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1 PLASMON-PHONON AND PLASMON-MAGNON INTERACTION IN 

METAMATERIALS: MULTI-PHYSICS PARADIGM FOR ACOUSTO-

OPTICAL AND MAGNETO-OPTICAL TECHNOLOGIES  

V.A. Podolskiy and A.V. Zayats 

Final report: May, 01 2016 to Oct, 30 2019 

2 SCIENTIFIC PROGRESS AND ACCOMPLISHMENTS:  

2.1 OVERVIEW OF PROJECTS GOALS AND OBJECTIVES  
The program aim was to comprehensively address the plasmon-phonon and plasmon-magnon interaction 

in complex composite optical structures, often referred to as metamaterials. In particular, we focus on a 

material platform that comprises arrays of aligned plasmonic nanowires that are embedded into dielectric 

host. The program is a collaboration between University of Massachusetts at Lowell where the group of 

V. Podolskiy, PI of the project, works on the theoretical aspects of the proposed work and King’s College 

London where the group of A. Zayats, co-PI of the project, works on experimental efforts.  

The program, as originally proposed, has two main thrusts: (i) understanding the acousto-optical 

phenomena in nanowire metamaterials, and (ii) understanding the magneto-optical phenomena in 

composites. The original time-table called for thrust (i) extending over first two years of the program and 

thrust (ii) taking the two latter years.  

Plasmonic nanowire metamaterial platform emerges as one of the most practical metamaterial 

configurations. Over the years, plasmonic nanowire arrays have been demonstrated to enable record 

figures of merit in biosensing, acousto-optical sensing, as well as open new direction in nonlinear optics 

and in lifetime engineering [1-4]. The origin of these unusual phenomena often can be traced to unique, 

hyperbolic, dispersion relationship of the plane waves propagating inside the uniaxial material that is 

formed by aligned nanowire arrays,  

 
𝑘𝑥

2+𝑘𝑦
2

𝜖𝑧𝑧
+

𝑘𝑧
2

𝜖⊥
=

𝜔2

𝑐2  ......................................................................(1) 

Where effective medium parameters relating to the permittivity of metals (𝜖𝑚) and dielectric (𝜖𝑑), and 

to the volumetric concentration of nanowires in the composite 𝑝, respectively, are given by 

 𝜖𝑧𝑧 = 𝑝 𝜖𝑚 + (1 − 𝑝)𝜖𝑑    ...........................................................(2) 

  𝜖⊥ =
𝑝 𝜖𝑚 𝐸𝑚+(1−𝑝)𝜖𝑑𝐸𝑑

𝑝 𝐸𝑚+(1−𝑝)𝐸𝑑
   .............................................................(3) 

with 𝐸𝑚 = 2𝐸𝑑𝜖𝑑/(𝜖𝑚 + 𝜖𝑑) [1]. It has been shown that the effective parameters 𝜖𝑧𝑧 and 𝜖⊥ can be of 

different sign for a substantial part of optical spectrum stretching from visible through IR bands. 

It has been shown that while reflection and transmission of light through nanowire metamaterials are 

reasonably well described by the (local) effective medium response, given by Eqs. (1…3), light generation 



~ 2 ~ 
 

inside the composite (that includes fluorescence, harmonic generation, etc.) is significantly affected by 

plasmon polaritons propagating along the wires [5]. The effective medium description of the composite 

can be generalized to take into account the effects of these modes. However, the extended effective 

medium permittivity becomes nonlocal (explicitly dependent on the wavevector). Adequate description 

of photon-plasmon interactions in nanowires has been developed with help of previous ARO funding.  

The main motivation of this project was to move beyond pure optical response of metamaterials and 

analyze the interplay between plasmonic interaction in the composites, as well as magnetic and acoustic 

modes that can be supported by the system. Table 1 summarizes the goals and initial projected timeline 

of the project, along with current progress.  

 
We have developed and validated analytical description of the response of coupled magneto-optical 

plasmonic systems and utilized our theoretical and numerical techniques to analyze the behavior of Au 

nanowires that are surrounded by Ni shells [6]. 

On the acoustic side of the program, we have optimized the structural parameters of the nanowire arrays 

to match the acoustic spectrum of nanowire arrays to capabilities of the pump-probe spectroscopy in our 

labs. The samples have been fabricated and analyzed. We are finalising the manuscripts on this subject. 

Acousto-optical studies of naturally occurring hyperbolic materials (CuS) have also been carried out, 

deminstrating effective generation of coherent phonons in plasmonic materials. 

 Yr 1 Yr 2 (Option 1) Yr 3 (Option 2)  

Aim 1  
(plasmon-phonon 
interactions) 

(N) Acouto-optical 
coupling in 
composites 

  

(A) nonlocal hyper-
crystals 

(A) Homogenization 
of acoustic and multi-
physics response of 
metamaterials  

 

(E) photo-acoustic 
properties of 
metamaterials  

(E) Pump-probe 
studies of plasmon-
phonon coupling 

 

Aim 2  
(plasmon-magnon 
interaction) 

(N) Magneto-optical 
coupling and spin 
waves in 
metamaterials 

  

 (A) Spin-waves in 
composites 

(A) Non-reciprocal 
dynamics in 
nonlocal 
metamaterials  

 (E) Spin-
waves in 
composites 

(E) Spin-waves in 
composites 

(E) Non-reciprocal 
dynamics in 
nonlocal 
metamaterials 

Key Completed In progress Not started 
Table 1. Projected timeline of the project; (A), (N), and (E) correspond to analytical, numerical, and 

experimental sub-tasks respectively. 
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In addition to the main aims of the proposal, we have undertaken several efforts that are highly synergistic 

with the proposed formalism. In particular, we have demonstrated strong structural second harmonic 

generation in nanowire composites, and have developed novel material platform for linear and nonlinear 

optics. We have also explored implications of PT-symmetry breaking for lasing and LED structures [7,8].  

2.2 RESEARCH OVER THE PERIOD 
Overall, ARO funding has contributed to publication of 11 peer-reviewed manuscripts, 2 Ph.D. theses, and 

1 MS thesis [6-19], as well as multiple conference presentations. The team is currently working on three 

additional publications to be submitted to peer-reviewed journals in the coming months.   

2.2.1 Magneto-Optical response of composites 
Over the term of the project we have developed novel material platform for plasmon-enhanced magneto 

optical response. The platform represents a further development of plasmonic nanorod platform that the 

team has been working on for the past several years. Plasmonic magneto-optical nanorods represent a 

multi-shelled wire structures comprising regular arrays of plasmonic wires surrounded by ~5-nm-thick 

magneto-optical shells deposited in the dielectric host materials. (Fig.1) 

 

Fig.1. Geometry of the plasmonic nanowires with magneto-optical shells 

Over the course of the program we have perfected protocols for fabricating these complex composites 

and developed effective medium description of their optical response. Importantly, the comparison of 

our experimental data and theoretical predictions indicates that magneto-optical response of 

nanostructured Ni is significantly stronger than that of its bulk counterpart, providing an opportunity to 

demonstrate both polarization plane rotation and asymmetric transmission (Fig.2), phenomenon that is 

unique to anisotropic magnetooptical materials. The manuscript summarizing these studies has been 

published in Adv.Opt.Mat[6] and the relevant results been disseminated to the scientific community at 

multiple conferences. We are finalising a manuscript detailing the dynamics of the guided modes in 

magneto-optical arrays.  
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Fig.2 Asymmetric transmission, a hallmark of the anisotropic magnetooptical materials; (a) experimental data; 

(b) magneto-optical response of bulk Ni (dashed line) and predicted response of the composite (solid lines). (c) 

predicted transmission asymmetry for the sample shown in Fig.1, assuming the response in (b); note that this 

response is several orders of magnitude weaker than the one observed in experiment. Panel (e) shows the 

response of the composite assuming that the magneto-optical behavior of Ni is enhanced 50 times with respect 

to tabulated data; panels (d) and (f) show the transmission asymmetry obtained using full-wave solutions of 

Maxwell equations and effective medium theory, respectively.   

Finally, the numerical implementation of the effective medium response is freely available on the PI 

www[20] 

2.2.2 Acoustic response of nanorod composites 
We have analyzed numerically the acoustic modes of nanowire composites, and have utilized the resulting 

numerical calculations to optimize the structure of the metamaterial to support the acoustic mode in the 

~10 GHz frequency range that is accessible in our pump-probe experiments. As outlined in the Report 3, 

the metamaterial targeting 150-nm-thick, 55-nm diameter wires separated by 100 nm, in alumina matrix, 

has been fabricated and characterized. As detailed in the Report 3, pump-probe spectroscopy revealed 

the presence of the fundamental mode with ~9 GHz frequency, in line with the theoretical predictions.   

Acousto-optical effects in a naturally occurring hyperbolic material were studied demonstrating the 

excitation of coherent phonons, which is not typical for plasmonic materials [21]. 
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Fig.3 Dispersion of the main acoustic mode in nanowire metamaterials, calculated theoretically (left) and the 

pump-probe experiments demonstrating excitation of the acoustic mode (right) 

2.2.3 Successes in nano-photonics beyond magneto-optics and acousto-optics 

In addition to analysis of acousto- and magneto-optical response of metamaterials the team has 

completed a number of related projects, aimed at better understanding material properties of nanowire 

and wire-inspired composites. In particular, the team has  

✓ Discovered theoretically and demonstrated experimentally existence of strong structural nonlinear 

response in plasmonic nanorod composites [13]. This discovery provides an alternative (to 

optimization of homogeneous media) approach to nonlinear optics and has potential to open a new 

research subfield 

✓ Demonstrated the inter-relationship between geometry and ultrafast (hot-carrier) dynamics in 

composites [19] 

✓ Demonstrated strong influence of structural nonlocality of metamaterials on light emission 

properties. Importantly, we have shown that structural nonlocality affects emission from both dipolar 

[17] and dipole-prohibited[12] transitions (Fig.4) 

In particular, we have analyzed emission kinetics of Ruthenium-dpp-based complex in water, deposited 

on glass (used as a reference) and deposited inside the nonlocal wire metamaterial. We have discovered 

that metamaterial accelerates the spin-flip transition of Ru-dpp by a factor of ~3 × 103. Importantly, we 

have also demonstrated that conventional theory of Purcell enhancement (developed with dipolar 

transitions in mind) is not applicable to spin-flip and other dipole-prohibited transitions.  



~ 6 ~ 
 

 

Fig.4 (a) emission kinetics of Ru-dpp in water on glass substrate (blue), on gold substrate (green), and in 

nonlocal metamaterial (red); note the strong non-single-exponential decay (dots represent experimental data; 

lines correspond to Laplace transform. (b) Lifetime distributions representing the fits from (a); (c) emission 

spectra of Ru in water deposited on glass and in the metamaterial; (d) theoretical calculations of lifetime 

distributions above the solid gold film recalculated from the glass spectrum[12].  

2.2.4 Structural nonlocality for intensity enhancement in plasmonic nanocone arrays 
We have previously introduced the plasmonic nanocone platform and demonstrated the utility of this 

platform to tune optical spectra beyond what is available with nanorod composites [22]. In the course of 

this program we have further analyzed the dynamics of optical response in this new material platform. 

We have demonstrated that structural nonlocality, that modifies optical response in nanowire 

composites, dominates optics of even lossy nanocone composites. In particular, the cone-shaped 

geometry of metamaterial illuminated by an incident electromagnetic wave promotes excitation of the 

additional wave. This additional wave propagates towards the apex of the cone, simultaneously 

concentrating the local optical intensity in its vicinity. As result, plasmonic nanocone metamaterials 

enable broadband enhancement of electromagnetic radiation at the well-defined ~10-nm-sized spatial 

areas. Out analysis further suggests that when the hot-spots are excited by the ultrafast pulses, the 

formation of the hot-spot is delayed with respect to excitation pulse by approximately 10 fs (Fig.5) [23] 
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Fig. 5 (a) Schematic geometry (main figure) and SEM image (inset) of the nanocone metamaterial; (b) z-dependence of the 

diagonal components of the effective permittivity tensor at a wavelength of 𝜆0 = 700 𝑛𝑚; (c,d,e) the intensity distributions in 

the nanocone metamaterial calculated with (c) full-wave solutions of the Maxwell equations, (d) nonlocal, and (e) local 

effective medium theories; (f) time-dependence of the maximum local intensity in the nanocone metamaterial excited by a 10-

fs-long Gaussian pulse; solid and dashed lines represent metamaterial response and the incident field, respectively (note 

difference in vertical scales); in panels (c-f) the metamaterial is excited by a p-polarized light incident at ∼ 30𝑜 from vacuum 

from the tip-side of the metamaterial. 

2.2.5 Nonlocal hyperbolic metamaterials at radio frequencies.  

Plasmonic nanowire platform found numerous applications at the visible and near-infrared frequency 

ranges. However, there is significant interest in realizing similar applications at lower, radio frequency 

range. Unfortunately, PEC-like response of gold and other noble metals at lower frequencies prohibits 

straightforward mapping of nanowire or nanocone platforms to these lower frequencies. To address this 

fundamental challenge, we have developed an approach to realize nonlocal hyperbolic response in low-

frequency (RF) photonics[14]. The technique, summarized in Fig. 6 relies on spoof plasmons supported by 

the corrugated PEC surfaces to take on the role of visible-frequency plasmonic modes. As seen in Fig.6, 

the metamaterial comprising arrays of corrugated PEC wires supports three different modes; two of which 

have transverse character and one of which has field profile that strongly resembles that of the additional 

wave in plasmonic wire metamaterials. Importantly, our research indicates that the dispersion of the 

three waves in corrugated wire RF composites can be mapped to the analytical results derived for smooth 

visible-frequency plasmonic wires[5] 
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Fig.6 (a) geometry of corrugated wire spoof-plasmonic metamaterial; panel (b) illustrates dispersion of the 

modes supported by the system, while panel (c) illustrates the distribution of the electric field in these modes 

across the unit cell (arrows represent 𝐸𝑥, 𝐸𝑦 components while color background represents 𝐸𝑧 field)  

2.2.6 Machine learning-based subwavelength imaging 

We are developing a novel technique capable to characterize deep subwavelength (~100-nm) geometries 

with visible and near-IR light. The new approach, outlined in Fig.7, that combines the recently-developed 

analytical interscale mixing microscopy [24] with machine learning paradigms provides a novel avenue for 

characterization and spectroscopy of small objects. In particular, the experimental setup previously 

utilized in interscale mixing microscopy[24] is used to record diffractive patterns of the finite two-

dimensional gratings with subwevelenght period containing multiple defects.  

The recorded diffractive patterns are then post-processed to maximize the information representing 

interference from the multiple sub-wavelength slits. In parallel, theoretical calculations are used to 

generate a set of diffractive pattern from a set of almost-identical gratings whose openings openings have 

small ~10-nm variations in position and size. The resulting theoretical ensembles are represented in 

Fourier-Bessel space 𝐼(𝑘𝑟 , 𝜙)µ ∑ 𝐶𝑚𝑗  𝐽𝑚 (𝛼𝑚𝑗
𝑘𝑟

𝑘0
) cos (𝑚𝜙)𝑚,𝑗 , and the coefficients 𝐶𝑚𝑗 are used to train AI-

based classifiers. Finally, the theory-trained AI machines are utilized to dissent the original experimental 

structures. Our analysis indicates that the proposed novel approach allows to detect and characterize 

objects that are approximately 1/10-th of the free-space wavelength across.  

In addition, our analysis provides the outlook at the relative importance of individual 𝑚, 𝑗 combinations 

to successful image recovery and, as result, allows us to get an insight into information storage and into 

machine-learning dynamics.  

Our results have been submitted to CLEO/QELS 2020 conference and are being finalized for submission to 

a peer-reviewed journal. Fig.7  
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Fig.7: Panel (a) illustrates experimental setup (main figure) and several examples of the diffractive structures 

analyzed in our experiments (right insets); typical processed diffractive intensity patterns are shown in panels 

(b) (theory) and (c) (experiment); panels (d,e) illustrate the main result of this work, the average contribution 

of the information contained in a given 𝑚, 𝑗 pair to the recovery accuracy, as indicated by analysis of theoretical 

(d) and experimental (e) data; both panels (d,e) represent averages of multiple recovery attempts with different 

combinations of Bessel harmonics. Inset in (e) illustrates one such individual study as described in the text 

 

3 INTER-GROUP COMMUNICATION 

No productive research is possible without efficient communication. Over the course of the program, the 

team members have extensively collaborated with each other; the following list summarizes some of 

these activities  

• We regularly communicated via e-mail, and exchanged data via Dropbox and OneDrive services 

• We held regular (approximately weekly) telecom conferences via Skype and/or phone 

• Members of the two teams met during multiple conferences, including the Faraday discussions in 

London, UK, Metamorphose in Finland, and CLEO/QELS in San Jose, CA, US.  

4 STUDENT TRAINING AND EDUCATION 

The computational and analytical research, completed over the course of the project, formed the basis 

for PhD thesis of Bo Fan (UML) and for MS thesis of Paul Catalano (UML), in UK, nancone metamaterials 

fabrication and analysis of the optical properties were the basis for a PhD thesis of Ms Margoth Cordova 

Castro. Research on acousto-optical metamaterials and on diffractive microscopy has contributed to Ph.D. 

studies of Christopher Roberts and Abantika Ghosh (UML).  
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Singlet–Triplet Transition Rate Enhancement inside
Hyperbolic Metamaterials

Diane J. Roth,* Pavel Ginzburg, Liisa M. Hirvonen, James A. Levitt, Mazhar E. Nasir,
Klaus Suhling, David Richards, Viktor A. Podolskiy, and Anatoly V. Zayats

The spontaneous emission process is known to be largely affected by the
surrounding electromagnetic environment of emitters, which manifests itself
via the Purcell enhancement of decay rates. This phenomenon has been
extensively investigated in the case of dipolar transitions in quantum systems,
commonly delivering fast decay rates in comparison to forbidden transitions
such as high-order multipolar transitions or spin-forbidden, singlet–triplet
phosphorescence processes. Here, a decay rate enhancement of almost
2750-fold is demonstrated for a ruthenium-based phosphorescent emitter
located inside a plasmonic hyperbolic metamaterial. The standard
electromagnetic local density of states description, typically employed for the
Purcell factor analysis of dipolar transitions, is unable to account for a
photoluminescence enhancement of this magnitude, which is attributed to
the interplay between the local density of states and strongly inhomogeneous
electromagnetic fields inside the metamaterial. The large available range of
spontaneous emission lifetimes reported here enables application of
phosphorescent emitters in novel, fast, and efficient light-emitting sources,
beneficial for optical communications, quantum information processing,
spectroscopy, or bio-imaging.

1. Introduction

The enhancement of the spontaneous emission rates of dipolar
emitters, known as the Purcell effect,[1] has been demonstrated
in many different material environments, owing to the mod-
ification of the local density of electromagnetic states (LDOS)
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available for the emitters’ relaxation.[2]

Photonic structures, such as photonic
crystals[3] or microresonators,[4] have re-
ceived a lot of interest in the past
thanks to their high quality factors,
but their use has been hindered by
diffraction limited modal volumes, re-
stricting the enhancement factors. In-
stead, the use of plasmonic structures,
such as nanoantennas[5] or plasmonic
cavities,[6] has enabled the confinement
of light to subwavelength scales, deliv-
ering modal volumes far beyond the
diffraction limit. Despite the limitation
of the enhancement factors due to the
inherent material losses[7] of the plas-
monic structures, the resonant character
of the enhancement process nonetheless
led to rather narrow enhancement band-
widths. Recently, sizeable spontaneous
emission rate enhancements usingmeta-
materials, ordered nanostructured me-
dia with designed electromagnetic prop-
erties, have been achieved. A subclass of

metamaterials, namely hyperbolic metamaterials (HMM),[8] has
been shown to deliver broadband non-resonant Purcell en-
hancement, limited by microscopic factors, such as the com-
posite granularity.[9–11] Most of the experimental studies involv-
ing hyperbolic metamaterials reported Purcell factors of several
tens,[12–15] reaching �80 with additional structuring of a metal-
dielectric multilayer metamaterial.[16] In nanorod-based hyper-
bolicmetamaterials, decay rate enhancements of dipolar emitters
reaching up to 100 were observed, depending on the positioning
of the emitters in the unit cell as well as thematerial losses,[9] and
led to emission in both free space and waveguided modes of the
metamaterial slab.[15,17]

Spontaneous emission from other atomic transitions has,
however, not been extensively investigated, mostly due to their
conventionally forbidden character strictly controlled by selec-
tion rules. Electric-dipole-forbidden atomic transitions, such as
magnetic-dipole transitions, multipolar transitions with orbital
angular momentum changes, spin-flip-required, or singlet–
triplet transitions, are typically orders of magnitude slower than
regular dipolar transitions between selection-rule-allowed states,
and therefore are hardly experimentally observable. However, it
was recently shown that using highly confined plasmon modes
of 2D materials or surface magnon polaritons, these forbidden
emission processes can be significantly accelerated and may
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compete with conventional dipolar transitions with emission
primarily into plasmonic and polaritonic modes; while the
increased local density of electromagnetic states plays an impor-
tant role in the Purcell effect, strong gradients in highly confined
electromagnetic fields are essential for the enhancement of
forbidden transitions.[18–21]

In the specific case of phosphorescence, which is a second-
order quantum process, emitters typically exhibit lifetimes in the
range of milliseconds to seconds,[22] orders of magnitude longer
than the common nanosecond lifetimes of fluorescent dyes. This
comes from the forbidden nature of the transitions involved in
the emission process, including transitions between states of
different spin multiplicities such as singlet–triplet transitions.
However, the phosphorescence process can be enhanced in
organometallic complexes possessing a heavy transition-metal
element, favoring spin–orbit coupling interactions. This there-
fore results in improved quantum yields and shorter lifetimes of
the order of 100 s of ns to 10 s of µs,[22] making the phosphores-
cent transitions experimentally accessible. Here we report on the
decay rate enhancement of a singlet–triplet transition in a long
lifetime phosphorescent ruthenium-based complex (Ru(dpp))
inside a gold-nanorod-based hyperbolic metamaterial. Large
enhancements of the transition rate are observed on smooth
gold films and metamaterial-based structures, suggesting the
inapplicability of the commonly used Purcell factor for pure
dipolar transitions, based on the electromagnetic local density
of states modifications only. Embedding the emitters within the
hyperbolic metamaterial, realised as an array of vertically aligned
gold nanorods, yields the record lifetime reduction of�2750-fold
at the maximum peak of the measured lifetime distribution (an
�4800-fold reduction can be estimated at the tail of the lifetime
distribution). Theoretical predictions, relying on electromagnetic
local density of states, fail to predict such an enormous rate accel-
eration, instead pointing to the role played by the electromagnetic
field gradients between the nanorods forming the array.

2. Results and Discussion

In this study, the decay dynamics of ruthenium-tris(4,7-
diphenyl-1,10-phenanthroline) dichloride complex (Ru(dpp),
Sigma-Aldrich) dissolved in different solvents, were measured
in the vicinity of various plasmonic substrates, employing a
time-correlated single photon counting (TCSPC) technique (see
Experimental Section). Ru(dpp) is a transition metal complex,
which is constituted of a central Ru2+ ion surrounded by 3
diphenyl-phenanthroline ligand molecules. Due to the presence
of the ligands, these complexes exhibit unique electronic transi-
tions called metal-to-ligand charge-transfer (MLCT) states. These
transitions involve a charge transfer from the d-orbitals of the
metal (t2g) to the unoccupied π*L orbital of the ligands, as rep-
resented in the simplified diagram of the molecular orbitals and
states of the complex in Figure 1a. Following absorption from
the ground state (S0) to the 1MLCT singlet state, fast and efficient
intersystem crossing occurs (kisc) and electrons relax to the triplet
3MLCT state. Emission from this triplet state to a singlet ground
state is classified as phosphorescence (kr) and exhibits lifetimes
of the order of several microseconds, shorter than usual phos-
phorescent state lifetimes.[22] This efficient intersystem crossing

and reduced lifetime of the triplet excited state is due to the pres-
ence of the ruthenium transition-metal ion, inducing spin–orbit
interactions and enhancing the probability of the theoretically
spin-forbidden triplet to ground-state transitions, therefore
increasing the efficiency of the phosphorescence process.[23]

The ruthenium-based emitter was first dissolved in water
and then deposited on: a glass substrate; a smooth gold film
of thickness 30 nm; and inside a gold-nanorod-based hyper-
bolic metamaterial (see scanning electron microscopy (SEM)
image, Figure 1b). The nanorod array parameters used in this
experimental study were �250 ± 5 nm length, 50 ± 2 nm
diameter, and 100 ± 2 nm center-to-center spacing. More details
on the fabrication process of the metamaterial structure are
available in the Experimental Section. The extinction spectra of
the free-standing nanorod array immersed in water for different
angles of incidence of transverse magnetic (TM)-polarized light
(Figure 1c) show the presence of two modes associated with
the electron motion perpendicular (�) and parallel (//) to the
nanorods, respectively centered around 530 and 585 nm.[24]

The decay dynamics of the emitters deposited on glass, the
gold film, and the nanorod metamaterial are represented in
Figure 2a. These decays were fitted using an inverse Laplace
transform method described in the Experimental Section. In the
case of the emitters deposited on glass, the experimental decay is
mono-exponential with a component of the lifetime distribution
centered around 770 ns (Figure 2b), in good agreement with
values found in the literature.[25] The measurements on the gold
film and inside the nanorod-based metamaterial exhibit much
more complicated decay dynamics compared to that of glass. For
emitters placed on the gold film, the dependence of the lifetime
on the position and orientation of the emitters with regard to the
gold surface led to a multi-exponential decay (Figure 2a,b). The
gold-film-modified lifetime distribution is broadened compared
to the case of glass and is dominated by a lifetime component
centered on 3.7 ns, corresponding to an increase of the decay
rate of�210. The large span of the lifetime distribution is mainly
related to the distance and orientation-dependent distribution
of the emitters with regard to the interface but can also be
influenced by the level of noise in the experimental data.
In this case, it is shown that the observed decay rate enhance-

ment cannot be explained with the help of the commonly ac-
cepted LDOS theory.[2] The dynamics of emitters, modified by
the presence of nearby plasmonic surfaces, in particular those
of noble metals, is a well understood process. The key contribu-
tions leading to the modification of the spontaneous emission
lifetime are mainly mirror-reflected waves, the excitation of sur-
face plasmons, and quenching.[26] All these effects can be taken
into account in a semi-analytical formula for the spontaneous
emission enhancement as described in the Experimental Section.
Using this theoretical formulation and the experimentally mea-
sured lifetime distribution of the emitter on a glass coverslip, a
theoretical prediction of the lifetime distribution on the gold film
could be obtained for various depths of optical excitation above
the surface. This method takes into account the position of the
emitters with regard to the metallic surface and their spatial ori-
entation. As can be seen from the theoretical predictions (Fig-
ure 2d), even for a small depth of excitation, the average lifetime
enhancement does not even increase by as much as a factor of
10, which is more than an order of magnitude lower than the
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Figure 1. Properties of the ruthenium-based complex and the gold-nanorod-based metamaterial. a) Simplified molecular orbitals and state diagram
of the ruthenium-based complex. Energy level positions are not to scale. MLCT stands for metal-to-ligand charge transfer. b) SEM image of a typical
nanorod-based metamaterial sample (tilted at 45°). c) Experimental extinction spectra (−logT) of the free-standing nanorod-based metamaterial in
water (n = 1.33) taken for different angles of incidence of TM-polarized light.

experimentally observed value. It is worth noting that this same
fitting procedure was conducted on the lifetime distributions of
conventional fluorescent dyes (Alexa, Fluorescein, ATTO dyes)
obtained using the same experimental setup, leading to an ex-
cellent agreement between theoretical and experimental data for
a depth of excitation of 175 nm, verifying the validity of the
method.[9]

When deposited inside the metamaterial, the phosphorescent
emitter exhibits strongly accelerated decay dynamics, following
a multi-exponential profile owing to the random position and
polarization of the emitters within the metamaterial. The corre-
sponding lifetime distribution is largely shifted toward shorter
lifetimes and shows a maximum peak around 0.28 ns, corre-
sponding to �2750-fold reduction of the spontaneous emission
lifetime. A reduction of �4800-fold can be estimated at the tail
of the main peak of the lifetime distribution. The homogenized
properties of the metamaterial cannot be directly employed for
calculation of the quantum dynamics of emitters, situated in-
side the structure, due to the finite size of the metamaterial
unit cell.[27] However, a comprehensive analysis of the decay
rates of emitters inside the nanorod-based metamaterial, taking
into account spatial averages, local field corrections, interfaces,
and spatial dispersion effects, which has been developed by us
previously,[9] has been demonstrated to predict the correct decay
rates for widely used dipolar emitters; this theory predicts an aver-

aged spontaneous emission rate enhancement of about 30, also
consistent with other reports. However, in the present case, as
for a flat gold film, this theoretical description fails to predict the
modification of the spontaneous emission lifetime. Therefore,
this approach relying on themodification of the LDOS appears to
be inapplicable in the case of phosphorescent emission. Photolu-
minescence spectroscopy of the emitter inside the metamaterial
was also performed (Figure 2c), where a slight red-shift of the
emission inside the metamaterial is observed with regard to the
emitters deposited on glass.
Over the past decades, ruthenium-based emitters have exten-

sively been used as efficient oxygen sensors.[28–30] In the presence
ofmolecular oxygen, dynamic quenching occurring via collisions
leads to the de-excitation of the emitter, ultimately reducing its
spontaneous emission lifetime.[31] In order to minimize the ef-
fect of oxygen in our study, the same experiments were conducted
in glycerol, exhibiting a higher viscosity than water and therefore
limiting the dynamic quenching process. In this case, a nanorod-
based metamaterial sample coated with a thin layer of polymer
(7.5 nm), as described in the Experimental Section, was used as
an additional material environment. This coating is expected to
reduce the emission quenching due to the close proximity of the
metallic nanorods to the emitters. The bare nanorod metama-
terial sample was fabricated with the same geometrical param-
eters as the sample used for the emitter in water, while those
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Figure 2. Ruthenium-based complex in water. a) Emission dynamics of Ru(dpp) in water on (blue) a glass substrate, (green) a 30 nm thick gold film,
and (red) inside the nanorod-based metamaterial. The dotted lines correspond to the experimental data and the solid lines represent the fits performed
using an inverse Laplace transform method. The inset shows the decays on gold and the hyperbolic metamaterial over a shorter timescale. b) Lifetime
distributions corresponding to the fits in (a), with the same colour coding. c) Emission spectra of Ru(dpp) in water deposited (blue) on glass and
(red) inside the nanorod-based metamaterial. d) Theoretical lifetime distributions above the smooth gold film recalculated from the measured lifetime
distributions of the emitters deposited on glass for different depths of excitation (dexc). Dashed lines are experimental data measured on glass and above
the gold film, solid lines are the theoretical estimations.

of the coated nanorod metamaterial sample were �130 ± 5 nm
length, 50 ± 2 nm diameter, and 100 ± 2 nm center-to-center
spacing. The extinction spectra of both bare and polymer coated
free-standing nanorods immersed in glycerol, for different an-
gles of incidence of TM-polarized light, again show the presence
of two peaks (Figure 3). In comparison with Figure 1c, an in-
creased splitting between the two modes is observed due to the
higher refractive index of glycerol to that of water.[24]

The analysis of the time-resolved measurements show that
the decay dynamics of the emitters deposited on glass exhibits
a mono-exponential profile, whereas the decay dynamics of the
emitters in the cases of the gold film, the bare metamaterial, and
the polymer coated metamaterial samples show here again more
complicated profiles (Figure 4a). In the case of the emitters de-
posited on glass, the associated lifetime distribution of the com-
plex is centered around 4.4 µs (Figure 4b), in good agreement
with values found in the literature.[25] The lifetime distributions
of the emitters placed on the gold film, the bare metamaterial,
and the coated metamaterial are broadened and strongly shifted
toward shorter lifetimes. Considering the position of the maxi-

mum of the dominant peak of the lifetime distribution, an�980-
fold reduction of the lifetime is observed when the emitter is
placed near the gold surface and about 2590-fold reduction in the
case of the emitters inside the bare metamaterial. A reduction of
�4600-fold can be estimated at the tail of the main peak of the
lifetime distribution for the bare metamaterial. For the coated
metamaterial sample, the presence of the polymer shell signif-
icantly reduces the decay rate enhancement of the ruthenium-
based emitter compared to the bare metamaterial (Figure 4a).
The corresponding distribution of lifetimes, represented in Fig-
ure 4b, exhibits a maximum around 3.9 ns, leading to a 1130-
fold increase of the decay rate compared to the case of glass (an
�2100-fold increase is observed at the tail of the main peak of
the lifetime distribution). Thismoremoderate rate enhancement
can be related to the reduced access of the emitters to the field
with strongest gradients and/or the prevention of nonradiative
quenching typically occurring for emitters in very close proxim-
ity to metals, emphasizing the strong dependence of the decay
rate on the positioning of the emitters within the metamaterial.
Photoluminescence spectroscopy was performed for the emitters
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Figure 3. Optical properties of the metamaterial in glycerol. a,b) Experimental extinction spectra (−logT) of the bare (a) and the coated (b) free-standing
nanorod-based metamaterial in glycerol (n = 1.47) taken for different angles of incidence of TM-polarized light.

Figure 4. Ruthenium-based complex in glycerol. a) Emission dynamics of Ru(dpp) in glycerol on (blue) a glass substrate, (green) a 30 nm thick gold film,
(red) inside the bare nanorod-based metamaterial, and (yellow) inside the polymer coated nanorod-based metamaterial. The dotted lines correspond
to the experimental data and the solid lines represent the fits performed using an inverse Laplace transform method. The inset shows the decays on
glass and gold on a longer timescale. b) Lifetime distributions corresponding to the fits in (a), with the same colour coding. c) Emission spectra of
Ru(dpp) in glycerol deposited (blue) on glass, (red) inside the bare nanorod-based metamaterial, and (yellow) inside the polymer-coated nanorod-based
metamaterial. d) Theoretical lifetime distributions above the smooth gold film recalculated from the measured lifetime distributions of the emitters
deposited on glass for different depths of excitation (dexc). Dashed lines are experimental data measured on glass and above the gold film, solid lines
are the theoretical estimations.
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on glass and inside the bare and coated metamaterials as shown
in Figure 4c, where the emission spectra inside the metamate-
rial are here again slightly red-shifted compared to the emitter
on glass, owing to the interaction with the nanorods. Using the
samemethod as described in the case of the emitters dissolved in
water, a theoretical prediction of the distribution on the gold film
was obtained from the experimental distribution on glass for dif-
ferent depths of excitation (Figure 4d). The same conclusion as
for the emitters in water can be observed and confirms the inap-
plicability of the conventional dipolar transition LDOS method
for phosphorescence.

