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Project Report for FA9550-18-1-0253 
Compositional and Hierarchical Design of Network Control Systems 

Murat Arcak, Principal Investigator 
Department of Electrical Engineering and Computer Sciences 

University of California, Berkeley 

The purpose of this project was to develop a compositional and 
hierarchical framework to manage the complexity of network control 
systems. The aim in hierarchical control is to compose a control action 
for an aggregate model and to refine this action to lower-level 
controllers. The aim in compositional design is to expose the system as 
an interconnection of subsystems and to derive guarantees for each 
subsystem under appropriate assumptions on the others. 

Aggregation for Hierarchical Control: 

We developed procedures for aggregating the components of a 
network into a smaller number of groups so that we obtain a reduced 
model that captures the interaction between these groups.  The order 
reduction allows us to pursue control design methods that satisfy 
complex requirements, such as those expressed in temporal logic, that 
do not scale well to large networks. Unlike standard aggregation 
procedures, which rely on weak coupling assumptions between the 
groups, we developed a new approach where we represent the 
interconnection of the components with a graph and leverage the 
graph-theoretic notion of  “equitable partitions'' to identify an invariant 
subspace where the full network model collapses to the reduced 
model. We then developed a hierarchical controller where the high-
level control action regulates the dynamical behavior on this subspace, 
thus shaping the behavior of each group, and low-level controllers 
implemented by each component guarantee asymptotic stability of this 
subspace, thus ensuring comformity with the behavior assigned to 
each group. Since the equitability condition can be restrictive in 
practice, we also introduced a relaxation of this notion that we called 
“near-equitability,” resulting in “practical stability” of the subspace that 
describes the desired relation between the full and reduced systems. 
We guaranteed the aforementioned stability and practical stability 
properties of the aggregate subspace with Lyapunov functions 
constructed using incremental dissipativity properties of the 
components.   

A comprehensive journal paper, [7], summarizing these results was 
published in Automatica. In a follow-up paper presented at the 2019 
IEEE Conference on Decision and Control [13], we developed a 
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numerical procedure to design low-level controllers simultaneously 
with a Lyapunov function that establishes (practical) stability of the 
aggregate subspace. In [11], presented at the 2020 American Control 
Conference we applied this approach to the co-design of motion 
planning and control. An aggregate model of lower fidelity is used for 
planning in real time and the high-fidelity model is used to design a 
tracking controller that bridges the gap between the two models. This 
result is of great practical interest, because a high-fidelity model is 
typically too complex for real-time planning. 

In [8], published in Nature Communications, we used the network 
aggregation concepts for model reduction in multicellular biological 
systems. The analysis of spatio-temporal behaviors in such systems is 
challenging due to high order and nonlinear differential equations 
governing them. Our approach greatly simplified this task and enabled 
design of new synthetic gene networks accomplishing desired pattern 
formation specifications for gene expression. 

Reachability Analysis: 

This project has also contributed significantly to reachability analysis 
tools, which are of critical importance for the design and verification of 
control systems when the aim is to reach a target set, to avoid unsafe 
sets, or to accomplish more complex tasks specified in the form of 
automata or temporal logic.  Addressing the computational bottlenecks 
that heretofore hindered progress in this area, we have developed a 
suite of tools to efficiently over-approximate reachable sets with multi-
dimensional intervals. These tools, which are summarized in the new 
book [1], exploit types of monotonicity among other system properties 
and provide tight over-approximations with great computational 
efficiency.  

Interval over-approximations are of interest because they can be 
obtained, stored and manipulated with low computational complexity. 
They are particularly efficient when obtaining discrete abstractions, 
where  the state space is partitioned into intervals which become the 
discrete states in the abstract model, and  the successors of each such 
state are the intervals that are reachable  from the predecessor. 

