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AM +H�bbB+�H FBM2iB+ i?2Q`v- i?2 BMi2`M�H 2M2`;v /2MbBiv Bb /2}M2/ �b e =
1
2 〈v

′
mv′m〉c ?Qr2p2`- #2+�mb2 Q7 i?2 `Qi�iBM; 2z2+i Q7 i?2 KQH2+mH2- i?2 BMi2`M�H

2M2`;v /2MbBiv b?QmH/ #2 `2@/2}M2/ �b e = 1
2 (〈v

′
mv′m〉+j〈ω′

mω
′
n〉)X aBKBH�`Hv- i?2

iQi�H 2M2`;v Bb +H�bbB+�HHv /2}M2/ �b 1
2m(vmvm)- #mi /m2 iQ i?2 `Qi�iBQM 2z2+ib

Q7 i?2 KQH2+mH2 Bi b?QmH/ MQr #2 /2}M2/ �b 1
2m(vmvm+ jωmωm)X h?Bb +�M �HbQ

#2 bi�i2/ �b 1
2m(e+UmUm+jWmWm)X �7i2` BMb2`iBM; i?2 H�bi FBM2iB+ p�`B�#H2-

9
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BX2X- iQi�H 2M2`;v- χ4 = 1
2m(vmvm + jωmωm)- 1[X j Bb MQr

∂

∂t
(ρe) +

∂

∂xi
(ρeUi)

= Um
∂

∂xi

(
ρemjnrn〈v′iω′

j〉
)
− ρ〈v′iv′m〉∂Um

∂xi

− ∂

∂xi

(
1

2
ρ (〈v′mv′mv′i〉+ j〈ω′

mω
′
nv

′
i〉)
)
− ρj〈ω′

mv′i〉
∂Wm

∂xi
, URjV

Q`
∂

∂t
(ρe) +

∂

∂xi
(ρeUi)

= t*m`iBbb
im,i Um − t"QHixK�MM

im Um,i − qi,i −mimWm,i. UR9V

Ai b?QmH/ #2 MQi2/ i?�i #2+�mb2 Q7 i?2 KQH2+mH�` `Qi�iBQM- i?2 ?2�i ~mt /2M@
bBiv ?�b �M �//BiBQM�H i2`K BMpQHpBM; `Qi�iBQM �M/ Bb MQr /2}M2/ �b qi =
1
2ρ(〈v

′
mv′mv′i〉+ j〈ω′

mω
′
nv

′
i〉)X

A7 i?2 K2�M 7`22 T�i? Bb bK�HH +QKT�`2/ iQ Qi?2` +?�`�+i2`BbiB+ H2M;i?b- i?2
bvbi2K `�TB/Hv +QK2b iQ � HQ+�H 2[mBHB#`BmKX AM +H�bbB+�H FBM2iB+ i?2Q`v- Bi Bb
r2HH FMQrM i?�i i?2 x2`Q@Q`/2` �TT`QtBK�iBQM `2/m+2b i?2 "QHixK�MM 2[m�iBQMb
iQ i?2 ;Qp2`MBM; 2[m�iBQMb 7Q` BMpBb+B/ ~Qr UBX2X- 1mH2` 2[m�iBQMbVX >2`2- i?2
x2`Q@Q`/2` �TT`QtBK�iBQM Bb �TTHB2/ iQ i?2 "QHixK�MM@*m`iBbb 2[m�iBQMbX 6B`bi
�bbmK2 i?�i i?2 ;�b ?�b � HQ+�H "QHixK�MM@*m`iBbb /Bbi`B#miBQM- rBi? bHQrHv
p�`vBM; i2KT2`�im`2- /2MbBiv- p2HQ+Biv �M/ `Qi�iBQM- bQ i?2 /Bbi`B#miBQM +�M #2
�TT`QtBK�i2/ #v

f̄(x,v,ω) ≈ f̄0 (x,v,ω) = n

(
m
√
j

2πkθ

)3

exp

[
−m(v′2 + jω′2)

