PRBCPAL S 
TRESS DIRECTION IN A PLAIt 

MAX3 

AW.E-30 

A^-l.£-30 

AXY^ABS(XY) 

XXYY=ABS(XX-YY) 
x 

TEST 1 
F (XXYY.LE.AP.OR.AXY.LE. 
AP) 

SlBROeE MAXMIN 
PAGE   20 

Tteß.fXYl/tXX-YY) 
1 = 

AT^^BS(TN) 
x 

HTA=.5*ATAN(ATN) 
x 

TEST 2 
F ((XX.GT.YY.mXX.GT.A 
P).OR.(YY.LT.)0(-AM).YY.LT 
•AH)) 

¥ 
[KD 

MTA=l.b70?9-T}£TA 
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6        1 

PACE   21 

MZ> 
TTETA^). 

[SZ> 

iki 



(JCTART) SLBROUTDE HdUI 
PAGE   22 

REAL NU 

EMDfc.OWEC 

BOTO 

iMXNiniONAU IP 23/ 

TEST       1 

F ((EPSi+DEPS).GE.EPSMAX 
) 

,/f»TOSsN 
ICOMUnONAL 

EPSHAX^EPSl+DEPS 
x 

C      BETA^2/Si 

MOD? 

BF[A=0. 

^ 

<ffIA.LT.Oy>T- BFTiW).                        | 

^ / 

TEST       2 

F (BETA.GE.0.2) 

2i»8 



aBRoaroEttmi 
PACE   23 

SP=SW(l.+l./(i.2«ETH. 
))/BETA 

MI> 
4-^ 

EPSP=.Ö025 

EPS^(-500.-f0.55*SP)fl.QE 

j^-EPSl/ESP 
x 

ESEC^SP/EPSP 

(g) 
Y=1.+(EC/(ESEC-£SECWJ«E 
TA)-2.)*X+X*X 

Y^Y 
x 

E1MW(1.-X*X)A 
x 

TEST       3 

IF (Qß.LT.EKIN) 

<^ST   3 
^ 

E1MMIN                      1 

> 
/ 

QOÖß 

(mm ^) 

1Z> 
E1MC 

E10EC 
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( START ^ 
l 

C      EVALUATES PRINCff AL S 
TRESSES m DIRECTIONS 

PfiN3 

[MNSI(]NA(3.3) .8(3.3) .S 
(6).X(3.3).SI6(6).0(31 

I 

S^ROOEPRNSTR 
PAßE   2^ 

^ 

> >■>■>> 

@ 

KI> 
mm 

C CALL JACOBI FOR EIGEN 
VALIES AhC E3GOWECT0RS (PR 
INCPAL STRESSES) PRN  20 

X 
CALL 

JACOBI 
—T~ 

DO 10 1=1.3 

08SRT(X(l,I)IXaJ)+X(2, 
I)4X(2J)+X(3.I)*X(3.I)) 

SI6(I+3)=0. 
x 

L 
DO 10 1=1.3 

X;7.D=xa,I)/C 

mz> 
mm 

(Km ^) 
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( START ^) 

C      TRANSFORMS STEH. AREA 
S TO APPROPRIATE DIRECHONS 

STL 3 

DIftNSI0NAS(3).DC(3.3).D 
CS(3.1).DCC(3.1) 

DO 5 1=1,3 
x 

S^ROUTBE STLTRN 
PACE   25 

AS(I)=ASX«C(l.I)fflC(lJ) 
+ASYtDC(2J)«C(2J)+AS^ 
DC(3J)+DC(3.I) 

\rz> 
CONTINUE 

(5RO 

\K2> 
DO 15 M.3 

DO 15 J=1.3 
x 

DOC(IJ)^CS(lJ)40Cil,:) 
40CS(2.1)WC(2J)tDCSi3.I 
)4DC(3.J) 

¥ 

US   > 

CQNnNUE                    J 
i 

DO 20 1-1.3                   | 
..  .      ,.   .i  . 

ASai=ASX40CCCl,I)«CC(l, 
iI)+ASY*DCC(2J)ffiCC(2 IH 
A8?.«CC(3.I)«CC(31D      | 

120   ^ 

(MINUE                     | 

(jeiFN ^) 
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(^"START^) 
l 

aawet JAcoBi 
PAGE    26 

QKNSIONA(N.N).B{N.N).X 
(N.N).a6V(N).D(N) 

x 
NSHAX=15 

DO 15 1=1.N 
x 

DO 10 I=i,N 

SZ> 
X(IJ)=0.0 

SZ> 
X(IJ)=l.ö 

NfWfl 

C      * START HERAÜGN 

JAC ie 
X 

N9GP=0 

^ 

1 / (feiRN^) 

[ED 
NS«i?4ei£EP+l 

x 
EPS^ro.OHMJEP)^ 

DO 105 urn 
X 

n=j+i 

DO 105 K=JLN 
x 

n=A(LK)^A(J.K) 

TB=A(JJ)M(K,K) 
x 

£PT(LA=ABS(TT/rB) 

n^J.K)4B(T,K) 

TM(JJ)«{K.K) 
x 

EPTOLB=TT/aB 
x 

TEST 1 
F ((£PTOLA.LT.[?S).AM:.i 
EPTOLB.LT.ffSl) 
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sz 
AJJ=A(J.T)ffi(J.K)-ß(JJH 
A(J.K) 

AB^(7J)«(K.K)-A(K,K)ffi 
(7J) 

/4.0 

[SZ> 
' WRITE 
«RITE (e.naoccK 

(STOP    ^) 

1_> 
SaCfrSORKOCCKI 

Dl=AB/2.0fSQai 
X 

D2=AB/2.a-SGCH 

DEJWl 

TEST        v 

IF (ABS(D2).6T.ABS(D1)) 

SIBROÜTM JAOBI 
PAGE    27 

sz> 
CA^<KA)CN 

C^-AJJ/DOJ 

C      \£ PEKFORH M GE>£KA 
OZED ROTATION 

JAC  49 
E 
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mz> 
JPI=J+I 

JMl^-l 
XI 

HPi^+1 

WWri. 

mz> 
DO GC turn 

AJ=Aaj) 

BJ^BQJ) 

AK=Aa.K) 

W 

.-f*:     28 

■> > >) > 

Q_ 
BK4(LK) 

x 
AaJ)=AJ+CG»AK 

x 

A(LK)^K+CA*AJ 

[O 
B(LK)4K+CAffiJ 

mi> 

^1-N     /-^) 

O 
DO 75 I=KPLN 

x 
AJ=A(J,1) 

BJ^(J.l) 

AK^AIK.I) 

BK^IK.I) 

Ad.D^AJ-fCWAK 

B(JJ)=0WM3K 
E 

25^ 



sz 
A(KJ)=AKiC/MJ 

5Z> 
B(K.I)=eK+CAffiJ 

[SZ> 
DO 90 NP1.KM1 

AT=A(JJ) 

BJ=B(TJ) 

AK=A(I.K) 

BK=B(LK) 
x 

A(J.I)=AJ-fCG*AK 

B[J.I)4J+CG*BK 
x 

A(LK)=AK+CA*AJ 

© 

aBROUIM JACOK 
PAGE   29 

B(LK)^CA«J 

[1Z> 
AK^AtK.K) 

BKr8(K,K) 
x 

A(K,K)^K+^CA4A(T.K)+CA* 
CA*A(JJ) 

x 
BIK.K^WCAMI.Kl-iCA* 
CAffi.-J) 

A(JJ)=A(JJ)+2«»tA(J.K) 
•»{»«»♦AK 

x 
B(JJ)4(J.JH2*CG«5(J.K) 

i 

A(J.K)^.0 

Ba.K)=0.0 

C      IPOATE QIBWECTQRS 

TAC 3? 

L" 
DO 100 1-l.N 

X 

XJ-XQJ) 

mm 
X 

E 
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[MZ> 
mümmn 

mi> 
CCNEME 

00 HO I=1.N 

mi> 
□GV(I)=A(I.I)/B(I.I) 

C      CrtCK FOR COMeGOJCE 

JAC109 

aflROITM JACOBI 
PAGE   30 

GOTO 

tUCONDmONAL _pö"\ 
~IP 31/ 

C      OtCK F ALL 0F--D1AG 
FifltNTS ARE SATISf ACiQRIL 

Y StALL JAC Ü?  

0 

S 
£P^«Ta4i2 

DO 120 J^l.ff 
x 

JJ-^+l 
X 

DO 120 K=JLN 
x 

TT=A(LK)4A(J,K) 

T^(JJ)4AfK.K) 
x 

EPSA^ABSfTTAB) 
x 

n=B(J.K)*0(J,K) 

TB^dJUfilK.K) 
x 

EPSf^TT/IB 

TEST        3 

F ((EPSA.LT.EPS).AM.(EP 
SB.LT.EPS)) 

GOTO 

tMXJümCNAL I2Ö~\ 
P 31/ 

I3Ö~\ 
P 31/ 
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r^ 
HD 

omn£ 
x 

DO 125 I-1,N 

DO 125 T=I,N 

B(7J)=8(IJ) 

mi> 
A(JJ)=A(IJ) 

(^N  ^) 

13Ö> 

DO 135 M.N 

D(I)=aGV(I) 
x 

TEST        4 

IF (NSUIP.LT.USMAX) 

DO 1« M,N 

DO 110 J---I.N 
x 

B(JJ)-ß(IJ) 

aDROUI'üC JACOBI 
PAGE'    31 

'GOTO 

Diimi-f1 

GO 
A(J.I)^(IJ) 

(mm ^) 

FORMAT 
FORMAT (aJOOCCKmH) 

(M_) 
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("START) 
—I— 

C       TICS SLBROÜIM 
CALCLLATES STRESS MROtNT 
S TOM AN IWT OFPU   3 

C       STRAIN INCRDCW 
S. STATE OF STRESS. PUSHC 

STRAIN. AM) Tff YPU    1 

C       FUCTION (XWSTAN 
TS 

PLA5 
x 

C       T}{IS SliMirM 
USES m SfRINsfMmNß YI 
ELDSIPGACES       PU   6 

. i   ,      . .: 
DIMENSION S(e) .0(6.6) ,STR 
INC(e).DS(G).EPSPI(e).FSl 
(G).PS2(G).31(61,B2(e)lTD 
s(e).PCE(e).Y(i) 

TEST 1 
IF (ABS(ZK1).LT.ABS(Y(24) 
)) 

S^ROUIMPUSTK 
PAGE   32 
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sz SLBROOf PUSTK 
PAGE   33 

TEST       3 

IF((I+3).L£.NSr£) 

0(113.1+3)^6 

DO 10 1=1.3 

[EZ> 
mm 

TEST        4 

if (NaTYP.ra.-3) 

TEST       5 

IF (tfITWQ.3i 

c(iJ)-ß-.6G6ee?4G 

<m  4 \T- STRINC(3)^. 

SIRINC(3)-(C(3.1)*STR1NC 
(l)+C(3.2)4STRINC(2)tCi3. 
4)*ST!M);4))/C(3.3) 

CJ1^(1)+S(2)+S(3) 

ci2^iGGee?+i(S(i)-s(2m 
^(S(2)-S'3))^HS(3)-S 
(1))^2) 

a^CJ^S(4)4S(4)-fS15)*S( 
5)+S(e)4S(6) 

SJ2----SQRT(CJ2) 

DO 15 M.NSIZ 

osm-ti. 

DO 15 T---1.NSI? 

