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1. SUMMARY

Accurate seismic moment tensor measurement plays an important role in nuclear test 
monitoring and yield estimation. However, conventional source moment tensor 
inversions require accurate Green’s functions between source and receivers, and rely 
mostly on regional data coverage which could be sparse or incomplete in azimuthal 
coverage. In this study, we propose a new method, differential moment tensor inversion 
(diffMT), which adopts relative measurements to remove the path effects shared by 
different events at the same station, thereby improving the accuracy of source parameter 
determination. We apply diffMT to the four nuclear tests conducted by North Korea from 
2009 to 2016. We found that, compared with the traditional method of waveform-based 
moment tensor inversion, diffMT more tightly constrains the moment tensor components 
of these nuclear tests, measures the energy release of these events more accurately, and 
better distinguishes their isotropic and tectonic release components. Our results provide 
potential insights on the explosion mechanisms and physical processes of North Korea's 
nuclear tests. 

2. INTRODUCTION

The moment tensor is a 3*3 tensor, which provides a point-source approximation of the 
radiation pattern and energy release of a seismic event. Moment tensors can be 
decomposed to isotropic, double couple (DC), and compensated linear vector dipole 
(CLVD) components. Different combinations of these components typically manifest 
well the first order physics of different types of seismic events, such as natural 
earthquakes, collapses, and nuclear explosions. Therefore, in the monitoring and 
discrimination of nuclear tests, the moment tensor inversion of seismic data is very 
important [Alvizuri and Tape, 2018; Cesca et al., 2017; Ford et al., 2009]. In the past few 
decades, moment tensor inversion has gradually progressed from ray and polarity-based 
seismic processing to waveform-based inversion [Ekström et al., 2012; Kanamori and 
Rivera, 2008; Zhu and Helmberger, 1996]. At the theoretical level, Tape and Tape [2012; 
2013; 2015] proposed a mathematically elegant and intuitive way to view the moment 
tensor solution and test the explosion hypothesis. Zhu and Ben-Zion [2013] developed a 
new parameterization of moment tensors with well-defined finite ranges for non-linear 
waveform-based source inversion. All of these applications and theoretical progress, 
together with continuously improving Earth models and computational methods, promise 
great potential for using moment tensors in nuclear monitoring. This progress in moment 
tensor theory and source inversion applications, as well as the continuously improving 
Earth structural models and computational methods, reveals great potential for moment 
tensor inversion for the nuclear test monitoring. 

Despite its great successes in event discrimination and yield estimation, full moment 
tensor inversion for shallow sources still face major challenges. Since the moment tensor 
inversion requires knowledge of the earth structure between the source and receivers, 
robust moment tensor solutions are usually only retrievable at long periods (e.g. T>10s, 
[Ford et al., 2009]) that are insensitive to small-scale structural heterogeneities. However, 

Approved for public release; distribution is unlimited.



2

different from tectonic earthquakes, explosions usually have a limited energy release and 
spatial extent, with limited near-field coverage. Their seismic signals at long periods and 
large distances can be difficult to observe, posing data deficiency problems for long 
period moment tensor inversions. For the shorter period seismic waveforms, the 
propagation through complex paths with rough topography and 3D Earth heterogeneities 
poses a great challenge in calculating the Green’s functions, because the existing 3D 
crustal velocity models are often inadequate in predicting high-frequency body 
waveforms at regional distances. To avoid the data deficiency and biases from inaccurate 
Green’s functions, current approaches often involve joint inversions of long-period 
regional surface waves and short-period teleseismic P waves [Ford et al., 2012; Ni et al., 
2010]. Such combination takes advantage of different frequency bands, but still face non-
uniqueness problem in moment tensor inversions due to incomplete coverage of take-off 
angles and wave types. 