2kθ

]
UR8V

Ai b?QmH/ #2 MQi2/ i?�i i?2 "QHixK�MM@*m`iBbb /Bbi`B#miBQM Bb MQi i?2 2t�+i
bQHmiBQM iQ 1[X Rc ?Qr2p2`- Bi b2`p2b �b � `2�bQM�#H2 �TT`QtBK�iBQM Dmbi �b i?2
J�tr2HH@"QHixK�MM /Bbi`B#miBQM b2`p2b �b � ;QQ/ �TT`QtBK�iBQM 7Q` +H�bbB+�H
FBM2iB+ i?2Q`vX AM i?2 T`2pBQmb b2+iBQM- Bi ?�b �H`2�/v #22M b?QrM i?�i 〈v′iv′i〉 =
3nkθ �M/ +QMb2[m2MiHv- i?2 T`2bbm`2 #2+QK2b

t"QHixK�MM-y
ij = P 0

ij

=
ρ

n

∫∫
nvivj

(
m
√
j

2πkθ

)3

exp

[
−m(v′2 + jω′2)

2kθ

]
d3v′d3ω′

= nkθδij . UReV

AM �//BiBQM- Bi Bb bi`�B;?i7Q`r�`/ iQ T`Qp2 i?�i

t*m`iBbb-y
ij =

ρ

n
ejmnrn

∫∫
nv′iω

′
m

(
m
√
j

2πkθ

)3

exp

[
−m(v′2 + jω′2)

2kθ

]
d3v′d3ω′ = 0,

m0
ij =

ρ

n
j

∫∫
nω′

mv′i

(
m
√
j

2πkθ

)3

exp

[
−m(v′2 + jω′2)

2kθ

]
d3v′d3ω′ = 0,

q0i =
ρ

2n

∫∫
n(v′mv′mv′i + jω′

mω
′
nv

′
i)

(
m
√
j

2πkθ

)3

exp

[
−m(v′2 + jω′2)

2kθ

]
d3v′d3ω′ = 0.

URdV
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qBi? i?2b2 `2bmHib- i?2 i`�MbTQ`i 2[m�iBQMb #2+QK2
∂

∂t
ρ+

∂

∂xi
(ρUi) = 0,

∂

∂t
(ρUj) +

∂

∂xi
(ρUiUj) = − ∂

∂xi
(nkθδij) ,

∂

∂t
(ρjWm) +

∂

∂xi
(ρjWmUi) = 0,

∂

∂t
(ρe) +

∂

∂xi
(ρeUi) = −nkθUi,i

UR3V

kXk 6B`bi@Q`/2` "QHixK�MM@*m`iBbb 1[m�iBQMb
_2b2�`+?2`b ?�p2 #22M ?2�pBHv `2HvBM; QM pQ`iB+Biv iQ +?�`�+i2`Bx2 i?2 ~Qr
T?vbB+b Q7 pQ`iB+2b- 2//B2b �M/ KQH2+mH�` `Qi�iBQMb (8j)X >Qr2p2`- pQ`iB+Biv@
#�b2/ /2b+`BTiBQMb �`2 Q7i2M 7QmM/ BM�/2[m�i2 Q` BM+QMbBbi2Mi r?2M i?2 pQ`iB+Biv
}2H/ /2pB�i2b 7`QK HQ+�H `Qi�iBQMb (j8)X h?Qb2 +�b2b �`2 +QMbB/2`2/ �b ~Qrb rBi?
bi`QM; HQ+�H bTBMbX Ai b?QmH/ #2 2KT?�bBx2/ i?�i bTBM Bb /Bz2`2Mi 7`QK pQ`iB+BivX
oQ`iB+Biv Bb /2}M2/ #v +m`H Q7 p2HQ+BivX AM Qi?2` rQ`/b- Bi Bb � +QMb2[m2Mi KQiBQM
Q7 i?2 i`�MbH�iBQMX PM i?2 Qi?2` ?�M/- bTBM +�M #2 �M BM/2T2M/2Mi KQiBQMX PM2
+QmH/ mb2 i?2 bQH�` bvbi2K �b �M 2t�KTH2X 1�+? TH�M2i bTBMb QM Bib QrM �tBb
r?BH2 KQpBM; QM Bib QrM Q`#BibX h?2 i`�MbH�iBQM�H p2Q+BiB2b Q7 �Mv irQ TH�M2ib
�`2 mb2/ iQ +�H+mH�i2 i?2B` +Q``2bTQM/BM; pQ`iB+Bivc ?Qr2p2`- bm+? [m�MiBiv /Q2b
MQi `2T`2b2Mi i?2 bTBMMBM; Q7 2Bi?2` TH�M2ibX

