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1 INTRODUCTION 
This second volume of the Aircraft Structural Reliability and Risk Analysis Handbook provides 
the reader with an introduction to structural reliability analysis when there are random variables 
with distributions that change over time. For example, the distribution of possible fatigue crack 
sizes in a part changes with continued loading of the part. The mean crack size and the dispersion 
of possible crack sizes both increase with continued loading. The type of probability distribution, 
Gaussian, Lognormal, Weibull, etc., may also change. All of these changes must be considered 
when assessing the structural reliability. 
The aim of this volume is to help the engineer performing a reliability analysis develop some 
understanding and comfort with probabilistic reliability analysis. Thus, simple analysis methods 
are used throughout this volume to perform some typical reliability analyses. This handbook 
does not provide a compilation of the various methods available for assessing structural 
reliability. The reader who wants to develop greater fluency with probabilistic structural 
reliability analysis is encourage to explore the many texts and references on the subject. 
This volume is structured so that the complexity of the examples increases with each subsequent 
one. Section 2 reviews some fundamental concepts, commonly used probability distributions, 
and the calculation methods used throughout this handbook. Section 3 contains examples of 
time-dependent reliability calculations without considering inspections and subsequent repair of 
cracks. Section 3 begins with an example with a single random variable, fracture toughness. An 
example with two random variables, fracture toughness and crack size, is next. The last example 
in Section 3 has three random variables, fracture toughness, crack size, and the maximum stress 
during a flight. An example of an inspection and repair is worked in Section 4. 
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2 STRUCTURAL RELIABILITY FUNDAMENTALS 
This section presents a brief description of the fundamental concepts of structural reliability 
analysis. It is the same as Section 3.0 of Volume 1 of the Aircraft Structural Reliability and Risk 
Analysis Handbook [1], and is repeated here for ease of reference. The reader in need of 
refresher on the basics of statistics and probability should consult the NIST/SEMATECH e-
Handbook of Statistical Methods, [2] online at http://www.itl.nist.gov/div898/handbook/. 
This section begins by defining important terms and concepts used in structural reliability 
analysis. Then, common probability distributions used in structural reliability analysis are 
reviewed. The section ends with the description of calculation methods that are used throughout 
this handbook. 

2.1 Definitions 
The following terms are important for structural reliability analysis. 

2.1.1 Risk 
Risk is the potential for losses and rewards as a result of a failure event. Risk is a characteristic 
of an uncertain future, and not of either the present or past. When uncertainties are resolved, or 
the future becomes the present, risk becomes nonexistent. Risk does not exist for historical 
events or events that are currently happening. Risk is evaluated in terms of both the probability 
of occurrence and the impact of the occurrence. The USAF Airworthiness process uses a matrix 
to determine the risk in terms of a Risk Assessment Code (RAC). The RAC is determined from 
the matrix shown in Figure 1. The Severity Categories are defined in Table 1. 

USAF Airworthiness Risk Assessment Matrix Severity Category 

Probability Level Probability 
per FH or Sortie 

Freq per 100K FH 
or 100K Sorties 

Catastrophic 
(1) 

Critical 
(2) 

Marginal 
(3) 

Negligible 
(4) 

Frequent 
(A) 10-3 ≤ Prob 100 ≤ Freq 1 3 7 13 

Probable 
(B) 10-4 ≤ Prob < 10-3 10 ≤ Freq < 100 2 5 9 16 

Occasional 
(C) 10-5 ≤ Prob < 10-4 1 ≤ Freq < 10 4 6 11 18 

Remote 
(D) 10-6 ≤ Prob < 10-5 0.1 ≤ Freq < 1 8 10 14 19 

Improbable 
(E) 0 < Prob < 10-6 0 < Freq < 0.1 12 15 17 20 

Eliminated 
(F) Prob = 0 Freq = 0 Eliminated 

 

High CAE Risk Acceptance 
RAC = 1 - 5 Medium PM Risk Acceptance 

RAC = 10 - 17 
 

Serious PEO Risk Acceptance 
RAC = 6 - 9 Low Risk Acceptance as Directed 

RAC = 18 - 20 
Figure 1. USAF Airworthiness Risk Acceptance Matrix [3] 

  

http://www.itl.nist.gov/div898/handbook/
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Table 1. Severity Category Definitions [3] 

SEVERITY CATEGORIES 

Description Severity 
Category Mishap Result Criteria 

Catastrophic 1 Could result in one or more of the following: death, permanent total disability, irreversible 
significant environmental impact, or monetary loss equal to or exceeding $10M. 

 
Critical 

 
2 

Could result in one or more of the following: permanent partial disability, injuries or occupational 
illness that may result in hospitalization of at least three personnel, reversible significant 
environmental impact, or monetary loss equal to or exceeding $1M but less than $10M. 

 
Marginal 

 
3 

Could result in one or more of the following: injury or occupational illness resulting in one or more 
lost work day(s), reversible moderate environmental impact, or monetary loss equal to or 
exceeding $100K but less than $1M. 

 
Negligible 

 
4 Could result in one or more of the following: injury or occupational illness not resulting in a lost 

work day, minimal environmental impact, or monetary loss less than $100K. 
 

2.1.2 Reliability 
Reliability is the probability that a system or component will survive, i.e., function as intended, 
under designated operating or environmental conditions for a specified time period. Reliability is 
the complement to the probability of failure, 

 Reliability = 1 – Failure Probability. 

2.1.3 Lifetime Distribution 
A lifetime distribution describes how a nonrepairable population fails over time. The lifetime 
distribution can be any probability density function (PDF), fT(t), defined over the range of time 
from t = 0 to t = infinity. The corresponding cumulative distribution function (CDF), FT(t), gives 
the probability that a randomly selected unit will fail before time t. 
 
2.1.4 PDF 
A PDF, fX(y), defines the probability that a continuous random variable will take a particular 
value. The probability that the random variable X will have a value within the interval from x1 to 
x2 is: 

𝑃𝑃𝑃𝑃(𝑥𝑥1 ≤ 𝑋𝑋 ≤ 𝑥𝑥2) = � 𝑓𝑓𝑋𝑋(𝑦𝑦)𝑑𝑑𝑦𝑦

𝑥𝑥2

𝑥𝑥1

. (1) 

A PDF must be nonnegative and the total area under the PDF curve must be equal to one. 

2.1.5 Cumulative Distribution Function (CDF) 
A CDF, FX(y), gives the probability that a continuous random variable, X, will take a value less 
than or equal to a specified value, x1, 
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𝐹𝐹𝑋𝑋(𝑥𝑥1) = 𝑃𝑃𝑃𝑃(𝑋𝑋 ≤ 𝑥𝑥1) = � 𝑓𝑓𝑋𝑋(𝑦𝑦)

𝑥𝑥1

−∞

𝑑𝑑𝑦𝑦. (2) 

The value of the CDF must be greater than or equal to 0, and less than or equal to 1. The CDF is 
a non-decreasing function. 

2.1.6 Exceedance Distribution Function (EDF) 
An EDF, DX(y), gives the probability that a continuous random variable, X, will take a value 
greater than a specified value, x1. The sum of the CDF, FX(y), and the EDF is equal to one since 
the total probability is equal to one, and the CDF and EDF cover all the possibilities for the 
random variable X. Hence, 

𝐷𝐷𝑋𝑋(𝑥𝑥1) = 𝑃𝑃𝑃𝑃(𝑋𝑋 > 𝑥𝑥1) = 1 − 𝐹𝐹𝑋𝑋(𝑥𝑥1)  

= 1 − � 𝑓𝑓𝑋𝑋(𝑦𝑦)

𝑥𝑥1

−∞

𝑑𝑑𝑦𝑦 = � 𝑓𝑓𝑋𝑋(𝑦𝑦)
∞

𝑥𝑥1

𝑑𝑑𝑦𝑦. (3) 

The value of the EDF must be greater than or equal to 0, and less than or equal to 1. The EDF is 
a non-increasing function. 

2.1.7 Hazard Rate Function (HRF) 
The HRF is defined from the probability of failure of an item in the time interval t to t+Δt with 
the condition that the item is functioning at time t, for small Δt. The probability that the failure 
time T is between t and t+Δt with the condition that T is greater than t is given by 

 𝑃𝑃𝑃𝑃(𝑡𝑡 < 𝑇𝑇 ≤ 𝑡𝑡 + ∆𝑡𝑡|𝑇𝑇 > 𝑡𝑡) = 𝑓𝑓𝑇𝑇(𝑡𝑡)
1−𝐹𝐹𝑇𝑇(𝑡𝑡)

∆𝑡𝑡                           (4) 

where fT(t) is the PDF and FT(t) is the CDF of the lifetime distribution for the item, respectively. 
The HRF, hT(t), is defined as 

 ℎ𝑇𝑇(𝑡𝑡) = 𝑓𝑓𝑇𝑇(𝑡𝑡)
1−𝐹𝐹𝑇𝑇(𝑡𝑡)

.                                                 (5) 
The HRF is a measure of the proneness to failure as a function of age. The expected proportion 
of items of age t that fail in a short time ∆t is equal to ∆t⋅hT(t). ∆t⋅hT(t) is known as the failure 
rate function, the instantaneous failure rate, or force of mortality.  
The HRF is strictly not a probability. A cumulative hazard rate function, HT(t), can be defined as 

𝐻𝐻𝑇𝑇(𝑡𝑡) = � ℎ𝑇𝑇(𝑥𝑥)𝑑𝑑𝑥𝑥.
𝑡𝑡

0

                                              (6) 

The relationship between HT(t) and the CDF of the lifetime distribution, FT(t), is 

 𝐹𝐹𝑇𝑇(𝑡𝑡) = 1 − 𝑒𝑒−𝐻𝐻𝑇𝑇(𝑡𝑡).                                             (7) 
When t equals ∞, FT(∞) equals 1 and HT(∞) equals ∞. Therefore, the cumulative hazard rate 
function cannot be a CDF since it has values greater than 1, and hT(t) cannot be a PDF. 
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2.1.8 Single Flight Probability of Failure (SFPOF) 
SFPOF is the probability of a failure during one flight with the condition that there has not been 
a failure in any of the previous flights. The SFPOF can be calculated as the product of the HRF 
at a specified flight, hT(t), and a time increment ∆t of one flight. 

2.2 Common Probability Distributions 
This section introduces four probability distributions that are commonly used in structural 
reliability analysis. These include the normal, lognormal, exponential, and Weibull distributions. 
(The NIST/SEMATECH e-Handbook of Statistical Methods [2] has additional details on these 
and other distributions.) The descriptions of these four probability distributions is repeated from 
[1] and are included for ease of reference. New material on the Gumbel extreme value 
distribution that is used to describe the probability of a maximum stress value occurring in a 
flight is added in Section 2.2.5. 
Like many of the widely used statistical distributions, these are location-scale distributions. The 
scale parameter prescribes the spread of the distribution (wide, skewed). Examples of scale 
parameters are the standard deviation (σ) for normal and lognormal distributions and shape 
parameter (α) for Weibull. The location parameter specifies the location of a central point of the 
distribution. Examples of location parameters are the mean (µ) for the normal, the median (eµ) 
for the lognormal, and the scale parameter (β) for Weibull. (Note the paradox: the Weibull scale 
parameter is a location parameter because about 63 percent of a population is always less than 
the scale parameter.) 

2.2.1 Normal Distribution 
The normal distribution is perhaps the best-known distribution. For a mean µ and standard 
deviation σ, the PDF of the normal distribution is given by 

 𝑓𝑓(𝑡𝑡) = 1
𝜎𝜎√2𝜋𝜋

𝑒𝑒𝑥𝑥𝑒𝑒 �−0.5 �𝑡𝑡−𝜇𝜇
𝜎𝜎

�
2

� .                       (8) 

Figure 2 shows plots of the PDF and CDF of the normal distribution for a mean of 5 and three 
different values of standard deviation. A normal distribution with a mean of 0 and a standard 
deviation of 1 is known as the standard normal distribution. The CDF for the standard normal, 
usually represented by Φ(t), is tabulated in the back of most probability textbooks. Any normal 
distribution can be mapped into the standard normal distribution through the standard normal 
random variable, 

𝑧𝑧 =
𝑡𝑡 − 𝜇𝜇

𝜎𝜎 .                                 (9) 

The normal distribution has several convenient properties, including: 
• Central limit theorem: The distribution of the sum of independent random variables usually 

tends to a normal distribution as the number of elements in the sum increases. Since scatter in 
real world observations can often be thought of as the sum of many random effects, the 
normal distribution has been found to fit many data sets over a wide range of disciplines. 

• Additive property: A random variable is normally distributed if it is the sum of 2 or more 
independent random variables, each of which is normally distributed. Its mean is the sum of 
the means, and its variance (the square of standard deviation) is the sum of the variances. 
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Since the normal distribution extends over negative values, it is sometimes inappropriate for 
representing data that can only be positive. Such would be the case when the standard deviation 
is relatively large compared to the mean so that the normal distribution would predict a 
reasonably large chance of an impossible negative observation. For example, distributions of 
structural crack sizes typically have standard deviations that are greater than the mean, so that a 
normal distribution would indicate a large percentage of negative crack sizes. On the other hand, 
when observations that can only be positive are all far separated from zero relative to their 
scatter, the normal distribution can still provide a useful model. For example, a normal 
distribution is often fit to observations of tensile strength and fracture toughness. 
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Figure 2. Normal Probability Density and CDFs 
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2.2.2 Lognormal Distribution 
The lognormal distribution for t is simply a normal distribution of the natural log, ln(t). The PDF 
of the lognormal distribution is given by 

𝑓𝑓(𝑡𝑡) =
1

𝑡𝑡𝜎𝜎√2𝜋𝜋
𝑒𝑒𝑥𝑥𝑒𝑒 �−0.5 �

𝑙𝑙𝑙𝑙(𝑡𝑡) − 𝜇𝜇
𝜎𝜎 �

2

� .                 (10) 

In Equation (10), µ and σ are the mean and standard deviations of ln(t). The median (CDF = 0.5) 
of the distribution of t is given by eµ. Figure 3 shows graphs of the PDF and CDF for the 
Lognormal distribution for a log mean of 0 (i.e., ln(1.0)) and three different values of standard 
deviation. 
The lognormal distribution has been commonly used for decades to represent the distribution of 
structural integrity variables such as fatigue life, strength, fracture toughness, crack growth rate, 
and crack sizes. It shares convenient features of the normal distribution. For example, consider 
this corollary to the additive property of the normal distribution: A random variable is 
lognormally distributed if it is the product of two or more independent random variables, each of 
which is lognormally distributed. 
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Figure 3. Lognormal Probability Functions 
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2.2.3 Weibull Distribution 
Waloddi Weibull is credited with the introduction of the Weibull probability distribution in 1937. 
It was found to work well with extremely few data samples (even as few as 2 or 3). The Weibull 
distribution is now routinely used in reliability applications involving aircraft and propulsion 
system service life. Examples include: 
• Fatigue life scatter in metallic alloys, 
• Equivalent initial flaw size distributions, 
• Crack growth rate scatter in metallic alloys. 
 
The Weibull distribution can be a three-parameter or two-parameter distribution. The three-
parameter Weibull distribution has a shape parameter α, scale parameter β, and a location 
parameter t0. The Weibull distribution starts at the value of the location parameter. Thus, t0 
provides an estimate of the smallest value in the domain of the distribution. The location 
parameter is frequently set equal to zero for structural reliability applications; reducing to the 
two-parameter Weibull distribution. The PDF and CDF for the Weibull distribution are, 
respectively: 

𝑓𝑓(𝑡𝑡) = 𝛼𝛼
𝛽𝛽

�𝑡𝑡−𝑡𝑡0
𝛽𝛽

�
𝛼𝛼−1

𝑒𝑒𝑥𝑥𝑒𝑒 �− �𝑡𝑡−𝑡𝑡0
𝛽𝛽

�
𝛼𝛼

� ,                    (11)  

𝐹𝐹(𝑡𝑡) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− �𝑡𝑡−𝑡𝑡0
𝛽𝛽

�
𝛼𝛼

� .                       (12)  

The mean and standard deviation of the Weibull distribution are, respectively 

 µ = β Γ(1+1/α) + t0,  (13)  

𝜎𝜎 = 𝛽𝛽�𝛤𝛤 �1 + 2
𝛼𝛼

� − �𝛤𝛤 �1 + 1
𝛼𝛼

��
2

,                  (14)  

where Γ(x) is the gamma function, 

𝛤𝛤(𝑥𝑥) = � 𝑒𝑒−𝑦𝑦𝑦𝑦𝑥𝑥−1

∞

0

𝑑𝑑𝑦𝑦.                     (15) 

Figure 4 shows graphs of the PDF and CDF for the Weibull distribution for scale parameter (β) 
of 1 and three different values of shape parameter (α). (When using any program, make sure 
which variable is the scale parameter and which is the shape parameter.) 

The two-parameter Weibull distribution is simply the case where t0 = 0. When t – t0 equals β, the 
value of the Weibull CDF is 

𝐹𝐹(𝛽𝛽 + 𝑡𝑡0) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− �
β
β

�
α

� = 1 − 𝑒𝑒−1 = 0.632.            (16) 

Thus, the two-parameter Weibull CDF at t equal to β is 0.632 regardless of the value of shape 
parameter α. Therefore in life calculations involving the Weibull distribution, the scale 
parameter β is sometimes called the characteristic life. 
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When the shape parameter is equal to 1, the Weibull distribution becomes equal to the 
exponential distribution. For a shape parameter of 2, the Weibull distribution is the Rayleigh 
distribution which is commonly used in dynamics. For shape parameter values between 3 and 4, 
the shape of the Weibull distribution is close to that of the normal distribution. 
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Figure 4. Weibull Probability Functions 
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2.2.4 Exponential Distribution 
As mentioned above, the exponential distribution is the limiting case of the two- parameter 
Weibull Distribution with Weibull shape parameter equal to one. As a result, the exponential 
distribution has a single parameter, λ, sometimes called the rate parameter. The PDF and CDF of 
the exponential distribution are given by 

 f(t) = (1/λ) exp(-t/λ) (17) 
 F(t) = 1 - exp(-t/λ) (18) 
The HRF for the exponential distribution is constant and equal to 1/λ. 
Figure 5 shows graphs of the PDF and CDF for the exponential distribution for three different 
values of the rate parameter λ. 
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Figure 5. Exponential Probability Functions 
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2.2.5 Gumbel Distribution 
The Gumbel distribution is the common name for the extreme value Type 1 distribution. It has 
two forms: one based on the smallest extreme value, and the other based on the largest extreme 
value. The Gumbel distribution for the largest extreme value has been used to model the 
distribution of maximum stresses in a sequence of flights, and thus, the probability of a 
maximum stress of a given value occurring in a flight. Hence, Gumbel distribution will refer to 
the Gumbel distribution for the largest extreme in this handbook. 

The Gumbel distribution is described by two parameters: the location parameter, α, and the scale 
parameter, β. The PDF and CDF for the Gumbel distribution are, respectively, 

𝑓𝑓(𝑥𝑥) =
1
𝛽𝛽 𝑒𝑒−𝑥𝑥−𝛼𝛼

𝛽𝛽 𝑒𝑒𝑥𝑥𝑒𝑒 �−𝑒𝑒−𝑥𝑥−𝛼𝛼
𝛽𝛽 �                        (19) 

𝐹𝐹(𝑥𝑥) = 𝑒𝑒𝑥𝑥𝑒𝑒 �−𝑒𝑒−𝑥𝑥−𝛼𝛼
𝛽𝛽 �                           (20) 

Graphs of the PDF and CDF for select values of α and β are shown in Figure 6. 
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Figure 6. Gumbel Probability Functions 
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2.3 Calculation Methods 
This section introduces some calculations methods that will be used throughout this handbook. 

2.3.1 Benard Median Rank Approximation 
Median rank is recommended for rank ordering skewed datasets. Mean rank, the other method of 
ranking data samples, will assign a probability that is too high to the lowest ranked members of 
the dataset and is too low for the highest ranked members [4]. Thus, median rank ordering is 
preferred.  
The median rank is somewhat difficult to calculate directly. Therefore, Benard’s approximation 
of the median rank is often used. The median rank, r, of the jth smallest member of a dataset with 
n members is 

𝑃𝑃 =
𝑗𝑗 − 0.3
𝑙𝑙 + 0.4                            (21) 

2.3.2 Monte Carlo Simulation 
Monte Carlo Simulation (MCS) will be used throughout this handbook to calculate POF because 
• it is easy to understand the process,  
• there is no limit on the number of random variables, and  
• it is the standard against which other reliability calculation methods are validated.  
The basic idea of MCS is to randomly choose a sample from the known distribution for each 
random variable in the problem at hand [5]. For example, choose a value of ultimate tensile 
strength (UTS) from the distribution for UTS, and a value for the applied stress from the 
distribution for the applied stress. Then, with this pair of values, determine if this instance would 
have survived or failed. This process of choosing samples and determining whether the instance 
would have failed is repeated over and over until a large number of instances have been 
generated keeping track of the total number of instances and the number that failed. The fraction 
of the total number of instances that failed is an estimate of the POF given the distributions of the 
random variables. 
Mathematically, MCS solves the integral 

𝑃𝑃𝑃𝑃𝐹𝐹 =  � ℎ(𝑥𝑥)𝑓𝑓𝑇𝑇(𝑥𝑥)𝑑𝑑𝑥𝑥
∞

−∞

                        (22) 

where f(x) is the joint pdf for the random variable in the problem, and h(x) is a function that is 
equal to 1 if the part has failed and 0 otherwise. This integral gives the expected value of h(x), 
Ef[h(x)]. For samples X1, …, XN, the POF estimate is 

𝑃𝑃𝑃𝑃𝐹𝐹 = 𝐸𝐸𝑓𝑓[ℎ(𝑥𝑥)] =
1
𝑁𝑁 � ℎ(𝑋𝑋𝑖𝑖)

𝑁𝑁

1

=
# 𝑜𝑜𝑓𝑓 𝑓𝑓𝑓𝑓𝑓𝑓𝑙𝑙𝑓𝑓𝑃𝑃𝑒𝑒𝑓𝑓

𝑁𝑁 .          (23) 

Physically, MCS can be thought of as fabricating a large number of parts from random pieces of 
material drawn from the population of all material of that type and processed with all the 
variation seen in typical manufacturing processes. Then each of the parts is subjected to some of 
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the many uses that it could expect to see during its life. The fraction of these parts that fail under 
these range of uses is the POF for that part. 

2.3.3 Importance Sampling 
When the POF is very small, millions of MCS samples are required to get a reasonable estimate 
of the POF. This is not always practical.  

An alternate approach to a regular MCS is to do importance sampling (IS) [5]. Instead of 
drawing samples from the original distribution of the random variable, another distribution g(x) 
is introduced with characteristics that make the integral easier to estimate:  

𝑃𝑃𝑃𝑃𝐹𝐹 =  � ℎ(𝑥𝑥)𝑓𝑓𝑇𝑇(𝑥𝑥)𝑑𝑑𝑥𝑥
∞

−∞

=  � �
ℎ(𝑥𝑥)𝑓𝑓𝑇𝑇(𝑥𝑥)

𝑔𝑔(𝑥𝑥) �
∞

−∞

𝑔𝑔(𝑥𝑥)𝑑𝑑𝑥𝑥 =  𝐸𝐸𝑔𝑔 �
ℎ(𝑥𝑥)𝑓𝑓𝑇𝑇(𝑥𝑥)

𝑔𝑔(𝑥𝑥) �     (24) 

Thus, the POF can be estimated from the expected value of the function ℎ(𝑥𝑥)𝑓𝑓𝑇𝑇(𝑥𝑥)
𝑔𝑔(𝑥𝑥) . 

The accuracy of the POF estimate can be gauged by calculating the variance of the POF estimate 
since it is also a random value. The variance (square of the standard deviation) of the POF 
estimate is  

𝑉𝑉𝑓𝑓𝑃𝑃(𝑃𝑃𝑃𝑃𝐹𝐹) = 𝐸𝐸 ��
ℎ(𝑥𝑥)𝑓𝑓𝑇𝑇(𝑥𝑥)

𝑔𝑔(𝑥𝑥) �
2

� − 𝐸𝐸 �
ℎ(𝑥𝑥)𝑓𝑓𝑇𝑇(𝑥𝑥)

𝑔𝑔(𝑥𝑥) �                (25) 

The alternate sampling distribution is selected to cover the region most likely to cause failure so 
that fewer samples are required to obtain a good estimate of the POF. The functional form of the 
sampling distributions should be chosen to make sampling easy and to ensure that fT(xi)/g(xi) 
does not get large. If fT(xi)/g(xi) gets large, the error in the estimate of POF can get large as will 
be shown later. A uniform distribution is one possible choice for the sampling distribution. The 
value of g(xi) is then constant for all xi and equal to 

𝑔𝑔(𝑥𝑥) =
1

𝑈𝑈𝑈𝑈 − 𝐿𝐿𝑈𝑈                         (26) 

where UB and LB are the upper and lower bounds, respectively, of the uniform distribution.  
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3 RELIABILITY WITHOUT INSPECTION OR REPAIR 
In this section, the calculation of the POF in situations where either the resistance to failure or 
the applied force changes over time is demonstrated. 
The MCS algorithms were implemented as VBS macros in a Microsoft Excel® workbook. These 
routines are not the fastest way to perform MCS, but they allowed intermediate values in the 
simulation to be easily captured for illustration purposes of this handbook. For solving real life 
problems, it is recommended that MCS be performed in Matlab, Python, or some other computer 
language. 
The examples in this section are presented in order of increasing complexity; the number of 
random variables increases with each example. The first example is a specimen with a known 
crack size under constant amplitude loading. The only random variable is the fracture toughness. 
The second example is a specimen with a hole under constant amplitude loading. The random 
variables are the fracture toughness and the equivalent initial damage size (EIDS). The last 
example is a part with a hole under spectrum loading. The random variables are the fracture 
toughness, EIDS, and the maximum stress during a flight. 
A sensitivity study should be performed as part of every risk and reliability analysis because of 
the uncertainty inherent in the random variables. In the examples of this section, a structured 
process for performing a sensitivity study is demonstrated. Though not as rigorous as other 
approaches to assessing sensitivity, the method demonstrated here minimizes the number of 
additional reliability assessments that need to be performed while providing a reasonable 
assessment of the sensitivity of the reliability results to each random variable. 
Inspection and subsequent repair of cracks are not considered in any of the examples in this 
section. The additional complexity of simulating an inspection and repair of cracks is addressed 
in Section 4. 

3.1 Middle Tension Specimen, M(T), under Constant Amplitude Loading 
This example is a center cracked panel, also called a middle tension or M(T) specimen, in a 
crack growth test under constant amplitude loading. The questions to be answered are: When is 
the specimen likely to fail? How much crack growth data is likely to be obtained from the 
experiment? These answers to these questions are not important for typical tests, but for 
illustration purposes these questions provide a goal for the reliability calculation. 
This example contains one random variable: fracture toughness, Kc. First, the reliability of the 
specimen as a function of crack size and load cycles will be determined. Then the POF function 
is found. Finally, the HRF will calculated. 

3.1.1 Test Conditions 
The specimen (Figure 7) is cut from 0.063-inch-thick 7475-T61 aluminum sheet. The specimen 
is loaded in the longitudinal grain orientation to a maximum stress of 12 ksi at a stress ratio of 
0.1. The crack grows in the long transverse grain orientation. 
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Figure 7. Middle Tension Specimen Geometry 

The stress intensity range, ∆K, for this arrangement is found using the following equation from 
ASTM Standard E647 [6], 

  

 ∆𝐾𝐾 = ∆𝜎𝜎�
𝜋𝜋𝜋𝜋

𝑐𝑐𝑐𝑐𝑐𝑐�𝜋𝜋𝜋𝜋
𝑊𝑊 �

                             (27) 

where ∆σ is 10.8 ksi, a is 0.5 inch and W is 10 inches. Note that for the middle tension specimen, 
the total crack length is 2a. 

3.1.2 Material Properties 
Fracture toughness and crack growth rate properties were found in Volume 5 of the Damage 
Tolerant Design Handbook [7]. The fracture toughness values for 0.063-inch-thick 7475-T61 
aluminum sheet in the L-T orientation are listed in median rank order in Table 2. A two-
parameter Weibull distribution with a shape factor of 12.49 and a scale of 88.89 ksi√in provided 
a better fit to the data than either a normal or lognormal distribution. The Weibull probability 
plot of the data and the least squares estimated (LSE) fit to the data are shown in Figure 8. 
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Table 2. Fracture Toughness, Kc, Values for 7475-T61 Aluminum Sheet 0.63 inch, L-T Orientation 

 

 
Figure 8. Weibull Distribution of Fracture Toughness Values for 7475-T61 Aluminum Sheet 

(0.63 inch, L-T)  
(Shape parameter of 12.49 and scale parameter of 88.89 ksi√in) 

 
Fatigue crack growth rate data from the Damage Tolerant Design Handbook databook [7] are 
plotted in Figure 9. The data are described by the following relationship: 
  

Index Median Rank
Fracture 

Toughness, Kc

1 0.0673 70.72
2 0.1635 81.11
3 0.2596 82.76
4 0.3558 83.44
5 0.4519 83.82
6 0.5481 85.10
7 0.6442 88.95
8 0.7404 89.05
9 0.8365 94.77
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da
dN

= 1.01 × 10−10∆K4.7  for ∆K ≤ 11.56 ksi√inch   (28a) 
𝑑𝑑𝜋𝜋
𝑑𝑑𝑁𝑁

= 1.36 × 10−8∆𝐾𝐾2.7  for 11.56 ksi√inch ≤ ∆K ≤ 25 ksi√inch   (28b) 
𝐝𝐝𝐝𝐝
𝐝𝐝𝐝𝐝

= 𝟔𝟔. 𝟕𝟕𝟕𝟕 × 𝟏𝟏𝟏𝟏−𝟔𝟔 𝐞𝐞𝐞𝐞𝐞𝐞(𝟏𝟏. 𝟏𝟏𝟎𝟎𝟎𝟎 ∗ ∆𝐊𝐊)  for ∆K ≥ 25 ksi√inch  (28c) 

 

 
Figure 9. Crack Growth Rate Curve for 7475-T61 Aluminum sheet (0.63 inch, L-T) 

3.1.3 Reliability Calculation 
Determining the reliability requires the calculation of crack size as a function of load cycles. 
Equation (27) is only valid for this test configuration to 2a/W equal to 0.8, or a crack size of 4 
inches, though the calculations can be performed to a crack size of 4.95. The crack size at the 
start of the (i+1) cycle is calculated with the following recursive algorithm. 

𝑓𝑓𝑖𝑖+1  =  𝑓𝑓𝑖𝑖  +  ∆𝑓𝑓𝑖𝑖     for 𝑓𝑓 =  1 to 𝑁𝑁           (29) 

where ∆ai is found using equation (28), and 

 ∆𝐾𝐾𝑖𝑖  =  10.8 ksi� 𝜋𝜋𝜋𝜋𝑖𝑖
𝑐𝑐𝑐𝑐𝑐𝑐(0.1𝜋𝜋𝜋𝜋𝑖𝑖)

                      (30) 
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The crack growth calculation starts with ai equal to 0.5 inch. The resulting crack size versus load 
cycle curve is presented in Figure 10. A partial listing of the crack sizes as a function of load 
cycles is given in Table 3. 

 
Figure 10. Predicted Crack Growth Curve for Experiment 

The POF of the specimen as a function of loading cycle can be calculated two different ways. 
MCS can be used. Then, since standard distributions are used for fracture toughness and yield 
strength, the CDF can be directly used. The CDF calculations will be used to instill confidence in 
MCS. The CDF calculations will be performed first because it is known to be correct.  

3.1.3.1 CDF Calculation 
Step 1. Using the crack size in Column 2 of Table 3, calculate the maximum stress intensity 

during the ith loading cycle, Kmax(i), using equation (31). Some of the values are shown 
in Column 3 of Table 3. 