In order to accurately determine the moment tensors of seismic events when the path 
structure is complex, approaches using 3D numerical Green's functions in the moment 
tensor inversions have been introduced [Covellone and Savage, 2012; Wang and Zhan, 
2020]. Most models used to calculate the 3D Green's function can be categorized into 
travel-time-based and waveform-based tomographic models. Travel time tomographic 
models, such as the LLNL model by Simmons et al. [2012] and the SALSA3D model by 
Ballard et al. [2016], can predict the arrival times of body waves within errors of 3 
seconds, so they can be used to precisely detect and locate small seismic events. 
However, these global travel time tomographic models are restricted by smoothing in the 
inversions and cannot accurately fit the seismic waveforms, especially in regions of 
complex structures. On the other hand, global and continental scale waveform 
tomographic models are promising in assimilating all available data and delivering the 

 
et al., 2009; C Tape et al., 2009]. But most of these models use long-period waveforms 
(T>17s globally or T>6s regionally) for inversion, partly because of the high 
computational cost, and partly due to the dependence of such sophisticated inversion        
on a good initial model at high frequencies. For specific areas that attract high 
research interest, adjoint tomographic inversions based on higher frequency seismic 
waveforms has been developed and implemented in source inversions [Jia et al., 2020b; 
Lee et al., 2014; Savage et al., 2014], but so far they are still limited by data 
coverage at high frequencies.  

To avoid direct calculation of 3D Green’s functions, the empirical Green’s function 
(EGF) methods are also widely used in the monitoring, discrimination and relocation of 
seismic events, including nuclear explosions. Application of this type of method on 
nuclear tests takes advantage of the fact that they are often clustered within specific test 
sites. For example, all the North Korea nuclear tests so far are in the Punggye-ri test site, 
within a few km of each other [Wang and Hutko, 2018; Zhang and Wen, 2013; 2015]. As 
shown in Figure 1, the waveforms from the Feb 2013 and Jan 2016 North Korea tests 
recorded at the same station MDJ are highly similar to each other both at broadband and 
long periods (T>5s), despite that only the relatively simple long period recordings may be 
explained well by a regional velocity model. Such similarity at high frequencies is due to 
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the highly overlapping paths and common station terms. Using relative measurements, 
the path and site effects can be cancelled out in the source parameter estimations. Ni et al. 
[2010] used tectonic earthquakes to calibrate the path and site effects, thereby better 
fitting the waveforms in the moment tensor inversions. Lay et al. [1984] proposed the 
inter-correlation method to determine the source time function, yield, and depth of 
nuclear tests, taking another known nuclear test as reference event. It has been applied on 
source parameter estimation of North Korean nuclear explosions [Voytan et al., 2019]. 
Plourde and Bostock [2019] used relative amplitudes of body waves among a cluster of 
seismic events to constrain their moment tensors. Taking advantage of relative 
measurements, this type of EGF method greatly reduces moment tensor deviations caused 
by insufficient knowledge of the structure, but they can also introduce bias from a  
new assumption: the reference or calibration events are well understood, which is often 
not the case. Dahm [1996] avoided the assumption on a reference event in his relative 
moment tensor inversion algorithm, but he introduced an arbitrarily determined a priori 
constraint on moment tensor components, thus also facing the issue of biases 
and lack of uncertainty assessments. To reduce the deviation and bias of moment 
tensors, we need to incorporate Bayesian statistics in the relative moment tensor 
inversions with well assessed a priori information for appropriate estimation 
of posterior probability distributions. 

Figure 1. Waveform similarity of the Feb 2013 and Jan 2016 nuclear tests. The 
similarities in both broadband (top two) and low-passed filtered (bottom two) waveforms 
recorded at station MDJ suggest largely shared path/site effects. Note that P waves are 
only visible at short periods. The epicentral distance is about 400km.  

In this study, we develop a new algorithm, named differential moment tensor inversion 
(diffMT), to determine the source parameters of nuclear tests in a Bayesian framework. 
In this method, we begin with using absolute measurements (i.e. waveforms) to invert for 
the individual moment tensors for a series of nuclear tests. The waveform-inverted results 
are used as a priori information for the second step, inversion of differential 
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measurements (i.e. relative amplitudes of body and surface waves) in a Bayesian 
framework. We apply the diffMT algorithm on four North Korea nuclear tests between 
2009 and 2016. We compare our focal mechanism and moment magnitude results with 
traditional waveform inversion results, and analyze the explosion and tectonic release 
components of these nuclear tests. We further discuss the implications of our results on 
the explosion mechanisms of North Korea's nuclear tests. 