3. Conclusion

The decay dynamics of a phosphorescent ruthenium-based com-
plex located in the vicinity of different electromagnetic environ-
ments were investigated. By combining the use of an emitter
with large spin–orbit coupling and plasmonics, giant enhance-
ments of the singlet–triplet transition rate were demonstrated in
the vicinity of plasmonic substrates, including smooth thin gold
films and gold-nanorod-based metamaterial structures, which
cannot be simply described by the theory used for pure dipolar
transitions. While the decay rate enhancement in the case of flu-
orescence processes has been proven to be theoretically predicted
by the LDOS theory, we have shown that the description con-
sidering only the LDOS fails in the case of singlet–triplet tran-
sitions. For such transitions, the strong gradients of the electro-
magnetic field need to be taken into account.[18–21] These gradient
effects are available in the near-field proximity to the gold film,
due to the excitation of surface plasmons by the emitter’s radia-
tion, as well as between the nanorods forming the metamaterial.
Decay rates up to two orders of magnitude higher than those pre-
dicted by the LDOS theory were observed both in the case of the
emitter located near the smooth gold film and inside the meta-
material. Recently, several experimental studies on phosphores-
cent emission enhancement and decay rate manipulation with
modified electromagnetic environments were reported. Among
them, 320-fold luminescence enhancement in the vicinity of pho-
tonic crystals[32] was achieved and Purcell factors ofmore than 103

near plasmonic structures[33] were demonstrated, where the plas-
monic systems investigated exhibit inherently strong field gra-
dients related to the formed nanoscale gaps. It should be noted
that a good agreement between experimental results and mod-
eling using a theory based on standard dipolar transitions was
obtained in ref. [33] for the investigation of a different ruthenium-
based dye in a plasmonic gap antenna. Several factors may have
however contributed to the dissimilar observations to those of
our study, such as the extremely small gaps potentially leading
to strong coupling to the gap modes of the system or the spe-
cific orientational characteristics of the dipole radiation in the
simulations. In addition to these studies, the role of the field
gradients and the differences between the rate modifications of
dipolar and dipolar-forbidden transitions have also recently been
shown theoretically.[34] A similar combination of a high LDOS
and a nonuniform field distribution are likely responsible for
the observations in this work and in the aforementioned papers.
In nanorod-based metamaterials, additionally to the presence
of strong field gradients, the interaction between the emitters

and the optical orbital angular momentum of the cylindrical
surface plasmons propagating along the nanorods might also
play a role in the decay rate enhancement.[18] These results show
the remarkable potential of hyperbolic metamaterials for the con-
trol of spontaneous emission rates over a large range, useful for
the design of fast and enhanced light-emitting devices.

4. Experimental Section
Fabrication of theMetamaterial: The nanorod-based hyperbolicmetama-

terials were fabricated via electrodeposition of gold into a porous anodized
aluminum oxide (AAO) template, as described in ref. [35]. Highly ordered
pores were obtained using a two-step anodization process in 0.3 m oxalic
acid at 40 V. After an initial anodization step, the porous layer formed was
etched in a solution of H3PO4 (3.5%) and CrO3 (20 g L−1) at 70 °C, yield-
ing an ordered, indented Al surface. The second step anodization was then
performed under the same conditions as in the first step. An etching step
in NaOH was then used to achieve pore widening and remove the barrier
layer at the bottom of the pores. Gold electrodeposition was subsequently
performedwith a three-electrode systemusing a non-cyanide solution. The
AAO template was subsequently removed using a mixed solution (1:1)
of 0.3 m NaOH and 99.5% ethanol. The polymer coated nanorod sam-
ple was prepared using a layer-by-layer deposition of polyelectrolytes.[36]

Each polyelectrolyte layer was prepared by alternating the deposition of
poly(allylamine hydrochloride) and polystyrene sulfonate. For each depo-
sition step, the plasmonic gold nanorod metamaterial was immersed in a
polyelectrolyte solution (10 mg mL−1 in 1 mmol L−1 NaCl aqueous solu-
tion) for 30 min and washed with pure water (18 M�) to remove any un-
bound electrolyte. The layer-by-layer process was initiated with the cationic
poly(allylamine hydrochloride) layer in order to facilitate the attachment of
the first polyelectrolyte layer to the gold nanorods through amine–gold in-
teractions. Gold films of 30 nm thickness sputtered on similar substrates
were also used in these experiments.

Optical Characterization: Angle-resolved transmission spectroscopy
was performed using light from a tungsten-halogen lamp polarized and
collimated onto the sample. The transmitted light was then collected by
an objective lens and coupled to a spectrometer equipped with a CCD
camera via a multimode optical fiber.

Time-Resolved Photoluminescence Measurements: Time-correlated single
photon counting (TCSPC) was employed to evaluate the decay dynamics
of the ruthenium complex. A pulsed diode laser (Hamamatsu PLP-10 470,
200 kHz repetition rate) was used as the excitation source for the mea-
surements on glass and on the gold film, while a pulsed laser beam from a
supercontinuum laser (Fianium SC450-2, 20 MHz repetition rate), filtered
with a 10 nm bandpass filter centered on 488 nm (ZET488/10×, Chroma)
was used for the measurements in the metamaterial. The beam was fo-
cused on the sample using a high-numerical aperture oil-immersion ob-
jective (100×, NA = 1.3) and the PL signal was collected via the same ob-
jective. A 490 nm longpass dichroic mirror and a bandpass filter (620 nm,
bandwidth 40 nm) centered on the emission peak of the complex were
used for the lifetime measurements.

Photoluminescence Lifetime Data Analysis: Time-resolved measure-
ments were analyzed using an inverse Laplace transform method,[9] al-
lowing the determination of lifetime distributions in different material en-
vironments. This method does not require any preliminary estimation of
the lifetime distribution and is based on the solution of the equation.

I(t) =
∫ ∞

0
F (τ )e−t/τ dτ (1)

where I (t) is the measured decay deconvoluted from the instrumental re-
sponse function and F (τ ) is the relative weight of the exponential decay
components. An iterative fitting procedure was used to obtain stable re-
sults due to the ill-defined character of inverse methods.
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Quantum Yield Measurements: Quantum yields of the ruthenium com-
plex in water and glycerol were measured using a method developed by de
Mello et al.[37] The samples, placed in an integrating sphere, were illumi-
nated using a 470± 10 nm LED source. The emitted light was collected by
a spectrometer (QE Pro, Ocean optics). Quantum yields of 0.099 and 0.81
were measured for the ruthenium complex in water and glycerol, respec-
tively. This difference in the quantum yield may contribute to the stronger
observed increase of the decay rate in the metamaterial for water than
glycerol solvent.

Estimation of the Lifetime Distribution of the Ensemble of Emitters Near a
Gold Film: A semi-analytical expression for the total decay rate enhance-
ment of a point-like emitter near an interface between two materials was
used in order to calculate the distribution of lifetimes near the gold sur-
face, as developed in ref. [9]. Given the experimentally measured lifetime
distributions of fluorophores near a glass substrate F exp

Glass(τ ), the corre-
sponding distribution near a gold film can be derived as

F Theor
Au (τ ) ∼

∫ dexc

0

∣∣∣ �Epump (z)
∣∣∣2Qloc (z) n (z) F exp

Glass

(
τ

ψ (z)

)
dz (2)

where ψ(z) is the position-dependent polarization-averaged total decay
rate enhancement factor near the gold surface (relative to the case of emis-
sion near the glass substrate), | �Epump(z)|2 is the position-dependent in-
tensity of the excitation light, Qloc(z) is the emitter’s local quantum yield,
and n(z) is the distribution density of the emitters along the focal depth,
which was assumed to be uniform. The depth of excitation dexc was varied.
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the effective medium regime, known 
for its tolerance to small-scale geometry 
variations.[9–13] We present comprehensive 
theoretical, experimental, and numerical 
analysis of the electromagnetic proper-
ties of the magneto-optical metamaterial, 
demonstrating both the rotation of the 
polarization plane and nonreciprocal trans-
mission, two phenomena that can be con-
trolled by the direction of the external mag-
netic field. This enhanced response is the 
result of the combination of the introduced 
magneto-optical properties and strong ani-
sotropy of the metamaterial. We demon-
strate rotation of the polarization plane with 
the effective Verdet constant equivalent of at 
least 105 rad m−1 T−1, significant enhance-

ment with respect to bulk ferromagnetic materials,[14] suggesting 
that nanostructured magnetic materials have much stronger 
magneto-optical response than their bulk counterparts. Overall, 
plasmonic magneto-optical nanorods combine the benefits of 
sub-wavelength light manipulation offered by metamaterials and 
of strong magneto-optics offered by plasmonic nanocomposites, 
leading to a promising material platform for integrated nanopho-
tonic applications.

The magneto-optical metamaterial geometry and its optical 
response are illustrated in Figure 1. The composite is formed 
by an array of aligned plasmonic (gold) nanorods with magneto-
optical (nickel) shells inside a dielectric (alumina) matrix (note 
that in the composites the Ni shells extend only part-way along 
the rod; see the Experimental Section). As follows from the 
geometry, in the absence of an external static magnetic field and 
in the limit when the unit cell is much smaller than the wave-
length (a << λ0), the optical response of the composite can be 
described by a diagonal permittivity tensor with Cartesian com-
ponents = ⊥ ⊥ zzˆ { , , }ε ε ε ε . Effective medium theory can be used to 
relate the components of the effective permittivity ε⊥ and εzz to 
the permittivity of the constituent materials as well as to the 
geometrical parameters of a metamaterial, such as a unit cell a, 
and radii of the rod r1 and of the shells around the rod ri, with  
i = 2, …, N. Existing analytical and numerical tools allow calcula-
tions of the optical response of metamaterials composed of rods 
without shells, with plasmonic and magneto-optical material 
constituents and in the limit r1 << a,[1,11,13,15] as well as shelled 
nanorod composites, comprising nonmagneto-optical mate-
rials with arbitrary rod concentration.[12,16] Here, we present a 
formalism that can incorporate magneto-optical response in 
the effective-medium description of shelled rod metamaterials 
and even in the limit r

a
i

2
. We consider a metamaterial with 

a = 64 nm, r1 = 15 nm, and r2 = 23 nm and assume that the 

Magneto-optical effects are at the heart of modern technologies providing 
opportunities for polarization control in laser physics and optical 
communications, metrology, and in high-density data storage. Here a new type 
of a hyperbolic magneto-optical metamaterial based on Au–Ni nanorod arrays 
is developed. The metamaterial exhibits an enhanced magneto-optical response 
with large rotation of the polarization plane and nonreciprocal light transmission. 
The effective medium model that incorporates both plasmonic and magneto-
optical phenomena in complex multicomponent nanorod media is proposed and 
validated. The experimental and theoretical results indicate that the magneto-
optical response of the nanostructured metamaterial is drastically enhanced and 
spectrally modified with respect to bulk ferromagnetic media due to interplay 
between strong anisotropy and magnetic field induced polarization rotation.

Dr. B. Fan, Prof. V. A. Podolskiy
Department of Physics and Applied Physics
University of Massachusetts Lowell
Lowell, MA 01854, USA
E-mail: viktor_podolskiy@uml.edu
Dr. M. E. Nasir, Dr. L. H. Nicholls, Prof. A. V. Zayats
Department of Physics and London Centre for Nanotechnology
King’s College London
Strand, London WC2R 2LS, UK
E-mail: anatoly.zayats@kcl.ac.uk

The ORCID identification number(s) for the author(s) of this article 
can be found under https://doi.org/10.1002/adom.201801420.

Metamaterials

1. Introduction

Magneto-optical effects are at the core of polarization-control, 
telecommunications, sensing, and the emerging field of non-
reciprocal photonics[1,2] where axial symmetry of the magnetic 
field is the enabling mechanism for the violation of parity-time 
symmetry of the optical response. Unfortunately, homogeneous 
materials available in nature exhibit relatively weak magneto-
optical activity. Artificial magneto-optical behavior has been 
recently demonstrated in photonic-crystal-inspired structures 
and in waveguided geometries,[3,4] configurations known for 
their sensitivity to long-range order and, therefore, highly sus-
ceptible to fabrication imperfections. Planar multilayered and 
more complex geometries have been suggested theoretically.[5]

Here, we demonstrate that multicomponent nanostructured 
metamaterials can be used to significantly enhance magneto-
optical response of their inclusions by combining field enhance-
ment, enabled by plasmonic nanostructures, and the strong ani-
sotropy of nanorod composites.[6,7] The metamaterial is fabricated 
using standard electrodeposition protocols[8] and operates in 
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height of each of Ni-clad and air-clad section of the nanorods 
is equal to 100 nm. Different combinations of geometrical 
para meters can potentially further optimize magneto-optical 
response beyond what is reported in this work.

The diagonal components of the effective permittivity 
(Figure 1b) are of different signs throughout visible (Au/Ni  
composites) and IR (Au composite) frequency ranges (see the  
Supporting Information for the details), with poles and resonances 
of the components of the effective permittivity resulting in the 
peaks of optical extinction of the composite (Figure 1c,d). Meta-
materials with such strong anisotropy, also called hyperbolic meta-
materials, are known to enable sub-wavelength light manipulation 
and modulation of the optical density of states.[9,10,17,18] This work 
extends the applications of hyperbolic metamaterials to magneto-
optical media, potentially enabling strong magneto-optical activity 
in sub-wavelength optical waveguides.

Magneto-optical media are characterized by the changes in 
their optical response as a result of the applied external magnetic 
field. The details of these changes are related to the direction 
and the amplitude of the external magnetic field.[19] In particular, 
when the external field is perpendicular to the interface, the par-
allel slab of magneto-optical material rotates the plane of polari-
zation of transmitted light and can be potentially used as an 
optical isolator.[1,2,19] When a magnetic field is parallel to the slab 
interface and perpendicular to the plane of incidence, a lossy 
magneto-optical material can result in asymmetric propagation, 
potentially enabling unidirectional transmission of light.[20,21] In 
both cases, optical properties of the magneto-optical materials 
can be related to the nonzero off-diagonal components of their 

permittivity tensor. For composite materials it becomes impor-
tant to relate the optical response of the metamaterial constitu-
ents to the response of the metamaterial as a whole.

2. Effective Medium Response of Shelled Nanorod 
Metamaterials with Magneto-Optic Inclusions

The proposed approach is based on the Maxwell–Garnett-type 
formalism, extended to high concentration of inclusions.[12,15,16] 
In contrast to the previous studies, here we implement 
magneto-optical behavior in the effective medium response of 
the shelled nanorod composites. The procedure, applicable to 
the case of the anisotropic unit cell and to nanorod materials 
with multiple shells, is described below.

Since the dimensions of the unit cell are much smaller than 
the free space wavelength (a << λ0), the quasi-static approxima-
tion can be used to calculate the distribution of the electric field 
across a unit cell of the metamaterial. As such, distribution of 
the electric field across the unit cell can be related to the solu-
tions of the Laplace equation for the electric potential Φ. In an 
individual shell, these solutions are represented as

( , ) cos( )

sin( ) ln( )

1,3,5,... , ,
1

1,3,5,... , ,
1

,0 ,0

ϕ α α ϕ

β β ϕ α β
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i m
m

i m r i i

m
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where (r,ϕ) are the cylindrical coordinates, the index i represents 
the shell number, the index m represents the Fourier index, and 
M represents the number of Fourier terms used in the expansion.
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Figure 1. a) Schematic geometry and the electron microscope image (top inset) of the nanorod composite. b) Diagonal components of the effective 
permittivity tensor of Au/Ni/Al2O3 and Au/air/Al2O3 metamaterials. c,d) Optical extinction spectra of the Au/Ni/Al2O3 metamaterial excited with 
p-polarized light for different angles of incidence: (c) experiment and (d) EMT calculations.
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The problem of finding the effective permittivity of the 
nanorod composite is, therefore, reduced to the problem of 
calculating the coefficients of the expansions 

� ��
α ±

i  and 
� ��
β ±

i  in each 
layer, based on the external excitation field that is parameterized 
by a coefficient α +

N ,1. The procedure of calculating these coeffi-
cients is outlined in the Experimental Section.

The known potential is used to calculate the distribution of 
the electric field (in the ith layer 

��� �
= −∇ΦEi i) and the displace-

ment (
���
�
���
ε=D Ei i i , where εi  is the permittivity of the i-th layer, 

which maybe magneto-optically active) across the unit cell. The 
components of the effective permittivity tensor are then related 
to the field distributions via 

�
�
�

ε〈 〉 = 〈 〉D Eeff  with 〈⋅⋅⋅〉 being the 
unit-cell average (note that due to linearity of the Maxwell equa-
tions, the effective parameters are independent of the incident 
electromagnetic field). In calculating the components of the 
effective permittivity tensor (see the Experimental Section), we 
use the following nonzero tensor components

�
�

ε
ε

ε
ε

γ
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for an external static magnetic field oriented along ŷ and ẑ  
directions, respectively. The diagonal components of the  
effective permittivity tensors 

ε ε ε ε( )⊥ ⊥ zz zz, , ,  represent the 
material response with the induced polarization along 

the direction of the external electric field. The off-diagonal 
components (γxz, γxy), responsible for magneto-optical 
activity, represent the component of the displacement 
field which is perpendicular to the excitation field. In the 
absence of an external static magnetic field, we recover 

 ε ε ε εγ γ= = = =⊥ ⊥xz xy zz zz0, ,  with ε⊥ and εzz given by the 
(modi fied) Maxwell-Garnett formalism.[16]

The typical convergence of the effective parameters as a 
function of the number of the Fourier components is presented 
in Figure 2. It shows that about six to seven terms are sufficient 
to achieve stable solutions.

Once the effective medium parameters for the metamaterial 
are known, transmission and reflection through the magneto-
optical metamaterial can be determined with a standard 
transfer matrix formalism.[22,23]

3. The Enhanced Faraday Effect

When an external static magnetic field is parallel to the 
nanorods (axis z in Figure 1) and the effective permittivity 
tensor of a metamaterial has symmetry shown in Equa-
tion (2b), the eigenmodes supported by the metamaterial rep-
resent a combination of elliptically polarized plane waves (see 
the Experimental Section). The dispersion of these modes 
(i.e. the dependence of the components of their wavevector 


=k k k kx y z{ , , } on angular frequency ω) is given by
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Figure 2. Convergence of the effective medium parameters as a function of a number of terms in Equation (1). Geometric parameters of the unit cell 
are a = 64 nm, r1 = 15 nm, and r2 = 23 nm, and the permittivity of the components are ε1 = − 34.47 + 7.94i, ε2 = − 14.7 + 24.98i, and ε3 = 3.09, with 
magneto-optical response of Ni given by iγNi = − 0.36 + 0.126i.
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where c is the speed of light in vacuum (here we use the 
geometry with (xz)-plane being the plane of incidence, resulting 
in ky = 0). The elliptical polarization of these eigenmodes, 
combined with the difference of their propagating constants, 
implies that the metamaterial does not preserve the polarization 
of the linearly polarized incident waves. In general, transmitted 
monochromatic light has elliptical polarization. For the incident 
linearly polarized light, magneto-optical performance is often 
characterized by the rotation of the major axis of the polariza-
tion ellipse of the transmitted light with respect to the linear 
polarization of the incident light (the parameter known as rota-
tion of polarization plane Δθ; see the Experimental Section).

The spectral dependence of polarization rotation in the case of 
p-polarized incident light with the magnetic field directed along 
the light propagation has a nontrivial dependence on the angle of 
incidence (Figure 3). While the full-wave numerical solutions of 
the Maxwell equations largely reproduce the spectra of the polari-
zation rotation seen in the experiment (cf. Figure 3a,b), the mag-
nitude of the predicted response is several orders of magnitude 
below what is seen in the experiment. We believe that this disa-
greement stems from the difference in magneto-optical response 
between nanostructured and bulk Ni. Indeed, increasing the off-
diagonal components of Ni by a factor of 50 with respect to the 
bulk tabulated data, which assumes saturating static magnetic 
field,[24] brings the results of the simulations in line with the 
rotation angles seen in the experiment (Figure 3c).

The effective medium theory developed in this work can 
be used to drastically reduce the complexity of the numerical 
solutions of the Maxwell equations. Figure 4 illustrates the 
validity of this effective medium theory (EMT), described by 
Equations (2,3) in the case when the static magnetic field 
is directed along the nanorods (both the numerical and 
the EMT models assume that magneto-optical response of 
Ni is identical to the values exhibited in bulk samples[24]). 
The predictions of the EMT adequately describe the results 
of the full-wave simulations (cf. Figure 4a,b), at the same 
time providing drastic reductions in the calculation time 
and in memory requirements. The spectral dependence of 
the off-diagonal components of the effective medium polar-
izability of the Au–Ni-alumina composite for both bulk and 
the 50-times larger off-diagonal components of Ni suscep-
tibility are shown in Figure 4c,d. The spectral dependen-
cies of the off-diagonal components of the composite are 
significantly modified with respect to the spectra for bulk 
Ni, in terms of both amplitude and sign. This is the effect 
of the interplay between magneto-optical activity of the 
components and geometric anisotropy of the metamate-
rial. Notably, increasing the magneto-optical response of Ni 
beyond the tabulated data for a bulk Ni film yields better 
agreement between the simulated and experimental values 
for the polarization rotation. In order to avoid excessive fit-
ting of the theoretical model, we limit the theoretical data to 
a 50-times increase of the off-diagonal response, which pro-
vides order-of-magnitude agreement with experimental data 
for both polarization rotation and nonreciprocal transmis-
sion. The comparison between experimental and theoretical  
results indicates that the magneto-optical response of nano-
structured Ni is much stronger (approximately ten times) 
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Figure 3. Rotation of the polarization plane of p-polarized light 
incident on the metamaterial at different angles of incidence when 
static magnetic field is directed along the direction of incident light. 
a) Experimental data for an angle of incidence of 30° averaged by 
applying Savitzky–Golay filter (thick line) to increase signal-to-noise 
ratio (note that due to the high extinction, the experimental signal is 
weak for wavelengths below ≈550 nm, preventing accurate reconstruc-
tion of polarization state). b,c) Numerical simulations for (b) bulk 
tabulated Ni permittivity and (c) the off-diagonal permittivity compo-
nents increased 50 times.
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than that of its bulk counterpart. Similar increase has 
been previously reported in larger-diameter Ni nanowire 
media with the magneto-optical response approximately 
five times stronger than that expected from a bulk material 
response[13,25] and in ultrathin Iron Garnett films.[26] The 
results suggest that nanostructured Ni can provide further 
enhancement of magneto-optical response. This leads to the 
significant changes in the cross-polarized transmission due 
to magneto-optical activity of the composite (Figure 4e,f). 
Even in the case when optical response of Ni is described by 
the tabulated bulk material data, the metamaterial provides 
significant rotation of the polarization plane with the effec-
tive Verdet constant of the order of 105 rad m−1 T−1, as esti-
mated based on Figures 3b and 4a,b. This value of effective 
Verdet constant is three orders of magnitude larger than 

≈ 102 rad T−1 m−1 that can be achieved with typical bulk mag-
neto-optical materials, like Terbium Gallium Garnet.[14]

4. Nonreciprocal Transmission

When a static magnetic field is perpendicular to the plane of 
incidence (y direction in geometry shown in Figure 1), the 
eigenmodes of the metamaterial recover linear polarization, 
commonly observed in uniaxial crystals. The two families of 
linearly polarized waves can be grouped in ordinary (s-, trans-
verse-electric, TE-polarized) modes that have electric field along 
the ŷ direction and have dispersion

ω
= −⊥k

c
kz x

2
2

2
2ε  (4)
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Figure 4. Rotation of the polarization plane for a p-polarized beam incident on the metamaterial at different angles of incidence when static magnetic 
field is along the nanorods: a,d) FEM and b,e) EMT simulations. c,f) The spectral dependences of the off-diagonal components γxy used in (b) and (e), 
respectively: (solid lines) the off-diagonal components of the effective permittivity tensor, (dashed lines) the off-diagonal components of Ni, scaled by 
the volumetric concentration of Ni in the composite. Tabulated data for Ni[24] are assumed in (a)–(c), while γxy for Ni increased 50 times with respect 
to the tabulated data is assumed in (d)–(f).
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and extraordinary (p-, transverse-magnetic, TM-polarized) 
modes that have the electric field in the (xz)-plane and have the 
dispersion
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Quadratic dependence of the dispersion of both TE and TM 
modes on the wavevector indicates that, even in the presence of 
magneto-optical response, the modes of the bulk nanorod met-
amaterial remain reciprocal. However, a combination of asym-
metric geometry, anisotropy, and nonvanishing absorption is 
expected to yield nonreciprocal excitation of these modes, and, 
therefore, leads to nonreciprocal transmission of the p-polarized  
light through the planar slab of the metamaterial.[20,21] Such 
asymmetric transmission in the metamaterial structure is 
shown in Figure 5. Similar to the cross-polarized transmission 
described above, the nonreciprocity seen in the experimental 
data (Figure 5a) is much stronger than the signal expected from 
analytical calculations (Figure 5b).

The validity of the developed effective medium description is 
illustrated in Figure 5c,d. The results of the full-wave solutions 
of the Maxwell equations (Figure 5c) are compared with the 
EMT predictions (Figure 5d) for the magneto-optical response 
of Ni enhanced 50 times with respect to the tabulated data for 
bulk material. Once again, it is seen that such an enhancement 
of the Ni response brings the predictions of both the finite 
elements method (FEM) and EMT models to quantitative 

agreement with the experiment, further indicating the strong 
potential effect of nanostructuring of Ni on its magneto-optical 
properties.

5. Conclusions

We have designed and demonstrated magneto-optical properties  
of plasmonic shelled nanorod metamaterials. Theoretically, 
we have developed the effective medium technique for under-
standing the magneto-optical response of the composite and 
validated this technique via full-wave solutions of the Maxwell 
equations. Experimentally, we have demonstrated two hallmark 
phenomena enabled by the magneto-optical metamaterials, 
cross-polarization coupling and nonreciprocal transmission. In 
both cases, the experimental results indicate that the magneto-
optical response of nanostructured Ni is significantly stronger 
than the tabulated response of its bulk counterpart. While this 
work focuses on Au/Ni/alumina metamaterials, we expect that 
qualitatively similar behavior can be obtained in plasmonic/
magneto-optic/dielectric core–shell metamaterials with different 
plasmonic materials (including but not limited to Al, Cu, Ag), 
different magneto-optical components (Co, Fe), and different 
dielectrics (including polymers).

The metamaterial approach allows engineering of the mag-
neto-optical response combining magnetic and geometric ani-
sotropy in one metamaterial platform. Although the concen-
tration of magnetic material is smaller in the metamaterial  
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Figure 5. Nonreciprocal transmission of a p-polarized light incident at 30° when static magnetic field is perpendicular to the plane of incidence:  
a) experimental data for an angle of incidence of 30° averaged by applying Savitzky–Golay filter (thick line) to increase signal-to-noise ratio (note that 
due to the high extinction, the experimental signal is weak for wavelengths below ≈550 nm). c,f) EMT and d) FEM simulations for (c) the tabulated data 
for Ni[24] and (d,f) γxz increased 50 times with respect to the tabulated data. b,e) Spectra of the off-diagonal components γxz of the effective permittivity 
tensor used in (c) and (d), respectively. Dashed lines in (b) are the spectra of the off-diagonal components γxz of the permittivity tensor of Ni scaled 
by the volumetric concentration of Ni in the composite.
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compared to a continuous magnetic film, the lower absorp-
tion and the enhancement of the magnetic response provided 
by the metamaterial open up opportunities for developing 
new magneto-optical designs. Magneto-optical metamaterial 
platforms allow the combination of plasmonic and magneto-
optical materials in a way to utilize the best qualities of both 
systems, opening the way for compact high-performance 
optical isolators and other magneto-optical components.

6. Experimental Section
Material Fabrication: Plasmonic magnetic metamaterials based on 

ordered Au-core/Ni-shell nanorod arrays have been fabricated on a glass 
substrate. Nanoporous anodic alumina oxide templates were synthesized 
by two-step anodization. An aluminum film of 600 nm thickness was 
deposited on a multilayer glass substrate by magnetron sputtering. The 
substrate comprised of a glass slide with 20 nm thick adhesive layer of 
tantalum oxide and a 7 nm thick Au film acting as a weakly conducting 
layer. Tantalum pentoxide is deposited by sputtering tantalum using a 
20% oxygen/80% argon mixture. The porous alumina structures were 
obtained by a two step-anodization in 0.3 m sulfuric acid at 25 V. After an 
initial anodization process, the poorly ordered porous layer formed was 
removed by etching in a solution of H3PO4 (3.5%) and CrO3 (20 g L−1) at 
70 °C. An ordered, patterned surface was obtained after removal of the 
porous layer formed during first step of anodization. Then the samples 
were anodized again under the same conditions as in the first step. The 
anodized samples were subsequently etched in 30 × 10−3 m NaOH to 
achieve pore widening and remove the barrier layer.

Gold electrodeposition was performed with a three electrodes 
system using a noncyanide solution. The length of the nanorods was 
controlled by the electrodeposition time. The sample was etched again 
in 30 × 10−3 m NaOH to form nanoshells around the Au nanorods. The 
thickness of the Ni shell around the Au nanorods was controlled by 
etching time. Nickel was electrodeposited in these nanoshells using a 
mixed solution of 0.2 m nickel sulfate and 0.1 m boric acid.

The structure used in these measurements has an Au core of ≈30 nm 
in diameter and a Ni shell ≈8 ± 2 nm thick. The period is ≈64 nm and 
length of nanorods is ≈200 nm.

Optical Characterization: The schematic diagram of the experimental 
setup for optical measurements is shown in Figure 6. It consists of a 
white-light source, collimation lenses, a polarizer, and an analyzer, 
with optical axes that can be adjusted with respect to each other and 
the plane of incidence, and a charge coupled device (CCD)-based 
spectrometer. The sample is mounted onto a nonmagnetic stage. 
Neodymium ring and disc magnets of 20 mm diameter and 10 mm 
thickness with magnetic field of 0.3 and 0.16 T, respectively, are used in 
the experiments to provide a magnetic field. The magnets are adjusted 
at the distance of 5 mm from the sample to maximize the magnetic field 

strength. The external magnetic field is applied horizontally along the 
direction of the incident light (the magnetic field has the components 
both along and perpendicular to the nanorods, along both ordinary and 
extraordinary axes of the metamaterial, the ratio of the components 
depends on the angle of incidence) or, alternatively, from the top of the 
sample perpendicular to the direction of the incident light (the magnetic 
field perpendicular to the nanorod axes, along the ordinary axis of the 
metamaterial). The size of the magnets is much larger than the diameter 
of the optical beam, so that uniform magnetic field can be assumed 
across the illuminated spot. The measurements are performed in 
transmission configuration in the saturated magnetic field. The samples 
are fully demagnetized for the baseline measurements.

In order to retrieve the polarization of the transmitted light, the 
intensity P(θ) of the light is measured at four different analyzer 
angles (θ = 0°, 30°, 45°, and 60° with respect to the incident polarizer 
angle). These four measurements and the fact that P(θ) ∝ |E · u(θ)|2, 
where u(θ) is the unit vector along the analyzer direction, are used to 
determine the three unknown quantities of the transmitted polarization 
state E ( , )o

re
e
re

e
imE E iE= +  using a least-square error fit.[27] The rotation 

due to the introduction of the magnetic field can then be determined 
by comparing the angle of orientation of the major semiaxes of the 
polarization ellipses.

The Effective Medium Analysis: The effective permittivity is calculated 
in the quasi-static approximation, with the spatial distribution of the 
electric field given by the electric potential (E




= − ∇Φ) that, in turn, is 
given by Equation (1). Symmetry of the problem dictates that only odd 
Fourier modes (m = 1, 3, …, M) contribute to the solution.[29]

To find the amplitudes of coefficients andi i




α β  boundary conditions 
are used at each intershell boundaries to relate the coefficients in the 
neighboring layers, using interface-specific scattering S and T transfer 
matrices
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On the implementation level, the matrices depend on the direction of 
the external static magnetic field. In particular, for the case of Bz field, the   
S and T matrices for a particular interface, can be obtained by enforcing 
the boundary conditions for the electric field and the displacement at 
this interface. Given a general form of the potential [Equation (1)] as 
well as cylindrical symmetries of nanorod shells, the relevant boundary 
conditions reduce to continuity of tangential electric field (Eϕ) and 
normal electric displacement (Dr). Cylindrical symmetry of nanorod  
shells allows one to decouple the coefficients related to the Fourier 
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Figure 6. Experimental setup. Bottom diagrams shows the orientation of the polarizer and analyzer for magneto-optical measurements.
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harmonics corresponding to different indices m from each other. It 
becomes convenient to represent the boundary conditions in a matrix form

F r F ri i
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where matrices F ri j
 ( ) have 4M rows and columns each. The mth  

(2M + m)th birows of the matrix represent the electric field (displacement) 
for the terms preserving particular sin(mϕ), cos(mϕ) terms in the ith 
layer at the position rj. Equation (7) can be straightforwardly transformed 
into
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where � � �= − −( ) ( )1
1M F r F ri i i i i . As before, matrix M is a 4M × 4M matrix. 

It can be represented as four sub-matrices, Mi
jk
 2M × 2M each,  

with j, k = 1, 2. It is now easy to represent the  ,S Ti i matrices in terms of 
the sub-matrices Mi

jk
 and  −1S i

� � � �� � �( ) ( )= − − −−
−

−
22

1
12 1 21

1
11

S M S M M S Mi i i i i i i

 

� �� �= +
11 12

T M M Si i i i  

(9)

Equation (9), combined with requirement to have finite field at the 
origin ( = 0̂1S ), solves the problem of finding the full set of interface-
specific matrices S i and T i for the case when the external magnetic field 
is parallel to the nanorods.

In the complimentary case, when the static magnetic field is directed 
along the y-direction, symmetry of the permittivity of components of 
metamaterial is represented by Equation (2). Therefore, the m = 1 
components of the in-plane fields are coupled to the z-field. The 
boundary conditions now require continuity of both Eϕ and Dr (for 
all values of m) as well as continuity of Ez (for m = 1). With these 
additions, the procedure for calculating S i and T i matrices is similar 
to the one described above. The resultant set of matrices S i and T i 
can be used to calculate the response of the individual multishelled 
nanorod (or a set of periodic rods) to any quasi-static external electric 
field. To analyze the effective medium behavior of the metamaterial, 
a homogeneous excitation field given by 11

Nα( )=  is assumed and 
periodic boundary conditions are imposed on the fields across the 
unit cell. To achieve the latter goal, a sufficiently large number of 
points (xp,yp) along the unit cell boundary are chosen (it can be shown 
that the symmetry imposed by the choice of the Fourier harmonics 
suffices to restrict these points to the first quadrant of the boundary 
where xp, yp > 0). We then calculate the matrix relationships between 
the distribution of the Cartesian component of the field Eξ(xp, yp) with  
ξ = x, y and the coefficients 

� ���
α ±  and 

� ���
β ± . In the limit p > M, this matrix 

reduces the field periodicity condition to an overdetermined least-square 
fit problem that is used to find all the coefficients i

���
α  and i

���
β  except for 

1
Nα .

Dispersion and Polarization of Plane Waves in Magneto-Optical 
Materials: In nonmagnetic media (materials with relative magnetic 
permeability μr = 1), the Maxwell’s equations result in

1 ˆ
2

2

2E
c t

E
 

 

∇ × ∇ × = − ∂
∂
ε  (10)

Assuming plane-wave solution, exp0E E ik r i t
� � �� � � ω( )= ⋅ − , the above 

equation reduces to eigen-value problem

ˆ 00 0
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2 0k k E k k E
c

E
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that can be used to find the dispersion (a dependence of the components 
of the wavevector k



 on a frequency ω) as well as the polarization 
(relationship between components of the field 0E

� ��
) of the eigenmodes 

of the system.[19] In particular, when the symmetry of the permittivity is 
given by Equation (2), Equation (14) for { ,0, }k k kx z
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The dispersion of the eigenmodes is given by Equations (4) and (5)  
for s-polarized waves 

� ��
= {0,1,0}0E  and Equation (4)] for p-polarized 

waves 1, 0,
/
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2 2 2
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⊥ε . Note that both eigenmodes are 

linearly polarized.
Similarly, when the symmetry of the permittivity is given by 

Equation (2b), we obtain
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resulting in the dispersion described by Equation (3) and the  

amplitude of the eigenmodes given by E i c
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ε
. In the limit of vanishing  

magneto-optical response (γxy = 0), two linear s (E0y ≠ 0) and p (E0x, E0z ≠ 
0) polarized waves are recovered. When γxy ≠ 0, both eigenmodes 
however are elliptically polarized.

