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OBJECTIVE

Study and contribute to the advancement of integrated optical circuits (10Cs) and
fiber optics and their application in communication systems. Emphasize applications in
Navy and other DoD programs in aircraft, shipboard, and other systems.

Contribute to and evaluate the state of the art in material and device techniques for
the fabrication of 10C devices such as couplers, switclhes, and modulators. Determine the
feasibility of employing fiber optics and 10C technology in military applications such as
high-capacity (multi-GHz) telecommunications and secure (nonradiating and radiation
resistant) communication systems.

RESULTS

1. Single and multimode optical fibers of specialized shapes for optical integrated
circuit interface applications have been successfully drawn.

2. Horn-shaped structures, for efficient coupling of light between fibers arnd optical
integrated circuits, have been analyzed and samples fabricated.

3. The mathematical theory of periodically distributed perturbations or optical
waveguides has been developed and applied to distributed feedback lasers, couplers, and
mode converters.

4. The power requirements for the fabrication of channel optical waveguides in
glass by cw laser heating have been characterized experimentally.

RECOMMENDATIONS

l. Develop masking and photolithography for the fabrication of single-mode chan-
nel optical waveguides.

2. Develop low-loss single-mode glass fibers, 1-3 km in length.
3. Develop optical interconnections between waveguides, fibers, and lasers.

4. Develop optical integrated circuit elements such as waveguide couplers and
electrooptic modulators.

5. Provide continued support to the development of continuous room temperature
laser diodes.

6. Develop electronic drivers for electrooptic switches, modulators, and detector
amplifiers.

7. Assemble an 107 breadboard demonstration system incorporating the low-loss
fibers, laser diodes, and integrated optical circuits developed in this program.

ADMINISTRATIVE INFORMATION

The work reported here was sponsored by the Advanced Research Projects Agency,
Material Sciences, Arlington, Virginia, under ARPA Order 2158, Amendment |: Program
Code 3010: Contract F215.01; Element 61101E (NELC F215). Work was performed from
1 October to 30 December 1973. Principal investigator was D. J. Albares of NELC Electro-
Optics Technology Division (Code 2500); associate investigators were W. M. Caton, D. B.
Hall, W. E. Martin, T. G. Pavlopoulos, and H. F. Taylor of Code 2500, H. H. Wieder of




Electronic Materials Science Division (Code 2600), J. H. Harris of the University of Washing-
ton, C. Yeh of the University of California at Los Argeles, and R. B. Wilson of the Hughes
Research Laboratories, Malibu, California. This report was authored by Caton and was
approved for publication 17 September 1974.
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INTRODUCTION

The fabrication of mimature solid-state opiical components and thin-film waveguides
to interconnect them on semiv>nductor or dielectric substrates is becoming feasible with tne
advancement of such disciplines as the materials sciences, quantum electronics, and guided-
wave optics. Integrated optical components — sources, detectors, modulators, and various
coupling elements — on one or more tiny substrates w Il comprise systems much smaller in
size nd weight than optical systems employing discrete components. The new systems will
be nuch less susceptible to environmental hazards, such as mechanical vibrations, extremes
in temperature, and clectromagnetic fluctuations. because of their small size and high pack-
aging density. In addition, wideband active components, such as waveguide electrooptic
modulators, will be able to operate at very low power levels because of the small dimensions
involved.

Integrated optics will perform a number of functions in the area of optical commu-
nications. They include rapid modulation and switching by guided-wave elements using
applied fields to generate small electrooptic or magnetooptic index changes, coupling, filter-
ing of signals, light detection by p-n junctions or other structures in thin films, and light
generation by thin-film laser elements.

Guided-wave optical components have found an important potential use in the area
of optical communications because of the recent progress in the fabrication of single-mode
fiber-optic waveguides with very low losses. Fiber-optic waveguides with losses as low as
4 dB/km at 0.85-um and 1.06-um wavelengths (for GaAs and Nd-YAG lasers, respectively)
and with single-mode fibers having anticipated bandwidths as high as 10 GHz for a 1-km
length immensely widen the horizon of optical communications. However, devices must be
developed to couple energy efficiently with the fibers and to process the optical information
efficiently at rates approaching the bandwidth capacity of the fibers.

Another promising area is in fast, high-capacity, high-density multiport switches for
interconnecting networks.