 𝐾𝐾𝑚𝑚𝜋𝜋𝑥𝑥(𝑓𝑓) =  12 ksi� 𝜋𝜋𝜋𝜋𝑖𝑖
𝑐𝑐𝑐𝑐𝑐𝑐(0.1𝜋𝜋𝜋𝜋𝑖𝑖)

                   (31) 
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Table 3. Representative Cycles in Calculation of POF for Experiment 

 

Cycle, 
i

Crack size, 
a i

Max. Stress 
Intensity, 

K max(i)  (ksi√in)
Cumulative POF, 

CDF f (i) PDF(i)
Hazard 

Rate, h(i)
1 0.5000 15.13 2.49E-10
2 0.5000 15.13 2.49E-10 5.00E-14 5.00E-14
3 0.5000 15.13 2.49E-10 5.00E-14 5.00E-14
29 0.5004 15.14 2.50E-10 5.03E-14 5.03E-14
30 0.5005 15.14 2.50E-10 5.03E-14 5.03E-14
31 0.5005 15.14 2.50E-10 5.03E-14 5.03E-14
64 0.50099 15.15 2.52E-10 5.06E-14 5.06E-14
65 0.50101 15.15 2.52E-10 5.06E-14 5.06E-14
66 0.50102 15.15 2.52E-10 5.07E-14 5.07E-14
67 0.50104 15.15 2.52E-10 5.07E-14 5.07E-14
68 0.50105 15.15 2.52E-10 5.07E-14 5.07E-14
69 0.50107 15.15 2.52E-10 5.07E-14 5.07E-14
70 0.50108 15.15 2.52E-10 5.07E-14 5.07E-14
71 0.50110 15.15 2.52E-10 5.07E-14 5.07E-14
72 0.50112 15.15 2.52E-10 5.07E-14 5.07E-14
73 0.50113 15.15 2.52E-10 5.07E-14 5.07E-14
74 0.50115 15.15 2.52E-10 5.07E-14 5.07E-14
75 0.50116 15.15 2.52E-10 5.08E-14 5.08E-14
76 0.50118 15.15 2.52E-10 5.08E-14 5.08E-14
77 0.50119 15.15 2.52E-10 5.08E-14 5.08E-14
78 0.50121 15.15 2.53E-10 5.08E-14 5.08E-14
79 0.50123 15.15 2.53E-10 5.08E-14 5.08E-14
80 0.50124 15.15 2.53E-10 5.08E-14 5.08E-14
81 0.50126 15.15 2.53E-10 5.08E-14 5.08E-14
82 0.50127 15.15 2.53E-10 5.08E-14 5.08E-14
83 0.50129 15.15 2.53E-10 5.08E-14 5.08E-14
84 0.50131 15.15 2.53E-10 5.09E-14 5.09E-14
85 0.50132 15.15 2.53E-10 5.09E-14 5.09E-14
86 0.50134 15.15 2.53E-10 5.09E-14 5.09E-14
87 0.50135 15.15 2.53E-10 5.09E-14 5.09E-14
88 0.50137 15.15 2.53E-10 5.09E-14 5.09E-14
89 0.50138 15.15 2.53E-10 5.09E-14 5.09E-14
90 0.50140 15.15 2.53E-10 5.09E-14 5.09E-14
91 0.50142 15.16 2.53E-10 5.09E-14 5.09E-14
92 0.50143 15.16 2.53E-10 5.09E-14 5.09E-14
93 0.50145 15.16 2.53E-10 5.10E-14 5.10E-14
94 0.50146 15.16 2.53E-10 5.10E-14 5.10E-14
95 0.50148 15.16 2.53E-10 5.10E-14 5.10E-14
96 0.50149 15.16 2.53E-10 5.10E-14 5.10E-14
97 0.50151 15.16 2.53E-10 5.10E-14 5.10E-14
98 0.50153 15.16 2.54E-10 5.10E-14 5.10E-14
99 0.50154 15.16 2.54E-10 5.10E-14 5.10E-14

100 0.50156 15.16 2.54E-10 5.10E-14 5.10E-14
101 0.50157 15.16 2.54E-10 5.10E-14 5.10E-14
102 0.50159 15.16 2.54E-10 5.11E-14 5.11E-14
103 0.50160 15.16 2.54E-10 5.11E-14 5.11E-14
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Step 2. Calculate the probability that the specimen will fracture on or before the ith load cycle, 
FT(i), i.e., the probability that the fracture toughness is less than or equal to Kmax(i) using 
the Weibull distribution for fracture toughness equation (30). The load and fracture 
toughness do not change from cycle to cycle. Thus, FT(i)is the cumulative POF through 
cycle i. Some of the values are shown in Column 4 of Table 3. 

𝐹𝐹𝑇𝑇(𝑓𝑓) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− �𝐾𝐾𝑚𝑚𝜋𝜋𝑚𝑚(𝑖𝑖)
88.89

�
12.49

�  (32) 

Step 3. Calculate the PDF of the failure distribution on the ith load cycle, fT(i), in Column 5. The 
PDF is the derivative of the CDF so a two-point centered difference (equation 33) is 
used to approximate the derivative. [8] 

𝑓𝑓𝑇𝑇(𝑓𝑓) =  
𝐹𝐹𝑇𝑇(𝑓𝑓 + 1) − 𝐹𝐹𝑇𝑇(𝑓𝑓 − 1)

(𝑓𝑓 + 1) − (𝑓𝑓 − 1)  (33) 

Step 4. Calculate the HRF on the ith load cycle, hT(i), in Column 6. FT (i-1) is used in the 
denominator since the HRF is based on the condition that the specimen has survived to 
the ith cycle, or through the (i-1)th cycle. 

ℎ𝑇𝑇(𝑓𝑓) =
𝑓𝑓𝑇𝑇(𝑓𝑓)

1 − 𝐹𝐹𝑇𝑇(𝑓𝑓 − 1)  (34) 

FT(i), fT(i), and hT(i) are plotted as a function of loading cycle in Figure 11. The fT(i) and hT(i) 
curves plot on top of one another. As described, this specimen has less than one in a million 
chance of failing before 30,000 cycles and less than one in a thousand chance of failing before 
37,500 cycles. After 37,500 cycles, the POF increases rapidly with each load cycle. 

hT(i) is approximately equal to fT(i) until 38,150 cycles. In this example, a HRF of 10-7 is 
associated with a cumulative POF of less than 8 x 10-5 and a HRF of 10-5 is associated with a 
cumulative POF of less than 0.002. 



 

26 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 

 
Figure 11. FT(i), fT(i), and hT(i) as Function of Cycles for Example 1 

3.1.3.2 Monte Carlo Simulation 
The POF can also be determined with MCS. The calculations of crack size and maximum stress 
intensity as a function cycle number from Section 3.1.3.1 will be used in the MCS.  
Step 1. Generate a collection of random fracture toughness values, Kcrit, from the fracture 

toughness CDF. This is done by generating random numbers between 0 and 1 using a 
(pseudo-) random number generator. These random numbers are CDF values, P, for the 
fracture toughness distribution. The random numbers are plugged into the inverse CDF,  

𝐾𝐾𝑐𝑐𝑐𝑐𝑖𝑖𝑡𝑡 = 88.89 �𝑙𝑙𝑙𝑙 �
1

1 − 𝑃𝑃��
1

12.49
                     (35) 

 to obtain values of Kcrit. Two thousand samples of Kcrit were generated.  
Step 2. Calculate the probability that the specimen will fracture by the end of the ith cycle, FT(i), 

by determining the number of samples, Nf(i), that would have fractured out of the total 
number of samples, NT,  

   

𝐹𝐹𝑇𝑇(𝑓𝑓) =  
𝑁𝑁𝑓𝑓(𝑓𝑓)

𝑁𝑁𝑇𝑇
                            (36) 
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Figure 12 compares FT(i) from the MCS to the direct integration for cycles greater than 37,000. 
With 2,000 samples, the MCS is not significantly different from the direct integration. The 
accuracy of MCS is improved by increasing the number of samples. Thus, if the results in Figure 
12 were not accurate enough, more samples would have been generated. 

 
Figure 12. Comparison of FT(i) from MCS and Weibull Function for Example 1 

3.1.4 Sensitivity Study 
The results obtained here are dependent upon the fracture toughness distribution used in the 
analysis. There are only ten fracture toughness values with which to estimate the distribution. 
This is not nearly enough data to establish the distribution with much certainty. Therefore, a 
sensitivity study is performed to determine how sensitive the reliability results are to the 
definition of the fracture toughness distribution. In general, a sensitivity study provides 
information as to whether additional data should be obtained to reduce the uncertainty in some of 
the random variables. In this section, a structured procedure for performing a sensitivity analysis 
will be described. 
A sensitivity analysis apportions uncertainty in the output to different sources of uncertainty in 
the input [9]. The random variable for this examples is the fracture toughness. The variation, or 
uncertainty, in this random variable is fully described by variation in the shape and scale 
parameters of the fracture toughness distribution.  
There are several different statistical methods for performing a sensitivity analysis [9]. All of 
these would require tens to hundreds of analyses of the problem to be performed with different 
combinations of values for the shape and scale parameters of the fracture toughness distribution. 
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And as the number of random variables in a problem increases, the number of analyses needed 
increases dramatically. This is a limitation on these methods. 
In this example, the method of Robust Design and analysis of variance (ANOVA) was employed 
to perform the sensitivity analysis [10]. The reason for using these methods is that a relatively 
small number of additional analyses with different combinations of inputs are required to explore 
a portion of the space surrounding the analysis point. Orthogonal arrays are utilized to reduce the 
number of analyses required as the number of random inputs increases. 
Robust Design uses an additive model to approximate the effect of input parameters on the 
output, i.e., the effect of the shape and scale parameters of the fracture toughness distribution on 
the POF. An additive model is also referred to as a superposition model or a variables separable 
model. The additive model requires that the factors in the sensitivity analysis (i.e., the shape and 
scale parameters) have an equal number of levels at which the result of interest is evaluated, in 
this case POF or HRF. Furthermore, each value must be used in the same number of POF 
evaluations, and at least once with every value of the other factors. 
Generally, two to three factor levels are recommended. Two factor levels allow only linear trends 
to be observed. Three factor levels allow quadratic behavior to be discovered. In this example, 
three factor levels were used. The values for the shape factor are 14.5, 12.49, and 10.5. The 
values for the scale factor are 93.9, 88.89, and 83.9. These values were chosen to generate 
fracture toughness distributions that were at the 95% confidence bounds of the distribution fit 
and still gave reasonable values for the lowest toughness values. The extremes of the 
distributions that result from combinations of these values are compared to the 95% confidence 
bounds for the LSE fracture toughness distribution in Figure 13. The shape parameter and scale 
parameter combinations that were used in the sensitivity analysis are presented in Table 4. A 
total of nine additional analyses (3x3 = 9) are required for the sensitivity analysis. This is a full 
factorial array because only two variables are considered. Every combination of the shape and 
scale parameters is considered.   
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Figure 13. Fracture Toughness Distributions Range for Sensitivity Study 

Table 4. Shape and Scale Factor Combinations for Sensitivity ANOVA 

 

The cumulative POF and HRF curves for the nine shape and scale parameter combinations in 
Table 4 are presented in Figure 14 and Figure 15. It is apparent from these graphs that the 
Weibull shape factor affects both the cumulative POF and the HRF more than the scale factor. 
The POF and HRF curves lie in distinct bands determined by the shape factor. 
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Figure 14. Cumulative POF vs. Cycles Curves for Nine Analyses Used in ANOVA 
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Figure 15. HRF vs. Cycles Curves for Nine Analyses Used in ANOVA 

A more quantitative analysis of the sensitivity study is possible. Since current USAF risk criteria 
are expressed in terms of SFPOF (HRF x 1 flight), the focus of the sensitivity analysis will be on 
the HRF. Based on the current USAF risk criteria, it was decided to look at the cycles at which a 
HRF of 10-7 and 10-5 are reached (Figure 15). Other values of the HRF or POF can be used 
depending upon the application.  
The logarithm of cycles is easier to work with than cycles and improves the additivity of the 
factor effects [10]. The logarithm of cycles to a HRF of 10-7 and 10-5 for each combination of 
Weibull parameters are given in Table 5 and Table 6, respectively. The average logarithm of 
cycles to a HRF of 10-7 and 10-5 for each value of the scale factor and shape factor, that is, the 
averages of each row and column, are calculated in the tables. The row and column averages 
provide an indication of the main effect of the scale or shape factor at that specific value. Each 
row and column mean is compared to the overall average (Total Mean) of all nine analyses as 
part of the sensitivity study. The row or column averages versus the value of the shape or scale 
factor are plotted in Figure 16. 
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Table 5. Common Logarithm of Cycles to HRF of 10-7 

 
 

Table 6. Common Logarithm of Cycles to HRF of 10-5 

 
 

 

 
Figure 16. Mean Log(Cycles) to HRF Value versus Factor Level 

The almost horizontal line segments for HRF equal 10-5 in Figure 16 shows that the cycles to a 
HRF of 10-5 is not very sensitive to values of the shape and scale parameters within the chosen 
range. The means of the logarithm of the cycles to reach a HRF of 10-5 differ by 0.003 for the 
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shape parameter and 0.0026 for the scale parameter. This is a difference of one cycle in the mean 
which is not significant compared to the more than 37,000 cycles applied before a HRF of 10-5 is 
reached. 
The cycles to a HRF of 10-7 are a slightly more sensitive to the values of the shape and scale 
parameters. The difference in the mean logarithm cycles to a HRF of 10-7 is .0215 for the shape 
factor and 0.0109 for the scale factor. This is also a difference of about one cycle in the mean 
which again is not significant compared to the more than 35,000 cycles applied before a HRF of 
10-7 is reached. 
Within the ranges of shape and scale factor values investigated, the predicted load cycles at 
which a HRF of 10-7 or 10-5 is reached is not very sensitive to the fracture toughness distribution. 
Wider shape and scale factor ranges could have been chosen and different results may have been 
obtained. The ranges chosen here just seemed to be reasonable ones for this example. More 
quantitative analysis of the sensitivity study is possible. It seemed to be unnecessary for this 
example in light of the lack of sensitivity found. The quantitative analysis will be demonstrated 
in the next example. 

3.2 Hole Specimen under Constant Amplitude Loading 
This example is of a panel with a central hole under constant amplitude cyclic loading. The 
questions again is: When is the specimen likely to fail? The answer to this question is not 
important for typical tests, but for illustration purposes this question provides a goal for the 
reliability calculation. 
This example contains two random variables: fracture toughness, Kc, and the equivalent initial 
damage size (EIDS), ao. The EIDS determines how quickly a crack will grow to a size that can 
cause fracture. First, the reliability of the specimen as a function of crack size and load cycles is 
determined. Then the POF function is found. Finally, the HRF is calculated. 

3.2.1 Test Conditions 
The specimen (Figure 17) is made from 0.063-inch-thick 7475-T61 aluminum sheet. The test 
will be conducted at room temperature in laboratory air. The specimen is loaded in the 
longitudinal grain orientation to a maximum stress of 12 ksi at a stress ratio of 0.1. The crack 
grows in the long transverse grain orientation. 

 
Figure 17. Hole Specimen Geometry 
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3.2.2 Material Properties 
Fracture toughness and crack growth rate properties are the same as in the previous example, 
Section 3.1.2. They are summarized again here for reference. The fracture toughness is described 
by a two-parameter Weibull distribution with a shape factor of 12.49 and a scale of 88.89 
ksi√inch.  
Fatigue crack growth rate data are described by equation (28), which is repeated here for 
convenience: 

da
dN

= 1.01 × 10−10∆K4.7     for ∆K ≤ 11.56 ksi√inch    (28a) 
𝑑𝑑𝜋𝜋
𝑑𝑑𝑁𝑁

= 1.36 × 10−8∆𝐾𝐾2.7   for 11.56 ksi√inch ≤ ∆K ≤ 25 ksi√inch  (28b) 

 
da
dN

= 6.74 × 10−6 exp(0.099 ∗ ∆K)   for 25 ksi√inch ≤ ∆K    (28c) 
 

3.2.3 Equivalent Initial Damage Size 
The EIDS is the theoretical size for a single crack at the location of interest that when used in a 
specified fatigue crack growth computation results in the observed fatigue crack growth at that 
location [11]. The EIDS lumps all the variables that affect fatigue crack formation and growth 
such as local grain size, the number and size of cracked constituent particles, scratches in the 
bore of the hole, link-up of microcracks, etc., into a single parameter, the crack size. The EIDS 
as a model of the crack size at a location is a clear example of the adage that all models are 
wrong, but some are useful. 
When the same location in a number of nominally similar parts are considered, they invariably 
have different fatigue lives, i.e., load cycles or service hours to a specified crack size. Each part 
will have a different EIDS. Parts with longer lives will have smaller EIDSs and parts with shorter 
lives will have larger EIDSs. Rank ordering this collection of EIDSs generates a probability 
distribution for the EIDS for that location on that part. This distribution gives the probability that 
the EIDS at that location on any of the nominally similar parts will be less than a specified size, 
or alternatively that the EIDS is greater than a specified size. Since the EIDS is related to the 
fatigue life, this distribution can be used to determine the probability that the location of interest 
has a fatigue life longer (or shorter) than a given value. 
The EIDS is frequently found from multiple trials using different initial crack sizes in a fatigue 
crack growth model consisting of a particular software package, load spectrum, and stress 
intensity model in order to replicate the observed fatigue life of a test specimen, part on a full 
scale test article, or part from an in-service aircraft. Because the EIDS developed in this manner 
is intimately tied to the software package, load spectrum, and part geometry, this EIDS 
distribution cannot be readily used for different model aircraft or in another software package. 
Sometimes, however, there is no other choice but to use an EIDS distribution developed for a 
different detail. 
There have been efforts to develop physically based initial flaw size distributions [12, 13, 14, 
15]. These efforts have considered only the basic material character so far. They have not yet 
addressed the effect of part fabrication, hole drilling, and assembly on the flaw size distribution 
as a part enters service. 



 

35 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 

3.2.3.1 Determining the EIDS Distribution 
If there are some instances of fatigue cracking in the detail of interest, either in service or during 
a full scale durability test, the sizes of the cracks, the flight hours or cycles associated with each 
crack size, and the loading history for each instance can be used to estimate an EIDS using a 
fatigue crack growth code. Estimation of the EIDS should be done with the same fatigue crack 
growth code that will be used in subsequent analyses of the structure. The crack size versus FH 
(or cycles) curve that results from an EIDS determination is only guaranteed to match the 
observed crack size and FH at the single observation used to estimate the EIDS. Since there are 
typically no other crack size history data, there is no way of knowing how well the crack growth 
curve from the EIDS represents the actual crack growth history for the detail. 
An alternate approach of determining the EIDS from a full scale durability test, or a number of 
representative coupon tests, is to insert marker bands into the load history and then perform 
fractography to determine multiple crack sizes at various times during each individual test. 
Fitting a curve to the crack size and FH pairs for each specimen and extrapolating back to time 
zero yields an EIDS estimate for each specimen. This approach is more time consuming and 
expensive than the analytical method above. It is also difficult to ensure that laboratory 
specimens are representative of actual manufacturing quality. However, the EIDSs found by 
curve fitting to fractographic data are slightly more physical and less sensitive to the loading 
spectrum used, especially if the curve fit is limited to a power law as recommended in [11, 15]. 
Thus, EIDSs from fractographic data can used for other details and other load spectra with less 
uncertainty, though still not complete confidence. 
For this example, the fractographic determination of EIDS is demonstrated. Fractographic data 
from volume 8 of [11] will be used. The material is aluminum alloy 7475-T7351 plate which is a 
different temper than the –T61 temper of this example. However, work on developing a physical 
initial flaw sizes [12] in 7075-T6 sheet has shown that the origin of fatigue cracks are cracked 
iron-bearing constituent particles. The size of these constituent particles are not changed by the 
temper of the alloy. The only other contributor to the fatigue process is the quality of the hole 
drilling. A number of different specimen geometries were used in [11]. Data from specimens 
with fasteners in holes but no load transfer is used here as this is most similar to the example. 

3.2.3.2 Fractographic Determination of EIDS 
Fifty-three specimens with no load transfer were tested using an F-16 400-hour load spectrum 
[11]. The specimens had different hole diameters, fasteners, and reference stresses as shown in 
Table 7. Each specimen had two holes as shown in Figure 18 for a total of 106 possible EIDS 
values. 
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Table 7. Specimen Information 

 
 

 
Figure 18. No Load Transfer Specimen for EIDS Tests [11] 

Two different hole spacings used: S=1.00 inch and S=3.00 inches. 
 

This particular load spectrum created marker bands on the fracture surface, so it was possible to 
relate various crack sizes during each test to a specific time expressed in terms of spectrum FH. 
At the small crack sizes used in determining the EIDS, the crack is either a corner crack or 
surface crack. A single number for the crack size does not adequately describe the shape of the 
crack. The dimension into the depth of the specimen and along the surface are needed. 
Unfortunately, only the depth of the crack into the specimen was recorded in [11]. 
The crack size measurements less than 1 mm (0.0394 inch) were used to estimate the EIDS 
following the recommendations in [15]. This reduces impact of the various effects that develop 
as the crack gets longer making the resulting EIDS more physical and transferable to other 

Hole 
Diameter 

(in.) Fastener
Reference 

Stress (ksi)
No. of 

Specimens

0.25 MS-
90353 32 7

0.188 MS-
90353 32 5

0.25 MS-
90353 34 12

0.25 NAS 
1580 38 10

0.25 MS-
90353 38 19



situations. For crack sizes less than 1 mm, it was found that a power equation fits the crack 
growth reasonably well. Thus, the crack size as a function of time, a(t), is 

𝑓𝑓(𝑡𝑡) = 𝛽𝛽𝑡𝑡𝜃𝜃  (37) 
where β is the EIDS for that specimen. An example of the curve fitting procedure for 
determining the EIDS is provided in Figure 19. The complete listing of the fractographic data for 
all 53 specimens is in Appendix A along with plots of the curve fit to the crack sizes less than 1 
mm. 

Figure 19. Determination of EIDS for Both Holes on One Specimen 

The EIDSs that could be determined are listed in Table 8. The EIDS could not be determined for 
a number of holes. One specimen was destroyed in the fixture. Another specimen had a crack 
that could not be read back to a size less than 1 mm (0.0394 inch). And there were numerous 
holes that did not crack within the maximum number of spectrum FH. The holes that did not 
crack are treated as censored data. The EIDSs for the uncracked holes must be smaller than the 
EIDS for any of the cracked holes. So, the uncracked holes are placed in the rank ordering below 
the lowest EIDS value and the number of uncracked holes, 45, added to the rank of the lowest 
EIDS. The specimen that was destroyed was not considered part of the sample reducing the total 
number of holes sampled by 2 to 104. 
It is not obvious how the cracked hole that could not be read back to a crack size less than 1 mm 
should be handled. It should not be discarded from the sample because it did crack. And it should 
not be placed into the small crack portion of the sample with the uncracked holes because the 
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smallest crack size that could be read, 0.2163 inch at 10,800 SFH, is significant when compared 
to the crack sizes at other holes on similarly loaded specimens at 10,800 SFH. Trials putting this 
hole in as an unknown value at different ranks at the high end of the rankings did not change the 
resulting distribution at all, so it was treated as an unknown value in the 104th rank. 
The rank order and median rank for the EIDS values are provided in Table 9. The EIDS values 
are plotted against their median rank on a Weibull probability plot in Figure 20. The line in 
Figure 20 was fit to the data using LSE. The correlation coefficient for the fit, R2, was 94.2%. 
The resulting Weibull distribution has a shape parameter of 0.372 and a scale parameter of 
0.00062. 
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Table 8. EIDS Values Found for No Load Transfer Specimens 

 

Specimen & 
Hole ID EIDS (inch)

Reference 
Stress (ksi)

Hole Diameter 
(inch) Fastener

99A 0.00025
99B 0.00037

100A 0.002
101A 0.00147
621A 0.00039
623A 0.00181
102A 0.00169
103B 0.00134
104B 0.00145
105A 0.00078
105B 0.00133
106A 0.0015
106B 0.00016
107A 0.00014
107B 0.00187
108B 0.0004
109A 0.00175
109B 0.00248
111A 0.00022
111B 0.0002
112A 0.00012
112B 0.00128
113A 0.00115
114A 0.00009
114B 0.00011
115A 0.00049
115B 0.00017
116A 0.0006
117A 0.00074
117B 0.00075
383A 0.00152
384A 0.00123
385B 0.00091
386B 0.00113
387A 0.0007
581A 0.01072
582B 0.00166
583B 0.0049
584B 0.00124
585B 0.00277
654B 0.00324
655A 0.00225
656A 0.00417
657A 0.00213
658B 0.00097
660B 0.00025
661B 0.00448
662B 0.00216
696A 0.00024
697A 0.00059
699B 0.00145
700A 0.00128
700B 0.00125
467A 0.00229
468A 0.00286
469B 0.00106
470B 0.0024
471B 0.00072
472A 0.00014
473A 0.00237
474A 0.00022
475A 0.00388
476B 0.00033

34 0.25 MS-90353

32 0.188 MS-90353

32 0.25 MS-90353

38 0.25 MS-90353

38 0.25 NAS 1580
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Table 9. Rank Order of EIDS Values 

 

Rank
Median Rank 

(Benard) EIFS (in.)
46 0.4177 0.00009
47 0.4269 0.00011
48 0.4360 0.00012
49 0.4452 0.00014
50 0.4543 0.00014
51 0.4634 0.00016
52 0.4726 0.00017
53 0.4817 0.00020
54 0.4909 0.00022
55 0.5000 0.00022
56 0.5091 0.00024
57 0.5183 0.00025
58 0.5274 0.00025
59 0.5366 0.00033
60 0.5457 0.00037
61 0.5548 0.00039
62 0.5640 0.00040
63 0.5731 0.00049
64 0.5823 0.00059
65 0.5914 0.00060
66 0.6005 0.00070
67 0.6097 0.00072
68 0.6188 0.00074
69 0.6280 0.00075
70 0.6371 0.00078
71 0.6463 0.00091
72 0.6554 0.00097
73 0.6645 0.00098
74 0.6737 0.00106
75 0.6828 0.00113
76 0.6920 0.00115
77 0.7011 0.00123
78 0.7102 0.00124
79 0.7194 0.00125
80 0.7285 0.00128
81 0.7377 0.00128
82 0.7468 0.00133
83 0.7559 0.00134
84 0.7651 0.00145
85 0.7742 0.00145
86 0.7834 0.00147
87 0.7925 0.00150
88 0.8016 0.00152
89 0.8108 0.00166
90 0.8199 0.00169
91 0.8291 0.00175
92 0.8382 0.00181
93 0.8473 0.00187
94 0.8565 0.00200
95 0.8656 0.00213
96 0.8748 0.00225
97 0.8839 0.00229
98 0.8931 0.00237
99 0.9022 0.00240

100 0.9113 0.00248
101 0.9205 0.00277
102 0.9296 0.00286
103 0.9388 0.00324
104 0.9479 0.00388
105 0.9570 0.00417
106 0.9662 0.00448
107 0.9753 0.00490
108 0.9845 0.01072
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Figure 20. Weibull Probability Plot of EIDS Values 

3.2.4 Stress Intensity Calculation 
The assumed cracking scenario is a corner crack growing from one side of the hole. A one-to-
one aspect ratio is assumed until both dimensions equal the thickness of the specimen, 0.063 
inch, in order to keep this example simple. Then a through crack is assumed beginning at a 
length of 0.063 inch. In a real problem, the aspect ratio of the part-through crack should be 
allowed to vary as the crack growth dictates.  
The stress intensity factor, K, for the corner crack along the surface is [16] 

𝐾𝐾 = 𝛽𝛽𝑐𝑐𝜎𝜎√𝜋𝜋𝜋𝜋                            (38) 
𝛽𝛽𝑐𝑐 = 𝐺𝐺0𝐺𝐺𝑤𝑤                              (39) 

𝐺𝐺0 =
0.7071 + 0.7548𝑧𝑧0 + 0.3415𝑧𝑧0

2 + 0.642𝑧𝑧0
3 + 0.9196𝑧𝑧0

4

1 + 0.13𝑧𝑧0
2         (40) 

𝑧𝑧0 =
1

1 + 2 �𝑓𝑓
𝐷𝐷� 𝜋𝜋𝑜𝑜𝑓𝑓(0.85𝜑𝜑)

                    (41) 

𝐺𝐺𝑤𝑤 = 𝑀𝑀0𝑔𝑔1𝑔𝑔3𝑔𝑔4𝑓𝑓𝑤𝑤𝑓𝑓𝜑𝜑𝑓𝑓𝑥𝑥                     (42) 
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𝑀𝑀0 = 1.13 − 0.09
𝑓𝑓
𝜋𝜋 + 𝑚𝑚2 �

𝑓𝑓
𝑡𝑡�

2
+ 𝑚𝑚3 �

𝑓𝑓
𝑡𝑡�

4
               (43) 

𝑚𝑚2 = −0.54 +
0.89

0.2 + (𝑓𝑓 𝜋𝜋⁄ )                   (44) 

𝑚𝑚3 = 0.5 −
1

0.65 + (𝑓𝑓 𝜋𝜋⁄ ) + 14 �1 −
𝑓𝑓
𝜋𝜋�

24
            (45) 

𝑔𝑔1 = 1 + �0.1 + 0.35 �
𝑓𝑓
𝑡𝑡�

2
� (1 − 𝑓𝑓𝑓𝑓𝑙𝑙 𝜑𝜑)2             (46) 

𝑔𝑔3 = �1 + 0.04 �
𝑓𝑓
𝜋𝜋�� [1 + 0.1(1 − 𝜋𝜋𝑜𝑜𝑓𝑓 𝜑𝜑)2] �0.85 + 0.15 �

𝑓𝑓
𝑡𝑡�

0.25
�      (47) 

𝑔𝑔4 = 1 − 0.7 �1 −
𝑓𝑓
𝑡𝑡� �

𝑓𝑓
𝜋𝜋 − 0.2� �1 −

𝑓𝑓
𝜋𝜋�               (48) 

𝑓𝑓𝑤𝑤 = �𝑓𝑓𝑒𝑒𝜋𝜋 �
𝜋𝜋𝜋𝜋
𝑊𝑊

�
𝑓𝑓
𝑡𝑡�                       (49) 

𝑓𝑓𝜑𝜑 = ��
𝑓𝑓
𝜋𝜋

𝜋𝜋𝑜𝑜𝑓𝑓 𝜑𝜑�
2

+ 𝑓𝑓𝑓𝑓𝑙𝑙2𝜑𝜑�
0.25

                (50) 

𝑓𝑓𝑥𝑥 =
1

�1 + 1.464 �𝑓𝑓
𝜋𝜋�

1.65
                     (51) 

where ϕ equals 10°, a/c equals 1, t equals 0.63 inch, D equals 0.50 inch, and W equals 6.00 inch. 
The stress intensity once the crack becomes a through crack, i.e., a greater than or equal to the 
thickness, 0.063 inch, is [16] 

𝐾𝐾 = 𝛽𝛽𝑡𝑡𝜎𝜎√𝜋𝜋𝜋𝜋                              (52) 
𝛽𝛽𝑡𝑡 = 𝐺𝐺𝑡𝑡𝐺𝐺𝑤𝑤∗                               (53) 

𝐺𝐺𝑡𝑡 = 0.7071 + 0.7548𝑧𝑧0 + 0.3415𝑧𝑧0
2 + 0.642𝑧𝑧0

3 − 0.9196𝑧𝑧0
4      (54) 

𝑧𝑧0 =
1

1 + �2𝑓𝑓
𝐷𝐷� �

                          (55) 

𝐺𝐺𝑤𝑤∗ =
1

�(𝑓𝑓𝑒𝑒𝜋𝜋 𝜆𝜆 𝑓𝑓𝑓𝑓𝑙𝑙 𝛿𝛿)
𝛿𝛿

                       (56) 

𝜆𝜆 =
𝜋𝜋
2 �

𝐷𝐷 + 𝑓𝑓
2𝑈𝑈 − 𝑓𝑓�                           (57) 
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𝛿𝛿 =
𝐷𝐷
𝑈𝑈 −

2𝐷𝐷
𝑊𝑊                            (58) 

where D equals 0.50 inch, W equals 6.00 inch, and B, the shortest distance from the center of the 
hole to a free edge, equals half of W in this example. 
The results of equations (38 through 51) and (52 through 58) are plotted against the crack 
dimension on the surface of the specimen, c, in Figure 21. A small peak in the curve is observed 
at c equals 0.063 inch, where the crack transitions to a through crack. The through crack stress 
intensity decreases slightly as the crack grows out of the stress concentration around the hole 
before starting to increase at a crack size around 0.175 inch.  

 
Figure 21. Geometry Factor βc (Corner Crack) or βt (Through Crack) for Example Hole Specimen 

3.2.5 POF Calculation 
MCS will be used to calculate the determine the failure CDF as a function cycles, FT(n). The 
failure PDF as a function of cycles, fT(n), is determined from FT(n). Finally, the HRF as a 
function of cycles, hT(n), is found. 

3.2.5.1 Reliability by Monte Carlo Simulation 
The basic idea of MCS is to randomly choose the starting conditions (i.e., KC and EIDS) for a 
sample that is representative of a physical specimen. Then simulate the repeated loading of this 
sample until it fails, i.e., the applied stress intensity equals or exceeds KC. Record the number of 
load cycles when this sample fails. Repeat this process of creating samples and modeling the 
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fatigue degradation until a sufficiently large number of samples have been generated that the 
POF can be estimated with acceptable confidence. 
Mathematically, to estimate POFs in the 10-7 tail region of the failure distribution, a very large 
number of samples are needed because the tails of the input distributions are where the samples 
with early failures arise. Numbers of a billion or more samples are quoted. For the typical 
structural reliability problem, the data supporting the fracture toughness and EIDS distributions 
are limited. There is seldom data in the tails of the fracture toughness or EIDS distributions. The 
tails are extrapolations using standard probability distributions fit to data clustered around the 
mean. In reality, generating several billion samples gives an accurate POF values based on 
extrapolations of uncertain validity. This important aspect of the results often gets lost in the 
accuracy of the theoretical mathematics. 
Estimates of the mean and standard deviation of the reliability distribution require only a few 
thousand samples. The low POF tail can be estimated by fitting a function to the central part of 
the reliability distribution and extrapolating to the lower POF values. The extrapolation aspects 
of this approach is then obvious to all.  
The steps in performing a MCS for this example problem are discussed in the following 
paragraphs. The MCS was performed in Excel using a VBA macro and the inputs developed in 
the preceding sections. 
Step 1. Randomly select KC for MCS sample. Use a (pseudo-) random number generator to 

randomly generate a number between 0 and 1. Recall that the CDF has a range of 0 to 1. 
The random number is the CDF value, P, of KC. Plug the random number into the 
inverse CDF determine KC. Save the random number and KC in columns B and C of a 
worksheet. The inverse CDF for the Weibull distribution is 

𝐾𝐾𝐶𝐶 = 𝛽𝛽 �𝐿𝐿𝑁𝑁 �
1

1 − 𝑃𝑃��
1 𝛼𝛼�

                     (59) 

where α is the shape parameter and β is scale parameter. The routine for randomly 
generating KC is listed in Appendix B.2. 

Step 2. Randomly select EIDS for MCS sample. Use a (pseudo-) random number generator to 
randomly generate a number between 0 and 1. Plug the random number into inverse 
CDF determine EIDS. Save the random number and EIDS in columns D and E of a 
worksheet. A Weibull distribution was also fit to the EIDS data for this example. The 
routine for randomly generating EIDS is also listed in Appendix B.2. 