3. METHODS, ASSUMPTIONS, AND PROCEDURES

Our diffMT method relies on refining the waveform-inversion-based prior distributions 
of moment tensors with additional differential measurements. Because data uncertainty 
due to path and site effects cancels out in differential measurements, the resulting model 
uncertainty should also decrease substantially. These should translate to more accurate 
estimates of yield and more robust discriminations for the nuclear tests. There are two 
steps involved in our method (Fig. 2). First, we use the generalized Cut-and-Paste 
(gCAP) waveform inversion method to constrain the individual moment tensors and their 
uncertainties. With these results as a priori information, we conduct Markov Chain Monte 
Carlo (MCMC) inversion on the differential measurements (the amplitude ratios for Pn/P, 
teleseismic P, Rayleigh and Love waves) in a Bayesian framework for the posterior 
probability density functions (PDF) of moment tensors. 

Figure 2. DiffMT method flowchart. 

3.1 Generalized Cut-and-Paste inversion for prior information of moment 
tensors 
Our first step is equivalent to most traditional moment tensor inversions and necessary 
for a Bayesian approach. In this study, we use gCAP3D [Zhu and Zhou, 2016] as our 
main driver for the inversion. Following the principles of the CAP methodology [Zhao 
and Helmberger, 1994; Zhu and Helmberger, 1996], gCAP3D breaks the seismograms 
into P- and S-/Surface-waves, and models them simultaneously but allowing different 
time shifts between observations and synthetics. The time shifts can accommodate 
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inaccuracies in the assumed velocity models and earthquake locations. The amplitude
ratios between P- and S-/Surface-waves allow us to better constrain focal depths. We 
refer the readers to Zhu and Zhou [2016] for details of the inversion method. We further 
develop an automated inversion approach that can be applied in near real-time and
produce a routine moment tensor catalog, with an iterative scheme with automatic data 
quality control [Wang and Zhan, 2020]. We demonstrated its accuracy and flexibility by 
applying it to small earthquakes in the Los Angeles region [Wang and Zhan, 2020]. 

The generalized CAP (gCAP) method allows full moment tensor inversions, without the 
double-couple constraint in earlier versions. We also improve the gCAP algorithm by 
jointly invert for the near-field and teleseismic data [Bai et al., 2020]. Bootstrapping can 
be used to estimate source parameter uncertainties in gCAP (e.g. [Jia et al., 2017; Zhan et 
al., 2012]), as prior constraints for the Bayesian inversions in Step 2. The calculation of 
Green’s functions is based on the propagator matrix method with a plane wave 
approximation [Kikuchi and Kanamori, 1991] for the teleseismic body waves, and the 
frequency-wavenumber integration method [Zhu and Rivera, 2002] for regional surface 
waves. The source side velocity model is based on a combination of a 3-layer 1D elastic 
model [Ford et al., 2009] and the iasp91 model [Kennett et al., 1995]. 

3.2 Bayesian DiffMT using waveform amplitude ratios. 
In this step, we search the moment tensor model space based on the prior PDFs from the 
first step for solutions that best explain the differential measurements. Due to the 
clustering source locations of nuclear explosions, we can extract differential 
measurements from various type of waves. In this study, we take amplitude ratios of 
regional Pn/P, teleseismic P, regional Rayleigh and Love waves from two events at the 
same stations to cancel out the path and site effects. This is because the recorded seismic 
waves can be represented by y

(1) 
(2) 

where 1 and 2 denote the two events, Mij is the full moment tensor, Gij is the Green’s 
function, S is the source time function, and r is the station amplification term. If we 
assume that the event source durations for nuclear tests are in general much shorter than 
the seismic wave period (e.g., T~1s) used in inversions, then the small differences in 
amplitudes and waveforms are almost only sensitive to differences in source processes 
(e.g., depth, yield, radiation pattern), not the common path/site effects. For the body 
waves, including the regional Pn/P phase and teleseismic P waves, the amplitude ratios 
are simply reduced to the radiation pattern ratios. In this case, the calculation of 
theoretical amplitude ratios can be simplified to the function of take-off angle and 
azimuth with ray theory implemented in a layered elastic media [Dahm, 1996]. For 
vertical component P waves of an event pair recorded at the same station, we cut the time 
window 3s after the P arrival for regional P waves, and 5s for the teleseismic waves, and 
cross-correlate the waves of two events to measure the amplitude ratios. We choose our 
data and error to be the mean and half deviation of the two different measurements, 