Fiber-optic waveguide systems offer significant advantages for military information
transfer, both immediately, with discrete components and multimode fibers, and in the
future, with single-mode fibers and integrated optical elements. These advantages include
freedom from electromagnetic interference (EMI), elimination of grounding problems, and
increased security (no signal leakage), as well as the potential for large savings in size, weight,
power consumption, and cost. In addition to high-capacity point-to-point communications,
a major interest in integrated optics from a military standpoint is the potential for imple-
menting a fiber-optic-transmission-line, multi-terminal (data bus) multiplexing system
through low-loss coupling and modulation elements. This will provide isolated-terminal,
redundant information transfer, thus facilitating the truly modular (including distributed
computer) command control and communications system.

The objective of the program reported here is to advance the material and device
physics of integrated optics for military applicatinns, to establish in concert with other Navy
and DoD programs a continuing assessment of systen: requirements and cost benefits for
R&D investments in each application area, and to produce prototype optical elements and
subsystems that are aimed at satisfying these requirecments. The work on the program that
was performed at Naval Electronics Laboratory Center (NELC) and on contracts adminis-
tered by NELC was in the areas of integrated-optical-circuit (10C) applications assessment,
materials for 10C devices and substrates, pattern fabrication, theoretical analysis, compo-
nents, and system concepts.

> Preceding page blank




Experimentally, effort continued to be centered on the fabrication of 10 compo-
nents, such as optical waveguides and waveguide modulators. The reason for this concen-
trated effort in novel fabrication methods for optical waveguides and derived structures is
that the employment of 10Cs will be of practical interest only after inexpensive fabrication
techniques have been developed.

I. THEORETICAL ANALYSIS OF DISTRIBUTION NETWORKS AND
ELECTRICALLY CONTROLLABLE COUPLERS FOR INTEGRATED OPTICS

Thin-film and channel-waveguide optical couplers will be important integrated optics
components. Applications cf these couplers in optical networks, modulators, and
multiple xers/demultiplexers would be drastically increased if the coupling were dynamically
controllable by an electric signal. Electrooptic substrates can be used to control the cou-
pling coefficient between two waveguides, but such a scheme would be inefficient because
of the upper limitation on the change of the refractive index of existing materials that could
be achieved with a reasonable voltage. A study of the power distributions (in a network of
N parallel guides) as a function of the distance from the input plane has shown that electri-
cally controllab!e couplers are feasible.

SYMMETR.(C AND NONSYMMETRIC OPTICAL NETWORKS

T et us consider N identical optical waveguides with K being the coupling coefficient
between two neighboring guides. The field E, in the nth guide is determined by the system
of equations:

dE,

= - iKEpy) -iKEy) for 2<n < N-1

d—zl=-iKE2

dEy
dz ='IKEN__l

where we have neglected the direct coupling between nonneighboring guides. If the input
light is fed into the mth guide, then the normalized initial condition is:

] for n = m
Eq(0) =
Ofor n #m

The above system of equations can be written in matrix form as follows:

d
ak-M

E(0)
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where £ = Kz and
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0 1 0....0
1 0 1,,..0
M=-ilo 1 0. o
e =,
0 .1 -0

Equation (1.1) can be solved by determining the eigenvalues and eigenvectors of the matrix
M. For N = oo, the solution of equation (1.1) are the well known Bessel functions:

Ey = (inmly ep

For N finite, the solution can be determined in a straightforward manner with a digital com-
puter. In figure 1.1 we present the power P,, = E E* for a number of configurations
(N=2, 3, and 5) with different input conditions. These various configurations can be used to
perform a number of functions in optical networks. Some of the possible applications are
shown in figure 1.2 and discussed below.

Figure 1.2(a) shows an energy transfer function configuration. Complete transfer
occurs if the coupling length is an odd integer of #/2K (see fig 1.1(b)). Figure 1.2(b) shows
an energy divider configuration. The input energy is equally and completely divided be-
tween the two outputs if the coupling length is 7/2K /2 (see fig 1.1(c)). An elementary
logic system isshown in figure 1.2(c). The two inputs A and B are in phase, and the output is
given by the truth table. Figures 1.2(d) and 1.2(c) correspond to energy transfer from two
inputs to two outputs, where the useful information is the amplitude or the frequency of
the signal (assuming that the two frequencies w1 and w2 are not very different so that K is
approximately the same for both). Figures 1.2(f) and 1.2(g) represent a possible configura-
tion for an electrically controllable coupler or switch which is discussed in the next section.
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Figure 1.1. Power distribution in coupled optical networks, Py, is the power in the nth guide
as a function of the propagation distance z. K is the coupling constant between neighboring
guides. Nonneighboring guides are assumed to be uncoupled. For the case where there is
more than one input, these inputs are assumed to be in phase.
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ELECTRICALLY CONTROLLABLE COUPLER