Step 3. Simulate the growth of the EIDS under the prescribed cyclic loading. This can be done 
with a master crack growth curve developed with a crack growth code such as 
AFGROW or NASGRO. Or each sample can be simulated individually as was done for 
this example. Individual simulation of each sample takes longer to run the MCS. 

 A simple crack growth algorithm was written for this example. It calculates the 
increment of crack growth for each load cycle assuming a corner crack with a constant 
aspect ratio of 1 when the crack size is less than the specimen thickness. The crack 
transitions to a through crack once the crack size is equal to or greater than the 
thickness. The simulation is stopped when the maximum stress intensity during a cycle 
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equals or exceeds KC for the sample. The cycles to failure and maximum stress intensity 
during the last cycle are recorded.  
The cycles to failure can be very large for very small EIDS values. The crack growth 
simulation for such a sample takes a long time. When an EIDS less than 0.0001 inch was 
generated, the crack growth simulation was skipped to speed up the MCS since samples 
with long lives are not of much interest. The cycles to failure was set to 50,000,000 and 
the maximum stress intensity was set to -1. 

Step 4. Rank order the cycles to failure. The cycles to failure from all samples are sorted from 
shortest to longest. The samples with 50,000,000 cycles to failure count in the total 
number of samples, but they are all at the high end of the ranking. Median rank is 
assigned to each sample using Benard’s approximation, Section 2.3.1. Recall that the 
median rank is an estimate of the CDF value for the sample. 

Step 5. Fit a function the low life tail of the cumulative failure distribution. It is unlikely that the 
reliability function will readily fit any of the well-known distributions. However, many 
probability distributions are exponential functions such as the normal, lognormal, and 
Weibull distributions. A few are double exponential functions such as the Gumbel 
distribution. Thus, a good place to start when trying to fit a function to the MCS results 
is to look at: 

1. LN(CDF) vs. Load Cycle, (Figure 22) 
2. LN(CDF) vs. LN (Load Cycle), (Figure 23) 
3. LN(-LN(CDF)) vs. Load Cycle, (Figure 24) 
4. LN(-LN(CDF)) vs. LN (Load Cycle). (Figure 25) 

 
The trendline options in Microsoft Excel® were used to find the best fit function in each 
of the four cases. A quadratic polynomial fit to LN(-LN(CDF)) vs. LN(Load Cycle) had 
the best correlation coefficient. The fit in the short life tail is not real good, but 
remember there is a small number of samples in the tail and we are extrapolating outside 
the range for which we have supporting input data. Rearranging the equation in Figure 
25 gives a CDF of 

𝐹𝐹𝑇𝑇(𝑙𝑙) = 𝑃𝑃𝑃𝑃�𝑁𝑁𝑓𝑓 ≤ 𝑙𝑙� = 𝑒𝑒𝑥𝑥𝑒𝑒 �−𝑒𝑒𝑥𝑥𝑒𝑒 ��
𝐿𝐿𝑁𝑁(𝑙𝑙) − 21.58

8.03 �
2

− 0.57��     (60) 
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Figure 22. Plot of LN(CDF) vs. Load Cycle, n 
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Figure 23. Plot of LN(CDF) vs. LN(n) 

y = 0.0398x3 - 1.5858x2 + 21.526x - 101.06
R² = 0.9945
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Figure 24. Plot of LN(-LN(CDF)) vs. Load Cycle, n 
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Figure 25. Plot of LN(-LN(CDF)) vs. LN(n) 

3.2.5.2 PDF Determination 
The HRF, hT(n), is defined as 

ℎ𝑇𝑇(𝑙𝑙) =
𝑓𝑓𝑇𝑇(𝑙𝑙)

(1 − 𝐹𝐹𝑇𝑇(𝑙𝑙))                    (62) 

The PDF, fT(n), is found by differentiating FT(n), equation (60). This can be done either 
mathematically or numerically. Numerical differentiation is easier because of the complexity of 
the function, and is less prone to error. Using the two-point centered difference method [8], 
numerical differentiation is accomplished with the equation 

𝑓𝑓𝑇𝑇(𝑙𝑙) =  
𝑒𝑒𝑥𝑥𝑒𝑒�−𝑒𝑒𝑥𝑥𝑒𝑒��𝐿𝐿𝐿𝐿(𝑛𝑛+1)−21.58

8.03 �
2

−0.57��− 𝑒𝑒𝑥𝑥𝑒𝑒�−𝑒𝑒𝑥𝑥𝑒𝑒��𝐿𝐿𝐿𝐿(𝑛𝑛−1)−21.58
8.03 �

2
−0.57��

2
    (62)  

The PDF was numerically calculated at 500 cycle increments from 500 to 200,000 cycles (CDF 
values from 2.8 x 10-10 to 0.11). The results of the calculations for 500 to 11,000 cycles are 
shown in Table 10. A plot of LN(-LN(fT(n))) vs. LN(n) with a cubic polynomial trendline fit in 
Figure 26 yields the PDF for the short life tail of 

𝑓𝑓𝑇𝑇(𝑙𝑙) = 𝑒𝑒𝑥𝑥𝑒𝑒 �−𝑒𝑒𝑥𝑥𝑒𝑒 �−0.0036𝐿𝐿𝑁𝑁(𝑙𝑙)3 + 0.133𝐿𝐿𝑁𝑁(𝑙𝑙)2       
−1.606𝐿𝐿𝑁𝑁(𝑙𝑙) + 8.923 ��     (63)  

y = 0.0155x2 - 0.6691x + 6.6508
R² = 0.998
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Table 10. Calculation of PDF 

 

Load Cycle, 
n PDF

500 5.7967E-12
1000 8.70065E-10
1500 6.66399E-09
2000 2.0813E-08
2500 4.34754E-08
3000 7.30022E-08
3500 1.07324E-07
4000 1.44573E-07
4500 1.83259E-07
5000 2.2227E-07
5500 2.60812E-07
6000 2.98339E-07
6500 3.34488E-07
7000 3.69035E-07
7500 4.01852E-07
8000 4.32882E-07
8500 4.62117E-07
9000 4.89584E-07
9500 5.15331E-07
10000 5.39421E-07
10500 5.61927E-07
11000 5.82927E-07



 

51 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 

 
Figure 26. LN(-LN(fT(n))) vs. LN(n) Plot 

3.2.5.3 Hazard Rate Calculation 
The HRF is found using the PDF in equation (63) and the CDF in equation (60) in the HRF 
equation of equation (61). The HRF was calculated at 500 cycles increments from 500 to 
200,000 cycles as illustrated in Table 11 for 500 to 11,000 cycles. The plot of LN(-LN(hT(n))) 
versus LN(n) in Figure 27 shows a HRF of 10-7 (the dashed red line) is reached shortly after 
LN(N) equals 8 (n equals 2980 cycles). Table 11 shows that the HRF equals 10-7 shortly before 
3500 cycles. Subsequent fitting of a cubic polynomial to the points in Figure 27 yields a HR 
equation of 

ℎ𝑇𝑇(𝑙𝑙) = 𝑒𝑒𝑥𝑥𝑒𝑒 �−𝑒𝑒𝑥𝑥𝑒𝑒 �(𝐿𝐿𝑁𝑁(𝑛𝑛)−21.6573)((𝐿𝐿𝑁𝑁(𝑛𝑛))2−15.295∗𝐿𝐿𝑁𝑁(𝑛𝑛)+112.0194)
−265.8443

��    (64)  
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Table 11. Hazard Rate Calculation 

 

Load Cycle, 
n PDF CDF HRF

500 5.7967E-12 2.76298E-10 5.7967E-12
1000 8.70065E-10 1.19971E-07 8.70065E-10
1500 6.66399E-09 1.7004E-06 6.664E-09
2000 2.0813E-08 8.19719E-06 2.08131E-08
2500 4.34754E-08 2.39418E-05 4.34764E-08
3000 7.30022E-08 5.28184E-05 7.3006E-08
3500 1.07324E-07 9.77418E-05 1.07335E-07
4000 1.44573E-07 0.000160628 1.44596E-07
4500 1.83259E-07 0.000242552 1.83303E-07
5000 2.2227E-07 0.000343939 2.22346E-07
5500 2.60812E-07 0.000464742 2.60934E-07
6000 2.98339E-07 0.000604581 2.98519E-07
6500 3.34488E-07 0.000762851 3.34744E-07
7000 3.69035E-07 0.000938802 3.69382E-07
7500 4.01852E-07 0.001131597 4.02307E-07
8000 4.32882E-07 0.001340356 4.33463E-07
8500 4.62117E-07 0.00156418 4.62841E-07
9000 4.89584E-07 0.001802178 4.90468E-07
9500 5.15331E-07 0.002053477 5.16391E-07
10000 5.39421E-07 0.002317232 5.40674E-07
10500 5.61927E-07 0.002592634 5.63388E-07
11000 5.82927E-07 0.002878908 5.8461E-07
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Figure 27. LN[-LN(hT(n))] vs. LN(n) Plot 

A HRF of 10-7 occurs at 3,400 cycles which corresponds to a cumulative POF of 8.74 x 10-5. 
Remember this problem is considering only the crack growth during a single load cycle. 
Considering SFPOF where there is a number of load cycles in each flight, an SFPOF of 10-7 may 
be associated with a higher cumulative POF. 

3.2.6 Sensitivity Study 
As in Section 3.1.4, the methods of Robust Design and ANOVA were employed to perform the 
sensitivity analysis [10]. Three factor levels were used for each of the shape and scale factors for 
the fracture toughness and EIDS distributions to allow quadratic behavior to be discovered. The 
values for the shape factor of the fracture toughness distribution used previously were used here. 
These are 14.5, 12.49, and 10.5, and the scale factor values are 93.9, 88.89, and 83.9. The values 
for the shape factor of the EIDS distribution are 0.424, 0.374, and 0.324, and the scale factor 
values are 0.00064, 0.00054, and 0.00044. The resulting range of distributions considered are 
compared to the 95% confidence bounds for the EIDS distribution in Figure 28. Note that the 
middle value in each set of parameters is the value used in the analysis above. 

Eighty-one additional analyses (3⋅3⋅3⋅3 = 81) would be required to investigate every variable 
combination. Using an L9(34) orthogonal array as shown in Table 12 reduces the number of 
analyses to nine. Each of the entries in the table represents one of the values selected above for 
the sensitivity study. For example, variable A can be the shape factor for the fracture toughness 
distribution and A1, A2, and A3 are one of the three values chosen above. Each value of a 
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parameter only occurs three times in the array. The array is orthogonal because the values B1, 
B2, and B3 occur the same number of times for each A value, once. A similar relation holds for 
the C and D values. 
Selecting the shape and scale factor values used in the baseline analysis as the first value for 
each variable allows the baseline analysis to be used for Trial 1. Only eight more analyses are 
then needed. The shape parameter and scale parameter combinations that were used in the 
sensitivity analysis are given in Table 13. The random numbers generated for the baseline 
analysis was re-used for the sensitivity study. The parameters of the EIDS and fracture 
toughness distributions were changed which changed the EIDS and fracture toughness for each 
MCS sample. The cycles to failure for each sample were determined from the master crack 
growth curve in Figure 29.  

Figure 28. EIDS Distributions Range for Sensitivity Study 
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Table 12. L9(34) Orthogonal Array Layout 

 
 

Table 13. Shape and Scale Factor Combinations for Sensitivity ANOVA 

 

Trial No. A B C D
1 A1 B1 C1 D1
2 A1 B2 C2 D2
3 A1 B3 C3 D3
4 A2 B1 C2 D3
5 A2 B2 C3 D1
6 A2 B3 C1 D2
7 A3 B1 C3 D2
8 A3 B2 C1 D3
9 A3 B3 C2 D1

Variable Name
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Figure 29. Master Crack Growth Curve for Sensitivity Study 

The CDF for each trial was determined as for the baseline case. Then the PDF and HRF were 
determined. The cycles to a HRF value of 10-7 are listed in Table 14 for each trial. 

Table 14. Results from Sensitivity Trials 

 
 

The effect of each variable is determined by averaging the results (the cycles to an HR of 10-7) 
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parameter value of 12.49, compute the average of log10(2604), log10(994), and log10(5835). The 
averages of the logarithm of the results for each parameter value are listed in Table 15. 

Table 15. Average of Common Logarithm of Cycles to HR of 10-7 

 
The affect of each parameter is most easily seen in the graphs in Figure 30 to Figure 33. The 
vertical scale on all the graphs is the same. It is easy to see that the shape parameter of the EIDS 
distribution has the most effect on the cycles to a HRF value of 10-7. The scale parameter of the 
EIDS distribution has the second highest effect indicating that the EIDS distribution has the most 
effect on the cycles to a HRF value of 10-7. More data regarding the EIDS distribution will have 
the most effect on the risk analysis.  

 

Shape (KC) Avg. Log10 Shape (EIDS) Avg. Log10

10.5 3.34 0.324 2.78
12.49 3.39 0.374 3.50
14.5 3.39 0.424 3.84

Scale (KC) Avg. Log10 Scale (EIDS) Avg. Log10

83.9 3.43 0.00044 3.51
88.89 3.30 0.00054 3.35
93.9 3.39 0.00064 3.26
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Figure 30. Sensitivity to the Shape Parameter of the KC Distribution 
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Figure 31. Sensitivity to the Shape Parameter of the EIDS Distribution 
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Figure 32. Sensitivity to the Scale Parameter of the KC Distribution 
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Figure 33. Sensitivity to the Scale Parameter of the EIDS Distribution 

 
3.3 Hole Specimen under Spectrum Loading 
This example is a panel with a central hole under spectrum loading. The spectrum used for this 
example is the standard fighter wing bending moment spectrum, FALSTAFF [17, 18]. 
This example contains three random variables: fracture toughness, Kc, the EIDS, ao, and the 
maximum stress during a flight, σmax. Fracture toughness determines when fracture occurs. The 
EIDS determines how quickly fracture will occur. The maximum stress during a flight 
determines whether a crack of a given size will fail during that flight. First, the reliability of the 
specimen as a function of crack size and as a function of load cycles is determined. Then the 
POF function is found. Finally, the hazard rate function is calculated. A flowchart for the MCS 
procedure is provided in Figure 34. 
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Figure 34. Flowchart of MCS for Hole Specimen under Spectrum Loading 

3.3.1 Test Conditions 
The specimen geometry (Figure 35), the material, and loading orientation are the same as for the 
previous example discussed in Section 3.2. The test is conducted at room temperature in 
laboratory air.  

 
Figure 35. Hole Specimen Geometry 

3.3.2 Material Properties 
The fracture toughness distribution is the same as that discussed in Section 3.2.2. The 
distributions used to model the variability in the fracture toughness and yield strength are 
summarized here. The full development of the distributions can be found in Section 3.2.2. The 
fracture toughness variability for 0.063-inch-thick 7475-T61 aluminum sheet in the L-T 
orientation is modeled with a two-parameter Weibull distribution with a shape parameter of 
12.49 and a scale parameter of 88.89 ksi√in as in the previous two examples (Sections 3.1.2 and 
3.2.2).  
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Fatigue crack growth analysis was performed using AFGROW. The NASGRO model for the 
fatigue crack growth curve for aluminum 7475-T61 clad plate in the L-T orientation contained in 
AFGROW was used. 

3.3.3 Equivalent Initial Damage Size 
The equivalent initial damage size (EIDS) developed in Section 3.2.3 is used in this example. 
The EIDS distribution is a Weibull distribution with a shape parameter of 0.374 and a scale 
parameter of 0.00054 inch as in the previous example (Section 3.2.3). 

3.3.4 Loading 
This example considers a crack growing under variable amplitude loading, aka spectrum loading. 
The spectrum used is the Fighter Aircraft Loading STAndard For Fatigue (FALSTAFF) which is 
representative of fighter aircraft wing bending due primarily to maneuver loadings [17, 18]. A 
FALSTAFF spectrum file is widely available, including in the basic AFGROW installation.  
Figure 36 shows the plot of normalized load exceedances for FALSTAFF.  
The FALSTAFF spectrum available with AFGROW contains 17,983 normalized peak-valley 
pairs representing 200 flights. The average duration of a flight is one hour. The normalized peaks 
and valleys were multiplied by a reference stress of 16 ksi in this example. This spectrum is used 
in conjunction with the material fatigue crack growth rate data and the stress intensity solution 
for the prescribed geometry in a crack growth code to calculate the fatigue crack growth curve 
for the specimen. The spectrum is also used to determine the probability of the maximum stress 
at the hole exceeding any specified value during a single flight. 

 
Figure 36. Exceedance Plot for FALSTAFF Spectrum 
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3.3.4.1 Maximum Stress in a Flight 
Fracture during a flight is assumed to be caused by the largest stress that occurs during that 
flight. The probability that the maximum stress during a flight reaches any specified value must 
be determined in order to calculate the probability of failure. This is most easily done with a 
MCS of the peak stresses during a flight assuming that the peak loads occur randomly 
throughout the life of the aircraft. The average number of load peaks during a single flight is 
17,983/200 = 89.92 or 90 peaks. For each flight, 90 values are randomly drawn from the 
probability distribution of normalized load peaks. After this has been done for a sufficient 
number of individual flights, the maximum stress in each flight is determined. The probability 
distribution of these maximum stresses is then determined. Because the mean and standard 
deviation, or their equivalent depending upon the type of distribution, are all that is needed, and 
not the low probability tails of the distribution, less than a couple thousand flights need to be 
sampled. This is easily done in Microsoft Excel®. 
The probability distribution for the normalized load peaks is 1 minus the exceedance distribution. 
The probability distribution for the normalized load peaks in the FALSTAFF spectrum is 
presented in Table 16 and Figure 37. 

Table 16. Normalized Load Peaks Statistics for FALSTAFF spectrum 

 

Normalized 
Peak Occurrences Exceedances

Exceedance 
Distribution

Probability 
Distribution

-0.0214 0 17983 1 0
-0.0215 155 17828 0.99138 0.00862
0.0193 445 17383 0.96664 0.03336
0.1419 43 17340 0.96424 0.03576
0.1828 493 16847 0.93683 0.06317
0.2236 4058 12789 0.71117 0.28883
0.2645 4145 8644 0.48068 0.51932
0.3054 1999 6645 0.36952 0.63048
0.3462 1282 5363 0.29823 0.70177
0.3871 1151 4212 0.23422 0.76578
0.4279 987 3225 0.17934 0.82066
0.4688 954 2271 0.12629 0.87371
0.5097 640 1631 0.09070 0.90930
0.5505 533 1098 0.06106 0.93894
0.5914 404 694 0.03859 0.96141
0.6322 233 461 0.02564 0.97436
0.6731 193 268 0.01490 0.98510
0.714 104 164 0.00912 0.99088

0.7548 76 88 0.00489 0.99511
0.7957 45 43 0.00239 0.99761
0.8366 24 19 0.00106 0.99894
0.8774 10 9 0.00050 0.99950
0.9183 7 2 0.00011 0.99989

1 2 0 0 1
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Figure 37. Normalized Load Peaks in FALSTAFF Spectrum Cumulative Probability 

The probability distribution for the maximum stress that occurs during a flight is found for 1,000 
flights with the following steps. 
Step 1. Establish the relationship between the cumulative probability value and the value of the 

normalized peak in preparation for performing a MCS. The midpoint between the 
probabilities of occurrence for adjacent normalized peaks in Table 16 was set as the 
dividing point as shown in Table 17. Thus, if a random number of 0.5 is drawn in the 
MCS, the value assigned to that normalized peak in the flight would be 0.2645. 
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Table 17. Mapping of Cumulative Probability to Normalized Peak  

 
Step 2. Perform the MCS for a single flight by using a random number generator to generate 90 

random numbers between 0 and 1. Convert these random numbers to normalized peak 
using the mapping in Table 17. 
A simple routine for performing this MCS is presented in Appendix B.6. The routine is 
written as a VBA macro inside a Microsoft Excel® workbook. 

Step 3. Determine the maximum normalized peak during the flight and record that value. 
Step 4. Repeat Steps 2 and 3 another 999 times. 
Step 5. Rank order the 1,000 maximum normalized peaks in each flight. Calculate the mean 

rank of each point. This table can be used as the probability distribution for the 
maximum stress that occurs during a flight, or a parametric distribution such as a normal 
distribution, etc., can be determined. 

The distribution in Step 5 is a distribution of the maximum stress that occurs in each flight which 
is a collection of random samples from the distribution of peaks in the FALSTAFF spectrum. 
The Gumbel distribution [19] is known to fit the distribution of maximum values of a number of 

Maximum 
Probability

Normalized 
Peak

0.00431 -0.0214
0.02099 -0.0215
0.03456 0.0193
0.04946 0.1419
0.17600 0.1828
0.40408 0.2236
0.57490 0.2645
0.66613 0.3054
0.73378 0.3462
0.79322 0.3871
0.84719 0.4279
0.89151 0.4688
0.92412 0.5097
0.95018 0.5505
0.96789 0.5914
0.97973 0.6322
0.98799 0.6731
0.99299 0.714
0.99636 0.7548
0.99828 0.7957
0.99922 0.8366
0.99969 0.8774
0.99994 0.9183

1
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samples from another distribution. The CDF for the Gumbel distribution is described by equation 
(20), which can be rearranged as 

𝑀𝑀𝑓𝑓𝑥𝑥𝑀𝑀𝑡𝑡𝑃𝑃𝑒𝑒𝑓𝑓𝑓𝑓 =  𝛼𝛼 + 𝛽𝛽{−𝑙𝑙𝑙𝑙[−𝑙𝑙𝑙𝑙(𝑃𝑃𝑓𝑓𝑙𝑙𝑟𝑟)]}.               (65) 
Thus, the maximum stress plotted versus {-ln[-ln(rank)]} will produce a straight line if the 
maximum stress fits a Gumbel distribution. The rank ordered maximum stresses from the MCS 
are plotted on a Gumbel probability graph in Figure 38. A least squares line fit to the data is also 
shown. The correlation coefficient, R2, of the data to this line is 0.939. The slope of line, β, is 
0.060 and the value of the location parameter, α, is 0.699. 

 
Figure 38. Gumbel Probability Plot of Maximum Stress in 1,000 Random Flights from FALSTAFF 

While this Gumbel distribution does not model the high and low ends of the data accurately, it is 
sufficient for this problem considering all the assumptions and uncertainties involved in the 
problem. This Gumbel distribution predicts that flights with the highest maximum stresses (0.9 
to 1.0) will occur more frequently than they did in this 1,000 flight sample, and the flights with 
the lowest maximum stresses will occur less often. This is conservative since higher maximum 
stresses will cause fracture at smaller crack sizes.  

3.3.5 Crack Growth  
A full range master crack growth curve is developed prior to performing the reliability 
calculation. This is more efficient than calculating crack growth for each sample in the MCS 
when dealing with spectrum loading. The master crack growth curve is used as a lookup table to 
calculate the life for each MC sample. It is important that the master crack growth curve start at 
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the smallest crack size possible and extend all the way to failure in order to cover all possible 
samples in the MCS. 
If the fatigue crack growth analysis cannot be made to grow from sufficiently small cracks, the 
crack growth curve must be extended down to smaller crack sizes. Typically, the extrapolation is 
made with an exponential curve. The exponential extrapolation should be made to match the 
slope of the crack growth curve at the lowest value of the crack growth analysis in order to avoid 
discontinuities that could disrupt subsequent calculations.  
The assumed cracking scenario is a corner crack from a centered hole in a plate. The classical 
model for this scenario in AFGROW was used to calculate the stress intensities. Since this 
problem does not involve a fastened joint, the through stress fraction was 1.0 and the bearing and 
bending fractions were 0. The analysis here started with a semi-circular crack of radius 0.0015 
inch. The aspect ratio of the crack was constrained to be 1. Only the surface crack dimension, c, 
is used in the reliability calculation since that is what will fail the part. 
The crack growth rate data for aluminum 7475-T761 plate in the L-T orientation from the 
NASGRO database contained in AFGROW was used. The loading was the FALSTAFF 
spectrum with a stress multiplication factor of 16 ksi. The resulting master crack growth curve is 
shown in Figure 39. A sample of the AFGROW output is given in Table 18. 

 
Figure 39. Fatigue Crack Growth Curve 
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Table 18. Sample of Fatigue Crack Growth Output from AFGROW 
Surface 

Length, c
Bore Length, 

a Beta Surface Beta Bore R(k) Surface R(k) Bore R(final) Surface R(final) Bore
DeltaK 
Surface DeltaK Bore dc /dN da /dN Cycles Max Stress R

Sub 
Spectrum Pass Life (FH)

0.003 0.003 2.008862596 2.007243419 -5.352331606 -5.352331606 -0.3 -0.3 6.02E-02 6.02E-02 0.00E+00 0.00E+00 0 0.3088 -5.35 0 1 0
0.0040001 0.0040001 2.007691531 2.012742819 0.261172824 0.261172824 0.261172824 0.261172824 1.03E+00 1.03E+00 0.00E+00 0.00E+00 2945328 6.1936 0.26 160 164 32756.804

0.005 0.005 2.004664332 2.017840438 -3.233160622 -3.233160622 -0.3 -0.3 7.76E-02 7.81E-02 0.00E+00 0.00E+00 3858359 0.3088 -3.23 111 215 42911.183
0.0050003 0.0050003 2.004664332 2.017840438 0.618135078 0.618135078 0.618135078 0.618135078 6.57E-01 6.61E-01 0.00E+00 0.00E+00 3858368 6.8464 0.62 111 215 42911.283
0.0060001 0.0060001 2.000715817 2.021533251 0.464636542 0.464636542 0.464636542 0.464636542 7.19E-01 7.26E-01 0.00E+00 0.00E+00 4256108 4.8864 0.46 130 237 47334.794
0.0060004 0.0060004 2.000715817 2.021533251 -0.036354413 -0.036354413 -0.036354413 -0.036354413 2.60E+00 2.63E+00 0.00E+00 0.00E+00 4256120 9.4624 -0.04 130 237 47334.927
0.0070002 0.0070002 1.996799791 2.024033775 0.472229398 0.472229398 0.472229398 0.472229398 9.68E-01 9.81E-01 0.00E+00 0.00E+00 4480736 6.1936 0.47 36 250 49833.02
0.0070005 0.0070005 1.996799791 2.024033775 0.366571945 0.366571945 0.366571945 0.366571945 1.16E+00 1.18E+00 0.00E+00 0.00E+00 4480753 6.1936 0.37 37 250 49833.209
0.0080002 0.0080002 1.992054649 2.026279019 0.382230624 0.382230624 0.382230624 0.382230624 8.26E-01 8.40E-01 0.00E+00 0.00E+00 4622433 4.232 0.38 10 258 51408.92
0.0080006 0.0080006 1.992054649 2.026279019 0.197118533 0.197118533 0.197118533 0.197118533 1.24E+00 1.26E+00 0.00E+00 0.00E+00 4622436 4.8864 0.2 10 258 51408.953
0.0090003 0.0090003 1.988454232 2.027623973 0.382230624 0.382230624 0.382230624 0.382230624 8.74E-01 8.91E-01 0.00E+00 0.00E+00 4720686 4.232 0.38 104 263 52501.652
0.0090008 0.0090008 1.988454232 2.027623973 0.141596639 0.141596639 0.141596639 0.141596639 3.28E+00 3.34E+00 3.58E-07 3.85E-07 4720794 11.424 0.14 105 263 52502.853
0.0100004 0.0100004 1.984532985 2.028846539 0.409878683 0.409878683 0.409878683 0.409878683 1.15E+00 1.18E+00 0.00E+00 0.00E+00 4791132 5.5392 0.41 92 267 53285.125
0.0100008 0.0100008 1.984532985 2.028846539 0.713718158 0.713718158 0.7 0.7 6.90E-01 7.05E-01 0.00E+00 0.00E+00 4791141 6.8464 0.71 92 267 53285.225
0.0110006 0.0110006 1.980332412 2.029949119 0.382230624 0.382230624 0.382230624 0.382230624 9.63E-01 9.87E-01 0.00E+00 0.00E+00 4845942 4.232 0.38 99 270 53894.701
0.011001 0.011001 1.980332412 2.029949119 0.29202773 0.29202773 0.29202773 0.29202773 1.44E+00 1.48E+00 0.00E+00 0.00E+00 4845957 5.5392 0.29 99 270 53894.867

0.0120006 0.0120006 1.975922078 2.030935838 0.64586944 0.64586944 0.64586944 0.64586944 7.53E-01 7.74E-01 0.00E+00 0.00E+00 4889105 5.5392 0.65 181 272 54374.743
0.0120011 0.0120011 1.975922078 2.030935838 0.227599244 0.227599244 0.227599244 0.227599244 1.25E+00 1.29E+00 0.00E+00 0.00E+00 4889121 4.232 0.23 181 272 54374.921
0.0130007 0.0130007 1.971388242 2.03181726 0.409878683 0.409878683 0.409878683 0.409878683 1.30E+00 1.34E+00 0.00E+00 0.00E+00 4925041 5.5392 0.41 181 274 54774.409
0.0130011 0.0130011 1.971388242 2.03181726 0.331041257 0.331041257 0.331041257 0.331041257 1.30E+00 1.34E+00 0.00E+00 0.00E+00 4925046 4.8864 0.33 181 274 54774.465
0.0140009 0.0140009 1.969110622 2.032222864 0.072967864 0.072967864 0.072967864 0.072967864 1.62E+00 1.67E+00 0.00E+00 0.00E+00 4956650 4.232 0.07 124 276 55125.952
0.0140012 0.0140012 1.969110622 2.032222864 0.382230624 0.382230624 0.382230624 0.382230624 1.08E+00 1.11E+00 0.00E+00 0.00E+00 4956660 4.232 0.38 125 276 55126.064
0.0150009 0.0150009 1.966848496 2.032608096 0.382230624 0.382230624 0.382230624 0.382230624 1.12E+00 1.15E+00 0.00E+00 0.00E+00 4980351 4.232 0.38 193 277 55389.546
0.0150013 0.0150013 1.966848496 2.032608096 0.536483932 0.536483932 0.536483932 0.536483932 8.38E-01 8.66E-01 0.00E+00 0.00E+00 4980391 4.232 0.54 193 277 55389.991
0.0160011 0.0160011 1.96245532 2.033327846 0.29202773 0.29202773 0.29202773 0.29202773 1.73E+00 1.79E+00 0.00E+00 0.00E+00 5002344 5.5392 0.29 37 279 55634.143
0.0160014 0.0160014 1.96245532 2.033327846 0.438689425 0.438689425 0.438689425 0.438689425 2.01E+00 2.09E+00 1.29E-07 1.54E-07 5002348 8.1552 0.44 37 279 55634.188
0.0170012 0.0170012 1.960373306 2.033668179 0.452146691 0.452146691 0.452146691 0.452146691 8.88E-01 9.21E-01 0.00E+00 0.00E+00 5022325 3.5776 0.45 59 280 55856.364
0.0170015 0.0170015 1.960373306 2.033668179 0.452146691 0.452146691 0.452146691 0.452146691 8.88E-01 9.21E-01 0.00E+00 0.00E+00 5022345 3.5776 0.45 60 280 55856.587
0.0180016 0.0180016 1.958403914 2.033999864 0.329321663 0.329321663 0.329321663 0.329321663 9.14E-01 9.49E-01 0.00E+00 0.00E+00 5039058 2.9248 0.33 45 281 56042.462
0.0190012 0.0190012 1.956577679 2.034326401 0.536483932 0.536483932 0.536483932 0.536483932 9.38E-01 9.75E-01 0.00E+00 0.00E+00 5054905 4.232 0.54 25 282 56218.707
0.0190022 0.0190022 1.956577679 2.034326401 0.045103996 0.045103996 0.045103996 0.045103996 3.13E+00 3.25E+00 1.77E-07 2.21E-07 5054911 6.8464 0.05 25 282 56218.773
0.0200015 0.0200015 1.954931714 2.034650628 -3.233160622 -3.233160622 -0.3 -0.3 1.51E-01 1.58E-01 0.00E+00 0.00E+00 5068930 0.3088 -3.23 181 282 56374.687
0.0200023 0.0200023 1.954931714 2.034650628 0.64586944 0.64586944 0.64586944 0.64586944 9.61E-01 1.00E+00 0.00E+00 0.00E+00 5068935 5.5392 0.65 181 282 56374.743
0.0210018 0.0210018 1.953502558 2.034975876 0.452146691 0.452146691 0.452146691 0.452146691 9.84E-01 1.03E+00 0.00E+00 0.00E+00 5082832 3.5776 0.45 126 283 56529.3
0.0210024 0.0210024 1.953502558 2.034975876 0.64586944 0.64586944 0.64586944 0.64586944 9.84E-01 1.03E+00 0.00E+00 0.00E+00 5082843 5.5392 0.65 126 283 56529.422
0.0220026 0.0220026 1.952332224 2.035304674 0.409878683 0.409878683 0.409878683 0.409878683 1.68E+00 1.75E+00 0.00E+00 0.00E+00 5092515 5.5392 0.41 40 284 56636.99
0.0230023 0.0230023 1.951466087 2.035638839 -3.233160622 -3.233160622 -0.3 -0.3 1.62E-01 1.69E-01 0.00E+00 0.00E+00 5103677 0.3088 -3.23 167 284 56761.13
0.0230027 0.0230027 1.951466087 2.035638839 0.331041257 0.331041257 0.331041257 0.331041257 1.72E+00 1.79E+00 0.00E+00 0.00E+00 5103722 4.8864 0.33 168 284 56761.63
0.0240025 0.0240025 1.950952937 2.035979265 0.302687713 0.302687713 0.302687713 0.302687713 2.80E+00 2.92E+00 3.11E-07 3.63E-07 5113763 7.5008 0.3 80 285 56873.303
0.0240028 0.0240028 1.950952937 2.035979265 0.64586944 0.64586944 0.64586944 0.64586944 1.05E+00 1.10E+00 0.00E+00 0.00E+00 5113764 5.5392 0.65 80 285 56873.314
0.0250029 0.0250029 1.950846001 2.036324778 0.382230624 0.382230624 0.382230624 0.382230624 1.43E+00 1.49E+00 0.00E+00 0.00E+00 5122546 4.232 0.38 178 285 56970.984
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3.3.5.1 Crack Growth per Flight 
Crack size is given as a function of cycles or flight hours in Table 18, but the MCS is performed 
in terms of discrete flights. The crack extension per flight, dc/d(flight), i.e., the slope of the crack 
growth curve, as a function of crack size is needed. dc/d(flight) can be found using any number 
of numerical differentiation methods. For this example, it was found to be just as easy to break 
the master crack growth curve into sections and fit a curve to each section forcing continuity 
across each boundary. The details of this process are explained in Appendix C. The steps are 
summarized below. 
First, cycles were converted to flights by multiplying the cycle count by (200 flights/17,983 
cycles). Examples of this conversion are shown in Table 19. Then, polynomials were fit 
piecewise to segments of the crack growth curve. These polynomials gave the crack size as a 
function of flights. The polynomials were differentiated to obtain dc/d(flight) at each crack size 
in the AFGROW output. dc/d(flight) was plotted versus crack size and equations were fit 
piecewise to segments of this curve. An exponential function was used to extrapolated back to a 
crack size of zero. Example values are given in Table 19 and the equations are given below. 
For c < 0.00327 inch, 

𝑑𝑑𝜋𝜋
𝑑𝑑(𝑓𝑓𝑙𝑙𝑓𝑓𝑔𝑔ℎ𝑡𝑡) = 1.86251𝐸𝐸 − 11 𝑒𝑒𝑥𝑥𝑒𝑒(2192.92 𝜋𝜋)                (66a) 

For 0.00372 ≤ c ≤ 0.01292 inches, 

𝑑𝑑𝜋𝜋
𝑑𝑑(𝑓𝑓𝑙𝑙𝑓𝑓𝑔𝑔ℎ𝑡𝑡) = -34.027𝜋𝜋4 + 0.748𝜋𝜋3 + 0.0208𝜋𝜋2 − (1.219 × 10-4)𝜋𝜋 

+1.785 × 10-7                                      (66b) 
For 0.01292 ≤ c ≤ 0.0682 inch, 

𝑑𝑑𝜋𝜋
𝑑𝑑(𝑓𝑓𝑙𝑙𝑓𝑓𝑔𝑔ℎ𝑡𝑡) = 0.0336𝜋𝜋3 + 0.0152𝜋𝜋2 − (9.936 × 10-5)𝜋𝜋 

+1.416 × 10-6                                (66𝜋𝜋) 
For 0.0682 ≤ c ≤ 1.4973 inch, 

𝑑𝑑𝜋𝜋
𝑑𝑑(𝑓𝑓𝑙𝑙𝑓𝑓𝑔𝑔ℎ𝑡𝑡) = −(2.64 × 10-4)𝜋𝜋6 + 0.001485𝜋𝜋5 − 0.003362𝜋𝜋4 + 0.00379𝜋𝜋3 

−0.002034𝜋𝜋2 + (6.42 × 10-4)𝜋𝜋 + 4.03 × 10-5            (66d) 
For 1.4973 ≤ c ≤ 2.2384 inch, 

𝑑𝑑𝜋𝜋
𝑑𝑑(𝑓𝑓𝑙𝑙𝑓𝑓𝑔𝑔ℎ𝑡𝑡) = -0.0101𝜋𝜋6 + 0.1266𝜋𝜋5 − 0.6564𝜋𝜋4 + 1.8044𝜋𝜋3 − 2.7707𝜋𝜋2 

+2.253𝜋𝜋 − 0.7572                                     (66e) 
For c ≥ 2.2384 inch, 

𝑑𝑑𝜋𝜋
𝑑𝑑(𝑓𝑓𝑙𝑙𝑓𝑓𝑔𝑔ℎ𝑡𝑡) = 0.3278𝜋𝜋3 − 2.2877𝜋𝜋2 + 5.3332𝜋𝜋 − 4.1504        (66f) 
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3.3.6 Fracture Criterion 
The primary failure mechanism of concern is fracture of the specimen. It is assumed that 
fracture, if it occurs, will happen when the maximum stress intensity during a flight equals or 
exceeds the fracture toughness for a particular MC sample. Hence, the maximum stress intensity 
must be calculated for each flight in the MCS. 

