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INTRODUCTION 
 

 Magnetometers are used for smart projectile guidance and navigation as well as for projectile 
flight dynamic characterization, offering the potential to determine attitude and roll angle information 
using the Earth’s magnetic (geomagnetic) field as a reference vector. However, using a magnetometer 
on a projectile in flight is challenging, as the geomagnetic field near the magnetometer becomes distorted 
by the projectile body, especially in spin-stabilized projectiles. These distortions can be characterized into 
four groups: soft-iron, hard-iron, eddy-current, and electronic interferences. 
      

Soft-iron distortions are caused by magnetic polarization of the iron-content of the projectile body, 
which forms in the direction of the geomagnetic field, creating an induced paramagnetic dipole. The 
nature of this distortion is to warp the locus of the points measured by a magnetometer from an origin-
centered sphere into an ellipse. Hard-iron distortions are caused by permanent magnetization of the iron 
content of the projectile and are independent of the direction of the geomagnetic field. This can also vary 
between firings due to muzzle exit magnetization from ionized gun gases. The nature of this distortion is 
to shift the magnetometer locus points by an offset. Electronic interferences are caused by other 
electronics on the smart projectile that affect the magnetometer such as nearby current carrying wiring, 
stray magnetic fields from motors or generators, and radio frequency (RF) interference from wireless 
transmitters.  

 
Eddy-current distortions occur when the geomagnetic field induces currents on the projectile 

metal body due to its spin and occur whether the metal is ferrous or not. These currents create two 
effects:  

 
1. There is an induced diamagnetic dipole formed outside the body of the projectile, 

which acts to oppose the geomagnetic field. 
2. The magnetic field on the outer surface of the projectile diffuses towards the center of 

the body.  
 
The induced diamagnetic dipole forms in the opposite direction of the spinning geomagnetic field 

and has an amplitude and phase that varies with the frequency of spin and the conductivity and 
permeability of the metal. A magnetometer placed just outside of the projectile’s metal frame (such as 
under a radome) would measure the vector sum of the B-field created at that point by the induced 
diamagnetic dipole and the geomagnetic field. A magnetometer inside of the projectile’s metal frame 
would measure an attenuated and rotated field that results from the diffusion of the field on the surface, 
which varies with rate of spin, conductivity and permeability of the metal, temperature of the metal, and 
the thickness of the projectile sidewall. As the spin frequency increases, the center of the projectile 
becomes increasingly shielded from the geomagnetic field. These effects are displayed in figures 1 and 
2, which show the results of a magnetic simulation of a 155 x 860-mm hollow cylinder in a rotating 
transverse B-field using ANSOFT Maxwell. 
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Note: B-field magnitude and flux lines shown.  Cylinder 
dimensions: 155-mm outer diameter, 10-mm wall thickness, 
infinite length. Transverse field rotating at 300 Hz, shown at 
phase = 0 deg 
 

Figure 1 
Two-dimensional (2D) B-field simulation of infinite length aluminum cylinder in a rotating transverse field 

 

 
 

Note: B-field magnitude and vector plots shown.  Cylinder dimensions: 155-mm outer diameter, 860-mm 
length, 10-mm wall thickness. Transverse field rotating at 300 Hz, shown at phase = 0 deg 
 

Figure 2 
Three-dimensional (3D) B-field simulation of a finite length aluminum cylinder in a transverse rotating 

field 
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Much work has been done observing the effects of these distortions on projectile-based 
magnetometers (refs. 1 and 2) and in developing algorithms to compensate for these distortions (refs. 3 
and 4). The simplest method of correcting for magnetic deviation is to have a lookup table that offers a 
correction for the measurement. This assumes that the deviation can be measured over spin rate and 
temperature and is consistent between individual projectile rounds. Reference 4 discusses a state 
estimator, which contains three parameters: an attenuation factor, a distortion factor, and an axial factor. 
The focus of using modeling and simulation is to develop an understanding of these factors for different 
projectile and projectile fuze shapes and materials and to be able to predict them without having to 
perform extensive testing. 

 
 

EDDY-CURRENT MODELING 
 

In the reference frame of a spin-stabilized projectile, where the spin rate is greater than the 
pitching and yawing rates, the geomagnetic field will appear as a vector rotating in a cone around the 
spin axis, whose interior angle is referred to as 𝜎𝜎𝑚𝑚. As shown in figure 3, this vector can be divided into 
the sum of two components: a slow varying axial field 𝐵𝐵�⃗ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎, which points along the axis of rotation, and 
a rotating transverse field 𝐵𝐵𝑡𝑡����⃗ , which rotates in the plane of rotation. Calculating roll angle (such as for up-
finding applications) relies on having an accurate, undistorted measurement of 𝐵𝐵𝑡𝑡����⃗ .  
 

 
 

Figure 3 
Diagram of geomagnetic field under spin 

 
The transverse field 𝐵𝐵𝑡𝑡����⃗  will be subject to eddy-current distortions by the projectile body. It is 

assumed that 𝐵𝐵�⃗ 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 is slow varying enough that eddy-current distortions on it can be ignored. For a 
magnetometer placed midway in a projectile (such as within an inertial navigation unit), the cross section 
of the projectile can be treated as if it were a hollow cylinder of infinite extent. The infinite cylinder model 
can be used to understand the changes in direction and amplitude of 𝐵𝐵𝑡𝑡����⃗ . It will be seen in the thick-shell 
infinite cylinder model, and also the thin-shell infinite cylinder model given in appendix A, that an induced 
2D dipole forms outside the shell. This has an amplitude and orientation that varies with the frequency of 
spin, conductivity, and permeability of the metal. As the spin rate becomes higher, or as the conductivity 
of the metal increases, this dipole becomes increasingly diamagnetic, acting to oppose the geomagnetic 
field and divert it around the shell. Inside the hollow free space section of the shell, it will be seen that 
there remains a uniform B-field much like the original geomagnetic field, only it is both attenuated in 
magnitude and shifted in orientation. As the spin-rate becomes higher, or as the conductivity of the metal 
increases, the magnitude of this field approaches zero. 
 

This paper will provide analytical solutions for the B-field of a thick-shelled, infinitely-long 
conducting cylinder subject to a rotating uniform transverse B-field. The solutions involve solving for the 
magnetic vector potential 𝐴𝐴 in polar coordinates, assuming a magneto-quasi-static system, in the 
Coulomb gauge and assuming no active sources or free electric charge. The governing equations for the 
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A-field become Laplace’s equation (in the free space outside and inside the thin and thick shells) and the 
diffusion equation (for within the conducting portion of the thick shell). The latter is derived in appendix B 
from Maxwell’s equations. The rotating B-field is first modelled as an oscillating uniform field directed 
along a single Cartesian axis and is treated as a boundary condition on the magnetic vector potential at 
infinity. The sum of two of these solutions, in phase-quadrature in space and time, is used to model a 
rotating field. Reference 5 is used heavily in these derivations. Plots are generated in MATLAB for 
several solved quantities, and the equations that were used are presented in boxes. 

 
Two shell materials are used in this report: steel and aluminum. The former is ferrous and is 

treated as a material with linear permeability (it is assumed that the material has been sufficiently 
degaussed and that the geomagnetic field is not strong enough to change the material permeability away 
from its initial permeability); the latter is non-ferrous. Material properties that were used in developing 
plots and in finite element analysis (FEA) simulations are given in table 1. 

 
Table 1 

Material properties 
 

Material Air Steel Aluminum 
Conductivity at 20°C (σ ) 0 4.54e6 S/m 3.5e7 S/m 

Resistivity temperature coefficient (𝛼𝛼𝑟𝑟) 0 0.0024 0.0039 
Permeability (𝜇𝜇) 𝜇𝜇𝑜𝑜 =1.256e-6 H/m 83 * 𝜇𝜇𝑜𝑜 1 * 𝜇𝜇𝑜𝑜 

 
       Another model, referred to as the thin shell model and given in appendix A, is the case where 
the wall thickness of the cylinder is negligibly thin and is made of nonmagnetic material. The thin shell 
model is not generally valid for typical projectile sidewall widths. However, insight can be gained from 
studying it. 
 
 

THICK SHELL MODEL 
  

The thick shell model treats the projectile body as a thick-walled cylindrical conducting shell of 
outer radius 𝑏𝑏 and inner radius 𝑎𝑎, being subject to an oscillating uniform field directed along the Y-axis. 
For a thin shell (see app. A), the axial current density within the shell was treated as uniform and lumped 
into an equivalent surface current. This caused the phase relation between the inner uniform field and 
outer induced magnetic dipole to be the same as the spin frequency varied. Additionally, the material 
magnetic permeability was not included. This will not be the case in the thick shell model, where no 
uniformity assumption will be made on the axial current density, and the material permeability 𝜇𝜇 will be 
included. The B-field will need to be solved within shell’s conductive cross section in order to determine 
the B-field outside and inside the shell. See figure 4 for an illustration of the thick shell model.  
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Figure 4 
Thick shell model  

 
With aid from reference 5, the field solution for a thick shell of inner radius 𝑎𝑎 and outer radius 𝑏𝑏 

subject to an oscillating transverse field will be found. Outside and inside the shell, the magnetic vector 
potential follows the vector Laplace equation, just as in the thin shell model. Within the shell’s conductive 
material, the A-field is governed by the vector diffusion equation. Again, it can be assumed that all of the 
components of the A-field other than 𝐴𝐴𝑧𝑧 are zero, yielding the scalar version of the aforementioned 
equations. These governing scalar equations in all three regions are given as equations 1 through 3: 

 
 ∇2𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡 = 0  (1) 

 
 ∇2𝐴𝐴𝑎𝑎𝑖𝑖 = 0 (2) 
 
 ∇2𝐴𝐴𝑐𝑐 = 𝜇𝜇𝜎𝜎 𝑑𝑑𝐴𝐴𝑐𝑐

𝑑𝑑𝑡𝑡
  (3) 

 
Equations 1 and 2 are Laplace’s equation, and are the governing equations of 𝐴𝐴𝑧𝑧 outside and 

inside the thick shell, just like in the thin shell model. Equation 3 is the scalar diffusion equation and the 
governing equation of 𝐴𝐴𝑧𝑧 within the conducting region of the thick shell. The general solutions for all three 
regions are as in equations 4 through 6: 
 
 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡 = �𝐵𝐵𝑜𝑜𝑟𝑟 + 𝐶𝐶

𝑟𝑟
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡  (4) 

 
 𝐴𝐴𝑎𝑎𝑖𝑖 = �𝐷𝐷𝑟𝑟 cos(𝜙𝜙) + 𝐸𝐸 1

𝑟𝑟
cos(𝜙𝜙) + 𝐹𝐹𝑟𝑟 sin(𝜙𝜙) + 𝐺𝐺 1

𝑟𝑟
sin(𝜙𝜙)� 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡  (5) 

 
 𝐴𝐴𝑐𝑐 = ∑ �𝐿𝐿 cos(𝜐𝜐𝜙𝜙) + 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀(𝜐𝜐𝜙𝜙)�(𝑁𝑁𝐼𝐼𝜐𝜐(𝛽𝛽𝑟𝑟) + 𝑃𝑃𝐾𝐾𝜐𝜐(𝛽𝛽𝑟𝑟))𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡∞

𝑣𝑣=−∞   (6) 
 
Where equations 4 and 5 are the same as from the thin shell model, 𝐴𝐴𝑎𝑎𝑖𝑖 must remain finite at 𝑟𝑟 = 0; 
therefore, coefficients E and G are both zero. Equation 6 contains modified Bessel functions and is 
derived from equation 3 following the steps in appendix C. It is assumed the separation constant 𝜐𝜐2 used 
in equation C.12 is nonzero and the positive root of equation C.17 is used, yielding the definition of 𝛽𝛽 as 
shown below in equation 7. 
 
