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1. Introduction and Background

It can generally be agreed upon that both low density and high hardness™ are two
of the most important properties that a ceramic must possess for developing high
mass efficiency personnel protection technologies regardless of the kinetic energy
threat, performance requirements, and system configuration.!”!! Low density
implies lighter component weight based on thickness, while a high hardness implies
greater penetration resistance and disruptive capability such as fracturing of the
projectile core.”!! High resistances to fracture, fragmentation, and granular flow
are also highly desirable!>"'®; however, these are achieved through microstructural
engineering that can have offsetting effects on both density and hardness.!”1°2% As
a result, their importance has been less well known and understood.

The most-common low-density ceramics used for armor applications include
aluminum oxide (Al,0O3), boron carbide (B4C), and silicon carbide (SiC).+!1:16-22
Depending upon load, the Vickers and Knoop hardnesses of B4C and SiC are
generally in the range of 20-30 GPa,?*2* while ALO; ranges from 15-20 GPa
depending upon glassy silicate content.?>2® With respect to the measured hardness
values of other bulk materials, only diamond and cubic boron nitride (CBN) possess
higher hardness values (~100 and 60-80 GPa, respectively?’?®). Because of their
high hardness values, the ballistic performance of CBN and diamond has long been
a question of interest and speculation.

Because of the high costs and manufacturing limitations associated with making
bodies predominantly made of either CBN or diamond in sizes large enough for
traditional ballistic performance evaluations, it is not surprising that very little has
been done in determining their capabilities as armor materials. For CBN, Swab
et al?® conducted a limited Vso conventional ballistic evaluation®® of a
commercially available CBN that was nominally 90 wt% CBN with the rest being
made up of aluminum nitride and diboride. The measured Knoop hardness at 2 kgf
was approximately 28 GPa.?” On a thickness basis, this CBN composite ceramic
possessed a higher performance than a commercial B4C; however, on an areal
weight' basis, the commercial B4sC was believed to offer equal or slightly superior
performance. For diamond, Lundberg et al.?! determined the fundamental ballistic

" Hardness is used in the context of the “material’s intrinsic resistance to inelastic shear deformation”
and is therefore an inherent property of the material. Conceptually, this resistance can be inferred
qualitatively from hardness values derived from conventional hardness measurement techniques
such as Knoop and Vickers. However, because these are dependent upon indenter material and
geometry, as well as load, they are not intrinsic properties are therefore, not true measurements of a
material’s “hardness”.

T Areal weight is the system weight per unit area and equals the sum of the system component
densities multiplied by their thicknesses.



performance of a synthetic polycrystalline diamond composite (PCD) that
contained approximately 11 vol% cobalt (Co). At high pressures and high
temperatures (HPHT), Co enables liquid-phase sintering of diamond powders and
is a catalyst for new diamond formation during the solution/reprecipitation
process.’>3* Using multiple flash X-rays to elucidate the projectile/target
interaction, Lundberg et al.>! determined the penetration onset velocity for this PCD
and several other ceramic materials. The penetration onset velocity for PCD was in
the range of 2010-2210 m/s, while for B4C and SiC, it was in the range of 1430—
1480 and 1615-1715 m/s, respectively. Just for reference, the measured Vicker’s
hardness values for the PCD, B4C, and SiC were 71, 33, and approximately 22 GPa,
respectively. While the studies conducted by Swab et al.* and Lundberg et al.’!
were limited in scope, they do reinforce the general notion that higher hardness
translates into higher penetration resistance and potentially greater ballistic
performance, though other factors such as density, fracture resistance, and target
configuration also need consideration.

The lack of ballistic studies on PCD materials is due likely to the pragmatic notion
of high cost, limited size, and associated machining challenges that make them
impractical for wide application. However, during the last 10-15 years, two
situations arose that challenge this perception. The first is that the cost of synthetic
diamond grit has dropped steadily and significantly, from dollars to cents per carat”
due largely to the scale of China’s industrial manufacturing efforts.’> Based on
personal experience and discussions with industry partners, the cost of synthetic
diamond grits is now approaching the cost of some armor ceramic powders. The
second situation has been the development of low-pressure/high-temperature
(LPHT) processing approaches based on reactive metal infiltration for making large
PCD bodies driven primarily by thermal management and wear applications.>®*
In this approach, a porous diamond/SiC skeletal structure is reactively infiltrated
with silicon (Si1), which also reacts with carbon (C) to form SiC. The resulting SiC
fills the interstitial void space of the skeletal structure, thereby producing a fully
dense body. This approach overcomes both the cost and size issues that hindered
practical considerations of PCDs made by the HPHT process (5-8 GPa,
1500—1700 °C).**** While the diamond contents are not as high as those achievable
by the HPHT processing route (90-96 vol%?>*), contents between 20 and 75 vol%
have been achieved.’*** This is due to the need to preserve reactive metal
infiltration pathways within the large porous bodies to ensure complete infiltration.
Ideally, the final body will be fully dense, near-net shape, with a microstructure
consisting of diamond inclusions embedded in a SiC matrix. Due to the
complexities associated with the infiltration, reaction, and graphitization processes,

* 1 gram = § carats; 1 1b = 454 grams = 2270 carats.
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as well as the evolving nature of the pore channel structure and microstructure, this
1deal state is difficult to achieve and some amount of residual Si, non-diamond C,
and porosity are practically unavoidable.’”** Through optimization of the
constituents, constituent composition, particle sizes, binder type and content, and
green-pressing pressures, the resulting pore channel structure of the green body and
relevant kinetics can be such that these can be minimized. As a result, in addition
to their lower cost and large sizes, the exceptional hardness and fracture toughness
values of these PCDs,***? make them suitable for ballistic evaluation and potential
armor applications.

In the reactive metal infiltration approach, the theoretical limit to diamond content
is strongly dependent upon packing of spherical particles.**°> For example, for
random close-packed arrangement of bimodal-sized spheres, the theoretical limit
for the packing efficiency” is approximately 87%.%47355 However, practicalities
associated with the need to preserve infiltration pathways, minimize graphitization,
control reactions, and finite-size differences between powders do play critical roles
in determining what is actually possible.™¢** As a result, diamond contents up to
60-75 vol% have been produced by this approach.*'*> Another LPHT approach of
interest for making diamond-SiC composites is reactive hot-pressing.’*=® In this
approach, the diamond particulates are mixed together with ceramic and Si
powders, and then consolidated to relative densities near 90% of theoretical
densities by pressure-assisted sintering at temperatures near the melting point of Si.
In principle, the presence of liquid Si would enable particle rearrangement, as well
as serve as a liquid-phase sintering medium before being converted into SiC. While
little has been done to fully explore this approach for producing ceramic matrix
PCDs, it is a potentially viable approach of interest, especially given the high level
of expertise in the United States with respect hot-pressing armor ceramics.> !
Challenges with graphitization and reactions are similar to those for the reactive
infiltration approach; however, additional challenges associated with the
elimination of porosity by diffusion processes (i.e., sintering) rather than infiltration
are expected.