The basic configuration for an electrically controllable coupler (ECC) is shown in
figures }.2(f) and 1.2(h). The two permanent channel guides are imbedded at the surface
of an electrooptic substrate. They can be formed by proton bombardment, ion implanta-
tion, diffusion, or other techniques. The two guides are so located that the direct coupling
is very weak. In the region between the two guides, a third channel of finite length is
dynamicaliy generated by applying a voltage to the two electrodes shown in the figure.
The resulting electric field generates a local change in the refractive index. This control-
lable channel plays the role of a bridge between the two permanent guides. The electrodes
should be located so that the cross section of the dynamic guide is similar to the cross
section of the two permanent guides.




The power distribution as a function of the propagation distance in a three-guide
system, where the energy is fed in the first guide, is shown in figure 1.1(d) and is given by
(from equation 1.1):

Py (2) = ;—[cos(K\/iz)+ l]2 ,

Py@ = 3 sin(KvVI2)?
and
Py = 7 loosKVID)- 112

where we assume that the direct coupling coefficient K’ between the iwo permanent guides
is << K. Complete energy transfer between the two permanent guides occurs if the control-

lable channel has a length L = 7/KV2.
In the absence of the bridge channel, the power distribution in the two permanent

guides is:

P} (2) cos= (K'z)

and

sin (K'z)

P} (2)
and the energy transferred over the length L is

7 K'
AP = sin2 [ —17) -
(x/i")

Therefore. the dynamic efficiency of the coupler can be defined as:
KI
n=1-AP = c052<-\/£_2'?)
The analytic expression of the couphag coefficients was derived by Marcatilli* as:

2526 exp [-6(D-a)]
SZ + 62 Ka

K =

and

2528 exp [-8(2D-a)]
52 + 62 Ka

K' =

where “*a” is the width of each channel, D is the distance between the center lines, K and s
are respectively the propagation constants along, and perpendicular to, the propagation

*Marcatilli, E. A. J., “Dielectric Rectangular Waveguide and Directional Coupler for Integrated Optics.”
Bell Sys. Tech. J., v 48, p 2071-2102, September 1969.
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direction in the coupler plane, and & is the exponential fall off between the guides. The
above expressions were derived from well-confined modes, but they may be used as a good
approximation in the general use. Using the above expressions of K and K’ we can express
L and n as:

9 )
mos* &
L 3 WKJ exp [6(D-a)]
and
B pa
n = cos [\/5 exp (—45D)] .

We carried out a numerical study of the simplified coupler scheme shown in tigure 1.3(a),
where the guides are thin-film layers. 7| is the index of refraction of the substrate and vis
the percentage increase generated when a voltage is applied. 7 is also taken as the percentage
index increase in the permanent guides. In figure 1.4 n and L/ are plotted as a function of
a/A for a fixed value of D/a, where X is the optical wavelength in vacuum. It is clear that
high efficiency (7 2 90%) is possible at high frequencies, and larger values of 7} or v lead to
a wider region of high efficiency. On the other hand, the value of L/ increases with a/\.

To illustrate, let us choose N1 =3.5,7=0.001,and A= 1.15u. For an efficiency of 90%,
then,

a=23u,D = 345pand L = 304u .
An efficiency of 99% can be achieved if
a=23u,D=S5luandL = 920u .

For shorter wavelengths, the above numbers are proportionally smaller. In figure 1.3(b)
another scheme for an electrically controllable coupler is shown.

t1
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Figure 1.3, (a) Simphfied ECUC for thin-film guides. v is the percentage
change of the index of refractioz in the permanent guides. 7y 1s also
taken as the percentage change due to the electrooptic effect.

(b) Another possible configuration for an ECC.
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CONCLUSION

The above results show that some simple structures can be used to achieve efficient
dynamic switching over relatively short distances. The dynamic coupler may play a central
role in complex optical networks and multiplexers/demultiplexers. A scheme for a four-
channel multiplexer/demultiplexer is shown in figure 1.5.
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Eigure 1.5. Possible configuration for a four-channel optical demultiplexer.
The dashed guides arc electrically controllable.




