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PARAMKTRIC SCALING LAWS 

Part II:  A Computer Model for Deriving the Performance 
Characteristics of Saturation-Limited Parametric Sonars 

F. H. Fen Ion and J. W. Kesner 

SUMMARY 

The purpose and significance of this ARPA sponsored report Is 

to provide a detailed description and listing of the computer programs 

developed to compute the amplitude, frequency, and angular response 

characteristics of parametric sonars, from an analytical model developed 

In Part I.  Technical results Include -xamples of the performance 

characteristics and beam patterns generated by the program.  Implications 

for further research would be to work backwards from the asymptotic far- 

field solutions derived in this report to compute the range dependence 

of the entire spectrum throughout the nonlinear interaction zone via the 

paraxial wave equation. 
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I.IST  OK  SYMBOLS 

p dens It v of   tin" iiu-dium o 

c small   sh-.nal   speed  of   sound 
o 

I-  »   1 +  (B/2A)                lonlinear  par;innH'r    for   liquids 

- -=-(1 -f  C  /C  )            In gases 
2 p    v                   0 

i! A.   B 

• t , c 
P       v 

r   .r'   -  r   (f   /f   ) 
CO          o     o     - 

! 
^.(1=1.2) 

fo " K*!* 
ft-fl  *  f2 

[ ki-  2nfl/co.a.l 

k   - M /c o             o    o 

1 Poi.(i"1.2) 

I - a/f2 

a 

3^(1-1,2) 

a
± 

X  '   (al4'J2-1±) 

aT  =  1, 

o 

ro"   ».Vc 

first and second-order coefficients in the equation 
of state 

specific heals at constant pressure and constant volurn- 

Raylelgh distance, and end-fire truncation distance 

primary wave frequencies 

mean priroarv wave frequency 

sum cr difference frequency 

nrimary wave numbers 

mean prlmarv wave number 

rms prlmarv v/ave amnlitudes at the source 

nondispersive thermo viscous attenuation parameter 

attenuation coefficient 

prlmarv vave attenuation coefficients 

sum or difference-frequencv attenuation coefficient 

comhined attenuation coefficient 

mean primary wave attenuation coefficient 

mean primary wave acoustic Rrvnolds numher 

id/'. 
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2 
I oi    I   O     O   r 

-      ■    /       2 
0    »  Bp r k /p c 

o 'o o o    o o 

i - ijCv«'e 

4«   -  F^Ca^)   e 

llTro 

T  o 

1 + 

1.(1) 

UtieU/li*) 

dx 

Df(0) 

it(e) 

b.«)) 

DI 

SL o 

SL 
00 

SL. 

exponential   Integral 

far-field  primary wave directivity  functions 

far-field  sum or difference-frequency directivity 
function  for I "spreadlng-loss-llmlted" parametric 

array 

far-field  sum nr difference-frequency directivity 
function  for an "absorption-limited"  parametric array 

convolved  biam pattern 

U.O'),   Si<t),   or  b+(0) 

directivity   index 

combined rms  primary wave  source  level   In dB//lyPam 

equivalent mean  rms  primary wave  source  level at  1 m 
in dB//liiPam 

equivalent   sum or dlfference-frecuency rms  source 
level at  1 m   in d^Z/luPam 

SL*  -  SL    -»-20 loginf   , (f     in kHz)   scaled combined  rms  nrimary wave  source 00                    10 o o level   in dB/z^pam  kHz 

SL* ■  SL    +20  lop, nf scaled  equivalent mean rms  nrinary wave  source 
10 0 level  at   1 m  in dB/'luPam kHz 

SL* -  SL    * 20 loginf scaled equivalent  sum or difference frequency rms 
t ~ 10 0 s.-mrce  level   in dB/ZluPa    kHz 

20  loa    i    -  SL      -  SL oarametric   (sum or difference)  conversion efficiency 
B10  *           ±             o 

li 

m M» 
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TIIKORY 

In Part 1 of this report an analytical solution for the far-field 

pressure of a parametric array was derived from Burgers' equation.  Section 2 

of Part J gave this solution in terms of scaled source levels.  Since these 

scaled expressions form the basis of the computer program outlined in this 

part of the report, they are reexpressed here for the benefit of the readi-r 

as follows: 

Let   SL ■ the combined nrimarv wave source level at 1m, in dB//lii"am 
o 

and   SL - the equivalent sum or difference-frenuencv source level 

referred to 1m, In diJ/ZlpPam. 

Then the scaled source levels SL* and SL* are deiined as. 

where 

SL* . SLo ♦ 20 log10fo 

SL* - SLi ♦ 20 log10fo 

l.-f«!*«,). 

f  in kHz 
(la) 

(lb) 

(2) 

f. and f» being the operating frequencies of the narametric sonar,  f  is 

thus the mean primarv wave frequency. 

Parametric Transmitter; 

From Section 2 of Part I the conversion efficiencv TI_ of a 

parametric transmitter can be expressed in logarithmic forn as, 

20 log^n, - (SL_ - SLo) 

i (SL* - SL*), from Lqs. (la) and (lb) 
-    o 

-  20  log10F -  20n  log^WfJ (3) 

^M 
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-—i r?—;• —r I     x      ■ ri where K =   (2/x„)   .   /..   x,—/"   \   «     x,       rj  « (4) 

and 20   log,0Ao  =   SL*  +  20   l.^1(/+  20   loRl0N (5a) 

20   log10Xi  -  SL*  +  20   1"«1(/+  20  log^N,   (i = l,2) (5b) 

3w,^3 
with     | - (2/2H p/p c-,)(10 ) (6) 

o o 

and      I - E1(aTro)exp((tTro); t*  '  Kj (a^expO^); 

v; - v.v^        (7) 

n = 1 + 1 ■ f| /f v (8> 
u•l0Cfo,, 

The propram computes, plots, and tabulates the conversion efficiency 

20 logn as a function of the scaled combined primary wave source level 

SL* for fixed values of a_r and f /f .  It also plots and tabulates the 
o l o     o  - 

scaled difference-frequencv source level SL* is a function of SL*  for 

fixed values of cu,r and f /f .  In addition the frcquencv response index 
To     o  - 

n, as defined by Kq. 8 is tabulated.  By reading in the relative amplitude 

p  /n  of the rms primarv wave amplitudes at the source the program will 
ol  o2 

provide results for cases where the drive amplitudes are unequal. 

