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ABSTRACT 

Fenchel'.   Duality Theorem concerns  the pioblera oC minimizing 

the   Jirfeitncc  of  ö  c\-nvex  function  f  and  a  c^ncn-;c   '.unction g. 

T .      i'icilicy  r< ^.j-.u       .T  the  connection between the  aho^e  ptli.ia.l 

LM- ...     in a" 4   La     .:v.:<\ ^robn-it» of minimizing   the  Jifci-« -u c   o     It-.c 

uviiicüvc  ^onjugate  y*  and   tn<;   convex  conjugate   .*.     In general   a 

Ja..... .~y ■:,;i^ may  exi^t between the  two prob I   ..-   unless  some 

rrnu^arity   f nriition  i'    i'Tiioßcd.     Here  a     amily of different 

Jui1     IJ  ouggeLcud    .or vhich a duality gaj.   5?  .   n t exist. 

'"•'^ ■ ■■,|11 *.;■   :    .:;:-*m^.J-.^.^^...      . | |||| | | |Mt HI ÜJHII MMiMiiMtlliHMM 
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1.     Introduction 

Fenchel's Duality Theorem concerns the problem of minimizing 

'-g where  f and g  are     convex and concave  functions,   respectively. 

Tho duality  resides  in  the  connection between minimizing   f-g  and 

maximizing g*-f*,   where g* and f*  are the  conjugates of g  and   f, 

respectively.     More  precisely, 

(+) inf(f - g)   = max(g*  -   f*) 

provided  the   foilowinc;   regularity condition holds: 

The  relative  interiors  of domain  f and domain 
g  possess  a point  in commen. 

For treatment or Fenchel's Duality  in   finite dimensions,   see 

©•g-   [2l,[3l,   r6],[7],   and   Tel,  and  in infinite dimensions,  e.g. 

[1"',[4] and   [51. 

I^ f and g are restricted to certain subfamilies of convex 

and concave functions, then (+) holds even without (♦) being valid. 

Such subfamilies are the polyhedral convexrand concave functions 

■"G], or, more generally, the stable functions [7, chapter 5]. 

In this paper we are interested in finding duals, other than 

the Fenchel dual: (Sup (g* - £*)) for which a relation similar 

to (+) holds for every pair of convex and concave functions, 

whether (♦) holds or not. Such duals, called "strong Fenchels' 

duals", are constructed in section 3. 

i.n......         tm nwiiiniirtiii«   ■■ |>M||1||||M|||||||i<,|||,|M||(||g|it|MM|(||M|^^ 
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In section  4,   the  results  of section  3  are  applied to 

Rockafellar's extension  of Fenchel's  duality   T  6],   and  to Hie 

weil-Known  iv^itiulai.   ..or  computing  the  conjugate   function and  the 

subdi "fcrential  o''  the   sum o!" convex  functions .     A  .specie 1  duality 

result   'cr  a  i. retain   strong  Fenchel       durj   u  derived   in s-ction  5, 

^hv t-r lUnology used in this paper is that oi Rocke fe lltir'r; 

cook [6% ■,- iict below some notations used in th- .equel, for 

• ie Cin-t.i-tn.   and   furtli   ■ -MIS  consult   [6,   Part   l], 

L' t S be i-] TOT n^ ty convex subset or R , and let " an J h be 

convex   functions:     Rn->■    R,     Wo denote by 

ri  S --  the  relative   interior  OJ S 

rhvj  s —  the  relative  boundary o" S 

aff  s —  the  affine   hu] 1  of  S 

dim S —  the  dimension o;.  £ 

t5( * |x)   — t^e  indicator   function of S 

f Qh —  the   infimal  convolution of  .";  and h,   i.e 

(fO h) (x)   =  inf(f(y)   + g(x  -  y)) 
y 

2.     Fenchel'8 Duality 

Let $   be   the   set  of  all  quadruples   (f,   g,   A   ,   A,)   sacti  that 
1       * 

r^^ and A  are convex svbsets of R n 
(l) 

f: Rn -*■ R  ir    i proper convex function with ooir ' ■ ? 