Fundamentally, the maximum diamond content that is possible with hot-pressing
(reactive or conventional) is not known. The maximum diamond content is not
expected to be governed by the theoretical limits of particle packing due to the
dimensional shrinkage associated with the sintering process. Rather, it is reasoned
that the maximum content will be governed by the percolation threshold concept of

* Packing efficiency is the percentage of volume occupied by the particles.

¥ A materials-by-design approach based on a mesoscale model that incorporates these phenomena
with virtual particulate composite bodies would enable understanding of the effects of particle
shapes, sizes, and size distributions on the resulting microstructures and properties, as well as guide
material development.



percolation theory.®?% Percolation theory is a probability-based theory that
addresses the formation of long-range connectivity or clustering, as well as the loss
of long-range connectivity, in 2-D and 3-D systems characterized by some degree
of randomness. Within this theory, the percolation threshold represents the critical
condition where long-range connectivity arises or is lost.®>"% This concept applies
to the densification of a particulate system with randomly distributed rigid spherical
inclusions in the following manner. During densification, as body dimensions
shrink, the distance between inclusions decreases and as it does, contacts between
inclusions begin to occur. The number of inclusion-inclusion contacts will increase
as densification continues, resulting in the formation of a 3-D inclusion network
(i.e., cluster) of subcritical or critical size depending upon the inclusion volume
fraction. If the inclusion network size is subcritical, then further densification will
occur, but as it does, the size of the network will continue to increase. At the critical
size, the inclusion network spans the shrinking dimension and if it is structurally
stable and rigid, then densification will cease and the densification limit reached.
For this system, the percolation threshold corresponds to the critical volume
fraction of inclusions where this dimension-spanning rigid network forms and the
body is fully dense. For supercritical inclusion volume fractions, the rigid network
forms but the body will only be partially dense, while for subcritical inclusion
volume fractions, the body is fully dense, as the rigid network does not form
because its size is smaller than the critical size.

For particulate systems with rigid spherical inclusions, two types of percolation
thresholds are relevant, 1) conductivity®>® and 2) rigidity thresholds.®*7* The
conductivity threshold corresponds to the formation of a continuous conductive
path between two surfaces at different electric potential. Strictly speaking, the
average inclusion coordination number” (CN) is approximately 2, which is below
that necessary for a stable and rigid network. However, for the special condition
where the matrix is fully dense, then the network will essentially be both stable and
rigid. The rigidity threshold is a more general stability criterion and corresponds to
the formation of a rigid network where the average inclusion CN ranges from
greater than 2 to 6, with CN = 6 representing the most robust rigidity condition for
unbounded inclusions because it equals the six linear degrees of freedom.%* 74

Utilizing the conductivity and rigidity threshold concepts, the purpose of this report
is to develop and assess deterministic models for the limits of uniaxial hot-pressing
densification of particulate systems with either mono- or bimodal-sized rigid
spherical inclusions. Unless stated otherwise, “inclusions” are taken to mean “rigid
spherical inclusions”. As presented herein, by considering the randomly distributed

* In this report, the inclusion coordination number is the number of inclusions that each inclusion is
in non-bonded contact with.



inclusions in terms of their average spacing along with several other assumptions,
simple deterministic models for the maximum or critical volume fraction of mono-
sized inclusions and supercritical densification limits can be developed. For
bimodal-sized inclusions, a model for only the maximum inclusion volume fraction
is developed. Model predictions are assessed by comparing them with percolation
threshold models when possible, and experimental data.

2. Deterministic Model Development I: Mono-Sized Inclusions

Consider the idealized representative volume element of the particulate composite
body with randomly distributed mono-sized inclusions of diameter D illustrated in
Fig. 1. The matrix in which the inclusions are embedded consists of particles of
average size d. It is assumed that inclusion size is much greater than the matrix
particle size (i.e., D >> d). Because of this assumption, the porosity of the composite
body is only associated with the particulate matrix. For D = d, there would be an
additional contribution to the porosity associated with the curvature of the
inclusions.*® Therefore, by assuming that D >> d, this contribution can be ignored.

Rigid Inclusions
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Fig.1  Schematic illustration of an idealized initial state of a particulate body containing
randomly distributed mono-sized inclusions

While the apparent uniformly spaced inclusions depicted in Fig. 1 are strictly not
correct in the sense that a finite number of two-inclusion, three-inclusion, and larger
inclusion clusters should exist due to increasing finite probabilities of existence
with increasing volume fraction, it is still useful conceptually. During densification,
the distance between inclusions will shrink primarily in the principal deformation
directions. At some point during densification, inclusions will begin to come into
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contact with one another leading to the formation of inclusion clusters. These
clusters will grow in number and size as densification continues. Eventually, unless
complete densification is achieved first, clusters will coalesce, forming a highly
connected network of inclusions that spans the shrinking dimensions. Once this
happens, if the inclusion network is structurally stable, densification ceases because
sintering or applied stresses are unable to overcome the rigidity of the network.

Based on this scenario, the critical or maximum volume fraction of mono-sized
inclusions should depend on the initial relative density of the matrix because this
determines the average initial spacing of the inclusions, as shown in the following
sections. As a note, an attempt was made to keep the amount of math to a level
sufficient for the reader to follow the model development if interested.

2.1 Average Inclusion Spacing in the Initially Porous Particulate
Composite Body

. . . . * . . .o, .
Prior to densification, the particulate” composite body of initial volume V,, contains
N; inclusions with an initial average spacing L, (i.e., inclusion center to inclusion
center). The concentration of inclusions Ny, (i.e., number of inclusions per unit

initial volume) in this initial state is given by

For N; inclusions with an initial average spacing L,, the initial composite body
volume V, is simply given by

Vo = NiL

Combining these equations yields the following expression for the initial average
spacing L,:

o ()

This is not the final expression for the average initial inclusion spacing L,. The
initial concentration of inclusions Ny can be rewritten into a more useful form in

the following manner:

* Particulate composite body is a body composed of discrete particles of two or more phases or
compounds and is inherently porous.