Farametric Receiver: 

For a Ilniced class of probltms such as that of a plane wave 

low frequency signal interacting with \  plane v.-ave "absorption limited" 

finite-amplitude sourrc, or a snherical wave signal interacting with a 

spherical nump wave, the sane expressions used to define the performance 

of a parametric transmitter will also define the performance of a 

parametric receiver if f /f_ is replaced by t Jf^  in F.q. 3 and if 
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a r  is replaced by -<*T
r
0 

ln Eo' 
7. The reason for this can be seen by 

T o 

writing aTro as aT ro where, 

V . • *»l ♦ •! • n')ro 
Tr,2 llfj ♦ Ij - (I, * V }ro 

| llfjf^. 
(9) 

Thus ^ ro -  llfif^.   »•«   *«  differeme-frequencv  signal (10a) 

and 
+ 

-a    r       for  the  sum-frequencv  signal. 
T     o 

(10b) 

in the computer output 20 U^l. *****  ™  ^^  and SL* becomes SL*. 

The substitution of . - - Vü in the m<*m*i*   integral E&)  transforms 

1 
this to E (z), as defined bv Abramowitz and Segun. 

It should be noted U  the MM of ■ naramctric receiver that 

the index n is still calcuiat.d by I* ■ sin.-, the sum frequency component 

must have the s.me frequency response as the difference-frequency component. 

Evaluation of E1(z)exp(z) toi: z  > 10-0- 

For z > 10.0. the function E^expU) which is used in 

calculating t.   ft«, and ^ as defined bv Eqs. 7 and 22. resoectivelv. is^ 

determined from an approximate expression given b- Abramwltz and Segun1 as. 

E (z)exp(z) - — 

z  + A.z + A2 

z  + B1z + B2Z 

- 



where A. « 4.0)h4() 

A2 = 1.15198 

B1 = 5.03637 

B2 - 4.19160 

Far-Field Directivity  Function; 

For a "sprtMcl inn-loss-l imi u-d"  parametric array   i'^^' 4   10      dB) 

the program ^ives  the   far-field directivity function D4(0)  as, 

•*•>"{ VW^TTT^VöT/ 'TOW- (u> 
where D  (o),   (i-1,2)   are  tlu-   far-field primary wave directivity  functions 

given  in the program as, 

2.J   (k a  slno) 
Mo)  ■ TT—T3 ;   (i-l,2),  for a circular  piston (12) I k, a  s i no r       i, i of  radius a 

sln(k a  sino) 
- -I j ;   (i-1,2),   for  a  line arrav of (13) 

k.a  SUN i       -u  i i Itngth  2a. 

It   should  be noted  that  although  Eo.   11   is onlv applicable  for i-r' ^   10      dB, 

the  program permits   it   to  be evaluated  for all values of i-r'.     For values 

_2 
of  n.r'   >   10      dR  therefore,   the "absorption-limited,"  "vlrtual-end-fire- i   o 

arrav" directivitv  function   !.(•)   should be used   instead.     This  function 

is  given  in the program bv the  expression, 

Mi) - ( l    J 1 }/{ l   ,     *"   = ) (14) 
n-o  (n+l)aT  ro + j2k(ro  s;n^(,/2)/    n-o   ^n+^ l

T  r0 

sin((n+l)tan~1(4/:    )) 
where      a^  =   iTjr)n  ——— TT2— (15) n o i 1 n+1 

l/l + (ro/4)^i 

■ 
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and      20 loRl0lo - SL* - 20 IOKJ^'I ♦ 20 IOK^N; pol '02' 
(16) 

It should be noted that unlike I'.q. 11, Eq. 14 only holds for 

2 
equal primary wave amplitudes.  Although it resembles Bartram's end-flre- 

dlrectivitv function, Eq. 14 is a new and more general form of the 

3 
directivity function described bv Childs.   It was derived from Kuznetsov's 

4 
equation via Burgers' equation and will be the subject of a later article. 

_2 
For 10  ^ a r' <   10 the convolution of Eqs. 11 and 14, which 

Is available In the program, should be used to obtain the far-field para- 

metric array beam pattern bt(9) where, 

rw/1 
6,(6) 

-n/2 
D4 (!*)<*(•- e'jcoso' de' (17) 

where D+(0) Is defined by En. 11 and i+(9) is given In Eq. 14. 

Directivity Index; 

The directivity Index DI Is calculated In the program as a 

function of the scaled source level SL* for fixed values of a-,r and 
o To 

f /f , from the expression, o - 

DI - 10 log 

o 
|df (eMdfC ^Isint)' do' 

I n 

(18) 

where d+('1) stands for D+(^)t <54(
0), or b,(') whichever is appropriate 

and i#C§) is its complex conjugate. 

