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ABSTRACT

A theory of characteristic modes for material bodies is developed
using equivalent surface currents. This is in contrast to the alter-
native approach using induced volume currents. The mode currents
form a welghted orthogonal set over the material body surface, and
the mode fields form an orthogonal set over the sphere at infinity.
The characteristic modes of matarial bodies have most of the properties
of those for perfectly conducting bodies. Formulas for the use of
these modes in electromagnetic scattering problems are given. A
procedure for computing the characteristic modes is developed, and
applied to two-dimensional bodies. Illustrative examples of the
computation of characteristic currents and acattering cross msections

are glven for cylinders of different material constants.
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CHAPTER 1

INTROLUCTION

1.1 Background

Characteristic modes have long been used in the analysis of radiation
¥ ; and scattering by dielactric and/or magnetic bodies whose surfaces coincide
with coordinate surfaces in coordinate systems for which the Helmholtz equa~

f tion is separable. From consideration of the scattering matrix, Garbacz [1]

has shown that similar modes must exist for any material h“ody. An extensive
theory for perfectly conducting bodies was given in reference [l], but the

dielectric and magnetic body case was not developed., An alternative treat-

[ ——

ment of the characteristic modes for perfectly conducting bodies, starting

from the impedance operator for the conducting surface, has been given by

2

Harrington and Mautz [2]., The computation of such modes has also been con-
sidered by Harrington and Mautz [3). A theory of characteristic modes for
dielectric bodies, magnetic bodies, and for bodies both dielectric and

E magnetic, has been developed by Harrington, Mautz, and Chang [4]. [n this

work, a theory of characteristic modes for material bodies is developed

LT
~

using equivalent surface currents. This is in contrast to the appraach used

I in {4], which used the induced volume currents.
The modes are defined by a weighted eigenvalue equation in such a way
that both the generalized network matrix [5] and the scattering matrix [1],
F [2) for the body are diagonalized. The presentation given in this work leads to
éxplicit formulas for determining the mode currente and fields of two-dimensional

} objects. The formulas remain the same for dielectric bodies, magnetic bodies, and




for bodies both dielectric and magnetic, In particular, the scattering
problem of a two dimensional material cylinder will be presented. This

formulation of the problem is applicable to any general matarial body.

Details ara worked out only for two-dimensional problems,

1-2 The'Fundamental Operator Equation

“\
Let the material body be represented as in Figure 1-1,
B4k
X +8
,L
d Figure 1-1. A general material body.
lg} gf = incident fields (Wavy underline denotes vector
Lo Hoo- inside flelds quantitics.)
- )
| .Eo’nﬁo = putside fields

} ! The problem of Figure 1-1 can be viewed as a linear superposition of
’ two cases,

(1) z2ero field inside

(II) =zeto field outside.

} These two cases are illustrated in Figure 1-2.




I

2

Zero Fleld

Case (I)

Figure 1-2, A decomposition of the original problem.

In case (I), let Mg eobe the material constants in the zero-field
region, and similarly in case (1I), let u, ¢ be the material constants in
the.zero-field region. Having done so, radiation formulas [6] for unbounded
space can be employed. The g*and‘g&are equivalent surface currents [6). Since

there are no actual surface currents, the following conditiuns should be

gatisfied by the equivalent currents

Equations (1-1) and (1-2) come from the fact that tangential components of

fields are continuous across the interface in the criginal problem. Note

that
E = - juA' - V' -
Nv? AN 'MB
H = = JuF' - V¢' + =
R
and

——. . . L ... Mt A

v x F' + Ei

v xA' + l-l:l

OM\M Paanl

Case (1I) 6

(1-1)

(1-2) <

(1-3)

(1-4)




E-_JNAH_V¢"__];.V xF"
A A e

A Crmn A
H - o ij" - v¢" + l v x A“
NN AN wm um A

and
L B 1

E® = ~ juwA' = V¢' - =9 x F'
A AN ,\Me EOM AP
H® m = JuF' - Ve! + 27 x A’
o~ P wm Homm Ann

vhere E* and H® are scattered fields, and
~e Pl

A = vector potentlal due to electric current

- e -

~§ = yector potential due to magnetic current
¢e- scalar potential due to electric charge

¢m- scalar potential due to magnetic charge

(1-5)

(1-6)

(1-7)

(1-8)

) 3 Primed quantities refer to case (I)
} . f doubly primed quantities refer to case (II)
; ? In terms of general operator notations, the following equations are obtained
b,
[] [ ] [ 8
| ST IR A -«
- (1-9)
] ] t 8
M ] LWL LA
o o - -~ -
t " " "
| i Llﬂ Al B
‘r -
! 1] " i1
. Ln f2] LX) LA (1-10)

A X




——— e . R e P -

where the definitions of the operators are obvious when comparing equations
(1-9) and (1-10) with (1-5) to (1-8). Note that the tangential fields are

continuous at the boundary surface, i.e.

+E ~-E)=0 (1-11)
AAA

ax W +nl -y =0 (1-12)
AN A A N

where n = unit normal pointing outward, or
~nxE +nxEwnxE (1-13)
P o sl o o) AN AN AN BV
~nxH +n«HwnxH (1-14)

AN A A A A YA
The following equations are obtained by substituting equations (1-9) and

(1-10) into (1-13) and (1-14).

SR XL AN = n X LM kLY A+ K LY, 00 nXEi (1-15)

v MI\ A m
-n X Lél(J') - n x L} 2(M') + n x L (J") +n x L Z(M") = nXHi (1-16)
[N m Pl [ anl sl
By equations (1-1) and (1-2), it follows that

- a % [0y + 131 = 0 x (L], + LY = nx E‘ (1-17)
~A AAA
= nox [y, + L] =0 ¢ [y, + L M = m x ul (1-18)
N o~ A AA A

Define all the operators to be tangential operators; the above two

equations can be put into standard matrix form as:




-(L' " (1! " ' i-l
(L)) * L3y (Lip * L) | |2 E,
- (1~19)
1

(1! " ' " '
L3y + 159 =W * L) | | Mlean  |E. | tan

The [ ] means the tangential components of the bracketed quantity on the

tan
boundary surface. Let

' - 1! 0 o I ' - l! ([P 1)
Le Li,, Le LYy, LY Ly L Ly,
and define
IO A LR A
ok Bom AMA
1
_CH(M') - —-VxF" -L" (Ml)
o € pnn AA 12M
C'W') =y x A . L3, (")
AN uom AN AAA
CII(J') - .J_; vaH - L" (Jl)
v 21
AAA AAAAAA AVA
Hence equation (1-19) becomes
Le' + Le" c' +¢" J! Ei
AP P aa)
- (1--20)
1
(! " ' " '
(c' + ¢ Lm' + Lm “b}“ tan }L tan

It is convenient to rearrange equation (1-20) into the form




A

e e

=

o an

7
Le -3iC J Ei
~~ Vs
- (1-21)
~3C In M _411-11
o) el
where
Le = Le' + Le" J=J
AR e
Lm = ILm' + Lm" M=M
P~~~ P,
C=C'+cC"
and the subscript '"tan" has been dropped for brevity. Equation (1-21) is
simply the familiar operator equation expressed below.
L(f) = g (1-22)
AR o
L is a tangential operator on the surface of the material body, and
Le -jC J -Ei
AAA A
L= ] L= I N
-4¢  Im ™ yut
. Puth NAN

1-3 Fommat

In this work the impressed magnetic field is assumed to be axially-
directed (perpendicular polarization). The darivation of all the formulas
for an impressed axlally-directed electric field (parallel polurl.ation)
will not be given in the main body of this work, in order to consarve space,
however, explicit formulas will he provided in Appendix A. A list »f computer
programs will be given in Appendix B.

The content of this work is as foullows, In Chapter 2, the operator

equation is reduced to a matrix equation suitable for numerical computation.




The rvduction is accomplished by using the method of moments for perpendicular
polarizution. The equivalent surface currents can be obtained by matrix inver-
sion, A concise theory of characteristic modes for material bodies, based on
the surface formulation, and explicit formulas for obtaining the modal solutions
are given in Chapter 3. Chapter 4 is a presentation of calculati - s made for
cylinders of different material constants using both the matrix inversion method
and the modal method., Chapter 5 is a discussion of the results, The computa-
tions presented in this work were performed on an IBM System 370, Model 155

digital computer, ‘The computer programs are written in FORTRAN IV,
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CHAPTER 2 :

MATRIX FORMULATION

The determination of equivalent surface currents requires the solution

of the following inhomogeneous equation

L(f) = g (2-1)
N oo
where L 18 the matrix of operators
Le jC
L = (2"‘2)
ch Lm
and ¥ i
J
£l g~ - (2-3)
Aon A jHi
| 3™ L
AP

This chapter presents the reduction of equation (2~1) to matrix form by the

method of moments.

2.1 Method of Moments é '

To apply the method of moments, an appropriate inner product for the

problem 18 ( ~ indicates transpose)

3o
e
N

<f,
A

(2-4)

A solution by the method of moments is obtained as follows. Define electric . J

expansion and testing functions as




-

3 L
o0l el S e
0 ~ 1o

0 0
fm- Wm-
n n
~2

The expansion for £ is then of the form

e m
£m] (L E+V E)
~n n [T A
where the I and V are constants to be determined.