g: Rn -»-R is a proper concave function with dem c = A-, 

A ^ A1 0 A2 fi0 

— - -  --.--  ^-   1   1—   ■—.— -'     -  ^,.^.-^.^<^^***~*LUMi*^m 
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Consider the primal problem 

(P) in^f - g) 
xeA 

Let  f* denote  the   (convex)   conjugate of f,   and 9*  the   (concave) 

conjugate of g,     i.e. 

f*(x*)   =  sup(<x* x>   -   ':(x)) 
XE? 

1. 

c ♦(>:*)   = inr(<x* x> - g(x)) 
xEA 

2 

Dcnot.e  alho    A,   ^ dorn   Z*,   A_  « dorn g*  and   lina]].y A*  = A*  n  A*. 
l 2 J 2 

The problem 

[V] ^P (g* - f*) 
x* EA* 

i&  called  the Fenchel Dual of (PJ, 

The  following classical  result relatea (p) and    (p), 

Fenchel's Duality Theorem (e.g.[6,  Theorem 31.I1) 

Let   (f.   g.  A^,   An)e  ♦ If 

(2) 

thrn 

ri  A     0  ri 7*     jt 0 

(3) inr( ^ - g)   = raax(g* -  **) 
A A* 

If f and g are  closed and 

(4) 

(5) 

then 

ri A*  0 ri A* ^ pf 

min(f - g)   ■ max(g* - f*) 
A A* 

a 

■nm-imhii-tirln,.».... ■, ^■■■■.  ,...,■■■.-.■„.—.-.-..—-■ fgg^gjggg 
MMdMiM mmm 
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There  are we]1->;nown examples,   where neither   (2)   nor   (4)   holds, 

and   in  which  inf   (P) >    sup   (p),   i.e.  there   is  a  duality gap. 

One  i^uch example i^ the   following. 

ExajQlc   1     T?,   p.   181-183] 

-et ^     =   {(x,   y)   e   R2:   x = 0,   v   -  C} 

A^   =   ^(x,   y)   £   R2:   x   *  U,   y   -   C} 

i:(x,y)   =    . 
(x,y)   e ?] 

otherwise 

hi. n 

g{x,y) = < 

(x*,y*) = 

1     (x,y) E A and xy ? 1 

y<y   (x,y) e A2 and xy -5 1 

-OB    otherwise 

y* < 0 

otherwioe 

y*(x*,y*) - 

x* » o, y* = 0 

otherwise 

Th re fore 

infU - g) = 0 > -1 * s;up{g* - f*) . 

y. r.trong Fenchel ■ Duality 

For any subsets B-^ B . < f Rn such that 

(6) B.   C Ai, i  =   1,   2 

...,..,..„ ^-,^^-.   IIIMHII 
mmmam 
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I.et  us  dciote  the   followinj: 

f*   (x*)   - sup(<xT x> - f(x)) 
1 xeB 

g*   (x*)   -  inf(<xT x> - g(x)) 'B, 
xeB. 

B*  ^ dorn   f* B* A dorn g*   ,     B*  - B*  OB*. B B- 1       2 

Also  let   ( p;  B  .   B )   denote the  following problem 

( P:   B^   B2) sup(g*    -   fi ) . 
B*    B2 Bl 

When* ver  B,   * Ai»   and   B^  * A,  they are omitted   from t'.ie  above 

notation,   thus   .^  =   f*.   g       ■ g*.   (ft  Aj,   A2)   »   (P).     A pair  of 

convex  bubsets   (B,,   B )   is  called admissible  if  it  satir.ries   (6)   a nd 

(7) Bl  n  B2  * A 

An admissible pair is called strongly admissible  if  in addition 

to   (6)   and   (7)   it  satisfies 

(8) ri  B,   0  ri  B,  ^ 0. 