Far-Field Monofrequencv Source Level: 

The program can also bo used to obtain the referred far-field 

scaled source level at 1 m, SL* of a monofrequencv source of frequency 

f , as a function of the scaled "Inout" source level SL*, for fixed o o 

values of T r , 
o o 

  



i ii ■ i ■  ■    "*«m«*wwi 

where    SI,* - Si.* + 20 1<>,- .J ' (19) 

V  - (2/X^YV) (20) 
o Ao 

with     20 log10xo - SL* + 20 loRl0/o + 20 log^N (21) 

|  « E,(2n r ).'xp(2a r ). (22) 
O    1   Of)       o o 

Kqs.   19  to  22  will   be   the  .suhjict   of   g   later  article.     Note  that 

:,L*  -  SL    + 20  loginf   ;     (f     in  kHz), (23) 
* on I U   O O 

where SL    vill differ   froip SL    as  the   latter   increases,  due to the  transfer 
nti O 

of onervv from f  Into self-generated harinonlcs in the medium.  In the 
o 

case of a narametrlc source the program gives SL* vs SL* as an "Innut- 

output" relationship for the mean prlmarv wave frequencv. 
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I'KOCRAM INl'UT 

The data for the progran Is In free field format which means 

that the data Is not restricted to anv particuiar columns of the data 

card.  Innut variables which he^in with the letters I, I, K, L, M, N 

are Integers (no decimal point). All others are real variables and must 

have a decimal oolnt.  The data values on a card must be separated from 

each other by commas. 

Card 1   JOC ■ the number of separate cases being run. 

Card 2   10P, IOE, IOS, 10D, 100 

Kach of these Integer Indicators must be either 0 or 1. 

A zero Indicates that that particular part of the program 

can be skipped. A one indicates that that section Is to 

be done.  101' is for the pattern sect ion.  IOE Is for the 

20 log (KTA) section.  IOS is for the SPL-* section. 

UM  is for the directivity index section.  100 is for the 

SPL (OUT) section. 

Card 3   ALTRO, P1P2 

ALTRO - ^TO  in dB. ALTRO is positive for difference- 

freauencv cases and is negative for sum  frecuencv cases. 

P1P2 is the ratio (P1/P2) of the primary wave pressure 

implitudes of the two drive f-equencles Fl and F2 at the 

source. 
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Card 4   NFM, HKMRD 

NKM - the numbor of KO/F- valuts. Nl'M must be 5 or less. 

NFMRI) = Ü or I.  A /t-ro will jMncratc- a set of FO/F- 

K-l 
cases according', to tlie fonwla l')/r-- ^.0*2   , K«l,..., NI-'M, 

If NKMR!) - 1 tlun NF'M valui's for KO/K- must be read In. 

Card 5   FFM(K), K - 1, . . . , NFM 

FFM(K) - the Kth  value of FO/I'-.  if tJKMRI) » 0 this card 

must be omitted. 

Card 6   LIN, IOC 

LIN ■ 0 for a piston, = I tor a rectangle. 

IOC - 1 for the "I" lU'sst-l function formula for the 

beam  pattern. 

■ 2 for the beam pattern of the delta formula. 

■ 3 for the beam p.ittcrn of the convolution of the 

delta formula will- fclM "l" liessei function formula.  If 

BOP - 0 and BOB ■ 0 tlnii this card must be omitted. 

Card 7   AKOR if LIU « 0 

AKOL, AKOW If LIN - 1 

AKOK ■ k a » 2.0 * IT * niston radius/wavelength, 
o 

AKOL «kf-2.0*T* rectangle length/wavelength. 

ARM ■ k W ■ 2.0 * ^ * rectangle vidth/wavelength. 

The wavelength is of F0  (FO - (Fl+r2)/2.0).  If I0P - 0 

and I0D ■ 0 ilun this card must be omitted. 

Card 8   SLS, PFFM, i)B, OP, ID 

SLS = the value In dB of SLO* at which a pattern is desired. 

PFP' ■ the value of PO/F- at which a nattern Is desired. 
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DB » UM l«>wi-r Kmll of 'In- pattiin plot d-.K. I>B -• -80.0) 

M • I lio mimlu-r ot thi-ta v.iliU". .il whirli (In* hf.im (MttiTii 

<s evaluatril. 

TD - AO ■ the step size between t lieta values In  degrees. 

If lOP « 0 this card must he omlttrd. 

Some of the sections have gnplM will» multiple curves.  The 

propram presentiv limits the number of curves per graph to five. 

The graphs that have SLO* as the X-axls are presently limited 

to twentv-one (21) separate values of SLO*. These are generated in the 

program by the formula SLO* « 180,0 + 10.0 * (.J-l), ,1 = 1, 2, 3, . . . , 21, 

The maximum number ot theta values for patterns Is restricted to 

101 because of the size of the plotting («rid. 

If a pattern is desired from a rectangular source the pattern 

la assumed to be in the plane of the length axis of the rectangle. 

For the directivity index of a niston the pattern is assumed 

to be zero behind the piston. 

Three subroutines are used in the program—BMPAT, DLPAT, CNFAT. 

BMPAT Is used to calculate the beam pattern for IOC » 1. 

DLTAT is used to calculate the beam pattern for [QC * 2. 

CNPAT is used to calculate the beam pattern for IOC = 3. 

The program calls on several packaged routines to evaluate 

one-dimensional definite Integrals, \'-dlmensional definite integrals, 

"l" Bessel functions, "J" Bessel functions, and exponential 'ntegrals. 

Packaged plotting routines are used as well as a rjutlne to determine 

the amount of CPU time used bv the program.  All of these routines are 

described in Apptndix A. 

9 

MM M^MM 
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l'K(K;RA.M OUTPUT 

KlRure 1 shows a^  examplf -I the progra« output for 20 log(ETA), 

-5       2 
SPL-*, and SPL(OIIT) (or a range ot ^T^ vnlui-s I rom 10  dB to 10 dB. 