The 1nner product of each {W'} with equation (2-1) yields

<w:, L(£ )> = <w:, g>
MA A o A

where
<w e L(E)> = <3, I (T L(£D) + V L(£)>
AM NV*n MA ey
-ZI <w.L(f)>
Mﬁ l'M
+ v <, L(f“)>
LV o 18y
=71 ”w‘-Le(J)dn-{v H
n no ~JP A
13
and
<w;.g>-”w‘ eld
WA P 'mN"‘
e _.__‘, et o

w; © (=4C) (M )ds  (2-9)

]

PN

10

(2-5)

(2-6)

(2-7)

(2-8)

(2-10)

Nt et e T el S o

et




~wr
e

Ry

11 .
\
{
Similarly, the inner product of each {W:} with equation (2-1) yields }
A \‘
W LE)> = <, g (2-11) .
Pl A POA AN 3
and .
CARTCATED EN | I REETTICRTE
[ o) AP n g I ~A
+1v ” Wt LM )ds (2-12)
n 8 AAMA P ol
<w:. g> = “ w: . yulde (2-13)
A A s - Py .
Equation (2-8) and Equation (2-11) can be placed in matrix form |
(z1 (81| (1) (v
. (2-14)
€1 e |v (1t
wvhere ’ 1
r !; ‘. J
zm - JI W; . Le(Jn)ds (2~15) % ]
s ™ ~a "
an - /) Wm + (=JC) (Mn)du (2-16) !
8 AN AA ,
Con = ] v (=4€)(3_)ds (2-17) ‘
s AAA AAA E
Y- I w: ' 1,()ds (2-18) )
s~ A
S
5t
i | 5 ‘
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i e , ol
Vm - II Wm E'ds (2-19) .
P AVA
s 1
T, " ” W o gutds (2-20) '
AN Faaal
s
r-ﬂ‘
Choose Jn - w:. Note that [Z] is obviously symmetric, already shown by l
AP AAA, ’
! Harrington and Mautz., With the choice Mn - wﬂ, [¥Y] 1a the dual of [Z], |
' A AAA .
| magnetic instead of electric, so the symmetric nature of [Y) can be essily 1
established, It 1s known that C(4 ) gives rise to an electric field and
o)
‘ c(Jn) will produce a magnetic field. Observe that by reciprocity
Pl o)
S
| E ”(s‘ e et M) - ” € 3% - WP - MP)ds (2-21)
[ : A AN AAA AAA A PV
;o : .
[ % Now, consider f
) ; (1) In eituation "a" only electric sources !
b\s 5 (11) 1In situation "b" only magnetic sources. N
. l It follows that b
a ”(-u‘ . WP)ds = ” (® - 3%)ds (2-22)
} PAA A AN )
| : 8 8
‘ Hence
B ® Com (2-23)
Consequently, [C] is the transpose of [B], or i
o~/
(B] = [C] with J = w;
| o e (2-24) ]
~ % \
PPN pA Z
1
A
"-,/
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To this point the matrix formulation is completely general and has
been achieved without reference to specific excitation, expansion functions,
and testing functions, che that every one of the operators Le, C, and Lm
is composed of two parts as indicated by equation (1-21), and consequently
every matrix element in [Z2], [B], [C] and [Y] has two parts; one is due to

the primed operator, and the other is due to the doubly primed operator.

2,2 Expansion Functions and the Evaluation of [2] Matrix Element

In this gection, the incident field is the axially directed magnetic
field, H:. Before going into any specific excitation for the scattering
probl.ﬁrv;om. general considerations about the evaluation of different types
of matrix elements will be presented as follows,

Note that the original problem, the scattering from material bodies,
has been decomposed into two cases, and their associated operators are of the
same functional form. For instance, the expression for Le"giz will be identi-
cal to Lc'ggz except for the constitutive constants, u and ¢. For the sake of
brevity, only Le' will be considered. Once La'siz is known, Lo"&il is obtained
by replacing € and Mo by € and u, respectively,

By equation (2-15)

2 ™ I W, ot (JuA + Ve )de (2=25)
laaal o~ M~

wvhere

Ah = magnetic vector potential due to Jn

N AN
on = gcalar potential due to O, surface charge

e . 4R —— ey o ‘M
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Applying the one dimensional divergence theorem to the vector ¢nWﬁ, and noting

ret
that
VoM me VW +W Ve (2-26)
N A MA paa AN AAA
the following relationship is obtained
J v¢n ’ thl - - J ¢nv . wmdz (2-27)
c ~N o aa) e NN A
Define °n such that
g m-Lg.y (2-28)
m Jw m

P A

Observe that equation (2-28) has the form of the continuity equation
if wm and o, are interpreted as current and charge, respectively. An alterna-
tis:'}orm for the [Z] watrix element can be obtained by substituting equations
(2-27) and (2-28) into equation (2~25). The new form is computationally more

attractive.

z., = Ju I (wm c A+ om¢n)dz (2-29)

AN N

Define the two-dimensional Green's function G(r,r').

C(r,r') = % ng)(klr - (2-30)
and
AE) = [ 3(x') G(z,r')de" (2-31)
Pala s o e
$(x) = % I q(r') G(r,r")da’ (2-32)
c

vhere q is related to J by the equation of continuity
A
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vV« J=-juq (2~33)
AV AAA,

After substituting equations (2-31), (2-32), and (2-33) into equation (2-29),

the expression for zmn becomes

]
zmn = ju I { I E&ﬂ . an(r') + 1? qn(r')] G(r,r')da2'}de
e ¢ ~

jwem ANA IS AN

1
- I J [jwuwm ' Jn + ==e(Ve Wh)(v' . Jn)]G(r.r')d&'dz (2=34)
¢ ¢ A AP
Note that the primad symbols refer to source location variation, while

the unprimed symbols relate to variation in fileld point location.
The specific formulaticn proceeds by dividing the contour C into N

segments, not necessarily equal in length. There are N segments and N+l points,

Fig. 2-1, A cross sectional contour.
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and £ is the path length proceeding counterclockwise around contour C.
The sets of expansion and testing functions are chosen as triangle
functions for both alectric and magnetic surface currents.
Wk - T(g - lk)ul k‘l,z,o oo.N (2-35)
Plaal A

1-——————-——-

Fig. 2-2. A triangle function.

where u, is the unit vector tangent to C path length value £, and T is the
NN
triangle function defined by




. Tw

o

Let Alk = ,'H'l. ~ "k then

and

17

R |
l- R, < R <% ¢
TR - &) - I ) ,
k
1+ 2 < <R
Ty - &g k-2 =" =k
0 %2 ee2 {
0 bypg 28 (2-36)
8- by
1 - 0 < o=, <& -2
e — My k= k2 Tk
T - 4) =
L= Ry
1+ (R =8, ) < 4=f, <0
By - Ry o K k-2 k
0 Ry 2 Rgp %
L 0 —(h by ) 2 2ty (2-37)
) % -8, .
1 - e g < 8-f, < Ak, + AL
B, + AL, L k k k+l -
" 8- hy
1+ -(b8, AL, ,) < A-R, < O
By o * 8L, k=27 k-1 k
0 Lo n 2 Ay o+ AR
k 0 —(88, o + AL, _y) 2 A=ty (2-38)
kg = ALy
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‘.
H
!
Now, zmn can be written as ‘:
A
1 :
z -fj[jwuw ¢ J == (V- WV - J )G de'dr ,
n 00 . M ICRPVOR. SOV |
I torz Yot
- I I (fun TC=2) T2 I(u, * u)) ﬁ
m-2 “n-2
_l_ |} | . ] - L -
+ Jue T' (R zn) T' (2 9.n)]Gd!. -1 (2-39)
L The subscript m indicates the mth triangle testing function and the subscript

n indicates the nth triangle expansion function. T' is the derivative of the

triangle fumction.

{ 1
- ARy
' ' DR k K+2
T (n.-zk) - \

o 1

- L >R
} b = by = Tkt2
b |

. L 0 ) (2-40)

or k-2 .
Y Y 0 s t=ty <02y + 88,
k¥ M

T (!.-R.k) -

1

M, ¥ My (At ¥t y) 2 hety 20

0 bty 2 B+ B

L 0 ~(t, o *+ AR, ) 2 -t (2-41)

-
bt
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|
The triangle function is approximated by four pulses with smplitudes !
hk-2’ hk-l' hk’ and hk+1 as shown below 1
1
i
i
g 40N
. < |
| /i\ !\‘ A ~ R
Y
y oo Mla e Mer b M by Pl B
- Pig. 2-3. A four-pulse approximation :
} / where :
i 1 1 i
} hk . 3 A’}.:z hk i} A"k-2 + 7 A"k-l
g -2 " Bl _, + AL -1 8, L, AL,
1 1
| b =2 Ay * Ay by + 12 Ay (2-42)
‘ M’k + Alk +1 +1 M.k + M’k +1

The derivative T' of the Triangle function can ba represented graphically as




"y
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1
e By F By
I
|
| by er1 ez
T >
b2 el |
!
1
Pig. 2-4, The derivative of a triangle function.

Consider the contour interval spanned by the expansion or testing

triangle function as shown in Fig. 2-5.

Fig L] 2-5 .

