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ABSTRACT

Yece -sary and su ficient conditions for H»ptimality are given,
or nvex procramning prohlems, without ccnzstraint quali“icaticn,
tn cviwe of a tingle mathomntical program, which can ke chosen

to be bhilineer.



. Inrrciuction

Thi: pap.r 1. a weque) to 17, where optimality conilitions
T Lonsox procramm'ng, not requiring constraint guali oacacion,

aCze glven in terms ~° a family of linear programs, €Xpre«sing
the "'ogi.a!" conlitions (5) and (6) below.

Hore the same 1. acniesed by 2 single proklem, which depends
Bt ‘mc positive-de .nite ‘unctions to be cho.en. For the case
~here the constraint functions are strictly convex in their "actual"”
variabies, thi. characterization of optimality is given in § 2. In
particular, 1t 1. possilk. e to characterize optimality by the single
tilinear procram (Al), given folliowing Example ! below.

For the convex care, we give a sample result in § 3, char-

acterizane optimality in the case wherc tne constraint functions

arc ‘aithfully coavex, [4].

2. The strictly con rex case.

For a ci1ven .unction fk: Rn-o R, we de 1ine 1ts restriction
f " as ollows. let kY72 (1, 2, ..., n) denote the index set ©

th¢ variaklivs (x’) »n which fk actually depends

A
kY = {3: There exist xl-(l, 1 ¥ ), suck that the function

:k(tl. veus K " €)¢l' .o ;n) is not a constant}.

3"
Fur any x ¢ R™ the ubvector x y is obtained by deleting the com-

"k
£ RN W :
poncnt. (x): 3 f# k7). The restriction ¢ is the fundtion



Ld h] r b
= = R"‘"dJ‘ + R ottained by restricting ¢k to x'k"
Con.ider the programming problem
(P) min :9(x)
k . & =
. £(x) < N ¥ 6P = {2y 2, 2.0 phe

Fer v ea:ible Lojut on x*, 1.€.,

0t *(x*) s o, yep,

we denote tnhe set o kinding constraints by

(o) P* = (k: k € P, t%(x*) = C}.

*ocharactessation o0 Hptamality 1: given in tle following

The ad = .. let

. , : Kk
(1) the prokiem (P have c¢onvex function:c {f : k ¢ {0} P}

azsuwd Jiifercentiabie,

(12) x® ke a fcasible < lutien of (P) at which the restrictions o

. At it et

[ 4 -«
the bindang co=-*raint- k-, ke P, »re >trictly or.lcxl,
- LT . .
(Li1) o "2 % ard K.+ k be any pusitive definite unct.on, i.e.

k A card'x’

. (2 >, 0O sz el ‘
K ‘

? (0) s © ke pe, l

Men ~®* 3 optimal 1Y and aniyv 1f 4~ ® 0 18 the optimal value O {

tnc program

l'rms assumption 1+ weakir than strict convexity o: i}

*
tunct:on.. {"K: » ¢ M), unless (k> = {1, ..., n} ‘or alj k ¢

’.




"

d starnd
™ & &8 13

ity o° m* 4

maix a

jt Vfo(x') + 9 < 0

at ¢ Kixe) ,J(x,} 340, kg

tor directions such tha-, r 0<e zuificientldy

»asible and ‘o(x' +el) < :’o(x'). Thena the

equivaient to the nonexi t¢ .e¢ of szuch 4.

r
Usang the convsexity properties o £ ana {f k’: xe P9

it

‘ollows that the

2

optin2zlity of x* is equivalent™ toc the non-

existence of d satisfying

(%)

't-

(%)

a*y %(x*) < ©
v fxe) = o
witlh equality orly 17 deoy = o, k¢ P°.

.

Let <* be non optimal, i.e., let there exist a d satis “ying

g (6). 1Iat

-

-t "
min{ Tt v C{x*), max (-ﬁ_“l’)- i v ¥(x*) < 0} }.
%Y

1. positive and

“The detail: are as in the proof of [], Theorem 1).



= C

X3
o' (dp. 4 S0, k€ Pe,

21

(7) 39 %x) 4

1

(a) 3t vk (xe) o

nositive o, timal valuc.

-

show.nqg that the program (A) hac

It the progran (A) have a positive optimai value, i{.7.,, i<t

Lhe exiit a vector d and a scalar @ <sati:_ying (7) anu (8). Then

dt 7 O(x*) = -g < ¢
and
3L ok =5 k prt \ 1
d" Vi%(x*) s - o g ( J-k.. *0, kg P,

$0 that

3 VK(x®) = 0 © (3, ) =0

fk'l

< [3
- d[ «= 0, since @ 1is
3 positive cez'inaite.