Five values of FO/K- were used varying from r).0 to 80.0. 

Figure 2 shows an example of the program output for the 

patterns of a piston with a koa of 10.0 where FO/F- - 10.0 and SPLO* is 

varied from 240 dB to 330 dB. 

Figure 3 shows the program output for the directivity index of 

a piston with a koa of 10.0 and an FO/F- of 10.0. 

-   _ 
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AIM'LNDIX   A 

Includcl in this appondlx ire discrlpt Ions of tlie packaged 

routines that are used In the program.  The routines KOMi<S, R0M2, RMB1, 

R,MB2, RMB3, B.IYÜ1, Bl.i, and Dl I are from the JPL Fortran V Subroutine 

üirectory, Edition NJ. 'U  October 1970.  The routines PSCAl.E, PSETUV, 

PPLOT, and SECOND are from the Westinghouse Research Laboratories' 

Fortran library. 

13 







JPL  rORTRAN  V  SUBROUTINF  HI RECTORY 25 SF.P 70   11-«» 

11.1,1.7.  USAGF. 

REAL     A» li. X, FOFX, H^JAR» NN|M| MMAx» EfMAX» ANS 
INTEGER  K» KEY 

[ASSIGN VALUES TO A» R» M^TAR» MMlN, MMAx» ER^AX» AND KpYl 

CALL  ROMbS(A»n»X,rOFX,MSTARfMMTr>|,HMAX»ERMAX»ANS»K»KEY) 

1?   CEVALUATt   THE   IMTFGRAIir.   U'^lNG   TH(    CURUCNI   VALUE   OF     X     AND 
STORt   TMt   RESULT   |N     FOFX.] 

CALL  RuK2 

IFCK.EQ.D 60 TO 10 
LQUAüRATlJRE    IS   COMPUIFD.      RFSDLT   IS   IN     ANSI 

THE SUHROUTI.^L PARAMFTFHS A«E DEFINFO AS FOLLOWS: 

A,B LIMITS   OF    iriTCGRATlON.      MWl9f   A   NOTrtt. 

X 

FOFX 

HSTAP 

HMIN 

HMAX 

CWAX 

VARI/\Hl-E   SfT   RY   THE   SllHROUTINf   FOR   IriTf^'AND   EVALUATION 
IM  Ti":  ÜSCIt,S PROGRAM, 

VAI.U'.   OF   INTEGRAND   COMPUffO   BY   USER'S   PMOORAM  USING   The 
ARGUM(.NT      X. 

Sl'GGrrTEO   INITIAL   fTEP   Tl/T.      fME   INITIAL   ST[ P   SI/E»   H» 
MILL   HE   SET   AT   Hr,r»l^(n~A)   IF   MSTAR .OF. (f*-A)/«♦,   OR   AT 
NSHSTAN   IF   I^TAR.I T, (fl   A/I,      T^F   FI'IS'I   SUBlMTCRVAl.   WILl- 
ÜE   Of-    LENfTI'   u.«H   AND   MILL   RfOUlRC   FIVE   (VALUATIOfJS   OF 
THE   iMTtCRAMC   AT   X-A» A*)«» ,. , ^utH,      SUGGEST 
HSTAR.GE,|B*A)/A( 

RCOUIRC MMlN .LE. HSTA? .LT. HMAX. 

MINIMUM ALLOWABLE rTFn SI7E.  RFONIRf 
HS TAR 

0, < HMIN .LE. 

VAXlK'N" ALLOWÄf'LE STEP SIZE,  RCQUIRC   HSTAR ,LE# HMAX, 

TOLLPANCi. ON RELATIVE OF ARSOLUTF ERPOR«  SFL DISCUSSION 
AFOVE UMüCP •CRROH corjT(>oi.'. REASOMMILC SETTINtS FOR 
tR-'AX womn BC IN IME BAMOC FROM irE^> TO l,E-7.  IF 
GREATfcR ACrnRACY Ic RCOUIRTOi  Sfi TMC MRITC-UR OtJ ROMHD. 
IT |$ BCQUTRCO IMA1 0 J T.Fr.v , .L T - 1 . FOB W€ RELATIVE 
ERROR TEST,  ONE SHOULD KNOW THF. RhMGC OF THF ANSWER 
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3.   ALSO  FOR   RELATIVE   FRMAX   .LT.10**-ft.      IF   THE   «rLAT;VF-   *!?"?"   ** 
ASKING   W   GREATFK   THAN  h  SlOHIFICAHl   DU1TS  ONI    |«i  PliSMlNG   THE 
ACCURACY   OF   THK   UMIvAf   |1€A«      OW   A   MttMLt   OfCt»AlOKY»   VERY 
DIFFICULT   r^HOPltM,      «OMIV.     flAY   iU     lAKlllA   TdON'.A 10'.   MORE 
FUNCT'ONAL   tVALNAT ION'.  AMD  tjOf   HTACNING   TMC   ACCURACY   II   BIO   AT 
^♦*-6.      EXAM^Lr :   SAME   F<X)   A',   MHIVi   WHEN   6|VtN   fOLClUMCE   «A ' 
10»»-6,   ANSs«2e^7SM  WIVU  A  CUCO FUNCTIOMÄ4,  I VAUATIOiiSJ   IUIT 
WHEN MHLN Ff'MAXzio*»-P»  WI5=«2«06776?« AMO   lf»2*7 i UNITIONAL 

LVALUATIONS, 

U      IF   ONE   WANTS   A   ROUGH   APPPOXJMATTON   tF   THE    IHTRGQAL»   HE   CAN   SET 
*   HMIN=HSTAK=HMAX.      A   Fixm  '..'"   INTEGRATION   01"   THE   FUNCTION   WILL 

TAKE   PLACE.      BL   SURE   THAT   l'|.V-V.   OP   NAtJY   DIA^tjOc.TICS  MAY  BE 
PRINTED. 