[ J

Straight line representation of tha contour.
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Io evaluate the integrals in equation (2-39) each such portion of the
contour is replaced by straight line segments drawn between the points or the
actual contour defined by %1, 22,.... 2N+1' The integration variables in
equation (2~39) are taken along these straight line segments. For the nth
expansion function, the index prl,2,3,4 {8 associated with the four pulse
intervals for increasing path length, Similarly, the index q=1,2,3,4 ie
defined for the mth testing function., Equation (2-39) can be put in the

following form

tl Sphl
1 [Jou Tqu(up . uq)

1
g e T PV -
Tue Tq Tp] Gdzpdzq (2-43)

Note that Tp and Tq are the amplitudes of the pth and qth pulses,
raspectively, The unit vectors up and uq are parallel tc the straight lines
of the pth and qth intervals in the direction of increasing path length.
Observe that each of the sixteen terms on the right hand side of equation
(2-43) results from one of two situations. Either the pth and qth intervals

coineide, or they do not. These two aituations will be considerad separately.

(1) Noncoincident intervals

In this situation each integral in equation (2-44) is
approximated by the product of its integrand evaluated at the
interval midpoint times the interval l;ngth. Hence equation

(2-44) becomes

P .

- S



—— .. .. R . P -

22 i

- ) 1 e ) !
- . 4 = T' T 2=4
Zn qzl pzlAtp Atq [Jwn Tqu(up uq) Joe Tp q] -—-—23—23~ (2-44) ‘
AR AAA

Atﬁ and Atq are determined by

At -t (k = 1,2,3,4)

k" ferl T Bk
and qu is the digtance betwezn the midpoints of the pth and qth

pulses.
(11) Coincident intervals

For coincident pth and qth intervals the integral evaluations
proceed as follows. The q integral is approximated by the product of
the integrand, sampled at the midpoint of the interval, times the
interval length. The p integral is then evaluated as an improper
integral,

The small argument approximation for ng’(kn) is
12 ) &1 - 3 2 105 (BB (2-46) R

where log y is Euler's constant. Then for coincident pulse intervals

t:q+1 Iy-ol ) H‘52) (kR)
. — it m
f [§wu Tqu(u u ) + Joe T Tq] A
t t AAN M\

q P

+1

41 ae, luw T, + A opr)

(2)
piq e T Ig L (kR)dﬂ.p

- — T
-]
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Note that the integrand is singular at the midpoint. The improper integral

can be treated as:

1
t At_/2
pt+l P
| J 12 GRyd = I (1 -9 210 (ﬂ‘-‘z-l‘l)]dx
\ _
tp Atplz
{
o -
o - lin J 1 -3 2108 (- L% ex
0 i /2
P
L Atp/Z
‘ ' + lim f (1 -3 %-los (x§£9]dx
‘ ; 0
| | E
? ykat
¢ = ot 01 - 3 2 105 22 (2-48)

Therefore zmn can be expressed as

1 4 4 . 1
| = T . - =t T2 -
‘ iy Z ZlAtpAtq[wu Tp q(u u ) 1 ] (2-49) .
i) ’ .
f' vhere §
- Héz)(kR ) noncoincident intervals
I m
2 vkat
1-4 - log —5:-9- coincident intervals

l Equation (2-49) is used to compute the two parts of each matrix element,
! with Egr My and ko in one part and e,u, and k in the other. It can be :

L readily observed that the use of equation (2-49) will lead to a symmetric

. (Z2) matrix.
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2,3 Evaluation of [B] and [C] Matrix Blements
Matrix elements for [B] are expressed by equation (2-16)
B, " [ WE c (-30) (4 )as (2-50)

’c»» ~~
Because of the discontinuity of the curl operator at the boundary, care should
be exercised in avaluating equation (2-50), The Green's function is singular,
and a simple interchange of differentiation and integration is not always pos-
sible, Note that the operator C conaists of two kinds of operators, namely,
C' and C". C' is for the outside field, and C" for the inside field, with
respect to the material body. In the following development, the symbol C can
be either C' or C" unless stated otherwise, Since the incident £1°1d’~5} in
the present case, is considered to be axially directed, there will be a circum=-

ferentially directed electric current and an axially directed magnetic current.

Let
- T - sy
P I~
and (2-51)
Mn = T(L - !.k)uz
el e o P )

Hence, equation (2-51) takes the form

[ l - . L (2)
B % I T4 Rvm)::% Vxu, f T(2 zn) H %7 (kR)dR "de
[aaadi. o L)
s 4 (ot “pH
e ) Tu *Vxu 7 8% ryan'ar (2-52)
4 ¢=1 pm1 q2 £ po
q- p- t A AN A t

q P
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Since Tp and 'I‘(l are constant between tp and t pHL’ t:q and tq+.l' respec-

tively, hence they can be taken ocutside the integral signs, so
t
Qb4 Eqrt pHl @

M e . 3 L] -

B 71 . ) T I u, * ¥ xu, I H,“' (kR) 42" dz (2-53)
q-l P-l t A N DA t
q P

Again, two situations will be treated separately.
(1) WNon-coincident p and q intervals

The Hankel function is continuous and differentiable. After

performing the indicated curl operation in equation (2-53), and noting

that u, refers to q coordinates, then
P P ar ) 21$® )
B - .2:. 2 I At {J———E_ AxX = — P9 Ay }T T (2-54)
mn 4 P 3y q ax 9 P 9q
q=1 p=1 qQ q
where
- _ 2 - 2,1/2 -
Ry = [0y = x )"+ (v = 3% (2-55) |
and ‘
(2) :
9H "/ (kR) X - X ;
a (2) !
e = - K, (kR) _..i._.P. (2-56) :
2)
9H "7 (kR) y-v
i AP ¢ ) W ] -
5y Hl (kR) R (2-57)
Hence (
2)
4 4 - T T kH,“’ (kR)
R 3 P q 1 - -
B 7 qzl pzl ot = { (yp yq)qu
‘ + (xp - xq)qul (2-58)
.. . [ —~— " . o - o P — -

~4
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Equation (2-58) is obtained through the application of triangle
expansion and testing function employing a four-pulse approximation to

the triangle, and the integrand was evaluated at the midpoint of each

pulse interval.

(11) Coincident p and q

Note that in this case, the mathod used in evaluating the
improper integral for [Z] can not be applied here because the curl

operator is not continuous across the boundary, for instance

R T

Boundary Surface L 1
I € I e'l

Fig. 2-6 Boundary Surface

By visualizing a current sheet that flows into the paper as shown in
Fig., 2-6, it is evident that the tangential field component will de-
cidedly be zero as ¢ + 0.

A better vay is to find the field at a point above the boundary
surface, then find the limit as it approaches the boundary surface from

above. Before performing the limiting process, the integrals in aquation

(2-53) becomes




!

TR

M, o

)

tqtl Eotl
:’% X uy I Hg)(kn)dz'dz
tq tp
A (@) (kR)
" % 3 [:35 °ay q -:A

Note that in equation (2-58) u, refers to the g-coordinates and the p-

A

integral is evaluated as the product of the integrand sampled at the
nidpoint of the p~intarval times the interval langth.
A local coordinate system is constructed for the evaluation of the

improper integral as R + 0. A local coordinate system is shown in Fig, 2-7.

b

2)
auo (kR)
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% ] [“&dxq + uydyq]

q A =8

R = [(x_x,)z + y2]1/2

-At/2 At/2

Fig. 2-7. A local coordinate system,

r
-
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Next, consider the :erm

3y dx' (2=59) .
-at/2
and noting that
M2 () (2) ..\ 3R
" kHy (kR) By (2-60)

By using small argument approximation for H{z) (kR)

(2)

~ER g %T&E (2-61)
aquation (2-59) bacomes
At/2 aHéZ) (kR) ' At/2 & .

Ay x' =~k I [2 +J ka] dx :
-At/2 -At/2 ; :

At At :
2 —— — x . P

k 2 «1f{ 2 - 2 :
-~ yit - 3 ¢ [tan ( " )- tan ]'(‘ " 3] (2-62) ‘: 2

Note that as x » 0, vy + 0, the improper integral approaches -j2.

Finally the expressaion for Bm can be stated as follows,

4 4
2 Z St TT B (2-63)

&ll-

vhere
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(2)
kH " (kR )

B= - - - + - x )4
R { (Yp yq)qu (xp xq) yq]
Pq
{non-coincident)
Bw - j2 (coincident)

Equation (2=63) is used to compute the two parts of each [B) matrix element,
R in one part (due to primed operator) and k in the other (dus to doubly
primed operator). Since C' is an outside operator and C" is an inside
operator, the values of B for the coincidental case will have opposite signs,
Hence the coincidental-pulse-interval situation contributes nothing to the
values of the matrix alaments.

In spite of the fact that [C] = fﬁi. it is advantageous to svaluate
Cnm explicitly. The procedures involved will be essentially the same as in
evaluating an. Recall equation (2-17), and it can be expressed in greater
detall as

¢ -f w:- (=30) (3 )dr
C

mn
Fa ol

}

A specific form, suitable for computational purposes is devaloped in a
manner similar to that used for an. Considerations governing the choices of
expansion and testing functions are the same as those discussed at the begin-
ning of this section. Note that the electric surface current, in the present

case, is circumferentially directed.