DSa)--OS(I)+C(l.7) ♦STRING 
(J) 

1Z> 
cmrM" 

TEST     e 
IF (fCLTYP.EQ.3) 
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Fl=SJHaa.-T3)-ZKl 
I 

F^.5«rcfY(?HCJWCJl-ZK 
2 

SBROOC PUSTK 
PAGE    34 

HW.-Y(8HÜ.-£XP(YU0)* 
SI2P/(1.-Y{U)CJ11)) 

f{l=Y(8)4(ü/(Y!l2)-Y(13)C 
71) 

x 
T4-Y(l)*Y(3)m4(l.-T3)A 
(4)+T^T3/Y(G) 

DO 20 1=1.3 

FSl(I)=(.5*S(I)-.lG66e7tC 
JD/SJWI 

> > > -> ■ > 

^ 

TEST        ? 

J (a43).L£.NSIZ) 

FSia+3)=2.4S(I+3)/SJ2 

[äZ> 
(MINLE 

T^Y(14)4SJ2*(1."D<P(-Sr2 
/Y(lB")))fE)(P(-CJ2Cf2/Y(l 
6)) 
■z:—        i 

15---T5/a.-Y(20)*CJl) 

^Y(1?)KI.-EXP(CJ1+CJ1* 
CJl/Y(18)))€XP(CJjyY(19) 
)+T5 

DO 30 1-1,3 

rS2(I)".54Sa)+(2,JY(?)-. 
ieeG8?)4CJi 

x 
TEST        8 

TF ((I-fSi.LE.NSIZ) 
x 
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SLBROnM PUSTK 
PAGE   35 

1Z> 
TEST       9 

F((Fi.LT.0.).AK).iF2.LT 
.0.)) 

DO 10 M.NSIZ 

DO V) J=l.NSn 

Bl(I)---m(I)+C(LJ)+FSi(J) 

B2(I)=B2(I)+C(IJ)4FS2(7) 

[W 

amn 

AB1=0. 

AB2^. 

ABW). 

AB4=0. 

AB5^). 

DO 15 M.NSH 

ADi=AB14FSl[I)«l(Il 

AB^^fFSia]*32(I) 

Afß4B3fFSl(IHDS{I) 

Aß1=AßWS2a)ffi2ai 

AB5«FS2(IHD3(:i) 

:c:> 
aNrwi-: 

Al=l.+2.M*a 

A2--SJ2i241illAB2 
.... 1  

A^.*t«*AB3 
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3 
A4=.3333;ö3*H2»AD2 

x 
A^.IY(?HCJ1+.333&3W2 
im 

SUMIIft PLASTK 
PAGE   36 

4*~>- 

/■v>- 

■> -> ■> 

■>■> > 

■>■> > 

/>-H 

o 
ZU=A3/A1 

ONAL—^) 

fö_^ 

;Sr-Al^A5"A2*A4 
x 

ZU=(A3»A5-A2tAe)/ie 

ZL2=(Ai4Afr-A3tA4)/[6 

WZ> 
(mm 

IZ> 
DFl^ 

DF2=0. 

DO 80 M.NSE 

TDSa)=0Sa)-Bia)4ZLl-B2 
fI)4ZL2 

DF1^F1IFS1(I)4TDS(I) 

DF2=0F^FS2(I)4TDS(I1 
E 
37. 
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ra 

^ 

aBMM PUSTK 
PAGE   37 

C      • INCREMNG Of 
YIELD SUTACES FOLLOWS 

PUUS 
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mz> 
ZK^ZK^fDFP 

I3Ö> 

CONnNLE 

TEST      10 

If (f£LTYP.EQ.3) 

^ 

S^ROOE PLAS1K 
PAGE    38 

P0Ea)=fSl(IHZLHfS2Cm 
ZLÜ 

EPSPia)--£PSPia)+poE(i) 

mi> 
«NTINLE 

SSP=0. 

DO 110 Mi3 

n=iti 

<n.GT.3 \T- U=l                           1 

>l / 

SSf>-^P4.1G686?*{E?3PI(I) 
-EPSPKIID^EPSPKD-ffb 
PKH)) 

i 
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^ PAGE   39 

TEST      11 

IF ((I+3).L£.t«n) 

wz> 
IcomE 

X 

:5I2^SQRT(SSP) 

W~> 

(mm 
DO 150 I-l.NSIZ 

S(I)^(I)+D8(I1 

150 3 
COCNUE 

Q/ "IP 40/ 

@ 

EPUSTK 
(^ 

> 

> 

[isr> 
COMOHf 

Xl^). 

,                   «| x^o. 

X3^. 

x«. 

DFliFWZU 

DFMF^ZL2 

x   ^   ^   \   \ 
TEST      12              | 

IF (F1.LT.0.. 
) 

QR.DFMX.O. 

TEST       13 

IF (F2.LT.O..OR.Dr2.LE.O. 
) 
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NHMivi n       . Mm i^^pi.i.ii.ii^w'i Ji««,,!.?" 

a£ROUIMPUSTK 
PACE   40 

X1=A5I2.W1/TG 

)(2=A2*.333333tH2/[e 
E 

MZ> 
)Ö--.333333«WA5 

GOTO 

LNCOÜITIONAL 

J&0> 
Xl^.^ü/M 

¥ 

^V^^^ 

^■v>->J 

*T»- 

© 
1?0 > 

DO 1?5 i-i.Msn 

DO i?5 i-hmi 

caj)=c(iJi-Biai*(ßi(J 

c.(jj)=caj) 

mi> 
C(KIM£ 

TEST      14 

IF ((aTYp.LQ.3) 

ISO 

(? 

STRINC(3;-'(C(3>1^STR.M 
(l)+C(3l2)4SfR]NC(2)IC(3, 
1)*STRINC(4))/C(3,3) 
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SUBROUTINE DOWEL 1 

PAGE 41 

(    START    } 
  I  

THIS ROUTINE CALCULATES MAXIMUM 

SHEAR STRESS AND ALFA AFTER CRACK 

ALFA-1.0E10 

TEST1 

IF(ABS(S).GE.SY) 

GOTO 

UNCONDITIONAL > 

RO-l.-SeS/(SYsSY) 

TAUMAX = (4./3.14159) SORT 

(SO'RO'SY'ENa) 

ALFA = Gl/TAUMAX 

1    «-    > 
(   RETURN  ") 

1 
Q     END      ) 

^ 

\/ 

\/ 

\/ 

\/ 
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(^ START ^) 
E 

C      MS ROUTM" CALCILAT 
ES Stt>R HODHUS FOR SlEl 
AFTER CRACK        [V2   3 

STRAIf*VeS(EPS+[)EPS) 
x 

TEST       1 

F (STRAIN.LT.EPSmX) 

S^ROJTOE DOUtli 
PACE   42 

A-ST i y— 
/GOTOX 

F[ 

EPSMAX-^TRAIN 

T 

i 

WJiePl-AUA+ABStEPS)) 

(km ^) 

15   > 
«a 

268 



(" START ^ 

C      OECKS LOADING/iROAD 
ING IN TENSION 

LOO 3 

STRMMPS+OPS 
X 

UM) 

TEST        1 

J (STRAIN-LT.EPS?1AX) 

LW 

TEST       2 

IF (STRAIN.GT.EPSMM 

9J)R0UIML(mJ 
PACE   43 

w (^Rm^) 

EPSHAX^TRMN 

(mm ^) 
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CüüL) 
REALUICA 

AOL 

QS4. 

X=S1/(AS4SY1 

aBROUlMCOfOS 
PAßE   44 

(mm ^ 
> > >>->f»»- 

-)—>->->->■> 

LAf€A-4.-10.*)(/3. 

\IZ> 
aC^.0WEC4(l.-AS)4.014ES 
4AS 

I 
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(^ START START") 

C      atCKS FOR CRACKS IN 
EACH DIRECTlUN 

CRK3 

DMNSlONSIGtG) .00(3.3), 
IC(3).STRINC(e),IPtRM(4h 
AS(3) 

DATA(IP™(I).I^.'H/2.3, 
1,2/ 

E 
TEST       1 

IF (ICRACK.EQ.O) 

SUmnifE CRACKS 
PAGE   45 

SCMIN-.OS'ST 

GOTO 

iNCOfCITlONAL -? X 

_§_ 
soKWO{o..gßa),siG(K)) 

SCRACK--ST-X4SL0PE 

TEST       2 

IF (SCRACK.LT.SCMIN) 

SCRACK-SCMIN 

TEST        3 

IF (SIG(N).LT.O. 

15 
P 46 

TEST        4 

IF (STRINCINl.LT.O.) 

ITA 
P_46/ 

[BmEC*(l.-A3(N))€S*AS 
(N) 

SSS---EC*SIG(N)/DEH3H 
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^ 

TEST       5 

ff (SSS.LT.SCRAOO 

SI6(MG(N)-SSS*(1.-AS( 
N)) 

X 

ICRACK=ICRACK+1 
X 

IC(N)-i 

EI> 
COKQNLE 

x 
TEST       6 

IF (M.GT.ICd)) 

TEST       7 

IF QC(3).GT.IC(211 

¥ 

gDROJTM CRACKS 
PACE   46 

+—* 

CALL 

CHANGE 

TEST        8 

IF (10(2) .MQ) 
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(    START    ) 

STRAIN INCREMFNT OPTION 

NNHNSPUTI 
IF(NN.EQ.0)NN=1 
FN - FLOAT (NN) 
STRINC(I)-STRINC(I)/FN 
(1-1,6) 

DO 10 1-1, NN 
CALL ELFUNN 
10 CONTINUE 

(   RETURN   ^ 

SUBROUTINE MATPAC 
PAGE 47 

STRESS INCREMENT OPTION 
i 

DEPS(l)=0. 
1-1.6 

|                  CALL ELFUNN 
i 

1       DO200I-1, NSPLIT 

j       DO110J=l,6 
U0DEPS(J)= STR INC/FLOAT IMJ iPL T) 

CALL SOLVEX 
j       CALL ELFUNN 

200 CONTINUE 

1 
(^    RETURN  *) 

(      END      ) 
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SUBROUTINE SOLVEX 
PAGE 48 

(     START    ) 

THIS ROUTINE IS USED TO 
TO CONVERT THE STRESS 
INCREMENT TO CORRESPOND- 
ING STRAIN INCREMENT 

SET DIAGONAL TERMS WHICH 
ARE VERY SMALL TO MINIMAL 
VALUE TO AVOID SINGULARITY 

SOLVE B - (A) INVERSE'S 
DO 40 l-l,N 
D'UAd.l) 
DO10J-1.N 
10A{lfjHA«U)'D 
B(!)-BII)*D 
DO30K-l,N 
IF(K.EQ.I)GOTO30 
C-A(K.I) 
DO20L-1.N 
MAIK.D'AfK.U-C'Ad.L) 
B(K)=B(K)-C*B(I) 
»CONTINUE 
40 CONTINUE  

(    RETURN   3 

(      END     ) 
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LISTING OF MATPAC PROGRAM 

• T I o y 
SUBROUTlMt   C*04ST   (CHAT) 

C 

C 

10 
15 

20 
2S 

Si'HRO'iTIsr  C*0J8T   (C"iT) 
AHJIJST  C*MATB!X  FO"   PL^e^STPfSS  PROBLMS 
OT^fNSlON   C«AT(6,6) 

in   JS   l»l.fl 
U   (t.EO.i)   00   To  15 

If   fJ.P'),^)   CO  TO 5 
r^ATnfJlaC,'AT{I,J)-C-AT(3,I)«CMAT(1fJ)/CMAT(J,T) 
If   fl.'E.JJ   C^ATtl,T)3CMAT(T,J) 