Here V; is the volume of a single inclusion, V; is the total volume of inclusions (V; =
N;V;), and V,,, is the volume of the fully dense composite body. This expression can
be rewritten further as

50 1 Vi Vin _ 6 Po _ 6vi Po
NVO—,., ——3"Ul--—__3_
i Ven Vo mD Pen  TD°\pep

where v; is the volume fraction of inclusions, p, is the initial particulate composite
body density, and p;, is the theoretical density of the composite body. The

. .V =1 . .
conservation of mass expression VLh = ;—" and V; = gnD3 were used in deriving
o th

this expression. Therefore, the initial average inclusion spacing L, normalized to
the inclusion diameter D:

1
Lo _ [= (e[
D [6vi (po )] (2)
Equation 2 is still not the final form because the initial density of the particulate

composite body can be expressed in terms of the inclusion volume fraction and the
relative initial density of the matrix as is shown next.

2.2 Initial Density of the Particulate Composite Body

The particulate composite body is characterized by its initial density p,, which is
dependent upon the volume fraction v; of inclusions, the density p; of the
inclusions, and the initial density pg, of the matrix. Using the rule-of-mixtures, p,
is expressed in terms of the inclusion and matrix volume fractions:

Vi Vin\
Po = (Z) Pi + (70) Pm

where 1 is the volume of the porous matrix. From a processing viewpoint, it is
most convenient to reference the volume fraction of inclusions to the fully dense
state rather than the initial porous state. Using the fact that V, = V; + V,2 and v; =

Vi . . .
V—L the previous equation can be rewritten as
th

Vin
Po = pm TV (7) (pi — pm)
o



Substitution of conservation of mass expression Vil = ;—" into this equation yields
o th

(o]

Po_ PR
Pen Pen — (Pi — Pm)Vi

The theoretical density p;; can be written in the following form based on the rule
of mixtures and v; + vt = 1:

Pen = vipi + Vi pin = pin + (i = PRIV
where vt and pZ!* are the volume fraction of the fully dense matrix and theoretical
density of the matrix, respectively. Substituting this expression into the previous
equation yields the final form for the initial relative density of the particulate
composite body:

Pm
Po __ P%’}
— = (3)
Pth 1—(1—%>vi
Pm

Equation 3 is shown plotted in Fig. 2 for initial relative matrix densities of 0.4, 0.5,
and 0.6. As expected, the higher the initial matrix density, the higher the initial
particulate composite density with increasing inclusion volume fraction.
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Fig.2  Variation of relative initial composite density as a function of inclusion volume
fraction and initial relative matrix densities



For completeness, substituting Eq. 3 into Eq. 2 and rearranging yields the explicit

relationship between the initial average relative inclusion spacing ;" in terms of the

volume fraction of inclusions and initial relative matrix density:
l
w={E - (- )]y
b lev; \pY, -\ piti) Vi “)

The initial average relative inclusion spacing is shown in Fig. 3 for the initial
relative matrix densities shown in Fig. 2. It appears that the initial average relative
inclusion spacing is a strong function of inclusion volume fraction but not initial
relative matrix density. But as shown next, it does have a strong effect on the
densification limit.
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Fig.3  Initial average relative inclusion spacing as a function of inclusion volume fraction
and initial relative matrix densities

2.3 Densification/Inclusion Spacing Relationship

For the cylindrical body shown in Fig. 4 undergoing uniaxial shrinkage such as
experienced in uniaxial hot-pressing, the density of the cylinder during shrinkage
is simply determined from the conservation of mass and is given by

p Voonhozho

po V A,h h




where h, and h are the initial and instantaneous cylinder heights, respectively. Note
that for conventional hot-pressing, the body diameter remains essentially constant.
From this expression, the instantaneous relative density is given by

P _ho po
Pt h pn
e >
d,
h, Initial Body —_—> Densifying Body h
Po p

~_

Fig. 4  Porous cylindrical body of initial height h, and density p, undergoing uniaxial
shrinkage similar to that experienced during uniaxial hot-pressing. The current state of the
porous cylindrical body is indicated by its instantaneous height h and corresponding
density p.

The instantaneous cylinder height h is related to the average inclusion spacing in
the direction of shrinkage by h = N, L where Np_ is the average number of
inclusions in the height direction of the initially porous cylindrical body and L is
the instantaneous average inclusion spacing in the height direction. Substitution of
this relationship into the previous expression yields

P _Lo, Po _Lo/D po

Pth L ptn L/D ptn

Substituting Eqs. 3 and 4 into this expression yields the most useful form for the
densification/inclusion spacing relationship:

2
1 P 3
p_ 1 (ﬂ)s pi 5)
ptn L/D \6v; (4 PR\,
1= 1= |vi
Pm

The instantaneous relative particulate composite density p/p;y, is a function of the
relative instantaneous inclusion spacing L /D, the volume fraction of inclusions v;,
and the relative initial density of the matrix pg,/pi*. From this equation, the critical
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volume fraction of mono-sized inclusions and supercritical densification limit for
the conductivity and rigidity threshold models will be determined.

2.4 Conductivity Threshold Model

During densification, the average inclusion spacing in the pressing direction
decreases as depicted in Fig. 5. Perpendicular to the pressing direction, the average
inclusion spacing does not change. The critical condition occurs when the spacing
of the inclusions decreases to the inclusion diameter D and the inclusions are
touching in the pressing direction. As mentioned previously, the critical condition
depicted in Fig. 5c¢ corresponds to the “conductivity” threshold, which is analogous
to the percolation problem of conducting particles embedded in an insulating matrix
forming a conductive path connecting two surfaces of differing electrical potential
at a critical volume fraction of conducting particles.®*® The critical volume
fraction of inclusions v{* corresponds to the condition L = D and p = p,, in Eq. 5.
With these conditions, Eq. 5 yields the following cubic equation for vy :

2 2
P
th
C3 2 CZ 1 c VA Pm
vy — v+ vy —— =0 6
i % | Vi % | Vi T\ ek ©)
th th th
m Pm m
L 4 +
Ly
L + +
. L Lo : B
+ + e D 1
i x - + + +
+ + + +
+ + + + & = x i -
+ + + +
+ + + + )
+ + + +
(a) (b) (©

Fig.S  Schematic illustration of the state of the “microstructure” as various moments in
time: a) initial state, b) instantaneous state, and c) final or conductivity threshold state

* Superscript “C” denotes conductivity threshold condition.
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A general explicit relationship for v{ can be written by solving Eq. 6; however, the
analytical solution is relatively cumbersome and will not be pursued here. If the
cubic term is negligible relative to the other terms, an approximate solution is easily
obtained:

IR

0 0\2
il e - -20-B®] o

Numerical solutions to Eqs 6 and 7 are plotted in Fig. 6 as a function of the initial

relative matrix den51ty . As can be seen, Eq. 7 1s an excellent approximate

solution to Eq. 6. As antlclpated, the critical inclusion volume fraction is higher for
higher initial relative matrix densities. This is because less height change is required
to achieve full density. Consequently, inclusions can initially be more closely
spaced within of the particulate composite body, which corresponds to higher
inclusion concentrations.