The   following result  is  an elementary observation  suggesting  the 

possibility of constructing duals   (P;  B.,   B,)   without duality gaps, 

Proposition  1 

Let   (f,  g,  A^,  A.) e $    and  let  (B.,  B_)   be an admissible pair. 

Then 

(9) inr(f - g)   » sup(g* -  f*  )   1 sup(g* -  f*) 
B*    B2      Bl A* 

I     I        ■!   m^tmmmm^tm t—mmmm ■■^MMMiMMM 
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proo 

From the   de 11 rut iom   of  f*     and g*      wc  derive 
B 1 'B- 

B 
(x*)   i <x*  x>   -     (x) x   e B   ,   x*e    1, 

u*   (x*)   t <x*  x>  - i (x) x   e B   ,   x* e    n 
B2 2        2 

.. nc c   • or  e very    x   e B    r  B    = A     and     x* c   B*, 

c*  {<*)   + t (x)   $<xt x>s   !  (x*)   +  r(. ) 
B B; 

,lp     y  ". IV-.' 

(x^    -   ,(x^   * q*   (x*)   -  f*   (x*)        x e   A,     x* e  B 
B Bi 

oro'irc.   that   •'■irpt   inequality  in   (9).    To ;.>rove  the   second 

Lfieiua 1 ity   note   that 

B     C A   ^    /       1 
1 

B, r  A,  r^ 
BI 1 

g;   * 9' B 

B* 
2 

1 
B, 

,:.-.-i\   .. t! nt. 

i*      -    f 
B B- 

S     g*   -   f* 

jnc 

B*  =>  A* 

'rom  which   iL   follov/^   t'iaL 

-up(gi - f* )      s   äup(g* - ;*) 
B*      

2      Bi A* D 
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A  juol problem  {9;  B,,   B«)   is called a strong Fenchel      dual  if 

(10) inC(F)     «    roax(p;   B  .   B ) 

£or every   (f,   c,  h  ,  A ) e ♦   ,    This property  is closely  related 

to the  strontj  admi^sibility of   (B^,   B2^ '   as  exPrefaSe^  in 

Proposition 2 

For every strongly admissible pair (B., B,),  the problem 

(P; B,, B.) ib a atrong FencheJ   dual. 
>   2 

Proo 

Tht admi-isibility of (B., B,) implies 

(11) 

where 

infr - g) - in£(f - g) 

A        B10B2 

f - f + 6(1»^ 

g ^ g - «(|B2) 

clearly 

(..,  9.  B^  B2)e ♦ 

moreo\/er,   by  the  strong adroibsibility of   (B^,   B2)   it   follows 

crom Fenchel's Duality Theorem that 

(12) 

but 

A A 

inf(f - g)  ■ roax(g* -  f*) 
BinB2 

f*  -  f*   ,     g*  -  g* 
B B2 

-      '■' ■"  ■ '  '  -   -■ '     -- -       --iniM^WMM 
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hence   (11)   and   (12)   implies 

lnr(f - g)     -    inax(g*  -   (;*  ) 
A B*    B2       Bl p. 

The existence of.  a strong}y admissible pair, i.e. the nonemptiness 

of 

A 
(13) S  =     {ail  strongly admissible pairs} 

is  illustrated  by the   following  simple  example. 

Exaraole   2 

Conaider  the pair 

then 

B       =     A, B2      =     A 

ß  = A C A , B  « A C A2, B1 0 B  a /y o ^ = A 

ri B n ri B2 = ri A 0 ri A = ri A ^ j2r 

hence (A, A) ir,  strongly admissible.  The fact ri A ^ ^ indeed 

holdü (in finite dimension spaces)for any nonempty convex set A, 

Note that Example 2 together with Proposition 2,   produce our 

irst strong duality relation 

ini(f - g)= max(g* - f*) . 
A A    A 

4.     Characterization of strong admissibility 

Lemma  1 

For  any  nonempty  con/ex  sets  S,   T c- R 

nriifinllif-'-'^^-1'^"" 
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(14) T    0    ri S     =    0 

i ;,   and   only  ii 

(15) s r\ T r. rbd S 

consequently 

(16) ri S n  ri T » J2f 

iF,   and  o   ly  i " 