1^   (t.Nf.U)   1.0   TO   IS 
on io ;=ifa 
CATni')»'». 
C>'AT(Jt1)«0, 
CONTlw'lF 
Cn-NTlMUf 
On ?5  t*li« 
I»   (I.fl.J)   GO  TO  29 
ir   fC'ATt'.lUCFiO,)   00   TO  2b 
t)0   ?C   J3tt<i 
CHATfT,J)aO, 
CMAT(J,T)«0, 
C^TIN )E 
CnNTlM;t 
H^TI.,^^^ 

c*o 1 
c*o 2 
c*o i 
r*D 4 
CAD S 
CAO 6 
CAO 7 
CAO S 
CAO 9 
CAO 10 
CAO 11 
CAO 12 
CAO U 
CAO 14 
CAO 15 
CAC 16 
CAO w 
c*.o 18 
CAO \* 
CAO ?0 
CAO ?l 
CAO ??. 
CAf 2i 
CAD 24 
CAÜ ?S 
CAO ?* 
CAO ?? 
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•   TIDY* 
SUBROUTINE  CNANGC   (OCt SIC. ICiM.f.tMJ »NJ) 

SllBHO'lTI^F   CHANGE   (OC.SI(;.lC.M,N,Hl,Nl) 

IMTFHI.M4-JGK3  AXIS   TO  IROER  CRACKfcD  OI«ECTION3 

OTvtNSION  PC(T.l).   SIC(6)i   lC(i) 

8lC(<i)«?IG(N) 
SIG(\)«1IIV 

Oii"=SI'o(^t) 
SIC(^t)»SlG(Nt) 
SIG(si)«<)iii 
0"IH«IC(-) 

lC<")«ICt^) 
IC(N)oOlJ1 
On  5  lalfS 
OUM«OC(I.M) 
OCdi'MmOCd."*) 
üC(ItN)»D'JM 

CM* 
CM* 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
CHA 
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• T I D V • 
»'•«ROüTlMC COMPOS (S!.SY.*Ct*8.tC»£8»E!CftlS) 

Stia90iiTlMt COMPOS (9l.Sv.AC»*8ftC»l8fElC»ElS) 

*C»1, 
Ei.SsO. 
I' f*S,lE,0,) CO TO 5 
X38t/f*S»Sr) 
I»" (X.LT.fl,) tmO, 
IF fX.CE.t.) CO TO S 
I' (X.U.O.IS) HuD*«l.-in,»X/3, 
IF fx.r.T.fl.lb) L*i0*«i0,»(l,«5O/l7, 
X«E1»*S 
V»fcC»fJ,»»S) 

RtT'J»^ 
EtC*«ni«CC*(l.«48)*.01*ES«AS 
RrTUWN 
tMO 

COK 
CO«« 
COM 
COM 
COM 
COM 
COM 
COM 
COM 
COM 
COM 
COM 
COM 
COM 
CO« 
coy 
COM 
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*- 

•  TIDY» 
S'JtWITl^   COMPI'T   (CiSTfJIMCtSTReaSiSTHSl.S.NSIZfNtLTVP) 

SHrtPlHTI-JF   CT'PHT   {P.3T»IMC»STRtS8»STCSrKtNSIi:fNELTVH) 
DT^^STON  C(b>6lt   8TPIfiC(6)t   STHf:S3(6)»   STHSIN(6) 
IF   (NSIZ.tQ.fc)   CO   TO   IP 
If-   (K'FUTVP.RJ.-J)   8TPUC(3)«0. 
IF   (NtLTYP.Kl.T)   r.O  TO   5 
GO   To   10 

5 8TBlNCCt)»-fO,n«STRlf.Cn)»Crji2)»SVRI,1'C(2)-C(1ia)»8THlNC(a) 
5TmNC(3)BSTHlNC(1)/C(Ai3) 

1ft On  ?o   la\,*1ll 
sTRSfj(n«o. 
on is j»ifisiz 
STRSI'l(!)«ST«SlN(r)*Ctl.J)«8T«lSC(J) 

11 CONTIMJE 
5T«f:sS(naSTRrsS(!)*5Ti<SIN(n 

20 CCMTINUE 
IF   (NFuTYPtfQtJi   8T«kS8(i)«0, 
If   (NFUTY»,CQ.3)   8T«5IS(3)«0, 
ReTUl»»4 
tNO 

tOM 1 
COH 2 
CO« 
COM 
COM 
COM 
COM 
COM 
COM 
CO"* 
COM 
COM 
COM 
COM 
COM 
COM 
COM 
COM 
COM 1 '* 
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SUBROUTINE C<UC«8 (SlGiDCiSTtSLOPE«ICRACKiST^XNCtCCfEStAS) 

S 
to 

IS 

CHECKS FO« C3ACKS IN EACH OIRECTIÜN 

DIMfKSION 8ir.(65. OC(5»35i IC(3Jt 
OAT» (IOERu(n«Ial.4)/2i3it,2/ 
SC"IN«,05«ST 
IF (ICACK.EQ.O) 60 TO 10 
00 S I«1«ICRACK 
icrn«! 
CO^TIMUE 
NS«ICBAC<tl 
00 15 NSMM«3 
IC(N5«0 
J«!PEPM(N) 
KsIPFRM(N+i) 
SCaMI^OCO.-SIIfJ),SIS(<)) 
SCRACKaST-SC^SUOPE 
IF   CSCRACK.LT.SC^INJ   SCRACKaSCNIN 
IF  CSIGCMJ.LT.O.) an TO 15 
I"   (STRINCm.LT.O.)   CO TO   H 
DeN0MjEC«(l."A8{N))*E8*A8(N) 
SSS»EC*SI0(N1/0E»J0W 
IF   (SSS.LT.SCHACK)   CO  TO   15 
8IG{K')»SI8(N)-SS8»Ci.-A8tNj) 
ICRiCKslCRACK+t 
ICfNjsl 
CONTINUE 
IF (IC(3).CT.IC(1)) CALL CW4NCE 
IF (IC(31,8T.ICC2)) CALL C^A^GE 
IF (ICCai.ST.KCl)) CALL CMAMGE 
RETURN 
END 

8TRlNC(6)i IPERM(<»), AS(3) 

(DeiSIG.ICi3fl«4i5) 
(OCiS2G.IC.3«2.«ifc) 
(0C»SIG«IC.2»l»5tfc) 

CR« 
CKK 
CBK 
CRK 
CRK 
CRK 

CRK 
CRK 
CRK 
CRK 
CRK 
CRK 
CRK 
CRK 
C«< 
CRK 
CRK 

CRK 
CRK 
CRK 
CRK 
CRK 
CRK 
CRK 
CRK 
CRK 
CRK 
CPK 
CRK 
CRK 
CRK 32« 
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r 

10 

IS 

suBPOume CTDANF U.B.CJ 

TRiNSFORHS C-MATRIX TO GLOBAL COOROXNATC SYSTEM 

OI^EMSION A(6»fe)i 8(6f6)* C(6i6} 
DO 5 I»lt* 
DO 5 J'ti* 
*(I*J)aO, 
DO S K»t«6 
A{IiJ)BA(I,J)«B(!»K)*CCKfJ) 
CONTINUE 
DO 19 Iai«6 
DC Id J*\*h 
C(ItJ)*0, 
DO 10 Kali« 
Cdf J}aC(IiJ)«A(I>K)aB(JfK) 
COMTINUE 
DC 15 I«lf* 
DO 15 Jaä,* 
XF(I:EQ.J] 60 TO IS 
C(I,J)«0, 
CCJiD'O. 
CONTINUE 
RETURN 
END 

CTR  IB 
CTR  !«• 
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• IT FOR  DO-kU tfr-au 

c 
C    THIS BOUTINK CALCULATES ALI.O-A8LF MAXIMUM SHf*R A^TRR CRACK 
C 

ALPA81,0^*10 
IFfAHSfSi.CE.SV)   GO   TO   10 
HO«t, 
ir(S,ßT,0,1   nna^.sts/jsvwRYl 
TAüMAX«(ü,/5,mS'mS0RT(8n»»D»SV*EN/3,) 
ALFA»GI/TAiJ«*X 

10 BtTURM 

OKI 

281 



•  TIDY« 
Sl'SROOTlMf.   DOWEL?   (GJi*Lr».EPS,OCRS,EPSMAX.G) 

S'ja^OUTlNP   00«tL2   (GIiALFAttPSiOEPSiCSMAXfC) 
C 
C TM»  BOUTlNt  C*LCIH,AT^3  SME*R  MOOUtUB  FOH  STEtL   *fTER  CR*CK 
c 

8T»»lN»*eS{FP8*nEPS) 
If  (STH*^,LTtEPSMAX)   GO  TO  S 
CPS^AXaSTWAlN 
GiÜl*RXP(-AI.FA»ABS<EP8)) 
RfTMRN 

5 C<CI 

END 

Ox? 
D«2 
0*2 
P»'2 
Owi 
0*2 
0*2 
O-i» 
0*2 
0^-2 10 
0M2 11 
0W2 12 
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»IT 

10 

>0 
c 

ivc^f t; c.^csiAST.v^n,?,*! ,ZK^,si?fiirn»?s,MtLrYPiCtir«AfK5 

C*UCiiL»Trs   STPfSS   fPHM   STP*IM   T^CHfFMS   FH«   COMPDSITK   MATKR!*!.» 

OMF'-SK '   5TRFSS(h1.ST»AT^f61lSTRI^C(6).^PSfLC«•).Cne:FF(l5). 
l¥Cf>F(?i),(iP(i,l),'3r,S(i»l)t4ST(\)»Cf6i65.S10(»i),f PSf6),Htl»8t*)i 
2 *Sf»»l[.STHSIN(*Jt»<;Sf6»««<*nfc)iF.PSPL(6Jirsi (6)tF92(6), 
J«l(S>fB2(6l.Tnst6j»P0ECfc)i'lUFFfRt*i8) 

fc'i JlV*U»tl    fP^E;tSIG5i(TnSfFPS)i(B2tDtPS)t(BliBUFrr«li(FS2.AS). 
l(FSi.»5i(tPSPLt^) 

IF(I»MSc.rLTVPJ,LE,«^   "Sn»ii 
!► f ICi-PS.ro,?)   GO   Tn   200 
t^.sr'1t^^ m 

Sf-scnrpf it 
svscntrFf'ii 

STsr^tFrfi> 

t'tf-OEfF'"! 
GSTBC'FF» (<J) 

IF    (ICHACK.P '.I  ) 
I CALL   HW'.ST»   r«i>Ft-i3(n>Bl^FF.P(m»ST»E8S«0CiSIGiliiJFFCP(l<»n 
CfiAfKtr)   stCTIl'';     C^'VEKT   Tn  P^IMCIPAL  ORThOTROPIC   niRECTIOVS 
CALL   fRAViF   fA.H.TC) 
CALL  ti«TPi v   f A.ST^FSS.SIG»!) 
IF(NSIZ,»:>,a.r^,TCH*C,<,CK.2)   M  TO   20 
CRACK   NC)R-'»i.   T"   J»AXIS,   F'IvO  FxTREuUM  STRFSSF8   IK   S«!  PL*NE 