2. THEORETICAL INVESTIGATION OF MODE CONVERSION IN
PERIODICALLY DISTURBED THIN-FILM WAVEGUIDES

Periodic structures have a wide range of application in active and passive optical thin-
film structures. Their stop-band, pass-band characteristic can be used for disturbed feedback,
filtering, and coupling. Their space-harmonic characteristic can be mainly used for phase-
matched nonlinear interactions and for coupling to drifting electrons in a thin-film
semicond uctor.

The case of coupling between nonidentical modes has been analyzed for the effi-
ciency of the mode conversion and its use for mode generation, filtering, and distributed
feedback. This analysis is applicable to higher-order mode feedback in a DFB (distributed
feedback) laser operating on a lower forward mode. Such a scheme is sometimes more effi-
cient than when the feedback and direct waves are in the same mode.

The three important types of periodic structures analyzed are periodically inhomo-
geneous thin-film guides, periodically inhomogeneous substrate guides, and thin-film wave-
guides with periodic surfaces. All these structures are technologically feasible.

WAVE SOLUTION AND BRILLOUIN DIAGRAM

Electromagnetic waves can be guided in a structure which consists of a thin-film
dielectric of relative permittivity €| imbedded in a medium of relative permittivity €7 <e|.
For 4 transverse electric guided wave the field expression is

E = gy Cu(xyexp (ik 2) (2.1(a))
cos (sx)/cos (sL) (even modes, |x| < L)

o) & sin (sx)/sin (sL) (odd modes, |x| <L) (2.1(b))
exp (6L - 8}x]) (even modes, |x| = L)

sign (x) exp (6L - 8|x|) (odd modes, |x| = L)

where 2L is the waveguide thickness, C is the field at the boundary, and s, 8, and k are the
components of the wave vector. These wave vectors are related to the frequency w/2m by
the dispersion relations

k2+s2 = e k? (2.2(2))
k2- 82 = e5k? | (2.2(b))
and
tansL (even modes)
8§ =5 , (2.2(¢y
- cotansL (odd modes)

where k = w/c. The above relations have multiple solutions which correspond to the differ-
ent modes.

If the optical guide is periodic, the ficld consists of an infinite number of space
harmonics of longitudinal wave vectors

Kon = np+nK , (2.3)
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where p is the mode index, n is the space-harmonic index, K = 27/ A where A is the pertur-
bation period. and Ky, is to be determined. The corresponding Brillouin diagram consists ot
an infinite number of *‘subdiagrams.” each identical to the diagram of a homogencous thin-
film waveguide. Strong phase-matched coupling occurs at the intersection poirts between
different harmonics, leading to reflection or mode conversion. Two types of coupling could
oceur’

1. Codirectional, in which the group velocities of the two coupled harmonics are
parallel (fig 2.3(a)). In this case the energy is transferred back and torth between the two
harmonics.

2. Contradirectional, in which the group velocities are antiparaliel (fig 2.3(b)). In
this case. there is a one way energy transter.

MODE CONVERSION IN A PERIODICALLY INHOMOGENEOUS GUIDE

Consider the case of a periodicaily inhomogencous guide imbedded in a homogenc-
ous substrate, where

€ylz) = €l + 7 cosK 7) with <1 (2.H

and

€~ = constant
Without any loss of gencrality, we consider the interaction between the n = 0 space harmonic
of the pth mode and the neighboring n = *1 space harmonics of the q‘h mode. The phase-
matching condition is

Kpt'(q =K. (2.5

The + and - signs correspond, respectively. to the contradirection.t and codirectional inter-
actions. Let wpg be the frequency at which this condition is satisti_d. For n small, all the
other space harmonics can be neglected.