(3)
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(4) 
where u(t) and v(t) are the waves segments of two events after cross-correlation. The term 
ln(A1) indicates the amplitude ratio u/v taking v2 as the denominator, while ln(A2) is the 
inverse of v/u taking u2 as the denominator. Theoretically, the amplitude ratios do not 
depend on the frequency band we are using, but they can vary in practice. Therefore, we 
also measure amplitude ratios in different frequency bands, and count the differences in 
the data errors. 

While the amplitudes for body waves are straightforward to compute, the surface wave 
amplitudes have a more complex dependence on the moment tensors and depths. We 
introduce an analytical form of the surface wave radiation patterns for the shallow 
sources, and then explore the constraints on moment tensors components from the 
DiffMT inversion. For nuclear explosions, the source depths are very shallow, resulting 
in surface wave eigenfunction terms  

(5) 

(6) 
(7) 

The excitation of Rayleigh and Love waves by a source with moment tensor M is given 
[Aki and Richards, 2002] by y

(8) 
(9) 

where GR and GL are given by 

(10) 

(11) 

in which  is the shear modulus and kn is the nth root of the wavenumber. The radiation 

pattern coefficients, U1, U2, U3 are given by  

, (12)

, (13)

. (14)
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Given two nuclear explosions E1 and E2 that are buried shallow and closely located, 
these events share similar GR and GL, hence these terms can be cancelled out by 
calculating the amplitude ratios. The analytical form of Rayleigh and Love wave 
amplitude ratios would simply be  

(15) 

(16) 

which are only functions of moment tensors ME1, ME2,, Vp/Vs ratios / , and station 
azimuth , suggesting that we can take away the path effects simply by calculating 
amplitude ratios of surface waves. Given the information of elastic media and station 
information, the amplitude ratios of surface waves are nonlinear functions of moment 
tensor components. Measurement of the surface wave amplitude ratios and errors is 
similar to that of body waves, and we choose the time window to be 70s after the 
predicted group arrival assuming wave velocities of 3.0 and 3.2 km/s for Rayleigh and 
Love waves, respectively. The Rayleigh waves are different from other wave types as 
they are observed at two components, radial and vertical. Hence we consider the 
difference in measurements of these two components in the data error assessment. 

We use the Metropolis-Hasting Markov Chain Monte-Carlo (MCMC) method to sample 
the prior PDFs of moment tensors from Step 1, and estimate the posterior PDFs of two 
events based on fitting of the amplitude ratios of body and surface waves. The MCMC 
algorithm follows a Bayesian framework that produces model error from data error of 
differential measurements (amplitude ratios) and the a priori information [Tarantola, 
2005]. In addition to the a priori information of 6 independent moment tensor 
components (Mrr, Mtt, Mpp, Mrt, Mrp, Mtp), we incorporate the gCAP moment 
magnitude distribution into the prior constraints to avoid moment trade-off of two events. 
We generate 24 Markov Chains from random initial samples, and eventually keep 1/3 of 
those chains to avoid being trapped in local minima. In each Markov Chain step, we 
propose new models through sampling of one of the nonlinear parameters while keeping 
the other nonlinear parameter at their current values [Jia et al., 2020a], which ensures an 
overall high acceptance rate, and therefore improves the convergence efficiency of the 
MCMC inversion. 