 𝛽𝛽 = �𝑗𝑗𝜇𝜇𝑗𝑗𝜎𝜎   (7) 
 
Where 𝜇𝜇  and 𝜎𝜎 are the permeability and conductivity of the shell material, and 𝑗𝑗 is the angular rate of the 
oscillating 𝐵𝐵𝑜𝑜����⃗  field. 
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The needed boundary conditions at 𝑟𝑟 = 𝑎𝑎 and 𝑟𝑟 = 𝑏𝑏 are given in BC1-BC7. BC1 and BC2 are the 
boundary conditions of the scalar field 𝐴𝐴𝑧𝑧, at the 𝑟𝑟 = 𝑎𝑎 and 𝑟𝑟 = 𝑏𝑏 boundaries of the shell, which must be 
continuous across a boundary. BC3-BC7 are the derivatives of 𝐴𝐴𝑧𝑧 in the 𝑟𝑟 and 𝜙𝜙 directions. These can be 
derived from the magnetic field boundaries conditions shown in equations 8 and 9: 
 
 𝑀𝑀�⃗ ∙ �𝐵𝐵�⃗ 𝑜𝑜𝑜𝑜𝑡𝑡 − 𝐵𝐵�⃗ 𝑐𝑐� = 0  (8) 

 

 𝑀𝑀�⃗ × �𝐵𝐵
�⃗ 𝑜𝑜𝑜𝑜𝑜𝑜
𝜇𝜇𝑜𝑜

− 𝐵𝐵�⃗ 𝑐𝑐
𝜇𝜇
� = 0  (9) 

 
 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡|𝑟𝑟=𝑏𝑏 = 𝐴𝐴𝑐𝑐|𝑟𝑟=𝑏𝑏  (BC-1)
   
 𝐴𝐴𝑎𝑎𝑖𝑖|𝑟𝑟=𝑎𝑎 = 𝐴𝐴𝑐𝑐|𝑟𝑟=𝑎𝑎  (BC-2) 
  
 1

𝜇𝜇𝑜𝑜

𝑑𝑑𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜
𝑑𝑑𝑟𝑟

�
𝑟𝑟=𝑏𝑏

= 1
𝜇𝜇
𝑑𝑑𝐴𝐴𝑐𝑐
𝑑𝑑𝑟𝑟
�
𝑟𝑟=𝑏𝑏

  (BC-3) 

  
 1

𝜇𝜇𝑜𝑜

𝑑𝑑𝐴𝐴𝑖𝑖𝑖𝑖
𝑑𝑑𝑟𝑟

�
𝑟𝑟=𝑎𝑎

= 1
𝜇𝜇
𝑑𝑑𝐴𝐴𝑐𝑐
𝑑𝑑𝑟𝑟
�
𝑟𝑟=𝑎𝑎

  (BC-4) 

 
 𝑑𝑑𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜

𝑑𝑑𝑑𝑑
�
𝑟𝑟=𝑏𝑏

= 𝑑𝑑𝐴𝐴𝑐𝑐
𝑑𝑑𝑑𝑑
�
𝑟𝑟=𝑏𝑏

  (BC-5) 

 
 𝑑𝑑𝐴𝐴𝑖𝑖𝑖𝑖

𝑑𝑑𝑑𝑑
�
𝑟𝑟=𝑎𝑎

= 𝑑𝑑𝐴𝐴𝑐𝑐
𝑑𝑑𝑑𝑑
�
𝑟𝑟=𝑎𝑎

  (BC-6) 

 
 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡(𝑟𝑟 = ∞) = 𝐵𝐵𝑜𝑜r cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡  (BC-7)
  
Where 𝑀𝑀�⃗  is the normal vector from the conducting shell, which is also the same as �̂�𝑟. 
 

BC7 represents the oscillating uniform B-field and is the same as in the thin shell model. Only BC 
1-4 and 7 will be needed. 
 

Using BC1 and BC2, the three general solutions can be combined and solved at their respective 
boundaries. For 𝐴𝐴𝑐𝑐 and 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡 , see equations 10 and 11: 
 
 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡|𝑟𝑟=𝑏𝑏 = �𝐵𝐵𝑜𝑜𝑏𝑏 + 𝐶𝐶

𝑏𝑏
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡  (10) 

 
 𝐴𝐴𝑐𝑐|𝑟𝑟=𝑏𝑏 = ∑ �𝐿𝐿 cos(𝜐𝜐𝜙𝜙) + 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀(𝜐𝜐𝜙𝜙)�(𝑁𝑁𝐼𝐼𝜐𝜐(𝛽𝛽𝑏𝑏) + 𝑃𝑃𝐾𝐾𝜐𝜐(𝛽𝛽𝑏𝑏))𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡∞

𝑣𝑣=−∞   (11) 
 

Equating the two right-hand sides, equating the coefficients of the corresponding cosine terms (hereby 
removing all values of 𝜐𝜐 except for 𝜐𝜐 = 1), and dropping the 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 and cos(𝜙𝜙) yields as in equation 12: 
 
 �𝐵𝐵𝑜𝑜𝑏𝑏 + 𝐶𝐶

𝑏𝑏
� = 𝑄𝑄𝐼𝐼1(𝛽𝛽𝑏𝑏) + 𝑅𝑅𝐾𝐾1(𝛽𝛽𝑏𝑏)  (12) 

 
Where M in equation 11 is found to be zero due to no sine terms in equation 10, and L is absorbed into 
new unknown coefficients Q =LN and R = LP. 
 
 For 𝐴𝐴𝑎𝑎𝑖𝑖 and 𝐴𝐴𝑐𝑐 at 𝑟𝑟 =, see equations 13 and 14: 
 
 𝐴𝐴𝑎𝑎𝑖𝑖|𝑟𝑟=𝑎𝑎 = (𝐷𝐷𝑎𝑎 cos(𝜙𝜙) + 𝐹𝐹𝑎𝑎 sin(𝜙𝜙))𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡  (13) 
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 𝐴𝐴𝑐𝑐|𝑟𝑟=𝑎𝑎 = 𝐿𝐿 cos(𝜙𝜙) (𝑁𝑁𝐼𝐼1(𝛽𝛽𝑎𝑎) + 𝑃𝑃𝐾𝐾1(𝛽𝛽𝑎𝑎))𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡  (14) 
 

Equating the two right-hand sides, it is seen that F in equation 13 is found to be zero as there are no 
sin(𝜙𝜙) terms in equation 14. Dropping cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 and again absorbing L into new unknown coefficients 
𝑄𝑄 = 𝐿𝐿𝑁𝑁 and 𝑅𝑅 = 𝐿𝐿𝑃𝑃 yields as in equation 15: 
 
 𝐷𝐷𝑎𝑎 = 𝑄𝑄𝐼𝐼1(𝛽𝛽𝑎𝑎) + 𝑅𝑅𝐾𝐾1(𝛽𝛽𝑎𝑎)  (15) 

 
Where 𝐴𝐴𝑐𝑐 has become as in equation 16: 
 
 𝐴𝐴𝑐𝑐 = (𝑄𝑄𝐼𝐼1(𝛽𝛽𝑟𝑟) + 𝑅𝑅𝐾𝐾1(𝛽𝛽𝑟𝑟)) cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡  (16) 

 
Applying BC3 to 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡 and 𝐴𝐴𝑐𝑐 at 𝑟𝑟 = 𝑏𝑏, taking the partial derivative with respect to 𝑟𝑟, and making use of 
the recurrence formulas for the derivatives of the modified Bessel functions (ref. 6). 
 
 1

𝜇𝜇𝑜𝑜

𝑑𝑑𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜
𝑑𝑑𝑟𝑟

�
𝑟𝑟=𝑏𝑏

= 1
𝜇𝜇
𝑑𝑑𝐴𝐴𝑐𝑐
𝑑𝑑𝑟𝑟
�
𝑟𝑟=𝑏𝑏

  (17) 

 
 1

𝜇𝜇𝑜𝑜
�𝐵𝐵𝑜𝑜 −

𝐶𝐶
𝑏𝑏2
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 = 1

𝜇𝜇
�𝑄𝑄 𝑑𝑑

𝑑𝑑𝑟𝑟
𝐼𝐼1(𝛽𝛽𝑟𝑟) + 𝑅𝑅 𝑑𝑑

𝑑𝑑𝑟𝑟
𝐾𝐾1(𝛽𝛽𝑟𝑟)� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡�

𝑟𝑟=𝑏𝑏
  (18) 

 
 𝜇𝜇

𝜇𝜇𝑜𝑜
�𝐵𝐵𝑜𝑜 −

𝐶𝐶
𝑏𝑏2
� = 𝑄𝑄𝛽𝛽 � 1

𝛽𝛽𝑏𝑏
𝐼𝐼1(𝛽𝛽𝑏𝑏) + 𝐼𝐼2(𝛽𝛽𝑏𝑏)� + 𝑅𝑅𝛽𝛽 � 1

𝛽𝛽𝑏𝑏
𝐾𝐾1(𝛽𝛽𝑏𝑏) − 𝐾𝐾2(𝛽𝛽𝑏𝑏)�  (19) 

 
 𝜇𝜇

𝜇𝜇𝑜𝑜
�𝐵𝐵𝑜𝑜 −

𝐶𝐶
𝑏𝑏2
� = 𝑄𝑄(1

𝑏𝑏
𝐼𝐼1(𝛽𝛽𝑏𝑏) + 𝛽𝛽𝐼𝐼2(𝛽𝛽𝑏𝑏)) + 𝑅𝑅 �1

𝑏𝑏
𝐾𝐾1(𝛽𝛽𝑏𝑏) − 𝛽𝛽𝐾𝐾2(𝛽𝛽𝑏𝑏)�  (20) 

 
 𝜇𝜇

𝜇𝜇𝑜𝑜
�𝐵𝐵𝑜𝑜 −

𝐶𝐶
𝑏𝑏2
� = 1

𝑏𝑏
�𝑄𝑄𝐼𝐼1(𝛽𝛽𝑏𝑏) + 𝑅𝑅𝐾𝐾1(𝛽𝛽𝑏𝑏)� + 𝑄𝑄𝛽𝛽𝐼𝐼2(𝛽𝛽𝑏𝑏) − 𝑅𝑅𝛽𝛽𝐾𝐾2(𝛽𝛽𝑏𝑏)  (21) 

 
Substituting the first term on the right-hand side yields 
 
 𝜇𝜇

𝜇𝜇𝑜𝑜
�𝐵𝐵𝑜𝑜 −

𝐶𝐶
𝑏𝑏2
� = �𝐵𝐵𝑜𝑜 + 𝐶𝐶

𝑏𝑏2
� + 𝑄𝑄𝛽𝛽𝐼𝐼2(𝛽𝛽𝑏𝑏) − 𝑅𝑅𝛽𝛽𝐾𝐾2(𝛽𝛽𝑏𝑏)  (22) 

 
 −�1 + 𝜇𝜇

𝜇𝜇𝑜𝑜
� 𝐶𝐶
𝑏𝑏2

= 𝑄𝑄𝛽𝛽𝐼𝐼2(𝛽𝛽𝑏𝑏) − 𝑅𝑅𝛽𝛽𝐾𝐾2(𝛽𝛽𝑏𝑏) + �1 − 𝜇𝜇
𝜇𝜇𝑜𝑜
� 𝐵𝐵𝑜𝑜  (23) 

 
Applying BC4 to 𝐴𝐴𝑎𝑎𝑖𝑖 and 𝐴𝐴𝑐𝑐 at  𝑟𝑟 = 𝑎𝑎 and again performing the partial derivatives and making use of 
recurrence formulas 
 
 1

𝜇𝜇𝑜𝑜

𝑑𝑑𝐴𝐴𝑖𝑖𝑖𝑖
𝑑𝑑𝑟𝑟

�
𝑟𝑟=𝑎𝑎

= 1
𝜇𝜇𝑜𝑜
𝐷𝐷 cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 = 1

𝜇𝜇
𝑑𝑑𝐴𝐴𝑐𝑐
𝑑𝑑𝑟𝑟
�
𝑟𝑟=𝑎𝑎

= 𝑄𝑄𝛽𝛽𝐼𝐼1′(𝛽𝛽𝑟𝑟) + 𝑅𝑅𝛽𝛽𝐾𝐾1′(𝛽𝛽𝑟𝑟)|𝑟𝑟=𝑎𝑎
1
𝜇𝜇

cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡  (24) 

 
 𝜇𝜇

𝜇𝜇𝑜𝑜
𝐷𝐷 = 𝑄𝑄𝛽𝛽 � 1

𝛽𝛽𝑎𝑎
𝐼𝐼1(𝛽𝛽𝑎𝑎) + 𝐼𝐼2(𝛽𝛽𝑎𝑎)� + 𝑅𝑅 𝛽𝛽( 1

𝛽𝛽𝑎𝑎
𝐾𝐾1(𝛽𝛽𝑎𝑎) − 𝐾𝐾2(𝛽𝛽𝑎𝑎))  (25) 

 
 𝜇𝜇

𝜇𝜇𝑜𝑜
𝐷𝐷 = 𝑄𝑄 1

𝑎𝑎
𝐼𝐼1(𝛽𝛽𝑎𝑎) + 𝑄𝑄𝛽𝛽𝐼𝐼2(𝛽𝛽𝑎𝑎) +𝑅𝑅 1

𝑎𝑎
𝐾𝐾1(𝛽𝛽𝑎𝑎) − 𝑅𝑅𝛽𝛽𝐾𝐾2(𝛽𝛽𝑎𝑎)  (26) 

 
One can substitute from equation 15 the terms 𝑄𝑄 1

𝑎𝑎
𝐼𝐼1(𝛽𝛽𝑎𝑎) and 𝑅𝑅 1

𝑎𝑎
𝐾𝐾1(𝛽𝛽𝑎𝑎) with simply 𝐷𝐷, yielding after 

some rearranging  
 
 𝑄𝑄𝛽𝛽𝐼𝐼2(𝛽𝛽𝑎𝑎) = 𝑅𝑅𝛽𝛽𝐾𝐾2(𝛽𝛽𝑎𝑎) + 𝐷𝐷( 𝜇𝜇

𝜇𝜇𝑜𝑜
− 1)  (27) 
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At this point, there are four equations for the four unknown coefficients C, Q, R, and D repeated in 
equations 28 through 31: 
 