(17) [S  n T c rbdS]  V  [S  0 T c rbd T] 

Proo': 

First note that the equivalence   (16)^^(17)   follows   Erom the 

equivalence   (14)<s=^ (15)   since 

[. i  S  0  ri T = |?]<^KT  n ri S ■ 0]V[E 0 ri T = 0] 

Indeed the  implication   (<^ )   is  trivial,  and the implication   (=^) 

follows   from the fact that the condition ri S 0 ri T »0       ^-is 

necessary and  sufficient  for proper  separation of S and T  (see 

[6,   Theorem 11.3]). Now,   if S n T ■ 0,   the equivalence   (14) <=^(15) 

is  trivial. 

Thus  suppode that 

(18) f  0 T ^ 0 

Let   (14)   hold.    Then 

(19) (S n T)   0 ri S ■   (S  0 ri S)   0 T - T 0 ri S ■ 0 
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..ince   (r  ^ T)   T E    it  follows   from   (19)   that 

SOTCs-riScclS-riS« rbdS. 

^uppo^e now that (lr)) holdü.  Clearly '   rbdS o ri S = J^ 

hence, by (5), (r o T) *  ri  s  = 0    and, by (19), T ^ ri L' = 0, 

Coroiiary 1.1 

The set S of all strongly admissible pairs is given by 

(20)  S = {convex pairs (B1 , B9) : A c B. r A• , A ^ rbü B. , 1=1,2} 

ProoP from Lemma 1 

ri -^ 0 ri B2 ^ 0 ^^ B  n B2 ^ rbd Bi    1=1,'' 

Nov/   LiK.   :«ict   [A   <" B.   r A. ,    i  =   1,   21   is   equivalent  to 

TB-L OB2 = A,   B.   rAj^    i=l,   2]     and hence the  result. 

D 
The   lollowing   lemma will enable  us  to  find an important  subset  of   S. 

Lemi'.Ki   2 

For  any  non-empty  ronvex  sets  Sf   T r- Rn and  any  convex   subsets 

P,   o   f-uch.   thr>t 

(   ') r o T - p r- r n äff(s n r") 

iJ'i) 5   n T ^ 0 - T  n  aff (S  0  T) 

— . —. i         ii   r ■ ,aMM^>>^<MM<>,aaMMiaMa^jMMMM,M,MMa,BalMaMMMMg|MBMiaaMMMIMMIM 
J 
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it   to!lows   that 

{21) 

Proo 

ri r 0 ri Q f< |2f. 

1^   C^)   in   false  then 

[Q ^  ri  P = 0]  V  [P  0  ri  Q = 01. 

Thu   ,   wiUi'.nit   ' ci^ß   o.   »jcneriility,   auppoi.-.e   that 

(:.M) Q o ri p = 0 

Thi---   \y.   cqui■,;?•■ iant,   by   .emma   ]   to 

P 0 Q r rbd 9. 

bitiCfc:   this  means  that p n Q  is  a  convex  sut. et o    the  relative 

boundary  of the  convex ^et P  it   follows   [Corollary 6.3.31  that 

(75) dim(P ^ Q)   <  dim P. 

on   h.h'    other  hand   (11) and   (12)   imply 

c   n T r- p  o  Q c   (f  ^  T)   n  a'f(F   ^ T) 

i'-b) S  "i T » P  n  o 

Moreo/er 

11. n. •    Ly   (.V)) 

dim r  ü dim  [E   n aff(S  " T)1  S 

$ dim aLrf(S 0 T)   ■ dira(S n T) 

dim(P)   £ Jim(P   0 Q) 

-'"••" ..-■■——.—.■  ■..- imnimmtmä m—m MMMMMHH 
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ntrodictinc   (/S).     Thuü   (24)   is   false.     Firoilarly 

P  n  ri Q ^ |2f 

Pro7im    (2 3) . 