18 
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11.2.1.3.        RLFtPF.nKF' 

FOR   A   COMPLFT£   PE^CPH'TIOI I   OK    fHI«.   MUtPOuT INI,    INCI.UD1N8   A 
DISCUSSION   OF   A   VAUH TY   OF   TCST   'AM".»   SFK: 

20 

WU.F.Y  ka   HUNTONi   NtCHACI   DICTHtLMf   ANfl KA;Til HAK.'-TR»   MlOMnEr^G 
QUADOAT'lRt   SiOROUTINI   F 09   MflGl.K   AND   MULTIPIC    I'MFCPALS« .   JPL 
ItjIfPNAL  MCNORANOUM     TM   MH-LZi'   JULY   It   lri6''.     '..Ft    OTHF.K 
REFLRLhCE.1   UNOCM   UOMPS, 

11.2.1.4.      vrTHOD 

THE   SUMROuTIisIF   PEI^ORM«-,   A   MtSTCO   SFOlltHCl    OF   ONi -DIMf NSIONAL 
iNTEGPA'lorjS.      THL   SHOffOl'TINE   llSCC   FOH   ''"Hf   MH-UMF N ,IOtlAL 
INTEGH. TioiiS   IS ESSCIlTtAtUV     ROMH!      WITH (n»vNc.( S   IN  TH:   WAY 

STORAGE   IS   MANAGED.      StF    TllF.   WflTf-lIP   ON     t'OMH1,. 

It«t«l«ft«      USAGE 

THE  NGER  MUST  pMOONAM  AH IHITlAlI2ATI0N CAl L  TO    RMRI,     THEN    N 
5FPARATE   L^LLS   T€     PMR^,      ONE   FOR   f/rn  LCVfL   OF   ir^EGMATlOrj»   AND 
FINALLY   A   FALL   To     RMIP ,      SOME   Of    Tt'K.F      CALL      STAiEMLNTf,   rtI|L   OE 
EXECUTED   MOff    T^AINJ   ONCl . 

THE   CODING  SPi ri^lCATIOtJr.   AR[    Ar.  FOLLOWS: 

iNTEb»-.'   il.KGO.'TY 
RF^L Rfltillilli   F,   RCSUL7«   FFMAX»   W(»iN:>fi1 
Ht^L Al»   Dlf    MSTAMlf    KMlNIi    MHAxi 

* . 
RE^L AN,   BNi   HSTAPN,   HMIriN.   HMAXN 

WARNING: CALLING SEQururr TO T»*7'. SufHKHlTtHC HAS HEEN CHANGED 
SltJCE  fO, :,   1   ArML   1970  VCRSfON Or  TiiIS DIRCCTOftY« 

LASSIGN VAUCS TO    n    AND    EPMAX.I 
CALL   RMRHMfXfl r ; "I'LTfEPMAx.KGOfWiKl V) 

1 L ASSIGN   VAU"r,'>   TO   ALL   f'APAMfTE^S   Tij   jtf-   FOLLOWING 
CAl L    STATEMENT, 1 

CALL     KHB2lAl»Bl»HSTAfl|»HMfNt»HMAXll 

2 LASSIoN   VAtUCS   TO   Al.I    PARAMETERS   IN   TMC   rOLLOWlNG 
CALL    STATtMENT.     SOr1'"   0"  THEfE  VALUES MAY BE  COMPUTE^ 
AS   FUNCTIONS   OF      Kll}»] 

____.   ..„„^.„^^^^.--^--^.^^^^ 
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«♦.^.t.     «ESSfL   JC»J1»Y0»Y1,   D.P. 

%*t«4«l«  IDt'lTlFICATIOKl 

BJY?l/D0üöLE PpCCtilON BESSEL FUNCTIONS JO» Jl» YD. AND Yl 

LANG  PILE      P.LT/vEKS SIZE        ENTRY NAME 
F-V   LIb*JPL»  OJY01/JPL    inivjCBjSS^lMiei   0JY01 

SUBROUTINES USED:  DSQRT, DSIN, DCOS» OLOG» AND CHBPOL 

COGNIZANT PERSON:  E. MI. NG» JPL» SECTION SI«», 1969 AUGUST 1 

O.I.6.2.  PURPOSE 

TO COMPUTE THE VALUES OP THE BESSEL FUNCTIONS J0r Jl# YO» AND Vl. 

4.2.6.3.  ACCURACY 

FOR  X ,LE. N,  AT LEAST 16 SIGNIFICANT DIGITS» 

FOR  X > N|  AT LEAST IS DECIMAL PLACES. L 
<».2.C.<».  USAGE 

INTEGER       NO» NI 

DOUBLE PRECISION  X» RC(C)> BL(2) 

CALL BJY01(X'Nn,rji,pi),HI) 

THE PAkAMtTErxS ARt. DEFINED AS FOLLOWS: 

X       ARGUMENT IT WHICH FUNCTION EVALUATION IS DESIRED. 
KEOUlHL  x > n.  IF  X .LE. ü  THE SUBROUTINE WILL PRINT 
ON FQHTRAN UUIT t  THE MESSAGE: 

FOR  X=0.. J0=1# J1=0.» YC=Y1=-INFINITY 
AND MILL SET B0(1) = 1.' Bl(l)='3., BO (2)=Bl(2 )=-l .03B, 

NO      SO  00 NOT COMPUTE  jC  OR  YO 
=1   COMPUTE  JO  BUT NOT  Yü 
=2  COMPUTE  JO AND  YO 

Nl      sC  00 NOT COMPUTE  jl  OR  Yl 
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=1   COMPUTE  Jl  BUT NOT  Yl 
=2   COMPUTE  Jl  AND  Yl 