 �𝐵𝐵𝑜𝑜𝑏𝑏 + 𝐶𝐶

𝑏𝑏
� = 𝑄𝑄𝐼𝐼1(𝛽𝛽𝑏𝑏) + 𝑅𝑅𝐾𝐾1(𝛽𝛽𝑏𝑏)  (28) 

 
 −�1 + 𝜇𝜇

𝜇𝜇𝑜𝑜
� 𝐶𝐶
𝑏𝑏2

= 𝑄𝑄𝛽𝛽𝐼𝐼2(𝛽𝛽𝑏𝑏) − 𝑅𝑅𝛽𝛽𝐾𝐾2(𝛽𝛽𝑏𝑏) + �1 − 𝜇𝜇
𝜇𝜇𝑜𝑜
�𝐵𝐵𝑜𝑜  (29) 

 
 𝐷𝐷𝑎𝑎 = 𝑄𝑄𝐼𝐼1(𝛽𝛽𝑎𝑎) + 𝑅𝑅𝐾𝐾1(𝛽𝛽𝑎𝑎)  (30) 

 
 𝑄𝑄𝛽𝛽𝐼𝐼2(𝛽𝛽𝑎𝑎) = 𝑅𝑅𝛽𝛽𝐾𝐾2(𝛽𝛽𝑎𝑎) + 𝐷𝐷( 𝜇𝜇

𝜇𝜇𝑜𝑜
− 1)  (31) 

 
Solving for Q in terms of R using equations  ) and  ) yields equation 32: 
 

 𝑄𝑄 = 𝑅𝑅
�𝑎𝑎𝛽𝛽𝐾𝐾2(𝛽𝛽𝑎𝑎)+𝐾𝐾1(𝛽𝛽𝑎𝑎)( 𝜇𝜇

𝜇𝜇𝑜𝑜
−1)�

�𝑎𝑎𝛽𝛽𝛽𝛽2(𝛽𝛽𝑎𝑎)−𝛽𝛽1(𝛽𝛽𝑎𝑎)( 𝜇𝜇𝜇𝜇𝑜𝑜
−1)�

  (32) 

 
To make notation easier, the previous fraction will be represented by 𝜁𝜁 equation  
 

 𝜁𝜁 =
𝑎𝑎𝛽𝛽𝐾𝐾2(𝛽𝛽𝑎𝑎)+𝐾𝐾1(𝛽𝛽𝑎𝑎)( 𝜇𝜇𝜇𝜇𝑜𝑜

−1)

𝑎𝑎𝛽𝛽𝛽𝛽2(𝛽𝛽𝑎𝑎)−𝛽𝛽1(𝛽𝛽𝑎𝑎)( 𝜇𝜇
𝜇𝜇𝑜𝑜
−1)

  (33) 

 
 𝑄𝑄 = 𝑅𝑅𝜁𝜁  (34) 

 
Substituting away Q in equation 28 with 34 and factoring out R yields 
 
 �𝐵𝐵𝑜𝑜𝑏𝑏 + 𝐶𝐶

𝑏𝑏
� = 𝑅𝑅(𝜁𝜁𝐼𝐼1(𝛽𝛽𝑏𝑏) + 𝐾𝐾1(𝛽𝛽𝑏𝑏))  (35) 

 
 −�1 + 𝜇𝜇

𝜇𝜇𝑜𝑜
� 𝐶𝐶
𝑏𝑏2

= 𝑅𝑅𝛽𝛽(𝜁𝜁𝐼𝐼2(𝛽𝛽𝑏𝑏) − 𝐾𝐾2(𝛽𝛽𝑏𝑏)) + �1 − 𝜇𝜇
𝜇𝜇𝑜𝑜
� 𝐵𝐵𝑜𝑜  (36) 

 
 𝐷𝐷𝑎𝑎 = 𝑅𝑅(𝜁𝜁𝐼𝐼1(𝛽𝛽𝑎𝑎) + 𝐾𝐾1(𝛽𝛽𝑎𝑎))  (37) 

 
Then introduce the following three substitutions for the right-hand side multiplicands of R 
 
 𝜏𝜏 = 𝜁𝜁𝐼𝐼1(𝛽𝛽𝑏𝑏) + 𝐾𝐾1(𝛽𝛽𝑏𝑏)   (38) 
 
 𝛼𝛼 = 𝜁𝜁𝐼𝐼2(𝛽𝛽𝑏𝑏) − 𝐾𝐾2(𝛽𝛽𝑏𝑏)   (39) 
 
 Ω = 𝜁𝜁𝐼𝐼1(𝛽𝛽𝑎𝑎) + 𝐾𝐾1(𝛽𝛽𝑎𝑎)   (40) 
 
This simplifies the equations for the unknown coefficients to: 
 
 𝐵𝐵𝑜𝑜𝑏𝑏 + 𝐶𝐶

𝑏𝑏
= 𝜏𝜏𝑅𝑅  (41) 

 
 −�1 + 𝜇𝜇

𝜇𝜇𝑜𝑜
� 𝐶𝐶
𝑏𝑏2

= 𝛼𝛼𝑅𝑅𝛽𝛽 + �1 − 𝜇𝜇
𝜇𝜇𝑜𝑜
�𝐵𝐵𝑜𝑜  (42) 

 
 𝐷𝐷𝑎𝑎 = Ω𝑅𝑅  (43) 
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Hence, one can solve for C, D, and Q to yield the coefficients for the outer induced dipole, the interior 
uniform field, and the field within the sidewall. They are: 
 

 𝐶𝐶 =
−𝛼𝛼𝜏𝜏𝛽𝛽𝑏𝑏

3+� 𝜇𝜇𝜇𝜇𝑜𝑜
−1�𝑏𝑏2

�1+ 𝜇𝜇
𝜇𝜇𝑜𝑜
�+𝛼𝛼𝜏𝜏𝛽𝛽𝑏𝑏

𝐵𝐵𝑜𝑜   (44) 

 

 𝐷𝐷 = �𝑏𝑏 +
−𝛼𝛼𝜏𝜏𝛽𝛽𝑏𝑏

2+� 𝜇𝜇𝜇𝜇𝑜𝑜
−1�𝑏𝑏

�1+ 𝜇𝜇
𝜇𝜇𝑜𝑜
�+𝛼𝛼𝜏𝜏𝛽𝛽𝑏𝑏

� Ω
𝑎𝑎𝑎𝑎
𝐵𝐵𝑜𝑜   (45) 

 

 𝑄𝑄 = �𝑏𝑏 +
−𝛼𝛼𝜏𝜏𝛽𝛽𝑏𝑏

2+� 𝜇𝜇𝜇𝜇𝑜𝑜
−1�𝑏𝑏

�1+ 𝜇𝜇
𝜇𝜇𝑜𝑜
�+𝛼𝛼𝜏𝜏𝛽𝛽𝑏𝑏

� ζ 
𝑎𝑎
𝐵𝐵𝑜𝑜   (46) 

 
Solutions for 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡, 𝐴𝐴𝑎𝑎𝑖𝑖, and 𝐴𝐴𝑐𝑐 are: 
 

 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡 = �𝐵𝐵𝑜𝑜𝑟𝑟 + 𝐶𝐶
𝑟𝑟
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡   (47) 

 
 𝐴𝐴𝑎𝑎𝑖𝑖 = 𝐷𝐷𝑟𝑟 cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡   (48) 
 

 𝐴𝐴𝑐𝑐 = 𝑄𝑄 �𝐼𝐼1(𝛽𝛽𝑟𝑟) + 𝐾𝐾1(𝛽𝛽𝑟𝑟)
𝜁𝜁

� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡   (49) 

 
𝐵𝐵 = 𝛻𝛻𝛻𝛻𝐴𝐴 in polar coordinates is: 
 
 𝐵𝐵�⃗ = 1

𝑟𝑟
𝑑𝑑𝐴𝐴
𝑑𝑑𝑑𝑑
�̂�𝑟 − 𝑑𝑑𝐴𝐴

𝑑𝑑𝑟𝑟
𝜙𝜙�  (50) 

 
The B-field outside, inside, and within the material of the conducting shell are 
 

 𝐵𝐵�⃗ 𝑜𝑜𝑜𝑜𝑡𝑡 = −�𝐵𝐵𝑜𝑜 + 𝐶𝐶
𝑟𝑟2
� sin(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡�̂�𝑟 + �−𝐵𝐵𝑜𝑜 + 𝐶𝐶

𝑟𝑟2
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡𝜙𝜙�   (51) 

 
 𝐵𝐵�⃗ 𝑎𝑎𝑖𝑖 = −𝐷𝐷 sin(𝜙𝜙)𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 �̂�𝑟 − 𝐷𝐷 cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡𝜙𝜙�   (52) 

 

 𝐵𝐵�⃗ 𝑐𝑐 = −𝑄𝑄
𝑟𝑟
�𝐼𝐼1(𝛽𝛽𝑟𝑟) + 𝐾𝐾1(𝛽𝛽𝑟𝑟)

𝜁𝜁
� sin(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡�̂�𝑟 − 𝑄𝑄𝛽𝛽 �𝐼𝐼0(𝛽𝛽𝑟𝑟) − 𝛽𝛽1(𝛽𝛽𝑟𝑟)

𝛽𝛽𝑟𝑟
− 𝐾𝐾0(𝛽𝛽𝑟𝑟)

𝜁𝜁
− 𝐾𝐾1(𝛽𝛽𝑟𝑟)

𝜁𝜁𝛽𝛽𝑟𝑟
� cos(𝜙𝜙)𝜙𝜙�   (53) 

 
With 𝛽𝛽, C, D, and Q previously defined using 𝜏𝜏,𝛼𝛼,Ω , 𝜁𝜁 and where the recursive relations were used 𝑑𝑑𝛽𝛽1

𝑑𝑑𝑧𝑧
=

𝐼𝐼0(𝑧𝑧) − 1
𝑧𝑧
𝐼𝐼1(𝑧𝑧)  and 𝑑𝑑𝐾𝐾1

𝑑𝑑𝑧𝑧
= −𝐾𝐾0(𝑧𝑧) − 1

𝑧𝑧
𝐾𝐾1(𝑧𝑧) (ref. 6). 

 
The induced outer dipole can be viewed as the sum of two dipoles, one due to the eddy currents 

in the shell wall (from the leftmost term of the numerator of C), and one due to magnetic polarization of 
the shell wall material (from the rightmost term of the numerator of C). As 𝑗𝑗 → ∞, 𝐶𝐶 → −𝑏𝑏2𝐵𝐵𝑜𝑜, forming an 
induced diamagnetic dipole that acts to buck out the external field from the cylinder. As 𝑗𝑗 → 0 and 𝜇𝜇 ≫
𝜇𝜇𝑜𝑜, 𝐶𝐶 → 𝑏𝑏2𝐵𝐵𝑜𝑜 forms an induced paramagnetic dipole that is aligned with the external field. In the case 
where 𝜇𝜇 = 𝜇𝜇𝑜𝑜, such as for non-magnetic metals, no paramagnetic dipole is formed, and the coefficient C 
is similar to that in the thin shell model, only with two α

𝑎𝑎
 correction terms included and being a function of 
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𝛽𝛽 = �𝑗𝑗𝜇𝜇𝑗𝑗𝜎𝜎 instead of 𝛿𝛿 = 𝜇𝜇0𝑗𝑗𝜎𝜎∆.  
 
The D coefficient is very different from the thin shell model. Here there are extra terms that will 

vary with 𝑗𝑗, yielding a difference in the amplitude and phase between the outer dipole and inner field. 
This is due to the inclusion of magnetic diffusion through the conductive region of the thick shell. In both 
models, as 𝑗𝑗 → ∞, 𝐷𝐷 → 0, yielding no field amplitude within the cylinder. For the thick shell model, in the 
case where 𝑗𝑗 → 0 or 𝜎𝜎 → 0  and 𝜇𝜇 = 𝜇𝜇𝑜𝑜, 𝐷𝐷 → 𝐵𝐵𝑜𝑜

𝑏𝑏
𝑎𝑎
Ω
𝑎𝑎

 and Ω
𝑎𝑎
→ 𝑎𝑎

𝑏𝑏
. Hence, 𝐷𝐷 → 𝐵𝐵𝑜𝑜, creating an interior 

uniform field that is the same as the external field. This is as if the cylinder isn’t there, which should be 
the case for conductive non-spinning and non-magnetic materials, or nonconductive materials. 

 
Using a 155-mm outer diameter cylinder as an example, in both aluminum and steel, with 10-mm 

wall thickness (𝑎𝑎 = 67.5 𝑚𝑚𝑚𝑚, 𝑏𝑏 = 77.5 𝑚𝑚𝑚𝑚), subject to a rotating transverse field, the normalized 
magnitude and phase angle of the induced outer dipole and the interior field, from 0.1 to 1000 Hz, are 
plotted in figure 5. The dipole magnitude is normalized to 𝑏𝑏2𝐵𝐵𝑜𝑜 and the interior field is normalized to 𝐵𝐵𝑜𝑜.  