CALL  "•»«-I''   fSI5(2)iS15{i)iStC(5)»THET») 
ACJiST DI^rcTinvjs 
CCsrr'StT-^f.TAl 
SS»ST'(THfTA^ 
no io J«I,J 

OCfJi n=-   C(Ji?l»SS*f)C(J.^l»CC 
0C(Jt?1«^   - 
CONTlM't 
CALL   TRA'JSFJA.B.^C^ 
CALL   ''ATPl.*   f ttST^FSS.Sir., i ) 
CALL   ►'ATPIY   f IUST-»!' C.0f-ri5,,i) 
C^EC^   F04    AT^XTT^NAL.    C»«r<S 
CALL   STLT^    US,-):.    HS. >' f "-hJ^KH.ASTCD.ASTfPUASTtSn 
CAI.L    C«AC«.S    tS"",, K.STtSi.r^r.ItNACK.Dfos.tCiFSiAS) 
CALL   TWA-.SF   f&.-t.'JC) 
CALL MATPI.V (K,STHAl-,,tP3>-n 
CALL "ATOLV ?iiiST^t-.C»i'tBSi-n 
CALL "ATOi V fM.SIGtST^fSS i 1) 
CALL STLTUN (AStCCii'CSih •f-rE»»M»»iASTf n«ASTt2>iA8T{3)) 

CALL   VARxOO   (STG.EPS.SO.SYiFdESi^'J.ASiCiICWACKtNfLTya.DEPS.EPSCLi 
,AL»',A,GA,«*.Fv,r,ST.ER»"0,ri) 

CALL  CTRA-i»   ('».irFEö,H,C5 
CAIL   Cn-P.lT   (f tSTJT» C,STRPSS.SYR9INiNSIZ«»iELTyP) 
IF(f,ELTYP,FO,^)    CALL   CA0J3T   fC) 
00   50   lalOSW 
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90 

55 

60 

C 
C 
C 
200 

/»50 

260 

sT9»u(n«sT9AiM(i)*8T«»rJcm 

IF(lCR4CK,Lt.O)   PfTliHN 
C»LL  -*TPLV   (AiSTrfESStSlCflJ 
On  6«   Isj,IC<»*CK 
IF   (SICm.U.O,)   RO   TO   S«> 
s«SY»*s(n 
IMSIOm.GT.S)   8ir.(l)«S 
GO rn HO 
COSTlN'Jt 
8»«SV»4S(I) 
IFCfSfll.GT.O.)   STr^n-A^AXlCStSIBCD) 

CALL   MTOLV   (PtSISiSTBFSS,!) 
RfcTuON 

USE  TtBTF»   "'"^EL 

00  250   l«l.vSI7 
CPSPLCD'STKilN.fP-fPSCLtn 

CALL  PLASTK(«THfcSSiCtVCOF tSTRIDE.STBSIki|CPSPLtf81 .FSf.BtiBJ. 
,Tr!Si<'CFi7Mi7<?,SI?P.bLKMon,SHRHOn,,^SIZi^ELTVP) 

UP   2*0   I»I.-SI 7 
ST»Ai^fir«sT»At«ni*sT«iNC(n 
tPSfL(I)«STfUn(n«tPSPL(n 
CONTINUE 
IF(NKTVP,eu,3)   CALL   CADJ8T   (C) 
RETURN 
ENO 

iBk 



• T I D y » 

StlHSO.ITt'if  FOHMC   (PriJ.FCitSiACiiSiCfOSTU) 
!1T^F^.?T(l^   P0I3(^,i).   RCf?)»   t90)t   AC(3)l   A3C^)»   C(6»«»)l   NP(5)i oi-iFsMo^ poi3(^,n. 

1TI. CM 
OAT4   f.^(I)«lsi.S)/l,2.^.l»?/ 

DO   S   Isl.t, 
IP   S   J«t.h 

FO'r« 

DO   10   I«l»i 
j= jp(i*n 

10 CVlTINUt 
00 IS  lal»2 

01 IS  jallt'* 
CfliJ)aC(J.I) 

HFTUR»» 
kNO 

KOH I 
G8F0H 2 

FOR i 
FOH 4 
FOW 5 
FOH 6 
FOR 7 
FdH 8 
FOK 9 

|«PF0H 10 
FOR tl 
FOR t2 
FOR 13 
FOR 14 
F1H 15 
FOR lb 
FOR 17 
f-0« 18 
FOR 19 
FOR 20 
FOH 21 
f-OR 22 
FOR 2i 
FOR 2a 
FOR 25 
FOR 26 
FOR 27 
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•   T   I   0   Y  ♦ 
SU3«0"TI*-F  J*Cr)9I   (A.BiXtEIGViaiNtHTOL) 

I« 
15 

C 
C 

20 

29 

SO 

35 

C 
c 
US 

SlJhBOHTlVf   JiCOÖl   (Afa,XiElCV»Ü.Ni«TOI.) 

OtMfNSION   A(Mtlti)i   B(N|Ki)f   XtN»N),   KTOV(M),   D(N) 

0(ns4(T.t)/R(i»n 
ETGwmaJfP 
IP   (^.t'J.n   RETUHN 
On  is  I«I.M 
DO   ^   J«1.M 

xn.j)«o,o 
XriiDal.O 

IE  ST*«T   ITES*TIüN 
NS*rt-,Pan 

EPS»(0,01*»NSiHEEP)*»2 
00   1ÖS   J«liNS 

on tos KSJJIM 

TTa»{.J,«)»*(J»<l 
T'laitJi J)»»f<»<) 
EPTau*«*^S(TT/Trt) 
TTa,i(J,K)»HfJtK) 

It-   ((tf»T-iLA.LT,EP8),*NL1
iCF?TcH.§,LT.rPS))   CO  TO   10S 

AJJs»(J.J)»"(J,'<)-RCJ.J)»4(J.K) 

CHtC'<a(A'4«*^*a,n»*KK«AJJ)/U,0 
IF (c^erxi ?b.i«i^o 
walTt   (6.HS)   CMKCK 
STHP 
STC^aS JOTfC^fcCK) 
Olai^.-USICH 
03a4^/?,T-5';CH 

I'  (Ofv)  «O.^S.ac 
C*»fi, 
Cr.a»A(J,K)/A(K,K) 
on TO «s 
CASAKK/SEM 

«E PEMFOwd THE CtNEHAUIZED ROTATlOf, 
1^ (N«2) S3I95I50 

JAC I 
JAC 2 
JAC 3 
JAC 4 
JAC b 
JAC 6 
J»C 7 
JAC e 
JAC 9 
JAC 10 
JAC ti 
JAC 12 
JAC 13 
JAC 1« 
JAC 15 
JAC '6 
JAC 17 
J*C te 
J*C 19 
JAC 20 
JAC ?l 
JAC 22 
J*C 23 
JAC ?a 
JAC 2b 
JAC ?6 
JAC 27 
JAC 28 
JAC ?9 
JAC 30 
JAC 31 
JAC 32 
JAC 3^ 
JAC 3« 
JAC 35 
JAC 36 
J*C 37 
JAC 39 
JAC 3<» 
JAC äO 
JAC «1 
JAC U? 
JAC üi 
JAC an 
JAC «S 
JAC lit) 
JAC «7 
JAC aft 
JAC U9 
JAC 50 
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• T I o y • 
SUBROUTINE JACOBI (A.R,XiEIGV«OfMtRTOL) 

bfl J«»l«.Ul 
J'MaJ-J 
KPt«K*l 
K««lsK»t 

C 
If   fJ-t-U *Si55»55 

55 00 60 l«liJ*l 

»JsAfTiJ) 
BJsTCI.J) 
*K«»(ll<) 
BK«rt(l,K) 
A(IiJl3AJ*Cn«»k 
Ha»j)sHj+c(;*iK 
AfI,f<)s*K*C*»»J 

60 H(IiK1=''K*CA»l»J 
c 
65 IP (<Pl-s) 70i70,80 
70 OH 71 laKPliN 

Aj«A(j.n 

AKsACK.n 

A(Jit1«AJ»CS»*K 

AfK.DwAK+Ci'AJ 
79 9(<«n»B«*CA*9J 
c 

as      on <»o i«jpiiKHt 
AJsA(J,T) 
BJti)(J»T) 
AKeAdtK) 
Bi<si(t .K) 
A(JtI1»AJ*C6«A-< 
B( J>na<3J«CG*HK 
Af I,f<laA(<*CA«*J 

«»0 Hf lt<l3^K*C*»9j 
«S AKa«{K,i<j 

ArKtK)BAK«?*CA*A(,t«K)tCi<'CA*A(JfJ) 
B(Kt<1a«K*2«CA»

HtJi'<)*r4»CA»hfJ,j) 
A(J,J)aA(,I,J)*2»cr.«A(J,K)»CG»C0»A« 
h(j.j)3:>(JiJ)*2*cr.*H(j|K)Tcr.»cc;*eK 
A(J,<lafl,ft 

C 
C     U»OATF. Fir.f.wF.CTOBS 

00 100 I«UM 
XJaXtliJ) 
XKaXCI.K) 

JAC 51 
JAC 52 
JAC 5J 
JAC sa 
JAC «•b 
JAC 56 
JAC S7 
J»C 58 
JAC 59 
JAC 60 
J*C 61 
JAC 62 
JAC 6} 
JAC 6(1 
JAC 65 
JAC 66 
JAC 67 
JAC 6B 
JAC 6<> 
JAC 70 
JAC 71 
JAC 72 
JAC 7J 
JAC m 
JAC 75 
J*C 76 
JAC 77 
JAC 7P 
JAC 79 
JAC 60 
JAC »I 
JAC «2 
JAC 83 
JAC m 
JAC 85 
JAC «6 
JAC 87 
JAC *« 
JAC 89 
JAC 90 
JAC 91 
JAC 92 
JAC «j 

JAC o« 
JAC 95 
.TAC 96 
JAC 97 
JAC 98 
JAC 99 
J»C 100 
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*   T   I   0  V   * S'lBROltmr   JACOBI   (A.B.XiElGV.O.N.RTOI,) 

too     xfi.K>»yK*CMxj JAC |05 
C JAC 100 
105   COMTXMJt 5AC ins 

C jtc   Ifib on UP  UiiN JAC  .„, 
no     Fisvdj.Atx.n/Hd.n j»c io« 

c        cntCK pn« cnNvescENCE "JJE ^' 
DO US I«l^ j4C  ,! 
TnL»«TOL«0(I) j.c J.i 
T'Jl.8*HS(T0l,1 ",*   Wl 
0!FiA«SCf.TGV(n»Ofn) ,Ar Ja 
IF eOTF.6T.T0L) GO TO HO ^ jj^ 

115   CONTINUF jAC n6 
C     CMtC< IF ALU 0FF-01AG tLE-ENTS ARE SATISFACTORILY SHALL JJC 117 

FPS««TnL»»2 5AC [I, 
00 120 Jn\,KH JAC 120 

J.»«J*1 j4r  .91 
On 120 K3JJ,K ,AC J-i 
TT«A(J.Kl*AfJtK) jAC |2j 
T-^-AC J,J)«*(KtK) ^.c }?ü 
£PS'»«A>1S(TT/T1) J   *   \9i 

Tf»x^(J,J5*9(KiK) jAC {^7 

iP9JaJ8l!LT.E«).^0.(EP8B.LT.FP8)1 CO TO ,20 ^   J" 
GO TO 130 jAC  ,„ 

120   CONTINUE jAC jj, 

DO 121? IsltN jAr [J? 