There fore 4 =atisfi-s (3) and (6) showing that x* 13 not optimai.

remar
.« The convexity assumptions in Theorem !, and in re'ated

re « low, can be wcaken: i in the manner of "3,

I

2. fimilariv, di1 ferentiability i: not &:sential here since
the e ult. can be stated .n terms ol directicnal deraivat ives.

j. Eince d = 0, ~ =0 1s a feasible solution ol (2), the

piiw! value o (A) is clcarly nonnegative. 1. nonzero, thi. optimal

vaiua 1 indounded., It could be bounded (.. desired) by

norm2lizinc 3, :=ay
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()
A
-
-
-
n
-

soeys W

it nou.d be noted that our result: hoid 1n cases where
cla sical optimelity conditi ns, 2] (which do requirc -ome constraint

qua’il 1cat.on) faii. This 1i: 1llustrated in tne following

Exampie 1., Thr nroblem is
" -X
min 0() = g*i + 2 2 & .\'3
; X
.+ ¥ (() ¢ 1 - : « {
-X.,
(x) = § = w § i
‘o) = n~0* o 0" “
1 2
2 -X
4(x) = x . ST SE T -] Y0

-

Here the set:z k], ke P, azre "1 = (1}, (2] = (2}, [3]) = {1, 2)

k1

r
and "4’ {1, 2, 3}. Thc restrictions £ ', k ¢ P, are strictly

NV The feasible :s-lutions are

e

0

inu Lac optimal so.ution 1. xX* = 0 . 8t wiich point t..c Kunn-
0

Juczr condition

v %(x*) + ’1"1("') =0, A, >0,

3 ; 5 2 2
Note tl.at the original functions [ , f , and » are not

strictly convex.



1 1 2 )
ioes not Lold ince vfo(X‘) = 1] . Vfl(X') =lo] ., vei(x®) =|--
1 0
- O
v:3(x#) = Lol . v*x® =] o] .
(v} 1

: i s . BT
Choosinc the positive definite functions @ o Theorem ] a: the

V' - norm

) 'K(Z) = 2.!2_!. X P%,
i 1
o} (n) e
maXx =«
+to
2. ~4_ 44 » <
1 il Sediha,
d + -1a < _
] e
- d - 1a ! < (
2 S
- * ! + | =
2, ~( dll a, ¢
- | \ ! | ! «
63 + .(;dl‘ - ‘d2! + d3 ) =0
1mal lulior can be found, by inspection, to be o = (.,
- e it7in. Thecrem 1, the positive de inite Junctions
e P*3 an B¢ chh.en so 88 tc =imp i he o1
2« much 2 paésxh:t. €uch » choice is the £ - norm ('0) .or which

-~

tn- Lro lem (A) reduces to the following bilinear progaarn

St t
(11) a vr°(x-) + ~ =0

t
a Vr"(x')+~2 14 ' <G, k €p*,
1elk



n.iraints, or fixed o, are in fact laincar.
Put tne ca.c wherc problem (A} o Thec.i2m 1 assu.« A

Simplost Jorm, 1.¢., & linear program, is where

' 30 £ (xw g
{13 {: i.-_‘."_lgo} & 'l vk € P+,
Ix
J
Y Loidence cond.tion, of the type stu’ied in 71, 4], .mpli
iy d sate Jying (5) cannot satis.y () with an cqualaty.

Thi miy ~trict 1nequal.ties need be chchcd an (6), anl the

ootimality o xX* :, therefore equivalent to the nonconsistency o

th: cystom
(5) at ?°%(x*) < o

< k
(14, i~ Y (w*) < 0, k & Pv,

whicnr Dy Lhe thcorom o the alternative is cguivaleni tc Lhe

M. istency {
T oy vex®) =0
ie{o}lp*
(19)
‘.1 > 0, at lea.t onc )\, # 0, 1€ (¢} p-
Noen be Triiz John (onaition.

The incidence conditaion (13) 1s a special case oo the
recujarization conditions studied in "17, under which the con-
istemy 9 (19) cha, L 11ze. the olema’LLy 0 X*, Ciheg ¥eou=-

a4 i1on conlition: ace the we'! known «onstraint ma'i. 1cat ion.
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~haCl guarantee the nece:sity of the Kuhn~Tucker conditicn.
The ‘o!jowinu theorem gives an alternative character..at,
o optLimdiity. i ;roo will be omatted, : incc Al mae. mlle

I the »ro0” o Theorem 1.

Theo ca 2. Urder tne a sumption: o  “hcorem 1, the eéisible .olation

1 o optaaa) o, anid oy 1, tor every po.-itave &, the op ume!

®aus o "~llomin: - Lium LS zero.

[ (B.~) nea 1Y V(e

! Wollle k

| (8) d® 9N (2®) + & ."(d,w) <, » € po,
(9) -1 ‘dx d i. ' = . eses, N
emark.