Among the theoretical advances achieved in this project was a new 
method for interval reachability analysis that makes use of sensitivity 
matrices, which contain the partial derivatives representing the 
variations of the system trajectories in response to variations of the 
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initial states. Using interval arithmetics, we first over-approximate the 
possible values of the second-order sensitivity at the final time 
of the reachability problem. Then we exploit these bounds and the 
evaluation of the first-order sensitivity matrices at a few sampled 
initial states to obtain an over-approximation of the first-order 
sensitivity, which is in turn used to over-approximate the reachable set 
of the initial system. Unlike existing methods relying only on the first-
order sensitivity matrix, this new approach provides guaranteed over-
approximations of the first-order sensitivity and can also provide such 
over-approximations with an arbitrary precision by increasing the 
number of samples. This result was reported in the IFAC World 
Congress [10] and also subsumed into the book [1].  
 
In another paper, [9], at the same congress we applied the 
aforementioned interval reachability tools to motion planning and 
combined the results with the hierarchical control method [11] 
discussed above to achieve safety in an autonomous docking 
application. 
 
Another application was to autonomous driving scenarios in [2]. In this 
application we first leverage our interval reachability analysis tools to 
obtain a finite-state abstraction of the dynamical model. Next we 
exploit inherent monotonicity properties of the model to design a 
safety controller. Monotonicity properties provide major computational 
simplifications and make it possible to deal with complex scenarios, 
such as a vehicle following scenario and a left turn scenario. 
 
We have also studied other reachable set representations, such as 
sublevel sets of polynomial functions [5,6], which require heavier 
computation but may provide tighter fits to the actual reachable set.  
A salient feature of these publications is that they study robustness to 
unmodeled dynamics which, to our knowledge, has not been 
attempted in reachability analysis before. 
 
Compositional Design and Verification:  
 
Another thrust in this project was to improve the scalability of control 
design and verification tools so that they can be applied to higher 
dimensional systems. In [3] we further developed dissipativity-based 
compositional analysis tools, introduced earlier by the PI. In particular 
we made use of a new notion of delta dissipativity, originally 
introduced in a game theoretic context, to derive a compositionality 
result in general interconnections of dynamical systems. We presented 
conditions under which a large-scale interconnection of delta 
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dissipative systems is delta dissipative, and adapted the result to also 
analyze stability and asymptotic stability of equilibrium points for 
the interconnection without relying on the knowledge of the location of 
these points. 
 
An increasingly popular control synthesis approach (already mentioned 
above in connection with references [2] and [9]) is to first obtain a 
“finite abstraction” that translates a continuous-state system into a 
finite state machine that mimicks the original dynamics.  However, 
such abstraction-based procedures suffer from several computational 
bottlenecks that hinder their applicability to higher order systems.    
To overcome these bottlenecks we presented a flexible and extensible 
framework in [14] that decomposes the abstraction-based synthesis 
algorithm into smaller components and exploits structural properties of 
the system and the control specification.  This framework is grounded 
in the theory of relational interfaces from the Programming 
Languages literature and provides a principled methodology to 
seamlessly combine different techniques, such as dynamic precision 
grids, refining abstractions while synthesizing, or decomposed control 
predecessors, or to create custom procedures to exploit an 
application’s intrinsic structural properties.  
 
In the other publications, [4] and [12], we started investigating 
learning-based approaches to achieve further scalability in reachability 
analysis as well as control synthesis. This line of work will be continued 
in a subsequent project. 
 
Dissemination:  
 
During the project period the PI presented the results at: (1) a semi-
plenary at the 2020 IEEE Conference on Decision and Control, (2) the 
Workshop on Analysis and Control of Large Scale Complex Networks in 
Grenoble, France, (3) the International Workshop on Societal-Scale 
Cyber-Physical Transport Systems at the Royal Institute of Technology 
(KTH) in Stockholm, Sweden, (4) the pre-conference workshop 
"Computation-aware algorithmic design for cyber-physical systems" at 
the 2018 IEEE Conference on Decision and Control, and (5) the tutorial 
session "Monotone systems theory for reachability and safety" at the 
2020 IEEE Conference on Decision and Control. He further presented 
seminars featuring results from the project at: (6) the University of 
Southern California, (7) University of California at Santa Barbara, (8) 
University of Washington, and (9) McGill University, Montreal, Canada. 
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