3.3.6.1 Calculation of the Maximum Stress Intensity during a Flight  
The stress intensity, K, is commonly calculated with the equation 

𝐾𝐾 =  𝛽𝛽𝜎𝜎√𝜋𝜋𝜋𝜋                          (67) 
where σ is the applied stress, c is the crack size, and β is a factor dependent upon the geometry 
and the crack size. The maximum stress intensity during a flight, Kmax, uses the maximum stress 
during a flight, σmax, discussed in Section 3.3.4.1. The crack size, c, at the beginning of a flight 
will be used since generally the crack only grows a little during a single flight and fracture can be 
checked for before calculating the crack extension during the flight. The crack size at the end of 
the flight could be used and the flight at which fracture occurs might change by a few flights.  
There are numerous handbooks and papers providing equations for the geometry factor β [16, 7]. 
Most fatigue crack growth software also provide values of β associated with each crack size. The 
output from AFGROW in Table 18 lists the β values for the surface crack tip in the third column. 
Polynomials were fit piecewise to the β versus crack size data from Table 18 in Figure 40 to 
Figure 43. The equations for each fit are given in each figure. The values were extrapolated back 
to a crack size of zero and forward to a crack size of 2.75 inches, the distance from the edge of 
the hole to the edge of the specimen. Remember that it is assumed that the crack becomes a 
through crack at a crack size of 0.060 inch. 
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Table 19. Crack Length vs. Flight and Crack Extension per Flight Example 

 
 

c  Length Cycles Flights dc /d(flight )
0.003 0 0 3.05311E-08

0.0040001 2945328 32756.80365 9.84698E-08
0.005 3858359 42911.18278 2.99717E-06

0.0050003 3858368 42911.28288 2.2602E-07
0.0060001 4256108 47334.79397 2.24788E-06
0.0060004 4256120 47334.92743 4.00225E-07
0.0070002 4480736 49833.02007 1.58674E-06
0.0070005 4480753 49833.20914 6.34444E-07
0.0080002 4622433 51408.91954 1.19887E-05
0.0080006 4622436 51408.9529 9.14891E-07
0.0090003 4720686 52501.65156 4.16273E-07
0.0090008 4720794 52502.85269 1.27782E-06
0.0100004 4791132 53285.12484 3.99622E-06
0.0100008 4791141 53285.22493 1.64043E-06
0.0110006 4845942 53894.70055 2.39773E-06
0.011001 4845957 53894.86737 2.08304E-06

0.0120006 4889105 54374.74281 2.80984E-06
0.0120011 4889121 54374.92076 2.5022E-06
0.0130007 4925041 54774.40916 7.1932E-06
0.0130011 4925046 54774.46477 2.84448E-06
0.0140009 4956650 55125.95229 2.69745E-06
0.0140012 4956660 55126.0635 3.79418E-06
0.0150009 4980351 55389.54568 8.9915E-07
0.0150013 4980391 55389.99055 4.09498E-06
0.0160011 5002344 55634.14336 6.74363E-06
0.0160014 5002348 55634.18784 4.50003E-06
0.0170012 5022325 55856.36434 1.34873E-06
0.0170015 5022345 55856.58678 5.38048E-06
0.0180016 5039058 56042.46233 5.67168E-06
0.0190012 5054905 56218.70656 1.49858E-05
0.0190022 5054911 56218.77329 6.40931E-06
0.0200015 5068930 56374.6872 1.43864E-05
0.0200023 5068935 56374.74281 6.46687E-06
0.0210018 5082832 56529.29989 4.90445E-06
0.0210024 5082843 56529.42223 9.29828E-06
0.0220026 5092515 56636.99049 8.05304E-06
0.0230023 5103677 56761.12996 7.99244E-07
0.0230027 5103722 56761.63043 8.95299E-06
0.0240025 5113763 56873.30256 2.69745E-05
0.0240028 5113764 56873.31369 1.02396E-05
0.0250029 5122546 56970.98371 1.02572E-05
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Figure 40. Stress Intensity Geometry Factors for c ≤ 0.02746 Inch 

y = -3.87271E+09x6 + 3.83561E+08x5 - 1.52229E+07x4 + 3.10325E+05x3 - 3.30815E+03x2 + 
1.29520E+01x + 1.99237E+00

R² = 9.99761E-01
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Figure 41. Stress Intensity Geometry Factors for 0.02746 < c < 0.0598 Inch 

y = 4.81870E+08x6 - 1.12480E+08x5 + 1.07377E+07x4 - 5.38394E+05x3 + 1.51086E+04x2 -
2.25620E+02x + 3.34709E+00

R² = 9.95770E-01
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Figure 42. Stress Intensity Geometry Factors for 0.0598 ≤ c ≤ 1.201 Inches 

y = 1.27731E+01x6 - 5.71413E+01x5 + 1.03053E+02x4 - 9.62646E+01x3 + 4.99938E+01x2 -
1.44465E+01x + 2.97336E+00

R² = 9.99369E-01
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Figure 43. Stress Intensity Geometry Factors for c > 1.201 Inches 

3.3.7 POF Calculation 
MCS will be used to calculate the determine the failure CDF as a function cycles, FT(n). The 
failure PDF as a function of cycles, fT(n), is determined from FT(n). Finally, the HRF as a 
function of cycles, hT(n), is found. 

3.3.7.1 Monte Carlo Simulation 
The general steps in the MCS process are:  
1. Randomly choose the starting conditions (i.e., KC and EIDS) for a sample that is 

representative of a physical specimen.  
2. Perform a fatigue crack growth analysis for this sample from the EIDS to failure, i.e., the 

applied stress intensity equals or exceeds KC.  
3. Record the flight hours when this sample fails.  
4. Repeat this process of creating samples and modeling the fatigue crack growth until a 

sufficiently large number of samples have been generated that reliability, or its inverse, POF, 
can be estimated with acceptable confidence. 

 
The MCS is performed using a Microsoft Excel® macro which is listed in Appendix B.3. The 
detailed MCS steps for this example problem are outlined below. Results for the first 50 samples 
are presented in Table 20.  
First, 12,000 random samples of fracture toughness and EIDS pairs were generated as follows: 

y = 2.37816E+00x6 - 2.48480E+01x5 + 1.07159E+02x4 - 2.43928E+02x3 + 3.09117E+02x2 -
2.06791E+02x + 5.79809E+01

R² = 9.85146E-01
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1. Randomly select KC for MCS sample. As in Step 1 of Section 3.2.5.1, randomly generate 
a number between 0 and 1 using a (pseudo-) random number generator. Recall that the 
CDF has a range of 0 to 1. The random number is the CDF value, P, of KC. Plug the 
random number into the inverse CDF for KC. The inverse CDF for the Weibull 
distribution used for KC is 

𝐾𝐾𝐶𝐶 = 𝛽𝛽 �𝐿𝐿𝑁𝑁 �
1

1 − 𝑃𝑃��
1 𝛼𝛼�

                  (68) 

where here α is the shape parameter, 12.49, and β is scale parameter, 88.89 ksi√in. The 
samples for KC from the example in Section 3.2 are used here since the fracture toughness 
distribution is the same. Values of KC are given in column 2 of Table 20. 

2. Randomly select an EIDS value for the MCS sample. As in Step 2 of Section 3.2.5.1, 
randomly generate a number, P, between 0 and 1 using a (pseudo-) random number 
generator. Plug the random number into the inverse CDF for the EIDS. The CDF for 
EIDS is also a Weibull distribution, so  

𝐸𝐸𝐸𝐸𝐷𝐷𝑀𝑀 = 𝛽𝛽 �𝐿𝐿𝑁𝑁 �
1

1 − 𝑃𝑃��
1 𝛼𝛼�

                  (69) 

with α equal to 0.374 and β equal to 0.00054 inches. The initial crack size samples from 
the example in Section 3.2 are used here also since the EIDS distributions are the same in 
both examples. Values for EIDS are given in column 3 of Table 20. 

Then the crack growth simulation was run using the following steps. 
Step 1. Start the crack growth simulation. If this is the first flight, then set cstart(f), column 5 of 

Table 20, equal to the EIDS for this sample. Otherwise, set column 5 equal to cend(f), the 
last column, from the previous flight. Determine the crack extension during the current 
flight, ∆c(f) (column 9), based upon the crack size at the start of the flight and the 
equations for dc/d(flight) in Section 3.3.5.1. Add column 2 and column 9 to get cend(f), 
column 10. 

If ∆c(f) during the first flight was less than 10-13 inches/flight, the simulation stopped 
and execution jumped to Step 6. This sample has a long life that will not contribute to 
the early failure, low probability end of the POF distribution. The sample was still 
counted in the total number of samples when rank ordering the samples, but the sample 
was ranked above all the samples that failed. This reduced the MCS execution time. 
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Table 20. Sample of Monte Carlo Simuluation Results 

 

Step 2. Determine the geometry factor, β, for the stress intensity for cstart(f) using the equations 
for β in Section 3.3.6.1. 

Step 3. Randomly select the maximum stress for this flight, σmax(f) (column 6 in Table 20). 
Randomly generate a number, p, between 0 and 1 using a (pseudo-) random number 
generator. Plug the random number into the inverse Gumbel CDF for the maximum 
stress in a flight, 

𝜎𝜎𝑚𝑚𝜋𝜋𝑥𝑥(𝑓𝑓) = 𝜎𝜎𝑃𝑃𝑒𝑒𝑓𝑓 �𝛼𝛼 − 𝛽𝛽 ∙ 𝑙𝑙𝑙𝑙 �𝑙𝑙𝑙𝑙 �
1
𝑒𝑒���             (70) 

Trial #
K c 

(ksi√inch) EIDS (inch)
Flight 

Count, f
c start (f) 

(inch)
σ max (f)  

(ksi) β
K max (f)  

(ksi√inch)
∆ c(f)  
(inch)

c end (f)  
(inch)

1 96.01 0.005427765 22088 2.65171 17.20 2.274840 112.92 1.78E-02 2.66948
2 94.46 2.66785E-05 23127371 2.71529 13.62 2.823115 112.28 2.65E-02 2.74177
3 89.40 0.000174529 16732768 2.71428 11.92 2.812821 97.87 2.63E-02 2.74060
4 82.78 0.000266015 13697476 2.67064 12.22 2.418564 85.61 2.01E-02 2.69071
5 79.44 1.1517E-05 23908050 2.67810 15.98 2.479447 114.91 2.10E-02 2.69914
6 85.71 1.08303E-05 23944030 2.66742 13.14 2.393031 90.99 1.97E-02 2.68709
7 79.80 0.000654849 5858831 2.62659 13.47 2.106330 81.47 1.51E-02 2.64165
8 97.65 1.60943E-05 23669622 2.70936 14.00 2.763632 112.89 2.56E-02 2.73491
9 78.71 0.000258134 13935646 2.61758 15.93 2.051575 93.69 1.42E-02 2.63176

10 87.49 0.000565666 7116843 2.72146 11.51 2.887052 97.11 2.75E-02 2.74894
11 87.63 5.08976E-05 21932913 2.69243 12.91 2.603748 97.74 2.30E-02 2.71545
12 92.07 0.000713033 5161200 2.70165 12.95 2.688970 101.43 2.44E-02 2.72602
13 91.30 0.000854862 3790927 2.71413 11.29 2.811325 92.69 2.63E-02 2.74043
14 72.12 0.00018973 16185348 2.61835 12.50 2.056134 73.67 1.43E-02 2.63260
15 93.21 0.001427376 1105129 2.72079 12.52 2.880002 105.39 2.74E-02 2.74816
16 100.44 1.20366E-05 23880867 2.74437 10.98 3.143624 101.32 3.15E-02 2.77584
17 91.77 2.97344E-07 24502709 2.69451 13.25 2.622616 101.09 2.33E-02 2.71783
18 77.27 8.08029E-06 24088649 2.66314 12.25 2.359736 83.59 1.91E-02 2.68226
19 92.60 3.66128E-07 24499017 2.66297 13.89 2.358445 94.74 1.91E-02 2.68208
20 86.79 9.78383E-07 24466196 2.73301 11.70 3.012644 103.29 2.94E-02 2.76246
21 67.64 8.42643E-05 20387828 2.53708 14.35 1.672365 67.74 8.24E-03 2.54532
22 81.27 0.000608028 6488579 2.62953 13.56 2.124828 82.80 1.54E-02 2.64489
23 69.51 0.002785956 89277 2.64892 11.43 2.254860 74.34 1.74E-02 2.66636
24 92.09 0.012997186 12454 2.71798 13.28 2.850750 110.61 2.69E-02 2.74490
25 84.88 8.80299E-05 20220464 2.68506 11.95 2.538613 88.08 2.20E-02 2.70705
26 75.40 0.002533021 129608 2.64500 12.22 2.227428 78.46 1.70E-02 2.66201
27 66.47 0.01942764 10771 2.58459 13.59 1.873952 72.55 1.14E-02 2.59595
28 94.64 3.25505E-06 24344524 2.70118 12.90 2.684503 100.86 2.43E-02 2.72548
29 91.22 2.96511E-07 24502755 2.72629 10.33 2.938627 88.81 2.83E-02 2.75458
30 90.02 0.001230616 1682558 2.64993 14.06 2.262065 91.75 1.76E-02 2.66749
31 83.21 0.002619548 113236 2.66017 13.04 2.337156 88.10 1.88E-02 2.67893
32 86.79 7.5561E-05 20780021 2.70326 11.47 2.704300 90.40 2.46E-02 2.72787
33 90.24 5.82979E-05 21580415 2.73081 11.18 2.988131 97.78 2.91E-02 2.75988
34 81.65 0.000810895 4171104 2.63237 16.22 2.142986 99.92 1.56E-02 2.64802
35 78.33 2.57983E-05 23171984 2.67605 11.48 2.462461 81.96 2.08E-02 2.69682
36 93.22 7.54546E-08 24514612 2.60376 18.60 1.972972 104.95 1.29E-02 2.61669
37 82.62 0.00039572 10315178 2.64546 13.58 2.230602 87.33 1.71E-02 2.66251
38 69.59 0.001676536 654590 2.65359 10.72 2.288410 70.82 1.80E-02 2.67157
39 69.42 0.000165947 17049993 2.60406 15.74 1.974607 88.88 1.30E-02 2.61702
40 84.91 0.016196373 11478 2.69920 14.56 2.665870 113.01 2.40E-02 2.72320
41 86.19 0.002464727 144915 2.68206 12.05 2.512868 87.88 2.16E-02 2.70364
42 83.01 0.000111248 19218440 2.69806 11.07 2.655241 85.57 2.38E-02 2.72189
43 87.38 3.1519E-07 24501750 2.66551 14.62 2.378042 100.56 1.94E-02 2.68493
44 95.00 0.001660598 676634 2.67590 16.76 2.461234 119.61 2.08E-02 2.69665
45 88.55 0.000311567 12398631 2.69946 14.75 2.668396 114.60 2.40E-02 2.72351
46 90.85 4.32487E-06 24287562 2.74942 10.36 3.204457 97.51 3.24E-02 2.78183
47 80.37 1.14633E-06 24457195 2.63481 14.66 2.158857 91.03 1.59E-02 2.65072
48 87.97 0.002070422 296134 2.70250 11.96 2.697035 93.95 2.45E-02 2.72700
49 77.37 0.000132447 18347057 2.58720 14.40 1.886792 77.44 1.16E-02 2.59876
50 87.46 2.13267E-05 23399974 2.61774 15.48 2.052549 91.11 1.42E-02 2.63194
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where α is equal to 0.699, β is equal to 0.060, and σref is 16 ksi. The maximum stress 
value changes with every flight. The values shown in Table 20 are for the last flight for 
each sample.  

Step 4. Compute the maximum applied stress intensity in the flight, Kmax(f) (column 8 in Table 
20). Calculate the maximum applied stress intensity during the flight from 

𝐾𝐾𝑚𝑚𝜋𝜋𝑥𝑥(𝑓𝑓) = 𝛽𝛽 ∙ 𝜎𝜎𝑚𝑚𝜋𝜋𝑥𝑥(𝑓𝑓) ∙ �𝜋𝜋 ∙ 𝜋𝜋𝑐𝑐𝑡𝑡𝜋𝜋𝑐𝑐𝑡𝑡(𝑓𝑓)            (71) 
Kmax(f) values for the last flight of each sample are in column 8, Kmax(f), of Table 20. 

Step 5. If any of the following criteria are met go to Step 6. Otherwise, loop back to Step 1 
1) cend(f) (column 10) is greater than or equal to distance from the edge of the hole 

to the edge of the specimen, 2.75 inches, or  
2) Kmax(f) (column 8) is greater than or equal to KC (column 2), or  
3) Flight Count (column 4) times the average flight time equals the flight hours 

specified for an inspection.  
Step 6. Move the ActiveCell down one row to the next sample. Increment the sample number, i, 

and loop back to Step 1 until i is greater than 12,000. 
Theoretically, millions of samples are required to accurately obtain POF values in the 10-7 range. 
However, this assumes that the tails of the input distributions are accurately defined. Sufficient 
data to define the tails of the input distributions are rarely available. So, the tails of the input 
distributions are usually extrapolations. Generating millions of samples from extrapolations does 
not increase the accuracy of the extrapolation. The approach taken here is to generate enough 
samples to define the centroid of the POF distribution well. Then extrapolate to lower values 
using functions fit to the low probability tail of the POF distribution. 

3.3.7.2 SFPOF Calculation 
SFPOF as a function of flights was calculated using the number of flights to failure from the 
MCS samples. First, find the CDF of the failure time distribution, FT(n). This establishes the 
failure time PDF, fT(n). Finally, calculate the hazard rate, hT(n), which when multiplied by a time 
period of one flight is the SFPOF.  
The first step in determining FT(n) is to rank order the number of flights to failure from shortest 
to longest. The number for flights to failure should also be converted to flight hours (FH) to 
failure to provide a continuous failure distribution, FT(t). This is easily done in this example 
since the average FH per flight is one hour. Sort the samples from shortest life to longest life. 
Assign the median rank to each sample using Benard’s approximation (Section 2.3.1). Then, fit a 
function to the low life tail of the cumulative failure distribution. It is unlikely that the reliability 
function can be completely described by a single standard distribution. However, because fatigue 
failures are usually well described by the Weibull distribution, the rank ordered failure data were 
plotted on a Weibull probability plot as shown in Figure 44. The failure data does not plot as a 
straight line. There are three nearly straight line sections in the plot. FT(t) can be represented 
piecewise by three Weibull functions. When dealing with experimental data, a change in slope is 
usually associated with a change in mechanism. Since these are simulations, it is difficult to 
determine what the cause of the slope changes is. 
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The early failures, lives less than 10,000 FH, are of most interest. A Weibull function was fit to 
all failures times less than 10,000 FH using their rank order in the complete set of failure data. 
The resulting Weibull function fit is the dashed red line in Figure 44 and described by the 
equation  

𝐹𝐹𝑇𝑇(𝑡𝑡) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− �
𝑡𝑡

13823.8�
12.42

�   for 𝑡𝑡 ≤ 10,000 𝐹𝐹𝐻𝐻   (72) 

 
Figure 44. Weibull Probability Plot of Rank Ordered Failures 

While performing the sensitivity analysis described in the next section, it was observed that the 
samples below a POF of 0.1% (8,000 FH) described a line with a different slope than the line 
through the samples with POF greater than 0.1% and less than 1.0% (10,000 FH). So, an 
additional Weibull function was fit to the samples that failed in less than 8,000 FH as in Figure 
45. The resulting Weibull function fit shown by the dashed blue line in Figure 45 is described by 
the equation  

FT(t) = 1 − exp �− �
n

13651.9�
13.17

�   for t < 8,000 FH     (73) 

The red dashed line is still described by equation (72). The larger exponent (shape parameter) in 
equation (73) means that there is less variability (smaller standard deviation if you will) in the 
tail of the distribution with this revised fit. There is not much change in the value of the scale 
parameter (the denominator). 
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Figure 45. Revised Fit to Low Probability Tail of Failure Distribution 

Remember, the hazard rate, hT(N), is defined as 

ℎ𝑇𝑇�𝑡𝑡𝑓𝑓� =
𝑓𝑓𝑇𝑇(𝑡𝑡𝑓𝑓)

(1 − 𝐹𝐹𝑇𝑇(𝑡𝑡𝑓𝑓))                     (74) 

This calculation is straightforward since a Weibull distribution fit the tail of FT(t) well. The 
hazard rate in the short life tail (tf < 8,000 FH) is 

ℎ𝑇𝑇�𝑡𝑡𝑓𝑓� =
13.17

13651.9 �
𝑡𝑡𝑓𝑓

13651.9�
12.17

                (75) 

The resulting SFPOF values for FH values up to 8,000 FH are given in Table 21. The SFPOF is 
equal to 10-7 at about 6,424 FH which corresponds to a cumulative probability of failure of 
4.88 x 10-5. 
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Table 21. SFPOF Values for Select Flight Hours to Failure 

 
3.3.8 Sensitivity Study 
As was done in the previous examples, the methods of Robust Design and ANOVA [10] were 
employed to perform a sensitivity study to determine how sensitive the FHs when SFPOF equals 
10-7 are to the parameters of the three distributions. The three random variables in this example 
should be considered in the sensitivity analysis: fracture toughness, EIDS, and the maximum 
stress in a flight. Since the distribution for each random variable is defined by two parameters, 
there are six parameters to be varied in the sensitivity study. A sensitivity study that includes 
every combination of parameters would involve 36, or 729, different MCS runs. The L18(21x37) 
orthogonal array shown in Table 22 can be used to perform a three-level sensitivity study for six 
parameters. Note the first two columns of the array are not assigned a variable. The values for 
the shape factor of the fracture toughness distribution were 14.5, 12.49, and 10.5, and the scale 
factor values were 93.9, 88.89, and 83.9. The values for the shape factor of the EIDS distribution 

Nf SFPOF

1000 1.47E-17
1250 2.22E-16
1500 2.05E-15
1750 1.34E-14
2000 6.79E-14
2250 2.85E-13
2500 1.03E-12
2750 3.27E-12
3000 9.44E-12
3250 2.50E-11
3500 6.16E-11
3750 1.43E-10
4000 3.13E-10
4250 6.55E-10
4500 1.31E-09
4750 2.53E-09
5000 4.73E-09
5250 8.57E-09
5500 1.51E-08
5750 2.59E-08
6000 4.35E-08
6250 7.15E-08
6500 1.15E-07
6750 1.83E-07
7000 2.84E-07
7250 4.36E-07
7500 6.58E-07
7750 9.81E-07
8000 1.44E-06
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were 0.424, 0.374, and 0.324, and the scale factor values were 0.00064, 0.00054, and 0.00044. 
These are the same values used in sensitivity study in Section 3.2.6. The values for the dispersion 
parameter, β, of the Gumbel distribution for the maximum stress during a flight were 0.1, 0.06, 
and 0.02. The values for the characteristic value, α, of the Gumbel distribution for the maximum 
stress during a flight were 0.75, 0.699, and 0.65. 

Table 22. L18(21x37) Orthogonal Array for Sensitivity Analysis 

 
A MCS was performed with the set of parameters in each row for a total of eighteen trials. Note 
that Trial 1 is the same as the baseline analysis. The 12,000 samples in each trial were rank 
ordered using Benard’s median rank approximation and then plotted on a Weibull probability 
plot. The samples with a POF less than 0.1% were fit with a line as shown in Figure 46 to Figure 
63. The values of the Weibull shape and scale parameters, as well as the FHs at which SFPOF 
equals 10-7, for each of these fits are given in Table 23. An SFPOF of 10-7 was reached before 
the POF reached 0.1% in every trial, so the FH to an SFPOF of 10-7 lies within the range of the 
curve fits to low POF tail of the failure distribution for each run.  

Trial 
No.

1 
(unused)

2 
(unused)

Shape 
(KC)

Scale 
(KC)

Shape 
(EIDS)

Scale 
(EIDS)

β         
(Max 

Stress)

α         
(Max 

Stress)
1 1 1 12.49 88.89 0.374 0.00054 0.06 0.699
2 1 1 14.5 93.9 0.424 0.00064 0.1 0.75
3 1 1 10.5 83.9 0.324 0.00044 0.02 0.65
4 1 2 12.49 88.89 0.424 0.00064 0.02 0.65
5 1 2 14.5 93.9 0.324 0.00044 0.06 0.699
6 1 2 10.5 83.9 0.374 0.00054 0.1 0.75
7 1 3 12.49 93.9 0.374 0.00044 0.1 0.65
8 1 3 14.5 83.9 0.424 0.00054 0.02 0.699
9 2 3 10.5 88.89 0.324 0.00064 0.06 0.75

10 2 1 12.49 83.9 0.324 0.00064 0.1 0.699
11 2 1 14.5 88.89 0.374 0.00044 0.02 0.75
12 2 1 10.5 93.9 0.424 0.00054 0.06 0.65
13 2 2 12.49 93.9 0.324 0.00054 0.02 0.75
14 2 2 14.5 83.9 0.374 0.00064 0.06 0.65
15 2 2 10.5 88.89 0.424 0.00044 0.1 0.699
16 2 3 12.49 83.9 0.424 0.00044 0.06 0.75
17 2 3 14.5 88.89 0.324 0.00054 0.1 0.65
18 2 3 10.5 93.9 0.374 0.00064 0.02 0.699

Variable
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Figure 46. Weibull Plot and Fit to Tail for Trial 1 

 
Figure 47. Weibull Plot and Fit to Tail for Trial 2 
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Figure 48. Weibull Plot and Fit to Tail for Trial 3 

 
Figure 49. Weibull Plot and Fit to Tail for Trial 4 
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Figure 50. Weibull Plot and Fit to Tail for Trial 5 

 
Figure 51. Weibull Plot and Fit to Tail for Trial 6 
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Figure 52. Weibull Plot and Fit to Tail for Trial 7 

 
Figure 53. Weibull Plot and Fit to Tail for Trial 8 

1.0E+03 1.0E+04 1.0E+05 1.0E+06 1.0E+07 1.0E+08

C
um

ul
at

iv
e 

Pr
ob

ab
ili

ty
 (%

)

Failure Time (hours)

RV Data t < 8,000 FH 8,000 FH < t < 10,000 FH

40.

90.

0.01

0.05

0.1

0.2

0.5

1.

2.

5.

10.

20.

60.
80.

95.
99.

99.99
99.9

1.0E+03 1.0E+04 1.0E+05 1.0E+06 1.0E+07 1.0E+08

C
um

ul
at

iv
e 

Pr
ob

ab
ili

ty
 (%

)

Failure Time (hours)

RV Data t < 8,000 FH 8,000 FH < t < 10,000 FH

40.

90.

0.01

0.05

0.1

0.2

0.5

1.

2.

5.

10.

20.

60.
80.

95.
99.

99.99
99.9



 

88 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 

 
Figure 54. Weibull Plot and Fit to Tail for Trial 9 

 
Figure 55. Weibull Plot and Fit to Tail for Trial 10 
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Figure 56. Weibull Plot and Fit to Tail for Trial 11 

 
Figure 57. Weibull Plot and Fit to Tail for Trial 12 
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Figure 58. Weibull Plot and Fit to Tail for Trial 13 

 
Figure 59. Weibull Plot and Fit to Tail for Trial 14 
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Figure 60. Weibull Plot and Fit to Tail for Trial 15 

 
Figure 61. Weibull Plot and Fit to Tail for Trial 16 
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Figure 62. Weibull Plot and Fit to Tail for Trial 17 

 
Figure 63. Weibull Plot and Fit to Tail for Trial 18 
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Table 23. Summary of Sensitivity Trials 

 

The effect of the distribution parameters on the FHs to an SFPOF of 10-7 are of interest. The 
average of the FHs for each parameter value are determined. For example, the average FHs for a 
value of the fracture toughness shape parameter equal to 12.49 is the average of the FHs from 
trials 1, 4, 7, 10, 13, and 16. When working with large numbers like these, it is easier to identify 
differences using common logarithms.  
The average log FHs for each value of the parameters for the three distributions are compiled in 
Table 24. The average log FHs are considered in order to determine which parameters account 
for the most variation in FHs to SFPOF equal 10-7. The results are most sensitive to these 
parameters. Plots of the average log FH versus the values of each parameter along with the actual 
data points are presented in Figure 64 to Figure 69. 

Table 24. Average Log FHs to SFPOF=10-7 for Parameter Values of the Distributions 

 

Trial 
No.