0.24

0.08 | e

Fig. 6  Conductivity threshold model predictions for the maximum or critical inclusion
volume fraction variation with initial relative matrix density based on numerical solutions to
Eq. 6 and approximate solution given by Eq. 7

For supercritical inclusion volume fractions (i.e., v; = v{), the maximum or limit
composite density p&in;; given by Eq. 5 with L = D, is going to be less than 1. The
limit composite density pfi,,;; is given by

12
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This is shown plotted in Fig. 7 for several ZTﬂ’ll values. As can be seen, the initial

m

relative matrix density has a significant effect on the relative composite density
limit for a given supercritical inclusion volume fraction.
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Fig.7  Supercritical densification limits for the relative composite density limits for v; > v¢
and several values for the initial relative matrix density

2.5 Rigidity Threshold Model

For the conductive threshold configuration depicted in Fig. 8a, the CN for each
inclusion is only 2. Because this is less than the total number of degrees of freedom
for each inclusion (i.e., 6) ignoring rotational degrees of freedom, the configuration
is only stable if the matrix is fully dense or if the inclusions are bonded to one
another. Therefore, if either condition is not met, then the configuration is unstable
because local shear stresses may exceed frictional contact stresses between
inclusions allowing them to shift and rearrange. This allows further densification
to occur as depicted in Fig. 8b. Once the matrix reaches full density or a more stable
inclusion network configuration is attained, densification ceases as depicted in

13



Fig. 8c. In principle, the most stable configurations will be when the inclusion
CN > 6, such that the constraints on each inclusion equals or exceeds the six linear
degrees of freedom (i.e., x-y-z). However, a fairly stable intermediate inclusion
network configuration is the diamond cubic structure where the maximum CN = 4.
This structure is illustrated in Fig. 9a. As shown in Fig. 9b, each inclusion
essentially sits within a tetrahedron at a point that is equidistant from four other
inclusions located at the four corners or vertices of the tetrahedron. As the distance
between inclusions shrinks during densification, the central inclusion will become
constrained on the top, bottom, and sides by the four other inclusions, resulting in
metastable equilibrium configuration with a high degree of rigidity. In this model,
it is assumed that the inclusions will rearrange into this intermediate metastable
configuration. The rigidity threshold corresponds to the condition where the matrix
reaches full density and the CN = 4. It should be evident from this discussion that
the critical inclusion volume fraction v * for the rigidity threshold will be greater
than vy .

The development of the rigidity threshold model is more math intensive than that
for the conductivity threshold model. However, efforts are made to keep the math
to a level where it is easy to follow if the reader desires.

\ 4 5 . \ : \ y "7"1‘
— — — ) + )+ ~(+ )+ )
( ) y N £ A “ / \ \ 4
" ," o \ T ) ( [C ) i‘ = — - i\ + r‘ + | = — +
y. N\ y \\ 2 y \‘\ \ Ppa. 4 — )+ -y L
+ ) (] + + ) \ y _/ A\
\ 4 + (+ ) —(+ |+ ) =
- N - y ‘ . Q N o
( + (] + + )

(@) (©)

Fig.8  Schematic illustration of depicting the possibility for inclusion rearrangement when
a) the matrix is not fully dense when the inclusions first touch, b) intermediate stage or matrix
has achieved full density, and c) rigid threshold condition

* Superscript “R” denotes rigidity threshold condition.
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Fig.9  a) Diamond cubic structure with cell size a and sphere spacing = §. Corner spheres:
black; face-centered spheres: blue; and interior spheres: green. b) Tetrahedral coordination
for each inclusion.

2.5.1 Initial Inclusion Spacing

The initial inclusion spacing §, for the diamond cubic structure shown in Fig. 9a is
determined from its initial cell volume VR, which is related to the cell volume V¢
of the conductivity threshold structure. From the conservation of mass, the initial
volume per inclusion VX for the diamond cubic structure and that corresponding to
the conductivity threshold structure are equal.

For the diamond cubic structure, the number of inclusions per unit cell is designated
as NR, while that for the conductivity threshold structure is designated as NF.
Therefore, it follows that

where a,, is the initial characteristic size of the diamond cubic cell shown in Fig. 9a.
For the diamond cubic cell N? = 8, while for the conductivity threshold structure
cell Nf =1 and V¢ = DIL?. Substitution into the previous expression yields the
following equation for the initial characteristic size a, of the diamond cubic cell:
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where %" is given by Eq. 4 with v; > v{. The initial inclusion spacing &, is related

to a, by the following relation:

V3 V3 pit EAWIE
o= o= ool ()~ (-5

=S (ZE) (Bl

Equation 10 is shown plotted in Fig. 10 as a function of inclusion volume fraction

N

o
v; for several values for the initial relative matrix density p—l’,i. The starting values

for v; for each value of p were obtained from Fig. 6 or given approximately by

Eq. 7.

16



1.6

1.2

1.1

L P I e

Fig. 10 Variation of initial relative inclusion spacing with inclusion volume fraction and
several values for the initial relative matrix density

2.5.2 Supercritical Densification Limit

The limit of densification is achieved when the inclusions are touching (i.e.,
8 = D) in the hot-pressing direction, yielding a characteristic cell height a® = %D.