'. A possik’: advantage o problem (B.s) over the previou:ly
Caie wioliem (M), . that the darection ound here 3i: ¢ steeper
fe .cent.,

<« Fcr any ~ > C, .et d(~) denote an optimal] so.ution =

(3.\). C’cll"tj

t
vyoe v, 2 dlay) T0(x0) < dw)© 9 Pexe). |
1hus tae optimailty o %? 15 cquisalent to
ne A t .0
(7 lim an. Jd(a) 9 (x®) = C,

L g
~ *C

o




3. A special case where only one velur i 5, say - = |,

needl ¢h-cki~a in Theorem . .: where the function- (;k: xe pY)

# Pl RY
ryem)
{ iim - = U, v =
e ! €
3 - 2 o - 3 b |
weh & choicoe, in) = 5 z‘ o Wwas di:cv sed in "1, Corol 7ry 1.1°,

%« The wwpld.t orm that problem (R.~) 23dmit. ., iz + .incar
srxiam. Thio i oblained by choosing the positive dcinicce
fund La n. {':k: k € p* }in (R) as the L,- norm (10). Then
(3.~) becomes

(Bl .~) min 4% V O(xe)

o e

te ey o0 ¥ 13, < ¢, ke P,

ief?
-l‘di." A ® 1, seee N
5. inr ~ = (, js0 'em (B.~) become.
(3.1) wen A% ¥ O(xe)

:‘v"‘(xo) «0, ¢ P*

-l‘di‘l. i= ], ..., N.
™ Wt lhaet bore (e ptimal value i. sero
(i a2 9%xe) =0
e v b ho=Tucker condition

s 3
VS (x%) « Z.x;_ ¥ (x*) s ¢
(19 kepP



10

which 15 su ficient for the optimality ol x*,

£

e

A heuristic procedure for checking the optimality o a

civen eadible Lolution <* is:

aj

k)

<)

4)

7.

£olve the 'incar program (B.O).

1f itu optama! valuc i+ zero then, by the previous
remark, x* is optimal.

1€ (18) does not hold, :olve the linear program (Bl.~ )
for some :mal' ~ > 0O,

If 1ts optima!l value d(no)" "'°(x') 1+ negative Lhen x*
is nonontinal, and J(no) is 8 Jdirection of discent,
Otherwi ¢, solve (n.al) for -v: - -:2 . €tc, Usc 4 rea-
conable _topping rule.

Note that it 1v possible [or (17) tc hold, ever thouch

(o) 9.9(x*) < 0. To illustrate this we can use any example where

the pvhn Tucker condition: do not hold at an optimal point x*,

Thus

Th:

wr example 1, proklem (B.0) becomes

m.n dl"Z'd

3
S.t.
G | L
1
- 4d s 0
2
-zd, 0
-
-d s¢(
k|
-l<d“l i.l.2¢3o

cpLamal solution here d(o)‘ = (0, 1, 0) vith optisel value = -],
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3 resultl Jour th. conex case.
R e el s ———

‘oasador again the problem

matn ‘°(x)

-~
)
S

.
e we

¥x) <0, k eP.

vhere the “unction (fk: x € {0} ©* P ) are convex, but without

urther assumptions on the restrictions k] 1n f1, %57 it was

shown Laat at an optimal .olution x*, the lo ical condition (6)
i r'e recome:
(263 109 Sxe) <0,
. ; [ ] *
wit cquality only i 1€D =, k € P,
* IS
where D 1s “Lr cone o Jirec ; of constanc e At
Jefined by
L) - ; -

(21) 2,° = (33508 Fx* 4 ad) = *x®), v cro, 3N

Semerally chas cone 1s neither polyhedral nor convex, :ee, €.y,

e xamg ¢ oan i, .57. However, this cone i: quite manaceal).

0 o wmpostent Family of conve: funciion:

) . ’R(;) = rk(Akx + L:) . .kt' s *

a”: ®® * R is a strictly convex function

k - . .
AR R® is a lincar trans ormatior
b, € R®

k

a ¢ o
X R
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These “unctions are the faithfully convex [unctions initroduced and

~tud:cd by Rockafe’lar in (47, 757, For the function . given

by (42} and subject to the above assumptions the ccne Df. 1: simply

2 - = Ak
(23) Dk N( .i )

the nul!l =pacc o the (m + 1) X n matrix % . iAndependentliy of x*,

Thus (i« analogous result to Theorem 1 is

(1) the »oklem () have a ¢ nvex objective ‘urction (€ and convex
con _raint functione {™®: ke P) of th type (22), a)
sum 2 41 ferentiable.

i 1 e s e
ok, " * R be any positive de inite functions, A e P .

(31)
Then a ‘earible solution x* is optimal if, and only i
~ = 0 1s the optima! value of the problem

ma. ~

s.toe
at VeO(x®) ¢« 4 = 0

a* 9%(xe) + ~ (M a) s 0

o

Proo .

follvws from (<0), (73) as .n the proof of Theorcm 1I.

The remainine results of {2 can similarly be adaptc. to the

LOAVIR CALO,
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