4. RESULTS AND DISCUSSION

We apply our diffMT algorithm on the event pairs among the four North Korea nuclear 
tests on May 2009, Feb 2013, Jan 2016 and Sep 2016, respectively. We collect the 
regional (within epicentral distance of 15°) and teleseismic (epicentral distance between 
30° and 90°) waveforms of the Global Seismic Network (GSN) and the International 
Federation of Digital Seismograph Networks (FDSN) stations. We apply gCAP inversion 
to the four nuclear tests by jointly inverting local and teleseismic waves. We include 
regional surface waves in the 10-50s period band, and teleseismic P waves in the 1-2s 
period band. Short-period regional P waves are not included here because existing 
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velocity models cannot predict the waveform wiggle shapes. Due to the poor 
constraints on the centroid depths, the inversions are conducted at a fixed depth of 0.6 
km, similar  to the estimations from Voytan et al. [2019]. Fig. 3 shows the inversion 
results for the four tests. Both the regional and teleseismic waveforms are fit well. 
We estimate ~70% isotropic component and moment magnitudes between 4 and 5 
for all these events, generally consistent with other moment tensor inversion 
results which isotropic component ranging from 50% to 80% [Cesca et al., 2017; 
Chiang et al., 2018; Ford et al., 2009]. 
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Figure 3. gCAP inversion results for the 4 studied North Korea nuclear explosions on (A) 
May 2009, (B) Feb 2013, (C) Jan 2016 and (D) Sep 2016, respectively. The black and red 
lines indicate data and synthetic waveforms, respectively. The numbers leading the 
waveforms are the cross-correlation coefficients between data and synthetics.  
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To estimate the uncertainty of the gCAP moment tensor solutions, we apply a cut-half 
bootstrapping approach in which we randomly remove half of our data and run the gCAP 
inversion. We repeated this process 200 times, and then calculated the standard deviation 
of the obtained moment tensor components for an approximation of the model error. The 
distributions of the moment tensors for 4 events shown in Fig. 4 suggest that all the 
moment tensor components have large uncertainties. Particularly, the moment 
magnitudes and fractions of the isotropic component in focal mechanisms are not well 
constrained. In contrast to the insights simply from the optimal solutions, the addition of 
model uncertainties makes it hard to discriminate the events as explosions and assess the 
yields in confidence. 

Figure 4. Distribution of gCAP source parameters including moment magnitude 
components, moment magnitude, isotropic and double-couple proportion 
from bootstrapping sampling. Results for 4 Nuclear tests are shown in panels 
A-D, respectively. 

Approved for public release; distribution is unlimited.



11 

We break the 4 events into 6 event pairs, and use the gCAP moment tensor solutions as a 
priori information for the second step of the diffMT inversion, where we add new 
constraints from body and surface wave amplitude ratios and apply Metropolis-Hasting 
MCMC to assess the posterior PDFs. Taking the event pair including the Feb 2013 and 
the Jan 2016 events as an example, the amplitude ratios of regional P, teleseismic P, and 
the Rayleigh and Love waves are measured through cross-correlations (Fig. 5). In the 
differential data measurement, we filter the P waves between 0.5~2.0 Hz, and filter the 
Rayleigh/Love waves between 0.05~0.2 Hz, respectively. The body waves and surface 
waves for the two events show high similarity, suggesting robust measurements of the 
amplitude ratios. These differential measurements show a clear azimuthal dependence, 
suggesting azimuthally varying radiation patterns, which are presumably caused by focal 
mechanism differences. We do not account for the variations of surface reflections 
caused by 3D topography over the source locations, which also results in azimuthally 
dependent amplitude variations. A recent numerical study [Avants, 2014] suggests that 
the fluctuations in surface reflection amplitudes are not significant using realistic surface 
topography. Nevertheless, the influence of the surface topography on amplitude ratio 
variations should be further studied, as the errors of source locations could bring 
uncertainty in such quantification. 

Figure 5. Measurements of amplitude ratios between the Feb 2013 and Jan 2016 events. 
(A) Cross-correlations for teleseismic P (TEL P), regional P (Loc P), Rayleigh and Love
waves, respectively. (B) Amplitude ratios for P, Rayleigh and Love waves as a function of
the station azimuth. The y axis is in natural logarithmic scale. The standard deviation
errors are shown with the error bars.
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Using these measured amplitude ratios, the diffMT inversion results for the Feb 2013 and 
the Jan 2016 events are shown in Fig. 6. The final diffMT moment tensor solution, 
defined as the mean of the diffMT moment tensor ensemble, are not too different from 
the gCAP solution (Gaussian approximations to the non-Gaussian original bootstrapping 
distributions), but the additional constraints from the body and surface wave amplitude 
ratios significantly tightened some of the posterior PDFs (Fig. 6A). Improvements of 
PDFs are substantial for some moment tensor components but insignificant for others, 
presumably because the variations of certain components (like Mrt and Mrp) only 
changes the DC/CLVD orientations which are relatively minor to the isotropic 
components. Compared with the gCAP solution, the diffMT moment tensors 
substantially improve the fittings of the amplitude ratios (Fig. 6B). We decompose 
the gCAP  and diffMT solutions into the isotropic (ISO), double couple (DC) and 
CLVD components (Fig. 6C). For both the diffMT and the gCAP solutions, the 
tectonic release (DC) components are both high angle dip-slip mechanisms. The 
strike and dip angles after diffMT inversion, however, are slightly different from 
the gCAP solution. The DC moments for both events decreased after the 
inversion, preferring an explosive focal mechanism. 