«25   AfJ.naAtl.J) 3AC 136 
HETURM jAC |37 

c jAC ns 
150        00   US   lal.N J4C   ,5, 
us     ofusfisvtn jAC Jon 

IF f^S.ttn.uT.vSMAXI tu Tr, ?0 jJJ  UJ 
On laO l«ltM j4C .«g 
on tan J»I.'J jiC .„j 
BfJ.n«9CIiJ) j4C 1M 

iao  A(J.I)«A(I.J) ,AC lä5 
R'Tl^S JAC iafc 

C jAC I«? 
Sa5   FORMAT (»MOCHECK «F.?fl.l4) jJJ [JJ^ 

tNO 
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♦   TIDY» 
SU*»nuTlN£  infiv*   (tPSiDEPS.tHSMAXiLO) 

S:.i8R0uTlME  LOOiiN.   ftPSiliEPSttPSXAX.L')) 

CHECKS LCi*OI,>iG/UNLO*0^r. IN TFN3I0M 

8T^»INBEPS*nEP8 

IF    fSTtJAls.LT.tPS^AX)   OFTUSN 

IT f STH*I»i,CTtf f,SMAX) tPSM*X = STRAlN 
«ETUB^i 

too 
too 
LOO 
LOO 
LOO 
LOD 
LOO 
LOO 
100 
LOO 10 
LOO n 
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• IT fü 

1 
C 
c 
c 
c 
c 

10 

100 

10S 

no 

200 

S  MATP*Ct
y»TP»r 

SoaROUTl-^t   -ATfAC   (STpfSS,STOMviST'«UCtE('SFL.rCrFK,»llK-0Oi8H»M0n( 

vcnf •nc»',csi«ST,NHH,7«iiZi<2,sj?p.irn^PStWfLTyp.CiicR*cK.^sPLiT^ 

IPC^SPLIT.l.T.pl   8TRI^C   ■ST«*TK   l^'C«^''t^T 
IKNSPLlT.GF.fll   RTHIMC  ■SBHtSS   I^'C^E-^NT 
I*HS(NSPLIT)» Nb^^pu r»r SPLITS rn» sr^ess o^ ST«*!«* iKCRe*PNTs 

OI-fNSTO^  STBtSS(ö1.ST»*I*.(61tSTPlNC(6)itPSFU(6)»C0erF(l5)» 
lVCriM2<>)tüCtltJ5t0CS(5.JVt*ST(3)»Ce6t#.),OtPS(6) 

NSI2«e 
IMKftTYP.U.aj   W8I7»« 
!r(^.SPUIT,f,T.O^   60  TO   100 

STRAIN   I^C»F«fc'JT  OPTIO*' 

M'.«l*'is(' s^im 
IKN'J.m.OI   wax 
rvBrLO»Tr'vi 
00  S   lcl«b 

i STfliNC(n»sT9i^tn)/rK 
00   1"   lalt'i'' 
C*i I.   tL^IN^   fSmSSiSmT'J.STf.'I^C.tPSELtCOEFF.WLKMlOiSMPMor^vcnP, 

inC«,-,CSt*ST,vPf'./'«l,ZK?iSI?0|tCr>"'p9iNf:(.TYP|C»ICR*CK) 
CO^TI^llfc 

8TPFS8   l^PVl   OPTIO" 

CO^TlMJt 
on in; t«i.6 
OFPS(l)»^. 

1 

urrsiJJ"''. 
CALL  tLMt\»    (ST^KSS,5TPA^,0FPÄ»rPSkLiCOeFFtRL'<''00.8HR»«00iVCOpt 

QC«OCSt*STi   '^^i.7M•Z'<^,8I2P»ICn►'P8.^fcLTVPlCf ICACK) 
>S«FLO*T( ■'iPLIT) 
00   ?C0   I»l.'iSPLIT 
0^   110   Jalt« 
Ot«»S(J)»STBI^Cf.')/Fv 
CALL   80LVF)(   (»Sl/fC.OtPSI 
C»Lt   FLFi'i'j   fST^kSS.STSAlN.DFHSiEPSZLtCOFFF.HUKMOr.SHPMOO.VCOP, 
0CtliC8iAST,s«H.ZKliZl<2»SI?P.lCn>'P8i^ELTYPtCilCHACK) 
CO^TlN'Ut 
«ETUBM 
tr.0 
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•   TIDY* 

C 
C 
C 
C 
c 

SUfJiUlijTlNE   MATHUY   (AtXtYtlOPT) 

SUBBOUTI'Jt  M*TPLY   (*|X|Y»I0PT) 

HA^RIX   MJUTIPCICATIOVJ   KnUTINf 
lOPT.Ct.l Y«*»X 
lOPT.LT.l YafAlT'A'JSPOSF   «   X 

OU-FMION   «(6l6)t   X(61»   Y(6) 
00  «5   tu\,h 
Y(n«9, 
00   S   Sal,*, 
if  (inpT.r.K.n Y(n«yn)*A(i.j)»x(j) 
IF (IOPT.LT.n v(n«Yn)**{j.n»x(j) 
CONTINUE 
«FTUrtN 
END 

MAT 1 
HAT 2 
HAT 3 
MAT 4 
iAT 5 
MAT 6 
1AT 7 
MAT e 
MAT 9 
MAT 10 
MAT 11 
MAT 12 
MAT 13 
MAT 14 
MAT 15 
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•   T   I   0  Y   * 
SUBflO'JTI^r  MAX^IN   (¥X«yV»)(Y»THETA) 

9 
10 

15 

20 

SUPHO-ITHk   "#XMlN   (XX.VY»)(y«THtTA) 

EVALUATtS   PRINCIPAU   STHKSS   DlHtCTlO^   IN   A   PLAME 

A»«i,fi-ia 
AM».i,t«»n 
»XY»*flS(KY) 
XXYV«»R<(yx«VY) 
IF   (XXYY.I fc.AP.O^.AXY.LPtAP)   GO  TO  20 
T^ra.'im/fxx-YY) 
AT'.BASSfTM) 
T"FTAS,S»4TANUT»0 
If   ftXX.GT.VY.AMO.XX.CT.APj.O^.tYY.UT.XX.ANO.VY.LT.AM))   GO  TO  5 
GO  To   IS 
If   (XY)   lftt?0i2S 
TMfcTA««THFTA 
6n  TU   2S 
TW^Aai,97079«THETA 
IF   (XY)   10»20»2S 
TwtTA»0, 
RfeTl.'WM 
ENO 

MAX 
MAX 
lAX 
MAX 
MAX 
MAX 
MAX 
MAX 
MAX 
MAX 
MAX 
MAX 
MAX 
MAX 
MAX 
MAX 
MAX 
KAX 
►1AX 
MAX 
MAX 
MAX 22< 
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■ 

'   T   I   0   S'iq«»n"TTNt   M0OUL1   (Sl.S2,SO.EPSl.FC.fe8»ElC,ElB,MU«OEP$,ePSMAX) 

StJHVQUTlNt   ^OD'JLl   (Sl.S^^SO.fcPSlifC.tS.ElCiElB.NU.oePS.EPSMAXJ 

RFAI.    M't 
f'IVa.Ol^FC 
If^    {Sl,5t,0.)   BO  TO   ?r5 
If   ((FPSl*DtPS).C£.EPSM4X)   5Ü   TO   2S 
fcPSMAXsfPSl«üEf3 

C örTA«S?/31 
BfTAsfl, 
1^    (BPT*,UT.O.)   Bt-TA»!, 
IF   (yFTA.GF.O.?)   CO   TO   S 
SPsSO*Cl .♦riF.T*/(l,2»BFT*)) 
GO   TO   21 

5 IF   (HETi.PT.l.)   GO   TQ   10 
sp«u?«sa 
GO   TO   2" 

10 IF   (prTi.GT.b.)   61   TO   IS 
SPsl ,?♦'; J/rltT» 
GO   TO   20 

is       8P»so»(i,*i./(i.?*Bf:TA-un/»eT* 
20 IF   (8FTA.(t.l.)   tPSP=.On?S 

IF t^Ti.C'T,!.) tPSc>"f»50').*0.!>S«SP)»t,OE.»6 
XS-I-P$1/KB.SP 
tSFCaSP/ePS0 
¥ = l.*(tC/(ES£C-FSEC»Ni.'*fJETA)-2,)«X + X»X 

tlh=FC«(l.»X»K)/Y 
IF (tiä.LT.E^lNi El*»«»-.*!* 
etcaet^ 
RFTURNi 

2S   Et««fcC 
EtCaEC 
BFTURN 

«OD 1 
KOD 2 
100 i 
MOO H 
MOD 5 
MOD 6 
MOD 7 
MOO H 
MOO 9 
MOD 10 
MQO 11 
«on 12 
MOD 13 
KOü 1« 
"00 15 
KCO lb 
MOO W 
«OD 18 
MOO M 
MOO 20 
HOO 21 
MOO 22 
MOO 21 
MOD ?.<* 
MOO 2'> 
MOD 26 
MOD 27 
MOO 23 
MOO 2«» 
MOO 30 
MOO 31 
MOD 32 
MOO 33 
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•  TIDY» 
S'IHR.T'TIxE   Pt.»STK   («S.r.V.STHiyC^DSihpSPIiFSl tFSZtBliBZ.TDSiPDPtZKl 

SUUPdUTlNt   PL*STK   (!J,riVi8T«IIMC.08,rPSPIfFSji^Si?»BliH?,T0S,P0CtZKlPL* I 
i,l*?,$l?i>,ri,r,,n'iil,KmvP) PL* 2 

C            .» — -THIS   SttHRmirtnf   rM.CULATfS   STRKSS UCRtMF.NTS   FROM   *N   IMPUT   OFPU* 3 
C            .——STRAl'J   INCRf'tNTSt   STATE  0^   STRESSt   PL*STIC   STRAlNi   ANI)  TMP  VPL* H 
C            —ru'XnOf:   C'NSTA^TS PCA 5 
C            ——TwiS   SURRO'JTINE   DSFS  T«*0  STRlfJ I HtARDCNlUG   VIEUO   SURRACF.S PUA h 

Ol*t:K*lOn   Sib)*   C(6t65i   3TRINC(«I)I   0S(4)f   t<,3(>I(6)t   FSl(*5.   FS2(4)PLA 7 
1»   Pl(^)l   t*?f6)«   TDS(b)t   Pnt(6)i   y(n PLA « 

IF   (AHS(Z*n,LT,AHSfYf2«n)   2Klsy(2/4) PLA 9 
IF fA^sfz^.LTtABsfyfasn) z^s^vtJS) PLA to 

C    I^ilTlALlZt PLA n 
^HsO, PLA 12 
Zl.?»0. PLA 13 
00 S lal t^'SIZ PLA 1« 
FÜttn«". PLA 15 
FSJfllBO, PLA 16 
HKDan. PLA 17 
1>?(T)30, PLA 16 
D"1 "5 Jal .VSIZ PLA 19 
Cn.J>sn. PLA 20 

5    COk'TTMi.iK PLA 21 
or 10 iBlt} PLA 22 
C(liUBK»l,333iM»G PLA ?i 
IF (Ct+^l,tH.WSt25 C(I*i.I*5)in PLA ?H 
00   10 J»l.J PI.A 25 
IF (1,'E.J) C(ItJ)»B».t66667»C PLA 26 