:',(•.tatinq   Temiia   ^,   v..    ohhaln 

>.t 

P 

(:;7) 

con; 

r A   =   iconvtx pairt;   (B-, .Bo) :   A c B.   c A. n a ff A,   i=   , 2} 

on; i^tb   o       trontjii'   admioüible pairs,   i.e. \  c § . 

Remarks 

1.  P necessary condition (or   (B^, B2) to be strongly adrüssible 

r i ^ ^ r i P ,   i = i # ;" 
i 

ThI   -j'-lo  a     rf ^ thf. ;    --tion (see r^,   ("oroJ !.ary r-.B.7l): 

.^ " B. 
=^ ri A r: ri B. 

^ ^ rbd B 

".     '"hrrc   arr  pair->   (A^,  A,,)   for which A   = S,   buth as  the   prir 

C^,»   ^   )   ni'/'-ri   in   Fyamolr   ■, . 

Th< re  are  of course   -CUE   (^T,   A2)   for which A  ^S.   Consider 

'' -']'\<    A     =  ■>        re I-    in the plane.   A.,  «  ^  ;-• iiui   o'  tht- 

■ J   i    ■.     Th. n   (n,,    ix.)   --=   (n1(   A2)   cS     but    (B,,   P,)   /A. 

— ^-^^ , limitmltttlim ^^MMMMMMHMMIMaiaHHHHfli 
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i.     Ir 

A2n ri h1 ji 0 

then the ^et 

A 1 = { (Br B2) : A r- B1 r A1. A ^ B2 c A^ aff A} 

..t contalnuj in S (and, clearly, contains A). This fact follows 

actually »rom the proo^ of Lemma 2. 

ROC]' -< C ] 1 -"> 

^.  Some related retu'ts. 

ton ion oi" Fenchel duality 

r C, i;, a nonempty convex subset or Rn 

C„ is a nonempty convex subset oc R 

n 

m 

(??) \ f: R ^ R is a proper convex function, dorn f • C^ 

g: Rm ■»■ R is a proper concave function, dom g = C 

U: Rn ■*■ R®  ir a linear transformation with inverse u 

v.r.«re, for any f <- Rm 

M~]fe  ^ {x: MX   c S}    . 

Suppose   further   that 

(?9) -   " -1 

and 

^ -1 
C  = CT   ^ M   XC2  ^ 0 

(30) C- r Rang« N 

I    I ■!    II  ,^^mmmMmnm^+^^^mmmtmm MHMMUMMHM 
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I,et the  «et  of all   ( r
#   <],  H,  C]L#   C?)   satisfying   (28)   -   {.iu)   be 

Ifnot.*  i   by   Y. 

Cjn..i.Jei   I.lie  problem 

(31) in'-(f  -  aft) 

The   in.imum  is   tsken  effectively on  the   (nonempty,   convex)   aet C 

Mote  that,   there   ib  no   IOüS oi" generality  in  n. auming   (30),   lor 

if   K.   g,   M.   ^   A2)   satiofy   (28),    (29)   but  not   (30),   one   can 

con..i/'er  instead  o"   (31)   the equivalent problem 

(32) 

vherc 

and 

inf{(f - gM):     xe   C    0 M"
1
^^} 

g = g  -   6( I   range M) 

C    « dorn n 
2 

ClearJy  then 

(f. g.Ä, c . C2) e   Y. 

Rocka ellar   (see  e.g.   [6. Cor )llary  31.2.1]  and  [71)   proves  that 

f   (   ,   n,   M,   CT,   C.)   E   Y    anJ 

{") .-1 ri  C,   o  M"J(ii C2)   ^ 0 

Thon 

(34) inf(f  - gM)   - Max(g*  -  f*M*) 

where M*   is  the  adjoint o" M. 