Figure 6. DiffMT inversion results for the event pair of the Feb 2013 and Jan 2016 tests. 
(A) The prior (dashed black lines) and the diffMT posterior (red lines) PDFs of the
moment tensor solutions of the two events. The prior (gCAP) is from Gaussian fitting of
bootstrapping uncertainties. Black and red dots indicate the gCAP and diffMT solutions,
respectively. (B) Amplitude ratio fittings for the diffMT solution. Black squares and red
dots show the amplitude ratio data and predictions from the moment tensor models,
respectively. (C) Moment tensor decompositions for the gCAP and diffMT solutions. The
sizes of the beachballs are proportional to the corresponding magnitudes.

We apply the diffMT inversion on all 6 event pairs. Fig. 7 shows a chart of the diffMT 
solutions for all 4 events from different event pairs. We found that three events of them, 
the Feb 2013, the Jan 2016 and the Sep 2016 Nuclear tests, form a self-consistent group, 
that is, the moment tensor solution of each individual event does not depend on the other 
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event it pairs with. Considering that the differential measurements for the different event 
pairs are independent, the consistent moment tensor solutions illustrate the effectiveness 
of the diffMT method. The exception is the 2009 Nuclear test. For other Nuclear tests, 
being paired with the 2009 event leads to similar proportion of ISO/DC components yet 
different DC component solutions (Fig. 7A). This inconsistency could be due to the 
relatively poor quality of the amplitude ratio measurements (Fig. 7B) caused by the small 
magnitude (Mw 4.1) and low signal-to-noise ratio of the 2009 Nuclear test. The CLVD 
components are trivial, suggesting that the collapse and tensile cracking are not 
significant during these nuclear tests. 

Figure 7. Consistency analysis of the diffMT inversion for all possible event pairs. (A) 
Moment tensor solutions for each event (columns) from different paired events (rows). 
Ideally, the moment tensor solutions of same individual event from different pairs (each 
column) are expected to be consistent. The red box denotes a self-consistent zone among 
the Feb 2013 and two 2016 nuclear tests. (B) P wave amplitude ratios for event pairs 
including the May 2009 nuclear test.  

The prior and posterior PDFs of moment magnitude and proportions of ISO, DC and 
CLVD components are shown in Fig. 8. For all four events, the posterior PDFs are 
significantly narrower and right-shifted compared with the prior PDFs (Fig. 8), 
suggesting tighter constraints on the focal mechanism components and the moment 
magnitudes. In particular, the proportion of the isotropic/double-couple components are 
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much better resolved (Fig. 9). Taking the Feb 2013 Nuclear test as an example, the ISO 
components are now centered above 90%, and are almost entirely above 50%. Yet the 
likelihood of 90% isotropic moment tensor is not very high based on the gCAP PDFs. 
The narrower moment magnitude PDFs, especially for the 2009 and 2013 events of 
smaller magnitudes, suggest that they are also better constrained after the diffMT 
inversion. The ISO components are significantly more dominating after the inversions, 
strongly suggesting explosive focal mechanisms. Moreover, diffMT inversions make it 
much easier to estimate and compare the energy release of these nuclear tests. This is 
because differences in moment tensor are constrained by differential measurements and 
are potentially better resolved than the absolute values. Therefore, the additional 
constraints from amplitude ratios provide us with confidence in explosive event 
discrimination and yield comparison. 