The unit cell volume VR when this condition occurs is given by

o= ol (- (-5
m
4
ve= 2o )1 - (-2 ul) a

To calculate the additional densification that is possible as a result of the

292
9

rearrangement of inclusions into the diamond cubic structure, the conservation of
mass is used:

e 7% NVE VR VR

Plmie V¢ NFVE 8DIZ  8D3 (LO>2
B D
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Equation 12 relates the limit relative composite density % to the initial relative
th

o
matrix density % and volume fraction of inclusions v; (v; = v{).
m

2.5.3 Rigidity Threshold

At the rigidity threshold condition in Eq. 12 pR .. = psn and v; = vf. This
condition results in the following equation for v}

RS oo\ k1Y _ 7\ (V3 (p%)\*
v 1= =) (3) Ga) (13)
As for the conductivity threshold model, an exact analytical solution for v¥ in terms

of % can be derived from Eq. 13. Because of the magnitude of the exponents

m

o
involved, this is very difficult and is not pursued here. As before, for specific %
m

values, corresponding v{ can easily be calculated numerically. While a practical
approach, it is less elegant mathematically. By careful consideration of the terms
and exponents in Eq. 13, an approximate analytical solution for vX can be derived
in the following manner:

. AW NS WEAY A
o[ (5] =@ (3) () - (-]
R m\ g m (V3\® 31% m R%
o |- (1-2) e =5(2) G |- (- )]
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i th |2 e th th l
Pm 6\ 2/ \pm 5 Pm

1

Ne}

where the term [1 — (1 - %) le] ® was approximated by the first and second terms

in its Taylor series expansion. Expanding this equation and rearranging terms
results in the following quadratic equation for v5:

19



9 4 2 4
P\ r2 m (V3\° P\ (P2 \o| & T (V3N (PR \F _
Pm 30\ 2 Pm') \Pm 6\ 2/ \pm
(14)

which has the following simple solution:

o on oot
15 (S (- )| -2 (-

Equation 15 is plotted in Fig. 11 along with numerically calculated values
determined by the iterative approach. As can be seen, the approximate solution is
in excellent agreement with numerically calculated values to Eq. 13. As expected,
the critical inclusion volume fraction values are higher than the corresponding
values predicted by the conductivity threshold model shown in Fig. 6.
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Fig. 11 Rigidity threshold model predictions for the maximum or critical volume fraction of
inclusions variation with initial relative matrix density based on numerical solutions to Eq. 13
and approximate solutions given by Eq. 15

For supercritical inclusion volume fractions (i.e., v; = v¥), the maximum relative
density will be less than 1 and is given by Eq. 12. This is plotted in Fig. 12 as a

o
function of v; and several ZTﬂ’ll values. As with the conductivity threshold model, the
m

rigidity threshold model supercritical density predictions are very sensitive to initial
relative matrix density.

Both the critical inclusion volume fraction and supercritical limit density
predictions of the conductivity and rigidity threshold models were used to guide
experimentation in an effort to validate these predictions. Before assessing these
predictions based on comparison with experimental data, a model for the case of
the densification of a particulate composite with bimodal-sized inclusions by
uniaxial hot-pressing will be developed. The development of this model is
surprisingly simple and is based on a key assumption independently arrived at but
exercised by Furnas* almost a century before.
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Fig. 12 Supercritical densification limits for the relative composite density for v; > v® and
several values for the initial relative matrix density

3. Deterministic Model Development Il: Bimodal-Sized
Inclusions

The key assumption to developing a threshold hold model for a particulate
composite body with bimodal-sized inclusions is that the large inclusion size is
much larger than the small inclusion size, which is much larger than the matrix
particle size. Mathematically, this can be expressed as Djgrge > Dgman > d or

D . .
larg e/ D — o0 and Dsmaut / 4 — ©- This greatly reduces the complexity of the
small

analyses by allowing the effects of finite size differences between the large and
small spheres or inclusions and matrix particles to be ignored. This is the
assumption that Furnas* used nearly a century ago for estimating the upper limit
to the packing efficiency” for bimodal-sized random close-packed spheres.

For random close-packing of bimodal-sized spheres, the concept is shown in the
inset images within Fig. 13,% which is also a plot of the packing efficiency as a
function of the fraction f of packing efficiency that is made up by the smaller of
the two spheres. The maximum packing efficiency for random close-packing of
mono-sized spheres (large or small) is approximately 64 vol%.4*>~47-3335.75-77 The
corresponding interstitial void volume is therefore 36 vol%. For the case of large

* Packing efficiency is the percentage of volume occupied by the solid spheres.
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spheres packed at 64 vol%, smaller spheres can be inserted into the interstitial void
volume thereby increasing the packing efficiency. If the small spheres are
themselves randomly close-packed in the interstitial void volume, then it too can
be packed up to 64 vol%. Consequently, the maximum increase in the packing
efficiency is 0.64 x 36 vol% = 23 vol%, resulting in a maximum packing efficiency
of 87% for randomly close-packed bimodal-sized spheres.
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Fig. 13 Packing efficiency for bimodal-sized random close-packed spheres as a function of
the fraction f of the packing efficiency made up by the smaller of the two spheres and for six
large-to-small-size ratios>

Consider the case where large spheres are embedded in a fully dense matrix or void
space at the maximum or critical volume fraction for mono-sized spheres v{p2"™°

The addition of small spheres will replace a volume of either the fully dense matrix
or interstitial void space such that the total packing fraction” v,,.4; can be written

as

Viotar = (16)

For randomly close-packed bimodal-sized spheres (v{p2"° = 0.64), Eq. 16 is the
solid line plotted in Fig. 13 for 0 < f < 0.265.

* Packing fraction is the total fraction of volume occupied by the spheres.
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Now consider the opposite case where the small spheres are embedded in a fully
dense matrix or void space at the maximum or critical volume fraction for mono-
sized spheres v{p2™° and large spheres are being added. The addition of large
spheres will replace a volume of either fully dense matrix or void space filled with
small spheres at the maximum or critical volume fraction. Because the large spheres
replace either fully dense matrix or interstitial void volume, the packing fraction
increases. For this case, the packing fraction v;,;,; can be written as

mono

— Vthr
Vtotal = 1_(1_vg;ll?no)(1_f) (17)

For randomly close-packed bimodal-sized spheres (v{po"° = 0.64), Eq. 17 is the
solid line plotted in Fig. 13 for 0.265 < f < 1.

By equating Egs. 16 and 17, the value of f = f;,; at the intersection is given by

B
fint - 5 n’:ono (18)

As shown in Fig. 13, for random close-packed bimodal-sized spheres, the equations
intersect at f;,; = 0.265, where the maximum packing efficiency is approximately
87%.