Shape 
(KC)

Scale 
(KC)

Shape 
(EIDS)

Scale 
(EIDS)

β         
(Max 

Stress)

α         
(Max 

Stress)
Shape Param    
POF < 0.001

Scale Param 
POF < 0.001

FH for 
SFPOF = 10-7

1 12.49 88.89 0.374 0.00054 0.06 0.699 13.1712 13651.93 6424.34
2 14.5 93.9 0.424 0.00064 0.1 0.75 39.0665 10003.89 7577.88
3 10.5 83.9 0.324 0.00044 0.02 0.65 7.0454 18882.39 4844.17
4 12.49 88.89 0.424 0.00064 0.02 0.65 51.5036 9387.34 7563.13
5 14.5 93.9 0.324 0.00044 0.06 0.699 12.3235 12222.1 5414.79
6 10.5 83.9 0.374 0.00054 0.1 0.75 22.5702 10531.04 6632.57
7 12.49 93.9 0.374 0.00044 0.1 0.65 16.3088 12672.89 6830.18
8 14.5 83.9 0.424 0.00054 0.02 0.699 37.7633 10146.03 7620.20
9 10.5 88.89 0.324 0.00064 0.06 0.75 1.586 518090.9 1509.19

10 12.49 83.9 0.324 0.00064 0.1 0.699 19.1608 9390.91 5437.50
11 14.5 88.89 0.374 0.00044 0.02 0.75 27.3881 10231.76 6952.84
12 10.5 93.9 0.424 0.00054 0.06 0.65 13.8218 14920.57 7318.26
13 12.49 93.9 0.324 0.00054 0.02 0.75 5.5696 23791.11 4355.74
14 14.5 83.9 0.374 0.00064 0.06 0.65 11.615 13807.96 5893.59
15 10.5 88.89 0.424 0.00044 0.1 0.699 39.0665 10003.89 7577.88
16 12.49 83.9 0.424 0.00044 0.06 0.75 32.7244 10787.28 7791.73
17 14.5 88.89 0.324 0.00054 0.1 0.65 7.1392 17695.3 4576.35
18 10.5 93.9 0.374 0.00064 0.02 0.699 12.443 13711.53 6183.18

Variable Results

Shape Avg Log FHs Shape Avg Log FHs Beta Avg Log FHs
10.5 3.703468925 0.324 3.605420984 0.02 3.78638716

12.49 3.797842926 0.374 3.811282793 0.06 3.707762796
14.5 3.794692719 0.424 3.879300794 0.1 3.801854615

Scale Scale Alpha
83.9 3.797713582 0.00044 3.811096108 0.65 3.782276726

88.89 3.707917346 0.00054 3.779244165 0.699 3.804922467
93.9 3.790373643 0.00064 3.705664298 0.75 3.708805378

Fracture Toughness EIDS Max. Stress
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Figure 64. Average Log FHs vs. Shape Parameter for Fracture Toughness Distribution 

 
Figure 65. Average Log FHs vs. Scale Parameter for Fracture Toughness Distribution 
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Figure 66. Average Log FHs vs. Shape Parameter for EIDS Distribution 

 
Figure 67. Average Log FHs vs. Scale Parameter for EIDS Distribution 
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Figure 68. Average Log FHs vs. Dispersion Parameter for Max. Stress Distribution 

 
Figure 69. Average Log FHs vs. Characteristic Value for Max. Stress Distribution 
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The log FHs for all but Trial 9 are between 3.6 and 3.9 (3981 to 7943 FHs) for the range of 
values chosen. Trial 9 had a log FHs of just under 3.18 or 1509 FHs. For most of the distribution 
parameters, the log FHs are scattered across the range of 3.6 to 3.9 for every value of the 
parameter. However, the log FHs for the shape parameter of the EIDS distribution form tight 
clusters at each of the three values chosen for the sensitivity study – with the exception of Trial 
9. This indicates that the shape parameter for the EIDS distribution has a dominant effect on the 
FHs to SFPOF equals 10-7. In addition, the average log FHs for the shape parameter of the EIDS 
distribution span the entire range of log FHs, 3.6 to 3.9. The range of average log FHs for all of 
the other parameters is from 3.7 to 3.8 (5012 to 6310 FHs) which indicates that the FHs to 
SFPOF equals 10-7 is less sensitive to these other parameters. 
It is also interesting to note that the average log FHs plots for the fracture toughness and 
maximum stress distributions show either a peak or a valley at the intermediate value for each 
parameter. The average log FHs for the EIDS distribution parameters show a monotonic trend: 
increasing life with increasing shape parameter, and decreasing life with increasing scale 
parameter. An increasing shape parameter indicates less scatter in the EIDS distribution and 
lower probability of a large EIDS that results in shorter life. An increasing scale parameter shifts 
the entire EIDS distribution to larger damage sizes. 

3.4 Summary 
In this section, the MCS process for determining the POF for a structural detail with 
deterioriating resistance to fracture was demonstrated. The MCS process can be idealized as 
selecting many different samples of a structural detail from the population of all possible details 
of this type that could be produced. Each sample will have a different EIDS. The growth of the 
EIDS in each sample is then simulated using a master crack growth curve. A maximum stress for 
a flight is selected at the start of each flight for each sample. The maximum stress for a flight and 
the crack size at the start of the flight are used to calculate the maximum stress intensity 
experienced during that flight. If the maximum stress intensity for a flight equals or exceeds the 
fracture toughness for that sample, fracture occurs during that flight. After any given flight, the 
fraction of the samples that have failed gives an estimate of the POF at that flight. 
While a maximum of three random variables was used in these examples, additional random 
variables can be included if it is deemed that they are significant. Including more than three 
random variables eliminates some solution methods such as integration. However, MCS is able 
to handle however many random variables the analyst chooses to use. 
Because of the uncertainty in the random variables used in the reliability assessment, sensitivity 
studies should be performed to see how sensitive the POF and SFPOF are to any assumptions, or 
lack of knowledge, about any of the random variables. A structured process using orthogonal 
arrays to reduce the number of additional reliability assessments required for a sensitivity study 
was demonstrated. 
While it did not cause any issues in this example, the Weibull distribution for the EIDS has non-
zero probability of having a crack greater than 2.75 inches, the physical limit of the part. It can 
be argued that an EIDS bigger than 1.0 inch is unlikely since it would be seen visually and 
repaired. Yet, the Weibull distribution has a small, but non-zero, probability for such an EIDS. 
This is not much of an issue in a MCS because drawing a sample with such a large EIDS is very 
unlikely. However, if a sample with 2.75 inches or larger EIDS was generated, it would result in 
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a very early failure increasing the POF unrealistically early in the life. For this reason, some 
analysts recommend using the beta distribution for the EIDS. 
The beta distribution has upper and lower bounds, which eliminates the possibility of obtaining 
non-physical EIDS values [20]. The equation for the PDF of the beta distribution is 

𝑓𝑓(𝑥𝑥) =
(𝑥𝑥 − 𝑓𝑓)𝑒𝑒−1(𝑏𝑏 − 𝑥𝑥)𝑞𝑞−1

𝑈𝑈(𝑒𝑒, 𝑞𝑞)(𝑏𝑏 − 𝑓𝑓)𝑒𝑒+𝑞𝑞−1      𝑓𝑓 ≤ 𝑥𝑥 ≤ 𝑏𝑏; 𝑒𝑒, 𝑞𝑞 > 0    (76) 

where B(p,q) is the beta function 

𝑈𝑈(𝛼𝛼, 𝛽𝛽) = � 𝑡𝑡𝛼𝛼−1(1 − 𝑡𝑡)𝛽𝛽−1𝑑𝑑𝑡𝑡                        (77)
1

0

 

The lower and upper bounds of the distribution are a and b, respectively. The shape parameters 
are p and q. The beta distribution can take any number of shapes depending upon the values of p 
and q.  
If obtaining an accurate value of the POF is goal of the reliability assessment, then using the beta 
distribution for the EIDS is desirable. If obtaining the order of magnitude of the POF is the 
objective, because of the uncertainties in the distributions of all the random variables, then a 
Weibull distribution for the EIDS may be satisfactory. 
A similar argument can be made against using a normal distribution for the fracture toughness as 
the normal distribution extends infinitely in both directions. Negative fracture toughness values 
are unphysical. A beta distribution can be used for the fracture toughness as well, if the analyst 
wants to eliminate any possibility of unphysical results. 
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4 INSPECTIONS DURING THE LIFE 
NDI of the location can be performed at selected times during the life of the specimen. The MCS 
described in Section 3.3 can be interrupted at prescribed inspection times, instead of running 
every sample to failure. The expected crack size distribution at the inspection time can be 
determined from the crack sizes recorded in the MCS. The effectiveness of the NDI can be 
modeled using a separate MCS. Any sample for which a crack is found with NDI can be repaired 
by drawing a new equivalent damage size for the sample from an equivalent repair damage size 
(ERDS) distribution. Then the overall MCS for flying the part can be resumed. An important part 
of modeling the impact of an inspection is determining the SFPOF prior to the inspection and 
after repairing any crack found. The algorithms for modeling all these actions are described in 
the following sections.  

4.1 Example Definition 
The example from Section 3.3 will be used here. The MCS is stopped at 5,000 FH to allow for an 
inspection. The shortest life for the example of Section 3.3 was 6,334 FH, so there are not any 
failures prior to this inspection. However, there will be some large cracks to be repaired. 
Additional information needed for this example are the POD curve for the nondestructive 
inspection (NDI) used, and the equivalent repair damage size distribution (ERDS). 

4.1.1 POD Curve for a NDI Procedure 
The POD curve for a NDI procedure gives the probability of detecting a crack of a given size 
with that procedure. Many parameters affect the POD [21], so do not assume that the POD for a 
given sensor type on a particular structural component is transferable to a different component. 
Consult your local NDI expert before deciding on a POD curve to use in a risk analysis. The 
POD curve used in this example was created to illustrate features of the risk analysis for the 
crack sizes in the MCS. Any similarity to actual POD curves is coincidental. Do not use the 
example POD curve for a real aircraft risk analysis. 
A number of different equations have been used to describe the POD [21, 22]. Table 25 lists 
several of these. 

Table 25. Common Equations for Modeling POD 

Name Functional Form 

Lockheed 𝑃𝑃(𝜋𝜋) = 𝑒𝑒𝑥𝑥𝑒𝑒�−𝛼𝛼 ∙ 𝜋𝜋1−𝛽𝛽� 

Weibull 𝑃𝑃(𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒�−𝛼𝛼 ∙ 𝜋𝜋𝛽𝛽� 

Probit 𝑃𝑃(𝜋𝜋) = Φ(𝛼𝛼 + 𝛽𝛽𝜋𝜋)* 

Log Probit 𝑃𝑃(𝜋𝜋) = Φ(𝛼𝛼 + 𝛽𝛽 ∙ ln (𝜋𝜋))* 

Log Odds – linear scale 𝑃𝑃(𝜋𝜋) =
𝑒𝑒𝑥𝑥𝑒𝑒[𝛼𝛼 + 𝛽𝛽𝜋𝜋]

1 + 𝑒𝑒𝑥𝑥𝑒𝑒[𝛼𝛼 + 𝛽𝛽𝜋𝜋] 

Log Odds – log scale 𝑃𝑃(𝜋𝜋) =
𝛼𝛼 ∙ 𝜋𝜋𝛽𝛽

1 + 𝛼𝛼 ∙ 𝜋𝜋𝛽𝛽 

Arcsine 𝑃𝑃(𝜋𝜋) = 𝑓𝑓𝑓𝑓𝑙𝑙2(𝛼𝛼 + 𝛽𝛽𝜋𝜋) 
* Φ(x) is the CDF for the standard normal distribution  
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This example used the Log Odds – log scale equation for POD, equation (78). The graph of the 
POD is shown in Figure 70. Note that the numbers in equation (78) were chosen to give a POD 
curve that would give interesting results in the MCS. There is no rational method for developing 
this curve. You must work with your NDI experts to develop a realistic POD model for your 
particular situation. 

𝑃𝑃(𝜋𝜋) =
13,000 ∙ 𝜋𝜋5

1 + 13,000 ∙ 𝜋𝜋5                      (78) 

 
Figure 70. POD Plot 

4.1.2 Equivalent Repair Damage Size Distribution 
Whenever a crack is found by the inspection, it is assumed that it is repaired. The repair does not 
take the equivalent damage size to zero, but to a smaller size than before. Determining the 
distribution of equivalent damage sizes after a repair is just as difficult, if not harder, as 
determining the EIDS. No organization want to pay to conduct a large-scale test program on 
repaired structure to determine the size of the damage from which cracks form. As a result, the 
EIDS distribution is often used as the post-repair damage size distribution, ERDS. In the absence 
of data, a sensitivity study with different ERDS distributions can be performed to see how much 
the ERDS distribution effects how the aircraft will be managed and maintained. 
For this example, the ERDS distribution is a modification to the EIDS distribution in Section 
3.2.3. Recognizing that repairs may not be made under conditions as well controlled as initial 
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manufacture, the shape parameter for the EIDS distribution was decreased from 0.374 to 0.35 to 
reflect the potential for more variation in the equivalent damage size. The scale parameter for the 
EIDS distribution was increased from 0.00054 to 0.00075 inch to reflect the potential for the 
mean damage size being slightly larger. The ERDS distribution is compared to the EIDS 
distribution in Figure 71. 

 
Figure 71. Comparison of EIDS and ERDS Distributions 

4.2 Inspection and Repair 
The inspection at 5,000 FH is simulated using the POD curve previous specified in Section 4.1.1. 
It is assumed that whenever a crack is detected in the simulation that it is repaired with the 
resulting equivalent damage size after the repair drawn from the ERDS distribution. The 
simulation marches through each of the 12,000 samples of cracks after 5,000 flights one at a 
time. The process is as follows and the subroutine is given in Appendix B.4. 
Step 1. Determine the POD for the crack size of sample i. For the ith sample, put the crack size 

at the end of 5,000 flights into the POD equation to obtain the probability of detecting 
the crack, PODi. 

Step 2. Was the crack detected? Using a (pseudo-) random number generator, generate a 
number, P, between 0 and 1 that represents the probability that the crack will be 
detected. If P ≤ PODi, the crack was detected. Go to Step 3 to repair the crack. 

 If P > PODi, the crack was not detected. Move to the next sample, i+1, and go to Step 1. 
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Step 3. Determine the crack size after repair. Using a (pseudo-) random number generator, 
generate a number, P, between 0 and 1 that represents the CDF of the equivalent 
repaired damage size, ERDSi. Use P in the inverse CDF equation for the Weibull 
distribution to find the equivalent damage size after repair for this sample. The inverse 
CDF for the Weibull distribution is 

𝐸𝐸𝐸𝐸𝐷𝐷𝑀𝑀𝑖𝑖 = 𝛼𝛼 �𝐿𝐿𝑁𝑁 � 1
1−𝑃𝑃

��
1

𝛽𝛽�
                      (79)   

where β is the shape parameter and α is the scale parameter, 0.35 and 0.00075 
respectively in this example. Replace the crack size after 5,000 flights with ERDSi. 
Move to the next sample, i+1, and go to Step 1. 

Repeat these three steps until all MCS crack growth samples have been inspected. The effect of 
the inspection can be seen by comparing the crack size distributions at the end of flight 5,000 and 
after the inspection.  

4.2.1 Crack Size Distribution Prior to an Inspection 
The first 50 samples obtained by for this example are presented in Table 26. The crack sizes in 
the last column, cend(f), are the crack sizes prior to the inspection. The CDF of the crack size 
distribution prior to inspection is found by rank ordering the crack sizes in the last column, 
cend(f), using median rank (Section 2.3.1). If any of the samples failed before flight 5,000, the 
crack size should be treated as the largest crack physically possible in the ranking. If there were 
any failures prior to inspection, the time to the inspection needs to be shorter since the goal is to 
find cracks before they cause failure. 
The resulting crack size CDF prior to inspection for this example is plotted on a Weibull graph in 
Figure 72. The plot shows four distinct regions that are nearly straight lines. This indicates that a 
Weibull distribution can be used to model each of the distinct regions of the curve. The CDF is 
represented as the following piecewise function.  

𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− �
𝜋𝜋

1.01 × 10−7�
70.1

� for c ≤  9.64𝐸𝐸 − 08   (80a) 

𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− �
𝜋𝜋

0.00054�
0.377

�  for 9.64E-08 ≤ c ≤ 0.00482  (80b) 

𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
3.4098 ×10−6�

0.11378
�   for 0.00482 ≤ 𝜋𝜋 ≤ 0.449  (80c)  

𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− �
𝜋𝜋

0.11205�
0.96586

�    𝑓𝑓𝑜𝑜𝑃𝑃 0.449 < 𝜋𝜋         (80𝑑𝑑) 

Figure 73 shows a close-up of the upper tail of the distribution, which is the region of most 
interest for failure. 
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Table 26. Example Results of MCS to 5,000 Flights 

 

Trial #
K c 

(ksi√inch)
Flight 

Count, f
c start (f) 

(inch)
σ max (f)  

(ksi)
K max (f)  

(ksi√inch)
c end (f)  
(inch)

1 96.01 5000 0.00717 12.85 3.85 0.00717
2 94.46 5000 0.00003 12.32 0.23 0.00003
3 89.40 5000 0.00017 12.42 0.58 0.00017
4 82.78 5000 0.00027 11.22 0.65 0.00027
5 79.44 5000 0.00001 10.60 0.13 0.00001
6 85.71 5000 0.00001 11.62 0.14 0.00001
7 79.80 5000 0.00066 11.74 1.07 0.00066
8 97.65 5000 0.00002 12.25 0.17 0.00002
9 78.71 5000 0.00026 9.51 0.54 0.00026

10 87.49 5000 0.00057 14.25 1.20 0.00057
11 87.63 5000 0.00005 12.57 0.32 0.00005
12 92.07 5000 0.00071 12.07 1.14 0.00071
13 91.30 5000 0.00086 12.83 1.33 0.00086
14 72.12 5000 0.00019 11.56 0.56 0.00019
15 93.21 5000 0.00143 10.48 1.41 0.00143
16 100.44 5000 0.00001 11.79 0.15 0.00001
17 91.77 5000 3.91E-07 11.43 0.03 3.91E-07
18 77.27 5000 0.00001 11.00 0.11 0.00001
19 92.60 5000 4.59E-07 11.39 0.03 4.59E-07
20 86.79 5000 1.07E-06 11.06 0.04 1.07E-06
21 67.64 5000 0.00008 10.36 0.34 0.00008
22 81.27 5000 0.00061 14.79 1.29 0.00061
23 69.51 5000 0.00283 12.05 2.28 0.00283
24 92.09 5000 0.14055 11.53 13.03 0.14065
25 84.88 5000 0.00009 11.76 0.39 0.00009
26 75.40 5000 0.00256 11.26 2.03 0.00256
27 66.47 5000 0.33798 11.00 13.56 0.33812
28 94.64 5000 3.35E-06 10.42 0.07 3.35E-06
29 91.22 5000 3.90E-07 10.62 0.02 3.90E-07
30 90.02 5000 0.00123 11.65 1.45 0.00123
31 83.21 5000 0.00265 11.33 2.08 0.00265
32 86.79 5000 0.00008 10.71 0.33 0.00008
33 90.24 5000 0.00006 10.25 0.28 0.00006
34 81.65 5000 0.00081 14.52 1.47 0.00081
35 78.33 5000 0.00003 10.52 0.19 0.00003
36 93.22 5000 1.69E-07 13.92 0.02 1.69E-07
37 82.62 5000 0.00040 11.45 0.81 0.00040
38 69.59 5000 0.00168 11.14 1.62 0.00168
39 69.42 5000 0.00017 11.52 0.52 0.00017
40 84.91 5000 0.24883 11.24 13.26 0.24895
41 86.19 5000 0.00249 11.10 1.97 0.00249
42 83.01 5000 0.00011 13.97 0.52 0.00011
43 87.38 5000 0.00000 10.09 0.02 0.00000
44 95.00 5000 0.00166 13.69 1.99 0.00166
45 88.55 5000 0.00031 11.69 0.73 0.00031
46 90.85 5000 4.42E-06 12.98 0.10 4.42E-06
47 80.37 5000 1.24E-06 18.67 0.07 1.24E-06
48 87.97 5000 0.00208 11.88 1.93 0.00208
49 77.37 5000 0.00013 11.41 0.46 0.00013
50 87.46 5000 0.00002 11.07 0.18 0.00002
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Figure 72. Weibull Plot of Crack Size Distribution after 5,000 Flights 

 
Figure 73. Distribution fit to Upper Tail of Crack Size Distribution at 5,000 Flights 

Red dashed line is equation (87). Blue dashed line is equation (88). 
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4.2.2 Crack Size Distribution after Inspection and Repair 
The first 50 samples of the crack size distribution after running the subroutine in Appendix B.4 
using the POD function of Section 4.1.1 and the ERDS distribution of Section 4.1.2 are given in 
the last column, cI&R(f), of Table 27. Rank ordering the 12,000 crack sizes in the last column of 
the table gives the CDF for the crack sizes after inspection and repair. This CDF is plotted on a 
Weibull graph in Figure 74. There are now five segments to the CDF which are described by the 
function 

 𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
0.00441

�
0.625

� 𝑓𝑓𝑜𝑜𝑃𝑃 𝜋𝜋 ≤ 9.17𝐸𝐸-08   (81𝑓𝑓) 

  𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
1.01 ×10−7�

69.5
� for 9.17E-08 ≤ 𝜋𝜋 ≤ 9.64E-08 (81b) 

𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
0.000463

�
0.383

�  for 9.64E-08 ≤ 𝜋𝜋 ≤ 0.0052   (81c)  

 𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
8.56×10-5�

0.2256
�  for 0.0052 ≤ c ≤ 0.10881 (81d) 

𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
0.005618

�
0.5441

�   𝑓𝑓𝑜𝑜𝑃𝑃 0.10881 < 𝜋𝜋   (81𝑒𝑒)  

Note that the large cracks in the distribution of Figure 73 are not in Figure 74. There is an 
additional segment for very small cracks in Figure 74 because of the large cracks that were 
detected and repaired. The middle part of the distribution is unaffected. 
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Table 27. Example of Crack Sizes after Inspection and Repair 

 

Trial #
Flight 

Count, f
c start (f) 

(inch)
K max (f)  

(ksi√inch)
c end (f)  
(inch)

Inspection 
(Detect or 

Not)
c I&R (f)  
(inch)

1 5000 0.00717 3.85 0.00717 N 0.00717
2 5000 0.00003 0.23 0.00003 N 0.00003
3 5000 0.00017 0.58 0.00017 N 0.00017
4 5000 0.00027 0.65 0.00027 N 0.00027
5 5000 0.00001 0.13 0.00001 N 0.00001
6 5000 0.00001 0.14 0.00001 N 0.00001
7 5000 0.00066 1.07 0.00066 N 0.00066
8 5000 0.00002 0.17 0.00002 N 0.00002
9 5000 0.00026 0.54 0.00026 N 0.00026

10 5000 0.00057 1.20 0.00057 N 0.00057
11 5000 0.00005 0.32 0.00005 N 0.00005
12 5000 0.00071 1.14 0.00071 N 0.00071
13 5000 0.00086 1.33 0.00086 N 0.00086
14 5000 0.00019 0.56 0.00019 N 0.00019
15 5000 0.00143 1.41 0.00143 N 0.00143
16 5000 0.00001 0.15 0.00001 N 0.00001
17 5000 3.91E-07 0.03 3.91E-07 N 3.91E-07
18 5000 0.00001 0.11 0.00001 N 0.00001
19 5000 4.59E-07 0.03 4.59E-07 N 4.59E-07
20 5000 1.07E-06 0.04 1.07E-06 N 1.07E-06
21 5000 0.00008 0.34 0.00008 N 0.00008
22 5000 0.00061 1.29 0.00061 N 0.00061
23 5000 0.00283 2.28 0.00283 N 0.00283
24 5000 0.14055 13.03 0.14065 N 0.14065
25 5000 0.00009 0.39 0.00009 N 0.00009
26 5000 0.00256 2.03 0.00256 N 0.00256
27 5000 0.33798 13.56 0.33812 D 0.00125
28 5000 3.35E-06 0.07 3.35E-06 N 3.35E-06
29 5000 3.90E-07 0.02 3.90E-07 N 3.90E-07
30 5000 0.00123 1.45 0.00123 N 0.00123
31 5000 0.00265 2.08 0.00265 N 0.00265
32 5000 0.00008 0.33 0.00008 N 0.00008
33 5000 0.00006 0.28 0.00006 N 0.00006
34 5000 0.00081 1.47 0.00081 N 0.00081
35 5000 0.00003 0.19 0.00003 N 0.00003
36 5000 1.69E-07 0.02 1.69E-07 N 1.69E-07
37 5000 0.00040 0.81 0.00040 N 0.00040
38 5000 0.00168 1.62 0.00168 N 0.00168
39 5000 0.00017 0.52 0.00017 N 0.00017
40 5000 0.24883 13.26 0.24895 D 0.00006
41 5000 0.00249 1.97 0.00249 N 0.00249
42 5000 0.00011 0.52 0.00011 N 0.00011
43 5000 0.00000 0.02 0.00000 N 0.00000
44 5000 0.00166 1.99 0.00166 N 0.00166
45 5000 0.00031 0.73 0.00031 N 0.00031
46 5000 4.42E-06 0.10 4.42E-06 N 4.42E-06
47 5000 1.24E-06 0.07 1.24E-06 N 1.24E-06
48 5000 0.00208 1.93 0.00208 N 0.00208
49 5000 0.00013 0.46 0.00013 N 0.00013
50 5000 0.00002 0.18 0.00002 N 0.00002
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Figure 74. Plot of Post-Inspection and Repair Crack Size Distribution 

4.2.3 Effect of Inspection on SFPOF 
Another measure of the effectiveness of an inspection is the change in the SFPOF from before 
the inspection to after the inspection. Calculation of the SFPOF requires the values from the 
failure PDF and CDF. The PDF and CDF values from before and after the inspection are needed 
to make this comparison. The determination of the values, and the resulting SFPOFs, are 
presented in the following sections. 

4.2.3.1 SFPOF Prior to Inspection 
The SFPOF at the end of flight 5,000 and prior to any inspection and repair is calculated by 
determining the failure PDF and CDF at the end of flight 5,000. The value of the failure CDF, or 
the POF, at the end of flight 5,000 was found via MCS using the fracture toughness distribution 
(Section 3.3.2), the distribution of the maximum stress in a flight (Section 3.3.4.1), and the crack 
size distribution at the end of flight 5,000 (Section 4.2.1).  
The failure PDF is the derivative of the failure CDF function. This was estimated as the 
difference in the value of failure CDF over one flight, i.e., from the start of flight 5,000 to the 
end of flight 5,000. The value of the failure CDF, or POF, at the start of flight 5,000 was found 
using the distribution cstart(f) for flight 5,000, the fourth column of Table 26. The calculation of 
the POFs at the start and end of flight 5,000 are presented below along with the determination of 
the PDF and the SFPOF. 
The crack size distribution is the only variable that changes in the POF calculations at the start 
and end of flight 5,000. The change in the crack size distribution is small since the cracks in the 
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MCS samples grow very little in one flight. Care must be taken to ensure that the difference 
between the two crack size distributions is captured. 

4.2.3.1.1 POF at the End of Flight 5,000 
The POF was calculated using the integral in equation (22). The integral was estimated using 
Importance Sampling (Section 2.3.3), drawing random values for each variable and seeing if the 
combination results in failure or not.  

Since the crack size, c, fracture toughness, Kc, and peak stress during a flight, σ, are independent 
random variables, the joint pdf is the product of their individual pdfs, 

𝑓𝑓(𝑥𝑥) = 𝑓𝑓𝑐𝑐(𝜋𝜋) ∙ 𝑓𝑓𝐾𝐾(𝑟𝑟) ∙ 𝑓𝑓𝜎𝜎(𝑓𝑓)                      (82) 

The POF integral becomes then 

𝑃𝑃𝑃𝑃𝐹𝐹 = � ℎ(𝜋𝜋, 𝑟𝑟, 𝑓𝑓)𝑓𝑓𝑐𝑐(𝜋𝜋)𝑓𝑓𝐾𝐾(𝑟𝑟)𝑓𝑓𝜎𝜎(𝑓𝑓) 𝑑𝑑𝜋𝜋 𝑑𝑑𝑟𝑟 𝑑𝑑𝑓𝑓
∞

−∞

            (83) 

and the IS formulation becomes 

𝑃𝑃𝑃𝑃𝐹𝐹 = �
ℎ(𝜋𝜋, 𝑟𝑟, 𝑓𝑓)𝑓𝑓𝑐𝑐(𝜋𝜋)𝑓𝑓𝐾𝐾(𝑟𝑟)𝑓𝑓𝜎𝜎(𝑓𝑓)

𝑔𝑔𝑐𝑐(𝜋𝜋)𝑔𝑔𝐾𝐾(𝑟𝑟)𝑔𝑔𝜎𝜎(𝑓𝑓)

∞

−∞

𝑔𝑔𝑐𝑐(𝜋𝜋)𝑔𝑔𝐾𝐾(𝑟𝑟)𝑔𝑔𝜎𝜎(𝑓𝑓) 𝑑𝑑𝜋𝜋 𝑑𝑑𝑟𝑟 𝑑𝑑𝑓𝑓

= 𝐸𝐸 �
ℎ(𝜋𝜋, 𝑟𝑟, 𝑓𝑓)𝑓𝑓𝑐𝑐(𝜋𝜋)𝑓𝑓𝐾𝐾(𝑟𝑟)𝑓𝑓𝜎𝜎(𝑓𝑓)

𝑔𝑔𝑐𝑐(𝜋𝜋)𝑔𝑔𝐾𝐾(𝑟𝑟)𝑔𝑔𝜎𝜎(𝑓𝑓) �  

The alternate sampling pdfs were selected to cover the regions most likely to cause failure so that 
fewer samples were required to obtain a good estimate of the POF. Uniform distributions were 
chosen for all three sampling distributions. The value of g(xi) is then constant for all xi and equal 
to 

𝑔𝑔(𝑥𝑥) =
1

𝑈𝑈𝑈𝑈 − 𝐿𝐿𝑈𝑈                         (85) 

where UB and LB are the upper and lower bounds, respectively, of the uniform distribution.  

Selecting the Sampling Distributions 
Large crack sizes are more likely to fracture than small crack sizes. The largest crack size 
possible in the example is 2.75 inches, UB for gc(c). It was decided to have the crack size 
sampling distribution extend down to crack sizes unlikely to cause failure. A crack size of 0.07 
inch was chosen as the LB for gc(c). Thus, gc equals 0.3731. 

Material with low Kc is more likely to fracture so sampling was done in the low tail of the Kc 
distribution. The LB was chosen to be 25 ksi√inches. The UB was chosen as the 50% value of the 
Kc distribution, 85 ksi√inches. Thus, gK equals 0.0167. 

(84) 
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A high σmax during a flight is more likely to cause fracture, so sampling of the peak stress 
distribution focused on the high value tail. The UB was chosen as 1.4 times the reference stress 
of 16 ksi. A LB of 0.7 times the reference stress was selected. The values of gσ is equal to 
1/(0.7*16) or 0.893. 

PDFs of the Original Distributions 
The crack size CDF at the end of flight 5,000 is defined by equation (80). Because the sampling 
distribution is limited to cracks from 0.07 to 2.75 inches, only equations (80c) and (80d) are 
needed for the IS. Thus, 

𝑓𝑓𝑐𝑐(𝜋𝜋) = �� 0.11378
3.4098E-06

� � 𝑐𝑐
3.4098E-06

�
(0.11378−1)

� 𝑒𝑒𝑥𝑥𝑒𝑒 �− �� 𝑐𝑐
3.4098E-06

�
0.11378

��  

 for 0.07≤c ≤ 0.449     (86a) 

𝑓𝑓𝑐𝑐(𝜋𝜋) = ��0.96586
0.11205

� � 𝑐𝑐
0.11205

�
(0.96586−1)

� 𝑒𝑒𝑥𝑥𝑒𝑒 �− �� 𝑐𝑐
0.11205

�
0.96586

��  

for c ≥ 0.449       (86b)  
The fracture toughness PDF is 

𝑓𝑓𝑘𝑘(𝑟𝑟) = �12.49
93.9

� � 𝑘𝑘
93.9

�
(12.49−1)

𝑒𝑒𝑥𝑥𝑒𝑒 �− �� 𝑘𝑘
93.9

�
12.49

��            (87)  

The PDF for the maximum stress in a flight is 

𝑓𝑓𝜎𝜎(𝑓𝑓) = 0.06 𝑒𝑒𝑥𝑥𝑒𝑒 �−0.06 � 𝑐𝑐
16

− 0.699� + 𝑒𝑒𝑥𝑥𝑒𝑒 �−0.06 � 𝑐𝑐
16

− 0.699���    (88)  

Performing MCS with IS 
Determination of the POF using MCS with IS was accomplished with the following steps which 
are coded in the subroutine in Appendix B.5. 
Step 1. Randomly obtain Kc sample. Use a (pseudo-) random number generator to randomly 

generate a number between 0 and 1. Recall that the CDF has a range of 0 to 1. The 
random number is the CDF value, P, of the sampling distribution gK. Plug the random 
number into the inverse CDF to determine Ki for this sample: 

𝐾𝐾𝑖𝑖 = 𝐿𝐿𝑈𝑈 +
𝑃𝑃

𝑔𝑔𝐾𝐾
= 25 + 

𝑃𝑃
0.0167                    (89) 

Determine the original pdf value, fK(Ki), for Ki with equation (87). 

Step 2. Randomly obtain σmax sample. Use a (pseudo-) random number generator to randomly 
generate a number, P, between 0 and 1. Plug the random number into the inverse CDF 
for gσ to determine si for this sample: 

𝑓𝑓𝑖𝑖 = 𝐿𝐿𝑈𝑈 +
𝑃𝑃

𝑔𝑔𝜎𝜎
= 11.2 + 

𝑃𝑃
0.0893                (90) 

 Determine the original pdf value, fσ, for si from equation (88). 
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Step 3. Randomly obtain a crack size, c, sample. Use a (pseudo-) random number generator to 
randomly generate a number, P, between 0 and 1. Plug the random number into the 
inverse CDF for gc to determine ci for this sample: 

𝜋𝜋𝑖𝑖 = 𝐿𝐿𝑈𝑈 +
𝑃𝑃
𝑔𝑔𝑐𝑐

= 0.07 + 
𝑃𝑃

0.3731                  (91) 

Determine the original pdf value, fc(c), for ci from equation (86). For 0.07 ≤ ci ≤ 0.4498, 
Step 4. Calculate the maximum stress intensity during the flight. First, calculate the geometry 

factor based on the crack size from the equations in Section 3.3. For 0.07 ≤ ci ≤ 1.2, 

β(ci) = 12.7731ci6 – 57.1413ci5 + 103.053ci4 – 96.2646ci3 
+ 49.9938ci2 – 14.4465ci + 2.9734                (92) 

For 1.2 ≤ ci ≤ 2.75, 

β(ci) = 2.3781ci6 – 24.848ci5 + 107.159ci4 – 243.928ci3 
+ 309.1178ci2 – 206.791ci + 57.9809              (93) 

Then calculate the maximum stress intensity during the flight. 