BOd» COMPUTED VALUE OF JO 
B0<2I COMPUTED VALUE OF YO 
BK1» COMPUTED VALUE OF Jl 
BH2» COMPUTED VALUE OF Yl 

<*.2.6.j.  REMARKS 

THIS SUBROUTMt WAS ORIGINALLY DESIGNED FOR POSITIVE  X,  IF IT IS 
OF.SIRCO TO INCLUDE ITS UTILITY FOR NEGATIVE  X  AS WELL» THE 
FU.LOWIMG IDENTITIES SHOULD BE USED: 

Jp(-X» = J0(X)»    Jl(-X» = -J1(X) 
Y?(-A» = YOIX) ♦ 2»S0RT'-1)«JC(X) 
YK-X) = -Y1(X) ♦ 2*S0R',<-1I«J1(X) 

NOTE THAT  Y  OF NEGATIVE ARbUMENT IS IN GENERAL COMPLEX, 

(REFERENCE: NBS HANDBOOK OF MATH'L FUNCTIONS» APPLIED MATH SERIES 
NO. Sfii 196<»» P. 361» 

, 
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'♦.2.9, BEbSEL I AND K OF GENERAL ORDER, D.P. 

«».2.9.1.  IDENTIFICATION 

DOUBLE PRECIblüN ütSSEL FUNCTIONS  I AND K  OF GEMERAL ORDER  NU 
AND ARGUMENT  X. 

LANG   FILE       ELT/vERS SI?E        ENTRY NAMES 
F-V   LIB*JPL»  OESI/JPL     17?«*(8| = 1020Url  r«ESI» BESK 

SUBROUTlNtS USED:  DSlN» DL06» OEXP 

COGNIZANT PERSON:  E. W. NG. JPL» SECTION 31«», 1969 JULY 23 

«».2.9.2.  PURPOSE 

TO COMPUTE IN DOUBLE PRECISION ARITHMETIC THE VALUES OF BESSEL 
FUNCTIONS  I AND K  OF THE GENERAL ORDER  NU  AND ARGUMENT  X, 

«».2.9.3,  METHOD 

RECURRENCE TECHNIQUES AND THE PHASE-AMPLITUDE METHOD AHE USED. 
(SEE REFERENCES) 

«».2.9.«»,  ACCURACY 

FOR NU .GE. X, A MINIMUM ACCURACY OF lb SIGNIFICANT FIGURES IS 
FOUND I FOR NU < X» A MINIMUM ACCURACY OF 15 DECIMAL PLACES IS 
INSURED. 

«».2.9.5.  USAGE 

DOUBLE PRECISION  X, V. A(LDIMA), AK<LDlMA) 
INTEGER N, LDIMA 

CALL  BESI(X.V*N'A«LDIMA) 
OR   CALL  BESK(X.V*N»A,AKfLDlMA) 

THE ENTRY  8CSI  COMPUTES THE FUNCTION  DEXP(-X» • I  OF ARGUMENT 
X  AND OF ORDERS  V» V*lr..,»V*N. 

THE ENTRY  BESK  COMPUTES ROTH THE FUNCTIONS  DExP(-X) • I  AND 
DEXP(X| • K  OF ARGUMENT  X  AND OF THE ORDERS  V» V+lt...,V+N, 

2h 
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THE SUBROUTliJL PARAMETERS ARE DEFINED AS FOLLOWS: 

X        THE ARGUMENT AT WHICH FUNCTION EVALUATION 13 DESlREOl 
X .GE. 0.Ü0 

V       THE ilON-lNTEGEP PART OF THE ORDER OF THE PESSEL 
FUNCTIONS?  O.OC .LE. V .LE. 1.D0 

N N*V  IS THE HIGHEST ORDER OF THE BESSEL FUNCTIONS 
OESIMEDi  N  MUST RE A POSITIVE INTEGER, 

AiLDlMAJ A(K). K=l,,f.,|N4l)  ARE THE LOCATIONS IN WHICH THE 
VALUES FOR THE FJES^EL FUNCTION DEXP(-X) • I  OF ORDER 
V# (V*!),,,,, (V*N)  ARE RETURNED.  A( )  MUST HAVE 
UlMEilSlON .GE. LDIMA 

AMLDIMA»  AK(K), Kri,,.., (n4i)  ARE THE LOCATIONS IN WHICH THE 
VALUES FOR THE DESSEL FUNCTION  DEXP(X) ♦ K  OF THE 
ORDERS  V, (V*l),..., (V*N)  ARE RETURNED.  AK( I  MUST 
HAVE DIMENSION .GE. LDlMA 

LDIMA    DMLMStOM OF A AND AK) IT MUST BE «T LEAST 
MAX(IüINT(XJ,N) ♦ £C  OR  MAX(lDINT(2*X),N)  FOR X > 20, 

%«t«f#4«  REMARKS 

FOR  X, V, OR N  BEYOND ITS REQUIRED RANGE OR  LDIMA  NOT LARGE 
ENOUGH, THE MESSAGE  »ERROR IN BESSEL»  AND THE VALUES OF  X, V» 
N, NU, AND LDIMA  ARE PRINTED.  THE NUMBER  (N*2)  IS THE 
DIMENSION OF  A  NEEDED.  IN THE CASE  X OR V  IS OUT OF RANGE. 
THE PARAMETER NU  IS IRRELEVANT. WM., 

«♦.2.9,7,  REFERENCES 

M. GOLDSTEIN AND R.M. THALER, »RECURRENCE TECHNIQUES FOR THE CAL- 
CULATION OF ÜESSEL FUNCTIONS», MTAC, VOL. XIII, PP. 102-108. 