Numerical Solutions of the Maxwell Equations: To verify the validity 
of the developed effective medium theory, transmission and reflection 
of the composites were calculated with 3D vectorial solutions of 
the Maxwell equations with a commercial FEM solver.[28] The model 
explicitly considers a single (finite height) unit cell of a metamaterial 
and implements the Floquet periodicity along x- and y-directions to 
mimic the infinite planar structure. In the z-direction, the geometry 
is terminated with two ports at the bottom and two ports at the top 
interfaces, assuring the reflection-less transmission of co- and cross-
polarized light. A subwavelength unit cell of the metamaterial, along 
with wavelength-scale separation between the ports and the nanorods, 
ensures that no diffracted beam contributes to the field at the location of 
the ports. Transmission and reflection can be extracted directly from the 
FEM model using S-parameter calculations.

In separate calculations the metamaterial was approximated as 
a homogeneous slab with the effective permittivity tensor given by 
Equation (1), and the optical response of the planar metamaterial layer 
was calculated using the transfer-matrix-method (TMM) formalism. Our 
in-house implementation of the TMM is available in the Supporting 
Information.

In order to calculate rotation of the polarization plane, the 
transmitted part of a normally incident light is represented as a linear 
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combination of TE- and TM-polarized plane waves with amplitudes ay 
and ax, respectively. This combination describes, in general, elliptically 
polarized light. The rotation of polarization represents the direction of 
the major semiaxis of the ellipse, given by

1
2

arg
a ia
a ia

x y

x y
θ =

−
+  (14)

Supporting Information
Supporting Information is available from the Wiley Online Library or 
from the author.
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M. Popović, A. Melloni, J. D. Joannopoulos, M. Vanwolleghem, 
C. R. Doerr, H. Renner, Nat. Photonics 2013, 7, 579.

[3] A. B. Khanikaev, G. Shvets, Nat. Photonics 2017, 11, 763.
[4] Z. Yu, G. Veronis, Z. Wang, S. Fan, Phys. Rev. Lett. 2008, 100, 

023902.

[5] M. Sadatgol, M. Rahman, E. Forati, M. Levy, D. Ö. Güney, J. Appl. 
Phys. 2016, 119, 103105.

[6] P. Ginzburg, F. J. Rodríguez Fortuño, G. A. Wurtz, W. Dickson, 
A. Murphy, F. Morgan, R. J. Pollard, I. Iorsh, A. Atrashchenko, 
P. A. Belov, Y. S. Kivshar, A. Nevet, G. Ankonina, M. Orenstein, 
A. V. Zayats, Opt. Express 2013, 21, 14907.

[7] D. Vestler, I. Shishkin, E. A. Gurvitz, M. E. Nasir, A. Ben-Moshe, 
A. P. Slobozhanyuk, A. V. Krasavin, T. Levi-Belenkova, A. S. Shalin, 
P. Ginzburg, G. Markovich, A. V. Zayats, Opt. Express 2018, 26, 17841.

[8] M. E. Nasir, W. Dickson, G. A. Wurtz, W. P. Wardley, A. V. Zayats, 
Adv. Mater. 2014, 26, 3532.

[9] V. Drachev, V. A. Podolskiy, A. Kildishev, Opt. Express 2013, 21, 15048.
[10] A. Poddubny, I. Iorsh, P. Belov, Y. Kivshar, Nat. Photonics 2013, 7, 948.
[11] R. Wangberg, J. Elser, E. E. Narimanov, V. A. Podolskiy, J. Opt. Soc. 

Am. B 2006, 23, 498.
[12] W. T. Perrins, D. R. McKenzie, R. C. McPhedran, Proc. R. Soc. A 

1979, 369, 207.
[13] S. Melle, J. Menendez, C. Armelles, D. Naas, M. Vazquez, 

K. Nielsch, Appl. Phys. Lett. 2003, 83, 4547.
[14] D. J. Dentz, R. C. Puttbach, R. F. Belt, AIP Proc. 1974, 18, 18954.
[15] P. M. Hui, D. Stroud, Appl. Phys. Lett. 1987, 50, 950.
[16] B. Wells, W. Guo, V. A. Podolskiy, MRS Commun. 2016, 6, 23.
[17] H. K. Krishnamoorthy, Z. Jacob, E. Narimanov, I. Kretzschmar, 

V. M. Menon, Science 2012, 336, 205.
[18] P. Ginzburg, D. Roth, M. E. Nasir, P. Segovia Olvera, A. V. Krasavin, 

J. Levitt, L. M. Hirvonen, B. Wells, K. Suhling, D. Richards, 
V. A. Podolskiy, A. V. Zayats, Light: Sci. Appl. 2017, 6, e16273.

[19] L. D. Landau, E. M. Lifshitz, L. P. Pitaevskii, Electrodynamics of 
Continuous Media, Landau and Lifshitz Course of Theoretical Physics, 
Vol. 8, Reed Educational Publishing, Oxford, UK 1980.

[20] V. A. Fedotov, P. L. Mladyonov, S. L. Prosvirnin, A. V. Rogcheva, 
Y. Chen, N. I. Zheludev, Phys. Rev. Lett. 2006, 97, 167401.

[21] A. Leviyev, B. Stein, A. Christofi, T. Galfsky, H. Krishnamoorthy, 
I. L. Kuskivsky, V. Menon, A. B. Khanikaev, APL Photonics 2017, 2, 
076103.

[22] S. M. Rytov, Sov. Phys. JETP 1956, 2, 466.
[23] P. Yeh, A. Yariv, C.-S. Hong, J. Opt. Soc. Am. 1977, 67, 423.
[24] G. S. Krinchik, V. A. Artem’ev, Sov. Phys. JETP 1968, 26, 1080.
[25] A. A. Stashkevich, Y. Roussigné, A. N. Poddubny, S.-M. Chérif, 

Y. Zheng, F. Vidal, I. V. Yagupov, A. P. Slobozhanyuk, P. A. Belov, 
Y. S. Kivshar, Phys. Rev. B 2015, 92, 214436.

[26] M. Levy, A. Chakravarty, H.-C. Huang, R. M. Osgood Jr., Appl. Phys. 
Lett. 2015, 107, 011104.

[27] L. Nicholls, F. J. Rodríguez-Fortuño, M. E. Nasir, R. M. Cordova-Castro, 
N. Olivier, G. A. Wurtz, A. V. Zayats, Nat. Photonics 2017, 11, 628.

[28] Comsol Multiphysics, COMSOL AB.
[29] G. Milton, Theory of Composites, Cambridge University Press, 

Cambridge, UK 2002.

Adv. Optical Mater. 2019, 1801420



ORIGINAL PAPER
Parity-Time Symmetry www.lpr-journal.org

Electrically Injected Parity Time–Symmetric Single
Transverse–Mode Lasers

Ruizhe Yao, Chi-Sen Lee, Viktor Podolskiy, and Wei Guo*

Dedicated to Dr. Ruizhe Yao, who regrettably passed away prior to issue publication of this work.

Single transverse–mode operation of broad area–coupled waveguide lasers
enabled by parity-time (PT) symmetry is demonstrated. The PT-symmetric
laser operates on coupled waveguide cavities with electrically tuned gain and
loss. Such a counterintuitive waveguide design enables PT-symmetric
breaking, causing unique mode selection and ultimately enables single-mode
operation. By electrically tuning the loss in the loss region of the coupled
waveguide cavity, several different PT-symmetric phases are analyzed
theoretically, and the corresponding PT-symmetric phase transition is
demonstrated experimentally in the coupled waveguide laser.

1. Introduction

In recent explorations, parity-time (PT) symmetry offers a unique
pathway to advance laser science by incorporating counterintu-
itive gain and loss across the laser cavity.[1–10] Several promis-
ing experimental demonstrations of PT symmetry–based lasers
have been reported.[11–20] For example, Feng et al.[21] and Ho-
daei et al.[22] have shown optically pumped single-mode micro-
cavity and micro-ring lasers operated in the PT-symmetric bro-
ken phase, respectively, where the gain is achieved by optically
pumping the active regions and loss is obtained from mate-
rial absorption loss. Unfortunately, until now, applications of
PT symmetry in lasers are mostly limited to optically injected
devices.[23–27] In this context, here we report a coupled waveguide
PT-symmetric laser with independently and electrically tuned
gain and loss. Compared to its optically injected counterparts, the
presented device provides more effective ways to dynamically ad-
just gain and loss in the cavities, which is necessary to reveal and
fully utilize the rich physics of PT symmetry in optics. The PT-
symmetricmode discrimination conditions are analyzed numeri-
cally and confirmed experimentally. Several distinct phases of PT
symmetry breaking are identified and the corresponding cavity
mode manipulation by PT symmetry is observed experimentally.
Most importantly, we demonstrate an electrically injected single
transverse–mode broad area–coupled waveguide lasers enabled
by PT-symmetric mode selection.
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In the applications of high power
lasers and tapered amplifier (TA) diodes,
it is essential to utilize large-area
waveguides while still maintaining
single transverse–mode operations.[28]

However, present design paradigms
are accompanied by degraded laser
performance, unstable single-mode
operation at high output power, and extra
fabrication complexity due to the tapered
waveguide shapes.[29,30] In this context,
PT symmetry provides a unique pathway
to manipulate the laser cavity modes

and realize a single transverse–mode operation without sacrific-
ing the laser performance.

2. Experimental Section

Laser cavity used in this work comprised two electrically isolated
quantum dots (QDs)–filled Fabry–Perot broad-area laser cavities.
The two regions could be considered as two coupled (multimode)
waveguides, due to the large width. The concept of PT symmetry–
breaking mode manipulations in coupled waveguides was first
theoretically discussed by Miri et al.[31] In the coupled waveguide
cavities, a broad-area waveguide with gain gm was coupled to its
counterpart of loss αm with coupling coefficient κm. It has been
shown that the combination of gm/αm and κm determines the PT
symmetry–breaking conditions. When gm < κm, the modes of
the coupled waveguide represent symmetric and anti-symmetric
combination of the modes of the two waveguide components.
The propagation constants of the two combinations were often
degenerate featuring complete balance of gain and loss. How-
ever, when gm > κm, the PT symmetry was spontaneously broken,
and modes of the waveguide components became the modes of
the combined waveguide. Most importantly, only one of the two
supermodes exhibited gain. In Fabry–Perot cavities, the higher-
order modes were typically of higher coupling coefficient than
the one of the fundamental mode. Therefore, it was possible to
design a coupled waveguide cavity to allow only the fundamental
mode to reach the PT symmetry–breaking threshold; hence, only
the fundamental mode could have net gain and lase.
Although ideal PT-symmetric cavities require equal gain and

loss, semiconductor lasers generally exhibit gain clamping after
lasing, a process that limits cavity gain at the threshold modal
gain, gth.[31,32] Therefore, it was essential to explore PT sym-
metry in coupled waveguides with fixed gain and varied loss
configurations.
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Figure 1. a) Imaginary part of the eigenfrequency versus loss in the loss
waveguide. Inset: Enlarged region of α < 4.95 cm−1. The red dashed lines
indicate zero propagation constant. In Phase I, all the modes are below
their EPs. In Phase II, the first pair of supermodes has already reached
their EP, but, since the total gain is still greater than loss, the broken su-
permodes as well as some non-broken modes have net gain. In Phase III,
only one pair of the supermodes has net gain and the single-mode opera-
tion becomes possible. In Phase IV, the second pair of supermodes passes
their EP. However, since the gain is not large enough to overcome loss in
this phase, single-mode operation is still preserved. In Phase V, one of the
second pair of the PT symmetry–broken supermodes has sufficient gain
to overcome loss and single-mode operation becomes prohibited again.
b,c) Electric field distribution of TE0 mode with the loss of 1 cm−1 and
10 cm−1. d,e) Electric field distribution of TE0 and TE1 mode with the loss
of 30 cm−1 in the loss waveguide.

Here, the dependence of mode profiles and their eigenfre-
quency was analyzed with commercial finite element method
solver ofMaxwell equations, COMSOLMultiphysics. Figure 1a il-
lustrates the dependence of imaginary part of the eigenfrequency
as a function of modulation of loss in one half of the waveguide,
while the gain of 4.95 cm−1 is fixed in the other half. Similar to
the idealized PT symmetry–breaking studies,[33] a series of the
exceptional points (EPs) could be identified.
As shown in Figure 1a, the coupled waveguide PT symmetric

laser exhibits several phase transitions. The correspondingmode
electric field distribution in each phase is shown in Figure 1b–e.
In Phase I, α < 1.8 cm−1, all themodes were below their EPs. Due
to the asymmetric gain and loss, the non-brokenmodes exhibited
net gain in this phase, and the coupled waveguide cavity behaved
as a conventional broad-area cavity supporting multiple trans-
verse modes to lase. When the loss is between 1.8 and 4.95 cm−1

(Phase II), the first pair of supermodes had reached their EP, but,
since the total gain was still greater than loss, the broken super-
modes as well as some non-broken modes showed net gain, and
single-mode operation was not yet obtained. When the loss was
further increased from 4.95 to 16.9 cm−1, only one pair of the
supermodes showed net gain, making the single-mode opera-
tion possible, as indicated in Phase III. When the loss reached
16.9 cm−1, Phase IV, the second pair of supermodes passed their
EP. However, since the gain was not large enough to overcome
loss in this phase, single-mode operation was still preserved. Ac-
cording to the PT-symmetric breaking conditions, the coupling
efficiency κ0 and κ1 of the coupled waveguides were 4.95 and
16.9 cm −1, respectively, from the numerical analysis. It is worth
noting that the coupling efficiency, κm, was dependent on the
laser geometry alone and could be regarded as constant in any
fabricated lasers. This also provided a new waveguide to calcu-

Figure 2. a) Heterostructures and b) schematic of the InAs QD PT sym-
metric coupled waveguide laser. c) SEM overview of the fabricated InAs
QD–coupled waveguide laser.

late coupling coefficient in coupled waveguide structures. Finally,
with further increment of the loss approaching to 44 cm−1, one
of the second pair of the PT symmetry–broken supermodes had
sufficient gain to overcome loss, and single-mode operation was
prohibited again, as shown in Phase V.
The coupled waveguide PT symmetric laser was experimen-

tally demonstrated as well. Shown in Figure 2a, the QD laser
heterostructures were grown by molecular beam epitaxy (MBE).
Figure 2b,c show the schematic and oblique view of the coupled
waveguide laser, respectively. The coupled waveguides with to-
tal width of 60 μm were obtained and two p-type ohmic contacts
were defined on top of the coupled waveguides to provide inde-
pendent control of gain and loss in the waveguides.

3. Results and Discussion

The near- and far-field patterns of the coupled waveguide lasers
are measured to characterize the cavity modes and laser output
beam profile. Figure 3a–c show the near- and far-field patterns
of the laser diodes with the gain bias current of 400 mA and loss
bias current at 0, 50, and 120 mA, respectively. It is worth noting
that Ith(L = �) of the coupled waveguide lasers of 132 mA is
fitted from independent experiments with the same waveguide
geometry. Thus, although the loss waveguide is under small
forward bias, it still exhibits loss in our cases. In the far-field
pattern in Figure 3a, it is clearly seen that, with zero biased loss
waveguide, the coupled waveguide laser exhibits clear signs of
high-order modes as indicated by labels A and B, where the fun-
damental mode is labeled as C. The near-field pattern shows that
the emission is from the gain waveguide facet. It is estimated
that the total waveguide loss in the loss cavity is >50 cm−1 by
considering the InAs QD absorption loss under zero bias.[34]

Thus, due to the large loss and small gain, the coupled waveg-
uide laser is operated in Phase V. When the bias current of
the loss waveguide is increased to 50 mA, the peaks from the
higher-order modes are successfully suppressed as shown in
Figure 3b and near single-lobe far-field pattern is obtained in
the broad area–coupled waveguide lasers. This indicates that the
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Figure 3. a–c) Far- and near-(inset)field patterns of coupled waveguide
laser with Igain = 400 mA, and Iloss varying from 0 to 120 mA. The higher
order modes (A,B) and the fundamental mode (C) are labeled. It is seen
that, with zero biased loss waveguide, the coupled waveguide laser ex-
hibits clear signs of high-order modes as indicated by the label A and B.
The near-field pattern shows that the emission is from the gain waveguide
facet. The coupled waveguide laser is operated in Phase V where both the
fundamental and first-order modes pass their PT symmetry EP. When the
bias current of the loss waveguide is increased to 50 mA, the peaks from
the high-order modes are successfully suppressed and near-single-lobe
far-field pattern is obtained in the broad area–coupled waveguide lasers.
This indicates that the laser is now operating in Phase III/IV. When the loss
waveguide bias is further increased to 120 mA, high-order mode peaks
reappear in the far-field pattern. The far-field pattern exhibits small shift
toward the center of the coupled waveguide, and the multiple peaks imply
that high-order unbroken modes start to lase. This implies that the laser
is now operating in Phase I/II.

laser is now operating in Phase III or IV. In addition, the peak
output power is reduced by 17%, which is due to the suppression
of higher-order modes. Finally, when the loss waveguide bias is
further increased to 120 mA, higher-order mode lobes reappear
in the far-field pattern (Figure 3c). The far-field pattern exhibits
small shift toward the center of the coupled waveguide, and
multiple lobes in the pattern imply that higher-order unbroken
modes start to lase compared to the case in Figure 3a. The
near-field pattern shows that the laser emission pattern starts to
shift toward the center of the coupled waveguides and a broken
fundamental mode is still observed in the gain waveguide. This
indicates that the device is now operating in Phase I/II, where
both the broken fundamental mode and unbroken higher-order
modes lase and the former has higher power due to larger gain
compared to the remaining lasing modes. It is worth noting that
the higher-order modes shown in Figure 3a are less profound
than the ones in Figure 3c, this is due to the fact that the gain
of higher-order modes is naturally suppressed and determined

by the loss in the lossy waveguide in the PT symmetry–broken
phase. This is fundamentally different from the traditional
tapered waveguide lasers, where the gain of higher-order modes
can still increase and exhibit lasing at higher bias conditions.
Thus, it is anticipated that, if the proposed coupled waveguide
PT symmetric lasers are further optimized, for example, more
proper thermal management, the PT symmetric–coupled
waveguide lasers can exhibit higher output power limits.

4. Conclusions

In summary, in this work, we have experimentally demonstrated
a single transverse–mode broad area–coupled waveguide laser
based on PT symmetry. By changing the loss in the waveguide,
the supermode broken and phase transitions are experimentally
observed and agree well with the theoretic predication. Further
work is underway to optimize the device efficiencies and reduce
the device Joule heating. Nevertheless, this work opens a pathway
for the practical device applications of PT symmetry in optics.
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Nonlinear processes are at the core of many optical technologies whose further development require optimized ma-
terials suitable for nanoscale integration. Here we demonstrate the emergence of a strong bulk second-order nonlinear
response in a plasmonic nanorod composite comprised of centrosymmetric materials. We develop an effective-medium
description of the underlying physics, compare its predictions to the experimental results, and analyze the limits of its
applicability. We demonstrate strong tunable generation of the p-polarized second-harmonic light in response to
either s- or p-polarized excitation. High second-harmonic enhancement is observed for fundamental frequencies
in the epsilon-near-zero spectral range. The work demonstrates emergence of structurally tunable nonlinear optical
response in plasmonic composites and presents a new nonlinear optical platform suitable for integrated nonlinear
photonics. © 2018 Optical Society of America under the terms of the OSA Open Access Publishing Agreement
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1. INTRODUCTION

Second-harmonic generation (SHG), a phenomenon in which the
incoming radiation of a frequency ω is converted into the signal at
a double frequency 2ω, is a fundamental nonlinear optical process
that enables high-resolution microscopy, laser technology, and
surface studies [1–5]. Materials with strong second-order nonlin-
ear response can further advance a broad class of photonic appli-
cations, including frequency conversion, optical information
processing, sensing, security, and healthcare. Unfortunately, natu-
ral optical materials with strong second-order nonlinearity are few,
and new solutions are needed to develop nonlinear optics in com-
pact, wavelength-scale, and integrated systems.

Recent advances in nano- and microfabrication have brought
into play a new class of composite media, often called metama-
terials, whose optical properties are determined by shape and mu-
tual arrangement of their components [6–10]. Metamaterials
provide a flexible platform for engineering linear optical behavior
that can range from isotropic [6,9] to anisotropic and hyperbolic
[11,12] to chiral and bianisotropic [10]. As a rule, linear optical
response of metamaterials can be related to averaged linear optical
response of their components via the effective-medium theory
(EMT) [9,10]. Similarly, the effective nonlinear susceptibility
of the composite can be related to the nonlinear susceptibilities
of constituent materials [13–16]. Recently, nonlinear metamate-
rials have been used for engineering third-order (Kerr-type)

nonlinearity, achieving on-demand spectral response, including
its sign and polarization control [17–21].

In this work, we show that re-shaping of electromagnetic fields
in metamaterials with plasmonic components can be used to
transform SHG from surface- to volume-dominated regime
and engineer strong tunable bulk nonlinear response in plasmonic
composites. We experimentally demonstrate tunable SHG from
plasmonic nanorod metamaterials, develop a theoretical descrip-
tion of the observed phenomena, and prove that the nonlinear
response can be engineered by changing structural parameters
of the composite.

2. FABRICATION AND LINEAR OPTICAL
RESPONSE

We consider SH response of the metamaterial comprising an array
of gold nanorods in an alumina matrix [Fig. 1(a)]. When the nano-
rod radius r and inter-rod separation a are much smaller than the
operating wavelength λ, such metamaterial behaves as a uniaxial
crystal with an optical axis parallel to the nanorods [11,22,23].

The linear optical response of the metamaterial is described by
a diagonal permittivity tensor ϵ̂ with components ϵxx � ϵyy � ϵ⊥
and ϵzz ≠ ϵ⊥. If the material absorption is not too small and
r ≪ a ≪ λ, the effective-medium parameters can be related to
the relative permittivity of the host ϵh and nanorod ϵAu materials,
and the nanorod concentration p � πr2∕a2 via
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ϵ⊥ � ϵh
�1� p�ϵAu ��1 − p�ϵh
�1� p�ϵh ��1 − p�ϵAu

, ϵzz � pϵAu ��1 − p�ϵh: (1)

In the limit of small absorption, long nanorods, or large unit cells,
the deviations from the local EMT predictions can be quantita-
tively explained by incorporating retardation effects into nonlocal
(wavevector-dependent) EMT [24–27].

Importantly, components of the effective permittivity tensor
ϵ⊥ and ϵzz can be of different signs (Fig. 1), tuning the nanorod
composite between anisotropic dielectric, epsilon near zero
(ENZ) media, and a unique “hyperbolic metamaterial,” which
enables propagation of waveguided modes with subwavelength
light confinement that in turn enhance light–matter interactions
in the metamaterial [10,12,23,28].

Plasmonic nanorod metamaterials were fabricated via Au
electrodeposition into nanoporous anodized aluminum oxide
(AAO) templates on a glass substrate [29]. An Al film of 500 nm
thickness was deposited on a substrate by magnetron sputtering.
The substrate comprises a glass cover slip with a 10-nm-thick
adhesive layer of tantalum pentoxide and a 7-nm-thick Au film
acting as a weakly conducting layer. Highly ordered, nanoporous
AAO was synthesized by a two-step anodization in 0.3M oxalic
and 0.3M selenic acid at 40 V and 48 V, respectively. Gold
electrodeposition was performed with a three-electrode system us-
ing a non-cyanide solution. The length of nanorods was con-
trolled by the electrodeposition time. Fabricated metamaterials
were ion-milled to smooth the top surface and ensure that the
nanorods are of the same length [30]. We estimate that the varia-
tion of the nanorod height is on a few nm level, so that optical
properties of the composites are not affected by surface roughness.
In particular, SHG, which is very sensitive to surface roughness,
exhibited neither an appreciable diffuse component nor unpolar-
ized signal, which typically appear for rough surfaces. The samples
were annealed at 300°C to improve Au optical properties.

Two samples were used in this study: sample A composed of
18-nm-diameter, 220-nm-long nanorods arranged in 110-nm
period array, and sample B comprising 67-nm-diameter,

150-nm-long nanorods in the array of 100-nm period.
Reflectivity and the effective-medium parameters of both samples
are presented in Fig. 1. Sample A exhibits the effective plasma
frequency at around λ0 ≃ 1500 nm, while sample B operates
in hyperbolic regime throughout visible and infrared spectral
ranges. The linear reflection spectra of the composites are typical
of anisotropic metamaterials, showing resonances due to the
Fabry–Perot modes of the metamaterial slab [23,28]. The mea-
sured spectra correspond well to the numerical models for both
the full-wave solutions of the Maxwell’s equations using finite-
element method (FEM) [31] and the transfer matrix formalism
that approximates metamaterials as homogeneous layers with
anisotropic permittivity given by Eq. (1).

Slight disagreement between the experiment and numerical
calculations in the visible range is due to the interband transitions
in gold that are not well described by the Drude model, ϵAu�ϵb −
ω2
p∕�ω�ω− iτ�� with plasma frequency ωp��e2n0∕meϵ0�1∕2�

1.36×1016 s−1, inelastic scattering frequency τ � 2.1 × 1014 s−1,
parameter ϵb � 9.5, and ϵ0, e,me , and n0 being the permittivity
of free space, electron charge, electron mass, and free-electron
density in gold, respectively [32].

3. NONLINEAR OPTICAL RESPONSE

SHG spectroscopy was performed using light from the optical
parametric amplifier (200 fs pulse trains at the repetition rate
of 200 kHz and average power up to 50 mW in near-IR wave-
length range 1100–1800 nm). The laser light polarization was
controlled to achieve p- or s-polarized fundamental light incident
on the sample at an angle of incidence of 45° with a spot approx-
imately 30–50 μm in diameter. The reflected p- or s- polarized SH
light was spectrally selected using the set of short-pass optical fil-
ters and measured with the spectrometer and the cooled charged-
coupled device (CCD) camera. In order to compensate for pulse
energy and pulse duration fluctuations, the measured signal was
normalized to a reference SHG measured in reflection from
β-barium borate (BBO) crystal. Also, the SHG from each sample

Fig. 1. (a) Schematic geometry of a metamaterial along with orientation of the fields and wavevectors considered in modeling and experiments.
(b) SEM image of the nanorods after removal of the AAO matrix. (c), (d) Real (solid lines) and imaginary (dashed lines) parts of the effective permittivity
of samples A (c) and B (d); green and yellow areas highlight the spectral ranges of the ENZ behavior for sample A and hyperbolic dispersion for both
samples, repectively. (e)–(h) Linear reflection spectra for metamaterials A (e), (g) and B (f ), (h): experiment (e), (f ) and theoretical modeling (g), (h) using
the full-wave finite-element simulations (solid lines) and the effective-medium theory (dashed lines). Angle of incidence in all figures is fixed at 45°.
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was compared to the signal from a z-quartz plate. As a result, the
SHG data for samples A and B can be directly compared to
each other.

SHG spectra of the two samples fundamentally differ from
each other. Sample A exhibits strong p-polarized SHG emission
in response to a p-polarized pump in the ENZ frequency range
(Fig. 2). At the same time, SHG signal generated by sample B
(Fig. 3) exhibits pronounced maxima associated with excitation
of the metamaterial slab modes [28] for both p- and s-polarized
excitation. Interestingly, the SHG intensity from sample B under
s-polarized excitation is approximately four times stronger than
under p-polarized pump, indicating the important role of local
fields inside the metamaterial, as was observed previously for
the nanoparticle composites [33].

The spectral and polarization dependences of the SHG are in a
good agreement with the full-wave numerical simulations (Figs. 2
and 3) that implement the hydrodynamic model of the SHG in
plasmonic media [28,34,35] (see Supplement 1) with the nonlin-
ear polarization of gold given by

P2ω � 1

2ω�2ω − iτ�

�X
α

∂
∂rα

�
jωjω;α
en0

�

−
e
me

�ϵ0�∇ · Eω�Eω � jω × Bω�
�
, (2)

where ω and 2ω represent the fundamental and SH frequencies,
respectively, index α represents the Cartesian coordinates, and
E,B, j are the electric field, magnetic induction, and current
density, respectively (the quantitative difference between numeri-
cal and experimental results for sample A can be explained by
deviation of optical absorption of solution-derived gold from
the Drude model used in this work [36]).

The detailed analysis shows that SHG efficiency and polariza-
tion dependencies are complex functions of the effective medium
parameters, thickness of the metamaterial slab, and angle of
illumination θ [28]. Nevertheless, in all cases, the nonlinear
polarization, and, therefore, SHG, is dominated by the terms re-
lated to the components of the electromagnetic fields that have
nonvanishing unit-cell averages [37] and to ∂∕∂z derivatives of
these components. These terms depend on polarization of the
incident beam and are given by

P� p�
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1

2ω�2ω − iτ�

�
e
m
jω;zBω;y �

1

ne

�
jω;z

∂jω;x
∂z
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∂jω;z
∂z

��
,

P�s�
2ω;x �

1

2ω�2ω − iτ�
e
m
jω;yBω;z ,

P� p�
2ω;z �

1

2ω�2ω − iτ�

�
e
m
jω;xBω;y −

2jω;z
ne

∂jω;z
∂z

�
,

P�s�
2ω;z � −

1

2ω�2ω − iτ�
e
m
jω;yBω;x : (3)

This is illustrated in Figs. 2(b) and 3(b), which compare SHG
predictions according to simplified Eq. (3) and full-wave solutions
[Eq. (2)]. It is seen that Eq. (3) largely agrees with the full-wave
solutions of the Maxwell’s equations, while slightly overestimating
the reflected SHG of sample B. At the same time, Eq. (3)
underestimates the transmitted SHG for this sample (see
Supplement 1), so that the total SHG predicted by the simplified
model is in line with predictions of the full-wave calculations.
Note that the simplified model predicts P2ω;y � 0, resulting in
only p-polarized SHG signal, in line with the experiment as well
as with the predictions of the full-wave calculations.

Using Eqs. (3) and the constituent relationship j � iωϵ0ϵAuE,
it becomes possible to represent the unit-cell-averaged nonlinear
polarization in the metamaterial as a quadratic form of the
(unit-cell-averaged) fields, introducing the effective bulk second-
order nonlinear susceptibilities χ�2,e� and χ�2,m�:

P2ω;α �
X
β, γ

� χ�2,e�α;βγEω;βEω;γ � χ�2,m�α;βγ Eω;βBω;γ �, (4)

where the Greek subscripts represent the Cartesian coordinates
x, y, and z.

Components of the effective nonlinear susceptibility were
calculated in the limit of the validity of local EMT [Eq. (1)],
which yields homogeneous fields across the cross section of the
nanorods [10,24, and Supplement 1], by substituting explicit re-
lationships between field components inside the nanorod, their
unit-cell averages, frequency, and components of the wavevector,
resulting in
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Fig. 2. SHG spectra for different polarization configurations from
metamaterial A at an angle of incidence of 45°: (a) experimental spectra
normalized with s → p SHG from z-quartz at λ0 � 1300 nm; (b) spectra
simulated using the full-wave numerical modeling with the nonlinear
polarization described by Eq. (2) (solid lines) and by the simplified model
Eq. (3) (dashed lines). (c) Spectral dependence of the non-vanishing com-
ponents of the effective polarizability matrix. (d) SHG spectra simulated
with the nonlinear EMT model [Eqs. (4) and (5)].
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Fig. 3. Same as Fig. 2 but for sample B.
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: (5)

Here,Np � 2ϵ0ϵAu�e∕m��ω3∕ω4
p��ϵAu�2ω� − ϵb� is the normali-

zation parameter, kx � ω sin θ∕c is the transverse component of
the wavevector, and L � 2pϵh∕�ϵAu�ω� � ϵh� represents the rela-
tionship between the Ex and Ey components of the electric field
in the nanorod and its unit-cell-averaged values. The first three
components describe SHG excitation due to p-polarized funda-
mental light, while the latter two represent the SH generated by
the s-polarized light.

4. DISCUSSION

Equations (4) and (5) represent the main result of this work: the
metamaterial as a whole exhibits dipolar-like nonlinear response
even though its material constituents lack bulk dipolar χ�2�.
The effective nonlinear susceptibilities of plasmonic nanorod
composite are determined primarily by the structure of the local
fields inside it [37]. Components of the effective nonlinear sus-
ceptibility depend on an angle of incidence so that the symmetry
of the metamaterial is broken by the internal fields, except at nor-
mal incidence when the electric-dipole SHG is forbidden due to
symmetry considerations. The explicit dependence of the effective
nonlinear susceptibility on the wavenumber reflects the structural
origin of the nonlinearity of a metamaterial.

The developed nonlinear EMT adequately predicts both
spatial distribution of nonlinear polarization (Supplement 1)
and spectral SH response [Figs. 2(d) and 3(d)] with exception
of a small red shift of the SHG spectra for sample B, which is
related to the red shift in a linear reflectivity observed in
Fig. 1. Calculated values of an effective nonlinear response of
the composite χ�2� ∼ 10−10–10−6 [electrostatic units, ESU]
[Figs. 2(c), 3(c), and 4] indicate relatively strong nonlinearity,
which favorably compares to common nonlinear-optical crystals,
including quartz, potassium dihydrogen phosphate (KDP)
(χ�2� ∼ 10−9 ESU), and LiNbO3 (χ�2� ∼ 10−7 ESU) [1,2].
Experimental data are in line with calculated values for the
nonlinear susceptibility for both studied metamaterials. SHG
intensity from the composites can be further optimized by
manipulating geometry and reducing losses.

The main limitation on the effective-medium nonlinear de-
scription, presented in this work, comes from the granularity
of metamaterial. In particular, the local EMT that underpins
the final expressions in Eq. (1) assumes local behavior of the con-
stituents, dipolar quasistatic field between the nanorods, and does
not account for propagation of cylindrical plasmons along the
nanorods. Nonlocal response of a free-electron plasma [23,38]
may become relevant for composites with ultra-thin nanorods
(r ≪ 1∕kF ∼ λ0∕100, with kF being the Fermi wavenumber).
Contributions of retardation effects and spatial dispersion

may affect field distribution in the composites with a nanorod
concentrations p ≳ 0.3. In the limit r ≪ λ, these effects can be
taken into account by including retardation effects [24] in the
nonlocal Maxwell–Garnett formalism. Excitation of cylindrical
plasmons primarily affects composites with low loss operating
across elliptic and ENZ regimes. This limitation can be addressed
by including propagation of additional electromagnetic waves
(with linear response described in Ref. [25]) into the developed
formalism. Nonlocal EMT can be further developed to incorpo-
rate non-quasistatic effects. Granularity of the composite must
also be considered when emission of SH light is calculated.
We expect that including the high-index “longitudinal” modes
through nonlocal EMT [25,39] may further improve predictive
power of the formalism presented in this work.

In contrast to common nonlinear optical crystals with fixed
optical properties, the structural origin of the second-order non-
linearity in metamaterials provides a platform for engineering not
only spectral but also polarization properties of a nonlinear re-
sponse. For example, the structural parameters of the nanorod
metamaterials can be tuned to achieve dominant SHG contribu-
tion from either p → p (Fig. 2) or s → p (Fig. 3) polarization
configurations [28,33].