>—i ^^^M^MHMMMMMMM J 
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Th(-  i. .nil?   o'  the pre yiou.   section can be  u.f.'d  here to derive 

the     oUuv. my. 

Thcorcn  "'. 

Let   (f,   c ,   M,   C   ,   C2) e    Y,   and   let D1 c Rn,   DC Rm be  any 

con.'r;;     uVoCts   aati- 'ying 

C r Di n c,,      C r M^D, 

C £ rbd  D 

(35) 

(36) 

(37) 

Then 

1 

C t M"1(rbd D2) 

('■H) in:(f  -  "M)   « max(q*     -   T*  M*) 
2 DT 

In  ,..-):tivU]ar,    (3R)   holi:;  ir 

(39) 
c c Dj ^ aff(r) o c. 

C c M"1D2 ^ aft(C)   H M"1C2 

Proo 

(40) 

(41) 

(42) 

(43) 

First we  collect  : one properties  of H"1 needed below, 

£  r T =*M~1S r- M'-'-T 

M~1(S ^ T) = M""^ 0 M"1? 

M-^S ~ T) = M"1S ~ IT^-T 

Ranjc M  ^ S,   s ^ 0 = >M" S  + 0, 

Finally   (se^  e.o.re,   Theorem 6.7]) 

- •■   -   -  —  ■■MIMaMMHi 
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(44) (rKM-^)   » M-1 (ri f) , 

1(M":LS)   - M"1(cl  S). 

Now,   by   (42),   (37)   i;:  equivalent to 

(45) C/M"   (r'   OJ   ~M-1(riD2), 

C0 r Range M,   by   (35)   and   (30) 

M-1()      D.})    fi 

Also 

0 ? ri Do  n D, 

Hence,   by   (43) 

(46) 

anj   Lhu. ,   by   (4<)   -   (46) 

(47) C   t ul(M"LD:)~ ri(M'1D2)   =  IVUM"  D   ) . 

It   'yii^v;-   that J-   = D.   and T = M"^^^  are  two or.bsets  o:   Pn 

^ti 'ying C ^ T = C (ty(35))and SOT/ rbd f, E ^ T / rbd T 

and hence, by Lfituna I, ri F ^ ri T / 0, or in view o; (46) and 

(44): 

(48) ri D1  n M"1 ri D2 ji 0. 

From  (3^)   it   follow.,  that 

int(f  - gM)   « inf(f - gM) 

where 

Clearly 

f Ä f  +   6( \Dl) 

rag-    5( jo,) . 

(f,   cj,   M.   D,,   D,)    €   * 

...M...,. ,„..     nil in utaaammttmitMttä aMa|^kMHia^HBaaaMHHia|||Hai 
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and  hence   (38)    follows   from  the  validity of the  regularity 

lontUtioHL.   (4n) .     Finally,    (39)   implies,   by  lemna   2,   that 

ri  D    ^  ri  M"^,   ft 0  whicn,   again,   by   (46)   and   (44),   implin:: 

(^.R),   pro/in-j  the   IcisL  a-^üertion of the  theorem. 

Th.    i   n iu-j^tc  o'j  ihr.   : \\m of  convex  functioru- 

Thcoiem  ? 

Let   (;',   -h,  A,,   A») r A   .     Then,   the  infimuro in   i:_    p h*    is 

attained and 

(49) (f + h)* -  f*   Q h* 
Bl B2 

o'      very   (B,,   B2) e   S    (sec   (20))   and,   in particular,    For overy 

("., .   B2) e   A    (   ce   (27)) 

Proo 

where 

(f + h)*(y*)   » sup(<y*,  x>  -   [.(x)   -i- h(x) 1) 

- -in-(f(x)   -  [<y*,   x>  - h(x)"!) 