To understand and tormulate the co phing mechanism. let us consider the p“‘
wave of frequency w = wyg + Aw. The cor.esponding eleetric Field can be written as

mode

oo = Cpo Upo! XD exXp (i Ky (2.0)

where K'p =Kpt Ax.and “'po (x) is given by equation (2. Hb) with' s and 8 replaced by
Sp=spt Asp. and 8}, = 6, + A, respectively, The terms kp. sp. and 8, correspond to the
homogencous guide, and Ak, A\p. and ASP are small perturbations caused by the inhomo-
geneity. Due to the presence of the periodic component in the diclectric constant (2.3),
spatially periodic convection current 3 is generated:

J

¢

- iwn €€y vos (K2 l:'l‘”

. f()cl(. ' T i
TN T po Upo (N Ny fexpi K|

8 K'n+cxpi(x'p-K)/| . (2.7)

where hix) = 1 or x| < Land hx) =0 for |x] > L. This current will excite the two neigh-
boring space harmonics. Letus consider the case of contradirectional tongitudinal phase

16




matching. Then a backward q‘h mode wave liq‘_l will be exened. However, to determine
the effective excitation current for the new Q¢ mode, the current J . has to be expanded as

a function of the transverse modes:

‘ = b ' . 0
upo(x) h(x) = z i uj(x) .
)

(2.8)

and only the term 3'pj has to be taken into account. This corresponds to transverse phase

matching. The expansion coefficients a’; are given by
P

+o00 400
* %
uj(x)uj (x)dx / uj(x)uj(x)dx
=00

-00

+o00 +L
/ u;)(x) h(x) uj*(x) dx / u'p(x) uj*(x) dx
" i = -L
dpj

Now the corresponding wave equation is

AL w? €| : i
[a_,(:+£;5- +e| ? Lq‘_| = -nT?CPO apq uq(x)c

for x| <L, and for x| > L we replace €) by ¢, in the parentheses.
expression similar to equation (2.6), we get

9

9 9 w* o ’
[(sq+Asq) +(xq+Ax) -€) c_z](q’-l uq(x)

w i, + k. -K)z

= 7 m . TP tq
n 3 (,'lm.npluq(x)c
for |x| < L and

[—(6q + Aaq):2 +(Kq + AK)2 —62 —1](‘(“_] u&(x)

¢

i(x;,+ Kél -K)

(xp-n)z

! 4

(2.10)

Replacing Eq‘_| by an

for [x| > L. Using the dispersion relation rr the unperturbed case (2.2), neglecting second-
order terms (small term x uj; = small term x dq). and expressing Asg and A6q as functions
of qu and Aw by differentiating equations (2(a)-2(c)). equations (2.12) and (2.13) reduce

4
R AR 0 C
= n T (—‘K—q Jpq p‘O )




where, for the even modes:

) .9 4
5 x Wpq ) 6qL+ sin (sgL_)+€ cos (sgL)
q oK ! SqL+ 1 2 SqL +!

q
and
/ L ! . 28q cos?'(sqL) g
Pq 65.+6 )(1+48,.L)
pq T ° _;l;+oo—_ S > )
. 8pL+ sin"(spL)
[w Ugllq T 5pl_ P=q

For the odd modes. the sines and cosines must be exchanged.
At the same time, the qlh mode generates a convection current which excites the

pth mode: therefore. the coefficients Cy -y and Cp g are also related by

Ak Aw . Yl Yw 2
[--E‘:i' BP —(—‘)—] CP.O = n"s (:K_‘;) “qp(‘q.-l B (2‘4)

where B, and ap are equivalent to Bq and apq with p and q interchanged. Thus, to satisfy
equations (2.1-4) and (2.15), we must have

= - 2vi_opna2 "
X = (a, aq)Yi\/(ap+aq) Y2-nhyZ, (2.15)
where
xt = AKD/K LXT 7 Akg/K Y = Awlwpg
IKiI
o =-2—K-Bi with i = p.q
€ 2 u, i
Y -1 [patap
Tpa~ 3\ ¢) K lxp qu ’
and
Kq = - kgl

The term X corresponds to the normalized change of the longitudinal wave vector when the
operating frequency is equal to wpq ( } +Y). The characteristic of the above solution is that
the longitudinal wave vector is complex in a frequency band (called stop band) centered at
and of total width

Q =2y Wnq 7p(}/(°‘p+ aq) .

and the imaginary component of the wave vector has a maximum equal to

“pq
(2.16)

M= nKypq (2.1




The corresponding Brillouin diagram is shown in figure 2.1(b). In figures 2.2 and 2.3 we
plotted the two parameters £/wp, and 1/MX as a function of L/X for mode conversion (or
mode coupling) from the forward basic mode to the backward basic and second even (p=2)
modes. X is the wavelength in vacuum.