6HQrb rBi? bi`QM; HQ+�H bTBM ?�p2 #22M i?2 7Q+mb Q7 2ti2MbBp2 i?2Q`2iB+�H- 2t@
T2`BK2Mi�H- �M/ MmK2`B+�H rQ`F 7Q` /2+�/2b (ke- j3- 9R- 9j- ey- 3R)X >B;?@bT22/-
im`#mH2Mi- +QKT`2bbB#H2- `2�+iBM;- �M/ TQHv�iQKB+ ;�b ~Qrb �HH BMpQHp2 +QKTH2t
BMi2`�+iBQMb #�b2/ QM bi`QM; HQ+�H bTBMX h?2 q�M; *?�M@l?H2M#2+F 2[m�iBQM
�++QmMib 7Q` KQH2+mH�` bTBM i?`Qm;? i?2 H2Mb Q7 [m�MimK K2+?�MB+b- i`2�iBM;
2�+? /Bz2`2Mi [m�MimK bi�i2 �b � b2T�`�i2 bT2+B2b Q7 KQH2+mH2 (3j)X h?Bb �//B@
iBQM�H `B;Q` �//b KQ`2 +QKTH2tBiv iQ i?2 /Bbi`B#miBQM 7mM+iBQM �M/ i?2 /vM�KB+b
Q7 i?2 +QHHBbBQM BMi2;`�HX 6Q` +H�bbB+�H T?vbB+b- ?Qr2p2`- HQ+�H `Qi�iBQM K�v �z2+i
i?2 /vM�KB+b Q7 i?2 2MiB`2 ~QrX hm`#mH2Mi ~Qrb- BM T�`iB+mH�`- K�v T`Q/m+2
�//BiBQM�H �M;mH�` KQK2MimK 7`QK i?2 bK�HH2bi 2//B2bX h?2 `Qi�iBQM Q7 i?2b2
bK�HH2bi 2//B2b �z2+ib i?2 2M2`;v �M/ KQK2MimK i`�Mb72` �i i?2 BM2`iB�H H2M;i?
b+�H2b- `2[mB`BM; `2b2�`+?2`b iQ /2p2HQT K2i?Q/b i?�i +�Tim`2 i?Bb �//BiBQM�H
bK�HH@b+�H2 �M;mH�` KQK2MimKX h?2 KQbi 2z2+iBp2 Q7 i?2b2 �M�HviB+�H K2i?@
Q/b ?�p2 `2p2�H2/ /22T2` T?vbB+�H Q` K�i?2K�iB+�H +?�`�+i2`BbiB+b iQ T`2pBQmbHv
r2HH@i2bi2/ i?2Q`B2b Q7 ~mB/ /vM�KB+b (R- ke- kd- k3- 98- de)X

6Q` KQM�iQKB+ ;�b2b +QKTQb2/ Q7 BM}MBi2bBK�H T�`iB+H2b- �Mv FBM2iB+ i?2Q`v
M22/b iQ i`�+F QMHv i?2 TQbBiBQM �M/ i`�MbH�iBQM�H p2HQ+Biv Q7 i?2 T�`iB+H2bX h?2b2
�bbmKTiBQMb ;`2�iHv bBKTHB7v i?2 T`Q#�#BHBiv /Bbi`B#miBQM Q7 T�`iB+H2b- �b r2HH �b
i?2 i`�MbTQ`i 2[m�iBQM mb2/ iQ /2b+`B#2 i?2 2pQHmiBQM Q7 i?�i /Bbi`B#miBQMX q?2M
i?2 T�`iB+H2b �`2 ;Bp2M � }MBi2 bBx2 �M/ �HHQr2/ iQ `Qi�i2- �//BiBQM�H KQiBQMb
#`BM; �//BiBQM�H /2;`22b Q7 7`22/QK iQ i?2 bvbi2KX A7 i?2 �M;mH�` KQiBQM Q7 i?2
T�`iB+H2b Bb BM/2T2M/2Mi 7`QK i?2 i`�MbH�iBQM�H KQiBQM �M/ Bb /2T2M/2Mi QM Bib
Q`B2Mi�iBQM- i?2M i?2 i`�MbTQ`i 2[m�iBQM ?�b i?2 7Q`K (R8- k9),