Our application of the diffMT inversion on the North Korea nuclear tests suggests 
differential measurements provide additional constraints on moment tensors. Although 
the absolute amplitude information for regional surface waves and teleseismic P waves 
have been used in the gCAP waveform inversion, the patterns of amplitude ratios are not 
captured by traditional inversions. This can be illustrated by the data fittings of the 
diffMT and gCAP solutions. Taking the Feb 2013 North Korea nuclear test as an 
example, the fittings to regional and teleseismic waveforms for the gCAP and diffMT 
solutions are very similar with each other (Fig. 10), suggesting the waveforms’ misfit can 
hardly distinguish the two moment tensor solutions, reflecting the non-uniqueness 
problem. In contrast, the diffMT solution fits amplitude ratios significantly better than the 
gCAP solution (Fig. 10). This is because the absolute amplitude information in the 
waveforms are largely influenced by the path and site effects, and the attempts to fit them 
assuming a simple structural model cause large uncertainty in the waveforms inversions. 
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Figure 8. gCAP prior (dashed black lines) and diffMT posterior (solid lines) PDFs of 6 
moment tensor components for 4 studied events. Solid lines in different colors indicate 
the posterior PDFs derived with different pairing events. 
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Figure 9. gCAP prior (dashed black lines) and diffMT posterior (solid lines) PDFs for the 
source parameters include moment magnitude, isotropic and double-couple proportions. 
Lines of different colors are also posterior PDFs obtained with different pairing events. 
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Figure 10. Comparison of (A-B) waveform fittings and (C-D) amplitude ratio fittings for 
the gCAP and diffMT solutions. The waveform fitting difference is hardly observable, 
suggesting that the moment tensor difference of these two solutions can’t be resolved by 
the gCAP waveform inversion. The amplitude ratio fitting improvement for the diffMT 
solution is substantial, indicating tighter constraints on the moment tensors from 
differential measurements. 

Source parameter inversion that uses relative measurements to avoid path and site effects 
have been developed and implemented in various studies [Dahm, 1996; Plourde and 
Bostock, 2019; Voytan et al., 2019; Xu et al., 2020]. Compared with these methods, our 
diffMT algorithm uses the two-step approach that allows us to jointly incorporate the 
waveforms’ information together with the amplitude ratio constraints, and quantitatively 
convert the data errors into moment tensor uncertainties through a Bayesian framework. 
However, our calculations of body wave amplitude ratios rely on ray theory using a 
simple layered crustal model, and the influence of structural heterogeneities on the ray 
parameter is not considered. We found that the influence of depth phases on the 
amplitude ratios are insignificant in the 1D case, but we have not assessed the impact of 
3D surface topographic reflections. All of these suggest that 3D structures may still bias 
our inversion results, suggesting that full numerical wavefield simulations in more 
realistic structure are required in the future. 

Although the diffMT solutions for every studied event are generally consistent for 
different pairs, we can still observe differences between different event pairs for certain 
components, such as the moment magnitude and the Mrr component for the Feb 2013 
event (Fig. 8-9). The posterior PDFs have some overlapping ranges with each other, 
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suggesting solutions within the overlapped ranges are capable to fit the independently 
measured amplitude ratios from different pairs. This illuminates the value of our diffMT 
in the Bayesian framework: introducing differential measurements to eliminate the 
solutions which are assumed “possible” from the absolute measurements. The differential 
measurements themselves do not provide constraints on the absolute value of moment 
magnitude: a simple conceptual test is that we can fit the amplitude ratios equally well 
with the seismic moments of all events multiplied by the same value. But the extra 
constraints from differential measurements can eliminate solutions that are hardly 
distinguishable for traditional gCAP inversions, thus making the posterior PDFs tighter 
and errors lower. The reason why the maximum likelihood solutions for different event 
pairs are diverging to different directions (e.g. Mw for the Feb 2013 test) can be due to 
the varying data and modeling errors. Existence of these errors make one model group fit 
the 2009-2013 differential measurements but not fit the 2016-2013 amplitude ratios, 
while turning another model group in an opposite way. The other model group 
corresponding to the overlapping part of the posterior PDFs fits both the 2009-2013 and 
the 2016-2013 pairs well. This difference in model groups results in the two posterior 
PDFs from two event pairs diverging to opposite directions, but as long as they have 
overlapping model space, they are not contradicting with each other. The agreement of 
other parameters for our solution from different event pairs suggest that these parameters 
are not sensitive to the data and modeling errors of the differential measurements. 