As would be expected from physical reasoning, the value of 1/MA (attenuation or
coupling length) is l1rge near cut-off because most of the energy is in the substrate where no
coupling occurs. As the frequency increases, more optical energy is enclosed into the peri-
odic guide leading to stronger coupling (1/MX smaller). This trend continues for the 0-0
mcdes coupling. However, for the 0-2 modes coupling, after a certain optimal frequency,
I/MX starts increasing again because, at high frequencies, the overlap term dpq goes to zero,
leading to weaker coupling. The coupling bandwidth behaves in a reverse manner. It should
be pointed out that no coupling occurs between an even and an odd mode because a

i pq
vianishes.
In the case of codirectional interaction, the solution for X is
= _ 2v2,..2.2 5
X (ap+aq)Yt \/(ap aq) Y“+n Tpq (2.18)

and the corresponding diagram is shown in figure 2.3(a). In this case there is no stop band,
but the energy is transferred back and forth between the two modes. The characteristic
energy transfer length qu is given by

qu =n/2M ,

which can be determined from figures 2.2 and 2.3.

If only one boundary is perturbed, then the above results are still valid with n
replaced by n/2. However, in this case, even-odd coupling can also occur.
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Frgure 2. 1. Interaction regions between two space Iarmonies:
(a) codirectional interaction; (b) contradirectional symmeiric
and nonsymmelric interaction.
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MODE CONVERSION IN A HOMOGENEQUS WAVEGUIDE WITH A PERIODIC i
SUBSTRATE !

The same method used zbove can also be applied to the case in which the waveguide
is homogeneous and the substrate has a periodic dielectric constant. In this case, the source
convection current is in the substrate, and equations (2.16) and (2.19) are valid with Tpq
replaced by

€ 2 b, b
; g =_3(2) L, [2pa’qp S5}
4 ¢, K IKp qu
where
-L +o0
/ u u*J/ u
C u C
S LA L L i l_-, 26q cosz(sqL)
Pq +oo (6,+8,)(1+5,1)
. pi*Og) (18,
Uqlq
We cemark that for p # q:
€5
= — 79
Mg e,’Pq . (2.20)

This is an important result, because it means that for € very close to €, the coupling be-
tween different modes does not depend appreciably on the fact that the periodicity is in the
guide or the substrate. In figures 2.2 and 2.3 we plotted the corresponding vatues of /w
and 1/MX. For the 0-0 coupling, 1 /M increases with the frequency, because the energy
tends to concentrate into the guide leading to weak coupling. In the case of the 0-2 inter-
action, the coupling s nlso weak (1/MX large) near the mode 2 cut-off, because its energy

is very thinly spread into the substrate, and the overlap integral bpq with the 0 mode is very
small.

MODE CONVERSION IN A HOMOGENEOUS GUIDE WITH A PERIODIC BOUNDARY

The coupling strength and bandwidth have been determined by using an excitation
surface current to represent the surface perturbation.

Consider the pth mode wave of frequency w = wpg t Aw. From Maxwell's
equations

L s

The surface perturbation is equivalent to a surface current, J;. on a'straight boundary, which
is related to the fields by

/l_i =—ieoelw/ﬁ+st . (2.22)
4 $ $

A T — T | T S .
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Figure 2.4. A surface perturbation could be replaced by a surface current.
The above two equitions imply that
~
I, = -iggtey -e:)wj =
S S
Jar = -i€gley —€x)w Ax Az k|
x=1L
which gives the value of J (using Ax = L cos K2z)
1, = -icgnl o8 1K2) g P .23
¢ - ~l€gm (ei-ez)wm.\t Z) po © . (2.29)

This surface current could be phase-matched with the neighboring space harmonics. lror the
case of contradirectional phase matching (2.8). a backward ql ! mode is excited. The bound-
ary condition for this new mode is

Hx=LH-Hx =10 = 1 . (2.24)

where J gy is the component in phase with the generated wave. The above cquation gives

¢

€ -€+ [woa\
[ S l & [Kl <
Is:] tan (sqL) -6:‘| Cqmi =03 L( ) Cro (2.25)

for the even modes. For the odd modes. the tangent must be repiaced by minus cotangent.
At the same time, the g™ mode excites the pt mode, leading to a refation simifar to equa-
tion (2.25) (with p and q exchanged), which then implies that

€ -¢€ 2 fwo\
[] U [] U L X ] — i - : p(l
Isq tun.sqL-éql lsp tan.spL-ISpl = (n 3 L) ( C ) . (2.20)

This relation replaces the boundary condition (2.2(c) of the homogencous guide, and 