(
∂

∂t
+

pi
m

∂

∂xi
+

Mi

I

∂

∂Φi
)f = (

∂f

∂t
)coll URNV

e
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>2`2 m /2MQi2b i?2 K�bb Q7 � T�`iB+H2- pi `2T`2b2Mib i?2 HBM2�` KQK2MimK- Mi

i?2 �M;mH�` KQK2MimK- I i?2 KQK2Mi Q7 BM2`iB� Q7 � T�`iB+H2- �M/ Φi i?2 1mH2`
�M;H2 rBi? `2bT2+i iQ i?2 +2Mi2` Q7 K�bb Q7 i?2 T�`iB+H2X

h?2 bQHmiBQM f(pi,Φi, xi, t) ;Bp2b i?2 T`Q#�#BHBiv � T�`iB+mH�` T�`iB+H2 rBHH
TQbb2bb i?2 p�Hm2b Q7 i?2 ;Bp2M p�`B�#H2b- �M/ ;2M2`�HBx2b i?2 KQiBQM Q7 i?2 bvb@
i2K #v bBKTHB7vBM; i?2 BMi2`�+iBQMb Q7 BM/BpB/m�H T�`iB+H2bX 6Q` BMbi�M+2- i?Bb
bQHmiBQM Bb �#b2Mi Q7 /2T2M/2M+B2b QM pB#`�iBQM�H 2M2`;v Q` pB#`�iBQM�H KQiBQM-
�b i?2 /vM�KB+b Q7 BM/BpB/m�H +QHHBbBQMb �`2 �bbmK2/ iQ #2 BM/2T2M/2Mi Q7 i?2b2
p�`B�#H2bX h?2 `B;?i@?�M/ bB/2 Q7 2[m�iBQM RN �++QmMib 7Q` i?2 +mKmH�iBp2 2z2+i
Q7 +QHHBbQMb QM i?2 /Bbi`B#miBQMX 6Q` i?Bb /2b+`BTiBQM- i?2 T�`iB+H2b �`2 i`2�i2/ �b
bT?2`2b- bQ �HH �tB�H Q`B2Mi�iBQMb Q7 i?2 /Bbi`B#miBQM �`2 2[mBp�H2Mi- BX2X BM/2T2M@
/2Mi Q7 i?2 1mH2` �M;H2X h?2`27Q`2- i?2 "QHixK�MM@*m`iBbb i`�MbTQ`i 2[m�iBQM
#2+QK2b,

(
∂

∂t
+

pi
m

∂

∂xi
)f = (

∂f

∂t
)coll UkyV

1[mBHB#B`mK bQHmiBQMb iQ i?Bb 2[m�iBQM b?QmH/ HQQF bBKBH�` iQ i?2 J�tr2HH@
"QHixK�MM /Bbi`B#miBQM 7mM+iBQM- �b i?2 `2K�BMBM; i2`Kb �`2 +QM+2`M2/ rBi?
HBM2�` KQK2MimKX aiBHH- i?2 T`2b2M+2 Q7 �M BM/2T2M/2Mi �M;mH�` `Qi�iBQM- ωi-
+?�M;2b i?2 /Bbi`B#miBQM Q7 FBM2iB+ 2M2`;v Q7 i?2 T�`iB+H2bX 6`QK "QHixK�MMǶb
T`BM+BTH2- i?2 2[mBHB#`BmK bQHmiBQM iQ 2[m�iBQM ky +�M #2 �TT`QtBK�i2/ �b (R9),

f0(xi, vi,ωi, t) = n(

√
mI

2πθ
)3 exp(−

m(v′lv
′
l) + I(ω′

pω
′
p)