In the former case, the metamaterial operates in the ENZ
(ϵzz ≃ 0) regime at a fundamental frequency λ0 ≃ 1600 nm.
The relatively weak effective nonlinear polarizability is compen-
sated by the strong enhancement of z component of the electric
field (a similar response has been predicted for bulk, nontunable,
ENZ materials [20,40]). Interestingly, numerical calculations
[Fig. 5(a)] suggest that material absorption in gold (which
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Fig. 4. Spectral and angular dependences of the components of the
effective nonlinear polarizability for sample A (a), (b) and sample B
(c), (d) for (a), (c) p- and (b), (d) s-polarized fundamental light.
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Fig. 5. Full-wave numerical modeling of the SHG spectra from low-
loss analogs of sample A (a) and sample B (b). The loss is decreased by
two times compared to Figs. 2(b) and 3(b).
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effectively limits the value of jϵzz j ) plays the role of the limiting
factor in the SHG process in the ENZ regime. Reducing losses
in the gold by a factor of 2 (achieved in calculations by reducing
scattering frequency τ to the value that is in line with bulk Au τ �
1.05 × 10−14 s [32]) has a potential to increase SHG efficiency
in the metamaterial by an order of magnitude.

In another limit, the metamaterial operates in the hyperbolic
regime so that the enhancement of the local field is attributed
mainly to the Fabry–Perot modes of the metamaterial slab of a
finite thickness [28]. This modest enhancement of a local field
does not significantly depend on material absorption [Fig. 5(a)]
and, being accompanied by a relatively strong nonlinear
polarizability, once again results in a strong SH response of the
metamaterial.

5. CONCLUSION

We have demonstrated the emergence of structural nonlinearity
in composite metamaterials. The approach, presented here on the
example of SHG from plasmonic nanorod metamaterials, can be
extended to analyze nonlinear response of a broad class of com-
posites, such as plasmonic nanoparticle metasurfaces [33] and
metamaterials based on noncentrosymmetric, strongly nonlinear
materials, such as AlGaAs nanopillars [41]. Structural nonlinear-
ity opens the door to utilize composite media to engineer spectral
and polarization nonlinear response beyond what is available with
naturally occurring materials.

All the data supporting this research are presented in the article
and in the supplementary material.
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Abstract: Parity-time (PT) symmetry breaking in counterintuitive gain/loss coupled 
waveguide designs is numerically and theoretically investigated. The PT symmetry mode 
selection conditions are determined theoretically. Single-transverse-mode broadband InAs 
quantum dot (QD) superluminescent light emitting diodes (SLEDs) are fabricated and 
characterized; the PT symmetric broad-area SLEDs contain laterally coupled gain and loss 
PT- symmetric waveguides. Single-transverse-mode operation is achieved by parity-time 
symmetry breaking. The broadband SLEDs exhibit a uniform Gaussian-like emission 
spectrum with the 3-dB bandwidth of 110 nm. Far-field characteristics of the coupled 
waveguide SLEDs exhibit a single-lobe far-field pattern when the gain and loss waveguides 
are biased at the injection current of 600 mA and 60 mA, respectively. 

© 2018 Optical Society of America under the terms of the OSA Open Access Publishing Agreement 

1. Introduction

Parity-time (PT) symmetry is originally discovered in quantum mechanics for non-Hermitian 
Hamiltonians [1]. Due to the similarity between Schrodinger and Maxwell equations, optics 
have become an ideal platform to investigate non-Hermitian systems, where the non-
Hermiticity is denoted by optical gain and loss. Several novel behaviors have been 
theoretically and experimentally discovered in the PT symmetry optics, such as mode 
discrimination and non-reciprocity in optical waveguides [2–9]. Particularly, the mode 
discrimination in PT-symmetric waveguides has been employed to realize single mode PT 
symmetric lasers [10,11]. Such devices are mostly limited to optical injection [12,13], and 
they are mainly focused on laser devices. However, laser devices exhibit gain clamping after 
lasing and limit the further exploration of physics in PT-symmetric devices. In this context, 
we report a novel application of PT symmetry in the electrically driven broadband 
superluminescent light emitting diodes (SLEDs) where the mode discrimination based on PT 
symmetry is utilized in the coupled waveguides to achieve single-transverse-mode operation 
in tunable gain/loss configuration. In the SLED devices, both the gain and loss can be tuned 
and the broadband emission provide another challenge to investigate the frequency 
dependence of PT-symmetric conditions, which is studied theoretically in this work. 

As an important category of the optoelectronic devices, SLED devices have found 
applications in several areas. For example, owing to the recent development of optical 
coherence tomography (OCT) systems for biomedical imaging, broadband SLEDs in the 
telecommunication wavelength regime have drawn great interest [14,15], as the key 
components in OCT. The inhomogeneous gain spectrum broadening of InAs quantum dot 
(QD) materials has made it a supreme candidate for broadband light sources [16–19]. Despite 
being considered as a promising candidate, it remains challenging to achieve high-
performance, highly focused beam and high power, broadband QD SLEDs for OCT 
applications [20–25]. There are two major reasons hindering the further development of QD 
SLEDs, non-uniform gain spectrum and smaller gain compared with their quantum well 
(QW) counterparts. The former issue has been largely investigated and several unique 
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structures and techniques have been employed to obtain a Gaussian-like broadband gain 
spectrum [26]. To improve the device output power, it is natural to use broad-area waveguide 
design, while mode filters, such as tapered waveguide design, has to be employed to maintain 
single-transverse-mode output for efficient fiber coupling and diffraction limit focus [27]. 
However, the device performance is largely scarified, since the mode filter techniques often 
introduce large loss to the fundamental modes. In this context, the reported PT-symmetric 
SLEDs provide a unique pathway to achieve single-transverse-mode operation in broad-area 
coupled waveguide configurations. In addition to the device applications, the presented PT-
symmetric SLED devices also provide a platform to investigate PT symmetry with both 
tunable gain and loss. 

2. PT-symmetric waveguide design 

The optical response of any active optical system, including lasers and LEDs, can be related 
to the interplay between the active (gain) material that generates photons and the 
encompassing waveguide or resonator structure that provides spectral and spatial feedback to 
the gain medium. In this work the active region is incorporated in the coupled gain/loss planar 
waveguides running parallel to each other. A schematic of the waveguide structure is 
illustrated in Fig. 1. The waveguide core and cladding layers consist of GaAs and Al0.4Ga0.6As 
with the thickness of 300 nm and 1.5 µm, respectively. The coupled waveguides have 
identical geometry and conjugate refractive index, representing gain and loss in the core 
region and total width of 60 µm. 

 

Fig. 1. Schematic of the gain/loss coupled waveguide structure, where ε’ and ε” represents the 
real and imaginary part of the permittivity in the waveguide region, respectively and κ is the 
coupling coefficient; time dependence exp i tω∝  is assumed 

Monochromatic electromagnetic radiation propagating in the waveguide structure can be 
represented as a linear combination of waveguide modes, with each mode characterized by its 
spatial profile, as well as its overall gain/loss coefficient. The overall modal gain coefficient 
can be related to the imaginary part of permittivity of the (active) waveguide core. The parity 
(P) and time (T) symmetries of a particular mode can be related to its behavior under 
reflection of the geometry and gain/loss conjugation, respectively. 

The compound nature of the waveguide in our SLED implies that modes of the compound 
waveguide can be represented as a combination of the modes of its components. Analytically, 
the propagation constant of the compound mode can be related to the properties of the modes 
in the components via coupled-mode theory. Alternatively, the properties of the modes of the 
compound waveguide can be calculated numerically. 

                                                                 Vol. 26, No. 23 | 12 Nov 2018 | OPTICS EXPRESS 30589 



3. Coupled mode theory 

In two coupled waveguides with conjugate imaginary index, the modal amplitudes ma  and 

mb  of the thm  modes in these two guides is described through the coupled mode theory as 
follow; 

 m
m m m m m m
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where βm is their respective propagation constant, κm is coupling coefficient between these 
modes, and gm stands for the modal gain or loss in the mth mode. The solution of the coupled 
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where cosh m mRθ = , as shown by Christodoulides et. al. and Miri et. al. [5,28]. As result, the 
threshold condition for PT-symmetric breaking in conjugate gain/loss coupled waveguides is 
κm = gm. When gm < κm, the modes of the coupled waveguide represent symmetric and anti-
symmetric combinations of the two waveguide modes. The propagation constants of these 
modes are often degenerated featuring a complete balance of gain and loss. However, when 
gm > κm, PT symmetry is spontaneously broken, and the waveguide modes become the modes 
of the combined waveguide; most importantly, only one of the two supermodes exhibits gain 
and the other experiences loss. In waveguide cavities, higher order modes are typical of larger 
coupling coefficient than the one of the fundamental mode. Therefore, it is possible to design 
a coupled waveguide device to allow only the fundamental mode to reach the PT-symmetric 
breaking threshold and exhibit gain. 

Even though PT-symmetric breaking can be achieved in conjugate gain/loss coupled 
waveguide configurations, it is almost impossible to maintain the conditions of equal gain and 
loss in practical devices. Thus, it is preferable to operate the devices with varied gain while 
the loss is fixed. It has been shown by Christodoulides et. al. and Li et. al. that, in unbalanced 
gain/loss conditions, the PT symmetry conditions can significantly deviate from their exact 

PT balance [28,29]. The PT symmetry breaking threshold becomes 
2

m m
m

g
k

α+
= , where 

κm, gm, and αm are the coupling coefficient, gain and loss of the mth order mode, 
respectively. With a fixed loss of αm, the thresholdless PT symmetry breaking condition 
becomes αm = 2 κm. 

4. Waveguide simulation 

The PT-symmetric waveguides described above are investigated with a 2-dimensional (2D) 
model by commercial Maxwell equation solver, COMSOL Multiphysics, to simulate the 
mode profile and effective mode index. Wavelength of 1.3 µm is considered in the 
simulation. Transverse electric (TE) modes are calculated in the simulations, since only the 
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TE modes are supported in Fabry-Perot waveguides with QD active materials [30]. Figure 
2(a) shows the imaginary part of the mode propagation constant vs. g/α, gain/loss of the 
waveguide. It is calculated that, in the balanced gain/loss waveguide configuration, the PT 
symmetry exceptional point (EP) of TE0 mode is at α0 = g0 = 6.2 cm−1, and, by further 
increasing the gain/loss in the waveguide, higher order TE1 supermodes subsequently reach 
their EP and break their PT symmetry. The coupled mode theory therefore implies that the 
effective coupling coefficient of TE0 mode, κ0 = g0 = 6.2 cm−1, is determined. In addition, we 
further investigate the PT-symmetric breaking conditions in coupled waveguide containing 
fixed loss and varied gain. In typical InAs quantum dots, the modal loss can be adjusted in the 
range of 0 to 50 cm−1 by changing the biasing conditions in the loss waveguide. Figures 2(b)-
2(d) illustrate the simulated imaginary part of the mode propagation constant vs. gain of the 
gain waveguide, where the loss in the loss waveguide is fixed at 8.2 cm−1, 20 cm−1, and 37 
cm−1, respectively. Our simulation results have shown that PT-symmetric breaking, and 
similar behaviors can be obtained in the fixed loss and varied gain configurations as well, and 
the exceptional points of the supermodes in the coupled waveguides is largely depending on 
the fixed loss. Figure 2(e) illustrates the EP of TE0 and TE1 modes as a function loss, where it 
is shown that the EP is decreasing at increased loss. When the loss is at α0 = = 2*κ0 = 11.4 
cm−1, the coupled PT symmetric waveguides exhibit thresholdless PT-symmetric broken of 
TE0 mode, EP = 0 cm−1. The thresholdless PT-symmetric broken condition agrees well with 
the coupled model theory. 

In addition, we discuss the mode selections for single-transverse-mode operation in the 
couple waveguide cavity. Single-transverse-mode operation is achieved when there is only 
one pair of supermode break their PT symmetry and exhibit net gain. The gray areas in Figs. 
2(b)-2(d) illustrate the window meeting the aforementioned conditions. It is worth noting that, 
as shown in Fig. 2(b), since the loss is small, the single-transverse-mode operation is 
prohibited before TE1 supermodes reach their EP, since the non-broken supermodes start to 
exhibit net gain. Figure 2(f) shows the required gain vs. different fixed loss in gain and loss 
coupled waveguide for single-transverse-mode output. It is found that the single transverse 
mode operation exhibits largest window if the loss in the loss waveguide is tuned to ~10 cm−1. 

 

Fig. 2. (a) Imaginary part of the mode propagation constant vs. g/α, gain/loss of the waveguide. 
(b)-(d) the simulated imaginary part of the mode propagation constant vs. gain of the gain 
waveguide in the coupled waveguide configurations, where the loss in the loss waveguide is 
fixed at 8.2 cm−1, 20 cm−1, and 37 cm−1, respectively (e) EPs of TE0 and TE1 modes as a 
function loss. (f) Required gain vs. fixed loss for single-transverse-mode operation. 
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Since the broadband SLEDs exhibit emissions across a broad-spectrum range, it is 
essential to investigate the frequency dependence of EPs and single-transverse-mode 
operation conditions. Figure 3 illustrates the EP of TE0 (square) and lower (dot) and upper 
(triangle) boundaries of the single mode operation windows vs. wavelength, where the loss of 
20 cm−1 is fixed in the loss waveguide. It is found that the single mode operation window, 
shaded area in Fig. 3, exhibits weakly dependence on the wavelength, which is favorable for 
PT symmetric devices with broadband emissions. 

 

Fig. 3. EP of TE0 (square) and lower (dot) and upper (triangle) boundaries of the single-mode-
operation windows vs. wavelength. 

5. SLED fabrication process 

Shown in Fig. 4(a), the QD SLED heterostructures is grown by a Veeco Gen-II molecular 
beam epitaxy (MBE) system. The top and bottom GaAs and Al0.4Ga0.6As layers are doped 
with beryllium and silicon, respectively, to provide the electrical contacts and carrier 
injections. To achieve broadband output emission spectrum, chirped QD active region with a 
varied InxAl1-xAs strain reducing layers is used. This technique has been previously 
demonstrated by us to effectively improve the QD SLED emission bandwidth and reduce the 
spectrum dip [26]. The coupled waveguide PT symmetric SLEDs are fabricated by standard 
photolithography, wet chemical etching and metallization. As shown in Fig. 4(b), the coupled 
waveguides with a total width of 60 µm are obtained and two p-type Ohmic contacts are 
defined on top of the coupled waveguides to provide independent control of the gain and loss 
in the waveguides, where the electrical isolation between them are achieved by three-step 
deep H+ ion implantation process. The ion implanted region has the width of 3 µm and depth 
of 1.5 µm. In addition, the top 200 nm p+ GaAs contact region is removed by wet chemical 
etching to assure a good electrical isolation. The oblique view of the fabricated device is 
shown in scanning electron microscope (SEM) image in Fig. 4(c). The facets are roughened 
on purpose to increase the mirror loss of the SLED cavity and suppress gain clamping. 

 

Fig. 4. Heterostructures (a), schematic (b) and SEM image (c) of the InAs QD PT symmetric 
coupled waveguide SLEDs 
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6. Experiment results and discussions 

To minimize the heating effect, the coupled waveguide PT-symmetric SLEDs are 
characterized under pulse current injection conditions with the pulse width and duty cycle of 
1 µs and 1%, respectively, at room temperature. To characterize the cavity modes and output 
beam profile, near-field and far-field patterns are measured. Figures 5(a) and 5(b) show the 
near- and far-field patterns of the SLED under gain and loss bias current of 600 mA and 60 
mA, respectively. It is found that near single-lobe far-field pattern is obtained from the PT-
symmetric SLEDs, and the SLED emission is from the gain waveguide, which implies that 
the coupled waveguide is operating in the PT-symmetric broken regime. Finally, it is also 
measured that the SLED far-field pattern remains single-lobe with the gain bias current varied 
from 300 to 800 mA. 

 

Fig. 5. PT-symmetric SLED near-field (a) and far-field (b) patterns with the basing condition 
of Igain = 600 mA and Iloss = 60 mA. 

Finally, Fig. 6 shows the emission spectrum of the QD SLEDs, where the 3-dB bandwidth 
> 100 nm is obtained. More importantly, the emission spectrum shows no obvious spectrum 
dip with a near Gaussian-like shape. 

 

Fig. 6. EL spectra of the PT symmetric SLED at Igain = 400, 600 and 800 mA and Iloss = 60 mA. 

7. Summary 

In summary, in this work, we have numerically investigated the PT-symmetric breaking 
conditions in gain/loss coupled waveguides, where the supermode EPs in varied both gain and 
fixed loss configurations are studied. The single-transverse-mode operation window is 
determined numerically as well. In addition, we have experimentally demonstrated a single-
transverse-mode broadband QD SLED based on PT symmetry. By introducing the gain and 
loss in the coupled waveguide and concept of PT symmetry, single transverse mode can be 
achieved in the broad-area waveguides, which has the potential to significantly improve the 
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SLED output power while still maintaining the preferred mode profile. Further work is 
underway to optimize the device efficiencies and reduce the device Joule heating. 
Nevertheless, this work opens a pathway for practical device applications of PT symmetry in 
optics. It is argued that the PT symmetric QD SLEDs can play a significant role in biomedical 
imaging applications after further optimizing the cavity design for the broadband. 
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Abstract: Metamaterials based on arrays of aligned plasmonic nanowires have recently 
attracted significant attention due to their unique optical properties that combine tunable 
strong anisotropy and nonlocality. These optical responses provide a platform for 
implementation of novel sensing, imaging, and quantum optics applications. Basic building 
blocks, used for construction of those peculiar composites, are plasmonic metals, such as gold 
and silver, which have moderate negative values of permittivities at the optical spectral range. 
Scaling the plasmonic behavior to lower frequencies remains a longstanding challenge also 
owing to the emergence of strong spatial dispersion in homogenized artificial composites. At 
lower THz and GHz frequencies, the electromagnetic response of noble metals approaches 
that of perfect electric conductors, preventing straightforward scaling of visible-frequency 
plasmonics to the frequency domains that are important for a vast range of applications, 
including wireless communications, microwave technologies and many others. Here we 
demonstrate that both extreme anisotropy (so-called hyperbolicity) and nonlocality of 
artificial composites can be achieved and designed in arrays of corrugated perfectly 
conducting wires at relatively low GHz frequencies. The key concept is based on 
hybridization of spoof plasmon polariton modes that in turn emulate surface polariton waves 
in systems with corrugated interfaces. The method makes it possible to map the recent 
developments in the field of plasmonics and metamaterials to the domain of THz and RF 
photonics. 
© 2018 Optical Society of America under the terms of the OSA Open Access Publishing Agreement 
OCIS codes: (250.5403) Plasmonics; (160.3918) Metamaterials. 
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1. Introduction

Plasmonics is a rapidly developing field of nanophotonics focusing on optical phenomena 
with noble metals. These materials, having negative permittivities at optical and infrared (IR) 
spectral ranges, introduce frontier possibilities in tailoring and designing peculiar 
electromagnetic interactions between light and matter, which can be utilized in a range of 
practical applications. Apart from intriguing responses of individual metal elements, 
structured arrays of plasmonic components form a flexible platform for metamaterials - 
composite media with engineered optical responses unavailable in nature. In particular, 
metamaterials formed by arrays of aligned plasmonic nanowires grown in dielectric matrices 
operating at visible and near-infrared frequencies, have been recently used to demonstrate 
super resolution imaging [1], and super-absorbers [2], achieve record-high performances of 
bio- and acousto-optical sensors [3,4], to enable novel nonlinear optical platforms [5], realize 
negative refraction of light [6], achieve optical attraction forces [7], and record-enhancement 
of density of states [8]. These phenomena are enabled by extreme optical anisotropy (also 
known as hyperbolicity) in combination with strong nonlocality of nanowire composites. 

Unfortunately, due to materials dispersion, advances in visible-frequency plasmonics can 
be rarely reproduced at lower, GHz and THz frequencies. Attempts to mimic electron plasma 
behavior at GHz frequencies with arrays of ultra-thin wires [9] faced challenges even at 
extremely long wavelength limit [10,11]. Nevertheless, the behavior of individual surface 
plasmon polariton waves, propagating along a metal-dielectric surface, can be mimicked with 
spoof plasmons, electromagnetic modes supported by structured perfectly conducting 
interfaces [12–14]. 

Here we propose a novel metamaterial platform that relies on hybridized spoof plasmons 
to realize hyperbolic and nonlocal modes in low-frequency systems. We analyze numerically 
the dispersion of these modes and demonstrate the analytical mapping between the low-
frequency response of corrugated wire systems and the formalism, proposed in Ref [15]. by 
Wells et.al. for high-frequency response of plasmonic nanowire media. The rest of the 
manuscript is organized as follows: Sections 2 and 3 introduce important concepts of the 
nonlocal plasmonic wire media and of spoof plasmons and provides a brief review of relevant 
recent results. Section 4 presents the spoof wire media and outlines the results of exact 
numerical solutions of Maxwell equations. in these materials. The analytical mapping 
between optical response of plasmonic wires and low-frequency behavior of spoof wire 
metamaterials is presented in Section 5. Section 6 concludes the manuscript. 
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2. Nonlocal nanowire metamaterials in the optical domain

Optical response of metals is dominated by the dynamics of their free electrons. At visible 
and near-IR frequencies, this plasma-like dynamics causes permittivity of metals to become 
negative, enabling excitation of sub-wavelength plasmons resulting from coupling between 
free-space photons and electrons. Photon-plasmon interaction enable a special optical mode, 
known as surface plasmon polariton, a guided wave that propagates at the boundary between 
plasmonic and dielectric media and exponentially decays away from the interfaces into both 
of surrounding materials [16]. 

When multiple structures supporting surface plasmon polaritons are brought to close 
proximity to each other, individual polariton modes hybridize with each other, often enabling 
new types of guided waves [17]. Specifically, in metamaterial composites formed by arrays of 
aligned plasmonic wires (Fig. 1), hybridization of cylindrical surface plasmons supported by 
individual metallic yields the formation of bulk modes. The dispersion of the resulting optical 
modes can be described in terms of effective permittivity tensor, whose diagonal components 
ˆ { , , }z⊥ ⊥=     are given by: 

( ) ( )
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z z z
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where ˆmg  represent the components of the effective permittivity obtained in quasi-static 
limit using Maxwell Garnett formalism [18], 
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p  represents the volume-fraction of the wires in the system, m  and d  represent the 
permittivity of the metal wires and dielectric matrix, l

zk  represents the wavenumber of the 
collective plasmon-polariton mode propagating along the nanowires and the parameter ξ  can 
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Note that the component of the permittivity in the direction along the wires is nonlocal (it 
explicitly depends on the wavevector). As result of nonlocality, the composite supports three 
waves, one TE-polarized “ordinary” wave and two TM-polarized “extraordinary” modes [or 
one TM and one longitudinal (additional) wave]. Explicitly, dispersion of the TE wave is 
given by: 

2
2 2
x 2

ω zk k
c⊥+ =  (3a)

and the dispersion of the extraordinary modes is given by 
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(3b)

When 0xk =  and the modes propagate parallel to optical axis of metamaterial, the 
dispersion of one of extraordinary modes is identical to that of TE wave; the second 
extraordinary mode, formally described by ( ) 0,zz zk =  represents longitudinal-like 
electromagnetic wave. 

The dispersion of optical modes in plasmonic nanowires depend on multiple (often, 
interdependent) parameters including wavelength, material permittivity, and geometry. 
However, regardless of the exact parameter variation, this dispersion exhibits universal 
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behavior. To illustrate this behavior, we follow the approach of Ref [15]. and consider the 
hypothetical situation when the geometry of metamaterial and excitation wavelength are fixed 
and vary relative permittivity of wires. 

The effective indices and the field distributions of transverse and longitudinal modes 
supported by the wire composites are summarized in Fig. 1. It is seen that the transverse 
waves represent oscillations of electron plasma perpendicular to wires, while longitudinal 
mode represents plasmonic oscillations along the nanowires. Note that since the polarizations 
of the two types of modes are orthogonal to each other, their dispersions are allowed to 
intersect at some point on the diagram [no anti-crossing phenomenon is observed in Fig. 
1(c)]. 

However, when 0xk ≠ , “transverse” oscillations of electrons do couple to their 
“longitudinal” counterparts. As result of this coupling, the dispersion of the two TM modes 
exhibit a typical avoided crossing ehavior with wavenumber xk  playing the role of the 
effective coupling strength. Therefore, as the coupling strength is increased, the (square of) 
one of the effective modal indices grows and the other one decays. Mathematically [see Eq. 
(3)b)], evolution of the first mode can be mapped to hyperbola in ,x zk k  space, while the 
behavior of second mode is described by an ellipse. Hyperbolic-like modes, characterized by 
growing ( )z xk k  behavior, has been utilized to postpone the onset of diffraction limit, to 
engineer optical density of states, and novel type of nonlinearities [2–8,19]. 

Fig. 1. (a) Schematic of the plasmonic nanowire composite; 
100 , 20 , 1da nm r nm= = = ; vacuum wavelength 0 1.5 mλ μ= ; (b) effective medium

parameters, according to the Maxwell-Garnett approximation; (c) effective modal index of the 
transverse (orange, / 1)zk c ω ≈  and strongly dispersive longitudinal (red, blue) modes
propagating parallel to the wires; panel (d) illustrates dispersion of the TM (red, blue lines) and 
TE (orange) modes propagating obliquely [ 0.3 /xk cω= ] to the wires; panels (e,f,g)
illustrate the distribution of electric field in the unit cell of the TE, TM, and longitudinal 
modes, respectively; in the limit 0xk →  propagation of transverse mode converges to
predictions of Maxwell-Garnett effective medium theory [15] 
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Interestingly, effective out-of-plane permittivity of the “transverse” extraordinary wave in 
the limit 0 xk →  converges to mg

zz  [15]. This wave has elliptic behavior at relatively high 
(visible) frequencies where 0mg

zz > , and switches to hyperbolic response at lower 
frequencies where 0mg

zz < . The “additional” extraordinary wave operates in hyperbolic 
regime when 0,mg

zz m d> < −    and becomes exponentially decaying mode when 0mg
zz < . At 

ultra-low frequencies where 1m  , electromagnetic response of metamaterial approaches 
epsilon-near-infinity limit that can be used for high-resolution imaging [1] but that does not 
provide the benefits of modulation of density of optical states associated with nonlocal 
epsilon-near-zero or hyperbolic systems [19]. 

3. Spoof plasmons

The concept of spoof plasmon was first introduced in Ref [12]. by Pendry et.al. In contrast to 
surface plasmon polaritons that propagate at the smooth metal-dielectric interface, spoof 
plasmons propagate at the interface between a dielectric and structured perfectly conducting 
metal and can be thought to result from coupling between cavity modes supported by the 
individual corrugations [14]. Similar to surface plasmon polaritons, electromagnetic fields in 
spoof plasmons exponentially decay away from the structured interface. Importantly, spoof 
plasmons can be used to realize relatively large effective modal indices, and as such, can be 
used to enhance interaction between matter and low-frequency (GHz…THz) electromagnetic 
waves. 

Hybridization of few artificial plasmons has been demonstrated in flat structures [20]. 
However, the emergence of new electromagnetic waves as result of spoof plasmon 
hybridization has not been demonstrated so far. Here we show that such hybridization 
provides a powerful tool for developing GHz-optical mapping that can be used for design and 
development of practical antenna devices. 

Of particular interest to this work are the spoof plasmons supported by the corrugated 
wires [13], schematically shown in Fig. 2(a). Figure 2(b) shows dispersion of the fundamental 
spoof plasmon mode in the structure with radii 1 15r mm=  and 2 10 r mm=  and corrugation 
period 2 d mm= , calculated with finite-element-method (FEM) numerical solver of Maxwell 
equations [21]. It is seen that the behavior of this mode is similar to the one of the surface 
plasmon polariton with effective plasma frequency of 12 GHz. Note that, as it is often the 
case with spoof plasmon structures, the period of corrugation is deeply subwavelength 

0( )d λ  so that corrugated wire essentially operates in “effective medium” regime [14]. 

Fig. 2. (a) Schematic geometry of a corrugated wire, (b) dispersion relationship of the spoof-
plasmon mode supported by the wire 

4. Spoof wire metamaterials

As described above, the unique optical response of nonlocal hyperbolic nanowire composites 
can be related to hybridization of natural plasmonic modes. The main hypothesis, to be 
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verified in this work is whether hybridized spoof plasmons can be utilized to mimic 
nonlocality and hyperbolicity at the low frequency (GHz) regime. 

Geometry of the proposed metamaterial is schematically shown in Fig. 3(a). The 
metamaterial represents a collection of aligned corrugated wires with subwavelength 
corrugation and subwavelength period a  (here we use wires described in Fig. 2 arranged in 
square lattice with 50a mm= ). As shown in Fig. 2, individual wires support propagation of 
spoof plasmon modes. 

The modes of the corrugated wire composite are analyzed with commercial finite-
element-method (FEM) solver, COMSOL multiphysics. In these calculations, we solve for 
the eigen frequency of the modes based on the values of the components of the (quasi-) 
wavevector k


. Figure 3(b…e) represents dispersion and field distribution of the three lowest-

frequency modes supported by the metamaterial propagating parallel to its optical axis. 

Fig. 3. (a) Schematic geometry of corrugated-wire metamaterial; (b) dispersion of the 
transverse (blue line) and longitudinal (red line) modes; panels (c,d,e) illustrate the field 
profiles in TE- polarized, TM-polarized, and longitudinal wave in the composite; compare to 
Fig. 1 

From the homogenized metamaterial perspective [when the fields are averaged over the 
unit cell], these two of these modes have non-vanishing components of in-plane electric and 
magnetic fields, while the third mode has non-vanishing averaged zE  component. Therefore, 
similar to the case of plasmonic wires (see Fig. 1), these modes can be called ordinary (TE), 
and extraordinary (TM/longitudinal) waves. Notably, in further similarity to optical response 
of plasmonic wire metamaterials, two transverse modes of corrugated wire composites have 
identical dispersion, while dispersion of longitudinal wave resembles that of its smooth wire 
counterpart. 
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Dispersion and the field profiles of the three modes was analyzed for a range of in-plane 
( xk ) and out-of-plane ( )zk  wavenumbers. These studies show that oblique propagation 
( 0)xk ≠  removes degeneracy between the two transverse waves and introduces avoided 
crossing between the two extraordinary modes (typical dispersion is shown in Fig. 4). 

All in all, we note the drastic similarity between the field profiles and dispersions of the 
modes in spoof-wire systems and the optical behavior of plasmonic smooth-wire composites. 
These similarities motivate the application of the effective medium theory of nonlocal optical 
response of nanowire systems [15] to describe low-frequency electromagnetism of spoof wire 
metamaterials. 

5. Effective medium description of nonlocal spoof wire composites

Successful application of effective medium theory requires knowledge of the frequency-
dependent effective medium parameters , ,zz⊥   and ξ . While in the limit of plasmonic wires 
these parameters can be directly related to permittivity of metal and host matrix, these 
expressions cannot be used in the case of corrugated highly-conductive wires. Therefore, in 
order to test the applicability of the Eqs. (3), we extracted the frequency-dependent effective 
medium parameters by least-square fitting numerical data to Eqs. (3). Spectral response of 
effective medium parameters is illustrated in Fig. 4. The same figure presents nonlocal 
effective medium permittivity of the system. 

Fig. 4. Panels (a,b,c) illustrate effective medium parameters of the spoof-wire composite; panel 
(d) shows dispersion of the TM (solid lines) and TE (dashed line) polarized modes propagating
obliquely ( 1/ 2 0.03 )xk a mmπ −= ≈  to the wires; lines represent analytical Eqs. (3),
symbols correspond to FEM solutions of Maxwell equations. 

Figure 4(d) demonstrate the validity of the proposed effective medium description 
comparing the predictions of Eq. (3) and exact numerical solutions of Maxwell equations. It is 
clearly seen that Eq. (3) adequately describes electromagnetism in corrugated wire systems. 
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Importantly, the corrugated wire composite provides complete map of optics of nonlocal 
hyperbolic wires to low (GHz) frequencies. The composite supports three waves, comprising 
one ordinary wave with spherical dispersion and two extraordinary modes, one with 
elliptical/epsilon-near-zero dispersion and one with hyperbolic-like dispersion. 

6. Conclusions

To conclude, we demonstrated a new metamaterial based on arrays of corrugated wires that is 
capable of realizing nonlocal hyperbolic and epsilon-near-zero electromagnetism in low-
frequency systems. We also demonstrated a quantitative map of the electromagnetic 
properties of such corrugated wire composite on high-frequency (optical) response of 
plasmonic nanowire composites. 

By appropriately scaling geometric parameters of corrugated wire structures, the optical 
response of the composite can be engineered throughout far-IR…THz…GHz frequency 
ranges where propagation of spoof plasmons has been already demonstrated in few-interface 
structures. 

Applicability of the effective medium description, proposed in this work is limited to 
/xk aπ . The range of applicability of the proposed formalism can be significantly 

extended by designing metamaterials with deep subwavelength period that can be realized 
when the space between corrugations is filled with high-index media. 

The proposed new class of corrugated wire metamaterials brings new avenues of 
engineering refractive response and optical density of states to the low-frequency (far 
IR…GHz) electromagnetic domain. Engineered nonlocality and hyperbolicity can be utilized 
to optimize detection and generation of low-frequency radiation, high resolution imaging, and 
enhancement of nonlinerities. 
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We have observed directional spontaneous emission of
rhodamine 6G dye deposited on top of a silver grating
and found that its angular distribution patterns were very
different in TE and TM polarizations. The latter was related
to the dispersion curves determined based on the polarized
reflection spectra measured at multiple incidence angles.
The most intriguing finding of this Letter was a resonance,
which was coupled with TE-polarized light and determined
the characteristic double-crescent patterns in the TE-
polarized spontaneous emission. This observation, as
well as nearly similar resonance observed in TM polariza-
tion, was tentatively explained in terms of leaky waveguide
modes supported by a film of dye-doped polymer. © 2018
Optical Society of America

OCIS codes: (160.3918) Metamaterials; (310.6860) Thin films, optical

properties.

https://doi.org/10.1364/OL.43.002668

Metamaterials, engineered composite materials composed of
rationally designed sub-wavelength building blocks (meta-
atoms) [1,2], have unparalleled responses to electromagnetic
(in particular, light) waves and enable unprecedented function-
alities, including a negative index of refraction [3–8] and optical
cloaking [9,10], as well as sub-diffraction focusing [5] and im-
aging [5,11–15]. Moreover, metamaterials with hyperbolic
dispersion [13–16], whose effective dielectric permittivities
in orthogonal directions have opposite signs, have a broadband
singularity in the photonic density of states (PDOS), [16]
enabling control of the rate [17,18], quantum yield, and direc-
tionality of spontaneous emission [16,19–21].

Most metamaterials are lossy. Therefore, the efforts of the
last several years [22–28] have been aimed at the development
of low-loss nano-patterned metasurfaces, which do not require
propagation of light through multiple layers of the metamate-
rial’s volume and are relatively easy to fabricate. Of particular
interest are hyperbolic metasurfaces which, similar to their
bulk counterparts, have been claimed to possess large PDOS

[16,29,30], allowing them to control spontaneous emission
[30]. The prototype of a metasurface is a familiar diffraction
grating [31], whose period and depth of the modulation can
be much larger than the wavelength, much smaller than the
wavelength, or comparable to the wavelength [32]. While
the former two cases are reasonably well studied [31], the latter
[32] is still not fully researched, keeping a promise of fascinat-
ing surprises, such as the relatively recently explored class of
high contrast gratings (HCGs) [32,33].