 

 
 

Figure 5 
Plots of normalized magnitude and phase angle of the induced outer dipole and the interior field, from 0.1 

to 1000 Hz 
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Plots of the B-field with the example cylinder in both aluminum and steel are shown in figures 6 
through 9. Figures 6 and 7 show the field around the cylinders as rotation is varied from 0.1 to 400 Hz 
and observed at zero phase angle. Figures 8 and 9 show the field with a fixed spin rate of 300 Hz, at a 
phase angle of 0 to 315 deg. 

 

 
 

Figure 6 
Aluminum example cylinder, 0.1 to 400 Hz rotating field at phase = 0 

 

 
 

Figure 7 
Steel example cylinder, 0.1 to 400 Hz rotating field at phase = 0 
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Figure 8 
Aluminum example cylinder, 300 Hz rotating field, at phase angles 0 to 315 deg 

 

 
 

Figure 9 
Steel example cylinder, 300 Hz rotating field, at phase angles 0 to 315 deg 
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ROLL ANGLE MEASUREMENTS 
 
 With a-priori knowledge of the geomagnetic field vector, a smart projectile equipped with a 
magnetometer can estimate its roll angle relative to the field by measuring the ratio of the components of 
𝐵𝐵�⃗ 𝑡𝑡. Define the projectile true and measured roll angles as: 
 
 Φtrue = −�𝑗𝑗𝜔𝜔 + π

2
�  (54) 

 
 Φmeasured = arctan (𝑅𝑅𝑒𝑒{𝐵𝐵𝑚𝑚𝐵𝐵𝑎𝑎𝐵𝐵𝑜𝑜𝑟𝑟𝐵𝐵𝑑𝑑𝜙𝜙

𝐵𝐵𝑚𝑚𝐵𝐵𝑎𝑎𝐵𝐵𝑜𝑜𝑟𝑟𝐵𝐵𝑑𝑑𝑟𝑟
})  (55) 

 
Using the thick shell model equations for 𝐵𝐵�⃗ 𝑜𝑜𝑜𝑜𝑡𝑡 , adapted for a uniform rotating field using appendix D, the 
following equation can be created: 
 

 Φmeasured = arctan �𝑅𝑅𝑒𝑒{
�−𝐵𝐵𝑜𝑜+

𝐶𝐶
𝑟𝑟2
� cos(𝑑𝑑)𝐵𝐵𝑗𝑗𝑗𝑗𝑜𝑜+�−𝐵𝐵𝑜𝑜+

𝐶𝐶
𝑟𝑟2
� cos�𝑑𝑑+𝜋𝜋2�𝐵𝐵

𝑗𝑗�𝑗𝑗𝑜𝑜+𝜋𝜋2�

−�𝐵𝐵𝑜𝑜+
𝐶𝐶
𝑟𝑟2
� sin(𝑑𝑑)𝐵𝐵𝑗𝑗𝑗𝑗𝑜𝑜+−�𝐵𝐵𝑜𝑜+

𝐶𝐶
𝑟𝑟2
� sin�𝑑𝑑+𝜋𝜋2�𝐵𝐵

𝑗𝑗�𝑗𝑗𝑜𝑜+𝜋𝜋2�
}�  (56) 

 
Which for a magnetometer placed at  𝜙𝜙 = 0 simplifies to 
 

 Φmeasured = arctan �
𝐵𝐵𝑜𝑜 cos(𝑗𝑗𝑡𝑡)−𝐶𝐶𝑚𝑚

𝑟𝑟2
cos(𝑗𝑗𝑡𝑡+∠𝐶𝐶)

𝐵𝐵𝑜𝑜 sin(𝑗𝑗𝑡𝑡)+𝐶𝐶𝑚𝑚
𝑟𝑟2

sin(𝑗𝑗𝑡𝑡+∠𝐶𝐶)
�   (57) 

 
For a slowly spinning, magnetic material, → 𝑏𝑏2𝐵𝐵𝑜𝑜 , yielding 
 

 Φmeasured = arctan ��𝑟𝑟
2−𝑏𝑏2�cos(𝑗𝑗𝑡𝑡)

(𝑟𝑟2+𝑏𝑏2) sin(𝑗𝑗𝑡𝑡)
�  (58) 

 
And for a fast spinning cylinder, 𝐶𝐶 → −𝑏𝑏2𝐵𝐵𝑜𝑜, yielding 
 

 Φmeasured = arctan ��𝑟𝑟
2+𝑏𝑏2�cos(𝑗𝑗𝑡𝑡)

(𝑟𝑟2−𝑏𝑏2)sin(𝑗𝑗𝑡𝑡)
�  (59) 

 
The roll angle error (Φmeasured − Φtrue) becomes a periodic function of Φtrue . A comparison of 

Φmeasured versus Φtrue for various spin frequencies is given in the left-most columns of figures 10 and 11, 
for an aluminum and steel example cylinder, respectively (Φtrue is plotted in black).  
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Note: (left)  Φmeasured and Φtrue (black) versus Φtrue, (middle) magnitude of 𝐵𝐵𝑚𝑚𝑒𝑒𝑎𝑎𝑀𝑀𝐵𝐵𝑟𝑟𝑒𝑒𝐵𝐵 with maximum and 
minimum marked, (right) 𝐵𝐵𝑚𝑚𝑒𝑒𝑎𝑎𝑀𝑀𝐵𝐵𝑟𝑟𝑒𝑒𝐵𝐵𝑑𝑑  versus 𝐵𝐵𝑚𝑚𝑒𝑒𝑎𝑎𝑀𝑀𝐵𝐵𝑟𝑟𝑒𝑒𝐵𝐵𝑟𝑟, with 𝐵𝐵𝑚𝑚𝑒𝑒𝑎𝑎𝑀𝑀𝐵𝐵𝑟𝑟𝑒𝑒𝐵𝐵 with maximum and minimum 
marked, and best-fit ellipse minor and major axes. 

 
Figure 10 

Aluminum example cylinder, observed 1 cm outside of the shell 
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Note: (left)  Φmeasured and Φtrue (black) versus Φtrue, (middle) magnitude of 𝐵𝐵𝑚𝑚𝑒𝑒𝑎𝑎𝑀𝑀𝐵𝐵𝑟𝑟𝑒𝑒𝐵𝐵 with maximum and 
minimum marked, (right) 𝐵𝐵𝑚𝑚𝑒𝑒𝑎𝑎𝑀𝑀𝐵𝐵𝑟𝑟𝑒𝑒𝐵𝐵𝑑𝑑  versus 𝐵𝐵𝑚𝑚𝑒𝑒𝑎𝑎𝑀𝑀𝐵𝐵𝑟𝑟𝑒𝑒𝐵𝐵𝑟𝑟, with 𝐵𝐵𝑚𝑚𝑒𝑒𝑎𝑎𝑀𝑀𝐵𝐵𝑟𝑟𝑒𝑒𝐵𝐵 with maximum and minimum 
marked, and best-fit ellipse minor and major axes. 

 
Figure 11 

Steel example cylinder, observed 1 cm outside of the shell 
 

 Importantly, the roll error becomes zero when the magnitude of 𝐵𝐵𝑚𝑚𝑒𝑒𝑎𝑎𝑀𝑀𝐵𝐵𝑟𝑟𝑒𝑒𝐵𝐵 is maximum and 
minimum. This magnitude is plotted in the middle column of figures 10 and 11, with the maximum and 
minimum values marked with black circles. The locus of points for 𝐵𝐵𝑚𝑚𝑒𝑒𝑎𝑎𝑀𝑀𝐵𝐵𝑟𝑟𝑒𝑒𝐵𝐵𝑑𝑑 and 𝐵𝐵𝑚𝑚𝑒𝑒𝑎𝑎𝑀𝑀𝐵𝐵𝑟𝑟𝑒𝑒𝐵𝐵𝑟𝑟 are 
plotted in the right-most columns for the aforementioned figures, with the same magnitude maximum and 
minimum circle markings.  
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Recognizing that the numerator and denominator of the fraction in equation 57 can be treated as 
the parametric equations for a tilted ellipse, tilted at angle ∠𝐶𝐶. Best-fit ellipse methods can be used to 
recover 𝑗𝑗𝜔𝜔, and hence Φtrue from Φmeasured. A best-fit ellipse routine was used on the points in the right-
most columns of the aforementioned figures, with major and minor axes plotted. These axes intersect the 
maximum and minimum markers.  
 

Note that in the case of nonconductive, nonmagnetic shell material, or with a magnetometer far 
away from the shell, no dipole formed at all, and in equation 60: 
 
 Φmeasured = −π

2
− ωt = Φtrue  (60) 

 
If the magnetometer is placed inside the shell (eqs. 61 through 63)  
 
 𝐵𝐵�⃗ 𝑎𝑎𝑖𝑖 = −𝐷𝐷 sin(𝜙𝜙)𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 �̂�𝑟 − 𝐷𝐷 cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡𝜙𝜙�  (61) 
 
 Φmeasured = −π

2
− ωt − ∠𝐷𝐷  (62) 

 
 Φmeasured = Φtrue − ∠𝐷𝐷   (63) 
 
The measured roll angle will be angular-shifted from the true roll angle. This is referred to as the 
distortion angle 𝛾𝛾𝐷𝐷 in reference 4. 
  
 

COMPARISON WITH TWO-DIMENSIONAL FINITE ELEMENT ANALYSIS MODELING 
 
 The aluminum and steel example cylinder was imported into ANSYS Electronics Desktop 2018 
(also known as Ansoft Maxwell) as a way to validate the thick shell model. The outer boundary of the 
model was a 4-m diameter circle of a complex vector potential boundary condition, creating a counter-
clockwise rotating 1 gauss B-field. The thick shell model was implemented in MATLAB using the same 
cylinder dimensions in both aluminum and steel, also creating a counter-clockwise rotating 1 gauss B-
field. The B-field was evaluated in Maxwell as a 2D eddy current solution and MATLAB. Evaluation was 
performed at zero phase (i.e., time = 0 sec) and at two points: center (0 mm, 0 mm) and outside (87.5 
mm, 0 mm) along the X-axis. The results are given in table 2. Both the Maxwell model and MATLAB 
model agree on the normalized B-field magnitude to two decimal places at both points. The B-field angles 
also agree to within 0.1 deg at both points. Plots of the Maxwell models are shown in figures 12 and 13. 
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Table 2 
Comparison of Ansoft Maxwell and MATLAB models 

 
Aluminum shell; point at center; at phase 0 

Frequency Magnitude (norm) Angle (By/Bx) 
 Maxwell MATLAB Maxwell MATLAB 

0.1 1.0000 1.0000 -90.5736 -90.5737 
1 0.9955 0.9954 -95.7195 -95.7201 

10 0.7223 0.7222 -136.2782 -136.2792 
20 0.4625 0.4624 -157.4968 -157.4913 

100 0.1002 0.1002 160.8514 160.9020 
200 0.0455 0.0456 134.5604 134.6537 
300 0.0265 0.0265 112.8478 112.9717 
400 0.0171 0.0171 94.1252 94.2717 

Aluminum shell; point outside; at phase 0 
0.1 1.0001 1.0001 -90.3953 -90.3957 
1 1.0089 1.0089 -93.8859 -93.8899 

10 1.3930 1.3921 -105.0099 -105.0318 
20 1.5959 1.5943 -100.7533 -100.7714 

100 1.7197 1.7174 -92.8236 -92.8276 
200 1.7303 1.7280 -91.8203 -91.8218 
300 1.7377 1.7354 -91.5208 -91.5218 
400 1.7437 1.7413 -91.3514 -91.3523 

Steel shell; point at center; at phase 0 
0.1 0.1695 0.1698 -90.3800 -90.3794 
1 0.1693 0.1696 -93.7988 -93.7929 

10 0.1555 0.1559 -126.7499 -126.6959 
20 0.1271 0.1275 -158.0184 -157.9287 

100 0.0241 0.0242 65.4960 65.7097 
200 0.0054 0.0055 -33.6500 -33.3360 
300 0.0017 0.0017 -108.6796 -108.2837 
400 0.0006 0.0006 -171.3835 -170.9132 

Steel shell; point outside; at phase 0 
0.1 0.3324 0.3328 -90.2305 -90.2310 
1 0.3331 0.3335 -92.2979 -92.3027 

10 0.3886 0.3891 -107.8520 -107.8945 
20 0.4770 0.4777 -112.9085 -112.9709 

100 0.7583 0.7590 -112.2116 -112.2621 
200 0.9052 0.9058 -110.4558 -110.4977 
300 0.9946 0.9951 -109.0587 -109.0952 
400 1.0581 1.0585 -107.9531 -107.9859 
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Figure 12 
2D Ansoft Maxwell model of aluminum example cylinder 
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Figure 13 
2D Ansoft Maxwell model of steel example cylinder 
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VARIATION WITH TEMPERATURE 
 
 Temperature affects the conductivity of the shell material through its temperature coefficient. The 
resistivity of aluminum has a positive temperature coefficient, yielding conductivity as per equation 64, 
where 𝛼𝛼𝑟𝑟 is the temperature coefficient of the resistivity of the metal: 
 
 𝜎𝜎 = 𝜎𝜎𝑟𝑟𝑟𝑟𝑟𝑟

1+𝛼𝛼𝑟𝑟(𝑇𝑇−𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟)
  (64) 

 
For aluminum, as the temperature of the metal increases from -55 to 125 °C, the conductivity 𝜎𝜎 of the 
metal will vary from 141% of the original 𝜎𝜎𝑟𝑟𝐵𝐵𝑟𝑟 at 20 °C down to 71%. 
 