2θ
) UkRV

>2`2- i?2 T2`im`#2/ p2HQ+Biv- v′l = vl−Ul- 7Q` K2�M p2HQ+Biv Ul �M/ i?2 T2`im`#2/
;v`�iBQM- ω′

p = ωp−Wp 7Q` K2�M ;v`�iBQM Wp- �`2 BMi`Q/m+2/X h?2 7Q`K Q7 i?Bb
/Bbi`B#miBQM 7mM+iBQM /Bz2`b 7`QK i?2 +H�bbB+�H "QHixK�MM /Bbi`B#miBQM 7mM+iBQM
(9e- dd)- r?B+? �bbB;Mb � 3/2 TQr2` iQ i?2 i2`Kb BM 7`QMi Q7 i?2 2tTQM2MiB�HX h?2
BM+`2�b2/ 2tTQM2MiB�H BM 2[m�iBQM kR �`Bb2b /m2 iQ i?2 �//BiBQM�H +QMi`B#miBQM iQ
i?2 KQK2MimK #v i?2 ;v`�iBQM- ω′

pX h?2 MmK#2` /2MbBiv- n- Q7 i?2 T�`iB+H2b Bb
7QmM/ #v BMi2;`�iBM; i?2 /Bbi`B#miBQM 7mM+iBQM f Qp2` �HH i?2 T2`im`#2/ p�`B�#H2b-
v′ �M/ ω′- r?B+? Bb MQr � bBt@/BK2MbBQM�H BMi2;`�H,

n =

∫ ∫
d3v′d3ω′f0 UkkV

h?2 bmT2`b+`BTi BM/B+�i2b i?�i i?Bb 7mM+iBQM QMHv b2`p2b �b � x2`Qi?@Q`/2` �T@
T`QtBK�iBQM iQ i?2 i`m2 bQHmiBQMX AM 2[m�iBQM kR- i?2 K2�M i?2`K�H 2M2`;v θ-
K2�M p2HQ+Biv �M/ K2�M ;v`�iBQM �`2 �bbmK2/ iQ p�`v bHQrHv BM iBK2 /m2 iQ i?2
`�TB/ MmK#2` Q7 +QHHBbBQMb- 2Mbm`BM; � `�TB/ `2im`M iQ 2[mBHB#`BmKX h?2 i?2`K�H
2M2`;v- θ = kT - +QMi�BMb i?2 "QHixK�MM +QMbi�Mi k �M/ �#bQHmi2 i2KT2`�im`2
T X *H�bbB+�H FBM2iB+ �TT`Q�+?2b #v >m�M; (jN) �M/ #v :mTi� 2i �H 7Q` ;`�MmH�`
~mB/b (j9) Q7i2M ;`QmT i?2 "QHixK�MM +QMbi�Mi rBi? i?2 +?�`�+i2`BbiB+ i2KT2`@
�im`2 iQ 7Q+mb QM i?2 i?2`K�H 2M2`;v Q7 i?2 bvbi2KX h?2 p2HQ+Biv �M/ ;v`�iBQM
T2`im`#�iBQMb `2T`2b2Mi i?2 `�TB/ ~m+im�iBQMb Q7 i?2 bT?2`2b- �M/ T`QpB/2 i?2
K�BM bQm`+2 Q7 �Mv /vM�KB+b �i 2[mBHB#`BmKX 6m`i?2`KQ`2- i?2 KQK2Mi Q7 BM@
2`iB� Q7 � bT?2`2 +�M #2 2tT`2bb2/ BM i2`Kb Q7 � T�`�K2i2` j (R3)- FMQrM �b
i?2 KB+`QBM2`iB�X h?Bb T�`�K2i2` +QK2b 7`QK i?2 �p2`�;BM; Q7 bT�iB�H +QQ`/B@
M�i2b �ii�+?2/ iQ i?2 bT?2`2- �HHQrBM; QM2 iQ b?Qr i?�i j = 2

5d
2- r?2`2 d Bb i?2

/B�K2i2` Q7 i?2 bT?2`2 (R3)X am#biBimiBM; I = mj BMiQ 2[m�iBQM kR vB2H/b,

f0(xi, vi,ωi, t) = n(
m
√
j

2πθ
)3exp(−

m(v′lv
′
l + jω′

pω
′
p)