10    CPvTr/il^ 'PL. 27 
IF (SFLTVP.FO,»!) 3TR!^C(^1■fl, PLA 2« 
IP C^LTyP.F'j.i) STRl'JCfJ)3-(C(Jil)*5TRlNC(n*C(3»2)»STRIMC(21*C(Sf»LA 29 

lfU)»STR!NCCU)5/C(5,3) PLA 30 
CJl«sm-S(?)*S(3) PLA 31 
CJ^«.ihhho7»(C5(n-«(?))*,2*{S(2)..8(i))«»2+C3(3)i.8(n)»*2) PIA 32 
C.I?sC-V*St'n»SC«)*S(51»5(S)+SC6)»S(iS) PLA 33 
SJ.-'sSrsw^rjaj PLA 34 
PO lb Ist.NSIZ PLA 35 
nncnao, PLA 36 
Dfj Jb .I«1»''SI7 PLA 37 
L)S(T)=n5(I)*C{I«J'»8T!»l>lC(J^ PLA 38 

U   Cn'-TI^iF PLA 39 
IF (NfLTy^.fO.i) OSfi^sO, PLA UO 
Tl-Fx^CCJI/Vf«)) PLA ai 
T?ay(n»(y (2l-vCil«Tt1 Pl.A HZ 
TJ»Fx»ttCJl-y(Sn/yC61) PLA Ui 
Pl=SJ2-T2»(1.-Ti)-Z<t PLA a<| 
F^s.y'C.IJ+v^fCJl^CJW*? PLA «5 
IF {Ft.Lf.O.) RO To 2'> PLA 46 
Hi»i,-y(9)»(i,-F.xP(y(i05»si2P/tt,»yni)*cjn)) PLA 47 
Hi»y(^)»Hi/(y(i2)-yfi3)»CJn PLA us 
Ttt»y{n»Y(i)»Tl*(l,-T3)/y(a)*Ti«T3/y{6) PLA 49 
00  20   lal.i PLA 50 

29 ^ 



•   TIDY« 
Si-^min.-.f   PLiöTK   (!),r,ViSTHr.C.0SiFPSPl.FSltf'52t«J«H2,Tt>S»POF«ZKl 

Fsi cnir ,^»sf n-,>6h><h7»cJn/sj2+Ta 
I"   f (It^J.L''. J3IZ)   FS1(l + ^)«(J.»5(I*3)/SJi 

i " 25 If   {K?.IT,T,)   GO   TO   5s 
TS3V(lu)#SJ^»(i,-fXP(-SJ2/Y(lS)))*t)(P(«CJ2«CJ2/Y(l6)) 
T5sTi/tl.-y(2l>)*CJll 
H2«y(wi*(l..txP(CJt*rji»CJi/Y(j8n>«ExP(CJi/y(t9))*T3 
on ^fl  i=i,i 
F82f 119.5*5 n)*(2.»V(7)-it 666«>7)»CJ1 
If   ((!♦•*).Lfe.^SlZ)   FS^(I*3)a2.»S(I + ^) 

30 CO^Tl^jh 
55 If   f {Fl,UT.n.).*Nn.(F?.I.T.O,))   CO  TO   IttS 

On   ao   latiNSIZ 
On   «ifl   JaltMSlZ 
BICI)«1«» (n*C(I.J)»FSt(.I) 
ö?(i)sb?(i)+c(i«J)»rs?(j) 

ao       cnKTi'Jut 

AHisl. 
AKasQ, 
A<S=0. 
01   45   I»1.».SIZ 
A'u«*Biosifn*,nm 
*i1?BAM2*FSJ(n«ri2fn 
AH3xAas*FSt(n»OS(n 

AH5s»><'j*FS2fl5»n3(n 
«5 C^NTlMUt 

! Alal.♦2,*^l*4Bt 
A?sSJ?»?.»»ii»i92 
*^=?t»H1»ArJ3 
Aü3,^<5<^XJ«H^»AH? 
ASe?,»Yf71*CJU.333533»H?»An« 

! A(.a,3Mi:»3i*>'?»Aa5 
( IF   (Ktl   SO.SS.S«! 

50 ZL^'A^/AS 

GT   TO   70 
b5 IF   fF?)   6n«6Si63 
60 ZLlaA»/Al 

00   Tf   70 
65 T'i«41«AS-i2»A« 

ZLia(4i»Ay"Ai«Ah5/Th 
Zl ^3(A1»A«.«A3*A«)/T6 

70   coNTiMur 
75 QFlaO, 

DF2S3. 
On 60 laltNSIZ 
mstnsDsf n«Hi(n«zLt«B2(t)»ZL2 
OFl«l)Fl*FSl{n*TOS(n 

PLA 51 
PLA 5? 
PLA S3 
PLA «54 
PLA 55 
PLA 56 
PLA 57 
PLA 56 
PLA 59 
PLA 60 
PLA 61 
PLA 62 
PLA 63 
PLA 64 
PLA 65 
PL* 66 
PI A 67 
PLA 68 
PLA t,9 
PLA 70 
PLA 71 
PLA 72 
PLA 73 
PLA 7« 
PLA 75 
PLA 76 
PLA 77 
PIA 78 
PIA 79 
PLA 80 
PL* «1 
PLA 82 
PLA 83 
PLA 84 
PI A 85 
PLA 86 
PLA 87 
PLA 86 
PLA 89 
PI A 9n 
PLA 91 
PLA 9£ 
PLA 93 
PLA 94 
PLA 95 
PLA 96 
PLA 97 
PL* 98 
PL* 99 
PLA too 
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•  T  I 0  Y   * 
s iitsocme »'LASTK   {S.C.V,STI»IMC»DS,f;pSPI.FSl»r52tBliiJ2»TOS»P0e»m 

eo 

as 
90 

95 

100 

no 
c 

115 
120 
12b 
no 

115 

140 

145 

150 

ISS 

«SMOOilOO 
90t95t95 

tOSitlOtUO 

SUHMCfS  FQLLOMS 

l)F?»lF?»f-S2f I)*TOS(n 

If   fnt-\*il\) 

Kl   TU   75 
Z». l"ft, 
ZL2eT7L? 
Gn   Til   75 
If   (OFJ^ZLJ) 
ZL?»0, 
GP   TO   IS 

^».--TvCRt*f\Tl"(;   Ci'-'   vlFtO 
IF {nnmn uo.uflijis 
ZKlBZ^l^^Fl 
I?   (OF2»ZL2)   l50tl30,l?S 

COMTIMHf 
!F   f >>.|,TVP,FT,5)   TDSC<)aO, 
01   HS   I^liNSlZ 

POtfn«FSl(I)»Ztl*FS?ri)»Zl.? 
tPSPia)»tPSPi(i)*potri) 
CPNTIMUF 
8SP»0, 

n»i*i 
IF   (Il.GT.lJ   TI«1 
SSP»SSP*.l<>66ftT»(fP8PI{I)»tPSPlfII))»{FPSPI(n-EPSPX{in) 
IF   f(I*1).uE.N8lZ)   SSP«SSP*,2b»tpSPT(I»T)»EP3PI(I*3) 
CONTI^uF 
3I2P«3'JPT(SSP) 
cn TO tsi 
CINTIMJF 

on  ts«   Iall^8rz 

cn'iTi^ut 
en TO i«o 
CDNTIKUE 

X2«0, 
XJ»0, 
Xüart, 
DFtoRFj*ZLl 
DF?9üF2*ZL2 
IF   (Pl,UT,0..OH,OFl.Lr,0,)   GO  TP   16ft 
IF   (F?.LT,,0,.OR,0P2.Uf,O.)   Cü  TO  US 
Xl«Ab»2,»Hl/Tfc 

PLA 111 
PL* 112 
PL* 101 
PL* in« 
PIA 105 
PLA 106 
PL* 107 
PLA 196 
PLA 109 
PI A MO 
PLA tu 
PLA 12 
PLA n 
PLA ia 
PLA 115 
PLA ] 16 
PIA 17 
PLA ) 18 
PLA 19 
PLA ?0 
PLA ) 21 
PLA 1 ?2 
PLA 1 ?^ 
PLA ] 21 
PLA ) PS 
PLA J 26 
PLA 1 ?; 
PLA ) ?8 
PLA J 29 
PLA ) 50 
PIA ] 51 
PLA ] 32 
PIA 1 iJ 
PLA 1 5« 
PLA 1 55 
PLA 1 56 
PLA 1 57 
PL* 1 59 
PL» 1 59 
PL* J «0 
PLA J Hi 
PLA 1 U2 
PLA 1 US 
PLA 1 an 
PLA 1 «5 
PL* J <i6 
PLA 1 a7 
PCA J «8 
PLA 1 49 
PLA 1 SO 
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♦  T  I o y • 
PL*3TA   (StC«Y.STRINCtnSiFt»SPl»F8lfFS2i8lia?|TOS»P0e»It<l 

160 

no 

ITS 

1A0 

<?x»;>«,<i.M^3»H;»/T6 PL* 151 
*UM*,MT.\M*H?/yb PLA 152 
xa«»>4»2,*wi/T6 PLA 153 
GO TO 170 PLA IS« 
Xia.^ij*i3»^2/A5 PLA 1S5 
GP TO ITC PLA 156 
Xl»?,»^!/»! PLA 157 
Ü3 175 Isli'.'Sl? PL* 158 
DT 17S JeTt'iSTz PLA 159 
cfi.j)«r(i.j)-tiii(n»(Hi(j)«xi«ö2(J)«x2)«B2(i)»ca2(j)«xä#8UJ)»xü) PLA ibo 
IF (I^E.J) C(J.n«C(T,J) PLA 161 
Cn^TI^Uf■- PLA 162 
IP fNfcWP.Crj.S) STHlSCf3)»«(Ct5»n»5T«INCCt.)*C(1.2)»3TPINC(2)*C(JPLA 165 
i«in«dTm\c(a))/C(}«3) PLA ihn 
RfTHBN PLA 165 
EMQ »LA 16b« 
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•   T   1   0  Y  ♦ S.jO^nuTlMt   PR'.ST»   (A.äfS.X.SHitO) 

SMHUO'JTlxÜ  »HNSTfi (*f9tS,X,SIG,D)                                                                              *** * 

c        eviLums PRINCIPAL sTRtssts *Nn OIRCCTIO^S JJJ J 

C           Dl-rssi^l   »CJ.D. «(Li)»   SfO'-   "(3,3).   SIG(«,),   0(5)                               PJ* ^ 

4tH)»S(f>J pRt, IQ 
Af?.ii3S(<i) pits n 
on S  Isi.^ PHS tg 
*(i»n=?(i) P«N jj 
bfl.n = l. PRN ia 
OT   S    J«I«^ ppig 14 
IF   (J.ffl.D   RO   TO 5                                                                                                                            pflN 16 

etl.J)»^. PPM 17 
dfj.na"). pqv ja 
*(J«na4(I»n PRS 19 

C cS'j'/b-I   f**   tlors.AUUrS   *«  ElCrNVECTn«,   (PRI^CIPAU  STRASS«)   PRN 20 
CAUL J*C0BI (A,B,X,SIC.^.^,»tOL) ^^ ^ 

SI5{I*3^«0. PRM ^5 
OP 10 J«ltJ PRN 26 
X(Jin»x(J»l)/C '                         PQN 27 

io      cmiM'je ppN 2e 
RFT'IRM ppN 29, 
ISO 
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•   T   I  0  v  • 
SuHKOuTlMt   KFöONO   (tPSiECCEC.EHBOND; 