The effects of this change in conductivity on the induced outer dipole and the total interior uniform 
field for the thick shell model of a 155-mm outer diameter, 10-mm wall thickness cylinder in the aluminum 
are plotted in figure 14.  

 

 
 

Figure 14 
Plots of normalized magnitude and phase angle of the induced outer dipole and the interior field for an 

aluminum example cylinder, from 0.1 to 1000 Hz, from -55 to 125 °C 
 

For an aluminum cylinder, between 200 to 300 Hz and also between -55 to 125 °C, the phase 
angle of the outer induced dipole varies between -176.9 and -174.7 deg, a difference of 2.2 deg. The 
phase angle of the total interior field varies between -179.9 and -120.9 deg, a difference of 59 deg, which 
is significantly greater. The effects of this change in conductivity on a steel cylinder are plotted in figure 
15.  
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Figure 15 
Plots of normalized magnitude and phase angle of the induced outer dipole and the interior field for a 

steel example cylinder, from 0.1 to 1000 Hz, from -55 to 125 °C 
 

For a steel cylinder, between 200 to 300 Hz and also between -55 to 125 °C, the phase angle of 
the outer induced dipole varies between -57 and -87.6 deg, a difference of 30.6 deg. The phase angle of 
the total interior field varies between -267.6 and -420.6 deg, a difference of 153 deg, which is, again, 
significantly greater. 
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COMPARISON WITH THREE-DIMENSIONAL FINITE CYLINDER FINITE ELEMENT ANALYSIS 
MODELING 

 
 The thick shell model treats the geometry of the projectile as if it were a hollow cylinder of infinite 
extent. The results obtained are expected to be valid for a magnetometer placed midway on a cylinder of 
finite-length, provided that the cylinder is long enough. This can be explored using 3D FEA magnetic 
modeling, where one can create a virtual finite-length cylinder in a rotating transverse B-field and explore 
the nearby field behavior while the cylinder’s length is varied.  
 

A 3D version of the aluminum and steel example cylinder was created as a harmonic eddy current 
solution in ANSYS Electronics Desktop, subject to a rotating transverse B-field, of 1 gauss magnitude, 
rotating at 300 Hz. The field was initially directed along the –Y axis and rotates within the XY plane. The 
cylinder had an outer diameter of 155 mm, wall thickness of 10 mm, was closed at both ends, and was 
directed along the Z axis, as shown in figure 16. The cylinder was surrounded by a vacuum region, with 
700-mm padding in all directions, and complex Tangential-H field boundary conditions on its outer faces 
to create the rotating field. The side wall of the cylinder was layered at 1-mm intervals to force the FEA 
mesher to create a detailed mesh within the conducting region.    

 

 
 

Figure 16 
 Geometry of 3D FEA model – full model (left) and cylinder showing layering and evaluation points no. 1, 

2, 3 (right) 
 

The length of the cylinder was varied from 30 to 2,000 mm, and the fields were measured at three 
points: point 1, “Center” (X=0, Y=0, Z=0) which is the origin and is within the cylinder’s center cavity; point 
2, “Outside” (87.5 mm, 0, 0) which is midway along the cylinder length and 10 mm outside its outer 
radius; and point 3, “Top” (0,0,Length/2+1 cm) which is 10 mm above the cylinder end and along its 
rotational axis. The magnitude and direction of the 𝐵𝐵�⃗ 𝑎𝑎  and 𝐵𝐵�⃗ 𝑦𝑦  components for the aluminum case are 
shown in figure 17, where results are also compared to the infinite length 2D FEA model.    
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Figure 17 
 Aluminum cylinder varying with length 

 
 When the length of the cylinder is above 1,000 mm, the measurements at point 1 and point 2 
agree well with the 2D model, with a slight difference attributed to FEA meshing. Below this length, the 
values diverge; however, the same qualitative behavior of the B-field (an induced outer dipole, an 
attenuated and rotated inner uniform field) still occurs. At point 3, the transverse magnitude and direction 
of the B-field shows only slight attenuation and phase lag, with the measured angle never varying more 
than 0.5 deg from the true angle (-90 deg, along the –Y axis). The most opportune place for a 
magnetometer on a rotating aluminum finite-length cylinder would therefore be directly above it. The steel 
case is shown in figure 18, where results are also compared to the infinite length 2D FEA model.    
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Figure 18 
Steel cylinder varying with length 

 
At point 1, there is a large discrepancy between the 2D and 3D models. This is attributed to a lack 

of adequate mesh resolution during modeling, which is a greater problem in the steel case than the 
aluminum case due to its smaller skin depth. At point 2, the 2D and 3D models agree well when the 
length of the cylinder is again above 1,000 mm. At point 3, the transverse magnitude and direction of the 
B-field shows larger attenuation and phase lag than in the aluminum case.  

 
The B-field magnitude plots through cross sections of the aluminum and steel cylinder at the 

origin and at point 3, and streamlines of the B-field vector for the aluminum cylinder are shown in figures 
19 through 23. 
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Figure 19 

B-field magnitude of finite-length aluminum cylinder within a rotating uniform field in the XY plane at 300 
HZ 
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Figure 20 
B-field magnitude at point 3 top on the XY plane 

 

    

 
 

Figure 21 
B-field vector streamlines of the aluminum cylinder, length 300 mm 
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Figure 22 

 B-field magnitude of finite-length closed steel cylinder subject to a rotating uniform field directed along 
XY plane at 300 HZ, at phase 0 

 
 
 
 
 
 
 
 
 
 

 
Figure 23 

3D B-field magnitude at point 3 top along the XY plane 
  

   
Length: 30mm Length: 130mm Length: 330mm 



UNCLASSIFIED 

Approved for public release; distribution is unlimited. 
UNCLASSIFIED 

27 

Streamlines of the B-field vector field outside the cylinders are shown in figures 24 and 25. These 
were solved by using aluminum and steel impedance boundary condition on the cylinder’s outer surface 
instead of meshing the conducting region and cylinder interior. This greatly reduces simulation time at the 
expense of slight inaccuracy in field magnitudes directly near the cylinder’s surface and only solving for 
the B-field outside the cylinder. 

 

 

  
 

Figure 24 
B-field vector streamlines of the aluminum cylinder, length 330 mm 

 

 
 

Figure 25 
B-field vector streamlines of the steel cylinder, length 330 mm 
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OPTIMUM PLACEMENT OF MAGNETOMETERS 
 

 For accurate roll-angle measurements, the optimum placement of a magnetometer on a thick-
walled projectile, when it must be placed midway on the projectile body so that thick shell model is valid, 
is outside the cylinder rather than inside. Despite both regions suffering from eddy-current distortions, the 
outer region suffers less. The magnitude and phase variation of the induced outer dipole is over 200 to 
300 Hz (the typical range of roll rates of a spin-stabilized artillery projectile in flight) and also over tactical 
operating temperatures. This is significantly less than the magnitude and phase variation occurring with 
the interior field.  
 

Additionally, if the magnetometer could be practically placed outside the shell, best-fit ellipse 
routines could be used to estimate the outer dipole formed and recover the true roll angle. The projectile 
could be allowed to rotate several times, with measurements captured by an on-board processor while 
estimating the best-fit ellipse and finding the major and minor axes. Once the processor has locked onto 
the ellipse, it would have an estimate of the true roll angle relative to the geomagnetic field, valid for at 
least the next several cycles when neither the spin rate nor the temperature of the shell change greatly. 
This method is not available for a magnetometer placed inside the shell.  

 
If the choice of material for a projectile is available, it is apparent that using non-ferrous material 

(such as aluminum) would help the situation. As the projectile de-spins during flight, the angle of the 
outer dipole moment will change only slightly. This is not the case if the shell material has a high relative 
permeability, such as with steel.  

 
Finally, for a finite-length aluminum cylinder, the optimum placement of a magnetometer is above 

it, where the roll angle determined from the transverse axes will undergo only a minute offset from eddy-
current distortion.  

 
 

CONCLUSIONS 
 
 A projectile body was modelled as a hollow infinite cylinder in order to study the effects of 
distortion on the transverse component of geomagnetic field as the projectile spins during flight. A thick 
shell model was derived, which captures the effects of magnetic polarization of the material as well as 
magnetic diffusion through the sidewalls of the projectile. The model shows that an induced magnetic 
dipole moment is formed on the exterior of the cylinder, with a magnitude and phase that vary with roll 
rate and material temperature, and which acts to spoil roll angle measurements for a magnetometer 
placed outside the shell. These could possibly be corrected using best-fit ellipse routines. A uniform field 
is formed on the interior of the cylinder, with a magnitude and phase angle that is attenuated and shifted 
relative to the original field. The attenuation and shifting factor vary with changes in spin rate, with the 
material properties of the shell and with the material temperature. An exploration of finite-length cylinder 
was also performed, which agreed with the infinite cylinder thick shell model at the mid-plane as the 
length increased. 



UNCLASSIFIED 

Approved for public release; distribution is unlimited. 
UNCLASSIFIED 

29 

REFERENCES 
 
1. Harkins, T., "On the Viability of Magnetometer-Based Projectile Orientation Measurements," 

Technical Report ARL-TR-4310, U.S. Army Research Laboratory, Aberdeen Proving Ground, MD, 
November 2007. 
 

2. Harkins, W., "Measuring In-Flight Angular Motion With a Low-Cost Magnetometer,” Technical Report 
ARL-TR-4244, U.S. Army Research Laboratory, Aberdeen Proving Ground, MD, September 2007. 
 

3. Wilson, M., Projectile Navigation and the Application to Magnetometers, University of Delaware, 
Newark, DE, 2007. 
 

4. Rogers, J., Costello, M., Harkins, T., and Hamaoui, M., “Effective Use of Magnetometer Feedback for 
Smart Projectile Applications,” Navigation, Vol. 58, No. 10, September 2011. 
 

5. Knoepfel, H. E., Magnetic Fields: A Comprehensive Theoretical Treatise for Practical Use, John 
Wiley & Sons, Inc., Hoboken, NJ, 2000. 
  

6. Olver, F. W. J., Olde Daalhuis, A. B., Lozier, D. W., Schneider, B. I., Boisvert, R. F., Clark, C. W., 
Miller, B. R., and Saunders, B. V., eds., NIST Digital Library of Mathematical Functions. 
http://dlmf.nist.gov/, Release 1.0.18 of 2018-03-27. 

 
 
 



 

 

 
 
 
 
 
 
 
 



UNCLASSIFIED 

Approved for public release; distribution is unlimited. 
UNCLASSIFIED 

31 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

APPENDIX A 
THIN SHELL MODEL 
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The thin shell model treats the projectile body as a thin-walled cylindrical conducting shell of 
radius 𝑏𝑏, subject to a uniform transverse B-field oscillating in the Y-axis. As the thin shell wall has no 
volume, the model does not include the effects of material permeability.  

 
One solution for this kind of problem can be found in [Haus]. There, the field surrounding the shell 

is solved with a B-field ansatz, and corresponding field boundary conditions. Here, the fields will be 
solved by utilizing the magnetic vector potential 𝐴𝐴, and its corresponding boundary conditions.   