-'-inf(f(x)   - o(x)) 

g(;0   = < y*,   x> - h(x) 

P 

Now,    (•,   (|,   A^,   ^   ) e 4)   ,   and   (B  ,   B )   are   t;tronjly  admissible 

(Corn 1 laric;.   1.1   and   ?.l),hence by proposition   2 

-inr(f - g)   m -max(g* -   r* ) 
2       Bl 

'""i   11 Imimugimi*ttimtmmimi^täimmmllitm0gtlm mmam mmam 
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A  üimpic calculation  t>hows  that 

y*   (>:♦)   = -h*  (y* - x*) 

SO 

(f + h)*   (y*)  ■ -  inC(f - g)   « -max(c;* -   r    )   » 

= -max(-h*(y*- x*)   -  f*   (x*)) 
Bl 

=  .ninC   *   (x*)   + h*   (y*  - x*)) 
Bl B2 

B2       B] 

^\n\2)(y*) 
a 

Theorem 2 generalized   [b,  Theorem 16.4^.     The   "in  ima>   ccn- 

vuiution   rormula"   ( i«?)   wat    cirst obtained   ^   Fenchel   [7"].     See 

also   [7]. 

The  üubdifferai tial of the  sum of convex functions 

Let f be a  convex  function,   and S a  subset of dorn f.    Consider 

for x   e S,   the  ^et  ^cf(x)   off all x*  e Rn  such that 

f(z)   *  f(x)   +<x*,   z - x>  , V i:   e f 

■7c   wricc   ^f(x)   for   >, Hx),   thus actually 
Jom   i.    * ■* 

^sf(x)   =  >(f(x)   +  ö(x|S)). 

Theorem  3 

^et   (T,   -h.   A.,   A_)   e   $   .    Then 
i       c 

(50) *U + h)   -   >Bif(x)   +  ^B h(x) 

or  < jury   (B^,   B2)   e   S  ^nd,   in particular,    for  eyrry   (P,,   B,,)   E  ^ 

 »— 1    II».    1        1 11   HMMJ^JMM—aM^—M——■ MHaMHMMMMMMi ■MflMH 
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Mf + h)   -  Ä
Al0 A2(f + h)   -  ^0 B2(f + h) 

f - f +   ÄlB^ 

h = h 4    ä(|B2) 

the   la^t  »quality  is   justified by the  fact that   (Bj,   P^)   are 

admi&sible.     NOK,   since   (f,   h,   B,,   B )  e  ♦   and   (B,,   R.,)   art 

trongly admis^iblf,   it   follows  that   (see   [6,   Theorem 23.81 

but >f = >  f 

^B 0 B (f + h) - ?>f + >h 

^h = >„ h  and hence (50) follows. 
B2 D 

5.    A special result  for the  strong Fenchel«' dual   (F; A.  A) 

It was  shown  in Example   2  that   (A,  A)   is  a  strongly admissible 

pair,   and hence 

(51) inf(f - g)   « roax(g* - f*) . 
A A        A 

The  following theorem adds to  the validity of   (50)   an explicit 

connection between the optimal  solutions of   (?)   and(P;  A,   A). 

The  proof does not rely on Fenchel1 s Duality Theorem,   or  its 

traditional proofs(  e.g.   [61,   [7],   and  [4])   and in  fact does not 

utilize  ueparation arguments.     This  is significant   in deriving 

generalizations of   (5l)   for  nonconvex functions. 

aMMMMMUHLaMaiH MMMMMHMaMI MflMMH 
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Tbeortm 4 

L-t   (r.   n,   *   ,   ^9)  E  ♦   and  suppose  .further   that   r,  g e   C.1, 

Let  xeA be an optimal   solution of   (P) .    Then any x* belonging 

to  the   interval 

[VKx).  7gx] 

i.      n  optimal    .ojution  o     (p ;  A,   A)   and   (51)   iü   ^alid. 