S'lUCO JTI'.F   «fcflONO   (EPSiECCiECtCBONO) 
c        etc«» »■')« «»(•BONDING kyrf.9 CRACX 

ECCao.Ol'fcC 
ir (ros.u.rt.) Ecc»E»eo^o*Ec 
KFTURM 
END 

KFH 1 
HtU 2 
Rtb ) 
RtH 4 
HEB 5 
REB 6 
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! i 

• IT  rfR  SOLVMtSnuvfK 

B»*»r;vt»5E  «  -< 

TH*CE»0. 
on ? I«i.-i 

T»*Cf«.O^l^TBirF 
DU  6  lali« 
U(»flS(»fT.11).LTtT<»*CE)*(I«n«TR«Cf 

DO  lit   1 = 1 ,h 
IK»{ItP.»'rj,0,J   Gn   TO   «» 
Oil./*(I«I) 
00   n  J«ti^ 

10  *lI»JJ"*ff»J)»" 

t)P  JO  x«!.» 
irjK.Eo.n o TP sn 
ClifKil) 
iFfC.EfJ.r.) r.o TO nn 
no «n t.«i»N 

2i   A(KlL)B*('iL)*C**(ItL) 
Pti<)»B(K1«C»^(I) 

SO CC^TINUC 
ao       co^'Tistjc 

RETURN 
C^O 
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1    '   ' SJrtHOuTINF   STLTXN   USiDCiUCSt^CCiNRUiASXiASYiASZ) 

SNBBOMTIit   STLfN   (AS«OC»OC3.0CCiNRiJ»«SXf «8Y«*SZ> STL 1 
m. S ' L 2 
C    THANSFOP'IS STSKL ARr*1 TO APPHOPXlAn' OIRFCTIOMS STL 3 

STL *i c 

c 
10 

c 

DIMENSION AS(l)i OC(3tl)» OCS(i»l)i 0CC(3tl) STL   5 
STL   6 
STL   7 
STL e 

IF (Nflb.GT.I) 60 TO 10 

AS(niAS)(«DC{l,l)#OC(1,I)*A8Y*i)C(2.T)«0C(2,l)»A8Z*DC(3,I)*DC(5iI) STL 9 
CHNTINUt                                                      'I,1 \\ 
RPTU^N                                                        ^j- J* 

1)0   <■>   HI.3                                                                                                                                *JJ jj 
0Ccll.j"»OCS(l.I)«0C(t.J)*0CS(2.n^C(2.J)^CS(3.I)*DC(3,J)                STL 15 

IS         CONTINUt                                                                                                                                       ^ j* 

A3(n«Asliocc(i.n»Dcc(i»n«ASv«occf2.n»occ(?.n*ASz»occ{3.n«occsTL |« 

10,11                                                                                                                                                      STL 20 23          CONTINUE                                                                                                                                                          *;^ " 
RrTliRN                                                                                                                                                     STL 21 

END                                                                                                                                          8Tt- " 
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•   TIDY» 
S'I^PO'ITlNh   THÄNSF   (AIBIOC) 

SUüROUTINF   UHsSt   C»»HiOC) 

rPH^uliTES  m*fjSKOKMAT10^   »t»T«JtClE8  TC  CONVfRT   STRESS/STR»lt«l 
O^f   »ET   .IF   CO!>HniN»Tt   SVSTtM   Tu   ANOTHER 

OmNSt^   *(6«6)i   B(6th)«   OC(1»3)i   NPt6) 
DAT»   (Ni>{niI»1.6W1.?.?»3f3.1/ 
FOHM   TBAXSHO^^ATION   MATRICIES   A   AMD   B 
on s i»iti 

Dfl  S   J«l .1 

b(I.J)sOCfIiJ)»UC{IiJ) 
B(I*JtJ*11»')CfL'«'<n*RC:(L?»K2)*DC(LlfK2)»0C(L2»Kl) 
HM*iiJ)»nC(Lt.vJ)»L'C(L^.Ji 
etIfJ*3)»nc(l.«n*0C(I.K?)*2, 
A(JfnnB(I.J) 
A(J*3«I*l)s»if r*3iJ*5) 
Afj.i*i)sBci+j,j)»a, 
AfjM.n-HdiJ+D/i, 
COMT1MIJE 
RF.TUHN 
END 

THN 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 
T«N 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 
TRN 25* 
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»IT  »OH  V*BMr>D,v4W'"cr) 
Ji.^HOUTl'T   "»H <00   (Sl(..tPStS"i»YttC»fS«'<ll.*8tC«lCB*CK|KELTrP»0tP8t 

,IPSEI.iAl.»,*»'i**'*«t;''«f.STit«HnNr) 
Ol't^SIU-   Sir.(l).fcPS(ntAS(niC(6i6).tCC(5)tfSS(3).AC(^)»PnX8n»S) 

jtrtPsmttPSH rniftSTLfi} 

si«si(.(n 

8i«SIG(11 
ti-cpstn 

Gi-r.v 

63TL(n«r.sT 
pcis(i.n«n, 
*c(n«i,-*8fn 
fS8(l)«tS 
DO  5  Jm\,-K 
im»*t,J)   Pi11S(TiJ)BNU 

5 COkTtN"t 
iMiCPAO.rQ.in r.o TO 100 
pois(2.n««, 
poT5n»n«fi, 
polS(l^^^■',, 
pnis(j.3i«n. 
CSTLf n»?, 

8aS?tS3 
C*LL  L"0in   (»PSCniDEfSCn.tPSFLtD.LO) 
IF   (LO.CT.O   )   CALL  C^'-POS   (81 iSr »AC (1) i*8( 1) «FCtES.tCC t P »^88(0 ) 
IMtn.U.ol   CAIU  «M'^0   (ePSf IJiFCCdlifCiEBBOVOi 
IfflCMACK.ll.n    CO   TO   ?0 

PCTS(ii21«i, 

8»Sl*SJ 
CALL  inO''^    (MS(?)."»:PS(?).f PSFLOJ.LO) 
IFdP.CT.O   )   C*I.L   ro-POS   (8?.SVi AC (?) i A8(2) ,ECit SiECCtZ) .FSS(21) 
1KUVE.0>   CALL  HFH"^D   (tPS(2).fcCC(?)iEC.FHB0M)) 
IFdCRACK.fl.Z)   r.o m  ao 

C*LL   Lf1tv.   (tPS(3)fOEt»S(^),tPSei.(5).LO) 
IKLP.fiT,,'   )   r»Ll    C^P'JS   (.S?iSV,iC(3)tAS(3)tEC.tSiFCC(?)»F8S(^)) 
TMf.LF.oi   CALL  Rti'O-^   (tPSO) .KC (5) .ECiF KHUNO) 
60   TO   200 

20 CALL  "nO'H   (S?iSJ.S0tF2tKC»FSitCC(2).0u,<?«Ni,infP5(?)irP8EL(2n 
CALL  >,nS"Ll   (hJiS2.SO.ri,ec«fS.irCM).0iJM5«NUil5CPS(3)iEP8rL(3n 
PntS(?i21«nu"?»;)i),'^/( (OI...M2*OIIM3)»(I,»»4U)) 

U   (ASdl.Ll-.l.)   3"   Tp  HOO 
s«3i/*s(n 
CALL Dn*FL1 (S.sv,sn,»Lr»♦OA^'AtlN.Gl) 
CALL DO-tL? fr.I,*L»A.rP8t«>.^PSeöV,tPSEL(a)iCSTl(tn 
IF(A«8(NtLTYP),6T,<() CALL WmllZ   (Cl • AL»-A,tP9(6) tnEP8(fc) itPSELfk) I 

,r.STL{3n 
CO TO 20« 

40 S«0, 
CALL  MflOi'Ll   {83i8i8Oit3tFC.M.ECC(,l)f0UM3iHUi0rP8(?).fP8EL(3)) 
60  TO  201 

100       8»8?*S3 
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C*LL ^nouLt   fSl.S  iS'i.Ft.tC.ES.ECCdJinu'M.MliPCPStD.rPSELd)) 

CALL  »•Pn"Ll   (S?.S  .Sl.^itCtFS.KCCZI.OiiMZ.MunCPSfZJikPStLC?)) 

CALL  MODULI   fSl.St«o,F5,FCil»»FCC{5)i0MM3,MUi0tP8(5)trPSfU(^)) 
PPI8(lin«nli»'t»0"'?/((ni)Mi*oii»'?)«(i,*Nii)) 

POIStJiJ^TJM'IM^/tfOUHHDCHjjtd.^Mun 
200       CALL  FUR^C   (POTS.tCCttSS.ACt*S.C»CSTL) 

BtTliHN 
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6.       DEMONSTRATION PROBLEMS 

Two simple one-dimensional  demonstration cases are  included  In the 

following.    The first problem is used to demonstrate the capability of the 

material  model   to use strain as   input to calculate stress.     The second problem 

is used to demonstrate the capability of the material model   to accept stress 

input.    The stress calculated from the first example was used as   input to the 

material  model   in the second example. 

a.       Demonstration Problem 1 

This example has been  run  to compute  the stresses corresponding  to 

several   specified strain  Increments.     The   input parameters were: 

NRB    =    0;     ICOMPS    =    1;     NELTYP    =    k   (plane strain problem) ; 

NSTEPS    =    12;    NSPLIT    =    -1   (Indicating strain  input) 

NRB equal  to zero Implies  that steel   is oriented  in the global  coordinate 

directions.    Thus  it  is not necessary to provide steel  orientation defined 

by    DCS. 

c C0EFF(1)  = 3 x 106 psi (20,685 x 106 N/m2)   = E 

C0EFF(2)  >= 30 x 106 psi (20,685 x 107 N/m2)  = Es 

C0EFF(3)  = 6 x 103 psi (^1,370 x 103 N/m2)      f 
c 

C0EFF(A)       =    k.n x  \0h psi   (33,096 x  IO14 N/m2)    =    f 

C0EFF(5)       =    0.15 =    v 

C0EFF(6)  = 500 psi (3'».5 x 105 N/m2)        » ft 

C0EFF(7)  = -0.083 = n (slope of cracking 
envelope) 

C0EFF(8)  » '♦.O = n (dowel shear 
coefficient) 
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C0EFF(9)       =    1.2 x 107 psl   {Q27b x  107 N/m2) =    G s 

C0EFF(1O)    =    0.5 =    Rebonding coefficient 

C0EFF(11      *    0.0  (not necessary for this example) 
through  15) 

AST(1) - 0.02 

AST(2) = 0.0 

AST(3) = 0.0 

DCS: 0,   .... 0 

The element  is subjected to compressive  loading,  then unloading, and  then 

reloading. 

Strain   increments:     1  through 7 are -5 x lO"4; 8, 9 are +5 x 10-4; 

10 through   I'» .are -5 x lO"1*. 

The  resulting stress/strain curve   Is  shown  In figure  108(a). 

b.       Demonstration Problem 2 

Using  the  stress   increment  shown   in  figure  108(a)  as   input,  the material 

program was  run again with the following parameters: 

NRB    =    0;     IC0MPS    =    1;    NELTYP    =     *♦;    NSTEPS    =    11; 

NSPLIT    =    5   (indicating stress   input) 

CjlEFF(1   through  15)    =    Same as for example  1 

AST(l   through 3) =    Same as for example  1 

DCS =    Same as for example  1 
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IN./IN.   (cm/cm) 

•10x10 

10x 10- 

(a)     Stress corresponding  to specified strain  increments 

IN./IN.   (cm/cm) 

•10x10 

IOXIO-- 

(b)  Strain corresponding to specified stress increments 

Figure  108. Stress/Strain uiagram for Examples  1   and 2 
(English  Units) 
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i 

Stress increments: 

-2.110 x 103, -2.303 x 103, -2.009 x 103, -I.382 x 103 

-7.^78 x 102, -3.I8I x 102, -3.181 x 102, +2.111 x 103 

+2.111 x 103, -2.111 x 103, -2.111 x 103 

The stress increments for components 2 and 3 are 1 through 7". -3-26 x 102; 

and 8,9: +3-26 x 102; 10,11:  -3.26 x 102. 