 

 
 

Figure A-1 
Thin shell model 

 
The magnetic vector potential inside and outside the shell is governed by the vector Laplace’s 

equation. Assuming that the current around the shell is in the z-direction, only 𝐴𝐴𝑧𝑧 is non-zero, which can 
be treated as a scalar field (akin to a magnetic scalar potential) which follows the scalar Laplace’s 
equation. This equation in polar coordinates (𝑟𝑟, 𝜙𝜙) is 

 
(A.1) ∇2𝐴𝐴𝑧𝑧 = 0 

 
(A.2) 1

𝑟𝑟
𝑑𝑑
𝑑𝑑𝑟𝑟
�𝑟𝑟 𝑑𝑑𝐴𝐴𝑧𝑧

𝑑𝑑𝑟𝑟
� + 1

𝑟𝑟2
𝑑𝑑2𝐴𝐴𝑧𝑧
𝑑𝑑𝑑𝑑2

= 0 
 
Far from the cylinder, we assume the potential takes the form of  
 

(A.3) 𝐴𝐴𝑧𝑧(𝑟𝑟 = ∞) = 𝐵𝐵𝑜𝑜r cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 
 
This is the outer boundary condition for the vector potential for a uniform oscillating transverse B-field 
along the Y-axis, initially pointing in the –Y direction, and the first boundary condition of this solution. It 
satisfies the definition of magnetic vector potential  
 

(A.4) 𝐵𝐵�⃗ = ∇𝛻𝛻𝐴𝐴 
 
Where 
 

(A.5) 𝐵𝐵�⃗ = −𝐵𝐵𝑜𝑜 sin(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡�̂�𝑟 − 𝐵𝐵𝑜𝑜cos (𝜙𝜙)𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡𝜙𝜙�  
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Separation of variables can be used to solve for the vector potential, we assume that 𝐴𝐴𝑧𝑧 is a product 
solution of the form:  

(A.6) 𝐴𝐴𝑧𝑧 = 𝑅𝑅(𝑟𝑟)𝜃𝜃(𝜙𝜙)𝑇𝑇(𝜔𝜔) 
 

(A.7) 𝑇𝑇(𝜔𝜔) = 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 
 
The general solution to Laplace’s equation can be found in Chapter 5 of [Haus], where we can 

deduce that the separation constant is non-zero. Collecting the terms of the general solution, and 
comparing to the outer boundary condition, only those terms proportional to cos(φ) and sin (φ)  are non-
zero. We are left only with 
 

(A.8) 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡 = �𝐵𝐵𝑜𝑜𝑟𝑟 + 𝐶𝐶
𝑟𝑟
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 

 
(A.9) 𝐴𝐴𝑎𝑎𝑖𝑖 = �𝐷𝐷𝑟𝑟 cos(𝜙𝜙) + 𝐸𝐸 1

𝑟𝑟
cos(𝜙𝜙) + 𝐹𝐹𝑟𝑟 sin(𝜙𝜙) + 𝐺𝐺 1

𝑟𝑟
sin(𝜙𝜙)� 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 

 
Which are the equations for the magnitude of 𝐴𝐴𝑧𝑧 both outside and inside the shell. The ‘z’ 

subscript has been dropped for clarity. Terms proportional to 𝑟𝑟 represent uniform B-fields, and terms 
proportional to 1

𝑟𝑟
 represent B-fields due to dipoles. C,D,E,F,G represent unknown coefficients. Realizing 

that the potential must be exist at r=0 forces E=0 and G= 0. C represents the magnitude coefficient of an 
induced dipole outside the shell. D represents the magnitude of uniform field within the shell. 
The magnetic vector potential is continuous over a boundary. Therefore at r=b, we can say that 
 

(A.10) 𝐴𝐴𝑎𝑎𝑖𝑖|𝑟𝑟=𝑏𝑏 = 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡|𝑟𝑟=𝑏𝑏 
 
Where the vector potential must be continuous across the shell. This is the second boundary condition of 
this solution. Solving at the boundary r=b and substituting the general solutions of 𝐴𝐴𝑎𝑎𝑖𝑖 and 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡 into the 
above yields F= 0 and solves for the remaining coefficient D in terms of 𝐵𝐵𝑜𝑜, 𝑏𝑏, and 𝐶𝐶: 
 

(A.11) 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡 = �𝐵𝐵𝑜𝑜𝑟𝑟 + 𝐶𝐶
𝑟𝑟
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡  

(A.12) 𝐴𝐴𝑎𝑎𝑖𝑖 = �𝐵𝐵𝑜𝑜 + 𝐶𝐶
𝑏𝑏2
� 𝑟𝑟 cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡  

 
The above equations show that the B-field outside the shell will be the sum of a uniform field and a dipole 
field (from the terms proportional to 𝑟𝑟 and 1

𝑟𝑟
), and inside the shell will be a single uniform field (from the 

two terms proportional to 𝑟𝑟). 
 
The third boundary condition of this solution comes from Faraday’s law applied to the magnetic vector 
potential. As outlined in Chapter 10.4 of [Haus], Faraday’s law is the vector equation 
 

(A.13) ∇𝛻𝛻𝐸𝐸�⃗ =  −𝑑𝑑𝐵𝐵�⃗
𝑑𝑑𝑡𝑡

 
 
Ohm’s law provides a relation between the axial E-field and the axial current density J in the shell. 
 

(A.14) 𝐽𝐽𝑧𝑧 = 𝜎𝜎𝐸𝐸𝑧𝑧 
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The thin shell model assumes that this current density is uniformly distributed between the thin cross 
section of the shell. Multiplying by the thickness of the shell, we can then create an equivalent axial 
surface current 𝐾𝐾𝑧𝑧: 
 

(A.15) 𝐾𝐾𝑧𝑧 = ∆𝐽𝐽𝑧𝑧 = ∆𝜎𝜎𝐸𝐸𝑧𝑧 
 
Ampere’s continuity condition relates the tangential fields on both sides of the shell to the axial surface 
current 𝐾𝐾𝑧𝑧. 
 

(A.16) 𝐾𝐾𝑧𝑧|𝑟𝑟=𝑏𝑏 = �𝐻𝐻𝑑𝑑𝑜𝑜𝑜𝑜𝑡𝑡−𝐻𝐻𝑑𝑑𝑎𝑎𝑖𝑖��𝑟𝑟=𝑏𝑏 
 
Which can be related to the axial E-field by 
 

(A.17) ∆𝜎𝜎𝐸𝐸𝑧𝑧|𝑟𝑟=𝑏𝑏 = �𝐻𝐻𝑑𝑑𝑜𝑜𝑜𝑜𝑡𝑡−𝐻𝐻𝑑𝑑𝑎𝑎𝑖𝑖��𝑟𝑟=𝑏𝑏 
 
In the Coulomb gauge, and assuming no active sources or free charge that create a non-zero electric 
scalar potential, the electric field is related to the magnetic vector potential by 
 

(A.18) 𝐸𝐸�⃗ =  −𝑑𝑑�⃗�𝐴
𝑑𝑑𝑡𝑡

 
 
The above two equations can be combined to form 
 

(A.19) −∆𝜎𝜎 𝑑𝑑𝐴𝐴𝑧𝑧
𝑑𝑑𝑡𝑡
�
𝑟𝑟=𝑏𝑏

= �𝐻𝐻𝑑𝑑𝑜𝑜𝑜𝑜𝑡𝑡−𝐻𝐻𝑑𝑑𝑎𝑎𝑖𝑖��𝑟𝑟=𝑏𝑏 

 
Then multiplied by the permeability of free space to yield 
 

(A.20) −𝜇𝜇0∆𝜎𝜎
𝑑𝑑𝐴𝐴𝑧𝑧
𝑑𝑑𝑡𝑡
�
𝑟𝑟=𝑏𝑏

= �𝐵𝐵𝑑𝑑𝑜𝑜𝑜𝑜𝑡𝑡−𝐵𝐵𝑑𝑑𝑎𝑎𝑖𝑖��𝑟𝑟=𝑏𝑏 

 
Realizing that only 𝐴𝐴𝑧𝑧  is non-zero, from 𝐵𝐵�⃗ = ∇ × 𝐴𝐴  we can therefore write 
 

(A.21) 𝐵𝐵𝑑𝑑 = −𝑑𝑑𝐴𝐴𝑧𝑧
𝑑𝑑𝑟𝑟

 
 
Which can be used to substitute the B-field terms for A-field terms, yielding 
 

(A.22) −𝜇𝜇𝑜𝑜∆𝜎𝜎
𝑑𝑑𝐴𝐴
𝑑𝑑𝑡𝑡
�
𝑟𝑟=𝑏𝑏

= �− 𝑑𝑑𝐴𝐴𝑜𝑜𝑜𝑜𝑜𝑜
𝑑𝑑𝑟𝑟

− − 𝑑𝑑𝐴𝐴𝑖𝑖𝑖𝑖
𝑑𝑑𝑟𝑟

��
𝑟𝑟=𝑏𝑏

 

 
Where the z-subscript has been dropped for clarity. This is used to solve for the induced dipole 
coefficient C. Substituting the general solutions for 𝐴𝐴𝑎𝑎𝑖𝑖 and 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡 into the right hand side, and 
differentiating with respect to r, then evaluating at 𝑟𝑟 = 𝑏𝑏 yields: 
 

(A.23) −𝜇𝜇𝑜𝑜∆𝜎𝜎
𝑑𝑑𝐴𝐴
𝑑𝑑𝑡𝑡
�
𝑟𝑟=𝑏𝑏

= −�𝐵𝐵𝑜𝑜 −
𝐶𝐶
𝑏𝑏2
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 + �𝐵𝐵𝑜𝑜 + 𝐶𝐶

𝑏𝑏2
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 

 
Substituting into the left-hand side for 𝐴𝐴 the general solution for 𝐴𝐴𝑎𝑎𝑖𝑖 (which is permissible as 𝐴𝐴𝑎𝑎𝑖𝑖 = 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡 at 
that boundary), differentiating with respect to time, and evaluating at 𝑟𝑟 = 𝑏𝑏 yields 
 

(A.24) 𝜇𝜇𝑜𝑜∆𝜎𝜎 �𝐵𝐵𝑜𝑜 + 𝐶𝐶
𝑏𝑏2
� 𝑏𝑏 cos(𝜙𝜙) 𝑗𝑗𝑗𝑗𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 = �𝐵𝐵𝑜𝑜 −

𝐶𝐶
𝑏𝑏2
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 − �𝐵𝐵𝑜𝑜 + 𝐶𝐶

𝑏𝑏2
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 
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Removing the dependence on cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡yields 
 

(A.25) 𝑗𝑗𝑗𝑗𝜇𝜇𝑜𝑜∆𝜎𝜎 �𝐵𝐵𝑜𝑜 + 𝐶𝐶
𝑏𝑏2
� 𝑏𝑏 = �𝐵𝐵𝑜𝑜 −

𝐶𝐶
𝑏𝑏2
� − �𝐵𝐵𝑜𝑜 + 𝐶𝐶

𝑏𝑏2
� 

 
Solving for C yields 
 

(A.26) 𝐶𝐶 = −𝑏𝑏3𝑗𝑗𝑗𝑗
2+𝑗𝑗𝑗𝑗𝑏𝑏

𝐵𝐵𝑜𝑜  

 
Where 𝛿𝛿 is given by 
 

(A.27) 𝛿𝛿 = 𝜇𝜇0𝑗𝑗𝜎𝜎∆  
 
Utilizing the boxed equations, and the definition of 𝐵𝐵�⃗ = 𝛻𝛻𝛻𝛻𝐴𝐴 in polar coordinates 
 

(A.28) 𝐵𝐵�⃗ = 1
𝑟𝑟
𝑑𝑑𝐴𝐴
𝑑𝑑𝑑𝑑
�̂�𝑟 − 𝑑𝑑𝐴𝐴

𝑑𝑑𝑟𝑟
𝜙𝜙� 

 
Yields solutions for the B-field inside and outside the cylinder. 
 

(A.29) 𝐵𝐵�⃗ 𝑜𝑜𝑜𝑜𝑡𝑡 = −�𝐵𝐵𝑜𝑜 + 𝐶𝐶
𝑟𝑟2
� sin(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡�̂�𝑟 + �−𝐵𝐵𝑜𝑜 + 𝐶𝐶

𝑟𝑟2
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡𝜙𝜙�  

 

(A.30) 𝐵𝐵�⃗ 𝑎𝑎𝑖𝑖 = −�𝐵𝐵𝑜𝑜 + 𝐶𝐶
𝑏𝑏2
� sin(𝜙𝜙)𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 �̂�𝑟 − �𝐵𝐵𝑜𝑜 + 𝐶𝐶

𝑏𝑏2
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡𝜙𝜙�  

 
The constant C is proportional to the magnitude of the induced dipole outside the shell and the induced 
uniform B-field inside the shell. As the oscillating frequency of the outer uniform B-field becomes large: 
 

(A.31) 𝐶𝐶 → −𝑏𝑏2𝐵𝐵𝑜𝑜 
 

(A.32) 𝐴𝐴𝑜𝑜𝑜𝑜𝑡𝑡 = 𝐵𝐵𝑜𝑜 �𝑟𝑟 −
𝑏𝑏2

𝑟𝑟
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 

 
(A.33) 𝐴𝐴𝑎𝑎𝑖𝑖 = �𝐵𝐵𝑜𝑜 + −𝑏𝑏2𝐵𝐵𝑜𝑜

𝑏𝑏2
� 𝑟𝑟 cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 = 0 

 
(A.34) 𝐵𝐵�⃗ 𝑜𝑜𝑜𝑜𝑡𝑡 = −𝐵𝐵𝑜𝑜 �1 − 𝑏𝑏2

𝑟𝑟2
� sin(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡�̂�𝑟 − 𝐵𝐵𝑜𝑜 �1 − 𝑏𝑏2

𝑟𝑟2
� cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡𝜙𝜙� 

 
(A.35) 𝐵𝐵�⃗ 𝑎𝑎𝑖𝑖 = 0 

 
The above equations indicate that the field outside the shell is the superposition of the original 

oscillating transverse B-field, and an induced two-dimensional dipole. The dipole is in-phase with the 
transverse field, and is of equal and opposite magnitude of the original imposed uniform field at, so as to 
completely divert magnetic flux around the shell. The B-field magnitude inside the shell is zero – the 
geomagnetic field has been bucked out of the cylinder completely. This is also the case where the thin 
shell is perfectly conducting. 