Lol {E 2 )u,
A

"
Jn = T(R = zk)uz
P AN




B
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where T 18 defined by equation (2-38) and uz is the unit vector in the direc~ f

tion of the axis; u, is the unit vector along the crossa-sectional contour. Cmn \
AAA
can be expressed as !
Cq+1 tp+1 1
1 ¢ 8 ()
C we== Z Z Tu *+9xu J T R (kR)dR'dR (2-66)
mn 4 a1 pel qz [ po

The evaluation of the integrals appearing in equation (2-66) is facilitated

by approximating the triangle function by four pulses. The index p » 1,2,3,4 is
associated with each pulse, respectively, for the nth expansion function, while

the index q = 1,2,3,4 is similarly defined for the mth testing function. Since

Tp is constant between cp and tp+1 and Tq is constant between cq and tq+1. they

can be taken outside the integral signs. v is the unit vector along the contour

AAA

with respect to p coordinates. Hence

§ T T At u ¥ x fydx 19 aeRd
RN A S
t
+ u_dy Héz)(kn)]

t PR )
4 v+l augz’(kn) auﬁ”(u) =
p§1 'f’qu“q 1 [ axq dyp - ayq dxp] (2-67)

(e gy - 2 dx ] (2-68)

T S

can be evaluated just like in the previous Bnn case. It follows that equation

(2~68) becomes
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x -x y -y
D R (o B gy 4 B g ] (2-69)
1 Pq qu P qu v

For coincident p~pulse and g-pulse intervals, the evaluation of the improper
integral ie identical to that developed for an. To this point, the matrix
elements for [C] can be conveniently specified as

4
C ---};-Z

4
la TTC (2-70)
= q=1 p=l

9 P9

where kniz)(kk)
C= -~ qu [~ (xp - xq)Ayp + (yp - yq)Axp]

(noncoincident intervals)

C=-j2 (coincident intervals)

Equation (2-70) is used to compute the two parts of each [C] matrix
elements; one part is due to the outside operator C', and the othar is due
to the inside operator C". Again, for the coincidental-pulse-interval situ-
ation, the net contribution, to the value of each matrix element, is rero,

because the two valuea of C in equation (2-70) have opposite signs.

2.4 Evaluation of [Y] Matrix Elements

The only expression left to be developed is that for the [Y] matrix

elements. By equation (2-18)

Y - I w: + L, (M )ds
c ~ ~n

m
- f:; * (JuF 4+ veT)ds

AA A,
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The superscript, m, indicates magnetic quantities. By equations (2-26)
to (2-28), the following is obtained
m
Ymn = ju [ (Wi . rn + °m#h)dz (2-72)
c A AR,
In this case all the currents are axially directed. The expansion and
testing functions are chosen as
wk = Hk - T(% - zk)u’ (2-73)
A AN A
where T 1s the triangle function defined by equation (2~38), and . is the
A~
unit vector in the axial direction. The continuity equation in this case
is
C = - —]-'— ve'M (2-74)
n 3“-~ .
Note that Mn is u, directed, sc
A~ A
VeM =0 (2-75)
L a T o
and it follows that
o =0 and ¢ =0 (2-76)
n n
Therefore
- [ m
Y= u I w: AL ds
(a0 SV V VN
¢
- BE . <2) ' -
A I I (wm M.n)Ho (kR)dL'ds (2-77)
c e ~AA AAeN

where the unprimed integration is taken over £isld points and the primad
integration over the source points. A specific form is developed in a

manner similar to that used for Zon Equation (2-77) can be expressed
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‘
in greater detail as
oy fpe2
v -4 J I [r(e-) 1’2" 1D amyjanras (2-78)
zm~2 0-2

The evaluation of the integrals appearing in equation (2-78) is carried

out by approximating the triangle function by four pulses as shown in Fig., 2-3,

Equation (2-78) can be writcen as

4 4 tq+1 tp+1 @
Y =& f I T T H'* (kR)dR'dL (2-79)
m qzl pgl . ! Poo
q P

The indices p and q have tha usual meaning. Tp and '1‘q have already been
defined by equation (2-42). Each of the sixtee¢n terms contributing to Ymn
falls into one of two categories. Either the p-pulse and q-pulse intervals
colncide, or they do not. If the latter is true, esach integral is approxi- |
mated by the product of its integrand sampled at the interval midpoin: times ‘
the interval length., The expression for Ymn becomas

v, =4 q:z:l pil TT, bege ng)(knp 0 (2-80)

As previously stated, Atp and Atq are defined by equation (2-45) and
R__ 1is the distance between the midpoints of the p-pulse and gq-pulse intarvals.
For coincident p-pulse and q-pulse intervals, the improper integral and its

evaluation are the sams as those in zmn' Hence
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Car1 Epr1

(2) '
ToTq By (KR)d2'de

vk At
- 1,7, At ae (1 - 32 < log c—-——P-n (2-81)

where logy = Eular's constant
o= 2. 718 sees

The final expression for Y is

4 4
we
» == T At Y 2-82
4 Z 21 TP q At q ( )
where
Y= H£2>(kan) (non-coincident intervals)

vkAt
e (1~ 2 log 615—15] (coincident intervals)

2.5 [Excitation Matrix, Measurement Matrix, and Scattering Cross Section

The matrix elements of the excitation matrix ere represented by two
axpresaions, squations (2-19) and (2-20). It is important to realize that
the transformation of (2-19) and (2-20) into computable forms depends on
the type and polarization of the impressed field. In the case under con-
aideration, the excitation is assumed to be a Z~directed magnetic field

of unit magnitude. The incident field is given by

i) = o3k, (2-83)

The wave number vector k points in the diraction of travel of the incident

wave. A coordinate system for the evaluation of the excitation matrix




[y

a5
elements is shown in Fig. 2-8,
Ay
H
T
E
d ot
¢
- X
Fig, 2=-8. 1Incident field.
Equation (2-19) will be considered first. Tha testing function is
WO om TG - g, (2-84)
N~

PV

For plane wave excitation the ¢-diracted electric field, associated with the

z~directed magnetic field defined by equation (2-83), is

j:'-..n::*e_jukv\.»oe . .
1 Jk(xmpc0| ¢ + Y sin ¢7)

- n(-:* sin ¢i +u_ cos ¢ )e P (2-85)

~A

where w ¢=directed unit vector
w x-directed unit vector

= y-directed unit vector

E LE fep
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b §
¢~ = incident angle
xmp'ymp = midpoint coordinates of each straight line segment
n = intrinsic wave impedance
By using four-pulse epproximations for tha triangle testing functions,
equation (2-19) can be expressed as
4 tp+1
vie Y J u, T * E(p)ds (2-86)
n 2 7p
p'l AMA
P
Note that the excitation matrix element Vi is given as the component of
Ei(p) tangent to the contour for the mth triangle. The integral in equa~
tion (2-86) 1is evaluated as the tangential field component of E1 sampled
at the midpoint of each p-pulse interval. Hence
4
i
V.e-n ] T{
m p=1 P
i i
Jk(x cos ¢” +y_sin ¢7) " 1
e P mp [- Ax sin ¢~ + Ay cos ¢ ) (2-87)

where Ax and Ay are the rectangular components of the pulse interval., A
portion of the contour is shown in Fig. 2-9 which illustrates how equation
(2-87) is obtained,

Equation (2-20) can be evaluated in a similar manner. The testing
functions are triangle functions, and each triangle function is represented

by equation (2-39) and chosen to be z-directed.

(2-88)

Wk = T(R = zk)uz
IAA AN
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Fig. 2-9, A partial contour.

T e g

The evaluation of (2-20) is quite straightforward and the procedures are

identicul to those used in the evaluation of V:. Hence

i i

4 Jk(x_cos ¢~ + y sein ¢7)

ray VT At e TP mp (2-89)
m p=1 P P

T W
4

The distant scattered field can be evaluated by reciprocity. A z=directed ' r
! magnetic current filament at o of strength %p is adjusted to produce the unit
plane wave incident on the material body

jk(xncoa ¢‘ + ynain ¢')

ul . u_e (2-90)
laaa P Y

‘ Note that M produces a ¢-directed E1 and & z=directed Hi

| % L L

e
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‘ Fig. 2-10. A two~-dimensional contour and z-~directed
4 f magnetic current filament.

By reciprocity it is evident that 1

! 1 1 1, _ |
, —Hp-'i—‘ J(E . - H M)dR (2-91) !

)
) .
! or
[ . w .l . 0
b

i -H -ﬁL J 7 az (2~92)
H N
L

where

Fquation (2-7) can be expressed in matrix form as

| (1] 13,1 - ;
f o (2-93)

| 9,1 i)

| |
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With the help of equation (2-93), a new form for equation (2~92) is

[In]
1

- Hp - ﬁ: (§)] (2-94)

[Vn]

Note that [In] and [Vn] are column matrices, and the matrix [D] is
i g o~ i
o) = tff g - Tae 1f B - gutanns (2-95)
c o c ™M™

The values of In and Vn can be obtained from equation (2-14) by matrix
inversion. The constant I/Mp is that needed to produce a plane wave of unit

amplitude at the origin, which is

Mo " amp Ho  (keg)
(2-96)
we ., (2)
7 B, (ko))
Radefine equation (2-95) as
(p] = {[p®) [D™)} (2-97)
where
e i ~
D = Ii . [Jn]dz (2-98)
C ol
m i g~
o2 - ] e -+ e (2-99)

C
The evaluation of tha intagrals in equation (2-98) and (2-99) is

straightforward, and the procedures involved are completely analogous to
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those used in the evaluation of V; end I;. Only the results will be given

here
. 4 Jk(x cos ¢' +y sin ¢') s .
Dh - - Z Tp e np np [-4x #in ¢ + Ay cos ¢ ] (2~100)
p=1
4 jk(x_ _cos ¢' + y__ain ¢') (2-101)
w3 J TAte TP P
n psl P P

The scattered field can be exprarred as

tr,] ,
B, = 42 1D e ) (g1 821) (2-102)
or _[vn]
121 (8] fivh)
B = 48 0l e ) 11021 (021] (2-103)
el 1) [17]

In the scattering problem, the bistatic scattering cross section ¢ ia -
a paramster of interest. It is defined as the width for which the incident
wave carries sufficient power to produce the field Ep, Hp by omnidirectional

radiation., It may be expreased as

2
E_(6")
o(s®) = 2n g, "2'77.-
lim P ™
or
s |2
= 2T py H () (2-104)
1im p6+ w|P
————.. - = oy -

" .. am iy tEre S ses e
g




'y

The large argument approximation for Héz)(kk) is
(2) 2y -ix
“o (x) —> ™ *

The expression for the scattering cross section can be stated as

- 14 2 we ’2 h 2

’ po:. wpo T "kpo
4n

wvhere (2] (8] =1 [v:]

h= | [D]
[l (¥] (i)
_— N N
i —a. R F S .