The resulting stress-strain diagram is shown in figure 108(b). 

Results of figure 108(b) are in good agreement with those of figure 108(a) 

A listing of the input and output from these two examples is included in the 

next pages. 
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APPENDIX   I I 

PROCEDURE FOR SETTING  UP   INPUT  FOR ANALYTICAL MODEL 

1. INTRODUCTION 

Several   factors  need  to be  included   in  the  procedure of setting   up 

finite  element   input  for  the  present  analytical   model: 

a. Element  size should be small   enough  to allow for a better 

description of  stress  and/or  strain  gradients. 

b. Elements  should  be  divided  to  provide  an area of  steel   not   to 

exceed  5  percent of  the  area of  concrete. 

c. Element width should be   large  enough  to provide  full   bond  at 

the start of  loading and  allow primary cracks   to develop within 

the element   (width  should  be  greater  than  twice  thickness  of 

concrete cover) . 

d. Integration  time-step   in  a  dynamic  solution should be  small   enough 

to allow  for better  description  of  sharp  rise  time of   the  dynamic 

input. 

e. Element  and nodal   point  numbers  and   integration   time-step 

requirements are  subject   to computer  budget   limitations. 

To   illustrate  the procedure  followed   to  set   up   input   for both  static 

and  dynamic  cases,   two examples were  selected.     Detailed  description  of  the 

input  will   be  given   in  the  following  subsections.     The  numerical   results 

and   discussions   are   included   in  section   Vl   of   this   report. 

2. STATIC   EXAMPLE 

The  geometry of be^m  2S1.6-1   of  static  case  S-l   is  given   in  figure   109(31 

The  finite  element  mesh used   in  the  analysis  was  shown   in  figure  56  and   is 

reproduced  as   figure  109(b).     Sizes  and   location  of elements were  chosen  such 

that   reinforcing  bars were  approximately   in  the  center of   the elements.     The 

area of  tension   steel   in   Elements   1   through  8   is  about  5 percent  of   the 
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(a)     Geometry of   beam 

Figure   109-     Static Beam 251.6-1,   Case  SH   (Ref.   89) 
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Figure  109.     Static Beam 251.6-1,   Case   S-l   (Ref.   89)   (concluded) 
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cross-sectional  area of  the elements   (in  the x-direction).     Area of steel   in 

the other two perpendicular directions  ranges between 0.15 and 0.^4 percent. 

These percentages do not exceed  the 5 percent that   is   recommended for 

satisfactory distribution of steel   in elements.     The width of elements   in 

the cracking zone   ranges  from 3  in.   (7.6 cm)   for Element  2  to 8  in.   (20.3 cm) 

for Element 7.    This width was  dictated by the   location of  steel   in  the 

vertical   direction  and  the need  to monitor stress  and/or strain gradient   in 

the x-direction.     The width   is   less than  the  18   in.   (^5.7 cm)   required for 

developing  full   bond.     Therefore,   the  interpretation  of  the  analytical   results 

should account  for  this  choice.     The properties of steel   and concrete were 

based on  the  data  given   in   reference 89.     Young's  modulus  was  calculated 

using equation  13  as   follows: 

E    =  33 W3^   V^T (108) 

where 

W      =     U5  lb  per  cubic  ft   (6^5 Kg/m3) 

f'    =    14160 psi   (1992  x  1014  N/nv) 

Therefore 

E       =     3.00  x  10l   psi   (20685  x   10^  N/m-) (109) 

The  steel   directions  coincide with  the global   directions.     Therefore  both 

NRB and DCS will   be  specified  as  zero values. 

A sample of area of  steel   calculated for Elements  1   to 8  is given   in 

table  IX. 

Table   IX.     Calculated Areas of Steel 

P^Element 

A5/A>^- 1 2 3 h 5 6 7 8 

x-direction 0.0330 0.05 0.050 0.050 0.050 0.050 0.0500 0.050 1 

y-direction 0.0015 0.0 0.00^0 0.000 O.OCi 0.000 0.0030 0.000 

z-direction 0.0 0.0 0.0050 0.000 0.005 0.000 o.ooks 0.000 1 
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The  input parameters were: 

NRB =    0 ICOMPS    =    1   (for variable modulus model) 

NELTYP    =    3  (plane stress problem) 

NSTEPS    = 32 (number of static  load  steps) 

NSPLIT    = -1 (indicating strain   input  to material   package) 

The material   properties   in array COEFF are arranged as follows: 

C0EFF(1) = 3  x   106   psi   (20.685 x  10c   N/nv ) =     Ec 

C0EFF(2) = 30  x   10G  psi   (20,685  x  107  N/m  ) =     Es 

C0EFF(3) = ^.^ x 10'  psi   (28,683 x  ID1   U/nr)     =    f^ 

C0EFF(4) = h.Q  x  \0U  psi   (33,096 x  }0U  N/m: )       =     fy 

C0EFF(5) = 0.2 =     v 

C0EFF(6) = 365  psi   (2517 x  103  N/m:) =     ft 

C0EFF(7)       =     -0.088 =    n   (slope of 

cracking envelope) 

C0EFF(l)       =^4.0 =    n   (dowel   shear 

coeffi cient) 

C0EFF(9)        =     1.20   x   107  psi   (82?^  x   107   N/nv) =     Gs 

C0EFF(1O)     =     Rebonding  coefficient  not  needed   for  this example 

C0EFF(11       =    0.0   (not  necessary  for  this  case) 
through   15) 
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3.       DYNAMIC  EXAMPLE 

The geometry of   the  beam of  case D-'» was given   in  figure 89.    The finite 

element mesh  used  in  the  analysis was also shown  in  the  same  figure.     Sizes 

and  location of elements were chosen such that, whenever possible,  reinforcing 

bars were approximately   in  the center of the elements.     The width of element 

in  the tension cracking zone along the x-axis   ranges between 2.125  in. 

{S.1* cm)  for  Element  Hi   to 5.375  in.   (13.7 cm)   for  Element 91.    This width 

was dictated by  the   location of  the vertical   steel,   the  applied vertical 

loads,  the  location of beam supports, and the need   to monitor stress and/or 

strain gradient   in  the  x-direction.     Since  the width of   the element   in  the 

cracked zone   is   less   than  the width  recommended  for  developing  full  bond, 

the analytical  model   is expected  to overestimate  the stiffness at the early 

stages of the  loadinc. 

The division of  the  height of  the beam,   in  the  y-direction,   into 

10 elements was  mainly  dictated  by  budget   limitations.     This  choice  resulted 

in a bandwidth of 26,   176 nodal   points, and  150 elements. 

The area of steel in various elements is given in table X and indicates 

that a high steel ratio of 18 percent of cross-sectional area is used in the 

row of elements   in  the  tension  zone starting with  Element 2   (Fig.  89). 

This steel   ratio   is well   above  the 5 percent   recommended for steel 

distribution,   and  the  effect of   its variation  should  be   investigated  in  future 

work. 

The properties  of  steel   and  concrete were based on   data given   in 

reference 91• 

Since  the  steel   directions  coincide with  the  global   directions,  both 

NRB and DCS were specified as  zero values. 

The selection  of   integration  time step At    was  guided by  the  rise  time 

t      of  the  dynamic   input  given   in  figure 90.     A   rise   time  of   18 msec was 

indicated   in   this   figure.     The   time step    At     is   related  to  the   rise  time     tr 

by  the empirical   relationship 
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Table  X.     Steel   Ratio for Dynamic Example Case D-'» 

Element 
No. 

Steel Ratio,  As/Ac 

Element 
No. 

Stee 1  Ratio, As/Ac 

X y z X y z 

2 0.1802 0.0063 0.0206 82 0.1802 0.0039 0.0127 

3  -  8 0 0.0063 0 83 -  88 0 0.0039 0 

9 0.1333 0.0063 0.025^4 89 0.1333 0.0039 0.0157 

12 0.1802 0.00^9 0.0160 92 0.1802 0.0031 0.0101 

13 -   18 0 0.00^9 0 93 - 98 0 0.0031 0 

19 0.1333 0.00^9 0.019P 99 0.1333 0.0031 0.012^ 

22 0.1802 0.0033 0.0105 102 0.1802 0.0053 0.0173 

23 -  28 0 0.0033 0 103 -   108 0 0.0053 0 

29 0.1333 0.0033 0.0130 109 0.1333 0.0053 0.0213 

32 0.1802 0.0039 0.C127 112 0.1802 0.0039 0.0127 

33 - 38 0 0.0039 0 113 -   118 0 0.0039 0 

39 0.1333 0.0039 0.0157 119 0.1333 0.0039 0.0157 

A2 0.1802 0.0039 0.0127 122 0.1802 0.0039 0.0127 

i.3 - W 0 O.0039 0 123 -   128 0 0.0039 0 

^ 0.1333 0.0039 0.0157 129 0.1333 0.0039 0 0157 

52 0.1802 0.0039 0.0127 132 0.1802 0.0039 0.0127 

53 - 58 0 0.0039 0 133 -   138 0 0.0039 0 

59 0.1333 0.0039 0.0157 139 0.1333 0.0039 0.0157 

62 0.1802 0.0039 0.0127 1^2 0.1802 0.0039 0.0127 

63 - 68 0 0.0039 0 I/43 -   1^8 0 0.0039 0 

69 0.1333 O.0039 0.0157 Uq 0.1333 0.0039 0.0157 

72 0.1802 0.0039 0.0127 

73 - 78 0 0.0039 0 

79 0.1333 0.0039 0.0157 
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or 

At = IT t0 2^ (110) 

tr 
At  =  l¥ 

= 0.001 sec (111) 

The input parameters were: 

NRB    = 0    ICOMPS =  1 (for variable modulus) 

NELTYP = 3    (plane stress problem) NSTEPS =  50 

NSPLIT = -1   (indicating strain input to material package) 

The material properties in array COEFF are arranged as follows: 

C0EFF(1)  = 3.7^ x ID6 psi (25,787 x 106 N/m2)  = Ec 

C0EFF(2)  = 30 x 106 psi (20,685 x 107 H/m2) =  Es 

C0EFF(3)  = 3-26 x 103 psi (22^78 x 103 N/m2)  =  f^ 

C0EFF(M  = ^.58 x 10" psi (31,759 x IO14 N/m2)  =  fy 

C0EFF(5)  = 0.2 =  v 

C0EFF(6)       =    ^50 psi   (3103 x  103 N/m2) =     ft 

C0EFF(7)       =    -O.I38 =     n   (slope of cracking 

envelope) 

C0EFF(8)      =    '♦.O =    n   (dowel   shear 

coefficient) 
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C0EFF(9)      =    1.2 x  107 psi   (8271» x 107 N/m2) =    G s 

C0EFF 10)    =    0.5 =     rebonding coefficient 

C0EFF 11      =    0.0   (not needed for this case) 
through  15) 
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