Though not considered in this report, plotted in Fig. 13 are estimates of the total
packing fraction when size differences between the large and small spheres are
finite. It is worthwhile to look at this a little further because it gives you insights
into its impact on the maximum or critical inclusion volume fraction. The estimates
shown in Fig. 13 are based on computational simulations of spheres filling space
with sophisticated nearest-neighbor contact and stability algorithms.>> For size
differences of 5:1 (diamonds) and 10:1 (upside-down triangle), the maximum
packing efficiencies are approximately 78 and 82.5 vol%, respectively, which is
significantly lower than the theoretical limit of 87 vol%. Essentially, the larger the
ratio of the small sphere diameter to the interstitial void space size, the less the
interstitial void space can be packed efficiently with small spheres. As a result, the
packing efficiency of small spheres in the interstitial void space will be vary

D
between 0 and 64 vol% for 1 < = 179 e/ D,y < - The case where small spheres
sma

and interstitial void space are replaced with larger spheres is more complex,
because only whole spheres can be replaced, the void space contribution due to the
finite curvature needs to be taken into account, and lastly, the concentration of small
spheres needs to be kept constant at the critical volume fraction. In any event, the
effect on the increase in packing efficiency due to the substitution of large spheres
is less than the theoretical value.
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The volume fraction threshold model for randomly distributed bimodal-sized

inclusions is essentially given by Eqs. 16—18 with v{p2"° approximately given by

P\ alues. The limits
Pm

f=0 and f =1 correspond to mono-sized large and small inclusions,
respectively. For 0 < f < 1, there are both large and small inclusions. For uniaxial

Eq. 14. This is plotted in Fig. 14 as a function of f and several

o
hot-pressing and the assumed % values, the maximum predicted total inclusion
m

volume fraction for bimodal-sized inclusions ranges from 0.39 to 0.51. This is
significantly higher than the corresponding range for the total inclusion volume
fraction for mono-sized inclusions (0.22—0.295). The predicted maxima occur at f
values between 0.4 and 0.45, which is also significantly shifted from the f = 0.265
value for random close-packed bimodal spheres. The regions underneath these
curves correspond to fully dense bodies, while above these curves, partially dense
bodies. The last point that needs to be made here is that the predictions plotted in
Fig. 14 represent the upper limits in the total inclusion volume fraction because, as
discussed previously with regard to Fig. 13, finite-size-difference effects are
expected to decrease this number, as well as shift where the maximum occurs.

0.55

(Uf) total 033 ]

(]
Fig. 14  Variation of the critical inclusion volume fraction with f and several ZTT’ values for

randomly distributed bimodal-sized inclusions
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4. Discussion and Comparison with Experiments

The motivation for this report was to address two fundamental questions concerning
the hot-press densification of ceramic particulate bodies containing diamond
inclusions. The first question is simply “for complete consolidation, what is the
maximum diamond content that can be achieved for ceramic particulate bodies
containing either mono-sized or bimodal-sized diamond inclusions?” The second
important question is “on what physical parameters does this maximum diamond
inclusion content depend upon?”

To address these two questions, particle-packing theory and experimental findings
were initially considered. However, it was quickly realized that this only had
limited application to these questions because the particles or inclusions are
considered to already be in contact with one another, which is not the case.
Consideration of the basic soil mechanics concept of “force chains’’*
the subject of percolation theory,®? % which as mentioned previously, addresses the
sudden creation of extremely large clusters or highly interconnected networks in
disordered systems as a result of a small change in some physical variable. As
discussed earlier, the value of this physical variable at which this occurs is referred
to as the percolation threshold and is accompanied by a significant change in the
behavior or response of the system.

soon led to

Particulate systems with randomly distributed rigid inclusions inherently possess a
degree of disorder that makes percolation theory clearly applicable. For this system
undergoing densification, the relevant physical variable is the volume fraction of
inclusions; therefore, the percolation threshold would be the critical inclusion
volume fraction where above it, the relative density is no longer 1.

The downside to percolation theory is that it is a probabilistic theory, and estimates
for the percolation threshold are typically achieved numerically or computationally
and therefore are not explicit functions of physical parameters. However, it was
postulated that deterministic models with explicit dependencies on physical
parameters could be developed by considering the uniaxial densification of the
particulate composite body in terms of average characteristic physical quantities.
As a result, analytical models for the conductivity and rigidity thresholds (given
approximately by Eqs. 7 and 15, respectively) were developed, as well as for
corresponding supercritical densification limits (Eqs. 8 and 12, respectively). The
conductivity and rigidity threshold predictions are plotted together in Fig. 15 for
comparison. While it should be obvious that the predictions explicitly depend on

o
the initial relative density of the matrix %, it is implicit that they also depend on
m

the assumed regular arrangement of inclusions, simple cubic (v{) versus diamond
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cubic (v). The simple cubic arrangement of inclusions was chosen because of its
intuitive simplicity and the inclusion CN =2" at the critical condition. The resulting
linear chains form a continuous “conductive” path parallel to the dimension
undergoing shrinkage (i.e., hot-pressing direction). Similarly, the diamond cubic
was chosen because at the critical condition, the inclusions are in a tetrahedral
arrangement (CN =~ 4), which is more structurally stable compared to the linear
chain.

0.35

Fig. 15 Critical mono-sized inclusion volume fraction for the conductivity and rigidity
threshold conditions as a function of the relative initial matrix density

4.1 Comparison of Model Threshold Predictions and Percolation
Theory Predictions

So how do the predictions shown in Fig. 15 compare to percolation threshold
estimates based on probabilistic models from percolation theory? In principle, it
can be said that these predictions do appear to qualitatively agree with estimates
from both probabilistic models®**”-"8% and published experimental results.®-*"-%
However, because very few models that utilize or allude to percolation theory were
found in the literature, this question cannot be answered more precisely.

* Strictly speaking, the simple cubic configuration has a maximum CN = 6. However, at the
conductivity threshold condition and uniaxial hot-pressing, the CN = 2.
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While not completely analogous, the problem of randomly filling space with
spheres has received a significant amount of attention; especially with respect to
the conductivity percolation threshold.**¢7-7#32 Two primary approaches that have
been used for estimating the conductivity percolation threshold for mono-sized
spheres are the classical or (lattice) site percolation approach®’® and the continuum

percolation approach.”#!

The site percolation approach involves superimposing a regular lattice structure
into a volume of space and then randomly placing spheres at the lattice points of
this structure until a connecting path from one face of the lattice to the opposite
face forms. If a particle-based method is used, “inert” spheres are first placed at the
lattice points, and then randomly replaced with conducting spheres. The
corresponding threshold or critical volume fraction of conducting spheres is given
by the sum total of their volume divided by the total volume. Depending upon the
lattice structure, estimates for the conductivity percolation threshold using this
approach vary between 0.14 and 0.19.5%¢77® For a simple cubic lattice, the values
vary from 0.16 to 0.19.6467-78

The continuum percolation approach is more realistic than the site percolation
approach in that it involves randomly filling a volume of free space (i.e., no fixed
lattice sites) with inert spheres and then randomly replaced with conducting spheres
until the connected path arises.””®! This is a more difficult problem than the site
percolation problem because the resulting topologically disordered structure
requires more sophisticated contact algorithms to determine the number of contacts
and avoid overlapping of spheres. Also, structural stability of the system must also
be considered. As a result, it is more computationally intensive. Conductivity
percolation threshold estimates using this approach vary between 0.18 and
0.29.7-81