41

(2-107)

(2-106)
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CHAPTER 3

CHARACTERISTIC MODES ~ A SURFACE FORMULATION

3.1 Theoretical Development

The treatment of characteristic modes for perfectly conducting bodies,
starting from the impedance operator for the conducting surface, has been given
by Harrington and Maut:z [2], 1In terms of the polarirzation current and the
magnetization current, a volume formulation of the characteristic mode theory
for dielectric and magnetic bodies has also been treated [4]. In this chapter
a theory of characteristic modes for material bodies (dielectric, magnetic, or
both) based on a surface formulation is developed. The appropriate operator

formulation of the problem is

1
Le N A.L\ AEN‘
- (3-1)
N Lm M e
A

To emphasize the symmetric nature of the matrix of operators, the off-diagonal

oparators are denoted by a single symbol, N. Define the following rise vectors

J | E
e~ oA
f - - g~ (3-2)
A
M ' lm
and the matrix of operators
Le N
T= (3-3)
N Lm

where N = «_jC,
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Equation (3-1) can then be written as

-8

Define the symmetric product

~
<f, g> = JI fg ds
N o

AN
s
- ” (J*E~-M:' Hds (3-4)
PN NN A PN
s
vhich, for £ a source quantity and g a field quantity, is reaction. The
product
* Frg d
g - )] B
]

NN NN o e

- ” (J% « E + M¢ « H)ds (3-5)
[ ]

is a suitable inner product for the Hilbart space of functionlﬁsg‘g‘in S.
Ifh£~io a source quantity nndfgﬂa field quantity, the real part of (3-5) ia
time average power, but the imaginary part of (3-5) differs from the usual
imaginary power. It is easy to show that T is symmetric, that is,

<f1, Tf2> " <f2, Tf1> by reciprocity. The operator f can be expressed in

AAA AMA MA MA
terms of its Hermitian parts as T = Tl + sz where

- b

R Nl
- l ") = <3"6)
Tl 3 (T + Tw)
M8
Px Nz-
-t ") = (37)
Tz 23 (T = T*%)
Nz B
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Here N1 and Nz are the Hermitian parts of N, R and X are the Hermitian parts

of Z, G and B are the Hermitiszn parts of Y.

By equation (1-9), the fields dua to J and M can be axpressed as

J [i Le' =jc'
L' - - } L'= (3-8)
R JH ~jc' '

As far as radiation is concerned, the contribution due to the doubly priwmed
operators is zero. The power radiated by nny‘ihandlghon S is given by

Re(P)--Re” (E-J*+Mon*)do
8 A N N

= ~ Re [{ (E * J% + M¥ H)da
AA NN A

= Re {<f#,Tf>} (3-9)
A A
Hence the time average power delivered by a source £ is

Re(P ) = Re <f% Tf> (3-10)
s MA A

The imaginary part of <f% Tf> is not simply related to reactive power.
”~N N

Using six-vector notation, we formulate a theory of characteristic
modey which parallels that of the volume formulation [4]. The eiganvalue

equation defining the modea is

Tz(fn) = AnTl(fn) (3-11)
laaal o~~~
wvhere '1‘1 and T2 are real symmetric operators. Hence, all eigenvalues An

are real and all characteristic sources E“ may be chosen rasl. 1In expanded
e al
form

— N - — L " - RS i l‘
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Jn
£ o= |~ (3-12)
(o)
M
e,
which, for characteristic sources, implies that Mn is imaginary and Jn is

P Fala ol
real, The characteristic sources can ba normalized to radiate unit power,

and the usual orthogonality relationships expressed as

£ = <f, T f> =6

<fh, T
m’ "1
A A A AAA
<£;, T2£n> n <fm, T25n> = Ansmn
N~ M o AN
<ty TE > = <f, TE > = (L4 42 n)sm (3~13)
laaa P~

where Gnn is the Kronecker delta. The field

En
8, = it (3-14)
e
L.

due to a source fn is called a characteristic field. In the radiation zonme

A
the characteristic field is of the form of an outward traveling wave, and it

is completely characterized by .1th.r,5& or Hn.
SN
Let fn and ‘m be two characteristic sources. By equation (3-13), the

A
following expression is true,

Le N
~< 13, ]

<fm. Tfn>
[ NP VN M o~ N
=0 form¥n

Equation (3-13) is ersentially
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where En and Hn are produced by fn' Because Jm is real and Mm is imaginary,
e e o~ A o
we have
[ (a*e + 1 M")dew0
; (Jm. n oMy ds (3~17)
T TV A AN
It follows that
Re || (E.3" + 0" M )de = 0 (3-18)
' ¥ Hyty)de -
A MR A A
which msans that the veal part of the cross power is tero. In the
radiation zone the characteristic waves are of the form of outward
traveling wave, 1.e.
E. =nH xn (3-19)
laaa) O Flan)
where n is the unit radial vector on S, . The real part of the cross power
AN
can be expreassed as
" E . B
Re [I B, xH «ds = Re IJA&!L;AME ds = 0 (2-20)
AN AAA n
The real part of the cross power betwean j(En,Hn) and (Bm'“m) is also
[T AN A
zero. Henca,
1 » *
—R-II Em ' En de = n JI H, . Hn ds = smn (3-21)
[ e filan) laeal A~

3,2 Characteristic Equation and Modal Representation

In the preceding section, the analytical development was based on
the interpretation of operators. The raduction of oparator equations to
matrix equations can be effected in the ususl manner by the method of

moments.
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Lat
. m
| £, = , ( ijj + ijj ) (3-22)
: MA WA
' where
. w 0
£ - e, . £5 = (3-23)
| KRN A e
Iy
After substituting equation (3-22) into equation (3~1l), the following
, is obtained.
e I e m _
! { § I,T,f] + § v, Tofy } et § I,T f) + § VT £ } (3-24)
A oA A
L : Perfornm inner product with slectric testing function w:,
;» ’ ' ~
l e n
{EIJ <NWE. T2:3.>+§vj<w:' Tz:?.:}
i : = o § I,¢ W, ‘rlf; > +§ v, < w;,rlf‘;‘ >} (3-25)
1 MA M NA A
: and with magnetic testing function w‘;.
! A
| . \ {211<w:‘, T2£;>+Zvj ‘“:'Tzf;’}
3 37 o am 4 O
b ,
Fy . - ] 1< W T1£;> +) vy <y, -.rlf‘;‘ > ) (3-26)
Equation (3-25) and aquation (3-26) can be put into one matrix equation,
[ : (X] [N21 [1] [R] [N1] (1]
- An (3-27)
| M m |[(m] . [®3 we | o]
[
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The definitions of [X], [N2], [B], [R], [Nll’ [¢], [I), and [V] are
obvious by comparing equation (3-27) with equations (3-25) and (3-26),
Equation (3=27) is the eigenvalue equation which will be used
in the actual computation of the wodes. In abbreviated form, it becomes
(1, 1 0e 1ma (1 ) 0 ] (3-28)
AAA A
Now, with the understanding that An and fn can be found, the modal
P e
solution for £ can be expressed as
P anl
£=)at (3-29)
~v~nn,.2,.
Recall that
Tf = gt (3-30)
PPV
After substituting equation (3-29) into equation (3-30) and performing
the inner product with fm. the following equation results,
laaa) 4
Lo <f,T6 >=cf,g > (3-31)
n AN NA O )
Apply the orthogonality relationships given in equation (3-13). It
follows that
i
< f, 8 >
2ol s
a = (3-32)
n (l+jkn)<:£,'1;£&>
Expliecitly,
<f_, gi > = E 1, < £9, 31 >+ Z v, < £, gi > (3-33)
m i i i i i
P A I A P

The matrix equivalents of the orthogonality relationships
for the characteristic currents, equation (3-13), are also of interest.

For example, that for T1 is
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DG % ik 7% b WS O ¢ ij§+vjf‘j“ )y >
mn e 1 g A J AR FNN

A
()
-
=3
Hh
v
[

e [ ] [ ] m
E E (1,1, < g, T)f) > + 1V, < £, T >

AN AN AN AAA
+V,1

m e m m
< £, Tlfj > + vivj < £, Tlfj >}

AN N M N

3

b [
[TIRICT)+[TLIN JLIV]

FIVILIN It VIt v

[, ) L1y 1 0g 1= (3-34)

mn
A [ )

where denotes transpose. Similar derivations hold for T2 and T.