𝑟𝑟𝑖𝑖(𝑓𝑓) = 𝛽𝛽(𝜋𝜋𝑖𝑖) ∙ 𝑓𝑓𝑖𝑖 ∙ �𝜋𝜋 ∙ 𝜋𝜋𝑖𝑖                    (94) 
Step 5. Determine if this sample would fail. Compare ki(f) to Ki. If ki(f) ≥ Ki, then failure 

occurred with this sample. Set h(ci, Ki, si) equal to 1. Otherwise, h(ci, Ki, si) is equal to 0. 

Step 6. Compute ℎ(𝑐𝑐,𝑘𝑘,𝑐𝑐)𝑓𝑓𝑐𝑐(𝑐𝑐)𝑓𝑓𝐾𝐾(𝑘𝑘)𝑓𝑓𝜎𝜎(𝑐𝑐)
𝑔𝑔𝑐𝑐(𝑐𝑐)𝑔𝑔𝐾𝐾(𝑘𝑘)𝑔𝑔𝜎𝜎(𝑐𝑐)  for this sample. Add this value to the running total for all 

samples and increment the number of samples, N, by 1. Calculate 
𝐸𝐸 �ℎ(𝑐𝑐,𝑘𝑘,𝑐𝑐)𝑓𝑓𝑐𝑐(𝑐𝑐)𝑓𝑓𝐾𝐾(𝑘𝑘)𝑓𝑓𝜎𝜎(𝑐𝑐)

𝑔𝑔𝑐𝑐(𝑐𝑐)𝑔𝑔𝐾𝐾(𝑘𝑘)𝑔𝑔𝜎𝜎(𝑐𝑐) �as in equation (24). 

Step 7. Compute �ℎ(𝑐𝑐,𝑘𝑘,𝑐𝑐)𝑓𝑓𝑐𝑐(𝑐𝑐)𝑓𝑓𝐾𝐾(𝑘𝑘)𝑓𝑓𝜎𝜎(𝑐𝑐)
𝑔𝑔𝑐𝑐(𝑐𝑐)𝑔𝑔𝐾𝐾(𝑘𝑘)𝑔𝑔𝜎𝜎(𝑐𝑐) �

2
 for this sample. Add this value to the total sum of 

squares for all samples. Calculate 𝐸𝐸 ��ℎ(𝑐𝑐,𝑘𝑘,𝑐𝑐)𝑓𝑓𝑐𝑐(𝑐𝑐)𝑓𝑓𝐾𝐾(𝑘𝑘)𝑓𝑓𝜎𝜎(𝑐𝑐)
𝑔𝑔𝑐𝑐(𝑐𝑐)𝑔𝑔𝐾𝐾(𝑘𝑘)𝑔𝑔𝜎𝜎(𝑐𝑐) �

2
�. Then calculate the 

variance as in equation (25). 
Step 8. If the variance is too large, go to Step 1 and select another sample. If the variance is 

acceptable, stop. 
After 12,000 samples, the POF at the start of flight 5,000 was found to be 6.71 x 10-9 with a 
variance of 5.20 x 10-15 (the bottom row of Table 28).  

Table 28. POF at the Start and End of 5,000 Flights Prior to Inspection 

 
 

# of 
Samples Sum of POFs

Expected Value 
of POF

Sum of 
Squares for 

POFs
Expected Std. 

Error Variance
start of flight 5,000 12000 8.02E-05 6.68E-09 6.3187E-11 5.27E-15 5.22E-15
end of flight 5,000 12000 8.06E-05 6.71E-09 6.2914E-11 5.24E-15 5.20E-15



 

111 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 

4.2.3.1.2 POF at the Start of Flight 5,000 
The POF at the start of flight 5,000 was found with the same procedure as for the POF at the end 
of flight 5,000 except that the distribution for cstart(f) for flight 5,000 was used. So, the crack size 
distribution at the start of flight 5,000 needs to be determined. Following the procedure in 
Section 4.2.1, the crack sizes in the fifth column of the spreadsheet represented in Table 26 were 
rank ordered using median rank. The 12,000 samples were then plotted on a Weibull graph in 
Figure 75. Again, the CDF is described piecewise by four straight lines on the Weibull graph. 
The distribution of cstart(f) at flight 5,000 is described by the function 

𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
1.01 ×10−7�

70
� for c ≤ 9.64E-08   (95a)  

𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
0.00054

�
0.377

�  for 9.64E-08 ≤ c ≤ 0.00483  (95b)  

𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
3.3945 ×10−6�

0.11374
�  for 0.00483 ≤ 𝜋𝜋 ≤ 0.4492  (95c)  

𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
0.11201

�
0.96584

�    for 0.4492 < 𝜋𝜋  (95d)  

The original PDF for cstart(f) at flight 5,000 over the size range of interest is 

𝑓𝑓𝑐𝑐(𝜋𝜋) = �� 0.11374
3.3945E-06

� � 𝑐𝑐
3.3945E-06

�
(0.11374−1)

� 𝑒𝑒𝑥𝑥𝑒𝑒 �− �� 𝑐𝑐
3.3945E-06

�
0.11374

��  

 for 0.07≤ c ≤ 0.4492      (96a) 

𝑓𝑓𝑐𝑐(𝜋𝜋) = ��0.96584
0.11201

� � 𝑐𝑐
0.11201

�
(0.96584−1)

� 𝑒𝑒𝑥𝑥𝑒𝑒 �− �� 𝑐𝑐
0.11201

�
0.96584

��  

 for c ≥ 0.4492 (96b)  
All of the other PDFs remain the same as they were for the end of flight 5,000. Performing the 
MCS with IS as above, after 12,000 samples the POF at the start of flight 5,000 was found to be 
6.68 x 10-9 with a variance of 5.22 x 10-15 (Table 28). 

4.2.3.1.3 SFPOF at Flight 5,000 Prior to Inspection 
The estimated value of the PDF at the end of flight 5,000 was found by subtracting the POF at 
the start of flight 5,000 from the POF at the end of flight 5,000. This gives a value of 3.17 x 10-

11. The HRF at the end of flight 5,000 was found to be 3.17 x 10-11 using equation (5). The 
SFPOF is just the HRF multiplied by one flight. So, the SFPOF at the end of flight 5,000 prior to 
inspection is also 3.17 x 10-11. This value is lower than the SFPOF of 4.73 x 10-9 estimated for 
flight 5,000 in Table 21 of Section 3.3.7.2. 
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Figure 75. Weibull Graph of the Crack Size Distribution at the Start of Flight 5,000 

4.2.4 Post-Inspection SFPOF 
The post-inspection SFPOF was found using the same process used for the pre-inspection 
SFPOF. The crack size distributions after the inspection and repair (at the start of flight 5,001) 
and at the end of flight 5,001 are needed. Only the original PDFs for the crack size distributions 
change. Since the crack growth in a single flight is small, it is not necessary to change the 
sampling distribution for the crack size in the IS routine. 

4.2.4.1 POF at the Start of Flight 5,001 
The crack size CDF at the start of flight 5,001 (after inspection and repair) was given previously 
in equation (81). The original PDF for the two large crack segments of the crack size distribution 
is described by the equation 

𝑓𝑓𝑐𝑐(𝜋𝜋) = ��
0.2256

8.56E-05
� �

𝜋𝜋
8.56E-05

�
(0.2256−1)

� 𝑒𝑒𝑥𝑥𝑒𝑒 �− ��
𝜋𝜋

8.56E-05
�

0.2256
�� 

 for 0.07≤c ≤ 0.10881 (97a) 

𝑓𝑓𝑐𝑐(𝜋𝜋) = ��
0.5441

5.618E-03
� �

𝜋𝜋
5.618E-03

�
(0.5441−1)

� 𝑒𝑒𝑥𝑥𝑒𝑒 �− ��
𝜋𝜋

5.618E-03
�

0.5441
��         

for c ≥ 0.10881 (97b) 
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IS of 12,000 samples gives an expected value of the POF after inspection and repair at 5,000 
flights (start of flight 5,001) of 1.02 x 10-11 (Table 29). This is two orders of magnitude lower 
than the POF at the end of flight 5,000 prior to the inspection (Section 4.2.3.1.1). 

Table 29. POF at the Start and End of Flight 5,001 

 
4.2.4.2 POF at the End of Flight 5,001 
The post-inspection and repair crack size samples, an example of which are shown in the last 
column of Table 27, need to be grown for a single flight to the end of flight 5,001. This is done 
with equation (66). A sample of these results are given in Table 30. The crack sizes at the end of 
flight 5,001 were rank ordered using median rank, equation (19), and plotted on a Weibull graph 
(Figure 76). The resulting CDF is described by the piecewise equations 

 𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
0.00428

�
0.626

� for c ≤ 9.17E-08   (98𝑓𝑓) 

 𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
1.01 ×10−7�

69.5
� for 9.17E-08 ≤ 𝜋𝜋 ≤ 9.64E-08   (98b) 

𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
0.000463

�
0.383

�  for 9.64E-08 ≤ 𝜋𝜋 ≤ 0.00525   (98c)  

      𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− � 𝑐𝑐
8.42×10−5�

0.225
�  for 0.00525 ≤ 𝜋𝜋 ≤ 0.10878  (98d) 

𝑃𝑃𝑃𝑃(𝐶𝐶 ≤ 𝜋𝜋) = 1 − 𝑒𝑒𝑥𝑥𝑒𝑒 �− �
𝜋𝜋

0.005629�
0.5443

�   for 0.10878 < c   (98𝑒𝑒) 

The original PDF for crack size at the end of flight 5,001 is 

𝑓𝑓𝑐𝑐(𝜋𝜋) = ��
0.225

8.42E-05
� �

𝜋𝜋
8.42E-05

�
(0.225−1)

� 𝑒𝑒𝑥𝑥𝑒𝑒 �− ��
𝜋𝜋

8.42E-05
�

0.225
�� 

 for 0.07≤c ≤ 0.10878 (99a) 

𝑓𝑓𝑐𝑐(𝜋𝜋) = ��
0.5443

5.629E-03
� �

𝜋𝜋
5.629E-03

�
(0.5443−1)

� 𝑒𝑒𝑥𝑥𝑒𝑒 �− ��
𝜋𝜋

5.629E-03
�

0.5443
��         

for c ≥ 0.10878 (99b) 

 

# of 
Samples Sum of POFs

Expected Value 
of POF

Sum of 
Squares for 

POFs
Expected Std. 

Error Variance
start of flight 5001 12000 1.23E-07 1.02E-11 2.6502E-15 2.21E-19 2.21E-19
end of flight 5001 12000 3.65E-07 3.04E-11 1.8715E-14 1.56E-18 1.56E-18
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Table 30. Sample of Crack Sizes at the End of 5,001 Flights 

 

Sample #
Inspection 

(D or N)
c(f) after 

inspection
c(f) @ end of 5001 

flights
1 N 0.007172547 0.007173105
2 N 2.67772E-05 2.67772E-05
3 N 0.000174666 0.000174666
4 N 0.000266182 0.000266182
5 N 1.16126E-05 1.16126E-05
6 N 1.09256E-05 1.09257E-05
7 N 0.000655241 0.000655241
8 N 1.61908E-05 1.61908E-05
9 N 0.000258298 0.000258298

10 N 0.000565988 0.000565988
11 N 5.10017E-05 5.10018E-05
12 N 0.000713477 0.000713478
13 N 0.00085547 0.00085547
14 N 0.000189871 0.000189871
15 N 0.001429511 0.001429511
16 N 1.21322E-05 1.21323E-05
17 N 3.90539E-07 3.90558E-07
18 N 8.17509E-06 8.17511E-06
19 N 4.59338E-07 4.59356E-07
20 N 1.07172E-06 1.07174E-06
21 N 8.43763E-05 8.43763E-05
22 N 0.000608382 0.000608382
23 N 0.00282992 0.002829929
24 N 0.140651107 0.140750867
25 N 8.81429E-05 8.81429E-05
26 N 0.002557747 0.002557753
27 D 0.001250208 0.001250208
28 N 3.34886E-06 3.34887E-06
29 N 3.89707E-07 3.89725E-07
30 N 0.001232002 0.001232002
31 N 0.002649615 0.002649621
32 N 7.56709E-05 7.56709E-05
33 N 5.84038E-05 5.84038E-05
34 N 0.000811446 0.000811446
35 N 2.58969E-05 2.58969E-05
36 N 1.68605E-07 1.68624E-07
37 N 0.000395942 0.000395942
38 N 0.001680231 0.001680231
39 N 0.000166081 0.000166081
40 D 6.23313E-05 6.23313E-05
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Figure 76. Weibull Graph of the Crack Size Distribution at the End of 5,001 Flights 

Using 12,000 samples, the expected value of the POF at the end of flight 5,001 is 3.04 x 10-11 
with a variance of 1.56 x 10-18 (Table 29). This value is slightly larger than the POF at the start of 
flight 5,001 as expected. 

4.2.4.3 SFPOF after Inspection and Repair 
The value of the failure PDF after the inspection and repair (at the start of flight 5,001) was 
estimated as the difference between the expected values of the failure CDFs at the end and the 
start of flight 5,001. This value is 2.02 x 10-11. The HRF after the inspection and repair is also 
2.02 x 10-11 using equation (5). Multiplying the HRF by one flight gives the SFPOF. So, the 
SFPOF at the start of flight 5,001 is also 2.02 x 10-11. The SFPOF is only slightly smaller than it 
was prior to the inspection, 2.02 x 10-11 versus 3.17 x 10-11. The inspection and repair at 5,000 
flights was not especially effective at reducing the SFPOF since it was not high to begin with.  

4.2.5 Sensitivity Study 
A sensitivity study should be performed to assess the impact of each of the random variables on 
the reliability of the detail. Now there are ten random variables:  
1) the shape and scale parameters of the fracture toughness distribution,  
2) the shape and scale parameters of the EIDS distribution,  
3) the dispersion parameter and characteristic value of the maximum stress distribution,  
4) the coefficient and exponent of the POD distribution, and  
5) the shape and scale parameters of the ERDS distribution.  
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If three values were selected for each parameter, performing a sensitivity study for every 
combination of values would require 310, or 59,049, MCS runs. Using an L27(313) orthogonal 
array reduces the MCS runs to 27. The basic layout for this orthogonal array is shown in Table 
31 where 1, 2, and 3 in the array represent the three different values for each variable. Only 10 
columns of this array are needed for the variables. The time when the inspections are performed 
can be included as another variable to the sensitivity study. This would use another column of 
the orthogonal array. 
The procedure for the sensitivity study is the same as that for the sensitivity studies in Section 3. 
Additional outputs, besides the number of flights to a SFPOF of 10-7, can be considered in the 
sensitivity study. These outputs include the SFPOF reached before an inspection, the SFPOF 
after each inspection, or the number of cracks found by an inspection. Since the overall process 
for the sensitivity study is the same, the sensitivity study will not be performed for this example.  

Table 31. L27(313) Orthogonal Array 

 
4.3 Recurring Inspections 
In this example, POD is modeled with a deterministic equation. The inspection for each sample 
has exactly the same POD. This is not a realistic scenario, even if it is assumed that the same 
NDI sensor and other equipment are used for every inspection. Placement of the sensor on the 
part, the shape and depth of the crack, and local residual stresses, for example, can effect the 
sensitivity of the NDI method. Therefore, it is recommended that a random noise term be added 
to the POD equation, at the very least. This will introduce needed variability into the POD of a 
single inspection of a MCS. A commonly used random noise term is a normal distribution with a 
mean of zero and a standard deviation that captures the variability in the NDI readings. 
Furthermore, when considering recurring inspections over the lifetime of an aircraft fleet, it is 
unlikely that the same NDI sensor and instruments will be used for every inspection of a widely 
dispersed fleet over a period of 20 or 30 years. There will be small, but potentially significant, 
variations in NDI POD with each inspection that should be modelled by including a random 

Trial No.
Variable 

1
Variable 

2
Variable 

3
Variable 

4
Variable 

5
Variable 

6 Variable 7
Variable 

8
Variable 

9
Variable 

10
Variable 

11
Variable 

12
Variable 

13
1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 1 1 1 1 2 2 2 2 2 2 2 2 2
3 1 1 1 1 3 3 3 3 3 3 3 3 3
4 1 2 2 2 1 1 1 2 2 2 3 3 3
5 1 2 2 2 2 2 2 3 3 3 1 1 1
6 1 2 2 2 3 3 3 1 1 1 2 2 2
7 1 3 3 3 1 1 1 3 3 3 2 2 2
8 1 3 3 3 2 2 2 1 1 1 3 3 3
9 1 3 3 3 3 3 3 2 2 2 1 1 1

10 2 1 2 3 1 2 3 1 2 3 1 2 3
11 2 1 2 3 2 3 1 2 3 1 2 3 1
12 2 1 2 3 3 1 2 3 1 2 3 1 2
13 2 2 3 1 1 2 3 2 3 1 3 1 2
14 2 2 3 1 2 3 1 3 1 2 1 2 3
15 2 2 3 1 3 1 2 1 2 3 2 3 1
16 2 3 1 2 1 2 3 3 1 2 2 3 1
17 2 3 1 2 2 3 1 1 2 3 3 1 2
18 2 3 1 2 3 1 2 2 3 1 1 2 3
19 3 1 3 2 1 3 2 1 3 2 1 3 2
20 3 1 3 2 2 1 3 2 1 3 2 1 3
21 3 1 3 2 3 2 1 3 2 1 3 2 1
22 3 2 1 3 1 3 2 2 1 3 3 2 1
23 3 2 1 3 2 1 3 3 2 1 1 3 2
24 3 2 1 3 3 2 1 1 3 2 2 1 3
25 3 3 2 1 1 3 2 3 2 1 2 1 3
26 3 3 2 1 2 1 3 1 3 2 3 2 1
27 3 3 2 1 3 2 1 2 1 3 1 3 2



 

117 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 

noise term in the POD equation. Appendix G of Mil-Hdbk-1823 [23] provides a thorough 
discussion of how to quantify and model the variability in NDI. Subject matter experts in 
nondestructive evaluation systems should be consulted if there are any questions or concerns 
about properly modelling POD in a risk assessment. 
The POD is often multiplied by the probability of inspection (POI), which is meant to reflect the 
probability that an inspection was performed correctly. POI is intended to cover the possibility 
that any of a multitude of things may have prevented the inspection from being performed as 
specified. The value of POI is typically chosen to be between 0.95 and 0.90, though lower values 
can be chosen if an inspection is particularly difficult to perform. A POI greater than 0.95 is 
rarely used and requires justification. POI is usually treated as a deterministic value for every 
inspection, but it also could be treated as a random variable for each inspection if the added 
complexity was warranted. 

4.4 Summary 
This example demonstrated a MCS for a single inspection and repair scenario. Two additional 
random variables were introduced, POD and ERDS. A procedure for determining the SFPOF 
before and after an inspection using IS was demonstrated. A third variable, POI, was briefly 
discussed. Recurring inspections would repeat the MCS for each subsequent inspection. The 
importance of adding variability to the POD for subsequent inspections was briefly discussed. 
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5 CONCLUSION 
This handbook demonstrated how to calculate the risk of structural failure due to fracture using 
MCS. MCS is the standard against which all other calculation methods are compared. Thus, the 
reader is provided with an approach for verifying any other risk calculation method. And since 
MCS is somewhat intuitive in calculating reliability, it is hoped that the reader developed some 
understanding and comfort with risk and reliability calculations. 
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SYMBOLS AND ABBREVIATIONS 
a length of part-through crack in the thickness direction 
c length of crack on the surface 
CDF cumulative distribution function 
EIDS equivalent initial damage size 
ERDS equivalent damage size after a repair 
f number of flights 
FH flight hours 
HRF hazard rate function (also known as the failure rate) 
IS importance sampling 
Kc fracture toughness 
K, k stress intensity 
LSE least squares estimation 
MCS Monte Carlo simulation 
N number of samples in MCS 
Nf flights to failure 
PDF probability density function 
POF probability of failure 
SFPOF single flight probability of failure 

α parameter in a probability distribution 
β parameter in a probability distribution 

σ stress 
 
 
 



 

123 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 

APPENDIX A. FRACTOGRAPHIC ESTIMATION OF EIDS 
A.1 Introduction 
The crack size data used to establish the EIDS distribution in Section 3.2 are presented here 
along with the analysis to estimate the EIDS for each specimen. These data are from the no load 
transfer specimens tested under the F-16 400 hr. block spectrum reported in volume VIII of [11]. 
The specimens were made from 7475-T7351 aluminum. This is a different temper than used in 
the example in Section 3.2, -T7651 vs. –T7351. Studies have shown that fatigue cracks nucleate 
at the iron-bearing particles in the alloy or at scratches from drilling the hole. The iron-bearing 
particles are impurities in the alloy. Their size and shape are affected by the alloy composition, 
not the heat treatment/temper. Crack formation for 7475-T7351 should be similar to that for 
7475-T7651. 
Two specimen geometries were used in these tests. The basic configuration is shown in Figure 
A-1. The gage section thickness, t, for type A specimens was 0.375 inch and 0.275 inch for type 
B specimens. The two fastener holes were spaced 1.0 inch or 3.0 inches apart. (There was no 
indication in the report which specimens had which fastener spacing.) The fasteners used were 
3/16 and ¼ inch diameter MS-90353 rivets and ¼-inch-diameter NAS 1580 countersunk bolts.  
Three different reference stress levels were used: 32 ksi, 34 ksi, and 38 ksi. The F-16 400-hour 
block spectrum shown in Figure A-2 created marker bands on the crack faces which were used to 
determine crack length at specific times during each test via fractography.  

 
Figure A-1. No Load Transfer Specimen Geometry [11] 
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Figure A-2. F-16 400-hour Block Spectrum [11] 

A.2 Fractographic Data 
The letter after the specimen number designates the hole in which the crack formed. The hole 
specified as A was nearest the specimen end marked with the specimen identification. Hole B 
was furthest from that end. Only those crack sizes less than 0.0393 inch (1 mm) were used in 
determining EIDS following the approach in reference [15]. The fractographic measurements for 
each specimen are given in Table A-1 to Table A-32. 
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Table A-1. Fractographic Results for Specimen 99 

 
 
 

Specimen 99A Specimen 99B
Fastener MS-90353 (3/16 in.) Fastener MS-90353 (3/16 in.)
Stress 32 ksi Stress 32 ksi
Test Date 5/12/1980 Test Date 5/12/1980
Fatigue Life 29948 hrs Fatigue Life 29948 hrs
Location: Bore Location: Unkown

Flight Hrs Crack Size Flight Hrs Crack Size
19600 0.0244 14800 0.0117
20000 0.0265 15200 0.0128
20400 0.0281 15600 0.014
20800 0.0309 16000 0.0153
21200 0.0349 16400 0.0173
21600 0.039 16800 0.0189
22000 0.0439 17200 0.0205
22400 0.049 17600 0.0227
22800 0.0545 18000 0.0255
23200 0.0609 18400 0.0276
23600 0.0675 18800 0.0295
24000 0.0758 19200 0.0324
24400 0.0834 19600 0.0362
24800 0.0938 20000 0.039
25200 0.1022 20400 0.0434
25600 0.1135 20800 0.0482
26000 0.1258 21200 0.0542
26400 0.1391 21600 0.0593
26800 0.1537 22000 0.0656
27200 0.1705 22400 0.0728
27600 0.188 22800 0.0805
28000 0.2067 23200 0.0885
28400 0.2273 23600 0.0974
28800 0.2514 24000 0.1074
29200 0.2806 24400 0.118

24800 0.1293
25200 0.1417
25600 0.1541
26000 0.1687
26400 0.1856
26800 0.2026
27200 0.2223
27600 0.2437
28000 0.269
28400 0.3008
28800 0.3408
29200 0.3922
29948 0.4801
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Table A-2. Fractographic Results for Specimens 100 and 101 

 

Specimen 100A Specimen 101A
Fastener MS-90353 (3/16 in.) Fastener MS-90353 (3/16 in.)
Stress 32 ksi Stress 32 ksi
Test Date 5/12/1980 Test Date 5/15/1980
Fatigue Life 23600 hrs Fatigue Life 23600 hrs
Location Bore Location Bore

Flight Hrs Crack Size Flight Hrs Crack Size
6400 0.0107 8800 0.0121
6800 0.0122 9200 0.0132
7200 0.0132 9600 0.0147
7600 0.0157 10000 0.0162
8000 0.0178 10400 0.0178
8400 0.0196 10800 0.0195
8800 0.0224 11200 0.0209
9200 0.0252 11600 0.0233
9600 0.0283 12000 0.0258

10000 0.0304 12400 0.0278
10400 0.0327 12800 0.0313
10800 0.035 13200 0.0348
11200 0.0377 13600 0.0388
11600 0.0413 14000 0.0429
12000 0.0443 14400 0.0479
12400 0.0479 14800 0.053
12800 0.0513 15200 0.0582
13200 0.057 15600 0.0634
13600 0.0635 16000 0.07
14000 0.0687 16400 0.0777
14400 0.0743 16800 0.0863
14800 0.0793 17200 0.0943
15200 0.0875 17600 0.1032
15600 0.0942 18000 0.1131
16000 0.1031 18400 0.1234
16400 0.113 18800 0.1344
16800 0.1213 19200 0.1482
17200 0.1319 19600 0.1615
17600 0.1421 20000 0.1775
18000 0.154 20400 0.1941
18400 0.1672 20800 0.2145
18800 0.1813 21200 0.2372
19200 0.1947 21600 0.2607
19600 0.209 22000 0.29
20000 0.2277 22400 0.3285
20400 0.2461 22800 0.3785
20800 0.2694 23200 0.439
21200 0.2968 23600 0.4871
21600 0.3259
22000 0.3575
22400 0.3943
22800 0.4437
23200 0.501
23600 0.5653



 

127 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 

Table A-3. Fractographic Results for Specimens 621 and 623 

 
Specimens 622 and 624 with 3/16-inch, MS-90353 rivets did not crack after 16,000 hours (4,000 
passes through the spectrum). 
 

  

Specimen 621A Specimen 623B
Fastener MS-90353 (3/16 in.) Fastener MS-90353 (3/16 in.)
Stress 32 ksi Stress 32 ksi
Test Date Test Date
Fatigue Life 16000 hrs Fatigue Life 16000 hrs
Location Bore Location Countersink

Flight Hrs Crack Size Flight Hrs Crack Size
8800 0.0069 12800 0.0161
9200 0.0078 13200 0.017
9600 0.0092 13600 0.0179

10000 0.0107 14000 0.0194
10400 0.0127 14400 0.0208
10800 0.0145 14800 0.0221
11200 0.0167 15200 0.0239
11600 0.0192 15600 0.0255
12000 0.0219 16000 0.0275
12400 0.0246
12800 0.0274
13200 0.03
13600 0.0335
14000 0.0391
14400 0.0451
14800 0.0555
15200 0.0678
15600 0.0824
16000 0.098
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Table A-4. Fractographic Results for Specimens 102 and 103 

 
 
  

Specimen 102A Specimen 103B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 32 ksi Stress 32 ksi
Test Date 5/16/1980 Test Date 5/16/1980
Fatigue Life 23606 hrs Fatigue Life 24750 hrs
Location Bore Location Bore

Flight Hrs Crack Size Flight Hrs Crack Size
13600 0.0222 12000 0.0208
14000 0.0238 12400 0.0221
14400 0.0257 12800 0.0241
14800 0.0277 13200 0.026
15200 0.0302 13600 0.0284
15600 0.0324 14000 0.0323
16000 0.0347 14400 0.0356
16400 0.0376 14800 0.041
16800 0.0419 15200 0.0472
17200 0.0462 15600 0.0536
17600 0.0523 16000 0.0596
18000 0.0588 16400 0.0654
18400 0.0657 16800 0.0723
18800 0.0732 17200 0.0776
19200 0.0822 17600 0.0858
19600 0.092 18000 0.0938
20000 0.1031 18400 0.102
20400 0.1146 18800 0.1135
20800 0.1275 19200 0.125
21200 0.1436 19600 0.1373
21600 0.1616 20000 0.1504
22000 0.1842 20400 0.1644
22400 0.2108 20800 0.1797
22800 0.2473 21200 0.1978
23200 0.2953 21600 0.2161
23606 0.3702 22000 0.238

22400 0.2611
22800 0.2894
23200 0.323
23600 0.3622
24000 0.4147
24400 0.481
24750 0.524
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Table A-5. Fractographic Results for Specimens 104 and 108 

 
 
  

Specimen 104B Specimen 108B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 32 ksi Stress 32 ksi
Test Date 5/19/1980 Test Date 5/30/1980
Fatigue Life 16000 hrs Fatigue Life 16000 hrs
Location Unknown Location Unknown

Flight Hrs Crack Size Flight Hrs Crack Size
10800 0.0113 12800 0.0201
11200 0.0121 13200 0.0222
11600 0.0131 13600 0.0251
12000 0.014 14000 0.0284
12400 0.0149 14400 0.0324
12800 0.016 14800 0.0367
13200 0.0171 15200 0.042
13600 0.0183 15600 0.0484
14000 0.0198 16000 0.0532
14400 0.0212
14800 0.0228
15200 0.0257
15600 0.0291
16000 0.03
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Table A-6. Fractographic Results for Specimen 105 

 
 
  

Specimen 105A Specimen 105B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 32 ksi Stress 32 ksi
Test Date 5/19/1980 Test Date 5/19/1980
Fatigue Life 25235 hrs Fatigue Life 25235
Location Unknown Location Unknown

Flight Hrs Crack Size Flight Hrs Crack Size
12800 0.0195 15200 0.0197
13200 0.0223 15600 0.0209
13600 0.0247 16000 0.0223
14000 0.0266 16400 0.0244
14400 0.029 16800 0.0259
14800 0.0326 17200 0.0277
15200 0.0368 17600 0.0299
15600 0.0396 18000 0.032
16000 0.0437 18400 0.0346
16400 0.0485 18800 0.0369
16800 0.0548 19200 0.0395
17200 0.0602 19600 0.0429
17600 0.0666 20000 0.0464
18000 0.0733 20400 0.0497
18400 0.0817 20800 0.0543
18800 0.089 21200 0.0596
19200 0.0978 21600 0.0649
19600 0.107 22000 0.07
20000 0.1166 22400 0.0763
20400 0.1295 22800 0.0834
20800 0.1399 23200 0.0921
21200 0.1531 23600 0.1006
21600 0.1681 24000 0.108
22000 0.1798 24400 0.1173
22400 0.1944 24800 0.1292
22800 0.2123 25200 0.1407
23200 0.2311 25235 0.1508
23600 0.254
24000 0.2798
24400 0.3113
24800 0.3541
25235 0.4162
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Table A-7. Fractographic Results for Specimen 106 

 
 
  

Specimen 106A Specimen 106B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 32 ksi Stress 32 ksi
Test Date 5/21/1980 Test Date 5/21/1980
Fatigue Life 28006 hrs Fatigue Life 28006 hrs
Location Unknown Location Unknown

Flight Hrs Crack Size Flight Hrs Crack Size
18000 0.0257 24000 0.0244
18400 0.0277 24400 0.0268
18800 0.0291 24800 0.0296
19200 0.0312 25200 0.0318
19600 0.0329 25600 0.0343
20000 0.0351 26000 0.0373
20400 0.038 26400 0.0396
20800 0.0418 26800 0.0455
21200 0.0464 27200 0.0483
21600 0.0491 27600 0.053
22000 0.0549 28000 0.0581
22400 0.0594
22800 0.0653
23200 0.0718
23600 0.0794
24000 0.0881
24400 0.0967
24800 0.1075
25200 0.1197
25600 0.1341
26000 0.1525
26400 0.1728
26800 0.1999
27200 0.2357
27600 0.2845
28006 0.3708
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Table A-8. Fractographic Results for Specimen 107 

 
Specimens 379, 380 and 381 with ¼-inch MS-90353 rivets did not crack after 16,000 hours 
(4,000 passes through the spectrum). 
 

 
  

Specimen 107A Specimen 107B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 32 ksi Stress 32 ksi
Test Date 5/21/1980 Test Date 5/21/1980
Fatigue Life 28806 hrs Fatigue Life 28806 hrs
Location Unknown Location Unknown

Flight Hrs Crack Size Flight Hrs Crack Size
21600 0.0193 16800 0.0252
22000 0.021 17200 0.0264
22400 0.0228 17600 0.0278
22800 0.0258 18000 0.0291
23200 0.029 18400 0.0311
23600 0.0321 18800 0.0337
24000 0.0348 19200 0.0366
24400 0.0363 19600 0.0397
24800 0.0389 20000 0.0427
25200 0.0418 20400 0.0468
25600 0.045 20800 0.0521
26000 0.0491 21200 0.0577
26400 0.0532 21600 0.0632
26800 0.0599 22000 0.0662
27200 0.0651 22400 0.0717
27600 0.0721 22800 0.0775
28000 0.0797 23200 0.0843
28400 0.0888 23600 0.0908
28800 0.097 24000 0.0988

24400 0.1081
24800 0.1175
25200 0.1304
25600 0.1434
26000 0.1591
26400 0.1753
26800 0.1968
27200 0.2264
27600 0.2617
28000 0.319
28400 0.3765
28806 0.4147
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Table A-9. Fractographic Results for Specimen 109 

 
No cracking was found in Specimen 110 after 16,000 FH. 

