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1. Introduction

Quantum sensing! uses quantum properties of particles and states to improve the
sensitivity and accuracy of measurements beyond classical limits. Currently qubits
are used as the central resource for most of this task and other ones in quantum
computing and communication. Advantages of higher-dimensional objects like
qutrits?~® are still under investigation. One of the obstacles in this direction is the
difficulty in visualizing qutrit states.

The qubit density matrix is of order 2 and it depends on three parameters for the
most general mixed states, but only on two parameters for pure states. In addition,
it can be easily visualized using Bloch sphere representation in which the pure states
are represented by points on the Bloch sphere and mixed states by the points inside.
On the other hand, the mixed qutrit density matrix depends on eight parameters. Its
visualization in the 8-D state space is practically impossible using commonly used
representation based on the Gell-Mann matrices. Recently, another 3-D vector
representation of the qutrit state space based on density matrix invariants was
proposed.” It is based on spin-1 representation matrices’> and density matrix
invariants. These vectors also reside on the surface of a sphere that is not a Bloch
sphere.

In this report, we solve a simple model of the time-dependence of the invariant
vector representation (IVR) of a qutrit in cascade or Xi-configuration. The time-
dependence of the resulting IVR vectors for both pure and mixed qutrits are given,
showing the utility of this approach.

2. IVR Density Matrix of a Qutrit

The density matrix p based on the spin-1 representation of a qutrit is given as

@ Q- Q_l
Pivr = | Q2 Wy —Qo M
Q1 —Q w2
Here,
Qi = i(qi +ia),Q, = i(qi —ia;);i =012 2)

The parameters of the density matrix in the IVR, or p; g, are related to the
expectation values of expressions involving spin-1 components and their
combinations.



w; =< S >=Tr(pS?)

a; =< Si >= TT'(pSl)

(32)
(3b)

(3c)

The qutrit in IVR is represented by three vectors and they are given in Table 1.

Table 1 IVR vectors for a general qutrit
IVR Unde‘rlylng trace Cartesian components Comments
vectors relation
i Tr(p2) u, = \]u’%-a-yé}, Here,
=Yiui<1 Uz =\J‘7"'%—+‘2‘K22‘, K? = w03 — Q11 K3 = wsw; —
us = |u? + 2K2 Q.12
3 \J 3 3 21
Ifgz = Wy — |Q3|2A
4|1Q;1*=q} + af ’fi = 0} + 20,03, U = 0f + 20,03
uf = w? + 2w,ws,
For pure states,
K2=0,K2=0,K2=0
Yiul =Y ut=1
b 3Tr(p3) —2Tr(p2) vy = | —2(A—+3wrKE)  Here,
— Y2 x 2 A—
3 vy, = Vﬁ——%%wz#ﬁ A=A - 2w w03
i=
= (@030, + aza,9; + a,a,q; —
919293)
For pure states,
v¥ - u? = w? + 2w,ws;, ete.
M- 2w, w3ws, A 0
Z vi=)Yut=1
i=1 i=1
w Tr(pz) = Z“ w?  owy = Vo, w, = Voo, Follows from unit trace relation of

:(1)1+(U2 +l(f)13
=1

W3 =

Jos

density matrix. It always has unit
length.

The vectors U and ¥ represent the second and third density matrix invariants of a
qutrit. The bounds on the vector-norms are, in general, Y., u? <1 and
>3 . v? < 1, with equality signs holding for a pure state. For a pure state, the eight
density matrix parameters are related via the following four relations:

(ii) 41Q:1% = g + af = 4w, w,,

(1) 4|Q0|2 = qg + a(Z) = 4wy wy,

(42)

(4b)



(iff) 41Q212 = g2 + a% = 4wow;, and (40)
(iv) a1a,q0 + a2a0q; + apa1q; — 4o41q2 = 8wewW1W;. (4d)

These relations lead to only four independent parameters, which is the correct
number for a pure qutrit state. For a mixed or general qutrit state, the eight
parameters become two general and one unit vector.

3. Hamiltonian for the Qutrit Z-Model with Equidistant States

The undressed energy levels for the qutrit Z-model are —¢,0, and &. The
Hamiltonian for the system interacting with the external field ¢ with interaction
strength g is given as

- ¢g O
Hz=|¢g 0 ¢g (%)
0 ¢g ¢

Here, g = Ge'®. Define ¢ = mp (¢ and p are dimensionless) and G = &b (G and €
have dimensions of energy, b is dimensionless). Then we get

-1 nhpe ™ 0
z = & |mbpe'® 0 nhpe 0 (6)
0 nhpe'® 1

Define f =./1+ 2(nbp)?, and w = &f then the roots of the characteristic

equation are —w, 0, and w as the dressed energy levels. We use trigonometric
whpV2

functions = sinf = Tand ¢ = cosf = 1/f, and then one can rewrite Hz as
[ —cos6 (53%9) eid 0
0 (Si/n;) eld cos6
- @ o
w (\/S—E) eld 0 (\/S—E) e | = wM (7)
o @

We use the von Neumann equation for density-matrix given as

2 = ~i[Hz,p] (8)