Tron 

Since   f   i:   convex  on A,,   it  satisfies  th    gradient  inequality 

. (x)   »  "(x)   +   <x - x, yf(x)> x  e A 

and hence,   in partic.lar 

(52) f*(7f(x))   -   <Vf(x).  x>  -  f(x)   t   <7f(x),   x>  -  f(x) ,     xe   A 

and 

(53) <Vf{x),  x -  x>g f(x)   - f(x), x e  A. 

nei.^   sary  condition   iror  x   to solve   (P)   is   (see  e.g.   [4,   Theorem 2, 

...    1751) 

<Vr(")- Vq(x) ,    X-X>>?0 XEA 

or   i.";r rr mginy  term: 

(54) ^(x).   x   -   x>«    ^(x),   x  -  x> XEA 

(53)   with   (54)   imply 

<7.i(x),   x  -  x > •«  f(x)   -  r(x) 

 • — ■———^»—~^— 

1 
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i.e. 

(55) 

<V<j(x), x> - f(x) ? <79(x), x>- f(x)    x e A 

fM7y(>«^ • <vg(x). x> - f(x) A 

But, iimiltir to (52), 

(S6) 3*(Vg(x)) « <vg(x), x> - g(x). 
A 

Now, (55) and (56) show that 

(57) f(x) - g(x) - gM7g(x)) - f*(7g(x)). 
A A 

Since (see Proposition 1) 

f(x)- cj(x) > g^(x*) - f*(x*)    for every 3* 

it  oilows from (56) that x* ■ 7g(x) is an optimal solution o.' 

{V,   A, A), and that (51) is valid. 

Similar to (57), it can be shown th^t 

f(x)- n(x)= g»(7f(x)) - fR(7f(x)) 
A A 

which proves that x* = 7f(x) is also an optimal solution of 

(ft A, A). 

Finally, (ft A, A) being a concave program implies that its 

-oJuLion et i~ convex, and hence every x* e [7f (x) , 7g(x)] is 

n optima] solution. a 

UM  ^  ■     ■ II    I I IlllllllÜiifii mmmmilm iMMMMMMMMMMMMMiMI 
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Corollary 4.1 

Dual program {V;  A, A) has a unique optimal aolution only i^. 

primal problem (P) has an optimal solution which is a critical 

point of its objective Junction. 

Proo- 

Let x be an optimal solution of (?) .  If (V;  A, A) has a 

unique tnaximizer, it follows crom Theorem'4 that Vf(x)" Vg(x) 

i.e. V ;(x)- Vg(x)= C, hence x is a critical point. 

Theorem 1 is illustrated in the following 

Example 3 

Let f and g be, respectively, a strictly convex and a strictly 

concave functions:  R ->• R such that f - g is strictly monotone. 

Let dom f D dom g = [a, b] (a < b). Clearly then 

rain{f - g) » f(a) - g(a) 
[a,bl 

and,   t'urtnermore,    "'   is  strictly  increasing,  g*   is  strictly 

decreasing  and   '•  >  g'.     Hence 

(58) g'(b) <   g'(a)  <   f • (a)  <   f ■ (b). 

Let L denote the Legandre transform of h, i.e. 

Lh(x*) ^ <x*, h,"1(x*)> - h(h,~1(x*)) 

D 

By the calculu..; then 
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(59)    f*(x*)=    J 

ax*   -   £(a) 

Lf(x*) 

bx*  -  f(b) 

-• <   x*  s  "• (a) 

f (a)   « x*  *     ' (>) 

f (b)   « x* <   -^ 

(60)   g*(x*) 
A 

f bx*  - g(b) 

Lr,(x*) 

g(a) [ ax*  - 

-» <   x*  * g'(b) 

g'(b)   « x*  < '^'(a) 

g' (a)    < X* <   «e 

Combining  the   information in   (58)   -   (60)  we derive the graphical 

representation of the dual objective  function  jfc  - f*   (see  figu*^  1) 

fr  m which the conclusion a of .theorem 1 are evident. 

gA        rA 

min(^-g)   = f(a)-g(a)    ,- 

slope 
(b-n)   > 0 

g'(b) 9'U) f^a) 
» 

solution set 
of the dual 

FIGURE 1 

f (b) 

slope 
(a-b)< 0 
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