3.3 Linear Msasurement

Any scalar p linearly related to the generalized current, i.s.
a linear functional of the squivalent electric and magnetic currents, will
be called a linear measurement of the current.

Any linear functiomal of'awfan be expressed as

p=<gh £> (3-35)

AN YN

whare gm is a2 vector function which consists of an electric field and a
magnetic field. By equations (3~32) and (3-33), the linear measurement

of £ can be stated as

<f,81>
p = frell e <Ill

g > (3-36)
n (1+ D)< £, T >
AN AN
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where
< g%, £,> - ) I, « =, f: > =) v, < gt f: > (3-37)
o~ AN “mm\inmﬂw

and define the following

K: - <g®, £,> = modal measurement coefficient (3-38)

MV aN

<gi, fn> = modal excitation coefficient (3=-39)

N A
Equation (3-36) is a symmetric bilinear functioual of gi (the
A

impressed field) and of gm {the measured field). The symmetry of (3-36)
..

is a cecnequence of the symmetry of the original operator T. Equation

(3-36) can be expressed as

gl g
n nu
p = z 1 4+ j An (3-40)

-
similarly, in terme of Ki equation (3-32) becomes

K
b

1~ I

(3-41)

T

n

L&

and equation (3-29) will take the form

Ki
fu] 0B (3-42)
M n l+57‘n~‘;\

3.4 Characteristic Fields and Scattering Cross Section

The characteristic fields are linearly related to the

characteristic currents, fn’ and hence zan also be expressed in modal form,

3

n
E= L Ty % (3-43)
P e

-
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f then Ki and fn are known, the field pattern can be obtained by
PN

employing equation (3-43), A convenient way is to evaluate the modal

measurement ccefficilent first, In the two-dimensional case, consider a

magnetic current filament, M = M u, at ( pyt don S_. See Fig. 3~1 below.
MA A

A

w

Fig., 3-1, A coordinate system for modal measurement

coefficient

W - -
i .

By reciprocity, it is readily seen that

-Hn.M-f(Jn.Em-un.ﬂm)ds (3-44)
/ P PN P N NN foaa)

wisre Hn is thecharacteristic field components produced by the mode

ey

N
* current fn‘ Em and l-lm are the fields due to the magnetic current filament,

MA ApA A
M., To simplify the analysis, the magnitude of the magnetic current, M, is
~A A

adjusted to produce a plane wave on the material body, i.e.

| "

r
: Ho=u e JOL % - (3-45)
* MA AN
F Em = n Hm x ukm (3-46)
: [ana fag A
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where n is the wave impedance and Y is the unit vector in the direction of
Pl
propagation. The right hand side of equation (3-44), in matrix form, is the

modal measurement coefficient, Hence,

n
xn-f(Jn.Em-un.nm)dz (3-47)
¢ [ ANA ANA N
“ Explicitly, the electric field and the magnetic field can be

extracted from equation (3-43) as

| .
: Ew E (3-48)
i M 1+ An o
!

. S

‘ % ,E.- E ) - H (3-49)
% Since the magnetic field is currently under consideration, only equation

. b

f' ﬁ (3-49) will be used. The component of the magnetic field on u is
2 oA
i L §

) K
: gy = ) 1+42 Hyo Y

* 'i‘ M A n N smn

~

, § i m

; s o1 Z K Ky

} , M o 143 )\n

s

l} TS € P Z ;_K“

. % %o P LA K (3-50)

Note that l(:'l is of the same functional form as K:. Equation (2-98)
l has been used in deriving equation (3-50).
| A commonly used parameter in plane wave scattering problems

is the echo area. In two-dimensional problems the quantity " echo width "

L corresponds to the " echo area " of the three-dimencional problems.

-—
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The echo width is defined in equation (2-106).

|2 (3-51)

By equations (3~50) and (2-106), the following expression for the scattering

cross section is obtained.

1
K. Ko 12 (3-52)

1+ j k

3.5 Computational Considerations
L The solution of the matrix eigenvalue problem, equation (3-28),

will be discussed.
)
e AN

f f Note that the subscript n has been dropped for brevity. The conventional

method for reducing (3-53) to a symmetric unweightad eigenvalue equation

b
}.\ requires [T2] to be positive definite. In theory [Tll is positive semi-~
definite, but because of numerical inaccuracies it is actually indefinite,
} / with some small negative eigenvalues. If the values of the matrix slements
cover a very wide range, scaling will become desirable. The magnitude of
. the scale factor can be chosen as such that all scaled matrix elements
will be brought, as close as possible, to the same order of magnitude.
The conventional method will be modified as follows,

) Let [D] be a diagonal matrix. After premultiplying by [D],

equation (3-47) becomes

s

v

P




"

1
. |
i
o
[(D10T, 1 0E)=\ (D)1, )1[%] (3-54) |
FY . N laney !
Then observe that \
(DT, D) CIDI L ED) %
o~ ,
=AlDIT, NDICIDIHED) (3-55) '
NN
Ths eigenvalue equation as given by (3-55) will have the same eigenvalues
as the original unscaled equation, but the eigenvectors will be different.
In other words the eigenvalues are not affected by the diagonal
transformation. The original eigenvectors will be modified by [D] inverse.
I1f the wcale factor is s, [D] can be chosen as
l/s 0
(D] = (3-56)
0 1

By equations (3-27), (3-55), and (3-56), the scaled eigenvalue

equation is
[T 10 £ 1 warT) e )
oV NN
where _
[ X 1/ [ NZII-]
[Ty )= |
st~
_[ N, 1/s [B] J
i 2
[R1/s (N, 1/s
[1] 1=
_[ N, /8 [c]
and
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[ £% ) ot
o~ [v])

(3-60)

Note that [I] and [V] ( J and iM) should first be recovered from the
rA PNy

scalad eigenvectors before computing the surface currents and the scattered

fields.
Rewrite equation (3-57) below

[T, M1 =l I £] (3-61)
oA P

Note that the superscripts have been dropped for brevity. An approximstion

will be used in finding the eigenvalues and eigenvectors. The eigenvalue

equation

{ '1‘1 Jrmyucrx (3-62)
M A

is used to find a set of basis functions for the Tl vector space. An

orthonormal set of vectors can be obtained by using the vectors { T, e

Let { v, } be the set of orthonormal vectors, and let [U] be the orthogonal

matrix which diagonalizes [Tll according to

|l.ulooo coocn
0“200 TEEX
P~ 00“30 XEEX)
[ Ul Tl JM[ul=1000 Mgorses (3-63)

LRI B B IS Y A Y )

where the u, are the eigenvalues of [Tll ordered Uy > Uy 2 Ug 2 M, Zeeerss
Every column of [U] is in { Ui}. Only the larger u; can be considered
accurate. All My > Mul are put in [ My ] where M is some small positive
number set by the estimated accuracy of [Tll. Usually M is anyvlare

betwesn 10'3 and 10-6. The diagonal matrix [u] is than partitioned as

ot
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[u, ] [0]
[u] = (3-64)
(01 L)
where
0"
1
2
[y 1= L (3-65)
0 Yo
Wl 0
Mork2
[up )= . | (3-66)
| "
Now consider
n
£=1x 0, (3-67)
e gl T anA
where Uz 18 a column vector of {U]. This is u valid expansion because
P~
the { v, } vectors form a basis for T, vector space. In matrix form equation
e
(3-67) becomes
£=[U ) x) (3-68)
M N
If [ ¥y ] 18 set to zero, it follows that all column vectors of [U]
corresponding to all Wy € { Hy ] are in the null space of Tl' This 1is
1llustrated in Fig. 3-2,
The expression for f as given in equation (3-67) can be written
as
) )
f = x, U, + U (3-69)
IORIPTT o TR Wty
e . = e et ——— . oo

P R
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Null space of T, (dim. = N-m)