Many unique responses of photonic metamaterials and
metasurfaces to light waves are due to surface plasmons
(SPs), which are either localized or propagating oscillations
of a free electron density coupled to incident and scattered light
and, in the latter case, surface waves propagating at the interface
between metal and dielectric [34]. As wave-vectors of propagat-
ing SPs (also known as surface plasmon polaritons [SPPs]) are
larger than those of photons in an adjacent dielectric, SPPs can-
not be excited by an incident light falling from a dielectric onto
a flat metallic surface. However, if a grating is patterned on a
metallic surface, its wave-vector, G, can be added to the parallel
(to the surface) component of the photon wave-vector k∥,
eliminating the wave-vector mismatch and allowing SPPs to
be excited by TM- (p) [but not TE- (s)] polarized light
[34]; see Fig. 1(a). More generally, the wave-vector of a surface
wave, ksw , is related to k∥ and G via the following equation:

ksw � �k∥ � mG, (1a)

where m is an integer number.

Fig. 1. (a) Addition of k∥ and G allows one to match ksw . (a) and
(b) Two most likely combinations of the wave-vectors corresponding
to the emission maximum at angle θ. k is the photon wave-vector, and
k⊥ is its perpendicular (to the surface) component.
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Anomalies in the reflection of metallic gratings, manifested
by dips (Wood anomaly [35]) or peaks (Rayleigh anomaly
[36,37]) observed in angular or spectral scans of reflectance,
are known for over a century. They have been explained in
terms of SPPs, which can couple to incident and reflected
far-field TM-polarized waves [38,39,40] or be in resonance
with a grating (Bragg resonances). If gratings are coated by lu-
minescent molecules, angular distribution patterns of sponta-
neous emission are related to characteristic dispersion curves
of SPPs on a grating. As the anomalies in the grating reflectance
were associated with propagation of SPPs, the majority of
optical measurements were limited to TM (p) polarization,
and nothing interesting was observed or searched for in TE (s)
polarization.

In this Letter, we have studied angular distribution of
spontaneous emission of rhodamine 6G (R6G) dye molecules
deposited on top of a silver grating metasurface and observed
two distinctly different luminescence patterns in TE and TM
polarizations. The latter was in good agreement with the
dispersion curves plotted based on the series of reflectance
spectra collected at multiple incidence angles.

The grating sample was fabricated using a combination of
the holographic lithography, thermal deposition, and spin
coating techniques. The glass substrates (2.5 cm × 2.5 cm)
were cleaned ultrasonically in a three-step process, using soap
water, acetone, and iso-propanol, for 5 min each. The glass
slides were air dried and baked on a heating plate at 120°C
for 1 min. The positive S-1803 photoresist was spin coated
(using the Spincoat G3P-8 instrument from Specialty Coating
Systems) onto the glass substrate and pre-baked for 60 s at
110°C. After that, the sample was exposed (for 30 s) to an
interference pattern created by two He-Cd laser beams
(λ � 325 nm) of equal power (∼2.5 mW), which were ini-
tially split with a beam splitter and then recombined on the
sample. The sample was then developed in a basic solution
of the developer (MF 319) for 30 s, rinsed in distilled water,
and baked at 110°C for 60 s. As a result of this process, a grating
of dielectric photoresist strips, forming the basis of the grating
metasurface, has been created; see Figs. 2(a) and 2(b).

The metallic grating was fabricated by depositing ∼45 nm
of silver (using the NANO 36 thermal evaporator from Kurt J.
Lesker) on top of the grating of photoresist strips described
above. The depth of the grooves approximated ∼45 nm.
Finally, a 70 nm thin film of poly(methyl methacrylate)
(PMMA) doped by R6G dye in concentration 2.2 ×
10−4 mol∕L (in solid state) was conformally deposited by spin
coating on top of the silver grating; see Figs. 2(a) and 2(b). Note
that a comparable concentration of R6G in PMMA was suffi-
cient for a strong coupling of dye molecules with SPPs [41].

The period of the grating, evaluated by measuring the angle
to the first order of diffraction, was equal to 478� 5 nm.

The directional spontaneous emission of the sample was
measured using the setup of Fig. 3(a). The grooves of the

grating were oriented vertically. The dye molecules were
excited with a cw radiation of an Ar� laser at λ � 514.5 nm,
through the silver film, from the side of the glass substrate.
The spontaneously emitted light was intercepted by a white
screen (with grids), which was held at 8.8 cm in front of
(and parallel to) the grating sample. The spontaneous emission
pattern was recorded using a CCD camera equipped with a
photo camera objective. A polarizer and a series of notch,
long-pass, and bandpass filters were used to block scattered
pumping light, transmit spontaneous emission (with the
maximum at ∼565 nm), and control its polarization.

The emission patterns in vertical (TE) and horizontal (TM)
polarizations are depicted in Fig. 3(b), and the corresponding
intensity profiles, recorded in the horizontal plane, are shown in
Fig. 3(c). The vertically (TE) polarized spontaneous emission
displays a double-crescent pattern, with the maximum emission
intensity at θ ≈ 6.5° to the normal of the screen; see Fig. 3(b)
(left panel). At the same time, the pattern of the horizontally
(TM) polarized emission [Fig. 3(b), right panel], showing a sin-
gle maximum at nearly normal direction, was very different
from that at the vertical (TE) polarization. The corresponding
intensity profiles are depicted in Fig. 3(c).

The two most likely combinations of the wave-vectors (in a
horizontal plane), leading to the emission maxima at the angle
θ, depicted in Figs. 1(a) and 1(b), can be described by the
following equation:

ksw � G � k∥, (1b)

where the positive (negative) sign corresponds to the schematics
of Fig. 3(a) [Fig. 3(b)]:

k∥ � k sin θ � ω

c
sin θ � 2π

λ0
sin θ, (2)

ksw � ω

c
nsw � 2π

λ0
nsw , (3)

and

G � 2π

Λ
, (4)

where k is the photon wave-vector in vacuum (or air), λ0 is the
vacuum wavelength, ω is the angular frequency, c is the speed
of light, nsw is the effective refractive index of a surface wave,

Fig. 2. (a) Schematics of the sample. (b) Scanning electron micro-
scope image of the sample’s cross section cut with a focused ion beam.

Fig. 3. (a) Experimental setup. (b) Experimental patterns of sponta-
neous emission in TE polarization (left panel) and TM polarization
(right panel). (c) Profiles of intensity distribution in the horizontal
plane in TM and TE polarizations.
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and Λ is the grating period. Substituting Eqs. (2)–(4) into
Eq. (1b), one gets

nsw � � sin θ� λ0
Λ
: (5)

By substituting to Eq. (5), experimental values λ0, Λ, and
θ � 6.5° (for TE polarization), one obtains nsw � 1.30 and
nsw � 1.07. (At θ � 0°, corresponding to TM polarization,
nsw � 1.18.)

In order to understand the nature of the observed sponta-
neous emission patterns, the reflectance spectra of the samples,
in both TM and TE polarizations, were measured at multiple
incidence angles (between 5° and 80°, with 5° increments) in-
side the integrating sphere in the Lambda 900 spectrophotom-
eter (PerkinElmer). The multiple dips in the reflectance spectra
formed branches that were translated into the branches of the
dispersion curves. (Note that the positions of the dips in
the reflectance spectra allowed us to calculate k∥. The respective
values ksw were calculated by choosing proper signs in Eq. (1a),
which corresponded to the positive slopes of the asymptotes
crossing the origin.) The spectra and the corresponding
dispersion curves in TE polarization are depicted in Figs. 4(a)
and 4(b). The most intriguing feature of the dispersion plot is
the branch whose effective index of refraction, nsw � 1.03, is
very close to that determined from the emission measurements,
nsw � 1.07.

In TM polarization, the reflectance spectra and the
dispersion plot feature the branch characterized by the refrac-
tive index nsw � 1.05 (very close to that in TE polarization);
see Figs. 5(a) and 5(b). However, at this time, this dispersion
branch features the splitting at the wave-vector approximately
equal to G (the Bragg condition for the second harmonic of the
grating [42]). Probably coincidently, the energy position of the
splitting corresponds to that of the R6G absorption band. Two
other branches of the dispersion curve, represented in Figs. 5(a)
and 5(b) by green diamonds (nsw � 1.31) and blue triangles
(nsw � 1.65), are tentatively ascribed to SPPs propagating
at the top (Ag/R6G:PMMA/air) and the bottom (Ag/
photoresist/glass) sides of the silver diffraction grating.

Note that the branches represented by red circles in Fig. 4(a)
and purple circles in Fig. 5(a) are the measurement artifacts.
Their wave-vectors are equal to G/2—the condition at which

the −1st order of diffraction counter-propagates along the in-
cident beam and leaves the integrating sphere without being
detected.

The angular positions of the dips composing some of the
branches in TM and TE polarizations are plotted versus wave-
length in Fig. 6 (characters and extrapolating lines). The hori-
zontal black line marks the angle θ � 6.5° corresponding to the
direction of the crescent in the TE-polarized emission pattern.
The thick vertical gray line represents the bandwidth of the
spontaneous emission. One can see that one dispersion line
in TE polarization (the one characterized by the index of re-
fraction n � 1.03, closed blue circles) intersects the vertical
gray line at the angle θ ≈ 6.5°, suggesting that the surface wave
corresponding to this dispersion branch is responsible for the
double-crescent pattern in the TE-polarized spontaneous emis-
sion. At the same time, in TM polarization, the very different
branch (open red squares) intersects with the gray vertical line
at the angle ∼0°. This explains the angular distribution of
spontaneous emission in TM polarization.

The most important experimental findings can be summa-
rized as follows. (1) Two distinctly different patterns of sponta-
neous emission (of R6G-doped polymer deposited onto silver
grating) have been observed in TE and TM polarizations. The
former one had a double-crescent shape, while the latter had a
single broad maximum centered at the normal to the surface;
see Figs. 3(b) and 3(c). (2) Surface waves characterized by a
surprisingly low effective refractive index, nsw � 1.03 and
nsw � 1.05, have been found in both TE and TM polarizations
in the series of reflection spectra taken at multiple incidence
angles and the corresponding dispersion curves; see Figs 4
and 5. (3) The latter dispersion curve in TE polarization en-
abled coupling/decoupling of the 565 nm light at θ ≈ 6.5°

Fig. 4. TE polarization. (a) Reflectance spectra taken at different
incidence angles. The dips are marked with characters. The dashed
lines are guides for the eye. (b) Dispersion curve corresponding to
two branches in (a) (marked with closed and open blue circles).
The horizontal dashed and dotted lines show the energy positions
of the absorption and emission bands of R6G [S0 → S1 transition
at ∼3.6 × 1015 rad∕s (524 nm) and S0 → S2 transition at
∼5.5 × 1015 rad∕s]. The vertical dashed line marks wave-vector G.
The slope of the diagonal line corresponds to nsw � 1.03.

Fig. 5. TM polarization. (a) Reflectance spectra taken at different
incidence angles. The dips are marked with characters. The dashed
lines are guides for the eye. (b) Dispersion curves corresponding to
multiple branches in (a). The horizontal dashed and dotted lines show
the energy positions of the absorption and emission bands of R6G.
The vertical dashed line marks wave-vector G. The slopes of the
diagonal lines correspond to nsw equal to 1.05, 1.31, and 1.65.

Fig. 6. Angular positions of the reflectance dips plotted as the func-
tion of the wavelength (characters). Open and filled circles, two
branches in TE polarization; open and filled squares, two branches
in TM polarization.
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and was related to the double-crescent emission pattern.
Likewise, a different dispersion curve was identified to
correspond to the emission pattern in TM polarization.

As the most intriguing experimental feature, the surface
wave characterized by the effective refractive index close to 1,
is observed in both TE and TM polarizations; the explan-
ation of the phenomenon should not involve SPPs. This rules
out many scenarios extensively discussed in the literature
[35,36,43,44]. We infer that the surface wave of interest is sup-
ported by a waveguide formed by the silver grating on one side
and the outer surface of the R6G:PMMA polymer on the other
side. Since the thickness of such a waveguide, ∼70 nm, is sig-
nificantly smaller than the cutoff value, ∼190 nm, such a wave-
guide is expected to be very leaky. However, even at a relatively
short propagation length, a substantial absorption loss with a
dip in the reflectance spectrum. Simple calculations, neglecting
the mode structure of a waveguide, which is assumed to be
thick, show that if the first diffraction order is scattered parallel
to the grating surface (or at least above the angle of the total
internal refraction), the corresponding dispersion curve is a
straight line with the slope ranging from c to c∕n, in good
agreement with the experimental result. (Here n is the refractive
index of the polymer.) The TM-polarized wave may hybridize
with the SPP, which is evidenced by a split in the dispersion
curve in Fig. 5(b). Alternatively, the sandwich structure of
Fig. 2 can be related to an HCG [32,33] (supporting surface
waves having both TM and TE electric field components) or
propagate Dyakonov-like plasmons (also with both TM and
TE electric field components) similar to those described in
Ref. [45]. The detailed study of the surface waves supported
by complex multi-layered gratings will be published elsewhere.
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Nonlocal Effects in Transition Hyperbolic Metamaterials
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ABSTRACT: Light−matter interactions at a particular point in a material
may be dominated by properties of the medium at this point, or they could be
affected by the electromagnetic properties of the medium in the surrounding
regions. In the former case, the medium is said to be local, while in the latter,
it is nonlocal. Recent studies of light−matter interactions in composite optical
metamaterials showed that nonlocal effects enable new optical phenomena
that are not acounted for by the conventional, local effective medium
description. Up until now the majority of studies focused on metamaterials
with spatially uniform material parameters. However, optical metamaterials
with electromagnetic material parameters gradually changing from positive to
negative values, so-called transition materials, have been predicted to induce a
strong enhancement of the local electric or magnetic field in the vicinity of the zero refractive index point. This opens new
opportunities for sensing and low-intensity nonlinear optical applications. Here, we analyze the field enhancement in realistic
transition metamaterials consisting of an array of plasmonic cone-shaped rods embedded in a dielectric matrix and demonstrate
that optical nonlocality is required to adequately describe this optical response. This work enables the design and practical
applications of this new emerging metamaterial platform.

KEYWORDS: spatial dispersion, nonlocality, nanowire metamaterials, transition metamaterials, epsilon-near-zero, field enhancement

Engineered optical materials with a refractive index
gradually changing from positive to negative values, often

called transition materials, have attracted significant attention in
the past few years due to a strong enhancement of the local
electric field under oblique incidence in the vicinity of the zero
referactive index point.1−7 Such resonant enhancement can be
used in the realization of efficient nonlinear optical phenomena
at reduced intensities in ultracompact volumes and may
therefore enable applications in microwave, terahertz, and
optical spectral ranges. Recently, strong second-harmonic
generation at significantly reduced pump wave intensities was
predicted in such a transition layer with dielectric permittivity
and magnetic permeability gradually changing from positive to
negative values.8 However, practical realization of low-loss
double negative transition layers is a rather challenging task at
optical frequencies.
On the other hand, the predicted field enhancement in a

transition layer can be realized in strongly anisotropic
metamaterials with gradually changing effective parameters,
such that their dispersion changes from elliptical to hyperbolic.9

Electromagnetic properties of these metamaterials are described
by a diagonal dielectric permittivity tensor. In the case of
elliptical dispersion, all the components of this tensor are
positive, but differ in magnitude, while hyperbolic metamate-
rials are characterized by the dielectric permittivity tensor with
the components that are different in sign.10−18 This class of
metamaterials has attracted significant interest due to their low
losses, simplicity of fabrication as compared to double-negative
resonance-based metamaterials, and tolerance to fabrication
imperfections. Strongly anisotropic metamaterials with elliptical

or hyperbolic dispersion have been realized in two different
configurations: structures consisting of metal nanorods
embedded in a dielectric host and those consisting of periodic
metal−dielectric layers. In this work, we focus on the plasmonic
nanorod structures that can be straightforwardly fabricated
using electroplating,19 resulting in nanorod composites
consisting of dielectric substrates noble metal [gold (Au) or
silver (Ag)] nanowires.20,21

From an effective medium standpoint, the electromagnetic
response of these metamaterials can be described by using a
uniaxial permittivity tensor. It was shown that incorporating
nonlocal corrections to conventional effective medium theory
(EMT) is required for adequate description of new optical
phenomena in wire composites.22−29 Granularity significantly
affects the optical response of the wire media, leading to the
excitation of additional electromagnetic waves whose properties
can be incorporated in the effective medium description by
introducing spatial dispersion of the effective permittivity. In
total, wire-based metamaterials support propagation of one
“ordinary” TE wave and either two or one “extraordinary” TM
or longitudinal waves.22,27,28,30,31 Here, for the first time, we
consider the enhancement of electromagnetic waves in
nonmagnetic transition hyperbolic media, taking into account
the composite structure of the metamaterial. We show that
granularity significantly affects the field enhancement in
transition metamaterials and demonstrate that the nonlocal
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effective permittivity model adequately describes the observed
optical response.

■ THEORY
The transition metamaterial considered in this work consists of
an array of plasmonic cone-shaped rods embedded into a
dielectric matrix, as shown in Figure 1(a). Both the radius of
the wire R(x) and the separation between the rods a are
assumed to be much smaller than the wavelength λ. Here we
use λ = 731 nm, a = 60 nm, and assume that the radius changes
from 0 < R(x) < 12 nm according to

π
=

+ +
R x a

a b x c
( )

0.12(1 tanh( ( )))
2

1 1 1

(1)

with a1 = 0.0018, b1 = 1.5 × 109 m−1, and c1 = 6000, with wires
occupying space between 2.3 μm ≤ x ≤ 5.3 μm. Permittivity of
dielectric and plasmonic components of the metamaterial are
given by ϵd = 2 and ϵm(ω) = ωp

2/ω(ω + iΓ), where ωp = 2.068
× 1015 Hz and Γ = 4.449 × 1012 Hz are plasma and collision
frequencies. For the particular operating wavelength of interest,
ϵm = −24.42 + 0.2761i, representing Ag nanorods.32

Following the approach used in refs 21 and 22 permittivity of
the nanowire composite is given by a diagonal tensor ϵ ̂ = {ϵ∥,
ϵ⊥, ϵ⊥} with components

ω
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where = πf R
a

2

2 is the filling fraction of metal inside a dielectric,

kx is the component of the wavevector in the direction of the
wires, kx

l is the wavevector of the longitudinal wave in the wire
media, and the parameter n∞

l = limϵm→−∞ kx
l c/ω describes the

behavior of a longitudinal wave in a PEC wire medium. As
shown in ref 22, dispersion kx

l (ω) can be calculated by solving
an eigenvalue-type problem with exact dependence governed
by geometrical parameters of the composite as well as by
permittivity of the wires and the matrix media. In the majority
of practical metamaterials, eq 2 can be approximated as

δ
ω

ϵ ≃ ϵ + − ϵ +k f f
k c

( ) (1 )x x
x

m d

2 2

2 (3)

with the first two terms representing the local permittivity
(given by Maxwell−Garnett effective medium theory33) and δx
being a nonlocality parameter, respectively. This parameter can

be approximated as δ = ϵ + ϵ
ϵ − ∞

fx n( )
m d

d
l 2 . The extent of the nonlocal

interwire interaction has been analyzed in ref 34, concluding
that the bulk properties of the mematerial emerge from a ∼10
× 10 array of wires.
Note that the spatial dispersion of the effective permittivity of

nanowire arrays takes into account material granularity. Similar
to our previous works,21,22 we consider permittivity of the
components of the metamaterial to be local. In composites that
have ultrasmall (or ultrasharp) plasmonic inclusions permittiv-
ity of components themselves may become nonlocal,35−41

requiring further development of effective medium theories.
The crucial difference between previous works and this work,

for investigating the optics of hyperbolic composites, is the fact
that here we consider nanorods with an increasing radius along
the transverse position x (see Figure 1(b)); that is, the fill
fraction f changes as a function of spatial coordinate x. Since in
plasmonic metals across the visible spectrum ϵm < 0, the
modulation of the fill fraction causes the material’s response to
change from elliptical to hyperbolic, Figure 1. It has been a
long-standing question as to how to accurately describe the
material response and the electromagnetic wave propagation in
the transition region where the elliptical medium transitions
into the hyperbolic one.
By analyzing the dependence of dispersion for the modes in a

transition metamaterial composed of cone-shaped nanorods, we
find that within the elliptical regime the transition layer
supports two propagating TM waves, commonly known as the
main and additional TM modes. The main TM mode has
elliptic-like dispersion, while its additional counterpart has
hyperbolic-like behavior. When the fill fraction becomes large
enough and the material transitions to the hypebolic response,
the elliptic mode cuts off (exponentially decays along the
wires), while the hyperbolic TM wave takes the role of the main
TM mode. As a result, we expect to see interference between
the main and additional TM waves from the positive side of the
transition layer and only one propagation main mode in the
hyperbolic region. In addition to TM-polarized waves, the
composite supports propagation of the “ordinary” TE-polarized
mode. The dispersion of the three waves is given by22

Figure 1. (a) Schematics of a transition hyperbolic layer that consists of metallic cones embedded in the dielectric matrix. (b) Radius of the metallic
cones as a function of the x coordinate; dashed line represents the zero refractive index point, x ≈ 4.1 μm. Insets (i) and (ii) show elliptical and
hyperbolic dispersions at f = 0.021 and f = 0.09, respectively.

ACS Photonics Article

DOI: 10.1021/acsphotonics.7b00690
ACS Photonics 2017, 4, 2470−2478

2471

http://dx.doi.org/10.1021/acsphotonics.7b00690


ω

ω

+ + = ϵ

− − ϵ = −
ϵ + ϵ

ϵ −
ϵ +

⊥

⊥
∞

⊥
⎛
⎝⎜

⎞
⎠⎟

k k k
c

k k k
c

f
n

k k( )
( )

( )

x y z

x x x y z

2 2 2
2

2

2 l 2 2
2

2
m d

d
l 2

2 2

(4)

Figure 2 shows the behavior of the square of modal index
ω=n k c( ) ( / )x

2 2 2 2 corresponding to the TM modes in the
case of local (dashed curve), nonlocal approximation using eq 3
with the nonlocality parameter (solid curves), and exact
nonlocal (symbols)22 effective medium theory. It can be seen
that the TM mode obtained using the local effective medium
approximation overlaps with different TM modes obtained
from using the nonlocal theory on the left and on the right of
the so-called longitudinal (L) resonance (that coinsides with

epsilon-near-zero [ENZ] condition). Following the notation
introduced in ref 22 the TM mode that overlaps with the local
TM mode is called the main mode, while the other mode is the
additional TM mode. It is also worth noting that in the range of
wavelengths shorter than the L resonance the main and
additional TM waves simultaneously propagate inside the
nanocone structure, while for the longer wavelengths, only the
main mode propagates inside the medium while the additional
mode exponentially decays.
The (avoided) crossing between dispersion of the two TM-

polarized waves predicted by the nonlocal EMT reveals the true
nature of the electromagnetic response of this unique class of
metamaterials. Similar to the majority of plasmonic structures,
the modes of the nanowire composite represent collective
oscillations of electrons coupled to electromagnetic radiation.
When the composite is excited by the normally indident light
[Figure 2(a,c)] these two modes represent transverse plasmon

Figure 2. Dispersion of main and additional TM modes for two different cases: (a, b) f = 0.021 with δ = 0.027−0.0004i and (c, d) f = 0.09 with δ =
0.064−0.001i at 0° and 20°. The solid lines represent the approximate dispersion using the nonlocality parameter, the dashed line is the local EMT,
and the symbols represent exact nonlocal EMT. Insets show the fill-fraction gradient along the sample, and the dashed line shows the boundary
between the elliptical and hyperbolic regions of the transition layer.

Figure 3. (a) Spatial distribution of local permittivity tensor components ϵ∥ and ϵ⊥. (b) Real and imaginary parts of nonlocality parameter δx along
the transition layer. The dots correspond to the data obtained using the nonlocal TMM approach, while solid curves show an interpolation used
within the FDTD simulations.
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(electrons oscillating perpendicular to wires) and longitudinal
plasmon polaritons (electrons oscillating along the wires).
When the metamaterial is excited by obliquely incident light
[Figure 2(b,d)], the two modes “couple” to each other,
resulting in avoided splitting of their dispersion curves.
Equation 4 provides an analytical description of this process,
with its left-hand side representing the plasmon excitations and
its right-hand side playing the role of the effective coupling
strength.22 Here we characterize the direction of light
propagation using the angle of incidence in a vacuum via

θ= = ωk k0, siny z c
.

Since the metamaterial exhibits a position-dependent fill
fraction f, it is therefore important to analyze the dependence of
dispersion for the main and additional TM modes at different
points within the metamaterial. The inset in Figure 2 illustrates
the fill-fraction gradient along the sample with the dashed line
corresponding to the ENZ condition at our operating
frequency, 731 nm. When the fill fraction is below this critical
value, the metamaterial supports two propagation TM waves, as
illlustrated in Figure 2(a,b): the main TM mode, which has a
lower modal index, and an additional mode, which has a higher
modal index. When the fill fraction becomes large enough to
transition the composite into the hyperbolic regime, only one
propagating TM mode remains, as shown in Figure 2(c,d).
Therefore, we expect to see the interference between the main
and additional TM waves for relatively small fill fractions,
converting to a single propagating mode for areas with larger
radii of the transition layer.
Figure 3(a) summarizes the spatial dependence of the

effective medium parameters of the composite, which further
illustrates the modal behavior explained above. Figure 3(b)
shows the spatial distribution of the nonlocality parameter. The
dashed line represents the optimal results obtained by eq 3,
while solid lines represent the analytical approximation of the
dashed lines that is required for FDTD solutions of Maxwell
equations (see below).

■ METHODS

Three different numerical techniques providing full-wave
solutions of Maxwell equations were used to analyze field
distribution in transition metamaterials. First, we utilized the
finite-difference time-domain (FDTD) method that incorpo-
rates the approximate dispersion model, given by eq 3. Second,
a more accurate description of nonlocal EMT (eq 4) was used
to solve Maxwell’s equations in the frequency domain with
nonlocal transfer matrix formalism. Finally, the commercial
finite-element method (FEM) was used to calculate the field
distribution in the composite and thus to assess the validities of
the effective medium description of this complex media. The
FEM calculations take into account the full 3D structure of the
composite and do not assume any homogenization. On the
implementation side, FEM results use significantly more
memory and time to calculate field distribution than local or
nonlocal EMTs. However, since FEM considers the full
structure of the metamaterial, FEM results can be used as a
“gold standard” against which results of different homoge-
nization techniqeus can be compared.
In all calculations, the excitation beam was assumed to be

TM-polarized with components H = {0, 0, Hz} and E = {Ex, Ey,
0}. In FDTD calculations, the spatial dependence of the
nonlocality parameter δx was interpolated by an inverse tangent

function; the agreement between such interpolation and the
values deduced from eq 3 is shown in Figure 3(b).
First, Maxwell’s equations,

μ∇ × ⃗ = − ∂ ⃗
∂

∇ × ⃗ = ∂ ⃗
∂

⃗ = ⃗E
B
t

H
D
t

B H, , 0 (5)

are solved using the finite-difference time-domain method
within the auxiliary differential equation approach.42 The
system of auxiliary differential equations is derived with the
help of inverse Fourier transform of material equations D̃⊥ =
ϵ0ϵ⊥Ẽ⊥ and D̃∥ = ϵ0ϵ∥Ẽ∥ and reads
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here ϵ0 and μo are the permittivity and permeability of free
space, A1 = (1 − f)ϵd + f, A2 = 1 − f (x) + (1 + f)ϵd, and A3 = A1

+ 1. We note that the difference between the local and nonlocal
approach originates from the last term of the first equation in
eq 6, which is proportional to the spatial second-order
derivative. Using the FDTD code, we considered propagation
of an obliquely incident TM-polarized wave in the transition
layer within the local and nonlocal approximation.
In separate studies, propagation of electromagnetic waves

through metamaterials was solved in the frequency domain with
(i) the nonlocal transfer matrix method (TMM), reported
previously in refs 43−45 and with (ii) the finite-element solver.
The combination of three techniques allows us to (i) assess the
validity of nonlocal effective medium theory and of its
approximate version, given by eq 3, (ii) assess the validity of
additional boundary conditions that are required to develop the
nonlocal transfer matrix formalism, and finally and most
importnatly to (iii) understand the optical response of realistic
transition metamaterials.
To solve for light propagation through conical media with

the nonlocal transfer matrix, the conical wires were represented
as arrays of stacked cylindrical disks with thickness h with their
diameter gradually changing from 3 nm to ∼24 nm. The
transition metamaterial was represented as a multilayer
composite with the permittivity of each layer given by
(nonlocal) effective medium theory that represents the average
value of the fill fraction at the location of the layer.
Understanding the reflection and refraction of light through
the interface between local and nonlocal layers requires one
additional boundary condition (ABC). As shown in ref 22,
continuity of Ez and Dx can be used to introduce such ABCs
from the first principles. To complete this task, we first extend
the technique originally introduced in ref 22 and represent the
fields of the two waves propagating in the wire media as
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We then introduce the moment-averaged fields via
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2 i / 2 i /
(8)

and follow ref 22 to use continuity  and0 0 as “local”
boundary conditions, continuity of 1 as first ABC, and
continuity of 1 as the second ABC, required to analyze the
interface between two nonlocal layers. As we reduce the disk
thickness h, the resulting field distribution in the composite
converges to the distribution that agrees with results of FDTD
calculations. However, digitization of the smoothly varying
radius introduces corner-scattering artifacts in the overal field
distribution in the limit h → 0. Such artifacts have been

previosly observed in TMM-based solutions of light prop-
agation in conical waveguides;46 here, these artifacts appear
when disk thickness h is reduced below ∼2 nm. In order to
avoid numerical artifacts in TMM calculations, the layer
thickness was fixed at h = 8 nm.
Finally, Maxwell equations have been solved with the

commercial finite-element-based PDE solver.45 In these
calculations, the size of the individual mesh element was kept
consistently below 1.5 nm. Despite small meshing size, our
studies indicate that the resulting field distribution is
significantly affected by the geometry (and, as a result,
meshing) of the system, particularly in the spatial domain
where the wire radius is small. As a result, we estimate the
accuracy of the FEM solutions to be ∼10%.
In all studies, after solving Maxwell’s equations, we

characterize the enhancement of the field by considering the
ratio of the component of the electric field along the axis of the
nanowire Ex and the total electric field of the incident wave E0.

Figure 4. (a) Spatial distribution of the normalized real part of x components of the electric field in the case of oblique incidence with the incidence
angle θ0 = 20° within the local effective medium approximation at the cross section from (a) indicated by dashed line; (b) intensity distribution
profile of Ex along the transition layer within the local response function approximation; (c) local EMT usng the TMM approach.

Figure 5. (a) Spatial distribution of normalized real part of x components of the electric field in the case of oblique incidence with incidence angle θ0
= 20o within the nonlocal effective medium approximation; (b) intensity distribution profile of Ex along the transition layer within the nonlocal
response function approximation at the cross section from (a) indicated by a dashed line. (c) Nonlocal EMT using TMM and (d) finite-element
method calculations.
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■ RESULTS

The strong enhancement of the electric field under oblique
incidence, predicted in the vicinity of the zero refractive index
point for the local transition HMM, is shown in Figure 4. Figure
4(a) shows the spatial distribution of the normalized real part
of x components of the electric field in the case of oblique
incidence with incidence angle θ0 = 20°. The field is normalized
to the amplitude of the incident wave E0. Incident wave (black
arrow) propagates from air into the transition layer with the
boundary shown with solid lines. It is partially refracted (red
arrow) after passing the transition region and partially reflected
from the first boundary (green arrow). Figure 4(b) shows the
intensity distribution profile of Ex along the dashed line in
Figure 4(a) and (c) using the local EMT approach and TMM
with the fixed layer thickeness mentioned above with the same
incident angle. We see almost exact agreement between these
two approaches. On the left side of the transition region where

ε =( ) 0, the interference pattern between incident and
reflected waves can be clearly seen. On the right side, where the
transition layer possesses hyperbolic dispersion, the field decays
due to material absorption and is refracted in the negative
direction as expected. In the vicinity of the ε∥-zero region there
is an enhancement of the x component Ex, similar to that
previously shown in double-negative transition layer.1 It is
important to note that this field enhancement occurs only in
the case of oblique incidence and only for the component of
electric field perpendicular to the transition layer. This behavior
can be explained by the fact that since electric displacement
must be continuous at the ε∥-zero region, the corresponding
electric field component Ex anomalously increases as the
permittivity component tends to zero.
Figure 5(a,b) show the spatial distribution of the normalized

real part of x components of the field enhancement obtained
with FDTD calculations within nonlocal effective medium
approximations. Figure 5(c) shows the predictions of nonlocal
EMT with the nonlocal transfer matrix formalism, and Figure
5(d) shows the numerical solutions of Maxwell’s equations
using FEM. To reduce the numerical artifacts, in all EMT
calculations we assume that the local cone occupies the space x
∈ [2.31, 3.4] μm, while the nonlocal region extends from x ∈
[3.4, 5.3] μm.
It is clearly seen that material nonlocality drastically changes

the predicted field distribution through the composite and
reveals the signature of interference of the two TM-polarized
waves in addition to the field enhancement in the vicinity of the
transition region. Notably, the field profiles derived by effective
medium theories are in agreement with results of full-wave 3D

solutions of Maxwell’s equations (that do not assume any
effective medium response) throughout the majority of the
nonlocal region.
Similar to other conventional transition metamaterials,

hyperbolic transition materials offer a platform for a significant
enhancement of the electric field. Importantly, the field
enhancement is expected even in the presence of realistic
material losses and taking into account the actual structure of
the metamaterial.
Our study shows that the conventional effective medium

description does not adequately predict the field enhancement.
Local response calculations (Figure 4) drastically overestimate
the enhancement, while the nonlocal EMT approach is in
agreement with what is observed with full-vectorial numerical
solutions of Maxwell’s equations (Figure 5). Comparing the
distribution of field intensities obtained within the local and
nonlocal approximation we can see that taking into account
nonlocal effects significantly reduces the value of the field
enhancement and leads to the broadening of the peak in the
vicinity of the transition region. In addition, realistic (nonlocal)
nanorod arrays yield significant reflection of light into an
additional mode. As this reflected mode propagates toward the
apex of the cone, its effective index is increased, resulting in a
pattern of highly oscillatory field peaks that may potentially be
beneficial for surface-enhanced optical phenomena. The
amplitudes of these peaks will likely be limited by the deviation
of optical properties of nanostructured metallic wires from the
predictions of the Drude model.36

The difference between predictions of local and nonlocal
EMTs can be understood by comparing the behavior of the
TM-polarized waves predicted by the two models, illustrated in
Figure 6(a). The figure analyzes the behavior of the square of
the effective modal index. The sign of this parameter can be
used to understand the nature of the mode:47 conventional
propagating waves correspond to the positive square of the
effective index; evanescent modes are described by the negative
square of the effective index.
According to local EMT, the modes entering the transtition

metamaterial are gradually slowed down, stopping at the
vicinity of the ϵxx ≃ 0 point (also known as epsilon-near-zero,
ENZ point). The mode then tunnels through the remaining
region of the elliptical response and leaves the system through
the hyperbolic region. The maximal field enhancement is
achieved at the ENZ point. The dynamics of the slow-down
process, along the distance separating the turning point and the
ENZ point, and material absorption define the maximal
enhancement.4 This effect is illustrated in Figure 6(b), which

Figure 6. (a) Dependence of dispersion curves on wire position when λ = 731 nm. The solid lines represent main and additional TM modes
calculated using nonlocal EMT, while the dashed line represents local EMT. (b) Dependence of maximal enhancement as a function of transition
region width. The dashed vertical line coincides with the width of the transition region used throughout this study.
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shows estimated maximal enhancement as a function of the
width of the transition region. In these studies, we assumed that
the radius profile shown in Figure 1 is linearly stretched or
compressed. Note that while the local EMT predicts higher
field enhancement in the shorter metamaterials, this field is
concentrated in the increasingly small ENZ region (see Figure
6a).
In contrast, according to nonlocal EMT, the metamaterial

operating in the elliptic regime supports two propagating TM-
polarized modes. While one of these modes stops and becomes
evanescent, the second mode never slows down to a stop. In
addition, true (nonlocal) permittivity of the composite never
reaches zero for obliquely incident light. The absence of the
stopping point combined with larger permittivity explains the
apparent reduction of the field enhancement. However, the
decreased reduction is accompanied by a longer spatial region
where this ehancement can be observed. Similar to the case of
local EMTs, enhancement predicted by nonlocal EMT is
affected by both material absorption and length of the
transition region [Figure 6(b)].
Interestingly, in contrast to idealized metamaterials,4 material

absorption does not play the role of the main limiting factor in
the field enhancement. In fact, hypothetical 10-fold reduction of
losses yields rather incremental, ∼50% improvement in field
enhancement, as predicted by both nonlocal EMT and full-
wave numerical solutions of Maxwell’s equations, [Figure
7(a,b)]. Similar improvement can be achieved by a 2-fold
reduction of the unit cell of the metamaterial, in effect making
the composite more local, [Figure 7(c,d)]. The consistent
agreement between predictions of nonlocal EMT and full-wave
calculations confirm that nonlocal EMT adequately describes
the physics behind metamaterial response.