2θ
) UkjV

d
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h?Bb 2[mBHB#`BmK /Bbi`B#miBQM 7mM+iBQM `2T`2b2Mib i?2 bi�`iBM; TQBMi 7Q` i?2 FB@
M2iB+ i?2Q`v /2`Bp�iBQM- T`QpB/BM; �M �#bi`�+i /2b+`BTiBQM Q7 i?2 bvbi2KX hQ
�++QmMi 7Q` i?2 2pQHmiBQM Q7 i?2 T?vbB+�H KQiBQM Q7 � T�`iB+H2- i?2 #�H�M+2 H�rb
Kmbi #2 /2`Bp2/X h?2 �p2`�;2 Q7 � [m�MiBiv A Bb ?2`2 /2}M2/ #v i?2 7QHHQrBM;
2tT`2bbBQM,

〈A〉 = 1

n

∫ ∫
Af(xi, vi,ωi, t)d

3v′d3ω′ Uk9V

r?2`2 n Bb i?2 MmK#2` /2MbBiv Q7 i?2 T�`iB+H2b �M/ Bb 7QmM/ #v BMi2;`�iBM; i?2
/Bbi`B#miBQM 7mM+iBQM f Qp2` �HH i?2 T2`im`#2/ p�`B�#H2b- v′ �M/ ω′X h?2 K2�M
p2HQ+Biv �M/ ;v`�iBQM �`2 M�im`�HHv Q#i�BM2/ 7`QK 〈v〉 �M/ 〈ω〉X h?2`27Q`2- �Mv
#�H�M+2 H�rb ;Qp2`MBM; i?2 K2�M p2HQ+Biv �M/ K2�M ;v`�iBQM Kmbi +QK2 #v
�p2`�;BM; i?2 i`�MbTQ`i 2[m�iBQM ky 7Q` bQK2 +QMb2`p2/ [m�MiBiv χ(xi, pi),

∂

∂t
〈nχ〉+ ∂

∂xi
〈npi

m
χ〉 − n〈pi

m

∂χ

∂xi
〉 = 0 Uk8V

LQi2 i?�i �HH TQi2MiB�H iBK2 /2`Bp�iBp2b p�MBb?2/ �b χ Bb � 7mM+iBQM Q7 KQ@
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7`QK 2[mBHB#`BmK i?`Qm;? +QHHBbBQMbX h?2`27Q`2- i?Bb iBK2 +QMbi�Mi b?QmH/ +?�`@
�+i2`Bx2 i?2 i`�MbBiBQM Q7 �HH /2;`22b Q7 7`22/QK iQ �M/ 7`QK i?2B` 2[mBHB#`BmK
bi�i2bX A7 i?2 iBK2@b+�H2 Q7 i?2 T`Q#H2K Bb `2/m+2/ bm+? i?�i QMHv QM2 KQiBQM
/2T�`ib 7`QK 2[mBHB#`BmK- �b S�`F2` +QMbB/2`2/ 7Q` BMi2`M�H `Qi�iBQM (8d)- i?2M
i?Bb iBK2 +QMbi�Mi +�M #2 b+�H2/ iQ 7Q+mb QM i?Bb `2H�t�iBQM T`Q+2bbX A7 7m`i?2`
�TT`QtBK�iBQMb �`2 M22/2/ iQ �++QmMi 7Q` �//BiBQM�H T?vbB+b- i?2 `2H�t�iBQM iBK2
+�M #2 2tT�M/2/ BMiQ � b2`B2b Q7 i2`Kb i?�i i�F2 BMiQ �++QmMi i?2b2 �//BiBQM�H
BMi2`�+iBQMbX *?2M 2i �H �TTHB2/ i?Bb �TT`Q�+? (Rj) iQ ;2M2`�i2 �M 2tT`2bbBQM
7Q` i?2 +?�`�+i2`BbiB+ +QHHBbBQM iBK2 b+�H2 Q7 im`#mH2Mi 2//v BMi2`�+iBQMbX am+?
2tT�MbBQMb ?�p2 i?2 #2M2}i Q7 BM+Q`TQ`�iBM; KmHiBTH2 T?vbB+�H T`Q+2bb2b rBi?BM
QM2 iBK2 +QMbi�Mi- �HHQrBM; 7Q` i?2 BMi2`�+iBQM Q7 `Qi�iBQM �M/ i`�MbH�iBQM iQ
�z2+i i?2 `2H�t�iBQM Q7 i?2 /Bbi`B#miBQM 7mM+iBQM bBKmHi�M2QmbHvX