Ü™^DSTEIN AND *• Mt THALE:R
' »BESSEL FUNCTIONS FOR LARGE ARGU- 

MENTS», MTAC» VOL. XII, 1958, pP. 18-26. 

D. JORDAN, ARGONNE NATIONAL LAB.* PROGRAM WRITE-UP NO, C3715, NOV 
1967, * 
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•».2.13.        E.XPONENTIAL   lUTEORAL 

«♦,2.15.1.        ILENTIFICATION 

EXPONENTIAL   IIJTEGHAL 

LANG 
F-V 

FILE 
LIB*JPLS 

ELT/VER«: 
DEI/JPL 

SIZE ENTRY NAMES 
DEI 

SUBROUTINLS  USED!   OEXP,OLOG 

COGNIZANT  PERSON:   E.W.   NG»   JPL.   SECTION  31«»,   1970»   SEPT.   1<I 

H.2.13.2*       PURPOSE 

COMPUTE   THE  EXPONENTIAL   INTEGRAL   IN  DOUBLE  PRECISION  ARITHMETIC« 
FOR  X   ,GT,   0»   THE  EXPONENTIAL   INTEGRAL,   El»   IS  ÜEHNZ0 AS 

EI(X»   =   INTEGRAL FROM  T=-INFINITY  TO  T=X  OF 
<EXPIT)/T)»0T 

WHERE   THE   INTEGRAL   IS   TO  BE   INTERPRETED AS  THE  CAUCHY PRINCIPAL 
VALUE.     FOR  X   .LT.   0»   EKX)   =-El(-X),   «HERE 

EKZlsINTEGRAL FROM  T=Z  TO  TrlNFlNlTy  OF 
(EXP(-T)/T)*DT 

i*t«li»l«     METHCO 

THIS SUBROUTINE COMPUTES THF EXPONENTIAL INTEGRAL BY CHEBYSMEV 
RATIONAL APPROXIMATIONS FROM K,J. CODY AND H.C. THACHER, JR., 
MATH. COMP.  VOL. &•   PP. 6U1-650» AND VOL, 2;» PP. 269-303. 

i*.2«l3.<».   ACCURACY 

EXTENSIVE TEST, WERE PERFORMED ON THE UNIVAC 1106 AND THE 
FOLLOWING ACCt ACT STATISTICS WERE FOUND: 

INTERVAL     MAXIMUM   RMS 
OF X        RELATIVE  RELATIVE 

(-150» -«♦»   2.2D-16  5,lD-i7 

28 
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(-'*» -1) 
(-1* 9) 
(?» 0.5) 
(?.li» 6) 
(6* III 
llil 2<t) 
(2'»» 10?) 

7,!n-17 
1,70-18 
1.6D-1G* 
rj.!>D-l7 
1.6L-17 
i.00-17 
8,90-17 

1.20-17 
l.UD-18 

l.CD-17 
3.00-18 
7.10-18 
1.90-17 

25 SEP 70  «»-27 

CF, E.M. N6» COMM, ACM VOL. 13» «7. PP. «♦«♦8-«m9. 

«♦,2.13,5.   USAGE 

DOUBLE PRECISION DEI, X 

USE THE FOLLOWING FUNCTION III A FORTRAN ARITHMETIC STATEMENT: 

Dft CXI 

WHERE UEI IS THE COMPUTED VALUE OF THE EXPONENTIAL INTEGRAL. 

«♦.2.13.6.   LIMITATIONS 

CI(0)=-IIIFINITY IS APPROXIMATED BY -7.2D75 AMD EKX ,GT, 
174,673) IS APPROXIMATED DY ♦7,2075, 

THESE LIMITATIONS WERE ORIGINALLY IMPOSED FOR THE IBM/360 AND HAVE 
NOT BEEN MODIFIED FOR THE UNI VAC lluB, 

«♦,^,13,7.   ERROR EXITS 

NONE 
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LIBRARY*FORTRAN 

PPLOT 

Reference: 
' D. P. Wei, "A Printer Plot Package for the Univac U1106 , 
Research Memo 72-1K4-COMPS-M16 (9-8-72). 

Purpose; 
This package of subroutines Is used to generate graohs on the 

line printer.  It produces an 8 by 10 grid plot; a grid is 6 print 
characters high and 10 characters wide.  Data points are plotted as a symbol 
(e.g., *, A, 3) which is specif led by the u^er.  One or more plots can be 

Included in a single graph. 

Usage: 
The package consists of three Fortran V subroutines. 

1. PSCALE scans data for the minimum and maximum values, 
and establishes a range of values which produces a rational 
scale for the axis.  The scale Is chosen such that each grid 
is 1, 2, or 3 times an appropriate power of 10. 

2. PSETUP sets up the work area for the plot.  The scales 
for the abscissa and ordinate, and the labelling information 
for the axes are stored.  PSETUP must be called to initialize 

each graph. 

3. PPLOT stores plot data and generates the plot. An option 
controls Initiation of plotting.  Thus, multiple calls on 
PPLOT can be made to store data for several plots before a 
request for plotting is made. 

The parameter specifications for each subroutine follow. 

_ 
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PSCALE 

Subroutine Specification: 
 SUBROUTINE PSCALE (V. NPTS. VUW, VHIGH. FIRST. IXORY) 

DIMENSION V(l) 
INTEGER NPTS, IXORY 
LOGICAL FIRST 
REAL VLOW, VHIGH 

UrpOSe' To 8can the data in vector V. and obtain the minimum and 
maximum values. These values are then u^ed to establish i range which 

produces a rational scale for the plot axis. 