■ SUMMARY
In this work we considered propagation of the electromagnetic
wave through a hyperbolic transition layer using local and
nonlocal effective medium approximation. It is shown to
correctly predict that the field enhancement nonlocality must
be considered. This leads to the formation of additional
interference between the main and additional modes inside the
transition layer. The results predicted using the nonlocal
effective medium theory are in agreement with those obtained
in full-wave 3D numerical simulations of Maxwell’s equations
throughout the majority of the nonlocal region. From these
studies, we conclude that nonlocal effects significantly affect the
field behavior inside a transition hyperbolic layer. Having a
model that can accuratly predict the field behavior through
these materials will lead to the design and practical applications
of this new emerging metamaterial platform.
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Light–matter interactions can be strongly modified by the surrounding environment. Here, we report on the first experimental

observation of molecular spontaneous emission inside a highly non-local metamaterial based on a plasmonic nanorod assembly.

We show that the emission process is dominated not only by the topology of its local effective medium dispersion, but also by

the non-local response of the composite, so that metamaterials with different geometric parameters but the same local effective

medium properties exhibit different Purcell factors. A record-high enhancement of a decay rate is observed, in agreement with

the developed quantitative description of the Purcell effect in a non-local medium. An engineered material non-locality intro-

duces an additional degree of freedom into quantum electrodynamics, enabling new applications in quantum information proces-

sing, photochemistry, imaging and sensing with macroscopic composites.
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INTRODUCTION

When the behavior of a physical system at a given point depends on its
state at another spatially separated region, the system is described as
being non-local. Quantum states of light and matter are inherently
non-local, reflecting the fundamental wave-particle duality1. Quantum
entanglement is one of the most fascinating examples of non-localities
in nature2,3. Its successful demonstration in optics with photons4,5 is
enabled by inherently weak photon-photon interactions. Material
systems, on the other hand, suffer from various decoherence effects,
such as electron-electron, electron-phonon and other scattering
mechanisms that virtually eliminate optical non-locality in homo-
geneous room-temperature media6. However, electromagnetic non-
locality may re-emerge in engineered composites, metamaterials7,
where coherent surface plasmons mediate coupling between unit cells
of artificial electromagnetic crystals.
Here, we analyze both experimentally and theoretically the process

of spontaneous emission in a non-local environment using a
plasmonic nanorod metamaterial platform that has been recently
demonstrated to enable a topological transition between elliptic and
hyperbolic dispersions. Experimentally, we demonstrate a broadband,
macroscopically averaged lifetime reduction of the order of 30 for
several fluorophores, while microscopic reductions in lifetime are
orders of magnitude higher, as estimated from the experimental data.
We develop new theoretical and numerical approaches capable of

calculating the local density of photonic states in non-local media.
Although non-local effects are known to have a weak impact on linear
reflection and transmission through the metamaterial7, the situation is
completely different in the quantum optical regime where non-locality
results in an additional propagating mode inside the metamaterial,
fundamentally altering the density of photonic states8. The dynamics
of emitters’ decay, and other quantum optical processes, inside a
nanorod metamaterial are essentially dominated by the non-local
response of the composite, as shown in this work.
The paper is organized as follows. In the Materials and methods

section, we describe fabrication of the nanorod metamaterials and a
flow-cell-based introduction of fluorophores inside the metamaterials.
The details of fluorescence lifetime measurements are presented
together with the lifetime distribution analysis based on the Laplace
transform, which is paramount for understanding multi-exponential
decay of an ensemble of emitters in a structured environment. This
Laplace approach is verified by recovering the spontaneous emission
lifetime distribution near a smooth Au film. The local and non-local
models of the effective medium theory (EMT) for a composite
metamaterial are then described. Subsequently, the analytical evalua-
tion of the spontaneous emission lifetime is derived based on the EMT
approach. Finally, the numerical model for the spontaneous emission
inside the nanorod metamaterials is presented and compared with the
EMT and experimental results. In the Results and discussion section,
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the mode structure of the metamaterials is derived in the local and
non-local EMT approximations. The role of non-locality and losses is
elucidated on the topology of the isofrequency surfaces in elliptic and
hyperbolic regimes of dispersion. Spontaneous emission rates are
evaluated for the emitters inside the composite in the local and non-
local EMT descriptions. The dependence of the mode dispersion and
the photoluminescence (PL) lifetime on the scaling of the elementary
cell of the nanorod composite is then shown, which is absent in the
local EMT description and is a purely non-local effect. These analytical
results are confirmed with full-vectorial numerical simulations. The
spontaneous emission lifetimes of different fluorophores emitting at
different wavelengths, falling within elliptical, epsilon-near-zero
(ENZ), and hyperbolic dispersion regimes of the metamaterial are
measured and analyzed. The results are in excellent agreement with
the numerical solutions of Maxwell equations and analytical model,
confirming an important role of non-locality for spontaneous emis-
sion inside the metamaterial.

MATERIALS AND METHODS

Metamaterial fabrication
Plasmonic nanorod metamaterials were fabricated by Au electrodepo-
sition into highly ordered nanoporous anodic alumina oxide (AAO)
templates on glass cover slips. An Al film of 700 nm thickness was
deposited on a substrate by magnetron sputtering. The substrate
comprised a glass cover slip with a 10 nm thick adhesive layer of
tantalum pentoxide and a 7 nm thick Au film, acting as a weakly
conducting layer. Highly ordered, nanoporous AAO was synthesized
by a two step-anodization in 0.3 M oxalic acid at 40 V. After an initial
anodization process, the formed porous layer was partly removed by
etching in a solution of H3PO4 (3.5%) and CrO3 (20 g L

− 1) at 70 °C,
which resulted in an ordered pattern. At the next step, the sample was
anodized again under the same conditions as in the first step. The
anodized AAO was subsequently etched in 30 mM NaOH to achieve
pore widening. Gold electrodeposition was performed with a three
electrode system, using a non-cyanide solution. The length of
nanorods was controlled by the electrodeposition time. Free standing
gold nanorod metamaterials were obtained after dissolving the
nanoporous alumina template in a mix solution of 0.3 M NaOH
and 99.50% ethanol. The nanorod array parameters used in the
reported experiments are 50± 2 nm diameter, 100 nm period and
250± 5 nm height (Figure 1a). The optical properties and the
extinction spectra of the metamaterial for various illumination angles
are shown in Figure 1b–1d, respectively.

Fluorescence lifetime measurements
Four dye molecules, D1 (fluorescein), D2 (Alexa 514), D3 (ATTO
550) and D4 (ATTO 647N) with the emission wavelengths 514, 550,
575 and 670 nm, respectively, were used to probe local density of
states of the metamaterial. For D1 and D2 dyes, the solvent was
ethanol and the concentration was 2.5× 10− 5 mol L− 1. For D3 and
D4 dyes, the solvent was made of 10 mM of Tris-HCL, 1 mM of
EDTA, 30 mM of NaCl and NaOH to adjust the pH of the solution to
7.85, and the concentration of 10− 6 mol L− 1 was chosen. The dye
solutions were introduced in the metamaterial using a flow cell, which
was positioned on a confocal microscope for fluorescence measure-
ments. In order to ensure a correct comparison between the lifetime
measurements for different emitters, the same metamaterial was used
for the measurements of all four dyes. For repeated measurements, the
dyes’ solution was washed out and the sample was plasma cleaned
before changing emitters.

Time-resolved PL measurements were performed using time-
correlated single photon counting (TCSPC)9 based on a SPC-150
(Becker–Hickl) system. The wavelength of the TM-polarized excitation
light from a Fianium super-continuum laser (o10 ps pulse duration,
20MHz repetition rate) was selected (525 nm for ATTO 550, 633 nm
for ATTO 647N, 470 nm for Alexa 514 and 470 nm for fluorescein).
The excitation light was focused on the sample with a 100× ,
numerical aperture= 1.49 oil-immersion objective and the resulting
PL signal collected by the same objective. Appropriate band-pass filters
centered on the peak emission wavelength of each dye were used to
collect the PL signal and prevent any laser contribution to the
measured light. For each dye, three sets of measurements were carried
out on a metamaterial, a thin (50 nm) gold film, and a glass substrate.
The PL spectra of the different dyes on glass and inside the
metamaterial are shown in Supplementary Fig. S1.

Fluorescence lifetime data analysis
In order to analyze the time-dependence PL data, the inverse Laplace
transform was used10, which does not rely on any preliminary
assumption on emission process and adequately reproduces the
distribution of the lifetimes present in the experimental data. This
procedure is implemented by solving the integral equation

I tð Þ ¼
Z N

0
F sð Þe�stds ð1Þ

where I(t) is the time dependent fluorescence intensity (measured
quantity), deconvoluted from the instrumental response function
(measured in a separate experiment), and F(s) is the relative weight
of different single exponential decay components. The deconvolution
was performed by applying Tikhonov regularization technique, also
introducing low pass filtering, reducing the noise of the decay tail.
Since the inverse Laplace transform is known to be an ill-defined
problem (especially for analysis of noisy data), an iterative fitting
procedure was applied in order to achieve stable results. This type of
analysis assumes that the fluorophores are in the weak coupling
regime of interaction with the surrounding environment.

Lifetime analysis of the ensemble of emitters near a gold film
A semi-analytical expression for decay rate modification of a point-like
emitter near an interface between two dielectric materials relies on the
knowledge of the electromagnetic Green’s function11 and its classical
quantum correspondence to the spontaneous emission rate (propor-
tionality to the imaginary part of the Green’s function)12,13. Hence,
given the lifetime distributions of fluorophores near a glass substrate
Fexp
Glass(s), the corresponding distribution near a gold film can be

derived as

FTheor
Au sð ÞB

Z dmax

dmin

E
!

pumpðzÞ
��� ���2Qloc zð Þn zð ÞFexp

Glass s=P zð Þð Þdz; ð2Þ

where P(z) is the position dependent polarization-averaged Purcell
factor near the Au surface, E

!
pumpðzÞ

��� ���2 is the position-dependent
intensity of the excitation light, Qloc zð Þ is the fluorophore local
quantum yield, and n(z) is the distribution density of the fluorophores
along the focal depth, which was assumed to be uniform. The depth of
focus (dmax− dmin) was taken to be ~ 175 nm for the best fit to the
experimental data. Slight deviations between the fitting and experi-
ment may arise due to sensitivity of the Laplace transform to noise in
experimental data, and the assumption on n(z), which in principle,
may encapsulate stochastic inhomogeneity of the solution.

Spontaneous emission in non-local materials
P Ginzburg et al

2

Light: Science & Applications doi:10.1038/lsa.2016.273

http://dx.doi.org/10.1038/lsa.2016.273


Effective medium models of the metamaterial
For light wavelengths much larger than all the characteristic sizes of
the composite, such as nanorod diameter and their period, the optical
properties of the metamaterial can be described with the effective
permittivity, which can be used to calculate transmission, reflection
and absorption spectra of the composite. Due to symmetry, the optical
properties of a nanorod metamaterial resemble those of an homo-
geneous uniaxial anisotropic medium with optical axis parallel to the
nanorods (z-direction in Figure 1b). Macroscopically, these optical
properties are described by a diagonal permittivity tensor Ê with
Exx ¼ Eyy � E>aEzz . In analytical calculations, a layer of a metama-
terial was represented as a homogeneous layer described by either
local14 or non-local15 effective medium theories.

Local EMT. In a conventional, local effective medium description,
the permittivity of the metamaterial is given by the Maxwell Garnett
theory:

Emg
> ¼ Eh

1þ pð ÞEAu þ 1� pð ÞEh
1þ pð ÞEh þ 1� pð ÞEAu; Emg

zz ¼ pEAu þ 1� pð ÞEh ð3Þ

with Eh and EAu being the permittivities of the host material and gold,
respectively, and p= π(r/a)2 is the fill factor of the metal inside the
matrix (r is the nanorod radius and a is the period of the array). The
Drude model, with corrections for restricted mean free path of
electrons16, previously shown to be in quantitative agreement with
experimental results7,16, was used to describe the permittivity of
electrochemically deposited gold. The spectral behavior of the

components of effective permittivity tensor of the metamaterial used
in the experiments is shown in Figure 1b.

Non-local EMT. When optical losses in Au nanorods are small, a
local effective medium description of metamaterial becomes invalid,
and a more complex, non-local effective medium response must be
considered7. In non-local EMT, the components of the permittivity
tensor perpendicular to the optical axis are still described by the
Maxwell Garnett theory (Exx ¼ Eyy ¼ EMG

> ), while the component of
the permittivity tensor along the optical axis becomes explicitly
dependent on the wave vector,

Ezz kzð Þ ¼ x k2z
c2

o2
� nlz
� �2� �

; x ¼ p
EAu þ Eh

Eh � nlN
� �2 ð4Þ

where nlz is the effective refractive index of the cylindrical surface
plasmons that propagate in a nanorod composite with the nanorod
permittivity EAu and nlN represents the limit of nlz for perfectly
conducting nanorods17. These parameters can be calculated either
numerically or by solving an eigenvalue-type problem.
The transfer matrix method17, was used to calculate transmission

and reflection of a planar slab of the metamaterial for a given
excitation frequency and angle of incidence.
The effective medium model adequately describes the extinction

spectra observed in experiment (cf. Figure 1c and 1d and
Supplementary Fig. S2). The two spectral features, seen in extinction
spectra at λ⋍ 525 nm (for all incident angles) and at λ⋍ 575 nm
(for larger incident angles) correspond to the Maxwell Garnett
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Figure 1 (a) Schematics of a nanorod metamaterial with a fluorescent molecule inside. Inset shows SEM image of the metamaterial comprised of Au
nanorods in air (scale bar is 1 μm). (b) Local effective medium parameters of the metamaterials (Au nanorods in ethanol) determined from the geometry of
the nanorod metamaterial 50±2 nm diameter, 100 nm period and 250±5 nm height) which reproduce the experimental extinction spectra in c. Vertical
dashed lines indicate the emission wavelengths of the dyes for the PL lifetime measurements. (c, d) Extinction spectra of the metamaterials consisting of
free standing nanorods for different angles of incidence of p-polarized light in c air and d ethanol.
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resonance (Emg
> c1) and the ENZ regime Emg

zz C0
� �

, respectively. For
very long wave vectors that approach the edge of the Brillouin zone of
the nanorod array, both local and non-local EMTs break down and
should not be used. Similar behavior was recently observed in layered
composites when the wave vector in the direction perpendicular to the
layers becomes comparable to the period15.

Fluorescence decay rate calculations from EMT formulation
A Green’s function formalism was used to analyze the emission rate
modification18. In this approach, the emission rate is proportional to
the imaginary part of the Green’s function, representing the electric
field E

!
generated by the point dipole d

!
at the location of the

dipole8,11,18

G
G0

C
3c3

2o3

Im E
!� d!

� �
W0j j2 ð5Þ

where Γ0 is the emission rate in the free space, while Γ is the rate
modified due to surrounding environment, and W0 is the power
radiated by the dipole in free space, which serves as a normalization
constant. ẑ- polarized and in-plane polarized dipoles were considered
separately, and the total emission rate was calculated as the weighted-
average of the two dipole directions. This assumption is related to a
completely random distribution of dye molecules inside the solution.
The transfer matrix formalism was used to take into account the effect
of multiple reflections of the dipole’s emission inside the composite
layer19. In order to avoid singularities caused by placing the dipole
inside a lossy medium, the dipole was placed inside a 1 nm thin layer
of lossless medium, cut out inside the lossy metamaterials (the
technique known as extraction of a depolarization volume). In the
non-local case, two TM-polarized modes were considered as inde-
pendent emission channels; however, the obtained results suggest that
the hyperbolic-like mode dominates emission in both elliptic and
hyperbolic regimes, similar to what has been previously reported in
emission inside an infinite idealized metamaterial20.

Fluorescence decay rate calculation from numerical modeling
Numerical modeling was performed using the finite element method
(FEM) implemented in Comsol Multiphysics software. The Purcell
factor at various locations inside the nanorod metamaterial was
calculated as a ratio of power flow from a point dipole placed at a
given position and the corresponding value for a dipole in vacuum.
In order to cross-check reliability of the numerical results, two
independent methods were used for the power flow estimation: 1)
via a Poynting vector flux through a small sphere (5 nm radius)
enclosing the point dipole and 2) via the energy dissipation rate of the
dipole, W r!� � ¼ �1

2Re E
!�

r!� � � J
!

r!� �h i
, where E

!
r!� �

is the
electric field produced by the dipole at the point of its location and
J
!

r!� �
is the dipole current. Both methods showed excellent

agreement with each other. To take into account the arbitrary
orientation of an emitting dipole, the power flow was calculated
separately for emitters aligned with each coordinate axis, and the
overall enhancement was calculated as the average
G r!� � ¼ 1

3Gx r!� �þ 1
3Gy r!� �þ 1

3Gz r!� �
21. The results of these classi-

cal electromagnetic calculations can be directly mapped onto the
quantum decays of emitters, by employing the classical quantum
correspondence of radiation reaction forces18. In order to simulate an
infinite number of nanorods in the metamaterial, the number of rods
in the finite-size arrays was gradually increased with periodic boundary
conditions on the sides of the nanorod patch. The convergence of the
Purcell factor with the number of the nanorods within the simulation

domain (Supplementary Fig. S3) confirms that a 10× 10 nanorod
array with periodic boundary conditions can be used to analyze the
behavior of a dipole in infinite metamaterial. The averaging over the
dipole position within the unit cell of the array of the metamaterial
was performed, assuming a uniform distribution of the emitters with a
position-dependent decay rate and local excitation efficiency, by an
excitation light illuminating the metamaterial from the substrate side:
I tð ÞpR

e�c E
!

pumpð r!Þ
��� ���2Qloc r!� �

n r!� �
exp �P r!� �

?G0t
� �

d3r, where
the integration is performed over the dye-filled volume within the
elementary cell (e–c), taking into account the distance dependent
number of emitters n(r). Qloc(r) is the local quantum efficiency
defining how much of the emitted power is measured in the far-
field (the internal quantum yield of the emitters was taken to be 1
in all the simulations). The local pump intensity was found to vary
by only 8% between 470 and 633 nm excitation wavelength used in
the experiment and was averaged for these values. Since this
equation yields a multi-exponential decay, a procedure equivalent
to the inverse Laplace transform was applied in order to recover the
theoretically predicted lifetime distribution, in a manner similar to
analysis of the experimental measurements.

RESULTS AND DISCUSSION

Electromagnetic waves in the metamaterial and topology of
isofrequency surfaces
Homogeneous anisotropic media support the propagation of two
types of waves that differ by their polarization. Ordinary waves (TE
modes) that have electric field normal to the metamaterial’s optical
axis E

!
>ẑ (Figure 1a) do not experience an anisotropy of dielectric

permittivity. On the other hand, extraordinary waves (TM modes) that
have magnetic field H

!
>ẑ are strongly affected by material anisotropy.

The dispersion of the extraordinary waves, the relationship between
components of the wave vector k

!
, angular frequency ω, and speed of

light c, is given by

k2x þ k2y
Ezz

þ k2z
E>

¼ o2

c2
ð6Þ

The isofrequency surface, which is defined as the locus of points with
coordinates {kx(ω), ky(ω), kz(ω)}, forms either an ellipsoid or a
hyperboloid, depending on the relationship between the signs of E>
and Ezz which, in turn, are wavelength-dependent. The geometrical
properties of this isofrequency surface are often referred to as the
optical topology of a metamaterial22. The effective permittivity of the
metamaterials used in this study (Figure 1b) shows that the composite
operates in the elliptic regime for wavelengths below the 575 nm,
exhibits ENZ response at around 575 nm, corresponding to the
effective plasma frequency23 and operates in the hyperbolic regime
for longer wavelengths. Optical topology predicted by Equation (6)
exhibits typical ellipsoidal isofrequencies for TE modes in both elliptic
and hyperbolic regimes (Figure 2a and 2b). The dispersion of TM
modes in the hyperbolic regime is described by a hyperboloid
(Figure 2d). Dispersion of TM modes in the elliptic regime is strongly
affected by material losses (cf. Supplementary Fig. S4g–i) and
represents an ellipsoid in the center of the Brillouin zone which is
increasingly deformed for higher wavenumbers (Figure 2c).
The optical topology of metamaterials has a marked effect on their

quantum optical properties, leading, theoretically, to a singularity in
the local density of optical states in homogeneous hyperbolic media24

(this effect is limited by granularity in metamaterials8). The density of
optical states affects the rate of spontaneous emission25, nonradiative
energy transfer between molecules26, and other processes. Recent
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experimental studies, mostly focused on emitters near a layered
metamaterial design, have demonstrated relatively modest 5–10 fold
enhancements of the decay rate in the hyperbolic dispersion case and
smaller enhancements in the elliptic dispersion regime22. Similar
results were reported for emitters on top of hyperbolic plasmonic
nanorod metamaterials27. Magnetic hyperbolic metamaterials pro-
vided a possibility to probe magnetic-dipole transitions28. However,
the geometry of these previous studies prevented a test of emission
dynamics in the non-local metamaterial regime, most pronounced
inside nanorod metamaterials operating in the elliptical regime7,17,29,30

(corresponding to λo575 nm for the metamaterials used in
this work).

Optical non-localities in nanorod media
There exists a frequency range in which the nanorod metamaterial
supports the propagation of not two, but three different modes7,30.
One of these modes is a TE-polarized ordinary wave (Figure 3a and
3b), while the other two waves have identical (TM) polarization, but
different effective indices. The dispersion of TM-polarized waves is
given by

k2z � nlz
� �2o2

c2

� �
k2z � Emg

>
o2

c2

� �
¼ �Emg

>

x
o2

c2
k2x ð7Þ

The topology of these waves is shown in Figure 3c and 3d).
Comparing Figure 2 and Figure 3, it is seen that while in the
hyperbolic regime the differences are minimal, the behavior in
the elliptic regime is drastically different. The isofrequency of one of
the TM polarized waves now qualitatively agrees with an ellipsoid,
predicted by Equation (6). The second, additional TM polarized mode
which is absent in the local effective medium theory, has a hyperbolic-
like topology (Figure 3c).

Transmission spectra of the slab of the metamaterial, calculated
with the local and non-local permittivity models for the metamaterial
parameters used in this work, are almost identical with small
deviations at the larger angles of incidence (Supplementary Fig. S2),
with the non-local EMT providing better correspondence to the shape
of the experimentally measured spectra (Figure 1c and 1d). Never-
theless, there is a drastic disagreement between predictions of the two
approaches for the evaluation of emission properties of the dipole
embedded inside the metamaterial. The additional wave described in
the non-local EMT represents a collective excitation of cylindrical
surface plasmons propagating on metallic nanorods17. This mode is a
metamaterial analog of collective light–matter excitations, exciton-
polaritons, that are known to enable additional waves in homogeneous
semiconductors6. In both homogeneous and composite media,
properties of additional waves can be successfully described by
introducing non-locality, that is, a wave vector dependence of the
permittivity of the material. However, although the permittivity of
homogeneous media is essentially fixed by nature, the electromagnetic
response of composites can be engineered.

Engineering non-local response by scaling metamaterial’s unit cell
and losses
The dispersion of modes in plasmonic nanorod composites can be
controlled by scaling the unit cell, a process that does not change the
local effective medium response, but does affect the non-local one.
The predicted changes in the dispersion of optical modes as a result of
geometry scaling are summarized in Figure 3e and 3f. Material losses
can be controlled by the choice of plasmonic metal or by fabrication
(for example, annealing) and serve as an additional degree of freedom
for engineering the optical properties of a metamaterial.
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The dispersion of the modes supported by the nanorod composite,
predicted by local and non-local effective medium theories clearly
shows that dispersion of TE polarized modes does not significantly
depend on materials absorption or unit cell size and is close to those
presented in Figure 2a and 2b. On the other hand, when the
metamaterial operates in the elliptical regime, absorption, along with
unit cell configuration, plays an important role in defining the
topology of TM-polarized modes (Supplementary Fig. S4). When
losses are small, the two TM polarized modes represent well-separated
branches in the wave vector space, with the lower branch having
elliptical behavior and the upper branch exhibiting hyperbolic-like
dynamics (Supplementary Fig. S4a and S4d). As the unit cell becomes
smaller, the behavior of the elliptic branch approaches predictions of
the local effective medium theory (Supplementary Fig. S4g), while the
upper branch moves ‘up’, increasing the effective index of the mode.
As losses increase, the two TM-polarized modes approach each other
(Supplementary Fig. S4b and S4c). Scaling the size of the unit cell of

metamaterial still drastically affects the topology of these waves
(Supplementary Fig. S4e and S4f). Note that when losses are high,
the local EMT converges to the upper (hyperbolic) wave
(Supplementary Fig. S4i); however, in the regime of moderate losses,
realized in our work, the local EMT becomes invalid, predicting the
response that does not match the properties of either of the two modes
of the metamaterial (Supplementary Fig. S4h). When the metamaterial
operates in the hyperbolic regime, the elliptical branch of the TM-
dispersion cuts off, and the propagation of light is dominated by the
hyperbolic branch (Supplementary Fig. S5). The effect of the spatial
dispersion is now essentially limited to a quantitative correction of the
dispersion. Decreasing the unit cell size or reducing losses causes the
dispersion to approach a ‘perfect’ hyperboloid, while decreasing the
unit cell alone causes the response to approach predictions of the local
effective medium theory.
From the point of view of a quantum emitter, an additional

electromagnetic wave represents a separate emission decay channel
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that, in turn, affects its radiation dynamics, and drastically increases
the density of optical states in the elliptic regime.

Experimental studies
The analysis of decay dynamics of four fluorescent dyes with different
emission wavelengths spanning elliptic and hyperbolic regimes and
placed inside the metamaterial is summarized in Figure 4. Although all
the studied emitters show nearly single-exponential fluorescence decays
in a homogeneous environment, the presence of plasmonic surfaces
and nanostructures makes the dynamics multi-exponential. This effect
does not represent the strong coupling regime of interaction31, but
rather is the direct result of many emitters contributing to the signal,
with each individual emitter having its own position- and polarization-
dependent decay rate in the structured environment.
Here we have used the inverse Laplace transform10, which does not

rely on any preliminary assumptions and provides the distribution of
the lifetimes present in the observations. Emitters situated above a
glass substrate show smooth localized lifetime distributions peaked
around their standard values of a few nanoseconds (Figure 5). The
comparison of emission for glass and Au interfaces reveals the
expected behavior, caused by the presence of the metal, and related
plasmonic excitations11. Once the dependence of the lifetime on the
emitter’s spatial position is taken into account, an almost perfect

agreement between theoretical predictions and experimental measure-
ments of lifetime distributions is achieved for the emitters near the
metal interface (Figure 5). The overall peak to peak rate enhancement
is less than 2. For example, the lifetime distribution for D1 emitters
(Figure 5a) is peaked at 3.9 ns, representing the reduction of the
macroscopically averaged lifetime by a factor of ~ 1.2. Spatial averaging
takes into account the random distribution of molecules inside the
sample volume. The excellent agreement between the experimental
data and the model indicates that, various possible collective effects
which could affect the dynamics, such as super-fluorescence32,33, can
be ruled out.
The dynamics measured for the emitters inside the metamaterial

exhibits even faster decay with an even broader distribution (7–100
times) of the lifetimes than for a single metal interface (Figure 5 and
Supplementary Fig. S3). The span of the lifetime distributions reflects
a strong position-dependent decay rate enhancement for the emitters
inside the nanorod array unit cell34. Substantial lifetime reduction was
observed for all wavelengths, possibly limited by the instrument
function of the measurements.
The spectral dependence of the enhancement of the emission rates

observed in experiments and obtained from direct numerical solutions
of the Maxwell equations have similar features of a broad spread of the
lifetimes at all emission wavelengths and weak wavelength dependence
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of this distribution (Figure 4b). The experimental data show that the
distribution of decay rate enhancements, from 10 to 100 (for the high
and low-lifetime cut-offs, respectively, at 10% of the modal lifetime
contribution), is almost independent of the wavelength across the
elliptic, ENZ and hyperbolic regimes (Figure 4b). Local EMT predicts
a strong enhancement of the decay rate in the ENZ regime, in sharp
contrast with the observed behavior. At the same time, the experi-
mental data are in closer agreement with predicted wavelength
dependence of the decay rate given by non-local EMT. The remaining
quantitative difference between the predictions of non-local effective
medium theory (that averages the response of the composite) and
experimental data stems from strong dependence of density of optical
states on the position of the dipole within the unit cell10. Numerical
modelling of a dipole emission inside the nanorod composites
(Supplementary Fig. S3) confirms this position dependence and is
also in agreement with the experimental data and the non-local theory.
It should be noted that neither local nor non-local effective medium
calculations allow discrimination of the emitter position in the unit
cell of the array. Therefore, both EMTs provide an estimate of the
average lifetime. Nevertheless, the transfer matrix-based mode-match-
ing formalism allows additional averaging of the lifetime over emitter
position along the nanorod length.
It is important to underline that both local and non-local effective

medium theories predict almost identical transmission and reflection

spectra of metamaterials (Supplementary Fig. S2), as the plane wave,
incident from vacuum, only weakly couples to high-index additional
waves inside the metamaterial. At the same time, point dipoles
emitting from within the composite can successfully couple to these
high-index modes, enabled by spatial dispersion. In fact, emission into
additional waves dominates the decay dynamics while the metamater-
ial operates in the elliptical regime.

Engineering emission lifetime with metamaterial nonlocality
Adjusting the geometry and/or composition of a metamaterial opens
the door for engineering quantum optical effects inside the compo-
sites. This is illustrated in Figure 4c where the lifetime dynamics in the
composites studied above are compared with dynamics of emission in
a similar metamaterial with nanorod diameter and unit cell dimension
scaled by 50%. It is interesting to note that the reduction of the unit
cell does not make the optical response of metamaterial appear more
local; i.e., it does not lead to the enhancement of local density of states
at ENZ and hyperbolic frequencies. Rather, 3D numerical simulations
and non-local effective medium theory predict that the reduction of
unit cell size yields a further, order of magnitude, broadband
enhancement of decay rate (Figure 4c and Supplementary Fig. S3c
and S3d), despite the local effective medium parameters of the
metamaterial being the same.
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In order to check the stability of the non-local EMT approach to the
lifetime modification estimations, we have varied the metamaterial
geometrical parameters near the nominal parameters of the metama-
terial used in the experiments (Supplementary Fig. S6). The obtained
lifetime modifications are close to each other with similar spectral
variations and all fall within the range of lifetimes predicted by the
numerical simulations (Figure 4b).
Note that both non-local EMT and numerical solutions of Maxwell

equations predict comparable enhancement of decay rate as a result of
the unit cell reduction. As before, the quantitative difference between
predictions of non-local EMT and numerical solutions reflects the
limitation of an effective medium response, that nevertheless reveals
the important physics and provides a relatively fast estimate of the
radiation decay enhancement. Numerical solutions of Maxwell equa-
tions enable one to calculate the detailed optical response at any
location at the expense of computational complexity and time.

Non-local homogenization theory for designs of large-scale hybrid
optical sources
Understanding and predicting light–matter interactions can be dras-
tically improved with the help of adequate homogenization theory.
Local effective medium theories, under some conditions, provide an
avenue to understand and design transmission and reflection of
composite media. However, as shown above, a local EMT drastically
fails when applied to calculations of a macroscopic Purcell effect. At
the same time, a non-local EMT can be used to calculate Purcell
enhancement in nanorod composites. From the fundamental science
standpoint, non-local EMT provides a quantitative description light-
mater interaction processes inside composite and identifies the
dominant decay channels for the molecules, and can be used to
engineer these channels. From the applications standpoint, non-local
EMT allows one to avoid complex and extremely time- and memory-
consuming numerical solutions of Maxwell equations for applications
that rely on macroscopic number of fluorophores, distributed
throughout the composite. In applications that require analysis of a
position-dependent Purcell effect, numerical solutions of Maxwell
equations cannot be avoided.

CONCLUSION

In summary, spontaneous radiation of an emitter inside nanorod-based
metamaterials exhibiting non-local electromagnetic behavior was
experimentally demonstrated and analyzed theoretically and numeri-
cally. It was shown that the effect of structural non-locality which
results in the so-called additional electromagnetic modes in the
metamaterial has significant impact on the density of photonic states
inside the composite media and, as the result, quantum electrodynamic
processes. The modal structure of a non-local composite material has a
major impact on spontaneous decay dynamics, setting a fundamental
limit on the overall emission rate enhancement and determines its
spectral behavior. Careful consideration of structural non-locality
allows the design of the density of optical states with geometrical
parameters of the metamaterial composite beyond the limitations of
the standard effective medium model, thus opening new opportunities
for engineering and tailoring quantum optical processes inside
metamaterials.

CONFLICT OF INTEREST
The authors declare no conflict of interest.

ACKNOWLEDGEMENTS

This work has been funded in part by ESPRC (UK), the ERC iPLASMM project

(321268), and the US Army Research Office (Grant No. W911NF-12-1-0533).

AZ acknowledges support from the Royal Society and the Wolfson Foundation.

PG acknowledges TAU Rector Grant and German-Israeli Foundation (GIF,

grant number 2399). The data access statement: all the data supporting this

research are presented in full in the results section and the supplementary

information.

1 de Broglie L. XXXV. A tentative theory of light quanta. Philos Mag Lett 2006; 86:
411–423.

2 Einstein A, Podolsky B, Rosen N. Can quantum-mechanical description of physical
reality be considered complete? Phys Rev 1935; 47: 777–780.

3 Bell JS. On the problem of hidden variables in quantum mechanics. Rev Mod Phys
1966; 38: 447–452.

4 Freedman SJ, Clauser JF. Experimental test of local hidden-variable theories. Phys Rev
Lett 1972; 28: 938–941.

5 Aspect A, Grangier P, Roger G. Experimental realization of einstein-podolsky-rosen-
bohm gedankenexperiment : a new violation of Bell’s inequalities. Phys Rev Lett 1982;
49: 91–94.

6 Agranovich VM, Ginzburg VL. Crystal Optics with Spatial Dispersion, and Excitons 2nd
edn. Pergamon Press: New York, USA, 1984.

7 Pollard RJ, Murphy A, Hendren WR, Evans PR, Atkinson R et al. Optical nonlocalities
and additional waves in epsilon-near-zero metamaterials. Phys Rev Lett 2009; 102:
127405.