Models for the rigidity percolation threshold primarily use the continuum
percolation approach. Due to the nature of the contacts between the rigid inclusions,
the rheological behavior of the matrix in which they are embedded, and the flow or
deformation condition, rigidity percolation threshold estimates possess a larger
variation in values, ranging approximately from 0.2 to 0.6.8*% Essentially, if
significant displacement or slip is possible (on the order of an inclusion diameter),
as in the case of rigid inclusions in a liquid or very soft polymer, then the inclusion
CN must increase to at least the six linear degrees of freedom in order to achieve a
rigid structure. The corresponding critical inclusion volume fraction would
therefore be above 0.5 (note that the packing fraction of a simple cubic structure
[maximum CN = 6] is 0.52).
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As mentioned previously, the conductivity and rigidity threshold predictions are in
qualitative agreement with those found in the literature. Furthermore, these values
are consistent with experimental findings on the densification of powders
containing hard inclusions where the percolation threshold was estimated to be in
the range of 0.2-0.4.5%87-9¢

4.2 Supercritical Densification Limit Predictions

Above the threshold or critical inclusion volume fraction, only partial densification
is expected as shown in Figs. 7 and 12 (corresponding to Eqgs. 8 and 12,
respectively). If the matrix is not fully dense when the conductivity threshold
condition occurs, then the inclusions can rearrange themselves enabling further
densification. In this instance, the critical inclusion volume fraction will be
governed by the rigidity threshold condition. In principle, further rearrangements
are possible until the average inclusion CN = 6, which corresponds to the random
close-packed configuration.

Equations 8 and 12 are plotted together in Fig. 16 for % = (.5. Assuming for the

moment that the rigidity threshold model is correct, a question that arises is that as
the volume fraction of inclusions is increased above the critical threshold value, CN
will also increase, and as it does, will the densification behavior eventually follow
the predictions of the conductivity threshold model since the simple cubic structure
has a maximum CN = 6 while that for the diamond cubic structure has a maximum
CN =47 As can be seen in Fig. 16, the supercritical densification prediction for the
conductivity threshold model does cross over the prediction for the rigidity
threshold model at approximately v; = 0.415. It is hypothesized that this should be
the case because as the volume fraction of inclusions increases, they become more
tightly packed in the initial porous structure (see average initial inclusion spacing
in Fig. 3), thereby limiting the degree to which they can rearrange. Hence, above
the crossover point, the limit relative composite density should follow Eq. 8.
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Fig. 16 Supercritical densification limit predictions for the conductivity and rigidity
threshold models, Eqs. 8 and 12, respectively, with ::Tm"; =0.5

4.3 Comparison of Model Predictions with Model Experiments

The models developed certainly provide answers to the questions that motivated
their development. The question now considered is how well do these models
predict experimental outcomes? Model predictions will be compared to
experimental data; however, complete details of the experiments will not be
covered here.

Hot-pressing experiments were conducted on silicon hexaboride/diamond powder
mixtures at 1600 °C for 1 h under argon and an applied stress 48 MPa. Diamond
inclusion sizes were 10-20 um and 109 pum, while the silicon hexaboride particle
size was less than 44 um. For the mono-sized diamond inclusions, experiments
were conducted using the 109-um size inclusions with diamond contents of 0, 25,
30, 35, 40, 45, 50, and 55 vol%. For the bimodal-sized diamond experiments,
diamond contents of 35 (f = 0.286), 40 (f =0.375 and 0.4), 43.75 (f =0.429), 45
(f = 0.4 and 0.5), and 50 (f = 0.4 and 0.5) vol% were examined. Densities after
hot-pressing were measured by a technique that is based on the use of a fine free-
flowing powder that easily allows measuring the density of bodies with both closed
and connected porosity. For an applied stress of 48 MPa, the initial relative density
of the silicon hexaboride matrix was 0.55.
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The results for the mono-sized diamond experiments are shown in Fig. 17. As can
be seen, experimentally, the critical volume fraction of diamond inclusions falls
very close to that predicted by the rigidity threshold model (~ 28 vol%). Above the
threshold, the experimental data follow the trend predicted by the rigidity
supercritical densification model very closely. However, as hypothesized, the
experimental data transition to follow the trend predicted by the conductivity
supercritical densification model above the crossover at approximately 41 vol%.
Representative microstructures for the composites with 25 and 50 vol% diamond
inclusions are shown in Fig. 18a and 18b, respectively. For the 25 vol% composite,
which is below the threshold, inclusion clustering can be seen, as well as regions
devoid of inclusions. Qualitatively, this is consistent with the percolation threshold
concept where below the threshold, inclusion clustering and cluster size are
subcritical. In contrast, for the 50 vol% composite that is above the threshold, the
inclusions are more uniformly spaced with no observable inclusion-free regions and
a higher relative number of inclusion-inclusion contacts. Again, this is consistent
with percolation theory where above the threshold, as the inclusion content
increases, the critical-sized cluster continues to grow in size due to coalescence
with smaller clusters eventually leading to only one cluster existing.
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Fig. 17 Comparison of mono-sized inclusion model predictions (conductivity: dotted line;
rigidity: solid line) with experimental results (diamonds) for hot-pressed mono-sized diamond
inclusion-silicon hexaboride composites
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Fig. 18 Microstructures for a) 25 and b) 50 vol% diamond inclusion—silicon hexaboride
composites

Turning attention to the densification results for the silicon hexaboride with
bimodal-sized diamond inclusions, these are shown in Fig. 19 along with the
theoretical predictions for the maximum diamond content based on the rigidity
threshold model. The numbers in the boxes correspond to the measured relative
densities in volume percent. For convenience, the densification data for the large
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mono-sized diamond inclusions (f = 0) are also included. For the critical diamond
inclusion content curve, a value for v{p2"° = 0.28 was assumed for both the large
and small diamond inclusions based on the mono-sized relative density results.
Qualitatively, the experimental results are consistent with model predictions. For
fixed f, relative densities decrease with increasing total diamond content,
especially above the theoretically predicted threshold. For a fixed total diamond
content and increasing f, relative densities increase, reaching a maximum, and then
decrease. As discussed earlier in reference to Fig. 14, the predicted threshold curve
is in theory expected to separate the fully dense and partially dense regions. The
region beneath this curve corresponds to the fully dense region. However, as can
be seen, not all of the data beneath this curve indicate a fully dense result. There

are three possible explanations for this result.
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Fig. 19 Comparison of bimodal-sized rigid inclusion model predictions with experimental
results for hot-pressed bimodal-sized diamond inclusion—silicon hexaboride composites

The first one to consider is based on Fig. 13 and suggests the effect of finite size
differences between the large and small diamond particulates used in the hot-
pressing experiments. Based on the large and small diamond particulate sizes of
109 um and 10-20 wm, the large-to-small size ratio varies approximately between
5.5 and 11. For this range of large-to-small particulate size ratios, the maximum
packing fraction also differs from the theoretical maximum by 5%—11% in Fig. 13.
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If this proportionality holds true for the predicted critical diamond inclusion content
curve as well, the maximum total diamond content would be expected to fall
between 43 and 46 vol%.