A7 2[m�iBQM 9d Bb bm#biBimi2/ BMiQ i?2 i`�MbTQ`i 2[m�iBQM ky- �M �TT`QtBK�i2
7Q`K Q7 i?2 i`�MbTQ`i 2[m�iBQM FMQrM �b i?2 "?�iM�;�`- :`Qbb- �M/ E`QQF
U":EV 2[m�iBQM Bb Q#i�BM2/ (d),

g = −τ( ∂
∂t

+ vi
∂

∂xi
)(f0 + g) U93V

aBM+2 g K2�bm`2b i?2 T`Q#�#BHBiv Q7 H�`;2 MmK#2`b Q7 T�`iB+H2b /2pB�iBM; 7`QK
i?2B` 2[mBHB#`BmK bi�i2- Bib `2H�iBp2 K�;MBim/2 iQ f0 K�ii2`b ;`2�iHv BM i2`Kb
Q7 r?�i FBM/ Q7 bvbi2K Bb #2BM; /2b+`B#2/X 6Q` i?Bb T�T2`- Bi bm{+2b iQ b?Qr
r?�i 7Q`+2b �M/ T`QT2`iB2b �`2 BM~m2M+BM; i?2 K2�M ~Qr r?2M bHB;?i /2pB�iBQMb
iQ 2[mBHB#`BmK Q++m`X h?2`27Q`2- Bi +�M #2 �bbmK2/ i?�i g << f0- `2/m+BM;
2[m�iBQM 93 iQ i?2 7Q`K,

g = −τ( ∂
∂t

+ vi
∂

∂xi
)f0 U9NV

h?Bb 2[m�iBQM ;Bp2b � 7Q`KmH� 7Q` }M/BM; g 2MiB`2Hv BM i2`Kb Q7 /2`Bp�iBp2b Q7 f0X
aiBHH- i?2 p�`B�#H2b BM i?2 i`�MbTQ`i 2[m�iBQM 9N �`2 T`2b2Mi BM f0 QMHv i?`Qm;?
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Bib BM/2T2M/2Mi p�`B�#H2bX h?2`27Q`2- iQ ;2i i?2 bT�iB�H /2`Bp�i2b Q7 f0- i?2
7QHHQrBM; /2`Bp�iBp2b Q7 Bib BM/2T2M/2Mi p�`B�#H2b �`2 +�H+mH�i2/,

∂f0

∂ρ
=

f0

ρ
U8yV

∂f0

∂θ
= −(3− m(v′2 + jω′2)

2θ
)
f0

θ
U8RV

∂f0

∂Ui
=

mv′i
θ

f0 U8kV

∂f0

∂Wi
=

mjω′
i

θ
f0 U8jV

lbBM; i?2 +?�BM `mH2- i?2 2tT`2bbBQM 7Q` g BM 2[m�iBQM 9N +�M #2 r`Bii2M �b,

g = −τf0(
1

ρ
D(ρ) +

1

θ
(
m(v′2 + jω′2)

2θ
− 3)D(θ) + (

mv′i
θ

)D(Ui)

+ (
mjω′

i

θ
)D(Wi))

U89V

r?2`2 D(X) = ( ∂
∂t + vi

∂
∂xi

)XX h?2 K�i2`B�H /2`Bp�iBp2b T`2b2Mi BM 2[m�iBQM
89 +�M #2 /2`Bp2/ 7`QK i?2 x2`Qi? Q`/2` #�H�M+2 H�rbX hQ Q#i�BM i?2 x2`Qi?
Q`/2` �TT`QtBK�iBQMb Q7 i?2 2[m�iBQMb j3- jN- 9y- 9R- i?2 i2`Kb `2H�i2/ iQ i?2
T2`im`#�iBQM Q7 i?2 p2HQ+Biv �M/ ;v`�iBQM �`2 2HBKBM�i2/- vB2H/BM;,