Usage: 

where: 

The Fortran calling sequence is: 
CALL PSCALE(V, NPTS, VLOW, VHIGH, FIRST, IXORY) 

V - REAL vector containing data to be scanned. 
NPTS - number of points in V to be scanned. 

VLOW,VHIGH - output variables into which thr routine returns the 
lower and upper values for the range of V. 

FIRST • LOGICAL variable or value indicating when it is 
the first set of values to be scanned.  The value 
is true (.TRUE.) if there is a single vector to be 
scanned.  For multiple vectors (when more than one 
plot is to be included in a graph), a call on 
PSCALK mu..t be made for each plot (vector). The 
first call will have the value .TRUE.; for sub- 
sequent calls, the value will be .FALSE. The range 
defined bv the final values of VLOW and VHIGH will 

Include all the values scanned. 
IXORY - indicator whether abscissa r-."pe (x) or ordinate 

range (y)   is to be established.  Specifv the value 
0 for abscissa and 1 for ordinate. 

Note 
The abscissa axis is 10 grid wide. The ordinate axis is 8 giid 

high.  PSCALE need not be used if the range of values for the abscissa (or 
ordinate) is known. The number of grid positions should be taken into 
consideration for proper annotation of the axis. 
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PSETUP 

Subroutine Specification: 
SUBROUTINE   (XLOW,   XHICH,  YLOW.  YHIGH.   IEOF,   ICR1D,   LB1.X, 

LBLY) 
REAL  XLOW,   XHIGH.   YLOW,   YHIGH 
INTEGER IEOF,   IGRID 
DIMENSION LBLX(l),   LBLY(l) 

Purpose: 
To setup work area before data values to be plotted are 

stored (via PFLOT routine).  Labelling Inform^llon, ranges of values 
for the abscissa and ordinate variables, and options for grid and 
annotation are supplied as Input par'^«?ters. 

Usage: 
The Fortran calling sequence is: 

CALL PSETUP (XLOW, XH1GH, YLOW, YHIGH, IEOF, IGRID, 

LBLX, LBLY) 

where: 

XLOW,XHIGH - the lower and upper values for the range of the 
abscissa variable (x). 

YLOW,YHIGH ■ the lower and upper values for the range of the 
ordinate variable (y). 

IEOF - Hollerith option to set either E or F format for 
annotating the axes.  Specify the Hollerith constant 
IHK for E-format (1PE10.3), or 1HF for F-fomat 

(FIG.3). 
IGRID - Hollerith option to select grid.  Specify the 

Hollerith constant 1HG for grid; otherwise, specify 
IHb (b denotes | blank or space). 

LBLX - INTEGER vector containing information for label- 
ling the x-axis.  The first element LBLX(l) contains 
the number of characters in the label. The labellln- 
information is stored, six characters per word, 
starting in the second element I.BIJU?).  The MslMi 
label length is 30 characters. 

LBLY - INTEGER vector containing information for labellln,.' 
the v-axls.  The rules for storing the informatior. 
is the same as described for LBLX.  The maxlmur. 
label length is 24 characters. 

I 

" 
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Restrictions; 

1. The value of XHIGH must be equal fo or greater 

than XLOW. 

2. The value of YHIGH must bo equal to or greater than YLOW, 

3  Labelling information will be truncated if the maximum 
label length is exceeded; i.e.. 30 characters for x and 

24 for y. 

33 
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59.PPLOT.5 

PPLOT 

Subroutine  Specification; 
SUBROUTINE PPLOT   (IPLOT,   ICHR,   NPTS,   XV,   YV) 

LOGICAL  IPLOT 
INTEGER  ICHR,   NPTS 
DIMENSION XV(1),   YV(1) 

Purpose: 
To store plot data and Initiate plotting.    The IPLOT 

parameter controls plot  initiation. 

Usage; 
The Fortran calling sequence Is; 

CALL PPLOT (IPLOT, ICHR, NPTS, XV, YV> 

where; 

IPLOT - LOGICAL control variable for plotting.  Specify 
.FALSE. If dota values are to be stored and plot- 
ting Is to be deferred; (used for multiple plots p^r 
graph).  Specify .TRUE. If data values are to be stored 
and plotted. 

ICHR ■ a single Hollerith character to be used as the plot 
symbol; (e.g., 1H*). 

NPTS - number of daf\  points to be plotted. 
XV,YV ■ vectors containing coordinate values (x ,y ) to be 

plotted. 

Restrictions: 
1. If more than one data point occupies the same plot 

position, the most recent value processed will be used. 

2. Data values outside the range specified by PSETUP will 
not be plotted. Thuy will be listed below the plot. 

34 
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59.SECOND.1 
LIBRARY*FORTRAN 

1 
SECOND 

Subroutine Specification; 
SUBROUTINE SECOND(ISEC) 

INTEGER ISEC 

Programmed by:  L. C. Lintner 

£HI2£££:  This routine provides the user with a means of ****** 
the amount of centra, processor (CPU) time that he has -jJ^J^*^ 
is accumulated from the beginning of tho run; i.e.. it includes the 
time accrued for all Preceding tasks in KM run setup. 

mS^: SECOND is an assembly language routine in "FORTRAN callable" form. 

The FORTRAN calling sequence is: 
CALL SECOND(ISEC) 

The parameter ISEC must be an integer variable.  The "suit 
returned in ISEC is the integer number of CPU seconds used since the star. 

of the run. 

This routine may also be called as an integer function: 
L - NSFCdSFC) 

In this case, the Integer number of seconds will be returned as the value 
of the function in addition to being stored in IbEC. 
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