The second explanation is that the due to the finite size difference between the small
diamond particulates and the silicon hexaboride matrix particles, the threshold or
critical volume fraction for the small diamond inclusions is lower than the large

diamond inclusions. Essentially, because Dsma”/ 4 = 1 itis possible for the small

diamond inclusions to form a percolated network in between the silicon hexaboride
particles thereby arresting densification earlier than expected. In addition, it can
potentially lower the initial relative density of the matrix. This has been speculated
by others as the reason for observed inclusion size effects on the densification of
powders containing hard inclusions.®”1-9%% Its possible effect is shown in Fig. 20,
where it was assumed that the threshold volume fraction for the small diamond
inclusions falls within the range of 0.20-0.25 rather than 0.28. The 0.20—0.25 range
for the small diamond inclusion v is an assumption but thought reasonable
based on the large diamond inclusion relative density data shown in Figs. 17 and
18. As can be seen, the effect of a lower threshold volume fraction for the smaller
diamond inclusions would shift the maximum diamond content lower and toward
lower f values.
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Fig. 20 Effect of a lower critical volume fraction for the small diamond inclusion due to
finite-size-difference effects with respect to the silicon hexaboride particles
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The last possible explanation is related to the second explanation in that as the small
diamond content increases, the densification rate may be expected to decrease as a
result of the decreasing the number of silicon hexaboride particle-particle contacts.
This has been observed in other composite systems.*$2%93-949 Hence, the effective
viscosity of the composite is expected to increase significantly, thereby requiring
longer times to reach full density. Close examination of the data in Fig. 19 does not
strongly support this last explanation, but it should be kept in mind especially if
even smaller diamond inclusion sizes are used.

While these possible explanations need to be explored in the future, the important
takeaway is that the both mono-sized and bimodal-sized rigid inclusion model
predictions are in very good agreement with the experimental results. Furthermore,
the usefulness of the models should be self-evident, especially in guiding
experiments by providing insight into the materials design space as demonstrated
in Fig. 19 for bimodal-sized diamond inclusions. Imagine the case for trimodal-
sized diamond particulates, which has an even larger materials design space. What
should be the optimum particulate size ratios and volume fractions relative to the
total diamond content? Again, models such as the ones developed and demonstrated
in this report will be needed to properly address these questions and make the
problem more tractable. Lastly, the differences between model predictions and
experimental results stimulate the need to improve the models by taking into
account issues such as finite-size differences between inclusions and matrix
particles.

5. Summary and Conclusions

Simple deterministic models inspired by the conductivity and rigidity percolation
threshold concepts were developed for the uniaxial densification of a composite
particulate body containing either mono- or bimodal-sized rigid inclusions in order
to predict the maximum inclusion content for a fully dense body. Additionally,
goals included determining the physical parameters which played an important role
in determining this maximum and above this maximum, what was the limit of
densification.

For these models, several assumptions were made to simplify their development:
1) the particle size of the particulate matrix is much less than the rigid inclusion
size; 2) the densification behavior of the particulate matrix containing randomly
distributed rigid inclusions can be represented by these rigid inclusions on a regular
lattice spaced by their volume averaged spacing; 3) the diamond-cubic structure
with a maximum CN = 4 represents the rigidity threshold condition; and 4) for
bimodal-sized rigid inclusions, the small inclusion size is much less than the large
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inclusion size. Models for the maximum or critical inclusion volume fraction
(mono- and bimodal-sized inclusions) and supercritical densification limit (mono-
sized inclusions) were developed. In general, these models showed that the initial
relative particulate matrix density and assumed lattice structure played an important
role in determining the maximum inclusion content and the supercritical
densification limit. In addition, for bimodal-sized rigid inclusions, the maximum
inclusion content was strongly dependent on the fraction of this maximum made up
by the smaller of the two inclusions.

When it was possible to compare model predictions to statistical-based percolation
model predictions for the percolation threshold, qualitative agreements were
observed. However, more importantly, excellent agreement was observed with
densification data from hot-pressing experiments on mono- and bimodal-sized
diamond inclusion—silicon hexaboride composite particulate bodies. Discrepancies
between model predictions and experimental data for bimodal-sized rigid
inclusions suggest several possible explanations centered on violations of
assumptions 1) and 4) mentioned previously. These stimulate the need to develop
improved models where these assumptions are relaxed.
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two-dimensional

three-dimensional
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cross-sectional area of cylindrical body
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characteristic cell height for the diamond cubic structure at the
rigidity threshold condition

boron carbide

carbon
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inclusion diameter

size of large inclusions

size of small inclusions

size of matrix particles

initial inclusion spacing in a diamond cubic structure

fraction of the total relative volume of inclusions made up by small
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initial height of the cylindrical body

high pressures and high temperatures

average inclusion spacing at any instant in time
initial average inclusion spacing

low pressure/high temperature
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SiC
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average number of inclusions in the height direction of the
cylindrical body

total number of inclusions

number of inclusions per unit cell for the conductivity threshold
structure

number of inclusions per unit cell for a diamond cubic structure
concentration of inclusions in the initial porous body
polycrystalline diamond composite

composite body density at any instant in time

inclusion density

maximum composite density based on the conductivity threshold
condition for supercritical inclusion volume fractions

maximum composite density based on the rigidity threshold
condition for supercritical inclusion volume fractions
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theoretical density of the fully dense matrix
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initial volume of the porous matrix
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Vtotal

(ULR ) total

theoretical volume for the fully dense composite body
volume of one inclusion
initial volume per inclusion for a diamond cubic structure

volume fraction of inclusions relative to the fully dense composite
body

critical inclusion volume fraction for mono-sized inclusions
corresponding to the conductivity threshold condition

critical inclusion volume fraction for mono-sized inclusions
corresponding to the rigidity threshold condition

critical volume fraction for mono-sized inclusions
volume fraction of the fully dense matrix
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total volume fraction of bimodal-sized inclusions

total volume fraction of bimodal-sized inclusions corresponding to
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