 
It is the magnitude and phase variation of the complex variable C over frequency that causes the 

induced outer dipole and the field within the shell to vary with changes in 𝑗𝑗. In the case where the thin 
shell is subject to a transverse rotating B-field, instead of a single oscillating transverse B-field (see 
appendix D), the phase variation of C will cause an angular offset between the axis of the dipole, the axis 
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of the inner-field, and the rotating field. 
 
Solving for the phase of C yields a very simple relation 
 

(A.36) ∠𝐶𝐶 = arctan ( 2
𝑏𝑏𝑗𝑗

) 
 

This shows that as the frequency of the oscillation increases, the induced outer dipole and the 
field within the shell become more geometrically aligned with the rotating outer transverse B-field. 

 
The normalized magnitude, and phase angle for the induced outer dipole on a rotating, 1mm 

thick, 155mm diameter (77.5 mm radius), Aluminum shell of conductivity 3.5e7 S/m), from 0.1Hz to 
1000Hz is plotted below. The magnitude is normalized to −𝑏𝑏2𝐵𝐵𝑜𝑜. 

 
 

Figure A-2 
Outer Induced Dipole Characteristics over Spin Frequency. 

 
The normalized magnitude, and phase angle for the B-field in the interior of the shell is plotted 

below. The magnitude is normalized to 𝐵𝐵𝑜𝑜.  
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Figure A-3 

Interior Uniform Field Characteristics over spin frequency 
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APPENDIX B 
DERIVATION OF THE DIFFUSION EQUATION FOR THE MAGNETIC VECTOR POTENTIAL 
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Maxwell’s equations, Ohm’s law, and the charge conservation equation are as follows 
 

(B.1) ∇ ∙ 𝐸𝐸�⃗ = 𝜌𝜌𝑟𝑟
𝜖𝜖

 
 

(B.2) ∇ × 𝐸𝐸�⃗ =  −𝑑𝑑𝐵𝐵�⃗
𝑑𝑑𝑡𝑡

 
 

(B.3) ∇ ∙ 𝐵𝐵�⃗ =  0 
 

(B.4) ∇ × 𝐵𝐵�⃗ =  𝜇𝜇𝐽𝐽 + 𝜇𝜇𝜇𝜇 𝑑𝑑𝐸𝐸
�⃗

𝑑𝑑𝑡𝑡
 

 
(B.5) 𝐽𝐽 = 𝜎𝜎𝐸𝐸�⃗  

 
(B.6) ∇ ∙ 𝐽𝐽 + 𝜇𝜇 𝑑𝑑𝜌𝜌𝑟𝑟

𝑑𝑑𝑡𝑡
= 0 

 
Where 𝜇𝜇, 𝜇𝜇,𝜎𝜎 are the permeability, permittivity, and conductivity of the material. These are treated as 

constant and isotropic. In a magneto-quasi-static (MQS) system, the terms 𝜇𝜇𝜇𝜇 𝑑𝑑𝐸𝐸
�⃗

𝑑𝑑𝑡𝑡
 and 𝜇𝜇 𝑑𝑑𝜌𝜌𝑟𝑟

𝑑𝑑𝑡𝑡
 are treated as 

negligibly, and are zero. With no free charge assumed, then 𝜌𝜌𝐵𝐵 is also zero. The equations become 
 

(B.7) ∇ ∙ 𝐸𝐸�⃗ = ∇ ∙ 𝐽𝐽 = 0 
 

(B.8) ∇ × 𝐸𝐸�⃗ =  −𝑑𝑑𝐵𝐵�⃗
𝑑𝑑𝑡𝑡

 
 

(B.9) ∇ ∙ 𝐵𝐵�⃗ =  0 
 

(B.10) ∇ × 𝐵𝐵�⃗ =  𝜇𝜇𝐽𝐽 
 

(B.11) 𝐽𝐽 = 𝜎𝜎𝐸𝐸�⃗  
 

Substituting: 
 

(B.12) ∇ × 𝐵𝐵�⃗ =  𝜇𝜇𝜎𝜎𝐸𝐸�⃗  
 

And defining the magnetic vector potential 𝐴𝐴 
 

(B.13) 𝐵𝐵�⃗ = ∇ × 𝐴𝐴 
 

We have 
 

(B.14) ∇ × ∇ × 𝐴𝐴 =  𝜇𝜇𝜎𝜎𝐸𝐸�⃗  
 

The double-curl vector identity is as follows 
 

(B.15) ∇ × ∇ × 𝐴𝐴 =  ∇�∇ ∙ 𝐴𝐴� − ∇2𝐴𝐴 
 

Which gives 
 

(B.16) ∇�∇ ∙ 𝐴𝐴� − ∇2𝐴𝐴 =  𝜇𝜇𝜎𝜎𝐸𝐸�⃗  
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From the E-field curl equation, we can define  
 

(B.17) ∇ × �𝐸𝐸�⃗ + 𝑑𝑑�⃗�𝐴
𝑑𝑑𝑡𝑡
� = 0 

 
The term in the parenthesis can be treated as the gradient of scalar function, usually referred to as the 
electric scalar potential Φ 
 

(B.18) −∇Φ = 𝐸𝐸�⃗ + 𝑑𝑑�⃗�𝐴
𝑑𝑑𝑡𝑡

 
 

Which we can then solve for E and use to define 
 

(B.19) ∇�∇ ∙ 𝐴𝐴� − ∇2𝐴𝐴 =  −𝜇𝜇𝜎𝜎∇Φ − 𝜇𝜇𝜎𝜎 𝑑𝑑�⃗�𝐴
𝑑𝑑𝑡𝑡

 
 

At this point, we can do one of two things. Because of the gauge invariance of A, we can create the 
following gauge: 
 

(B.20) ∇ ∙ 𝐴𝐴 = −𝜇𝜇𝜎𝜎Φ 
 

Which cancels from the equation and yields the diffusion equation for A 
 

(B.21) ∇2𝐴𝐴 =  𝜇𝜇𝜎𝜎 𝑑𝑑�⃗�𝐴
𝑑𝑑𝑡𝑡

 
 

Alternatively, as per [Knoepfel] Chapter 4, we can work in the Coulomb gauge. 
 

(B.22) ∇ ∙ 𝐴𝐴 = 0 
 

Taking the dot product of the electrical scalar potential equation  
 

(B.23) −∇ ∙ ∇Φ = ∇ ∙ 𝐸𝐸�⃗ + 𝑑𝑑(∇∙�⃗�𝐴)
𝑑𝑑𝑡𝑡

 
 

(B.24) ∇2Φ = 0 
 

 We assume that Φ is the electric scalar potential created by active sources and free charge, which will 
not exist in either the thin or thick shell models of this report, yielding 
 

(B.25) ∇Φ = 0 
 

Which yields the same diffusion equation for A once more. 
 

(B.26) ∇2𝐴𝐴 =  𝜇𝜇𝜎𝜎 𝑑𝑑�⃗�𝐴
𝑑𝑑𝑡𝑡
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APPENDIX C 
GENERAL SOLUTION TO THE DIFFUSION EQUATION IN POLAR COORDINATES 



 

 



UNCLASSIFIED 

Approved for public release; distribution is unlimited. 
UNCLASSIFIED 

45 

(C.1) ∇2𝐴𝐴 = 𝜇𝜇𝜎𝜎 𝑑𝑑�⃗�𝐴
𝑑𝑑𝑡𝑡

 
 

is a vector diffusion equation. In both the thin shell and thick shell models, only 𝐴𝐴𝑧𝑧 is non-zero, and the 
equation becomes the scalar diffusion equation in polar coordinates: 

 
(C.2) 1

𝑟𝑟
𝑑𝑑
𝑑𝑑𝑟𝑟
�𝑟𝑟 𝑑𝑑𝐴𝐴𝑧𝑧

𝑑𝑑𝑟𝑟
� + 1

𝑟𝑟2
𝑑𝑑2𝐴𝐴𝑧𝑧
𝑑𝑑𝑑𝑑2

+ 𝑑𝑑2𝐴𝐴𝑧𝑧
𝑑𝑑𝑧𝑧2

= 𝜇𝜇𝜎𝜎 𝑑𝑑𝐴𝐴𝑧𝑧
𝑑𝑑𝑡𝑡

 
 

The term 𝑑𝑑
2𝐴𝐴𝑧𝑧
𝑑𝑑𝑧𝑧2

 on the left-hand side is dropped, as 𝐴𝐴𝑧𝑧 is uniform along the cylinder’s z-axis. Finally, with 
the differentiation chain-rule applied to the multiplicand in the parenthesis, the equation becomes:     
 

(C.3) 1
𝑟𝑟
�𝑟𝑟 𝑑𝑑

2𝐴𝐴𝑧𝑧
𝑑𝑑𝑟𝑟2

+ 𝑑𝑑𝐴𝐴𝑧𝑧
𝑑𝑑𝑟𝑟
� + 1

𝑟𝑟2
𝑑𝑑2𝐴𝐴𝑧𝑧
𝑑𝑑𝑑𝑑2

= 𝜇𝜇𝜎𝜎 𝑑𝑑𝐴𝐴𝑧𝑧
𝑑𝑑𝑡𝑡

 
 

Distributing the 1
𝑟𝑟
 factor yields the equation below, where the left-hand side consists of three terms in 

ascending powers of 1
𝑟𝑟
: 

 
(C.4) 𝑑𝑑2𝐴𝐴𝑧𝑧

𝑑𝑑𝑟𝑟2
+ 1

𝑟𝑟
𝑑𝑑𝐴𝐴𝑧𝑧
𝑑𝑑𝑟𝑟

+ 1
𝑟𝑟2

𝑑𝑑2𝐴𝐴𝑧𝑧
𝑑𝑑𝑑𝑑2

= 𝜇𝜇𝜎𝜎 𝑑𝑑𝐴𝐴𝑧𝑧
𝑑𝑑𝑡𝑡

 
 

We assume that 𝐴𝐴𝑧𝑧 is a product solution of the form:  
 

(C.5) 𝐴𝐴𝑧𝑧 = 𝑅𝑅(𝑟𝑟)𝜃𝜃(𝜙𝜙)𝑇𝑇(𝜔𝜔) 
 
The equation becomes  
 

(C.6) 𝑅𝑅′′𝜃𝜃𝑇𝑇 + 𝑅𝑅′𝑑𝑑𝑇𝑇
𝑟𝑟

+ 𝑅𝑅𝑑𝑑′′𝑇𝑇
𝑟𝑟2

= 𝜇𝜇𝜎𝜎𝑅𝑅𝜃𝜃𝑇𝑇′ 
 

Where the prime superscript indicates differentiation with respect to each separated solution’s 
independent variable. Multiplying throughout by 𝑟𝑟2 yields 
 

(C.7) 𝑟𝑟2𝑅𝑅′′𝜃𝜃𝑇𝑇 + 𝑟𝑟𝑅𝑅′𝜃𝜃𝑇𝑇 + 𝑅𝑅𝜃𝜃′′𝑇𝑇 = 𝜇𝜇𝜎𝜎𝑟𝑟2𝑅𝑅𝜃𝜃𝑇𝑇′ 
 

Lastly by dividing by all terms by 𝑅𝑅𝜃𝜃𝑇𝑇 yields 
 

(C.8) 𝑟𝑟2𝑅𝑅′′
𝑅𝑅

+ 𝑟𝑟𝑅𝑅′

𝑅𝑅
+ 𝑑𝑑′′

𝑑𝑑
= 𝜇𝜇𝜎𝜎𝑟𝑟2 𝑇𝑇′

𝑇𝑇
 

 
We then assume a complex-exponential dependence for T, so that 
 

(C.9) 𝑇𝑇 = 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 
 

Where substituting gives 
 

(C.10) 𝑟𝑟
2𝑅𝑅′′
𝑅𝑅

+ 𝑟𝑟𝑅𝑅′

𝑅𝑅
+ 𝑑𝑑′′

𝑑𝑑
= 𝑗𝑗𝑗𝑗𝜇𝜇𝜎𝜎𝑟𝑟2 

 
And then rearranging so that functions of R and 𝜃𝜃 are on opposite sides: 
 

(C.11) 𝑟𝑟
2𝑅𝑅′′
𝑅𝑅

+ 𝑟𝑟𝑅𝑅′

𝑅𝑅
− 𝑗𝑗𝑗𝑗𝜇𝜇𝜎𝜎𝑟𝑟2 = −𝑑𝑑′′

𝑑𝑑
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The above equation is only true if both sides are equal to a constant. We introduce the separation 
constant 𝜐𝜐2 
 

(C.12) 𝑟𝑟
2𝑅𝑅′′
𝑅𝑅

+ 𝑟𝑟𝑅𝑅′

𝑅𝑅
− 𝑗𝑗𝑗𝑗𝜇𝜇𝜎𝜎𝑟𝑟2 = 𝜐𝜐2 

 
(C.13) −𝑑𝑑′′

𝑑𝑑
= 𝜐𝜐2 

 
Rearranging yields: 
 

(C.14) 𝑟𝑟2𝑅𝑅′′ + 𝑟𝑟𝑅𝑅′ − (𝑗𝑗𝑗𝑗𝜇𝜇𝜎𝜎𝑟𝑟2 + 𝜐𝜐2)𝑅𝑅 = 0 
 

(C.15) 𝜃𝜃′′ = −𝜐𝜐2𝜃𝜃 
 

By making the substitution 
 

(C.16) 𝛽𝛽2 = 𝑗𝑗𝑗𝑗𝜇𝜇𝜎𝜎 
 

(C.17) 𝛼𝛼2 = (𝛽𝛽𝑟𝑟)2 
 

Gives the modified Bessel’s equation0F

1  (ref. 6), and the harmonic equation respectively. 
 