  

Specimen 109A Specimen 109B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 34 ksi Stress 34 ksi
Test Date 5/30/1980 Test Date 5/30/1980
Fatigue Life 16000 hrs Fatigue Life 16000 hrs
Location Unknown Location Unknown

Flight Hrs Crack Size Flight Hrs Crack Size
12000 0.0207 9200 0.0148
12400 0.0219 9600 0.0161
12800 0.024 10000 0.0172
13200 0.0256 10400 0.0188
13600 0.0276 10800 0.0202
14000 0.0306 11200 0.0214
14400 0.0335 11600 0.0232
14800 0.0359 12000 0.0245
15200 0.0394 12400 0.0264
15600 0.043 12800 0.0287
16000 0.0471 13200 0.0307

13600 0.0331
14000 0.0361
14400 0.038
14800 0.0425
15200 0.0471
15600 0.0522
16000 0.0584
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Table A-10. Fractographic Results for Specimen 111 

 
 
  

Specimen 111A Specimen 111B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 34 ksi Stress 34 ksi
Test Date 5/30/1980 Test Date 5/30/1980
Fatigue Life 21606 hrs Fatigue Life 21606 hrs
Location Unknown Location Unknown

Flight Hrs Crack Size Flight Hrs Crack Size
15200 0.0151 12000 0.0162
15600 0.0164 12400 0.0185
16000 0.0176 12800 0.0213
16400 0.0203 13200 0.0268
16800 0.0234 13600 0.0308
17200 0.026 14000 0.0341
17600 0.029 14400 0.0377
18000 0.0311 14800 0.0414
18400 0.0357 15200 0.0447
18800 0.0407 15600 0.0506
19200 0.0463 16000 0.0558
19600 0.053 16400 0.0625
20000 0.0603 16800 0.0707
20400 0.0688 17200 0.079
20800 0.0788 17600 0.0897
21200 0.0904 18000 0.1011
21606 0.1041 18400 0.112

18800 0.1269
19200 0.1424
19600 0.1615
20000 0.1862
20400 0.2141
20800 0.2541
21200 0.3134
21600 0.4
21606 0.4158
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Table A-11. Fractographic Results for Specimen 112 

 
 
  

Specimen 112A Specimen 112B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 34 ksi Stress 34 ksi
Test Date 6/2/1980 Test Date 6/2/1980
Fatigue Life 21635 hrs Fatigue Life 21635 hrs
Location Unknown Location Unknown

Flight Hrs Crack Size Flight Hrs Crack Size
13200 0.0185 14400 0.0207
13600 0.0226 14800 0.0226
14000 0.0258 15200 0.025
14400 0.0302 15600 0.0267
14800 0.0346 16000 0.0286
15200 0.0397 16400 0.0307
15600 0.0455 16800 0.0341
16000 0.0511 17200 0.036
16400 0.0584 17600 0.0387
16800 0.0666 18000 0.04
17200 0.075 18400 0.0437
17600 0.0835 18800 0.0482
18000 0.0977 19200 0.0542
18400 0.1107 19600 0.061
18800 0.123 20000 0.0688
19200 0.1375 20400 0.0775
19600 0.1563 20800 0.0862
20000 0.1757 21200 0.0959
20400 0.1998 21600 0.1066
20800 0.2294 21635 0.119
21200 0.2718
21600 0.3156
21635 0.3372
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Table A-12. Fractographic Results for Specimens 113 and 699 

 
 
  

Specimen 113A Specimen 699B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 34 ksi Stress 34 ksi
Test Date 6/3/1980 Test Date Unknown
Fatigue Life 13055 hrs Fatigue Life 16000 hrs
Location Unknown Location Countersink-Bore 

Flight Hrs Crack Size Flight Hrs Crack Size
4800 0.014 3200 0.0032
5200 0.0173 3600 0.0042
5600 0.0206 4000 0.0051
6000 0.0271 4400 0.0063
6400 0.0337 4800 0.0079
6800 0.0382 5200 0.0098
7200 0.0449 5600 0.0117
7600 0.0527 6000 0.0134
8000 0.0606 6400 0.0152
8400 0.0699 6800 0.0165
8800 0.0789 7200 0.019
9200 0.0909 7600 0.0206
9600 0.1042 8000 0.0229

10000 0.1211 8400 0.0254
10400 0.1396 8800 0.0278
10800 0.1621 9200 0.0298
11200 0.1893 9600 0.033
11600 0.2308 10000 0.0366
12000 0.2749 10400 0.0398
12400 0.3433 10800 0.0436
12800 0.3935 11200 0.0464
13055 0.4431 11600 0.0511

12000 0.0558
12400 0.0602
12800 0.0644
13200 0.0688
13600 0.0742
14000 0.0798
14400 0.0854
14800 0.0919
15200 0.0992
15600 0.1064
16000 0.114
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Table A-13. Fractographic Results for Specimen 114 

 
 
  

Specimen 114A Specimen 114B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 34 ksi Stress 34 ksi
Test Date 6/5/1980 Test Date 6/5/1980
Fatigue Life 23606 hrs Fatigue Life 23606 hrs
Location Unknown Location Unknown

Flight Hrs Crack Size Flight Hrs Crack Size
14000 0.0142 15200 0.0198
14400 0.0167 15600 0.0219
14800 0.0191 16000 0.0247
15200 0.0211 16400 0.0286
15600 0.0239 16800 0.0337
16000 0.0289 17200 0.0383
16400 0.0345 17600 0.0418
16800 0.0388 18000 0.047
17200 0.0432 18400 0.054
17600 0.0482 18800 0.0619
18000 0.0533 19200 0.0698
18400 0.0597 19600 0.081
18800 0.0668 20000 0.0921
19200 0.0736 20400 0.1054
19600 0.0833 20800 0.1188
20000 0.0925 21200 0.1357
20400 0.1017 21600 0.1544
20800 0.1132 22000 0.1753
21200 0.1256 22400 0.2031
21600 0.1423 22800 0.2364
22000 0.1627 23200 0.2863
22400 0.1872 23606 0.3738
22800 0.2171
23200 0.2601
23606 0.3274
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Table A-14. Fractographic Results for Specimen 115 

 
 
  

Specimen 115A Specimen 115B1
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 34 ksi Stress 34 ksi
Test Date 6/4/1980 Test Date 6/4/1980
Fatigue Life 25206 hrs Fatigue Life 25206 hrs
Location Unknown Location Unknown

Flight Hrs Crack Size Flight Hrs Crack Size
13600 0.0177 16400 0.0214
14000 0.0205 16800 0.0235
14400 0.0228 17200 0.0266
14800 0.0253 17600 0.031
15200 0.0282 18000 0.0338
15600 0.0321 18400 0.0382
16000 0.0343 18800 0.0429
16400 0.0374 19200 0.048
16800 0.0414 19600 0.0533
17200 0.0458 20000 0.0592
17600 0.051 20400 0.067
18000 0.0563 20800 0.0749
18400 0.0634 21200 0.0858
18800 0.0717 21600 0.0966
19200 0.0791 22000 0.109
19600 0.0869 22400 0.1225
20000 0.0945 22800 0.1382
20400 0.1074 23200 0.1571
20800 0.1147 23600 0.1798
21200 0.1247 24000 0.2075
21600 0.1385 24400 0.2405
22000 0.1525 24800 0.2904
22400 0.1697 25206 0.3679
22800 0.187
23200 0.2079
23600 0.2315
24000 0.2579
24400 0.2874
24800 0.3294
25206 0.3853
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Table A-15. Fractographic Results for Specimen 116 

 
 
  

Specimen 116A Specimen 116B1
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 34 ksi Stress 34 ksi
Test Date 6/9/1980 Test Date 6/9/1980
Fatigue Life 19206 hrs Fatigue Life 19206 hrs
Location Bore Location Bore

Flight Hrs Crack Size Flight Hrs Crack Size
8800 0.0109 16400 0.1005
9200 0.0122 16800 0.1123
9600 0.0136 17200 0.1248

10000 0.017 17600 0.1366
10400 0.0192 18000 0.1499
10800 0.0222 18400 0.1656
11200 0.0254 18800 0.1849
11600 0.028 19206 0.2039
12000 0.0307
12400 0.0348
12800 0.0405
13200 0.0447
13600 0.0501
14000 0.0574
14400 0.0658
14800 0.0754
15200 0.0856
15600 0.0972
16000 0.1091
16400 0.1225
16800 0.139
17200 0.1562
17600 0.1826
18000 0.2124
18400 0.2494
18800 0.3076
19206 0.4021
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Table A-16. Fractographic Results for Specimen 117 

 
Specimen 118 was destroyed in the test fixture. 

  

Specimen 117A Specimen 117B2
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 34 ksi Stress 34 ksi
Test Date 6/9/1980 Test Date 6/9/1980
Fatigue Life 27206 hrs Fatigue Life 27206 hrs
Location Bore - Sharp 

Groove in hole
Location Bore

Flight Hrs Crack Size Flight Hrs Crack Size
14400 0.0155 13600 0.0118
14800 0.0167 14000 0.0129
15200 0.0182 14400 0.0147
15600 0.0198 14800 0.0165
16000 0.0211 15200 0.0177
16400 0.0235 15600 0.0189
16800 0.0259 16000 0.0202
17200 0.0276 16400 0.0223
17600 0.0298 16800 0.024
18000 0.033 17200 0.0257
18400 0.036 17600 0.0277
18800 0.0395 18000 0.0303
19200 0.0432 18400 0.0331
19600 0.0468 18800 0.0356
20000 0.0517 19200 0.0387
20400 0.0564 19600 0.0416
20800 0.0616 20000 0.044
21200 0.0685 20400 0.0477
21600 0.0754 20800 0.0517
22000 0.0834 21200 0.0562
22400 0.0915 21600 0.0607
22800 0.1002 22000 0.0651
23200 0.1096 22400 0.0698
23600 0.1203 22800 0.0753
24000 0.1323 23200 0.0808
24400 0.1453 23600 0.0865
24800 0.1607 24000 0.0925
25200 0.1776 24400 0.1002
25600 0.1982 24800 0.1073
26000 0.2262 25200 0.1149
26400 0.262 25600 0.1227
26800 0.3114 26000 0.1312
27206 0.396 26400 0.1426

26800 0.1549
27206 0.1678
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Table A-17. Fractographic Results for Specimens 696 and 697 

 
 
  

Specimen 696A Specimen 697A
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 34 ksi Stress 34 ksi
Test Date Unknown Test Date Unknown
Fatigue Life 16000 hrs Fatigue Life 16000 hrs
Location Bore Location Countersink-Bore 

Flight Hrs Crack Size Flight Hrs Crack Size
7600 0.0013 8800 0.0063
8000 0.0016 9200 0.0067
8400 0.0018 9600 0.0076
8800 0.0019 10000 0.0086
9200 0.002 10400 0.0094
9600 0.0024 10800 0.0105

10000 0.0028 11200 0.0116
10400 0.0029 11600 0.0126
10800 0.0032 12000 0.0136
11200 0.0035 12400 0.0158
11600 0.0038 12800 0.0171
12000 0.0043 13200 0.0188
12400 0.0047 13600 0.0209
12800 0.0049 14000 0.0239
13200 0.0055 14400 0.0274
13600 0.0059 14800 0.0313
14000 0.0064 15200 0.0352
14400 0.0072 15600 0.0416
14800 0.0079 16000 0.0482
15200 0.0085
15600 0.0095
16000 0.0103
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Table A-18. Fractographic Results for Specimen 700 

 
 
  

Specimen 700A Specimen 700B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 34 ksi Stress 34 ksi
Test Date Unknown Test Date Unknown
Fatigue Life 16000 hrs Fatigue Life 16000 hrs
Location Bore Location Bore 

Flight Hrs Crack Size Flight Hrs Crack Size
4800 0.0029 3600 0.0021
5200 0.0033 4000 0.0023
5600 0.0037 4400 0.0025
6000 0.0041 4800 0.0027
6400 0.0046 5200 0.003
6800 0.005 5600 0.0033
7200 0.0056 6000 0.0035
7600 0.0063 6400 0.0037
8000 0.007 6800 0.0039
8400 0.0077 7200 0.0043
8800 0.0083 7600 0.0046
9200 0.009 8000 0.005
9600 0.0095 8400 0.0055

10000 0.0105 8800 0.0059
10400 0.0114 9200 0.0064
10800 0.0124 9600 0.007
11200 0.0131 10000 0.0074
11600 0.0142 10400 0.0078
12000 0.0157 10800 0.0083
12400 0.0166 11200 0.0089
12800 0.0181 11600 0.0094
13200 0.0195 12000 0.01
13600 0.0207 12400 0.0107
14000 0.0216 12800 0.0113
14400 0.0232 13200 0.0119
14800 0.0246 13600 0.0124
15200 0.0262 14000 0.0132
15600 0.0282 14400 0.0142
16000 0.0292 14800 0.0147

15200 0.0153
15600 0.0164
16000 0.018
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Table A-19. Fractographic Results for Specimens 467 and 468 

 
 
  

Specimen 467A Specimen 468A
Fastener NAS 1580 (1/4 in.) Fastener NAS 1580 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date 4/15/1980 Test Date 4/16/1980
Fatigue Life 15550 hrs Fatigue Life 11879 hrs
Location Multiple: Bore, 

C.S.-Bore
Location Multiple: Bore, 

C.S.-Bore
Flight Hrs Crack Size Flight Hrs Crack Size

5200 0.0102 4800 0.018
5600 0.012 5200 0.0205
6000 0.0135 5600 0.0241
6400 0.0145 6000 0.0278
6800 0.0163 6400 0.0331
7200 0.0188 6800 0.0419
7600 0.0212 7200 0.0504
8000 0.0237 7600 0.0582
8400 0.0266 8000 0.0683
8800 0.0297 8400 0.0816
9200 0.0334 8800 0.1063
9600 0.0375 9200 0.1263

10000 0.0434 9600 0.1477
10400 0.0498 10000 0.1744
10800 0.0562 10400 0.2056
11200 0.0651 10800 0.247
11600 0.075 11200 0.3128
12000 0.0877 11600 0.3921
12400 0.1045 11879 0.4138
12800 0.123
13200 0.1437
13600 0.1752
14000 0.1986
14400 0.2351
14800 0.2905
15200 0.3738
15550 0.4251
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Table A-20. Fractographic Results for Specimens 469 and 470 

 
 
  

Specimen 469B Specimen 470B
Fastener NAS 1580 (1/4 in.) Fastener NAS 1580 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date 4/15/1980 Test Date 4/16/1980
Fatigue Life 16000 hrs Fatigue Life 13959 hrs
Location Multiple: Bore Location Multiple: Bore

Flight Hrs Crack Size Flight Hrs Crack Size
4800 0.0051 5200 0.0125
5200 0.0063 5600 0.0147
5600 0.0083 6000 0.017
6000 0.0098 6400 0.0192
6400 0.012 6800 0.0215
6800 0.0147 7200 0.0236
7200 0.0173 7600 0.0271
7600 0.02 8000 0.0316
8000 0.0224 8400 0.0365
8400 0.0244 8800 0.0435
8800 0.0263 9200 0.051
9200 0.0292 9600 0.0585
9600 0.0329 10000 0.0652

10000 0.0363 10400 0.0765
10400 0.0397 10800 0.0849
10800 0.0444 11200 0.0965
11200 0.0493 11600 0.1106
11600 0.053 12000 0.1289
12000 0.059 12400 0.1572
12400 0.0663 12800 0.1972
12800 0.0731 13200 0.251
13200 0.0808 13600 0.3306
13600 0.0891 13959 0.3559
14000 0.1002
14400 0.1087
14800 0.1204
15200 0.1342
15600 0.1498
16000 0.166
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Table A-21. Fractographic Results for Specimens 471 and 472 

 
 
  

Specimen 471B Specimen 472A
Fastener NAS 1580 (1/4 in.) Fastener NAS 1580 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date 4/16/1980 Test Date 4/16/1980
Fatigue Life 16000 hrs Fatigue Life 16000 hrs
Location Multiple: Bore Location Multiple: Bore

Flight Hrs Crack Size Flight Hrs Crack Size
8800 0.0089 11200 0.0086
9200 0.01 11600 0.0104
9600 0.0114 12000 0.0121

10000 0.0131 12400 0.0146
10400 0.0148 12800 0.0167
10800 0.0166 13200 0.0197
11200 0.0188 13600 0.0229
11600 0.0216 14000 0.0256
12000 0.0241 14400 0.0291
12400 0.0266 14800 0.0341
12800 0.0291 15200 0.039
13200 0.0328 15600 0.0452
13600 0.0364 16000 0.0511
14000 0.0389
14400 0.0434
14800 0.0471
15200 0.0521
15600 0.0566
16000 0.061
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Table A-22. Fractographic Results for Specimens 473 and 474 

 
 
  

Specimen 473A Specimen 474A
Fastener NAS 1580 (1/4 in.) Fastener NAS 1580 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date 4/16/1980 Test Date 4/16/1980
Fatigue Life 16000 hrs Fatigue Life 16000 hrs
Location Multiple: Bore Location Multiple: Bore

Flight Hrs Crack Size Flight Hrs Crack Size
5600 0.0117 10000 0.0065
6000 0.0134 10400 0.0079
6400 0.0154 10800 0.0097
6800 0.0176 11200 0.0108
7200 0.0195 11600 0.0123
7600 0.0224 12000 0.0137
8000 0.0251 12400 0.0157
8400 0.0276 12800 0.0184
8800 0.0305 13200 0.021
9200 0.0343 13600 0.0248
9600 0.0379 14000 0.0282

10000 0.0415 14400 0.0308
10400 0.0458 14800 0.035
10800 0.0514 15200 0.0404
11200 0.0567 15600 0.0446
11600 0.0622 16000 0.0488
12000 0.0669
12400 0.0731
12800 0.0784
13200 0.087
13600 0.0949
14000 0.1032
14400 0.1126
14800 0.1238
15200 0.1383
15600 0.1554
16000 0.1769
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Table A-23. Fractographic Results for Specimens 475 and 476 

 
 
  

Specimen 475A Specimen 476B
Fastener NAS 1580 (1/4 in.) Fastener NAS 1580 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date 4/16/1980 Test Date 4/16/1980
Fatigue Life 15708 hrs Fatigue Life 16000 hrs
Location Multiple: Bore Location Multiple: Bore

Flight Hrs Crack Size Flight Hrs Crack Size
4800 0.0181 10800 0.0207
5200 0.0205 11200 0.0243
5600 0.0239 11600 0.0293
6000 0.0271 12000 0.0334
6400 0.03 12400 0.0381
6800 0.0345 12800 0.0435
7200 0.0394 13200 0.048
7600 0.0428 13600 0.0554
8000 0.0474 14000 0.0633
8400 0.0527 14400 0.0721
8800 0.0592 14800 0.08
9200 0.066 15200 0.0913
9600 0.0734 15600 0.1009

10000 0.0819 16000 0.1082
10400 0.0896
10800 0.0987
11200 0.1112
11600 0.1239
12000 0.1399
12400 0.1564
12800 0.1765
13200 0.1994
13600 0.2285
14000 0.2633
14400 0.3145
14800 0.3528
15708 0.3961
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Table A-24. Fractographic Results for Specimens 383 and 384 

 
 
  

Specimen 383A Specimen 384A
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date 2/9/1981 Test Date 2/12/1981
Fatigue Life 16000 hrs Fatigue Life 16000 hrs
Location Multiple: Bore Location Multiple: Bore

Flight Hrs Crack Size Flight Hrs Crack Size
6800 0.0091 7200 0.0094
7200 0.0102 7600 0.0105
7600 0.0116 8000 0.0118
8000 0.0128 8400 0.0134
8400 0.0137 8800 0.0149
8800 0.0156 9200 0.0165
9200 0.0175 9600 0.0182
9600 0.0192 10000 0.0208

10000 0.0215 10400 0.0232
10400 0.024 10800 0.0258
10800 0.027 11200 0.0288
11200 0.0298 11600 0.0328
11600 0.0326 12000 0.0371
12000 0.036 12400 0.0402
12400 0.0397 12800 0.0455
12800 0.0429 13200 0.0514
13200 0.0463 13600 0.0575
13600 0.0515 14000 0.0649
14000 0.057 14400 0.0742
14400 0.0622 14800 0.0858
14800 0.0685 15200 0.1
15200 0.0766 15600 0.1185
15600 0.0872 16000 0.1351
16000 0.0949
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Table A-25. Fractographic Results for Specimens 385 and 386 

 
 
  

Specimen 385B Specimen 386B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date 2/12/1981 Test Date 2/12/1981
Fatigue Life 16000 hrs Fatigue Life 16000 hrs
Location Multiple: Bore Location Bore

Flight Hrs Crack Size Flight Hrs Crack Size
7600 0.0055 7600 0.0077
8000 0.0061 8000 0.0084
8400 0.0066 8400 0.0095
8800 0.0072 8800 0.0105
9200 0.0078 9200 0.0123
9600 0.0088 9600 0.0134

10000 0.0096 10000 0.0149
10400 0.0108 10400 0.0167
10800 0.0119 10800 0.0185
11200 0.0131 11200 0.0207
11600 0.0147 11600 0.023
12000 0.0162 12000 0.0247
12400 0.018 12400 0.0272
12800 0.0197 12800 0.0297
13200 0.0215 13200 0.0325
13600 0.0235 13600 0.0355
14000 0.0256 14000 0.0391
14400 0.0282 14400 0.0431
14800 0.0305 14800 0.0481
15200 0.0327 15200 0.0531
15600 0.0359 15600 0.0596
16000 0.0384 16000 0.0659
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Table A-26. Fractographic Results for Specimens 387 and 581 

 
 
  

Specimen 387A Specimen 581A
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date 2/12/1981 Test Date
Fatigue Life 16000 hrs Fatigue Life 10000 hrs
Location Multiple: Bore Location Multiple: Bore

Flight Hrs Crack Size Flight Hrs Crack Size
9600 0.0066 3200 0.0241

10000 0.0076 3600 0.0255
10400 0.0087 4000 0.0281
10800 0.0099 4400 0.0312
11200 0.0112 4800 0.0356
11600 0.0125 5200 0.0418
12000 0.0135 5600 0.0487
12400 0.0151 6000 0.0557
12800 0.0166 6400 0.0635
13200 0.0178 6800 0.0727
13600 0.0192 7200 0.0875
14000 0.0216 7600 0.103
14400 0.0237 8000 0.1238
14800 0.026 8400 0.1489
15200 0.0283 8800 0.1801
15600 0.0304 9200 0.1988
16000 0.0323 9600 0.23

10000 0.3206
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Table A-27. Fractographic Results for Specimens 582 and 583 

 
 
  

Specimen 582B Specimen 583B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date Test Date
Fatigue Life 7206 hrs Fatigue Life 10007 hrs
Location Multiple: Bore, C.S.-Bore Location Multiple: Bore

Flight Hrs Crack Size Flight Hrs Crack Size
2000 0.0145 3600 0.0188
2400 0.025 4000 0.0231
2800 0.035 4400 0.0269
3200 0.0442 4800 0.0299
3600 0.0546 5200 0.0354
4000 0.0643 5600 0.0398
4400 0.0753 6000 0.0457
4800 0.0858 6400 0.0534
5200 0.1012 6800 0.064
5600 0.12 7200 0.0742
6000 0.1444 7600 0.0883
6400 0.1772 8000 0.1047
6800 0.236 8400 0.1258
7206 0.3402 8800 0.1526

9200 0.1861
9600 0.2383

10007 0.3301
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Table A-28. Fractographic Results for Specimens 584 and 585 

 
 
  

Specimen 584B Specimen 585B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date Test Date
Fatigue Life 16000 hrs Fatigue Life 10678 hrs
Location Multiple: Bore Location Multiple: Bore

Flight Hrs Crack Size Flight Hrs Crack Size
8400 0.0112 2800 0.0107
8800 0.0132 3200 0.0127
9200 0.0152 3600 0.0148
9600 0.0177 4000 0.0179

10000 0.0188 4400 0.0228
10400 0.0211 4800 0.0282
10800 0.0233 5200 0.0333
11200 0.0266 5600 0.0386
11600 0.0289 6000 0.0455
12000 0.0316 6400 0.0521
12400 0.0347 6800 0.0595
12800 0.0384 7200 0.0679
13200 0.042 7600 0.0774
13600 0.0463 8000 0.0896
14000 0.0511 8400 0.1053
14400 0.0571 8800 0.1229
14800 0.0646 9200 0.1471
15200 0.0719 9600 0.1749
15600 0.0799 10000 0.2121
16000 0.0887 10400 0.2691

10678 0.3905
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Table A-29. Fractographic Results for Specimens 654 and 655 

 
 
  

Specimen 654B Specimen 655A
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date Test Date
Fatigue Life Fatigue Life
Location Bore Location C.S.-Bore Intersect

Flight Hrs Crack Size Flight Hrs Crack Size
10000 0.0148 5200 0.0115
10400 0.0162 5600 0.0141
10800 0.0173 6000 0.0163
11200 0.0186 6400 0.0192
11600 0.02 6800 0.0225
12000 0.0214 7200 0.0251
12400 0.0228 7600 0.0283
12800 0.0243 8000 0.0315
13200 0.026 8400 0.0351
13600 0.0272 8800 0.0382
14000 0.0289 9200 0.0408
14400 0.0307 9600 0.044
14800 0.0327 10000 0.0472
15200 0.0343 10400 0.0498
15600 0.0361 10800 0.0541
16000 0.0384 11200 0.058

11600 0.0616
12000 0.0651
12400 0.0695
12800 0.0746
13200 0.0797
13600 0.0863
14000 0.0932
14400 0.102
14800 0.1114
15200 0.1212
15600 0.1319
16000 0.1455



 

154 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 

Table A-30. Fractographic Results for Specimens 656 and 657 

 
 
  

Specimen 656A Specimen 657A
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date Test Date
Fatigue Life Fatigue Life
Location C.S.-Bore Intersect Location Bore

Flight Hrs Crack Size Flight Hrs Crack Size
10400 0.0173 13200 0.0119
10800 0.0185 13600 0.0127
11200 0.0198 14000 0.0136
11600 0.0211 14400 0.0144
12000 0.0222 14800 0.0152
12400 0.0236 15200 0.0158
12800 0.0253 15600 0.0166
13200 0.0267 16000 0.0172
13600 0.0281
14000 0.0299
14400 0.0313
14800 0.0328
15200 0.0346
15600 0.036
16000 0.0376
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Table A-31. Fractographic Results for Specimens 658 and 660 

 
Specimen 659 did not have any crack measurements less than 0.039 inch. No EIDS could be 
calculated for it with this approach. 
 

  

Specimen 658B Specimen 660B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date Test Date
Fatigue Life Fatigue Life
Location Bore Location Bore

Flight Hrs Crack Size Flight Hrs Crack Size
8800 0.0098 15200 0.023
9200 0.0118 15600 0.026
9600 0.0135 16000 0.0292

10000 0.0153
10400 0.0177
10800 0.0197
11200 0.0219
11600 0.0243
12000 0.0269
12400 0.0297
12800 0.0321
13200 0.0348
13600 0.0375
14000 0.0401
14400 0.0426
14800 0.046
15200 0.0495
15600 0.0532
16000 0.0588
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Table A-32. Fractographic Results for Specimens 661 and 662 

 
 
  

Specimen 661B Specimen 662B
Fastener MS-90353 (1/4 in.) Fastener MS-90353 (1/4 in.)
Stress 38 ksi Stress 38 ksi
Test Date Test Date
Fatigue Life Fatigue Life
Location Bore Location CS-Bore Intersect

Flight Hrs Crack Size Flight Hrs Crack Size
9600 0.032 8400 0.0082

10000 0.0349 8800 0.0092
10400 0.0377 9200 0.0104
10800 0.0419 9600 0.0115
11200 0.0453 10000 0.0126
11600 0.0499 10400 0.0137
12000 0.0541 10800 0.0153
12400 0.0587 11200 0.016
12800 0.0633 11600 0.0172
13200 0.0686 12000 0.0185
13600 0.0739 12400 0.0198
14000 0.0793 12800 0.0208
14400 0.0862 13200 0.0224
14800 0.0933 13600 0.0235
15200 0.1019 14000 0.0245
15600 0.1123 14400 0.0263
16000 0.1246 14800 0.0278

15200 0.0294
15600 0.0309
16000 0.0328
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A.3 Equivalent Initial Damage Size Determination 
Plots of crack size versus flight hours for all cracks less than 0.0393 inch (1 mm) along with the 
exponential curve fit to the data are shown in Figure A-3 to Figure A-34. 

 
Figure A-3. EIDS Determination for Specimen 99 
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Figure A-4. EIDS Determination for Specimens 100 and 101 

 
Figure A-5. EIDS Determination for Specimens 621 and 623 
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Figure A-6. EIDS Determination for Specimens 102 and 103 

 
Figure A-7. EIDS Determination for Specimens 104 and 108 
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Figure A-8. EIDS Determination for Specimen 105 

 
Figure A-9. EIDS Determination for Specimen 106 
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Figure A-10. EIDS Determination for Specimen 107 

 
Figure A-11. EIDS Determination for Specimen 109 
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Figure A-12. EIDS Determination for Specimen 111 

 
Figure A-13. EIDS Determination for Specimen 112 
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Figure A-14. EIDS Determination for Specimen 113 and 699 

 
Figure A-15. EIDS Determination for Specimen 114 
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Figure A-16. EIDS Determination for Specimen 115 

 
Figure A-17. EIDS Determination for Specimen 116 
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Crack 116B1 was not measured at sizes less than 0.039 in.



 

165 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 

 
Figure A-18. EIDS Determination for Specimen 117 

 
Figure A-19. EIDS Determination for Specimen 696 and 697 
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Figure A-20. EIDS Determination for Specimen 700 

 
Figure A-21. EIDS Determination for Specimens 467 and 468 
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Figure A-22. EIDS Determination for Specimens 469 and 470 

 
Figure A-23. EIDS Determination for Specimens 471 and 472 
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Figure A-24. EIDS Determination for Specimens 473 and 474 

 
Figure A-25. EIDS Determination for Specimens 475 and 476 
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Figure A-26. EIDS Determination for Specimens 383 and 384 

 
Figure A-27. EIDS Determination for Specimens 385 and 386 
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Figure A-28. EIDS Determination for Specimens 387 and 581 

 
Figure A-29. EIDS Determination for Specimens 582 and 583 
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Figure A-30. EIDS Determination for Specimens 584 and 585 

 
Figure A-31. EIDS Determination for Specimens 654 and 655 
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Figure A-32. EIDS Determination for Specimens 656 and 657 

 
Figure A-33. EIDS Determination for Specimens 658 and 660 
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Figure A-34. EIDS Determination for Specimens 661 and 662 
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Crack 662B had a decreased crack growth rate at crack sizes above
0.0153 in. for an unknown reason.  Crack measurements between 
0.0153 in.  and 0.039 in. were not used in determining EIDS.
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APPENDIX B.  MONTE CARLO SIMULATION ROUTINES 
B.1 Introduction 
This appendix provides a listing of the major VBA subroutines used in the MCS of Sections 3.2, 
3.3 and 4 of this handbook. Most of the subroutines utilize a Microsoft Excel® worksheet to store 
intermediate calculations and results. The routines listed here were not written to be fast or 
efficient, but to illustrate the algorithms and provide intermediate values for the reader to check 
their understanding. The reader is encouraged create faster, more efficient routines that meet 
their personal needs. 

B.2 Generating Fracture Toughness and Initial Crack Size Samples 
The first step in calculating POF with MCS was to generate samples of paired fracture toughness 
and initial crack size (or EIDS) values. This was done using the VBA subroutine MakeSamples 
listed in this section. The fracture toughness and initial crack size values were stored in an Excel 
worksheet part of which is shown in Table B-1. 
*********************************************** 
Sub MakeSamples() 
' Routine to create a number of sample pairs of fracture toughness and initial crack size 
' based upon prescribed distribution parameters 
TotSamps = 12000 ' Total number of samples/trials to generate 
FTShape = 12.49   ' Shape parameter for fracture toughness Weibull distribution 
FTScale = 88.89   ' Scale parameter for fracture toughness Weibull distribution 
CrkShape = 0.374  ' Shape parameter for EIDS Weibull distribution 
CrkScale = 0.00054 ' Scale parameter for EIDS Weibull distribution 
For i = 1 To TotSamps 
  ActiveCell.Value = i  'Trial/Sample number in first column (Trial #) 
  ' Generate random number for fracture toughness 
  Randomize 
  FTRndNo = Rnd 
  ' Calculate fracture toughness value with inverse Weibull function 
  ' Store value in second column (Fracture Toughness) 
  ActiveCell.Offset(0, 1).Value = FTScale * (Ln(1 / (1 - FTRndNo))) ^ (1 / FTShape) 
   
  'Generate random number for EIDS 
  Randomize 
  CrkRndNo = Rnd 
  ' Calculate initial crack size value with inverse Weibull function 
  ' Store value in third column (Initial Crack Size) 
  ActiveCell.Offset(0, 2).Value = CrkScale * (Ln(1 / (1 - CrkRndNo))) ^ (1 / CrkShape) 
  'Move down one row for next trial/sample 
  ActiveCell.Offset(1, 0).Select 
Next i 
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End Sub 
************************************************ 

Table B-1. Worksheet for MCS  

 
 

B.3 Crack Growth and Fracture Calculation 
Fatigue crack growth calculations and determination of fracture occurs were done with the VBA 
subroutine MonteCarlo listed in this section. This routine used the same worksheet used in the 
previous section. A section of which is shown in Table B-1. 
 