Fig. 3-2. T1 vector space

The column vector Ltl in equation (3-68) can be partitioned as
P g W) [x1]
(x)=[UJ[£f]=]| ~&
oA [ %, ]
AP
where [xl] and [le are column vectors, and they are obtained by
AA AN

partitioning [x] according to equation (3-69), Premultiply equation (3-61)
[ Y

by fﬁi and use equations (3-63) and (3-68). The result is
~~~y
(U1, MU Ilx]=alwllx]
AA VS
Set [ My ] equal to zero and partition all other matrices

conformably. The following two matrix equations are obtained.

[ A, 1 )+ 1 Ay, 11 ] = Af I x, ]
11 :}\ 12 :2 "1 o\

~
[ A, 1t Xy ]+ ( Ay, Il x, 1 =0
/,t: P~
Note that { A ] = [ U ][ Tz 1[I U ). Equation (3~73) can be solved for
[ X, ] and the result substituted into equation (3-72) to get

=]
U Ay = AjpAgohy, 10 %) 1= Al wy 1 %y ]
AP P et

The brackets of submatrices have beesn dropped to conserve space.

(3=70)

57 s

(3-71)

(3-72)

(3~73)

(3-74)
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Now [ull has only positive diagonal elements as defined by aquation (3-65).
Obgerve that
[y )= (o2l (3-75)
where
1/2 ]
W 0
1/2
"2
1/2
Y3
[ u}’zl - ) (3-76)
Y
0 Mo
_— 4
By equations (3-74) and (3-75) a new and unveighted eigenvalue
equation is obtained.
[Bllyl=A[y] (3-77)
o AAA
where
[y 1= ud?0x (3-78)
AN ~-
-1/2 ' -l -1/2
The eigenvaluas of equation (3-77) are the smaller eigenvalues of
the original equation (3-61), and the eigenvectors of (3-77) give the
corresponding eigenvectors of equation (3~61) according to
[ 3
e=tullxl=tu) | o fouwtry (3-80)
o e [-Ap81,] ~

where [ 6 ] is the identity matrix,

s ipteira e o

P,
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Once the eigenvalues and the eigencurrents are known, the
squivalent surface currents and scattered flelds can be obtained by ‘
\

employing appropriate formulas for those quantities. '

L,




MG

t
I

I R

60
CHAPTER 4

RESULTS

The results of far field scattering calculations for some material
cylinders are presented in this chapter. Equations used are those develcped
in Chapter 2 and Chapter 3,

The far field scattering patterns of circular material cylinders have
been computed and the results are shown in Figures 4-1 through 4-16, for
perpendicular polarization (TE). Figures 4-17 through 4-22 give the results
for parallel polarization (TM). All results are compared with exact harmonic
series golutions [7]. Pigures 4-1 to 4-5 are obtained by using 15 triangle
expansion functions. Twenty expansion functions have been used in obtaining
Figures 4-6 to 4-22, 1In all figures the computed scattering cross section
are normalized by ma, where "a" is the radius of the cylinder.

The normalized scattering cross sections of .square cylinders are shown
in Figures 4-23 through 4-27., All computed results are normaliged by b,
where "b" 1is one~half the width of the square cylinder under consideration.
Twenty expansions have been used in all computations for square cylinders of
different material constants.

Figurea 4-28 through 4-30 show the characteristic currents (or mode
currents) for circular cylinders of different material constants. Fifteen
expansion functions have been used for the computation of mode currer‘s.

For representative computations, consider a circular cylinder with
ka = 0,7 (where "a" is the radius of the cylinder, €, " 9.5, Wy = 1.0, The

contour is approximated by 32 straight lines segments of equal length (the
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line segments can be of different length), and 15 expansion functions are used
for both electric and magnetic surface currents, Figure 4-28 shows the char-

acteristic currents plotted vs, the contour length variable in terms of a

sequence of triangle functions, All the mode currents are composite currents.

The first 15 points represent the electric mode surrent, and the second the
magnetic ~urrent,

Figure 4-29 shows the characteristic currents for a circular cylinder
with €, " 50.0, My = 1,0, and ka =~ 0.7, Pigure 4-30 shows the characteristic
currents for a circular cylinder of I 2.56, Nnte that every mode current
is normalized by its maximum magnitude.

For perpandicular polarization (TE), the modal solution for the scattered
field agrees axtremely well with the scattered field computed directly from
matrix inversion. The scattering cross sections using characteristic modes are
almost identical to the matrix inversion solutions (the differences are lesgs
than 0.001 db).

To be specific, Pig. 4-1 shows the normalized scattering cross section of
a circular cylinder with € " 9.5, W = 1.0, and ka = 0,7 for perpendicular
polarization (TE). The computed scattering cross section is in good agreement
with harmonic solution [7]. The maximum deviation is 0.65 db., Figure 4-2 %
gilves the normalized scattering cross section of a circular cylinder with )
€. ™ 20,0, Hy ™ 1.0, und ka = 0.7, for perpendicular polarization (TE)., The
maximum deviation from exact harmonic series solution is 0.076 db. Figure
4=3 ghows the normalized scattering cross section of a circular cylinder with

€, " 50.0, Wy = 1.0, and ka = 0.7, for perpendicular polarization (TE). Maximum

PRt



62

deviation from exact harmonic solution is 0.485 db. The scattering cross
section shown in Fig. 4-4 is for a circular cylinder with €, = 100.0,

Mp ™ 0.01, and ka = 0,7 for perpendicular polarization. The computed solu-
tion 18 in excellent agreement with the exact solution. Maximum deviation

ie 0,01 db., ¥Figure 4-5 gives the normalized scattering cross section of a
circular cylinder with €, = 1000.,0, W ™ 0.001, and ka = 0,7, for perpen~
dicular polarization. Note that the computed result is in excellent agree-~
ment with the caleculations of a conducting cylinder., Maximum deviation is
0.01 db, The conducting cylinder problem can be viewed as a specialization
of the more general material cylinder problem. This is expected to be true
even for three~dimensional objects, TFigure 4-6 showa the normalized scatter-
ing cross section of a circular cylinder with €. ™ 9.0, H, = 1,0, and ka = 2.0,
for perpendicular polarization (TE). Maximum deviation from exact harmouic
solution is 1,79 db. Better agreement can be reached, if more expansion fune-
tions are used, The scattering cross section given in Fig. 4-7 {s for a
circular cylinder with €. ™ 9.0, W " 1.0, and ka = 1,0, for perpendicular
polarization. The agreement with exact solution is excellent. Maximum devi-
ation is 0,013 db., Figure 4-8 gshows the normalized scattering cross section
of a circular cylinder with € " 9.0, My ™ 100.0, and ka = 0,7, for perpen-
dicular polarization. Agreement with exact solution is very good. Maximum
deviation is 0,01 db. FPigure 4~9 shows the normalized scattering cross sec-

tion of a circular cylinder with €, ™ 9.0, M = 5.0, and ka = 0.7, for per-

pendicular polarization, The computed result is in good agreement with exact
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solution, Maximum deviation is 0.3 db. The computed scattering cross section

of a circular cylinder with G 0.001, Wy ™ 1000.0, and ka = 0,7, for per~
pendicular polarization is shown in Fig. 4~10. Note that the cylinder is highly
magnetic, Maximum deviation from exact harmornic solution is 0.001 db. The
agreement is excellent. Figuve 4~11 shows the normalized scattering cross section
of a circular cylinder with e, ™ 1,0, He ® 1000,0, and ka = 0,7, for perpendicular
polarization, Maximum deviation from exact solution is 0,04 db, PFigure 4-12
represents the computed scattering cross section of a circular cylinder with

€. " 1.0, e ® 10.0, and ka = 0.7, for perpendicular polarization. Maximum
deviation from exact solution is 0.04 db, Figure 4=13 shows the computed scat-
tering cross section of a circular cylinder with o ™ 1.0, He ™ 300, and

ka = 0,7, for perpendicular polarization. Maximum deviation from exact hurmonic
solution is 0.2 db. Figure 4~14 gives the normalized scattering cross section

of a circular cylinder with €, = 2.56, U ™ 1.0, and ka = 0.7, for parpendicular
polarization, Maximum deviation is 0.6 db. Figure 4~15 shows the computed
scattering cross saction of a circular cylinder with €. " 1000.0, Wy ™ 0.001,

and ka = 0.7, for perpendicular polarization., The computed solution is in
excellent agreement with exact solution., Maximum deviation is 0.01 db. The
computed scattering cross seactions of a circular cylinder with ka = 0.7, arc
glven in Fig. 4~16 for three diffarent sets of material constantse; 1) € " 1000.0,
b= 1O 1) e = 100000, u_= 1.0 i14) ¢ = 5.0, u_= 107°, ALl are for
perﬁendicular polarization. Figure 4=17 shows the normalized scattering cross
section of a circular cylinder with €, ™ 1000.0, My ™ 0.001, and ka = 0,7,

for parallel polarization (TM). The solution agrees excellently with conduct-

ing cylinder solution. Maximum deviation is 9.023 db. The normalized scattering

P
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cross sectlon of a circular cylinder with e = 2,56, e ™ 1.0, and ka = 0.7,

for parallel nrolarization is shown in Fig. 4=18, Maximum deviation from exact
solution 48 0.5 db. Figure 4-19 represents the computed scattering cross sec-
tion of a circular cylinder with €. = 20.0, v = 1.0, and ka = 0,7, for parallel

polarizatiovn., Maximum deviation from exact solution is 0.2 db. Figure 4-20

shows the computed wscattering cross section of a circular cylinder with €. " 50,0,

By ® 1,0, and ka = 0.7, for parallel polarization. The computed solution is in
excellent agreement with exact harmonic solution., Maximum deviation is 0.05 db.
Figure 4-21 shows the computed scattering cross section of a clrcular cylinder
with €, " 4.0, e ™ 1.0, and ka = 0.7, for parallel polarization. Maximum devi-
ation from uxact solution is 0.2 db. Figure 4-22 shows the computed scattering
cross section of a circular cylinder with €. " 9.5, w, = 1.0, and ka ~» 0,7, for
parallel polarization. The computed solution is in excellent agreement with
exact harmoric solution maximum deviatwon i1s 0.0l db., Figure 4-23 shows the
computed scattering cross sections of a gsquare cylinder with kb « .4, for

two sets of material constants: i) €. " 1000.0, W = 0.001 i) & ™ 1000.0,
W = 1.0, all for perpendicular poiarization. For square cylindere, there

are no exact snlutions. Figure 4-24 shows the coﬁputed adcattering cross