Its formal solution for time-dependent density matrix is
p(t) = ezt p(0)e Mzt Q)
The exponential leads to

e~tHst = 1 — jtHg +%(—itH5)2 + .= 1— (1= coswt)M? — i(sinwt)M (10)

4. Relation between the Density Matrix and IVR: Pure Qutrit
Initially let the qutrit be in the ground state so that
Po(t =0) 1
P1(t=0) |=1{0 (11)
Yo (t =0) 0

This is a pure state, and it gives the initial density matrix as

1 0 0
p(0)=[0 0 0 (12)
0 0 O
Let x = sinwt and y = coswt. We further define some more functions as
SZ
B=S(1-y), (13a)
a=1-6, (13b)
1 i
B = \/—Es{c(l —y) +ix}e’, (13¢)
and
K= (B+y—ixc)e?? (13d)
Then the solution for the density matrix of the qutrit Z- model is given as
a’> —aB —PBK
p(t)=|-aB 2af —pBB (14)

—BK —BB  p*

This density matrix satisfies p? = p, so this is a pure state. This is to be expected
because the initial state is pure and the time-development is unitary, so this property
is preserved. Further, we have



@ Q> Q_1
Pivr = | Q2 (Ui —Qo (15)
Q1 —Qo w;

We equate the two density matrices representing the same qutrit entity (i.e., pjyp =
p(t). Then their density matrix elements are related by

wy = a?, wy = 2ap, w, = p? (16a)

0 =3(q0 +iap) = BB; @ = (q1 +ia,) = —BK, Q; = (q; +iay) = —aB  (16b)

For pure states, we get |Qg|? = wiwy, |Q1]? = w0y, |Q2]? = wow,, and similar
other results as given earlier. The pure-state invariant vectors and their properties

are given in the Table 2.

Table 2 IVR vectors for a pure qutrit

IVR Cartesian components Angles Comments

vectors

w wy =w, = Polar angle of w: Follows from unit
=./o :1/ Y, (t) = cos™(B); trace relation of

wy = Jw; = azimuthal angle of W: density matrix.. It
X1 (t) = tan™( [2B]a) always has unit
length.
u \/a)o + 2w w, = \/a(a’3 +4B3), Polar angle of u: Length =1

u2 Jo? + 2wow, = ape, W, (t) =

= JwZ + 20,0, =/B4a’ + B3)  cosTH({B(4a® + B));

Azimuthal angle of i
‘(s

x2(t) = tan
Same as for U Same as for U

2R An2

<

Length=1

Plots of the IVR Vector Angles of Cascade Model: Pure Qutrit

Here we study the time-dependence of two independent IVR vectors of the pure
state in Figs. 1-4. The plots show the time-dependence of the co-latitude angles
(Y4, ¥,) and azimuth angles (x4, x») of the IVR vectors W and u, respectively.



W — chi azimuthal angles of vector w

1.4 1 W_chi (bp=5.00)
W_chi (bp=1.00)
1.2 { W_chi (bp=0.20)

0.8
0.6
0.4 4

0.2 1

0 A T T T T T T eps * t
0.05 0.1 0.15 0.2 0.25 03

Fig.1  Azimuth angle of the first-order invariant vector W as a function of (). Three
field-strength parameter b*p values denote weak (0.20), moderate (1.0), and strong (5.0)
values.

W— psi polar angles of vector w
1.6

144

0.6 4 W_psi (bp=5.00)
W_psi (bp=1.00)
0.4+ W_psi (bp=0.20)

0.2 1

eps*t

T
0.05 0.1 0.15 0.2 0.25 0.3

Fig.2  Polar angle of the first-order invariant vector W as a function of (¢t). Three
field-strength parameter b*p values denote weak (0.20), moderate (1.0), and strong (5.0)
values.



U — chi azimuthal angles of vector u

1.2 1 U_chi (bp=5.00)
U_chi (bp=1.00)

14 U_chi(bp=0.20)
0.8 q
0.6 4

0.4 1

0.2 1

eps*t

T T T
0.05 0.1 0.15 0.2 0.25 0.3

Fig.3  Azimuth angle of the second-order invariant vector U as a function of (zt). Three
field-strength parameter b*p values denote weak (0.20), moderate (1.0), and strong (5.0)
values.

U— psi polar angles of vector u
144
124
14
0.8 4
0.6 4 U_psi(bp=5.00)
U_psi (bp=1.00)
0.44 U_psi(bp=0.20)
0.2 1

eps*t

T T T
0.05 0.1 0.15 0.2 0.25 0.3

Fig. 4  Polar angle of the second-order invariant vector U as a function of (£t). Three field
strength parameter b*p values denote weak (0.20), moderate (1.0), and strong (5.0) values.

The plots show that the angles have more-complicated time-dependence with
increasing field strength, which is expected.