8 Poddubny AN, Belov PA, Ginzburg P, Zayats AV, Kivshar YS. Microscopic
model of Purcell enhancement in hyperbolic metamaterials. Phys Rev B 2012; 86:
035148.

9 Lakowicz JR. Principles of Fluorescence Spectroscopy 3rd edn. Springer: USA, 2006.
10 Provencher SW. Inverse problems in polymer characterization: Direct analysis of

polydispersity with photon correlation spectroscopy. Die Makromol Chemie 1979; 180:
201–209.

11 Ford GW, Weber WH. Electromagnetic effects on a molecule at a metal surface. Surf Sci
1981; 109: 451–481.

12 Vogel W, Welsch DG. Quantum Optics 3rd edn. Wiley-VCH: Weinheim, Germany, 2006.
13 Ginzburg P. Cavity quantum electrodynamics in application to plasmonics and

metamaterials. Rev Phys 2016; 1: 120–139.
14 Wangberg R, Elser J, Narimanov EE, Podolskiy VA. Nonmagnetic nanocomposites for

optical and infrared negative-refractive-index media. J Opt Soc Am B 2006; 23:
498–505.

15 Zhukovsky SV, Andryieuski A, Takayama O, Shkondin E, Malureanu R et al.
Experimental demonstration of effective medium approximation breakdown
in deeply subwavelength all-dielectric multilayers. Phys Rev Lett 2015; 115:
177402.

16 Lissberger PH, Nelson RG. Optical properties of thin film Au-MgF2 cermets. Thin Solid
Films 1974; 21: 159–172.

17 Wells BM, Zayats AV, Podolskiy VA. Nonlocal optics of plasmonic nanowire metamater-
ials. Phys Rev B 2014; 89: 035111.

18 Novotny L, Hecht B. Principles of Nano-Optics 2nd edn. Cambridge University Press:
Cambridge, UK, 2012.

19 Brueck SRJ. Radiation from a dipole embedded in a dielectric slab. IEEE J Sel Top
Quantum Electron 2000; 6: 899–910.

20 Podolskiy VA, Ginzburg P, Wells B, Zayats A. Light emission in nonlocal plasmonic
metamaterials. Faraday Discuss 2015; 178: 61–70.

21 Atre AC, Brenny BJM, Coenen T, García-Etxarri A, Polman A et al. Nanoscale optical
tomography with cathodoluminescence spectroscopy. Nat Nanotechnol 2015; 10:
429–436.

22 Krishnamoorthy HNS, Jacob Z, Narimanov E, Kretzschmar I, Menon VM. Topological
transitions in metamaterials. Science 2012; 336: 205–209.

23 Vasilantonakis N, Wurtz GA, Podolskiy VA, Zayats AV. Refractive index sensing with
hyperbolic metamaterials: strategies for biosensing and nonlinearity enhancement. Opt
Express 2015; 23: 14329–14343.

24 Jacob Z, Smolyaninov II, Narimanov EE. Broadband Purcell effect: Radiative decay
engineering with metamaterials. Appl Phys Lett 2012; 100: 181105.

25 Purcell EM. Spontaneous emission probabilities at radio frequencies. Phys Rev B 1946;
69: 674.

26 Tumkur TU, Kitur JK, Bonner CE, Poddubny AN, Narimanov EE et al. Control of Förster
energy transfer in the vicinity of metallic surfaces and hyperbolic metamaterials.
Faraday Discuss 2015; 178: 395–412.

27 Tumkur T, Zhu G, Black P, Barnakov YA, Bonner CE et al. Control of spontaneous
emission in a volume of functionalized hyperbolic metamaterial. Appl Phys Lett 2011; 99:
151115.

28 Kruk SS, Wong ZJ, Pshenay-Severin E, O’Brien K, Neshev DN et al.Magnetic hyperbolic
optical metamaterials. Nat Commun 2016; 7: 11329.

29 Wurtz GA, Pollard R, Hendren W, Wiederrecht GP, Gosztola DJ et al. Designed ultrafast
optical nonlinearity in a plasmonic nanorod metamaterial enhanced by nonlocality. Nat
Nanotechnol 2011; 6: 107–111.

Spontaneous emission in non-local materials
P Ginzburg et al

9

Light: Science & Applicationsdoi:10.1038/lsa.2016.273

http://dx.doi.org/10.1038/lsa.2016.273


30 Tsai KT, Wurtz GA, Chu JY, Cheng TY, Wang HH et al. Looking into meta-atoms of
plasmonic nanowire metamaterial. Nano Lett 2014; 14: 4971–4976.

31 Scully MO, Zubairy MS. Quantum Optics. Cambridge University Press: Cambridge, UK,
1997.

32 Bonifacio R, Lugiato LA. Cooperative radiation processes in two-level systems: Super-
fluorescence. Phys Rev A 1975; 11: 1507–1521.

33 Martín-Cano D, Martín-Moreno L, García-Vidal FJ, Moreno E. Resonance energy transfer
and superradiance mediated by plasmonic nanowaveguides. Nano Lett 2010; 10:
3129–3134.

34 Slobozhanyuk AP, Ginzburg P, Powell DA, Iorsh I, Shalin AS et al. Purcell effect in
hyperbolic metamaterial resonators. Phys Rev B 2015; 92: 195127.

This work is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivs 4.0 International License. The images or

other third party material in this article are included in the article’s Creative Commons
license, unless indicated otherwise in the credit line; if the material is not included under
the Creative Commons license, users will need to obtain permission from the license
holder to reproduce the material. To view a copy of this license, visit http://
creativecommons.org/licenses/by-nc-nd/4.0/

r The Author(s) 2017

Supplementary Information for this article can be found on the Light: Science & Applications’ website (http://www.nature.com/lsa).

Spontaneous emission in non-local materials
P Ginzburg et al

10

Light: Science & Applications doi:10.1038/lsa.2016.273

http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://dx.doi.org/10.1038/lsa.2016.273


FU
LL P

A
P
ER

© 2017 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim wileyonlinelibrary.com (1 of 7) 1600941

Control of the Stokes Shift with Strong Coupling

Ekembu K. Tanyi, Hannah Thuman, Nicolas Brown, Samantha Koutsares, 
Viktor A. Podolskiy, and Mikhail A. Noginov*

E. K. Tanyi, S. Koutsares, Prof. M. A. Noginov
Center for Materials Research
Norfolk State University
Norfolk, VA 23504, USA
E-mail: mnoginov@nsu.edu
H. Thuman, N. Brown
Summer Research Program
Center for Materials Research
Norfolk State University
Norfolk, VA 23504, USA
H. Thuman
Department of Materials Science and Engineering
Cornell University
Ithaca, NY 14853, USA
Prof. V. A. Podolskiy
Department of Physics
University of Massachusetts Lowell
Lowell, MA 01854, USA

DOI: 10.1002/adom.201600941

A stronger coupling can be achieved 
if a molecule is placed into a small reso-
nant Fabry–Perot cavity or to a vicinity 
of a nanostructure supporting surface 
plasmon (SP) resonance. The time evolu-
tion of the two coupled oscillators, e.g., a 
cavity and a molecule, can be described 
as a linear superposition of their normal 
hybrid modes.[4] The even (odd) oscillation 
mode has the higher (lower) frequency, 
ω± = ω0 ± Δ, and corresponds to the upper 
(lower) branch of the dispersion curve. 
(Here Δ is the coupling frequency and the 
frequencies of uncoupled oscillators ω0 are 
assumed to be the same.) If Δ exceeds all 
relaxation rates in the system, the disper-
sion curve features the avoided crossing 
and the well-resolved energy gap known 
as the normal mode splitting or the Rabi 
splitting[4,5] (Figure 1a,b). This criterion 

does not require the coupling to be large,[3,4] e.g., ≈5 meV,[6] as 
long as all relaxation processes of importance are sufficiently 
slow. This is often the case of single quantum emitters coupled 
to cavities.[7,8] We also propose in Figure 1c,d a model to explain 
this splitting behavior, which shall be discussed in detail shortly.

On the other hand, as the splitting energy 2Δ is getting 
comparable to ω0, one enters the so-called ultrastrong cou-
pling regime.[9] This is the case of large ensembles of dye 
molecules coupled to plasmonic nanostructures and resonant 
cavities, which routinely leads to the normal mode splitting 
(proportional to the square root of the molecular number den-
sity /N V )[4] of the order of 1 eV.[10] Such a large change in 
the eigenvalues of the hybrid modes paves the way to unprec-
edented control of electrical conductivity,[11] excitation trans-
port,[12] surface potential,[13] and rates of chemical reactions.[9]

Early research of the strong coupling was focused on 
quantum wells in resonant Bragg cavities.[5] In more recent 
years, this phenomenon has been studied at low and high 
(room) temperatures in multiple quantum and classical sys-
tems, including quantum dots,[7] single molecules,[8] and large 
molecular ensembles[14,15] interacting with localized and propa-
gating SPs,[15,16] and cavities.[8,9,17]

In spite of large-scale theoretical and experimental efforts, 
some fundamental aspects of the strong coupling remain to 
be unexplored. One of them is the debated applicability of the 
quantum mechanical model to large ensembles of molecules, 
which may be possible if the latter act as one “giant atom,”[4] 
providing for coherent spontaneous emission,[18,19] and energy 
oscillations.[20] This fundamental question and the intriguing 

Strong coupling of excitons in macroscopic ensembles of quantum emit-
ters and cavities (or surface plasmons) can lead to dramatic change of the 
optical properties and modification of the dispersion curves, characterized 
by the normal mode splitting of the order of 1 eV. Such gigantic alteration of 
the hybrid energy states enables scores of unparalleled physical phenomena 
and functionalities, ranging from enhancement of electrical conductivity to 
control of chemical reactions. While coupling of single emitters to a cavity 
is a pure quantum mechanical phenomenon, the origin of the strong cou-
pling involving large ensembles of molecules is the subject of controversy. 
In this work, the strong coupling of rhodamine 6G dye molecules with silver 
Fabry–Perot cavities is studied and the significant increase of the Stokes shift 
between the excitation and the emission bands of hybridized molecules is 
demonstrated. The proposed empirical model of the underlying physics calls 
for the quantum mechanical parity selection rule.

1. Introduction

It is known that absorption and emission properties of mol-
ecules can be modified by inhomogeneous dielectric environ-
ments.[1–4] (Here we use the term molecules, in a broader sense, 
to refer to a variety of absorbing and emitting centers.) In the 
simplest case, the vicinity to a mirror can modify the sponta-
neous emission rate of a molecule;[1] however, it does not affect 
its energy eigenvalues. This is an example of a weak coupling 
of a molecule with its electromagnetic environment.
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underlying physics of the strong coupling phenomenon moti-
vated our current study.

2. Results

The experimental samples in our work were 
silver Fabry–Perot cavities filled with the 
poly(methyl methacrylate) (PMMA) polymer 
impregnated with the rhodamine 6G (R6G) 
dye (Figure 2a). The reflectance spectra of 
such cavities were collected using the setup 
in Figure 2b, while the emission and excita-
tion spectra were collected using Figure 2c. 
The back mirror was highly reflective, while 
the front mirror was semi-transparent. The 
dye-doped polymer (deposited on glass) 
has the absorption maximum at ≈530 nm 
and the emission maximum at ≈570 nm 
(Figure 3a), with the tendency of a red shift 
and line broadening with the increase of the 
dye concentration (Figure 3b). As emission 
in strongly coupled systems was of primary 
interest to this research, the thickness of the 
R6G:PMMA film was chosen for the cavity 
to be resonant with the emission transition 
(Figure S1a, Supporting Information). The 

design, optimization, and fabrication of the dye-filled cavities 
are discussed in the Experimental Section.

The reflectance spectra R(λ) of the cavities have been studied 
as the function of the incidence angle in p and s polarizations 
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Figure 1. Spectroscopic model. a) Energy diagram of the strong coupling of a molecule with the cavity. |S0〉 and |S1〉 are the ground and the excited 
states of a molecule; ℏωc is the resonance energy of a cavity; |0〉 is the ground state and |P+ 〉 and |P− 〉 are the two (split) excited states of the strongly 
coupled system. The arrows show the allowed and forbidden absorption and emission transitions. b) Dispersion curve of a strongly coupled system, 
plotted in the {energy} versus {wavevector} coordinates, featuring the avoided crossing and the normal mode (or Rabi) splitting. The fuzziness of 
the traces indicates the spectral widths of the energy bands. Adopted and modified from ref. [2]. c) Energy diagram of a dye molecule depicting 
energy states |S0〉 and |S1〉 as parabolas and showing the interstate (|1〉 → |2〉 and |3〉 → |4〉) and the intrastate ((|2〉 → |3〉 and |4〉 → |1〉)) transitions.  
d) Energy diagram for a molecule in (c) coupled with the cavity. The molecular excited state |S1〉 is transformed into two polariton states |P+ 〉 and |P− 〉.

Figure 2. Experimental cavity samples and setups. Schematics of the a) cavity sample,  
b) angularly resolved reflectance measurement, and c) angularly resolved emission and excita-
tion measurements. All angles are measured from the normal to the sample (dashed line).
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(Figure 2b). At small dye concentration, n ≤ 1 × 1019 cm−3  
(in solid state), the reflectance spectrum has one pronounced 
dip, corresponding to the λ/2 cavity resonance (Figures SI1b 
and SI1c, Supporting Information). With increase of the 
dye concentration (n ≥ 3 × 1019 cm−3), the dip in the cavity’s 
reflectance spectrum develops a shoulder (Figure 3a), and at  
n ≥ 1 × 1020 cm−3 it splits into two, as expected in the strong 
coupling regime[4,5] (Figure 3b).

At n = 5.2 × 1020 cm−3 and small incidence angle (3°), 
the reflection spectrum had two minima, at λ1 = 638 nm 
(ω1 = 2.95 × 1015 rad s−1) and λ2 = 492 nm (ω2 = 3.83 × 1015 
rad s−1) (Figure 4a). At inclined incidence, both reflection dips 
shifted to shorter wavelengths, in agreement with the theo-
retical predictions (see the Experimental Section) (Figure 4b). 
Figure 4 also depicts the angular dependencies of emission 
(Figure 4c) and excitation (Figure 4d). The positions of the 
minima plotted in the {frequency} versus {wavenumber} coor-
dinates resulted in the dispersion curve featuring the lower and 

the upper polariton branches, which were slightly different in 
p and s polarizations (Figure 5). The energy (frequency) dif-
ference between the two branches, 2Δ =ω2 − ω1, which was 
close to its minimum at nearly normal incidence, was only 
four times smaller than the central frequency, ω0 = (ω1 + ω2)/2 
(2Δ/ω0 ≈ 0.26). Therefore, at n = 5.2 × 1020 cm−3 the exciton-
cavity interaction was nearing the ultrastrong coupling regime.

The emission and excitation spectra of the R6G:PMMA film 
on glass, n = 5.2 × 1020 cm−3, are depicted in Figure 3c. In line 
with the literature,[21] they are asymmetrical and appear to be 
mirror images of each other. When the same highly doped 
R6G:PMMA film was placed inside the 140 nm cavity that was 
resonant with the R6G emission band: (i) the excitation and the 
emission spectral bands became more symmetrical (Figure 3c) 
and (ii) the excitation (emission) band shifted to the shorter 
(longer) wavelengths, thus increasing the molecule’s Stokes 
shift. The latter finding is among the central results of this 
study. (Note that the excitation and the emission bands of the 
R6G dye in the cavity cannot be obtained by mere multiplica-
tion of the respective spectral bands of the dye on glass and the 
cavity’s absorption, calculated as (1 − R) × 100%).

Emission spectra recorded at multiple orientations of the 
sample relative to the detector demonstrate blue shift with 
increase of the detection angle (Figure 4c). Although the emis-
sion was not intentionally polarized, the p polarized component 
was nearly ten times larger than the s polarized component 
(due to strongly different transmission of the vertically and 
horizontally polarized light by the monochromator). When 
the positions of the emission maxima were plotted on top 
of the dispersion curve in Figure 5, they formed the branch, 
which was reasonably close to that obtained from the reflection 
measurements. The difference between the dispersion curves 
measured in the emission and reflection experiments suggests 
(in line with ref. [22]) that excited and ground state molecules 
couple to the cavity differently.

The polarized emission spectra, recorded at the angle ϕ = 63° 
(Figure 2c) had noticeable shift between p and s polarizations. 
The ordering of the corresponding emission maxima matched 
that of the p polarized and s polarized low polariton branches 
of the dispersion curves deduced from the reflectance measure-
ments (Figure 5).

Surprisingly, with increase of the incidence angle 
θ (Figure 2c), the excitation spectrum shifted toward longer 
wavelength (Figure 4d), resulting in the negative slope of the 
corresponding dispersion curve (Figure 5). Therefore, with 
increase of the excitation and collection angles, the Stokes 
shift is getting smaller, becoming closer to that in R6G:PMMA 
deposited on glass.

3. Discussion

To explain the observed behavior, we follow the spectroscopic 
model of a dye molecule that is comprised of two parabolas, 
plotted in the {energy} versus {interatomic distance} coordi-
nates, representing the ground state S0 and the excited state S1 
(Figure 1c).[23] The parabolas are slightly shifted relative to each 
other, signifying different equilibrium interatomic distances r 
for S0 and S1. The absorption |1〉 → |2〉 and emission |3〉 → |4〉 
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Figure 3. Spectroscopic properties of R6G:PMMA with and without 
cavity. a,b) Absorbance (1) and emission (2) of R6G:PMMA deposited 
on glass and reflection of the R6G:PMMA filled resonant cavity at nearly 
normal incidence (3); a) n = 2.9 × 1019 cm−3 and b) n = 4.3 × 1020 cm−3. 
c) Emission spectrum (1) and excitation spectrum (2) of the R6G:PMMA 
film deposited on glass (n = 5.2 × 1020 cm−3). Emission spectrum (3) and 
excitation spectrum (4) of the same R6G:PMMA film in the cavity. Reflec-
tion spectrum of the cavity at near normal incidence (5); (d = 140 nm, 
from comparison with the COMSOL modeling). All absorbance, emission 
and excitation spectra are normalized to unity.
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transitions are so fast that they occur without change of r,[23–27] 
while the following energy relaxation to the bottom of each 
parabola is accompanied by the modification of r. This model is 
commonly used to illustrate the Stokes shift between the emis-
sion and the absorption and explain the quasi four-level laser 
action in a nominally two-level gain medium.[23–25]

To explain the increase of the Stokes shift in dye-doped cavi-
ties (as compared to that in uncoupled molecules on glass), 
we propose the heuristic model combining the two concepts 
illustrated in Figure 1a,c. We infer that when the molecule 
(Figure 1c) is strongly coupled with the cavity (Figure 1a), the 
excited state parabola splits into two hybrid polariton branches 
(Figure 1d). This gives rise to two absorption transitions, |1〉 → 
|2P + 〉 and |1〉 → |2P − 〉, and two emission transitions, |3P + 
〉 → |4〉 and |3P − 〉 → |4〉. Assuming that the energy separa-
tion between the hybrid states |P + 〉 and |P − 〉 is not too large, 
depopulation of the state |3P + 〉 is dominated by the nonra-
diative decay |3P + 〉 → |3P − 〉, and the quantum yield of the 
|3P + 〉 → |4〉 emission is small.[21,28] Therefore, only one emis-
sion transition, |3P − 〉 → |4〉 (Figure 1d), which is red shifted 
in comparison with the |3〉 → |4〉 transition in uncoupled mol-
ecules (Figure 1c), remains possible.

When excitation of the state |2P + 〉 (at the transition |1〉 → 
|2P + 〉) is followed by the intracentral relaxation |2P + 〉 → |3P 
− 〉, the state |3P − 〉 becomes populated and the |3P − 〉 → |4〉 
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Figure 4. Angularly resolved spectra. a) Experimental p polarized reflectance spectra of the cavity (d = 140 nm, from comparisons with COMSOL mod-
eling, n = 5.2 × 1020 cm−3) measured at different incidence angles. The spectra are normalized to 100% in the maximum and shifted relative to each 
other for easier observation. b) Same spectra calculated with COMSOL. Qualitatively similar experimental and calculated spectra have been obtained 
for s polarization. c) Nominally unpolarized emission and d) excitation spectra of the same cavity measured at multiple collection and incidence angles.

Figure 5. Dispersion curves. (Right) The dispersion curves for the upper 
and lower polaritonic branches in p polarization (open dark blue circuits) 
and s polarization (solid red squares) obtained by mapping the minima 
in the reflection spectra recorded at multiple incidence angles. Yellow 
triangles: the dispersion curve obtained by mapping the maxima in the 
emission spectra recorded at multiple orientation of the sample relative 
to the detector (nominally not polarized, with prevailing p polarization). 
Purple crosses ( ): the dispersion curve obtained by mapping maxima in 
the excitation spectra recorded at multiple incidence angles. Crosses   
and : data obtained from the polarized emission spectra collected 
at ϕ = 63°. (Left) Normalized emission and excitation spectra of the 
R6G:PMMA film on glass (n = 5.2 × 1020 cm−3).
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emission can be observed. Since the polariton branches |P + 〉 
and |P − 〉 have different parity, the transition |2P + 〉 → |3P − 〉  
is parity allowed. On the other hand, when the hybrid state 
|2P − 〉 is excited (at the transition |1〉 → |2P − 〉), the intracen-
tral relaxation |2P − 〉 → |3P − 〉 is parity forbidden, the state 
|3P − 〉 is not populated, and no luminescence originating from 
this state is expected. Correspondingly, the only transition, |1〉 
→ |2P + 〉, observed in the excitation spectrum of lumines-
cence is blue shifted in comparison with that in uncoupled 
molecules |1〉 → |2〉, compare Figure 1c,d. (Note that the transi-
tion |2P + 〉 → |3P + 〉 is also parity forbidden. This is another 
reason why no emission originating from the state |3P + 〉 is 
predicted.)

The proposed heuristic model qualitatively explains why the 
Stokes shift in resonant cavities filled with R6G:PMMA is larger 
than that in the same dye-doped films deposited on glass. It may 
also explain the seemingly paradoxical result of ref. [29]—that 
in resonant cavities strongly coupled with dye molecules, the 
emission originating from the low polariton state |P − 〉 can be 
observed at optical excitation of the upper polariton state |P + 〉  
(at the transition |0〉 → |P + 〉) but not at direct pumping of 
the low polariton state |P − 〉 (at the transition |0〉 → |P − 〉)  
(Figure 1a).

Exploring the proposed model even further, we infer that 
while the cavity is resonant with the emission band in the 
normal direction (see the Experimental Section), it loses the res-
onance (and, thus, the strong coupling-related phenomena) for 
the emission propagating (or excited) in an inclined direction. 
Therefore, with increase of the emission collection (or excita-
tion) angle, the Stokes shift between the emission and the exci-
tation bands is expected to decrease, returning to its value in 
uncoupled dye molecules on glass. Correspondingly, the emis-
sion (excitation) band is predicted to shift to shorter (longer) 
wavelengths—the behavior observed in our experiment.

Lastly, although the detailed analysis of the spectral line-
shapes is beyond the scope of this paper, one can infer that 
some ensembles of dye molecules, contributing to the inho-
mogeneously broadened emission and excitation bands, are 
coupled to the cavity better than others. This may explain 
reshaping of the excitation and emission spectra in the cavity, 
which became more symmetrical (Figure 3b), and narrowing 
of the emission band, which was better coupled to the cavity 
(closer to the cavity resonance) than the excitation band.

4. Summary

To summarize, we have demonstrated strong coupling of exci-
tons in the dye-doped polymer (R6G:PMMA) and silver Fabry–
Perot cavities, which were made to be resonant with the dye’s 
emission band. At dye concentration n ≥ 3 × 1019 cm−3, the 
samples’ reflection spectra featured two dips, whose spectral 
positions depended on n as well as the reflection angle and the 
polarization. At n = 5.2 × 1020 cm−3, the positions of the reflec-
tance dips, plotted in the {frequency} versus {wavenumber} 
coordinates, resulted in the dispersion curve comprised two 
polariton branches, whose splitting, 0.57 eV, was 26% of the 
central energy, 2.23 eV, suggesting that the system neared the 
ultrastrong coupling regime. The experimental reflectance 

spectra were in a good agreement with the classical electrody-
namics model (see the Experimental Section).

The behavior of emission was even more exciting. Thus, in 
the cavity strongly coupled with dye molecules, the emission 
and the excitation bands changed their shapes and became 
more symmetrical. Furthermore, in the cavity, the dye’s 
emission (excitation) band experienced the red (blue) shift, 
increasing the Stokes shift in the strongly coupled system. 
When the emission was excited and/or collected in inclined 
directions, the emission band experienced the blue shift, closely 
following the low polariton branch obtained in the reflectance 
experiment. At the same time, the excitation band experienced 
the red shift, moving toward its position in uncoupled mole-
cules on glass. This led to the negative slope of the excitation 
dispersion curve and the reduction of the Stokes shift. This 
intriguing behavior of the emission and the excitation bands as 
well as the Stokes shift are explained in terms of the phenom-
enological spectroscopic model taking into account (i) hybridi-
zation and splitting of the excited state parabolas, (ii) odd and 
even parity of the wave functions corresponding to the low and 
high polariton branches, and (iii) parity forbidden transitions 
within the same polariton branch.

5. Experimental Section
Cavity Design: Modeling and Calculations—Material Parameters: PMMA 

was assumed to have the index of refraction n = 1.5[30] throughout the 
spectral range of interest (300–1000 nm), while the spectrum of the 
complex dielectric permittivity of Ag was adopted from literature.[31] The 
absorption spectrum of the Rhodamine 6G dye has the maximum at 
λ ≈ 530 nm and the shoulder at λ ≈ 490 nm; the latter is particularly 
pronounced at high dye concentration (Figure 3b). Therefore, the 
spectrum of dielectric permittivity of the dye-doped polymer was 
modeled as a sum of two Lorentz oscillators[32] embedded in the PMMA 
host matrix.[33] The strengths, the spectral positions and the line-widths 
of the Lorentzian spectral bands were used as fitting parameters to 
match the experimentally measured absorption spectrum.

Resonance Frequency of the Cavity without Dye: Since coupling of 
excitons and a cavity is strongest when the two resonance frequencies 
match, the authors first calculated the dependence of the resonant 
frequency on the size of the cavity filled with undoped PMMA. The 
cavity consisted of the 100 nm silver film deposited on glass (nearly 
100% reflective back mirror), PMMA films of varied thickness, and 
25 nm silver film on the top (semi-transparent mirror) (Figure 2a). The 
solutions of the Maxwell equations were performed with the transfer 
matrix based calculator[34] for the normal incidence of light. The 
dependence of the resonance wavelength on the cavity size d is depicted 
in Figure SI1a in the Supporting Information, while Figures SI1b and 
SI1c in the Supporting Information show the field distribution within 
cavity. The d = 122 nm cavity was predicted to be in resonance with the 
R6G absorption band (λ = 530 nm), while d = 138 nm approximately 
corresponds to the emission band (λ = 580 nm), which is of primary 
interest to this study.

Numerical Solutions of Maxwell Equations: Maxwell equations were 
solved with commercial finite-element-method (FEM) solver, COMSOL 
Multiphysics. Schematic geometry of the Fabry–Perot cavities in the 
model was identical to the one described in Figure 2a. To mimic plane 
wave excitation of the sample, periodic boundary conditions were used 
on the left and right boundaries, while plane-wave ports were used 
for horizontal boundaries. To minimize possible near-field artifacts, 
excitation port was positioned 1 µm away from the dielectric layer. The 
reflectance spectra were calculated for both p and s polarizations and 
multiple angles of incidence.
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The authors first calculated the series of normal incidence reflectance 
spectra for the cavities of different size d (Figure SI2a, Supporting 
Information). Dye concentration in the model corresponded to 
n = 5.2 × 1020 cm−3. Besides the two expected dips corresponding to the 
upper and the lower hybrid states, the calculated spectra featured the 
relatively minor middle dip, which was due to the fact that the absorption 
spectrum of R6G:PMMA consisted of two partly overlapping bands. 
(Similar middle dips, although of smaller scale, have been observed 
in the experimental reflectance spectra, Figure 4a.) The positions of 
the dips in the reflectance spectra, plotted in the {frequency} versus 
{inverse cavity size} coordinates, resulted in the three branches of the 
dispersion curve depicted in Figure SI2b in the Supporting Information. 
The upper and the lower polariton branches had the minimal energy 
splitting, corresponding to the strongest coupling between the cavity 
and the dye-doped polymer, at d ≈ 120 nm (Figure SI2c, Supporting 
Information). The same optimal size was predicted (above) to provide 
for the resonance of the PMMA-filled cavity at the frequency of the R6G 
absorption band (Figure SI1a, Supporting Information).

Similar FEM model was used to calculate the spectra of reflectance 
at multiple incidence angles (Figure 4b) and compare the result with the 
experimental data (Figure 4a). The best agreement between the theory 
and the experiment was observed at d = 140 nm—the targeted cavity 
size supporting the resonance at the frequency of the R6G emission 
band. The corresponding calculated and experimental dispersion curves 
are depicted in Figures SI3a and SI3b in the Supporting Information.

Fabrication: The design and the targeted dimensions of the Fabry–
Perot cavities are depicted in Figure 2a. Silver films were fabricated using 
the thermal vapor deposition technique (Edwards 306 Evaporator).

To prepare R6G:PMMA films with the desired concentration of the 
R6G dye, the authors first dissolved mR6G g of rhodamine 6G chloride 
(R6G, MR6G = 464.98 g mol−1)[35] in dichloromenthane (DCM) and then 
dissolved in the same solution mPMMA g of poly(methyl methacrylate) 
(PMMA, m.w. = 120 000 a.u.). The dissolution was done in an ultrasonic 
bath at room temperature, ≈5 min for R6G and ≈15 min for PMMA. The 
viscosity of the solution was regulated by the amount of the solvent.

Knowing the density of R6G, ρR6G = 1.26 g cm−3,[36] and PMMA, 
ρPMMA = 1.18 g cm−3,[30] the authors evaluated, in the first approximation, 
the concentration of R6G molecules in the solid R6G:PMMA compound 

(without solvent) as [cm ] ( )3 R6G

R6G
A

R6G

R6G

PMMA

PMMA

1n m
M

N m m
ρ ρ= +− − , where NA 

is the Avogadro number. The corresponding molar concentration is 
c n N[mol L ] 10001

A
1=− −  and the mass of R6G per liter (cubic decimeter) 

of the solid compound is η[g L−1] = 1000MR6Gn NA
–1.

In formulation of the highly doped R6G:PMMA polymer used in the 
majority of the experiments, mR6G ≈ 0.03 g of R6G and mPMMA ≈ 0.06 g of 
PMMA were dissolved in ≈10 mL of DCM, resulting in n = 5.2 × 1020 cm−3 
(c = 0.86 mol L−1 and η = 4.2 × 102 g L−1).

The prepared solutions were spin coated onto silver films (using the 
Model 6800 and the Spincoat G3P-8 spin coaters from Specialty Coating 
Systems) employing the optimized three-step recipe.

To determine the thickness of the deposited silver and polymeric 
layers, the films were scratched in several locations, after which the 
thickness was measured using the DekTak XT profilometer (from 
Bruker). The results were averaged over several tests. In the calibration 
measurements performed on metallic and polymeric test samples, the 
film thickness measured with the profilometer was compared with that 
measured with scanning electron microscope (SEM) on the focused 
ion beam (FIB)-cut cross-section of the multilayered stack. The good 
agreement between the results of the two measurements (Ag: 44 nm 
measured with the profilometer and 45 nm measured with SEM; 
polymer: 69 nm measured with the profilometer and 75 nm measured 
with SEM) guaranteed high accuracy of the thickness measurements.

Spectroscopic Measurements: The reflectance spectra of the cavity 
samples were studied as the function of the incidence angle in p and s 
polarizations in the spectrophotometer setup equipped with the 150 mm 
integrating sphere (Lambda 900 from PerkinElmer) (Figure 2b).

The emission and excitation spectra have been studied in the 
spectrofluorimeter setup (Fluorolog 3 from Horiba Jobin Yvon). The 

sample chamber had one excitation (pumping) port and two emission 
(collection) ports (Figure 2c). By rotating the sample and switching 
between two emission ports, one could span a broad range of excitation, 
θ, and emission, ϕ, angles. In the majority of measurements, the 
emission was not intentionally polarized. However, the signal in the 
horizontal p polarization was nearly an order of magnitude larger than 
that in the vertical s polarization (due to strongly different transmission 
of the vertically and horizontally polarized light by the monochromator).

Note that three nominally identical cavity samples with the dye 
concentration n = 5.2 × 1020 cm−3 have been fabricated and studied 
experimentally. While the optical properties of one representative sample 
are reported below, those of the other two samples were nearly the same.

Supporting Information
Supporting Information is available from the Wiley Online Library or 
from the author.
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as nonlinear optical response of plas-
monic nanostructures and its temporal 
dynamics.[1] Illumination of a material 
containing free electrons results in a redis-
tribution of the electrons between allowed 
energy states within the conduction band 
either due to interband transitions and/
or intraband transitions facilitated by 
phonons or surface plasmons, depending 
on the illumination wavelength. The exci-
tation by a short light pulse, generally 
results in the nonthermalized distribution 
of free electrons in the conduction band 
(or holes in the valence bands, depending 
on the excitation wavelength and band 
structure of the material). Relatively fast 
electron–electron and electron-phonon 
scattering processes establish the thermal-
ized electron distribution described by the 
increased temperature, before the residual 
electron energy is transferred to lattice.

A reliable way to probe the electron dis-
tribution modifications and its dynamics 
is based on optical pump–probe spectros-

copy, allowing to trace in time nonlinear optical modifications 
of the permittivity of the material induced by the absorption of 
a strong short pulse with a weak probe light. The excitation of 
nonequlibrium electrons results in the modifications of the per-
mittivity of plasmonic metals, which leads to nonlinear changes 
of absorption and scattering of plasmonic nanoparticles. When 
such nanoparticles are assembled in metamaterials—composite 
nanostructured media that exhibit effective optical properties at 
the macroscopic level—controlling the interaction between the 
metamaterial’s constituents affects both linear optical properties 
and nonlinear response as well as its dynamics associated with 
the excitation and relaxation of the electron gas.[2]

Plasmonic metamaterials can be understood considering 
“meta-atoms” capable of supporting coherent electron gas exci-
tations with high light–matter interaction strength. They are 
widely used for engineering refraction and reflection properties, 
as bio and chemical sensing components as well as for actively 
controlling light.[3] The strong field enhancement provided by 
plasmonic modes facilitates nonlinear light–matter interac-
tions at relatively low light intensities, including the optical 
Kerr effect which leads to light-induced nonlinear changes in 
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reflection properties of the metamaterial slab. Thus, the ultrafast dynamics of 
a metamaterial’s optical response can be controlled via modal engineering. 
Both the transient response relaxation time and magnitude of the nonline-
arity are shown to depend on the modal-induced spatial profile of the electron 
temperature distribution and the hot-electron diffusion in nanorods. The 
nonlocal effects, depending on the excitation-induced losses in the metal, are 
shown to dictate the modal structure of the metamaterial slab and the associ-
ated dynamics of its nonlinear response. The opportunity of controlling the 
electron temperature profile induced in the plasmonic nanorods by changing 
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as well as integrated nanophotonic applications involving nonequilibrium 
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Ultrafast Optics

1. Introduction

The dynamics of excited, nonequilibrium carriers in plasmonic 
materials determines many interesting and important phe-
nomena, such as hot-electron-induced photochemical trans-
formations and catalysis, nanoscale photodetectors, as well 
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the effective refractive index, so that the optical response of 
plasmonic metamaterial can be dynamically modified by con-
trol light illumination, achieving modulation and switching of 
signal light.[4,5]

Two-photon absorption was identified as the mechanism 
driving the nonlinear response of a gold film patterned with 
split-ring resonators. This metamaterial has been reported to 
achieve a modulation of up to 40% with a fluence of the optical 
control pulse of 270 µJ cm−2 when both the signal and control 
wavelengths are around the plasmonic resonance of the meta-
material.[6] Au thin films nanostructured with gratings can pro-
vide ultrafast modulation of surface plasmon polariton (SPP) 
excitation using interband electron transitions.[7] Nonlinear 
effects in ultrathin long-range plasmonic waveguides have been 
demonstrated in the spectral range of intraband absorption.[8] 
Due to its inherent nature related to the hot-electron distribu-
tion within a nanosctructured conductor in both geometrical 
space and within the conduction band, the dynamics of free-
electron nonlinearity depends on the excitation pulse duration 
as well as on the geometry of the nanostructured system. In 
a simple smooth-film geometry, these dependences can be 
described via the nonlinear Schrodinger equation,[8] and thus 
inherently depend on the absorption of the system.