section of a square cylinder with e, = 10000.0, Hp ® 0.0001, and kb = 1.4,

for perpendicular polarization, .The computed sclution has been compared with
the solution of a conducting squ#re cylinder by using E-field formulation [13].
Maxinum deviation is 0.1 dt, Figure 4-25 shows the computed scattering cross
section of a square cylinder with €, = 9.0, W™ 1.0, and kb = 1,4, for per-
pendicular polarization. Figure 4-26 shows the computed scattering cross

section of a square cylinder with €. " 100,0, b ™ 1.0, and kb = 1.4, for
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parallel polarization. Figure 4-27 shows the scattering cross section of a
square cylinder with €. = 10000.0, Hy = 0.0001, and kb = 1.4, for parallel
polarizaticn., The computed result is in excellent agreement with conducting
square cylinder solution. Figure 4-~28 shows the lowest order characteristic
currents, plotted as a function of the contour varisble. The currents are
nofmalized by choosing their maximum amplitude to be unity, The characteristic
currents are for a circular cylinder with €, ™ 9.5, e = 1.0, and ka = 0.7, for
perpendicular polarization. The electric part of each characteristic current is
circumferentially directed and the magnetic part is axially directed. The
scattering cross section computed from modal solution is almost identical to
that from matrix inversion. Pigure 4-29 shows the normalized characteristic
currents for a circular cylinder with €. = 50,0, M = 1.0, and ka = 0.7, for
perpendicular polarization., Figure 4-~30 gives the normalized characteristic
currents for a circular cylinder with €. 2,56, W = 1.0, and ka = 0,7, for
perpendicular polarization.

The purpose of this work is to show the feasibility that a surface
formulation for the theory characteristic modes can be applied to the solu-
tion of scatter.ng from material objects. For large cylinders, more expan=-
sion functions are needed. No attempt has been made to treat large objects.

It 1s expected that this %8 one of the important areas for future research.
Many queestious are still left unanawered in the interpretation and applice-
tion of chavracterigtic modes to material objects. It is hoped that this work
will be of some value to future researchers in their effort to gain ﬁ complete

urderstanding of the theory of charactcoristic modes.,
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The eigenvalue equation (3-61) is

and the expression for the Rayleigh quotient associated with equation
(4=1) is —~
[£,3(T,]1£,1]

A
i fi T1 fi

The computed eigenvalues and their corresponding eigenvectors should satisfy
equation (4~2), The Rayleigh quotient check is important because it gives
sonme .verification to the approximations used in numerical computation.

The quadratic term [fi][TI][fi] deserves some elaboration since it

qppears frequently in equations. Note that
(€107, 10£) = [x1 (B30T, 1101 [x]
= [x1lu)(x]
=[xyl 0u 0%y + [35100,11%,) (4-3)

It has already been pointed out in Chapter 3 that [x2] is the component of
an eigencurrent f that lies within the null space of Tl’ in other words,
[x2] does not radiete. Since approximations are made in the computational
procedures, the eigencurrents will not be absolutely exact. Consequently,
the second quadratic term on the right hand side of equation (4-3) will
differ from zero, but it should be much smaller than the first quadratic
term. To a certaln degree, this will give some indication of the accuracy
of the computed eigencurrents, The first quadratic term at the right hand

side of equation (4-3) can be further expressed as
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[ 1wy 10x, ] !;
v I
- LMyt 10 A1) -
- B2 0 4 | |
K ~
- [yily]
i =]l (if {yi}'nre orthonormal) (4=4)

In numerical computation, approximations are inevitable. Some special

analytical manipulations such as those discusgsed above can often provide

h_Jd

added insight to the correctness of the numerical results.
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= ===- This method, 15 expansion

functions.
Max. dev. 0.65 db,

scattering
direction

,; incident

fleld

r
| L. ] ] ] | d | ]
20 40 60 80 100 120 140 160 180
¢ (degrees)
Fig. 4-1. Normalized scattering cross section of a circular cylinder with
e, ™ 9.5, uy = 1.0, ka = 0.7, perpendicular polarization (TE).
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180
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r Exact
«—e wew — This method, 15 expansion functions
L Max. dev. 0.076 db.
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Fig. 4-2. Normalized scattering cross section of a circular cylinder with
Ep ™ 20.0, W, = 1.0, ka = 0.7, perpendicular polarization (TE).
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} Fig. 4~3. Normalized scattering cross section of a circular cylinder with
€. ™ 50.0, uo- 1.0, ka = 0.7, perpendicular polarization (TE).
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mr—— EX8CE

This method, 15 expansion functions.

Max. dev. 0,01 db.

e d

P
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L.
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Fig. 4~4. Normalized scattering cross section of a circular cylinder with
€. = 100.0, We ™ 0.01, ka = 0.7, perpendicular polarization (TE).
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Conducting cylinder, 20 expansion functions.

This method, 15 expansion functions.

Max. dev. 0,01 db.
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’ Tig. 4-5, Normalized scattering cross section of a circular cylinder with
§ €~ 1000.0, e ™ 0.001, ka = 0.7, perpendicular polarization (1E). 1
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rrar—— EXACE

This method, 20 expansion functions,

L fm——— em— E—

Max. dev. 1.79 db.
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| ] ] i ] 1 | ] ]
20 40 60 80 100 120 140 160 180
¢ (degrees)

Fig. 4~6. Normalized scattering cross section of a circular cylinder with
€ 9.0, M, ™ 1.0, ka = 2,0, perpendicular polarization (TE).
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Fig. 4-7. Normalized scattering cross section of a circular cylinder with
€. = 9.0, u, = 1,0, ka = 1.0, perpendicular polarization (TE).
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} Fig. 4~8, Normalized scattering cross section of a circular cylinder with
\ e~ 9.0, o ™ 100.0, ka = 0,7, perpendicular polarization (TE).
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Fig. 4-24. Normalized scattering cross secti.n of a square cylinder with
L 10000.0, u
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e " 0.0001, kb = 1.4, perpendicular polarization
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€. = 10000.0, W 0.0001, kb = 1.4, parallel polarization (TM).
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CHAPTER 5

DISCUSSION

A surface formulation is developed for solving two-dimensional
electromagnetic scattering problems. A basic theory for characteristic
modes of dielectric and magnetic bodies based on the surface formulation
is derived. The nathod of computing characteristic modes can be used for
homogeneous material bodies of arbitrary shape provided the body is not
electrically large. The characteristic modes of material bodies have most
of the properties of those for perfectly conducting bodies, and should find
similar uses. The theory presented here is in contrast to that for the
volume formulation [4]. The basic difference is that the current in the
material body has been treated as equivalent surface currents instead of a
volume distribution. The characteristic currents are real and their cor-
responding eigenvalues are also real. The eigenvectors given by equation
(3~73) are those corresponding to the lowest eigenvalues, and they are
usually very efficlent radiators, Characteristic currente associated with
large elgenvalues generally indicate higher order modes which do not radiate
very much.

Two ways for computing the scattered fields are given here. The simple
material cylinders, The matrix inversion method ie easier to use and gives
very good results., The characteristic mode method may require slightly
longer computing time, but it does provide more insight into the problem.
As in the conducting body case, the characteristic mode method should prove
to be of value, both theoretically and computationally for scattering and

radiation problems, The versatility of characteristic modes has been

j—

e N




-

adequately demonstrated in analysis and synthesis problems dealing with
conducting bodies. The two approaches are based on a surface formulation,
and they require the material body to be homogeneous since the unkiowns
are surface currents. For inhomogeneous bodies the surface formulation is
not appropriate, and a volume current distribution must be used which re-

quires sample points inside the acattering body.
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APPENDIX A

MATRIX FLEMENTS FOR PARALLEL POLARIZATION

For the incident field
E=u oK (A-15
ool

the following formulas are obtained ( u, is the axially directed unit vector).
The procedures involved are identical to that given in Chapter 2, except that

the directions of the surface currents are different.

A.l Formulas for [2] Matrix Elements

4 4
z -+“ I YT 2 (A-2)
- qslp=l P 4
where
7 = Atp A:q H§2)(kﬂbq) (non=coincident intervals)
2 vkt
- cp -4 - Rog 4‘9 ] (coincident intervals)

A.2 Formulas for [B] Matrix Elements

1 4 4
B, * = q-§1 p_lm:q T, Ty B (A-3)
kﬂio‘(kan)
B = - —i;; [ - (xp~xq)Ayp + (yp- yq)Axp )
(non~coincident intervals)
= =32 (coincident intervals)
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A.3 Formulas for [C] Matrix Elements

oy
C_ == A._ T. T C A-
mn 4 =1 p=1 P P 1
ki G ) )
o - - Y = +~
c --iq;;—JEL- ( (yp Yq)qu (xp % qu ]

(non-coincident intervals)

- -j2 (coincident intervals)

A.4 Formulas for [Y] Matrix Elements

4 4
1 1 \J '

- . - — T Y
Yoo = —3— L L At, At [weT T (uwou) = =Ty T, ]

q-l P-l
(A=5)
whera
Y= Héz) (k qu ) (non~caincident intervals)
2 vkAt
=] - fog P (coincident intervals)
" b4e
A.5 Excitation Matrix Elements
. 4 k( x cou¢1 + vy, l1n01 )
Vie] T At e P P (A-6)
m P
p=l
. 4 . sk(x__coss+ y_ sined)
Im - - -l z T [ -Ax sin¢ + Ay cos¢™ ] @ wp P
n p=1 P

(A7)
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