We merge the diffMT moment tensor ensembles of each single nuclear test from different 
event pairs to obtain the overall solution (Table 1). The results show that the explosive 
source component dominates the four nuclear tests in North Korea. The proportions of 
the isotropic components are all around 90% (Table 2), compared to gCAP estimates of 
around 70%, or some other traditional moment tensor inversion solutions of 50%-60% 

magnitudes 
of these four events are estimated to be 4.12, 4.39, 4.40, and 4.53 respectively. Double 
couple components are mostly dip-slip normal faulting events, and the steep dip angle is 
common in correspondence to dominant positive isotropic sources [Cesca et al., 2017]. 
The DC orientations are also consistent with the DC terms of North Korea explosions 
resolved by Ford et al. [2009] and Cesca et al. [2017]. But similar to the bottlenecks  
of most moment tensor inversion, our diffMT algorithm only resolves point source 
moment tensors, therefore does not distinguish the detailed energy release process, 
such as the temporal sequence and location difference of the explosions, tectonic 
releases, and collapses. Further investigations of time-dependent source processes are 
needed for large and complicated nuclear explosions, such as the Sep 2017 North 
Korea nuclear test (M 6.3).   
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Table 1. Moment tensor solutions for the 4 studied North Korea nuclear tests. 

Mrr (1022 
dyne-cm) 

Mtt (1022 
dyne-cm) 

Mpp 
(1022 
dyne-cm) 

Mrt (1022 
dyne-cm) 

Mrp 
(1022 
dyne-cm) 

Mtp (1022 
dyne-cm) 

May 2009 1.190 1.863 1.473 0.363 -0.129 -0.272

Feb 2013 4.137 3.614 3.678 1.014 0.008 0.356 

Jan 2016 3.253 4.495 3.904 1.288 -0.234 -0.439

Sep 2016 4.959 7.335 6.049 1.660 -0.737 -0.669

Table 2.  Comparison of isotropic, double-couple and CLVD proportions of 4 studied 
North Korea nuclear tests for gCAP and DiffMT solutions.  

gCAP/diffMT Mw ISO DC CLVD 

May 2009 4.07/4.12 74.1%/91.0% 25.9%/8.4% 0.0%/0.6% 

Feb 2013 4.39/4.39 69.3%/94.6% 30.0%/5.4% 0.7%/0.0% 

Jan 2016 4.42/4.40 77.5%/90.8% 22.4%/9.1% 0.1%/0.1% 

Sep 2016 4.52/4.53 81.6%/91.6% 18.1%/8.2% 0.3%/0.2% 

5. CONCLUSIONS

We developed a new method called differential moment tensor (DiffMT) inversion that 
can take the amplitude ratios of seismic phases from two co-located events to refine their 
moment tensors. The method starts with a conventional moment tensor inversion for the 
prior moment tensor information both events, followed by running MCMC inversion of 
the differential amplitudes of regional/teleseismic P waves and regional surface waves for 
the refinements. Application of the diffMT inversion on four North Korea nuclear tests 
between 2009 and 2016 reduced the uncertainty of the moment tensor components. 
Moment tensors of all four studied nuclear tests are dominated by ~90% isotropic 
components, substantially improved compared with some conventional inversion results 
of 50%~60% with large uncertainties. The associated tectonic release components are 
small but nontrivial dip-slip mechanisms. The inversion also substantially improves the 
estimation of isotropic components and moment differences between events, providing 
tighter constraints on nuclear test discrimination and yield estimation. 
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List of Symbols, Abbreviations, and Acronyms 

AFRL Air Force Research Laboratory 
AFSPC Air Force Space Command 
AFWA Air Force Weather Agency 
CLVD Compensated Linear Vector Dipole 
DC Double Couple component of moment tensor 
DiffMT Differential Moment Tensor 
gCAP Generalized Cut-And-Paste 
ISO Isotropic component of moment tensor 
PDF Probability Density Function 
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