The optical properties of plasmonic metamaterials with 
hyperbolic dispersion are strongly sensitive to the changes of 
the refractive index of their constituents, thus providing an 
excellent platform for studies of Kerr-type nonlinear function-
alities and their dynamics.[2,3c,9] Hyperbolic dispersion is the 
signature of anisotropic metamaterials in the spectral range 
where the components of the effective permittivity tensor have 
opposite signs. In this frequency range, the metamaterial sup-
ports bulk plasmon polaritons with large wavevectors.[10] If all 
the components of the permittivity tensor are positive, conven-
tional elliptic isofrequency surfaces are observed when nonlocal 
spatial dispersion effects can be neglected.[11] The transition 
from elliptic to hyperbolic dispersion takes place through the 
so-called epsilon-near-zero (ENZ) regime when the real part of 
one of the permittivity tensor components vanishes. The ENZ 
regime occurs in the spectral range near the effective plasma 
frequency of the metamaterial and depends on both dimen-
sional parameters and material composition of the metama-
terial.[10,12] Strong and ultrafast nonlinear response of a gold 
nanorod-based hyperbolic metamaterial under interband femto-
second excitation has been achieved, recording a change in the 
metamaterial’s transmission of up to 80% with a subpicosecond 
recovery time.[2] Such an enhanced nonlinearity was identified 
as originating from nonlocal (spatial dispersion) effects associ-
ated with the free-electron dynamics related to cylindrical sur-
face plasmons.[13,14]

In this paper, we numerically analyze the hot-electron-
induced nonlinear optical dynamics of plasmonic nanorods 
forming a metamaterial by following its Kerr-type nonlinear 
ultrafast response under interband and intraband excitations. 
We demonstrate how the modal properties of these metama-
terials, including waveguided and cavities modes, can influence  
the nonlinear behavior of the medium as well as its temporal 
response in different dispersion regimes, despite being 
governed by the same electron scattering processes in gold.  
In particular, we characterize the interplay between the spatial 

distribution of the mode excited by the control light field, the 
associated microscopic electron temperature profile in the 
nanorods, and the nonlinear optical dynamics of the metama-
terial as probed in transmission and reflection measurements.
The methodology and results of the present study are also rel-
evant to the design of hybrid photonic devices, for example 
based on two-dimensional materials, such as, e.g., graphene 
and MoS2, combined with plasmonic films or nanostructures 
to increase light-matter interaction strength.[15] The spatially 
resolved, ultrafast response of the plasmonic metamaterial 
described here can be used to engineer ultrafast, strong optical 
modulation and optimize light harvesting when coupled with 
such monoatomic layers. The possibility of spatially shaping 
the electron temperature profile by controlling the metamate-
rial’s geometry at the nanoscale opens up an additional degree 
of freedom for designing the strength and dynamics of the non-
linear response of integrated photonic components and nano-
devices but also has implications for hot-electron extraction and 
applications in photochemistry and optoelectronics.

2. Numerical Models

2.1. Metamaterial Geometry

We consider a plasmonic metamaterial geometry consisting 
of an assembly of gold nanorods embedded in a porous alu-
mina (AAO) matrix and supported by a transparent substrate 
(Figure 1a). The nanorods, vertically aligned in the z-direction 
in the Cartesian frame of Figure 1a, form a uniaxial metama-
terial that can be represented within the effective medium 
theory (EMT) by a diagonal permittivity tensor of the form 
ε = diag[εx, εy = εx, εz], where the spectral dependence is  
implicit and the z-direction is along the optical axis of the 
metamaterial. Expressions for the components of the permit-
tivity tensor can be obtained via the Maxwell-Garnet effective 

medium approximation as p p

p p
x y

(1 ) (1 )

(1 ) (1 )
, h

Au h

Au h

ε ε ε ε
ε ε

=
+ + −
− + +

 and 

εz = pεAu + (1 −  p)εh, where p = π(r/d)2 is the nanorod con-

centration, with r and d being the nanorod radius and the 
average separation between nanorods respectively, εAu and εh 
are the permittivities of Au and the host medium (anodized 
aluminium oxide, AAO), respectively.[16] This model is valid, 
in general, away from the Brillouin zone edges of the nanorod 
array of period d, but fails to accurately reproduce the optical 
response of the metamaterial when losses are “small,” in which 
case the nonlocal corrections to the effective medium theories 
need to be considered.[11,13]

The spectral dependence of the effective permittivity compo-
nents of the studied metamaterial is shown in Figure 1b,c for a 
metamaterial with a nanorod radius of r = 15 nm and an average 
interrod distance of d = 90 nm. Here, the permittivity of Au was 
modeled as gold intra interε ε ε= + , where εintra is a Drude contribu-
tion, describing the response from free-electrons in the 5sp  
conduction band, while εinter accounts for electronic processes 
involving interband transitions from the 5d to the 5sp bands as 
a Lorentz-type contribution.[17] The intraband contribution to 
the permittivity was corrected to take into account the restricted 
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mean free path R of electrons in the electrochemically grown 
nanorods with respect to the mean free path in bulk Au (Rbulk = 
37.5 nm).[13a] Depending on metamaterial postprocessing condi-
tions, such as thermal annealing, the restricted mean free path 
can take typical values ranging from R = 3 nm to R = 30 nm.

The real part of the effective permittivity component Re(εx,y), 
for light polarized normal to the nanorod axis, is similar to that 
of a resonant dielectric while the permittivity tensor compo-
nent Re(εz), for light polarized along the nanorod axis, varies 
monotonically from positive values at short wavelengths to 
negative values at longer wavelengths, crossing zero at around 
830 nm, defining a transition in the metamaterial’s dispersion 
between the regions of elliptic dispersion where Re(εx,y,z) > 0 
and hyperbolic dispersion where Re(εx,y) > 0 and  Re(εz) < 0. The 
cross-over frequency from the elliptic to the hyperbolic regime  
is defined by the metamaterial’s effective plasma frequency 

z(Re( ) 0)p
effω ω ε= = [10] around which the metamaterial behaves 

as the so-called ENZ medium. Nonlocal spatial dispersion 
effects become especially important in the description of the 
optical response of the metamaterial in both linear and non-
linear regimes as Im(εz) → 0.[2–11] In particular, when modal 
losses are low enough, the metamaterial supports the so-called 
additional (nonlocality-enabled) electromagnetic waves, with a 
significant contribution to the optical response of the system as 
is discussed below.[3b,11,13] These additional modes provide high-
wavevector waves when εh + εAu <  0, leading to strong local fields  
supported by the metamaterial. It should be noted that these 
spatial-dispersion effects are automatically taken into account in 
the numerical simulations of the composite nanorod metamate-
rial which do not rely on effective metamaterial parameters.

2.2. Electron Gas Dynamics Modeling

Figure 1a illustrates a schematic of the pump–probe experiment 
reproduced in the simulations. The metamaterial is illuminated 

with an ultrashort control pulse and a white-light continuum 
probe, both transverse-magnetic (TM) polarized. The probe 
pulse is used to characterize the modifications of the optical 
properties of the metamaterial induced by the control pulse 
either through reflection or transmission spectra at increasing 
time delays following the excitation by the control pulse.

The control pulse has a Gaussian envelope with a time-
dependent power P(t) = P0exp(–(t – t0)2/t2

p). The pulse is 
centered at t0 = 100 fs and has half-width tp = 50 fs. Due to 
absorption in gold, some of the pulse energy is deposited in 
the electron gas in the nanorods. The excitation process is fol-
lowed by fast electron gas thermalization, establishing a Fermi-
Dirac energy distribution of the electrons, characterized by an 
elevated temperature Te.[2,18] This increased electron tempera-
ture is then mapped to a corresponding change of the Au per-
mittivity through a random phase approximation (RPA) model, 
allowing modelling of transient optical properties of the meta-
material.[19] Figure 1b,c exemplifies the modifications of the 
effective permittivity tensor components for two different elec-
tron temperatures. In general, the component εz experiences 
an increase in both its real and imaginary parts in most of the 
frequency range except in a narrow range near the interband 
transitions. The effective plasma frequency p

effω  of the metama-
terial decreases as the condition Re (εz)  =  0 red-shifts with the 
increasing electron temperature and, at the same time, the met-
amaterial experiences increased losses, which may contribute 
to changes in its nonlocal behavior.

The two-temperature model (TTM) is used to describe 
dynamics of the thermalized electron gas in gold, governed by 
electron–phonon and phonon–phonon scattering processes. 
Subsequently to the thermalization phase mainly achieved 
within the first few hundred femtoseconds through elec-
tron–electron scattering, electron–phonon scattering becomes 
the main relaxation pathway for times up to several picosec-
onds while phonon–phonon scattering dominates on typical 
timescales of tens to hundreds of picoseconds. Therefore, the 
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Figure 1. a) Schematic of the pump–probe experiment. An array of gold nanorods embedded in an AAO matrix on a glass substrate is illuminated by 
the excitation pulse, resulting in the electron temperature modification, and transmission and reflection of a white light is studied. b,c) Spectra of the 
real and imaginary parts of the diagonal components of the effective permittivity tensor of the metamaterial for different electron tempertures in the 
Au nanorods (the temperure is assumed to be uniform across the nanorods). The nanorod array parameters are r = 15 nm and d = 90 nm. The effec-
tive permittivities have been obtained using a restricted mean free path of electrons of R = 30 nm, considering electrons temperatures of 300 K in the 
ground state and 1043 K in the excited state. The dashed green lines in panels (b) and (c) indicate the effective plasma frequency.
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simulation of nonlinear optical processes with the THz response 
rates, relevant to recent experimental observations and practical 
applications, can neglect the influence of both electron–electron 
and phonon–phonon scattering on the metamaterial dynamics 
to a good approximation. While this affects the overall simulated 
dynamics of the system, it does not impact the interrelation  
between field distributions and ultrafast dynamics at the 
nanoscale, which is of interest to us here, but rather greatly sim-
plifies numerical simulations and interpretations. With these 
assumptions, the temporal evolution of the electron tempera-
ture can be described by a TTM,[20] which is based on the sup-
position that the excited hot electrons reach thermal equilibrium 
instantaneously, so that the electron gas can always be described 
by a Fermi-Dirac distribution with a well-defined equilibrium 
temperature Te. The time-space evolution of electrons tempera-
ture then follows the coupled differential heat equations[20]

( ) ,e e
e

e e e p

p
p

e p

C T
T

t
k T T G T T s r t

C
T

t
G T T

 

( ) ( )

( )

( ) ( )∂
∂

= ∇ ∇ − − +

∂
∂

= −








  

(1)

where Ce(Te) = 67.69 J m−3 k−2 × Te and Cp = 3.5 J m−3 k−2 are the 
volumetric heat capacity of electrons and phonons, respectively, 
Tp is the phonon temperature, k(Te) = k0(Te/Tp) = 318(Te/Tp)  
W m−1 K−1 is the electron thermal conductivity, G = 2 ×  
1016 W m−1 K−1 is the electron–phonon coupling constant, and 
s r t


( , ) is the incident light power density absorbed by the meta-
material. During the first few picoseconds following the optical 

excitation, the electron temperature increase exceeds that of 
phonons by up to several orders of magnitude due to the much 
higher heat capacity of phonons, providing good ground to 
assume Tp being constant during the time of interest to us. The 
second equation of the TTM is thus neglected in the simulations, 
keeping the phonon temperature constant at 300 K. Equation (1) 
is solved numerically for the electron equilibrium temperature in 
the nanorod geometry, so that a temperature-dependent permit-
tivity distribution in the nanorods is monitored at various time 
delays following the excitation.

The time-dependent modifications of the effective permittivity 
tensor obtained using the TTM are plotted in Figure 2 as the 
relative changes of the tensor components, assuming uniform 
electron temperature in the nanorods. The strongest relative 
changes of the real parts of effective permittivities are observed 
at different wavelengths for different light polarizations, with 
Re(εz) varying strongest near the effective plasma frequency, 
while Re(εx,y) and the imaginary parts of the tensor components 
experience the biggest change in the range of interband tran-
sitions. Both real and imaginary parts of the permittivity com-
ponents are modified, with the imaginary part being affected 
strongest in relative terms. While effective parameters provide 
interesting insight and guidance for intuitive nonlinearity under-
standing, how the modifications of the effective permittivity are 
reflected in the changes of the optical properties depends on the 
modal structure of the metamaterial slab, and, generally, consid-
erations beyond the local effective medium theory are required 
to adequately describe the processes involving electromagnetic 
fields inside the metamaterial.[11] In the following, we will make 
use of the effective medium properties solely to understand the 
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Figure 2. Time dependence of the relative volume-averaged changes in the effective permittivity components (ε(T) − ε(T0))/ε(T0) for a) Re(εx), b) Im(εx ),  
c) Re(εz ), and d) Im(εz) for an absorbed power density of 0.1 µW cm−2. Electron temperature is assumed to be uniform along the nanorods. Note that 
the scale was constrained in panel (c) since the relative change in Re(εz) diverges at Re(εz) → 0. The absolute values of the permittivities are shown 
in Figure 1b,c.
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results of numerical simulations of the nonlinear behavior of 
the metamaterial, which is based on direct solutions of vectorial 
Maxwell equations for a nanorod array.

2.3. Nonlinear Response Modeling

Transient spectra recorded in a pump–probe experiment can 
be reproduced in numerical simulations applying two inde-
pendent steps. In a first step, the pump-induced changes in 
the Au nanorod permittivity are simulated at different times 
following optical excitation. This first step provides a set of 
time-dependent Au permittivities, which are introduced in 
the linear optical simulations in a second step to compute the 
transient transmission or reflection of the metamaterial as 
independent steady-state effective permittivities seen by the 
probe light. This approximation is valid as long as nonlinear 
interactions between pump and probe pulses can be neglected. 
In our study, we considered the AAO matrix to be nondisper-
sive and with linear optical response in the frequency range 
and pump intensity range of interest. The effect of modal 
structure on the ultrafast dynamics of the metamaterial was 
further assessed by comparing it to the dynamics of the same 
system when the spatial profile of the electron temperature is 
neglected. In this geometry, the dynamics was simulated set-
ting the electronic temperature to be homogeneous across the 

nanorods with a value set by the TTM without the diffusion 
term.

3. Results and Discussion

3.1. Linear Optical Properties of the Metamaterial Slab

In order to understand the modal structure of the metamaterial, 
both its linear reflection and extinction spectra were calculated 
with local and nonlocal EMTs (Figure 3).[11,13] Here, we restrict 
the study to the optical properties of the metamaterial under 
TM-polarized plane-wave excitation with which both elliptic 
and hyperbolic dispersion regimes can be assessed. The local 
EMT assumes that the metamaterial supports propagation of a 
single TM-polarized mode with the dispersion given by the EMT 
parameters in Figure 1b,c. The nonlocal EMT shows the exist-
ence of two TM-polarized modes simultaneously propagating in 
the metamaterial. Both models adequately describe the optical 
response of the nanorod metamaterial for relatively small angles 
of incidence (AOI). However, as the AOI increases, the accuracy 
of the local EMT diminishes. At the same time, the nonlocal EMT 
adequately describes the optical properties of the nanorod meta-
material for the whole range of frequencies and incident angles 
and is in excellent agreement with the full vectorial numerical 
simulations of the nanorod array composite (Figure 4a,c).

Adv. Optical Mater. 2017, 5, 1700299

Figure 3. Dispersions of the linear a,c) extinction and b,d) reflection of the metamaterial slab, calculated with a,b) nonlocal and c,d) local effective 
medium theory. The nanorod array parameters are as in Figure 1 and the metamaterial slab thickness (the nanorod length) is 350 nm. The light lines 
in air and the substrate are indicated as continuous and dashed red lines, respectively. The effective plasma frequency obtained from the local EMT 
is shown with a green line. The condition εh + εAu < 0 is indicated with a white dashed line. The waveguided mode orders are identified in panel (b).
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The extinction dispersion, plotting angular and spectral 
dependence of OD = −log10(T), where T represents the trans-
mission of the metamaterial, reveals two distinct resonances 
at around 525 nm (2.36 eV) and a double-peak resonance at 
820 nm (1.51 eV) and 730 nm (1.7 eV) (Figure 3a). The short-
wavelength peak is essentially dispersion-less and corresponds 
to the resonance in the spectrum of εx seen in Figure 1b,c 
which can be excited with an electric field component polar-
ized normal to the nanorod axes. For light polarized along the 
nanorod axes, the extinction has strong angular dependence. In 
particular, a mode splitting is observed at around 30° near the 
effective plasma frequency, which corresponds to the existence 
of an additional TM wave in the metamaterial as compared to 
the local response. This is a signature of nonlocality originating 
from the cylindrical surface plasmons nature of the modes sup-
ported by the nanorods.[3b,13] This behavior is determined by the 
internal structure of the metamaterial, which cannot be recov-
ered in a conventional, local effective medium theory.

The minima in the reflection dispersion correspond to the 
incident light coupling to cavity modes of the metamaterials slab 
(Figure 3b). Above the light line in the superstrate (air), these 
modes are unbound Fabry–Perot-type resonances of the planar 
metametarial slab accessible from both the superstrate and the 

substrate. Between the light line in air and the light line in the sub-
strate, the modes are evanescent at the metamaterial–air interface 
and leaky in the substrate, therefore, only accessible to plane waves 
from the substrate side at the angles of incidence above the critical 
total internal reflection angle.[10] These modes have the unusual 
property of low negative group velocity, appearing relatively flat 
in the dispersion plots.[10,21] They can be identified from their 
characteristic field distributions with several lower order modes  
(q = 1, 2, 3, 4) shown in Figure 3b. The TM-guided modes above the 
effective plasma frequency originate from the additional wave in 
the nonlocal material and exist in the range of frequencies where  
εh + εAu < 0. The predictions of the nonlocal EMT agree with the 
full-wave solutions of Maxwell equations that take into account the 
composite structure of the material.

To underline the importance of nonlocality in the descrip-
tion of the observed guided modes, we have repeated the sim-
ulations with a conventional (local) EMT (Figure 3 c,d). Both 
extinction and reflection spectra fundamentally change as the 
result of this approximation. The double resonance observed in 
the nonlocal extinction disappears in the local regime, leaving 
only a single resonance at a wavelength of around 820 nm. In 
addition, the negative group velocity modes are only present 
below the effective plasma frequency where the local effective 

Adv. Optical Mater. 2017, 5, 1700299

Figure 4. a,b) Linear extinction and c) reflection spectra of the metamaterial. The spatial distribution of the norm of the electric field and the associ-
ated electron temperature distribution in the nanorods achieved during the excitation are also shown for selected excitation conditions: (a) 465 nm 
and 820 nm at normal incidence, (b) 465 and 820 nm at 20° AOI, (c) 670, 730, 830, and 1085 nm at 60° AOI. The nanorods are illuminated from the 
top. The excitation fluence is 0.1 mJ cm−2. The metamaterial parameters are as in Figure 3.
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medium theory provides adequate description of the optical 
response of the metamaterial. Only TM1 and TM2 modes are 
predicted by the local EMT model. Higher order modes are 
eneabled by nonlocality and cannot be predicted by the local 
EMT. Interestingly, the increased losses in Au primarily affect 
the high-index nonlocal waves, thus driving the metamaterial 
response toward the predictions of the local EMT.

We will now study the potential of various modes of the met-
amaterial slab for optimization of the magnitude and dynamics 
of the nonlinear response of the metamaterial.

3.2. Transient Nonlinear Dynamics for Local and Average 
Electron Temperatures

The dynamics of the optical response of the metamaterial can be 

expressed as O
t

O
T

T
t

d
d e

e

ε
ε= ∂

∂
∂
∂

∂
∂ , where O symbolizes the moni-

tored optical properties, such as, e.g., reflection or transmis-
sion determined by the modal structure of the metamaterial, ε 
is the effective permittivity of the metamaterial, and Te is the 
electron temperature (Equation (1)). The first term on the right-
hand side depends on the modal properties of the metamaterial 
slab and incorporates the spectral dependence of the resonant 
response of the supported modes. The second term describes 
how the effective permittivity depends on an electron tempera-
ture, which is modelled via the RPA. The third term bears the 
intrinsic transient dynamics of the electron gas, which can  
be modeled via the TTM. Both the electron temperature dif-
fusion term k T T

 

( ( ) )e e∇ ∇  and the source term s r t


( , )  in  
Equation (1) are of importance when considering nanostructured 
materials because they incorporate a spatial dependence of the 
electron temperature dynamics, being driven by the modal 
properties of the metamaterial. Indeed, the energy deposited by 
the excitation pulse in the metamaterial, which is expressed as 
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the metamaterial E r ti
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as well as the modal absorption r ti



Im( ( , , ))pumpα ω  with 
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( , , )pumpα ω  being the polarizability of mode i. The choice of 
the illumination conditions will, therefore, determine the energy 
transferred from the excitation pulse to the metamaterial and, 
through Equation (1), the subsequent dynamics of hot electrons 
and the associated nonlinear response. Figure 4 shows the cor-
respondence between the selected metamaterial modes, which 
can be excited by plane waves, and the induced electron tem-
perature. The volume-averaged temperature increase is of the 
order of 103 K for a 0.1 mJ cm−2 fluence of the excitation light 
at a 465 nm wavelength and is weakly angular dependent, with 
an absorption mainly determined by a small spectral overlap 
with the maxima of the imaginary parts of the effective permit-
tivity (Figure 4a). In contrast, detuning the excitation conditions 
from both material and geometrical resonances, e.g., for a wave-
length of 820 nm at normal incidence, leads to a relatively neg-
ligible temperature increases on the order of 10 K (Figure 4a).  
For this wavelength, a more significant ≈103 K increase of 
electron temperature is only observed at oblique incidence for 
which the excitation is resonant with a mode supported by the 
metamaterial slab (Figure 4b). In addition to the magnitude 

of the absorption, tuning the illumination conditions to excite 
specific metamaterial modes enables the control of the electron 
temperature spatial distribution (Figure 4). This is particularly  
remarkable when the excitation of the metamaterial in reflec-
tion (Figure 4c) clearly recovers the spatial field distribution of 
modes q = 2 through q = 5 in the electron temperature maps. 
Moreover, while the third term in Equation (1) allows to map 
the incident power to the position-dependent absorbed power, 
the heat diffusion term in Equation (1) establishes a direct link 
between the modal field distribution and the local electron relax-
ation dynamics. Assuming a temperature-independent elec-
tronic temperature diffusion rate k T k( )e ≈ , this contribution to 
the dynamics is governed by the curvature of the temperature 
profile ∇2Te which together with the electron–phonon coupling 
term establishes an interrelationship between modal properties 
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Figure 5. The dynamics of a) volume-averaged electron temperature in 
the nanorods for various excitation conditions. b) Position-dependent 
electron temperature at different points inside the nanorods for a TM-
polarized excitation pulse (820 nm wavelength, 20° AOI, 0.1 mJ cm−2 
fluence) at t = 200 fs plotted in the plane containing the symmetry axis 
of the nanorod. c) Relative instantaneous electron temperature dynamics 



 (d ( )/d d /d )/(d /d )e e eT r t T t T tr r< > < >−  showing non-uniform, position-
dependent electron cooling in the nanorod.
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and ultrafast time response. This enables an opportunity to use 
nanostructured systems and their intricate and tailorable reso-
nant field distributions to design the ultrafast response at the 
nanoscale by geometrical means.

Let us now compare the dynamics associated with the local 
electron temperature effects to the volume-averaged dynamics 
of the electron gas. In the latter case, we assume that a uni-
form electron temperature distribution along the nanorods is 
established instantaneously. In this case, the time constant of 
the recovery of the electron temperature, as expressed by the 
TTM, is determined by the electron–phonon scattering rate 
for a given absorbed energy, since the difusion term is absent 
(Equation (1)). Figure 5a shows that the general trend is for this 
time constant to increase with the amount of energy deposited 
in the electron gas by the excitation pulse, as expected from the 
temperature dependence of the elecron scattering rates. How-
ever, Equation (1) tells us that the electron temperature relaxa-
tion dynamics is potentially more complex when considering 
resonant structures in the presence of the heat diffusion term.

To show the influence of the diffusion term in the electron 
cooling dynamics, Figure 5c plots the relative changes in the 
instantaneous dynamics 



 T r t T t T tr r(d ( )/d d /d )/(d /d )e e e< > < >−  
of the electron temperature corresponding to the temperature 
distribution in Figure 5b, where T r



( )e  is the position-dependent 
electron temperature and T re< >  is the position-averaged  

electron temperature obtained in the absence of the diffusion 
term. The diffusion term can significantly influence the elec-
tron temperature dynamics at selected locations within the 
nanorod (Figure 5c). In particular, while at some locations 
within the nanorods the electron relaxation is accelerated by 
the inhomogeneous electron temperature distribution by more 
than 40%, other locations show a slowed down relaxation pro-
cess by more than 120%, with an average dynamics described 
by the TTM in the absence of the diffusion term.

The transient spectral maps ΔOD(λ, t) for the metamaterial 
with the linear optical properties as in Figure 3a are shown in 
Figure 6a for the excitation conditions as in Figure 5c,d when 
probed in transmission at an AOI of 20°. As mentioned above, 
the dynamics of the optical properties of the metamaterial at 
selected wavelengths is not necessarily that of the electronic 

temperature since O
T

O
Te eε
ε∂

∂ = ∂
∂

∂
∂

 comes into play when char-

acterizing the dynamics of optical properties. In particular, the 
resonant response of the metamaterial adds to the complexity 
of the dynamics through this dependence, which is determined 
by both the absorptive and dispersive behavior of the reso-
nances present in the transient extinction or reflection spectra. 
This will usually result in a non-monoexonential relaxation 
behavior of the nonlinear response at any given frequency of 
the resonant nanostructured material.

Adv. Optical Mater. 2017, 5, 1700299

Figure 6. a) Spectral map of the transient extinction ΔΟD of the metamaterial for a TM-polarized excitation pulse (820 nm wavelength, 20° AOI) as 
observed with a white-light TM-polarized probe at 20° AOI. b) Transient extinction spectra at different times after the excitation (cross-sections obtained 
from panel (a)). c) Transient extinction dynamics of the metamaterial as in panel (a) relative to the transient extinction of the metamaterial considering 
a volume-averaged (uniform) electron temperature in the nanorods. d) Spectral cross-sections obtained from panel (c) at different times after the 
excitation showing the spectral sensitivity of the nonlinear responce on the position-dependent electron temperature.
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Selected spectral cross-sections of the nonlinear dynamics 
(Figure 6a,b) show the absorptive behavior of the high-fre-
quency resonance, which is governed by a transient broadening, 

and the more complex spectral behavior in the hyperbolic spec-
tral range. The impact of the position-dependent absorption 
(and, thus, the position-dependent electron temperature) on 
the transient optical properties of the metamaterial is shown 
in Figure 6c, which plots the transient dynamics of Figure 6a 
relative to the dynamics of the metamaterial assuming a uni-
form electron temperature across the nanorods. The strongest 
difference in dynamics is observed at very short time scales 
(within 100 fs of the excitation) in the ENZ regime (Figure 6d).  
In fact, the relative transient transmission change for the non-
uniform electron temperature exceeds by almost one order of 
magnitude that of the uniform temperature assumption at the 
wavelength of 820 nm (cf. Figure 7). This difference results 
from the strong spatial overlap between the excitation-induced 
electron temperture distribution and the field distribution 
of the probe as clearly revealed in the transient transmission 
for both the nonuniform and uniform electron temperature 
distributions (Figure 7a). It shows that for both metamate-
rial resonances accessible in transmission, at around 525 nm 
and 820 nm, an enhanced nonlinear response is recorded in 
the wavelength range corresponding to the maximum spatial 
overlap between the probe mode and the spatial distribution 
of the excitation-induced permittivity changes. Here, this max-
imum overlap is achieved when probing in the ENZ spectral 
range where the excitation energy is initially deposited. In addi-
tion to affecting the magnitude of the transient extinction in the 
early times following optical pumping, the dynamic response 
in the ENZ regime experiences a deacreased recovery time. In 
fact, the dynamics for the nonuniform temperature distribution 
shows two time constants of 0.1 ps and 1.4 ps, compared to a 
single time constant of 1.5 ps obtained for the uniform tem-
perature (Figure 7b). The short sub-ps time constant is related 
to the modal mapping of the electron temperature distribu-
tion, governing the dynamics of the transmission at the time 
scales of heat diffusion within the nanorod. Both uniform and 
nonuniform temperture dynamics converge within a time 
frame of ≈400 fs, corresponding to the time in which the elec-
tron temperature has mostly homogenized within the nanorod, 
minimizing the contribution of the heat diffusion term in 
Equation (1) with respect to the electron–phonon scattering term  
(Figure 7c).

3.3. Nonlinear Optical Response of the Metamaterial Slab

We now consider the full dispersion dynamics of both the extinc-
tion and reflection of the metamaterial after the excitation by a 
control pulse at a wavelength of 820 nm and an angle of inci-
dence of 20°. This excitation configuration has been chosen as it 
induces the electron temperature changes which overlap the spa-
tial distribution of various metamaterial modes, thus providing a 
pathway to assess their nonlinear optical properties. The restric-
tion path was kept at R = 30 nm allowing the investigation of the 
role of a rich modal structure of the metamaterial slab and the 
role of nonlocal behavior. The nonlinear response of the metama-
terial slab in the local EMT regime has been studied elsewhere.[9] 
The dispersions of linear extinction ΟD = −log10(T0) and reflec-
tion R0 are shown in Figure 8a,c together with the associated dis-
perions of the transient extinction ΔΟD = −log10(T/T0) and ΔR = 

Figure 7. a) Transient extinction for both position-dependent and 
uniform electronic temperatures at t = 200 fs after the excitation and  
b) associated dynamics at a probe wavelength of 820 nm, corresponding 
to the maximum in transient extinction in panel (a). c) Time dependence 
of the diffusion term plotted along the axis of a nanorod. Note that the 
time scale in panel (c) is different from panel (b), focusing on the first 
500 fs following the excitation.
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(R − R0) shown in Figure 8b,d at the time 200 fs after the exci-
tation (here, T and R are the time-dependent transmission and 
reflection of the metamaterial, respectively). In the wavelength 
range of the elliptic dispersion, the strongest changes in the 
extinction are observed near the resonance of εx, essentially deter-
mined by an increased damping of the resonance (Figure 8e)  
as seen in Figure 6a,b. This nonlinear response is not sensitive 
to the angle of incidence in this spectral range. The induced 
extinction changes in the hyperbolic dispersion regime are 
strongly angular dependent but also follow the extinction spec-
trum features. Similarly, the nonlinear response in reflection are 

also governed by the modal structure of the metamaterial slab 
(Figure 8d,f) with the induced changes being much stronger for 
the leaky modes below the light line than the Fabry–Perot-type 
modes above the light line.

Varying the excitation wavelength throughout the elliptic and 
hyperbolic dispersion range and different angles of incidence 
of the excitation pulse mostly influences the modulation depth 
and time response, while the shape of the spectral response 
remains mostly unchanged, completely determined by 
the linear modal structure of the metamaterial slab. Since the 
modulation depth is determined by the electron temperature 

Figure 8. a) Extinction and c) reflection dispersions of the metamaterial with the parameters as in Figure 1. b,d) Nonlinear transient differential 
dispersions of the metamaterial calculated 200 fs after excitation with a 50 fs excitation pulse centered at a wavelength of 820 nm and at the angle 
of incidence of 20° for (b) transmission and (d) reflection. Excitation and probe light are TM-polarized. The light line in air and in the substrate are 
indicated by solid and dashed red lines, respectively. The effective plasma frequency is shown by a horizontal black dashed lines. The condition  
εh + εAu < 0 is indicated by white dashed lines. e,f) Cross-sections of nonlinear extinction (e) and reflection (f) from panels (b) and (d), respectively, 
at the selected angles of incidence.
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increase induced by the illumination, it is stronger for the 
wavelength/angle of incidence combinations for which strong 
absorption is reached. The absolute modulation in reflection 
reaches, in absolute values, more than 10% for cavity modes 
and 30% for guided modes for all pump–probe wavelength and 
angles of incidence configurations for which these resonances 
are probed. Interestingly, due to the dominating nonlocal 
mode structure in the elliptic regime, the nonlinear changes 
are very strong on both sides of the effective plasma frequency 
of the metamaterial. When losses in Au are increased, e.g., 
in the electrodeposited, unannealed Au nanorods, the situa-
tion changes and nonlinearity in the elliptic regime is strongly 
suppressed.

4. Conclusion

We have studied the hot-electron dynamics and diffusion in 
plasmonic nanorods forming a metamaterial composite. A 
microscopic model allows us to take into account the nonu-
niform profile of the electron temperature distribution within 
the nanorods, which depends on the modal distribution at the 
excitation wavelength and determines the magnitude and the 
dynamics of the transient nonlinear response. This opens up 
the possibility to study nonequlibrium electron dynamics in 
plasmonic nanostructures via the observation of their non-
linear optical response and, in turn, to engineer the magnitude 
and dynamics of nonlinear transients in plasmonic metama-
terials via reshaping the excitation absorption profile, and, 
thus, the electron temperature profile, by engineering of the 
metamaterial’s modal structure. For the metamaterial under  
consideration, the superposition of the control light-induced 
absorption profile with that of the probe beam in the ENZ spec-
tral region allows to obtain the fastest transient behavior with 
a time constant of around 100 fs governed only by electron-
phonon scattering and electron diffusion. The rich spectrum 
of the modes of the metamaterial slab provides opportunities 
to engineer the sign and the temporal response of the nonlin-
earity in transmission and reflection or for waveguided modes 
by selectively coupling signal and control light to the modes of 
the metamaterial slab.

The relaxation time of the optical response monitored 
through the observation of the transient reflection and extinc-
tion, while linked to the relaxation time of the electron tem-
perature distribution within the nanorods, may differ from 
the latter. The spatial distribution of the electron temperature 
within the nanorod has an important influence on the metama-
terial dynamics at relatively short times following the excitation, 
when the diffusion term in the TTM is not zero, either accel-
erating or slowing the relaxation process at different locations 
within the metamaterial, compared to the uniform electron 
temperature approximation. The results show the opportunities 
to control the electron dynamics and, thus, the time response 
of nanostructured plasmonic systems by tailoring the modal 
properties of the metamaterial. The engineering of the relaxa-
tion dynamics via nanostructuring of plasmonic systems may 
have many implications in nonlinear optics as well as for hot-
electron effects in photophysics and optoelectronics.
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