************************************************ 
Sub MonteCarlo() 
' MonteCarlo Macro 
' Performs Monte Carlo simulation for crack growth to fracture 
' Variables: 
'  CatStart - crack size at the start of a flight 
'  CatEnd - crack size at the end of a flight 
'  deltaCdF - crack extension during a flight 
'  PeakStress - Peak stress during a flight 
'  PSRndNo - Random number used to generate the peak stress during a flight 
'  SIGeoFact - Geometry factor for calculating the max applied Stress Intensity during a flight 

(aka beta) 
'  Kmax - max applied stress intensity during a flight 
'  Kcrit - Fracture toughness for this sample 
'  Cmax - maximum crack size before crack breaks to the free end 
'  FlightNo - number of flights flown 
'  RefStress - reference stress for normalized load spectrum (multiply spectrum endpoint by this 

value) 
'  InspectTime - Flight after which inspection occurs; to run each sample to failure set to a very 

large values 

Trial #
Fracture 

Toughness
Initial Crack 

Size (in.)
Flight 

Count, f
c(f) @ start 

of Flight Peak Stress (f) beta Kmax(f)
∆c during 

flight
c(f) @ end 
of Flight

1 96.01 0.005427765 22088 2.65171 17.20 2.274840 112.92 1.78E-02 2.66948
2 94.46 2.66785E-05 23127371 2.71529 13.62 2.823115 112.28 2.65E-02 2.74177
3 89.40 0.000174529 16732768 2.71428 11.92 2.812821 97.87 2.63E-02 2.74060
4 82.78 0.000266015 13697476 2.67064 12.22 2.418564 85.61 2.01E-02 2.69071
5 79.44 1.1517E-05 23908050 2.67810 15.98 2.479447 114.91 2.10E-02 2.69914
6 85.71 1.08303E-05 23944030 2.66742 13.14 2.393031 90.99 1.97E-02 2.68709
7 79.80 0.000654849 5858831 2.62659 13.47 2.106330 81.47 1.51E-02 2.64165
8 97.65 1.60943E-05 23669622 2.70936 14.00 2.763632 112.89 2.56E-02 2.73491
9 78.71 0.000258134 13935646 2.61758 15.93 2.051575 93.69 1.42E-02 2.63176

10 87.49 0.000565666 7116843 2.72146 11.51 2.887052 97.11 2.75E-02 2.74894
11 87.63 5.08976E-05 21932913 2.69243 12.91 2.603748 97.74 2.30E-02 2.71545
12 92.07 0.000713033 5161200 2.70165 12.95 2.688970 101.43 2.44E-02 2.72602
13 91.30 0.000854862 3790927 2.71413 11.29 2.811325 92.69 2.63E-02 2.74043
14 72.12 0.00018973 16185348 2.61835 12.50 2.056134 73.67 1.43E-02 2.63260
15 93.21 0.001427376 1105129 2.72079 12.52 2.880002 105.39 2.74E-02 2.74816
16 100.44 1.20366E-05 23880867 2.74437 10.98 3.143624 101.32 3.15E-02 2.77584
17 91.77 2.97344E-07 24502709 2.69451 13.25 2.622616 101.09 2.33E-02 2.71783
18 77.27 8.08029E-06 24088649 2.66314 12.25 2.359736 83.59 1.91E-02 2.68226
19 92.60 3.66128E-07 24499017 2.66297 13.89 2.358445 94.74 1.91E-02 2.68208
20 86.79 9.78383E-07 24466196 2.73301 11.70 3.012644 103.29 2.94E-02 2.76246
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Cmax = 2.75 
RefStress = 16# 
InspectTime = 100000000# 
PSCharact = 0.699  ' Characteristic values of Gumbel Distribution for Peak Stress 
PSDispersion = 0.06 ' Value of dispersion (shape) of Gumbel Distribution for Peak Stress 
For i = 1 To 12000 

'If this is the first flight, not a restart after inspection, the ActiveCell  
'(column labeled ‘c(f) at start of Flight’) will be empty 

  'If this is not the first flight, set CatEnd to Initial Crack Size 
  If IsEmpty(ActiveCell) Then 
    CatEnd = ActiveCell.Offset(0, -2).Value    'Move into CatStart at start of loop 
    FlightNo = 0                  'Initialize Flight Count 
  Else 
    CatEnd = ActiveCell.Offset(0, 5).Value     'Else use values from end of previous interval 
    FlightNo = ActiveCell.Offset(0, -1).Value 
  End If 
  'Read fracture toughness for sample from spreadsheet 
  Kcrit = ActiveCell.Offset(0, -3).Value    
  ' Loop until Cmax exceeded or Kcrit exceeded 
  Do 
     FlightNo = FlightNo + 1       'Increment Flight Count 
    CatStart = CatEnd           'Move CatEnd from previous flight to CatStart for this flight 
    'Determine crack extension during this flight 
    If CatStart < 0.00327 Then 
      deltaCdF = 1.86251E-11 * Exp(2192.92 * CatStart) 
    Else 
      If CatStart < 0.01292 Then 
        deltaCdF = -34.0272 * CatStart ^ 4 + 0.748415 * CatStart ^ 3 +  

0.0207707 * CatStart ^ 2 - 0.000121929 * CatStart + 0.000000178475 
      Else 
        If CatStart < 0.06819 Then 
          deltaCdF = 0.0336049 * CatStart ^ 3 + 0.0151617 * CatStart ^ 2 –  

  0.000099355 * CatStart + 0.00000141646 
        Else 
          If CatStart < 1.49725 Then 
            deltaCdF = -0.000264012 * CatStart ^ 6 + 0.00148501 * CatStart ^ 5 – 

     0.00336236 * CatStart ^ 4 + 0.00379001 * CatStart ^ 3 –  
     0.0020336 * CatStart ^ 2 + 0.000642407 * CatStart + 0.0000403256 

          Else 
            If CatStart <= 2.23841 Then 
              deltaCdF = -0.0101093 * CatStart ^ 6 + 0.126576 * CatStart ^ 5 –  
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0.65644 * CatStart ^ 4 + 1.804418 * CatStart ^ 3 –  
2.770745 * CatStart ^ 2 + 2.252744 * CatStart - 0.75719 

            Else 
              deltaCdF = 0.3278 * CatStart ^ 3 - 2.287688 * CatStart ^ 2 +  

      5.333224 * CatStart - 4.150421 
            End If 
          End If 
        End If 
      End If 
    End If 
     
    CatEnd = CatStart + deltaCdF    'Calculate crack size at the end of the flight 
'Determine geometry factor for stress intensity calculation based on crack size at start of flight 
    If CatStart <= 0.025 Then 
      SIGeoFact = -3872710000# * CatStart ^ 6 + 383561000 * CatStart ^ 5 –  

     15222900 * CatStart ^ 4 + 310325 * CatStart ^ 3 - 3308.15 * CatStart ^ 2 +  
     12.952 * CatStart + 1.99237 

    Else 
      If CatStart <= 0.059 Then 
        SIGeoFact = 481870000 * CatStart ^ 6 - 112480000 * CatStart ^ 5 +  

 10737700 * CatStart ^ 4 - 538394 * CatStart ^ 3 +  
 15108.6 * CatStart ^ 2 - 225.62 * CatStart + 3.34709 

      Else 
        If CatStart <= 1.2 Then 
          SIGeoFact = 12.7731 * CatStart ^ 6 - 57.1413 * CatStart ^ 5 +  

   103.053 * CatStart ^ 4 - 96.2646 * CatStart ^ 3 +  
   49.9938 * CatStart ^ 2 - 14.4465 * CatStart + 2.97336 

        Else 
          SIGeoFact = 2.37816 * CatStart ^ 6 - 24.848 * CatStart ^ 5 +  

   107.159 * CatStart ^ 4 - 243.928 * CatStart ^ 3 +  
   309.117 * CatStart ^ 2 - 206.791 * CatStart + 57.9809 

        End If 
      End If 
    End If 
    ' Pick random number for the Peak Stress during this flight 
    Randomize 
    PSRndNo = Rnd 
    ' Calculate Peak Stress during Flight using inverse Gumbel distribution 
    If PSRndNo > 0 Then 
      PeakStress = RefStress * (PSCharact - Ln(Ln(1 / PSRndNo)) * PSDispersion) 
    Else 
      PeakStress = 1   'If PSRndNo is zero (rare instance), set PeakStress to 1.0 ksi 
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    End If 
    ' Calculate max applied Stress Intensity during Flight based on crack size at start of flight 
    Kmax = SIGeoFact * PeakStress * (3.14 * CatStart) ^ 0.5 
    'Censor sample for little or no crack growth 
    If deltaCdF < 0.0000000000001 Then Exit Do         
  Loop Until CatEnd >= 2.75 Or Kmax >= Kcrit Or FlightNo >= InspectTime 
  ' Write results for sample to the worksheet 
  ActiveCell.Offset(0, -1).Value = FlightNo  ' Store FlightNo in column Flight Count, f 
  ActiveCell.Value = CatStart ' Store CatStart in column c(f) @ Start of Flight 
  ActiveCell.Offset(0, 1).Value = PeakStress ' Store PeakStress in column Peak Stress(f) 
  ActiveCell.Offset(0, 2).Value = SIGeoFact ' Store SIGeoFact in column beta 
  ActiveCell.Offset(0, 3).Value = Kmax ' Store Kmax in column Kmax(f) 
  ActiveCell.Offset(0, 4).Value = deltaCdF ' Store deltaCdF in column ∆c during flight 
  ActiveCell.Offset(0, 5).Value = CatEnd ' Store CatEnd in column c @ end of flight 
  ActiveWorkbook.Save         ' Save the workbook 
  ActiveCell.Offset(1, 0).Select   ' Move down one row for the next sample 
Next i 
End Sub 
************************************************ 
 

B.4 Inspection Simulation 
Relevant columns from the MCS worksheet are shown in Table B-2: trial number, flight number, 
crack size at start of the flight, crack size increment during flight, crack size at end of the flight, 
inspection results (crack detected or not detected), and crack size after the inspection and repair. 
The inspection was performed after the 5,000 flight. InspectTime in the MonteCarlo subroutine 
in Section B.3 was set to 5,000. The crack size for the start of flight 5,001 is the crack size after 
the inspection and repair. 
Notice that the cracks in Trial #27 and #40 were detected by the inspection and repaired. The 
crack sizes after inspection for these two trials is significantly smaller than the crack sizes after 
flight 5,000. The cracks for all the other trials shown in Table B-2 were not detected. The crack 
sizes after inspection are the same as the crack sizes after flight 5,000. The VBA subroutine for 
simulating inspection and repair is listed after Table B-2. 
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Table B-2. Sample of Worksheet used for Inspection Simulation 

 

Trial #
Flight 

Count, f
c(f) @ start 

of Flight
∆c during 

flight
c(f) @ end 
of Flight

Inspection 
(D or N)

c(f) after 
inspection

1 5000 0.00717 5.58E-07 0.00717 N 0.00717
2 5000 0.00003 1.98E-11 0.00003 N 0.00003
3 5000 0.00017 2.73E-11 0.00017 N 0.00017
4 5000 0.00027 3.34E-11 0.00027 N 0.00027
5 5000 0.00001 1.91E-11 0.00001 N 0.00001
6 5000 0.00001 1.91E-11 0.00001 N 0.00001
7 5000 0.00066 7.84E-11 0.00066 N 0.00066
8 5000 0.00002 1.93E-11 0.00002 N 0.00002
9 5000 0.00026 3.28E-11 0.00026 N 0.00026
10 5000 0.00057 6.44E-11 0.00057 N 0.00057
11 5000 0.00005 2.08E-11 0.00005 N 0.00005
12 5000 0.00071 8.90E-11 0.00071 N 0.00071
13 5000 0.00086 1.22E-10 0.00086 N 0.00086
14 5000 0.00019 2.82E-11 0.00019 N 0.00019
15 5000 0.00143 4.28E-10 0.00143 N 0.00143
16 5000 0.00001 1.91E-11 0.00001 N 0.00001
17 5000 3.91E-07 1.86E-11 3.91E-07 N 3.91E-07
18 5000 0.00001 1.90E-11 0.00001 N 0.00001
19 5000 4.59E-07 1.86E-11 4.59E-07 N 4.59E-07
20 5000 1.07E-06 1.87E-11 1.07E-06 N 1.07E-06
21 5000 0.00008 2.24E-11 0.00008 N 0.00008
22 5000 0.00061 7.07E-11 0.00061 N 0.00061
23 5000 0.00283 9.23E-09 0.00283 N 0.00283
24 5000 0.14055 9.97E-05 0.14065 N 0.14065
25 5000 0.00009 2.26E-11 0.00009 N 0.00009
26 5000 0.00256 5.08E-09 0.00256 N 0.00256
27 5000 0.33798 1.34E-04 0.33812 D 0.00125
28 5000 3.35E-06 1.88E-11 3.35E-06 N 3.35E-06
29 5000 3.90E-07 1.86E-11 3.90E-07 N 3.90E-07
30 5000 0.00123 2.78E-10 0.00123 N 0.00123
31 5000 0.00265 6.22E-09 0.00265 N 0.00265
32 5000 0.00008 2.20E-11 0.00008 N 0.00008
33 5000 0.00006 2.12E-11 0.00006 N 0.00006
34 5000 0.00081 1.10E-10 0.00081 N 0.00081
35 5000 0.00003 1.97E-11 0.00003 N 0.00003
36 5000 1.69E-07 1.86E-11 1.69E-07 N 1.69E-07
37 5000 0.00040 4.44E-11 0.00040 N 0.00040
38 5000 0.00168 7.42E-10 0.00168 N 0.00168
39 5000 0.00017 2.68E-11 0.00017 N 0.00017
40 5000 0.24883 1.21E-04 0.24895 D 0.00006
41 5000 0.00249 4.34E-09 0.00249 N 0.00249
42 5000 0.00011 2.38E-11 0.00011 N 0.00011
43 5000 0.00000 1.86E-11 0.00000 N 0.00000
44 5000 0.00166 7.16E-10 0.00166 N 0.00166
45 5000 0.00031 3.69E-11 0.00031 N 0.00031
46 5000 4.42E-06 1.88E-11 4.42E-06 N 4.42E-06
47 5000 1.24E-06 1.87E-11 1.24E-06 N 1.24E-06
48 5000 0.00208 1.78E-09 0.00208 N 0.00208
49 5000 0.00013 2.49E-11 0.00013 N 0.00013
50 5000 0.00002 1.95E-11 0.00002 N 0.00002
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************************************************ 
Sub Inspect() 
'Routine to simulate NDI at location 
'Determines a probability of detection for the crack size of each MC sample 
'Draws a random number between 0 and 1 - if RN is greater than POD, crack is not detected 
'If the crack is detected, another random number is drawn to obtain a repair damage size from the 
ERDS distribution 
'Crack sizes after the inspection are used for subsequent life prediction 
'POD parameters: POD = coeff * (cracksize^expo)/(1 + coeff *(cracksize^expo)) 
‘These POD parameters are not known to be correct for any NDI method 
coeff = 13000 
expo = 5 

'Equivalent Repair Damage Size Distribution, ERDS (Weibull) 
ERDshape = 0.35 
ERDscale = 0.00075 
'Active Cell should be in Inspection column  
For i = 1 To 12000 
  cracksize = ActiveCell.Offset(0, -1).Value 'Get cracksize at the end of the last flight 
  POD = coeff * (cracksize ^ expo) / (1 + coeff * (cracksize ^ expo)) 'Calculate the POD 
  Randomize      'Pick random number for detecting crack 
  Detect = Rnd 
  'Compare Detect to POD. If Detect is greater than or equal to POD, the crack is not detected 
  If Detect >= POD Then 
    ActiveCell.Value = "N"   'crack was not detected 
    'cracksize remains what it was at end of last flight 
    ActiveCell.Offset(0, 1).Value = ActiveCell.Offset(0, -1).Value  
  Else 
    ActiveCell.Value = "D"   'crack was detected 
    'Determine damage/crack size after repair 
    Randomize      'Pick random number for repaired crack 
    Repair = Rnd 
    'Determine crack size from inverse Weibull function, put in column for crack size after 
     inspection 
    ActiveCell.Offset(0, 1).Value = ERDscale * (Log(1 / (1 - Repair))) ^ (1 / ERDshape) 
   End If 
  'Move down to the next row for the next sample 
  ActiveCell.Offset(1, 0).Select 
Next i 
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End Sub 
************************************************ 
 

B.5 Calculating the POF prior to an Inspection and after an Inspection 
The MCS routine for calculating the POF at a single flight based upon the crack size distribution 
at that flight is listed below. The POF of at a single flight is calculated with the Excel worksheet 
in Table B-3. The Sum of POFs and the Sum of Squares for POFs are calculated using the VBA 
subroutine POFMCS which is listed below. The Expected Value of POF is calculated as the Sum 
of POFs divided by # of Samples. The Expected Std. Error is calculated as the Sum of Squares 
for POFs divided by # of Samples. The Variance is equal to the Expected Std. Error minus the 
square of the Expected Value of POF. 

Table B-3. POF Calculation Worksheet 

 
 
************************************************ 
Sub POFMCS() 
' POFMCS Macro 
' Performs Monte Carlo integration of POF equation 
' Uses Importance Sampling on all three random variables - 
'  fracture toughness, crack size, and peak stress 
' Variables: 
'  CrackSize - crack size 
'  PeakStress - Peak stress during a flight 
'  PSRndNo - Random number used to generate the peak stress during a flight 
'  SIGeoFact - Geometry factor for calculating the max applied Stress Intensity during a flight 
(aka beta) 
'  Kmax - max applied stress intensity during a flight 
'  Kcrit - Fracture toughness for this sample 
'  Cmax - maximum crack size before crack breaks to the free end 
'  TotSamps - total number of MC samples to generate 
'  FTShape - Shape parameter for fracture toughness Weibull distribution 
'  FTScale - Scale parameter for fracture toughness Weibull distribution 
'  CrkShape - Shape parameter for crack size Weibull distribution 
'  CrkScale - Scale parameter for crack size Weibull distribution 
'  PSDisp - Dispersion parameter for peak stress Gumbel distribution, alpha 
'  PSChar - Characteristic value for peak stress Gumbel distribution, mu 
'  RefStress – Reference stress for the normalized loading spectrum 
'  Cmax – Maximum physical crack size before reaching the edge of the part 
 

# of 
Samples Sum of POFs

Expected Value 
of POF

Sum of 
Squares for 

POFs
Expected Std. 

Error Variance
start of flight 5,000 12000 8.02E-05 6.68E-09 6.3187E-11 5.27E-15 5.22E-15
end of flight 5,000 12000 8.06E-05 6.71E-09 6.2914E-11 5.24E-15 5.20E-15
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TotSamps = 12000 
FTShape = 12.49 
FTScale = 93.9 
PSDisp = 0.06 
PSChar = 0.699 
RefStress = 16# 
Cmax = 2.75 
' Use uniform distributions for sampling 
' Variables: 
'  Kup - upper bound of uniform sampling distribution for fracture toughness 
'  Klo - lower bound of uniform samplng distribution for fracture toughness 
'  Cup - upper bound of uniform sampling distribution for crack size 
'  Clo - lower bound of uniform sampling distribution for crack size 
'  PSup - upper bound of uniform sampling distribution for peak stress 
'  PSlo - lower bound of uniform sampling distribution for peak stress 
'  gK - pdf value for fracture toughness sampling distribution 
'  gC - pdf value for crack size sampling distribution 
'  gPS - pdf value for peak stress sampling distribution 
 
Kup = 85  ' Failure more likely for low tail of fracture toughness distribution 
Klo = 25  ' Limit importance sampling (IS) to low tail 
gk = 1 / (Kup - Klo) 
Cup = Cmax  ' Failure more likely for large crack size tail, IS from large tail 
Clo = 0.07 
gC = 1 / (Cup - Clo) 
PSup = RefStress * 1.4 ' Failure more likely for large Peak Stresses, sample from these 
PSlo = RefStress * 0.7 
gPS = 1 / (PSup - PSlo) 
For i = 1 To TotSamps 
  'Fracture Toughness calculations 
  ' Pick random number for the Fracture Toughness 
  Randomize 
  KcritRndNo = Rnd 
  Kcrit = Klo + KcritRndNo / gk 
  pdfKcrit = (FTShape / FTScale) * (Kcrit / FTScale) ^ (FTShape - 1) * Exp(-(Kcrit / FTScale) ^ 

FTShape) 
  ' Pick random number for the Peak Stress 
  Randomize 
  PSRndNo = Rnd 
  ' Calc Peak Stress based on uniform sampling distribution 
  PeakStress = PSlo + PSRndNo / gPS  
  pdfPS = PSDisp * Exp(-PSDisp * (PeakStress/RefStress - PSChar) + Exp(-PSDisp * 

(PeakStress/RefStress - PSChar))) 
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  ' Pick random number for Crack Size 
  Randomize 
  CSRndNo = Rnd 
  CrackSize = Clo + CSRndNo / gC 
  
  ' Determine pdf value for Crack Size (start of flight 5,000) 
  'If CrackSize > 0.4492 Then 
  '  pdfCS = (0.96584 / 0.11201) * (CrackSize / 0.11201) ^ (0.96584 - 1) * Exp(-((CrackSize / '          

0.11201) ^ 0.96584)) 
  'Else 
  '  pdfCS = (0.11374 / 0.0000033945) * (CrackSize / 0.0000033945) ^ (0.11374 - 1) * Exp(-   '         

((CrackSize / 0.0000033945) ^ 0.11374)) 
  'End If 
     
  'Determine pdf value for Crack Size (end of flight 5,000) 
  If CrackSize > 0.449 Then 
    pdfCS = (0.96586 / 0.11205) * (CrackSize / 0.11205) ^ (0.96586 - 1) * Exp(-((CrackSize / 

0.11205) ^ 0.96586)) 
  Else 
    pdfCS = (0.11378 / 0.0000034098) * (CrackSize / 0.0000034098) ^ (0.11378 - 1) * Exp(-

((CrackSize / 0.0000034098) ^ 0.11378)) 
  End If 
 
  'Determine geometry factor for stress intensity calculation based on crack size at start of flight 
  If CrackSize <= 0.025 Then 
    SIGeoFact = -3872710000# * CrackSize ^ 6 + 383561000 * CrackSize ^ 5 - 15222900 * 
CrackSize ^ 4 + 310325 * CrackSize ^ 3 - 3308.15 * CrackSize ^ 2 + 12.952 * CrackSize + 
1.99237 
  Else 
    If CrackSize <= 0.059 Then 
      SIGeoFact = 481870000 * CrackSize ^ 6 - 112480000 * CrackSize ^ 5 + 10737700 * 
CrackSize ^ 4 - 538394 * CrackSize ^ 3 + 15108.6 * CrackSize ^ 2 - 225.62 * CrackSize + 
3.34709 
    Else 
      If CrackSize <= 1.2 Then 
        SIGeoFact = 12.7731 * CrackSize ^ 6 - 57.1413 * CrackSize ^ 5 + 103.053 * CrackSize ^ 4 
- 96.2646 * CrackSize ^ 3 + 49.9938 * CrackSize ^ 2 - 14.4465 * CrackSize + 2.97336 
      Else 
        SIGeoFact = 2.37816 * CrackSize ^ 6 - 24.848 * CrackSize ^ 5 + 107.159 * CrackSize ^ 4 - 
243.928 * CrackSize ^ 3 + 309.117 * CrackSize ^ 2 - 206.791 * CrackSize + 57.9809 
      End If 
    End If 
  End If 
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  'Calculate maximum Stress Intensity 
  Kmax = SIGeoFact * PeakStress * (CrackSize * 3.14159) ^ 0.5 
  If Kmax >= Kcrit Then 
    h = 1  ' Sample fractured 
  Else 
    h = 0  ' Sample survived 
  End If 
   ' Probability density for sample 
  Addend = h * pdfKcrit * pdfPS * pdfCS / gk / gPS / gC 
  ActiveCell.Value = ActiveCell.Value + 1  ' Column # of Samples 
  ' Column Sum of POFs 
  ActiveCell.Offset(0, 1).Value = ActiveCell.Offset(0, 1).Value + Addend 
  ' Column Sum of Squares for POFs  
  ActiveCell.Offset(0, 3).Value = ActiveCell.Offset(0, 3).Value + Addend ^ 2 
  ActiveWorkbook.Save         ' Save the workbook 
Next i 
End Sub 
************************************************ 
 

B.6 Determining the Probability Distribution for the Maximum Stress in a Flight 
The probability distribution for the maximum stress in a flight was found from a load spectrum 
as follows. First, develop the CDF for the occurrence of stress peaks in the spectrum as in Table 
B-4. This is one minus the exceedances from the exceedance curve. Next, determine the average 
number of stress peaks that occur during a single flight. For the FALSTAFF spectrum, there 
were 90 stress peaks on average during a single flight. 
The CDF was used in the VBA subroutine GenFlight to generate 1,000 random sets of 90 stress 
peaks representing 1,000 flights. The stress peaks for a flight were written in a row of an Excel 
spreadsheet.  
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Table B-4. CDF of Stress Peak Occurrences in FALSTAFF Spectrum 

 
 
************************************************ 
Sub GenFlight() 
' Generate 90 peak loads for 1,000 flights 
' Outer loop of 1,000 flights 
For i = 1 To 1000 
  ActiveCell.Offset(1, 0).Select ' Move active cell down one row for each flight 
  ' Generate 90 peaks for this flight 
  For j = 0 To 89 
    Randomize      'Initialize random number generator 
    x = Rnd     ' Random number for cum probability of peak load distribution 
    ' Determine peak load from cum probability distribution 
    ' CDF value halfway between adjacent points used as dividing line 
    If (x < 0.00432) Then 
      p = -0.0214 
    Else 

Normalized 
Peak

Probability 
Distribution

-0.0214 0
-0.0215 0.00862
0.0193 0.03336
0.1419 0.03576
0.1828 0.06317
0.2236 0.28883
0.2645 0.51932
0.3054 0.63048
0.3462 0.70177
0.3871 0.76578
0.4279 0.82066
0.4688 0.87371
0.5097 0.90930
0.5505 0.93894
0.5914 0.96141
0.6322 0.97436
0.6731 0.98510
0.714 0.99088

0.7548 0.99511
0.7957 0.99761
0.8366 0.99894
0.8774 0.99950
0.9183 0.99989

1 1
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      If (x < 0.02099) Then 
        p = -0.0215 
      Else 
        If (x < 0.03456) Then 
          p = 0.0193 
        Else 
          If (x < 0.04946) Then 
            p = 0.1419 
          Else 
            If (x < 0.176) Then 
              p = 0.1828 
            Else 
              If (x < 0.40408) Then 
                p = 0.2236 
              Else 
                If (x < 0.5749) Then 
                  p = 0.2645 
                Else 
                  If (x < 0.66613) Then 
                    p = 0.3054 
                  Else 
                    If (x < 0.73378) Then 
                      p = 0.3462 
                    Else 
                      If (x < 0.79322) Then 
                        p = 0.3871 
                      Else 
                        If (x < 0.84719) Then 
                          p = 0.4279 
                        Else 
                          If (x < 0.89151) Then 
                            p = 0.4688 
                          Else 
                            If (x < 0.92412) Then 
                              p = 0.5097 
                            Else 
                              If (x < 0.95018) Then 
                                p = 0.5505 
                              Else 
                                If (x < 0.96789) Then 
                                  p = 0.5914 
                                Else 
                                  If (x < 0.97973) Then 
                                    p = 0.6322 
                                  Else 
                                    If (x < 0.98799) Then 
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                                      p = 0.6731 
                                    Else 
                                      If (x < 0.99299) Then 
                                        p = 0.714 
                                      Else 
                                        If (x < 0.99636) Then 
                                          p = 0.7548 
                                        Else 
                                          If (x < 0.99828) Then 
                                            p = 0.7957 
                                          Else 
                                            If (x < 0.99922) Then 
                                              p = 0.8366 
                                            Else 
                                              If (x < 0.99969) Then 
                                                p = 0.8774 
                                              Else 
                                                If (x < 0.99994) Then 
                                                  p = 0.9183 
                                                Else 
                                                  p = 1 
                                                End If 
                                              End If 
                                            End If 
                                          End If 
                                        End If 
                                      End If 
                                    End If 
                                  End If 
                                End If 
                              End If 
                            End If 
                          End If 
                        End If 
                      End If 
                    End If 
                  End If 
                End If 
              End If 
            End If 
          End If 
        End If 
      End If 
    End If 
    'Assign value to next peak in the flight, index for peak is column index for value 
    ActiveCell.Offset(0, j).Value = p     
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  Next j   ' Increment to next peak in the flight 
Next i     ' Increment flight 
End Sub 
************************************************ 
 
The maximum peak in each row was found using the worksheet function MAX. This resulted in 
1,000 samples for the maximum stress during a flight. The first 25 samples are shown in Table B-
5. 
The 1,000 samples were rank ordered using mean rank: rank number, r, divided by 1,001. A 
probability distribution was then fit to these 1,000 points. In this case, a Gumbel distribution was 
used. From equation (20), 

𝑀𝑀𝑓𝑓𝑥𝑥𝑀𝑀𝑡𝑡𝑃𝑃𝑒𝑒𝑓𝑓𝑓𝑓 =  𝛼𝛼 + 𝛽𝛽{−𝑙𝑙𝑙𝑙[−𝑙𝑙𝑙𝑙(𝑃𝑃𝑓𝑓𝑙𝑙𝑟𝑟)]}                (100) 
Then, LSE was used to find α and β, the location and scale parameters for the distribution. 

Table B-5. Some of the Maximum Stress in a Flight Values 

 
  

Sample 
Flight # Max Stress

1 0.9183
2 0.7957
3 0.5914
4 0.8366
5 0.714
6 0.6731
7 0.7548
8 0.7957
9 0.6322

10 0.6322
11 0.6731
12 0.6322
13 0.714
14 0.6322
15 0.6731
16 0.5914
17 0.7548
18 0.6731
19 0.714
20 0.6322
21 0.7548
22 0.714
23 0.714
24 0.714
25 0.5914
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APPENDIX C. CRACK EXTENSION PER FLIGHT CALCULATION 
C.1 Introduction
This appendix discusses the details of the calculation of dc/d(flight) in Section 3.3.5.1.
The full range master crack growth curve developed for this example is repeated in Figure C-1. 
The master crack growth curve starts at a crack size of 0.0015 inch, the smallest crack size at 
which AFGROW calculated any crack extension. The master crack growth curve extends all the 
way to failure in order to cover all possible samples in the MCS. 
The assumed cracking scenario is a corner crack from a centered hole in a plate. The classical 
model for this scenario in AFGROW was used to calculate the stress intensities. Since this 
problem does not involve a fastened joint, the through stress fraction was 1.0 and the bearing and 
bending fractions were 0. The analysis here started with a semi-circular crack of radius 0.0015 
inch. The aspect ratio of the crack was constrained to be 1.  
The crack growth rate data for aluminum 7475-T761 plate in the L-T orientation from the 
NASGRO database contained in AFGROW was used. The loading was the FALSTAFF 
spectrum with a stress multiplication factor of 16 ksi.  

Figure C-1. Fatigue Crack Growth Curve 
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C.2 Piecewise Curve Fits to the Master Crack Growth Curve
Cycles were first converted to flights by multiplying the cycle count by (200 flights/17,983
cycles). Then, polynomials were fit piecewise to segments of the crack growth curve as in Figure
C-2 to Figure C-9. The polynomial for each segment is provided in the figure. When the number
of flights got large, it was necessary to adjust the flight count in a segment by setting the flight
number for the first point in the segment to zero and adjusting the number for flights for all
subsequent points accordingly. For some segments of the crack growth curve, it was necessary to
include points from the previous segment at the low end of the curve in order to control the slope
of the polynomial as it went through the first point of the segment. These polynomials give the
crack size as a function of flights.

Figure C-2. Fit to Crack Growth Curve for 0.0015 ≤ c ≤ 0.0024 Inch 
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Figure C-3. Fit to Crack Growth Curve for 0.0024 < c < 0.0036 Inch 

Figure C-4. Fit to Crack Growth Curve for 0.0036 ≤ c ≤ 0.008 Inch 
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Figure C-5. Fit to Crack Growth Curve for 0.008 < c < 0.022 Inch 

 
Figure C-6. Fit to Crack Growth Curve for 0.022 ≤ c < 0.07 Inch 
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Figure C-7. Fit to Crack Growth Curve for 0.07 ≤ c < 1.5 Inch 

 
Figure C-8. Fit to Crack Growth Curve for 1.5 ≤ c ≤ 2.29 Inch 
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Figure C-9. Fit to Crack Growth Curve for c > 2.29 Inch 

C.3 Calculation of dC/d(flight)
The equations for c as a function of flights in Section C.2 were differentiated to obtain
dc/d(flight) at each crack size in the AFGROW output. dc/d(flight) was plotted versus crack size 
and equations were fit piecewise using the trendline option in Excel as in Figure C-10 to Figure 
C-15. Polynomials were fit to dc/d(flight) versus crack size for crack sizes greater than 0.00327 
inches and are given in each figure. An exponential function was fit to the crack sizes less than 
0.00327 inch and extrapolated back to a crack size of zero. The curve fits to the crack growth 
curve (Figure C-2 through Figure C-9) did not produce smooth curves for dc/d(flight) vs. crack 
size, especially across the segment boundaries. The curve fits to dc/d(flight) vs. crack size 
smoothed out the transitions between segments. In order to obtain smooth transitions in
dc/d(flight), the crack size where transition between segments occurred was chosen to be where 
dc/d(flight) was approximately equal between two adjoining segments.

194 
DISTRIBUTION STATEMENT A. Approved for public release. Distribution is unlimited. 

y = 1.78551160E-08x4 - 1.68244364E-06x3 + 5.97966648E-05x2 + 2.17000335E-03x + 2.28136967E+00
R² = 9.98045253E-01
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Figure C-10. dc/d(flight) for c < 0.00327 Inch 

 
Figure C-11. dc/d(flight) for 0.00327 ≤ c ≤ 0.01292 Inch 
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Figure C-12. dc/d(flight) for 0.01292 < c < 0.0682 Inch 

 
Figure C-13. dc/d(flight) for 0.0682 ≤ c < 1.4973 Inch 
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Figure C-14. dc/d(flight) for 1.4973 ≤ c ≤ 2.2384 Inch 

 
Figure C-15. dc/d(flight) for c > 2.2384 Inch 
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