5. Relation between the Density Matrix and IVR: Mixed Qutrit

Let initially the qutrit be in a mixed state given as

PYo(t =0) 1 0 0
P (t=0) |=dol0]|+d[1]+d,|0 (17a)
P, (t =0) 0 0 1



It gives the initial density matrix as

d 0 0
p(0)=[0 d? o (17b)
0 0 d3
The unit trace relation gives
df+di +d; =1 (18)

Then the density matrix elements given in the previous section are replaced by

w) = d2a? + d2(2ap) + d2p? (19a)
W} = (d2 + d2)2aB+d? (1-4 ap) (19b)
w) = d2B% + d*(2ap) + d2a? (19c)
Define
to = [d2B + d2(1 — 2B) + d2a] (20a)
ty = [(d§ + d3) — 241, (20b)
t, = [dfa —df(1 - 2B) — d3p] (20c)

Then the solution for density matrix is

[ (1);) —tzg —tIR]
p(t) = [—tzB W} —tol_?] 21)
—th —toB (1)’2

leading to
Q6 =5 (g5 + iap) = toB (222)
Qi =3 (qi +iap) = —t,K (22b)
Q3 =5 (q3 +iay) = —t,B (220)

These definitions are similar to those given in Table 1. The mixed-state invariant
vectors and their properties are given in the Table 3.



Table 3 IVR vectors for a mixed-state qutrit

IVR Cartesian components Angles Comments
vectors
w wy = Jw}, Polar angle of W: Length of w=1
wo = Jo! P, (t)
2 v = cos'(Jw}); Follows from unit trace
w; =,/ . X )
3 z Azimuthal angle of W: relation of density )
matrix. It always has unit
wl
11(6) = tan™? 1’ length.
Wy
u uy = Jwi + 4apt?, Polar angle of?: Length
P (8) = cos™ (uz/u); u(t) = Ju? +us +us
= Jw!? 2 2t2 ) N
2 Wit et Azimuthal angle of u:
t) = tan™*(u,/u
Uy = \/m X2(t) (uz/uq)
N g L AL Qe
! +12aBwyté ' v(t) = |vi+vi+vi
30 — 207 — A Azimutilal ange of U: And
U, = 6atw't? x3(t) = tan™ (v, /v,)
Toaw,ty A'=8a?Btytotyt,
_Bw = 2w - A
37 +12aBwyt?

Plots of the IVR Vector Angles of Cascade Model: Mixed Qutrit

Here we study the time-dependence of three independent IVR vectors of the chosen
mixed state (Figs. 5-7). The plots show the time-dependence of the polar angles
(Y1, ¥4, ¥3), azimuth angles ()(1, X2, )(3,), and lengths (u,v) of the IVR vectors w,
u, and U, respectively.



Ch{\IR azimuthal angles, d0™2= 0.33, d1™2= 0.35, d272= 0.32

0.8
0.75 1
0.7
0.65 +
0.6 1 Chi_w (bp=0.2)
Chi_v (bp=0.2)
0.55 7 Chi_u (bp=0.2)

eps*t
0 0.5 1 1.5 2 2.5 3

Fig.5  Azimuthal angles of the invariant vectors (U,V,w) as a function of (&t). The
field-strength parameter is b*p = 0.2. The qutrit mixed-state parameters are d2 = 0.33 and
d? = 0.35.

Length. IVR lengths, d0~2= 0.33, d1"™2= 0.35, d2"2= 0.32

0.95 1
0.9
0.85 1
len_u (bp=0.2)
0.8 A len_v (bp=0.2)
0.75 1
0.7 4

0.65 7

0.6 7

eps*t

Fig. 6  Lengths of the invariant vectors (i, ¥, w) as a function of (ct). The field strength
parameter is b*p = 0.2. The qutrit mixed-state parameters are d2 = 0.33 and d3 = 0.35.
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Psi IVR polar angles, d0™2= 0.33, d1"2= 0.35,d2"2=0.32

1.1 Psi_w (bp=0.20)
1.08 4 Psi_v (bp=0.20)
1.06 Psi_u (bp=0.20)
1.04
1.02 4
1]
0.98
0.96 —/—\
. : : : : : : eps*t
0 0.5 1 1.5 2 2.5 3

Fig. 7  Polar angles of the invariant vectors (U, ¥, W) as a function of (¢t). The field-strength
parameter is b*p = 0.2. The qutrit mixed-state parameters are d2 = 0.33 and d3 = 0.35.

The parameter space for mixed state is 3-D in (b*p, d, d?). Only one combination
has been presented here. The time-dependence of all eight density matrix parameters
can be found independently using the current method. This ease of visualization
should be contrasted with that of the traditional methods using the geometry of
higher than 3-D spaces.

6. Conclusion and Next Steps

A method for visualizing the dynamics and geometry of both pure and mixed qutrit
states has been presented. A simple Hamiltonian gives the temporal dynamics
leading to time-dependent IVR vectors of the system. The state parameters have the
following representations:

« The pure state has four parameters (four angles of two 3-D vectors).

. The mixed state has eight parameters (six angles and two lengths of three
3-D vectors).

The vectors represent invariant trace properties of the density matrix. This shows
the versatility of this representation in which the 3-D IVR vectors can capture the
temporal behavior of a qutrit. In the future, we would like to study the usefulness
of this approach to two entangled qutrits and express the relevant metrics in terms
of these vectors.
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