(C.18) 𝑟𝑟2𝑅𝑅′′ + 𝑟𝑟𝑅𝑅′ − (𝛼𝛼2 + 𝜐𝜐2)𝑅𝑅 = 0 
 

(C.19) 𝜃𝜃′′ = −𝜐𝜐2𝜃𝜃 
 

Whose general solutions are 
 

 (C.20) 𝑅𝑅(𝑟𝑟) = 𝐶𝐶𝐼𝐼𝜐𝜐(𝛽𝛽𝑟𝑟) + 𝐷𝐷𝐾𝐾𝜐𝜐(𝛽𝛽𝑟𝑟) 
 

(C.21) 𝜃𝜃(𝜙𝜙) = 𝐴𝐴𝐴𝐴𝐴𝐴𝑀𝑀(𝜐𝜐𝜙𝜙) + 𝐵𝐵𝑀𝑀𝑀𝑀𝑀𝑀(𝜐𝜐𝜙𝜙) 
 

Where A,B,C,D are unknown coefficients, and 𝐼𝐼𝜐𝜐 and 𝐾𝐾𝜐𝜐 are modified Bessel functions of the first and 
second kind of order  𝜐𝜐, where 𝜐𝜐 must be an integer for 𝜃𝜃(𝜙𝜙 + 2𝜋𝜋) = 𝜃𝜃(𝜙𝜙). Modified Bessel functions are 
also used in [Smythe] (see Chapter 11). The positive root of 𝛼𝛼 (e.g. 𝛽𝛽𝑟𝑟  and not −𝛽𝛽𝑟𝑟) is used as the 
arguments of the functions, which corresponds to inwardly moving diffusion towards the origin. The 
general solution for 𝐴𝐴𝑧𝑧 becomes 
 

(C.22) 𝐴𝐴𝑧𝑧 = ∑ �𝐴𝐴𝐴𝐴𝐴𝐴𝑀𝑀(𝜐𝜐𝜙𝜙) + 𝐵𝐵𝑀𝑀𝑀𝑀𝑀𝑀(𝜐𝜐𝜙𝜙)��𝐶𝐶𝐼𝐼𝜐𝜐(𝛽𝛽𝑟𝑟) + 𝐷𝐷𝐾𝐾𝜐𝜐(𝛽𝛽𝑟𝑟)�∞
𝜐𝜐=−∞ 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡

                                                  
1 Choosing 𝑇𝑇 = 𝑒𝑒−𝑗𝑗𝑗𝑗𝑡𝑡 would lead to the regular Bessel’s equation and the associated Bessel functions as solutions. 
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Define a rotating real scalar field in polar coordinates, as a function of (𝑟𝑟,𝜙𝜙,𝑗𝑗𝜔𝜔)  that satisfies the 
following: 
 

(D.1) 𝑅𝑅(𝑟𝑟,𝜙𝜙,𝑗𝑗𝜔𝜔 +  𝜃𝜃1) = 𝑅𝑅(𝑟𝑟,𝜙𝜙 − (𝑗𝑗𝜔𝜔 +  𝜃𝜃1)) 
 

Consider a complex valued scalar field 𝐹𝐹(𝑟𝑟,𝜙𝜙,𝑗𝑗𝜔𝜔) as a function of the following form: 
  

(D.2) 𝐹𝐹(𝑟𝑟,𝜙𝜙,𝑗𝑗𝜔𝜔) = 𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚𝑒𝑒𝑗𝑗∠𝐶𝐶 cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 
 

Where R(r) is a real-valued function of r , 𝐶𝐶 = 𝐶𝐶𝑚𝑚𝑒𝑒𝑗𝑗∠𝐶𝐶 is a complex constant. Define the quadrature-phase 
shifted version as follows 
 

(D.3) 𝐹𝐹𝑞𝑞 = 𝐹𝐹 �𝑟𝑟,𝜙𝜙 + 𝜋𝜋
2

,𝑗𝑗𝜔𝜔 + 𝜋𝜋
2
� 

 
The sum of 𝐹𝐹 and 𝐹𝐹𝑞𝑞 yield 

 
(D.4) 𝐹𝐹𝑡𝑡𝑜𝑜𝑡𝑡𝑎𝑎𝑎𝑎 = 𝐹𝐹 + 𝐹𝐹𝑞𝑞 

 
(D.5) 𝐹𝐹𝑡𝑡𝑜𝑜𝑡𝑡𝑎𝑎𝑎𝑎 = 𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚𝑒𝑒𝑗𝑗∠𝐶𝐶 cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 + 𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚𝑒𝑒𝑗𝑗∠𝐶𝐶 cos �𝜙𝜙 + 𝜋𝜋

2
� 𝑒𝑒𝑗𝑗(𝑗𝑗𝑡𝑡+𝜋𝜋2) 

 
(D.6) 𝑅𝑅𝑒𝑒{𝐹𝐹𝑡𝑡𝑜𝑜𝑡𝑡𝑎𝑎𝑎𝑎} = 𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚 cos(𝜙𝜙) cos (𝑗𝑗𝜔𝜔 + ∠𝐶𝐶) + 𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚 sin(𝜙𝜙) sin (𝑗𝑗𝜔𝜔 + ∠𝐶𝐶) 

 
(D.7) 𝑅𝑅𝑒𝑒{𝐹𝐹𝑡𝑡𝑜𝑜𝑡𝑡𝑎𝑎𝑎𝑎} = 𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚 cos(𝜙𝜙 − (𝑗𝑗𝜔𝜔 + ∠𝐶𝐶)) 

 
Therefore 𝑅𝑅𝑒𝑒{𝐹𝐹𝑡𝑡𝑜𝑜𝑡𝑡𝑎𝑎𝑎𝑎} is a rotating and real scalar field, whose values rotate counter-clockwise about the 
origin with time. The phase angle of C acts to tilt  𝑅𝑅𝑒𝑒{𝐹𝐹𝑡𝑡𝑜𝑜𝑡𝑡𝑎𝑎𝑎𝑎} by an extra amount around the origin, while 
the magnitude 𝐶𝐶𝑚𝑚 acts to scale the magnitude of 𝑅𝑅𝑒𝑒{𝐹𝐹𝑡𝑡𝑜𝑜𝑡𝑡𝑎𝑎𝑎𝑎}. 
Define a rotating real vector field as follows 
 

(D.8) 𝑉𝑉�⃗ (𝑟𝑟,𝜙𝜙,𝑗𝑗𝜔𝜔 +  𝜃𝜃1) = 𝑹𝑹(𝑗𝑗𝜔𝜔 +  𝜃𝜃1)𝑉𝑉�⃗ (𝑟𝑟,𝜙𝜙) 
 

(D.9) �
𝑉𝑉𝑟𝑟(𝑟𝑟,𝜙𝜙,𝑗𝑗𝜔𝜔)
Vϕ(𝑟𝑟,𝜙𝜙,𝑗𝑗𝜔𝜔)� = �cos (𝑗𝑗𝜔𝜔 +  𝜃𝜃1) −sin (𝑗𝑗𝜔𝜔 +  𝜃𝜃1)

sin (𝑗𝑗𝜔𝜔 +  𝜃𝜃1) cos (𝑗𝑗𝜔𝜔 +  𝜃𝜃1) � �
𝑉𝑉𝑟𝑟(𝑟𝑟,𝜙𝜙)
Vϕ(𝑟𝑟,𝜙𝜙)� 

 
Where 𝑹𝑹(𝑗𝑗𝜔𝜔 +  𝜃𝜃1) is a rotation matrix around the origin. Consider 𝑉𝑉𝑟𝑟 and 𝑉𝑉𝑑𝑑that can be expressed in the 
following forms: 

 
(D.10) 𝑉𝑉𝑟𝑟(𝑟𝑟,𝜙𝜙,𝑗𝑗𝜔𝜔) = 𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚𝑒𝑒𝑗𝑗∠𝐶𝐶 sin(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 

 
(D.11) 𝑉𝑉𝑑𝑑(𝑟𝑟,𝜙𝜙,𝑗𝑗𝜔𝜔) = 𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚𝑒𝑒𝑗𝑗∠𝐶𝐶 cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 

 
Define the quadrature-phase shifted versions as follows:     
 

(D.12) 𝑉𝑉𝑞𝑞𝑟𝑟(𝑟𝑟,𝜙𝜙,𝑗𝑗𝜔𝜔) = 𝑉𝑉𝑟𝑟 �𝑟𝑟,𝜙𝜙 + 𝜋𝜋
2

,𝑗𝑗𝜔𝜔 + 𝜋𝜋
2
� 

 
(D.13) 𝑉𝑉𝑞𝑞𝑑𝑑(𝑟𝑟,𝜙𝜙,𝑗𝑗𝜔𝜔) = 𝑉𝑉𝑑𝑑 �𝑟𝑟,𝜙𝜙 + 𝜋𝜋

2
,𝑗𝑗𝜔𝜔 + 𝜋𝜋

2
� 
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The sum of 𝑉𝑉𝑟𝑟 and 𝑉𝑉𝑞𝑞𝑟𝑟 becomes 
 

(D.14) 𝑉𝑉𝑡𝑡𝑜𝑜𝑡𝑡�������⃗ = �
𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚𝑒𝑒𝑗𝑗∠𝐶𝐶 sin(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 + 𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚𝑒𝑒𝑗𝑗∠𝐶𝐶 sin �𝜙𝜙 + 𝜋𝜋

2
� 𝑒𝑒𝑗𝑗(𝑗𝑗𝑡𝑡+𝜋𝜋2)

𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚𝑒𝑒𝑗𝑗∠𝐶𝐶 cos(𝜙𝜙) 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡 + 𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚𝑒𝑒𝑗𝑗∠𝐶𝐶 cos �𝜙𝜙 + 𝜋𝜋
2
� 𝑒𝑒𝑗𝑗(𝑗𝑗𝑡𝑡+𝜋𝜋2)

� 

 
Where  
 

(D.15) 𝑅𝑅𝑒𝑒{𝑉𝑉𝑡𝑡𝑜𝑜𝑡𝑡�������⃗ } = �𝑅𝑅
(𝑟𝑟)𝐶𝐶𝑚𝑚 sin(𝜙𝜙) cos(𝑗𝑗𝜔𝜔 + ∠𝐶𝐶) − 𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚 cos(𝜙𝜙) sin (𝑗𝑗𝜔𝜔 + ∠𝐶𝐶)

𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚 cos(𝜙𝜙) cos(𝑗𝑗𝜔𝜔 + ∠𝐶𝐶) + 𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚 sin(𝜙𝜙) sin (𝑗𝑗𝜔𝜔 + ∠𝐶𝐶)� 

 

(D.16) 𝑅𝑅𝑒𝑒{𝑉𝑉𝑡𝑡𝑜𝑜𝑡𝑡�������⃗ } = �
cos (𝑗𝑗𝜔𝜔 + ∠𝐶𝐶) −sin (𝑗𝑗𝜔𝜔 + ∠𝐶𝐶)
sin (𝑗𝑗𝜔𝜔 + ∠𝐶𝐶) cos(𝑗𝑗𝜔𝜔 + ∠𝐶𝐶) � �

𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚 sin(𝜙𝜙)
𝑅𝑅(𝑟𝑟)𝐶𝐶𝑚𝑚 cos(𝜙𝜙)� 

 
Therefore 𝑅𝑅𝑒𝑒{𝑉𝑉𝑡𝑡𝑜𝑜𝑡𝑡�������⃗ } is a rotating and real vector field, whose values rotates counter-clockwise about the 
origin in 𝑟𝑟,𝜙𝜙  plane with time. The phase angle of C again acts to tilt  𝑅𝑅𝑒𝑒{𝑉𝑉𝑡𝑡𝑜𝑜𝑡𝑡�������⃗ } by an extra amount around 
the origin, while the magnitude 𝐶𝐶𝑚𝑚 acts to scale the magnitude of 𝑅𝑅𝑒𝑒{𝑉𝑉𝑡𝑡𝑜𝑜𝑡𝑡�������⃗ } . 
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