∂ρ

∂t
+
∂ρUl

∂xl
= 0 U88V

∂

∂t
(ρUs) +

∂

∂xl
(ρUlUs) = − ∂

∂xs
(nθ) U8eV

∂

∂t
(ρjWs) +

∂

∂xl
(ρjWsUl) = 0 U8dV

∂

∂t
(nθ) +

∂

∂xl
(nθUl) = −nθ

3

∂Uq

∂xq
U83V

Ai b?QmH/ #2 MQiB+2/ i?�i i?2 �M;mH�` KQK2MimK 2[m�iBQM- 2X;X 2[m�iBQM 8d-
Bb /2+QmTH2/ rBi? i?2 HBM2�` KQK2MimK 2[m�iBQM- 2X;X 2[m�iBQM 8e- �i i?2
2[mBHB#`BmK bi�i2X �i i?2 b�K2 iBK2- i?2 HBM2�` KQK2MimK 2[m�iBQM U2[m�iBQM
8eV Bb B/2MiB+�H iQ i?2 +H�bbB+�H 1mH2` 2[m�iBQMX

6`QK i?2b2 �TT`QtBK�iBQMb iQ i?2 #�H�M+2 H�rb- i?2 K�i2`B�H /2`Bp�iBp2b
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7QmM/ BM 2[m�iBQM 89 �`2 Q#i�BM2/,

D(ρ) = v′l
∂

∂xl
ρ− ρ

∂Uq

∂xq
U8NV

D(θ) = v′l
∂

∂xl
θ − 1

3
θ
∂Uq

∂xq
UeyV

D(Ui) = v′l
∂

∂xl
Ui −

1

ρ

∂

∂xi
(nθ) UeRV

D(Wi) = v′l
∂

∂xl
Wi UekV

qBi? i?2b2 }M�H 2tT`2bbBQMb bm#biBimi2/ #�+F BMiQ 2[m�iBQM 89- i?2 }M�H 7Q`K
Q7 g Bb ;Bp2M �b,

g = −τf (0)[
1

ρ
(v′i

∂ρ

∂xi
− ρ

∂Ui

∂xi
)

− (
3

θ
− m(v′2 + jω′2)

2θ2
)(v′i

∂θ

∂xi
− θ

3

∂Uq

∂xq
)

+ (
mv′i
θ

)(v′l
∂Ui

∂xl
− 1

ρ

∂

∂xi
(nθ))

+ (
mjω′

i

θ
)(v′l

∂Wi

∂xl
)]

UejV

>2`2- i?2 }`bi Q`/2` /Bbi`B#miBQM Bb MQr 2tT`2bb2/ 2MiB`2Hv BM i2`Kb Q7 i?2 K2�M
�M/ T2`im`#2/ ~Qr T`QT2`iB2bX �HH i?�i `2K�BMb Bb iQ }M/ i?2 }`bi Q`/2` �T@
T`QtBK�iBQMb iQ i?2 2[m�iBQMb j9- j8- je- �M/ jd iQ Q#i�BM MQM@x2`Q 2tT`2bbBQMb
7Q` i?2 KBbbBM; i2`Kb BM i?2 }`bi@Q`/2` #�H�M+2 H�rb jy- jR- jk- �M/ jjX

6Q` i?2 }`bi@Q`/2` �TT`QtBK�iBQMb iQ i?2 �#Qp2 bi`2bb2b- i?2 /2}MBiBQMb Kmbi
MQr BMpQHp2 pQHmK2 BMi2;`�Hb Q7 i?2 }`bi@Q`/2` /Bbi`B#miBQM 7mM+iBQM g,

q1α =
mρ

2n

∫ ∫
(v′lv

′
lv

′
α + ω′

pω
′
pv

′
α)gd

3v′d3ω′ Ue9V

t"QH,1
αβ = −ρ

∫ ∫
v′αv

′
βgd

3v′d3ω′ Ue8V

t*m`,1
αβ = −ρ

∫ ∫
εβpqrqω

′
pv

′
αgd

3v′d3ω′ UeeV

m1
αβ = −3ρj

2

∫ ∫
ω′
αv

′
βgd

3v′d3ω′ UedV

h?2b2 pQHmK2 BMi2;`�Hb �`2 KQ`2 2�bBHv 2p�Hm�i2/ B7 i?2v +�M #2 +QMp2`i2/ BMiQ
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bm`7�+2 BMi2;`�HbX �TTHvBM; �H#`�;B+ B/2MiBiB2b iQ i?2 pQHmK2 BMi2;`�Hb vB2H/b,

q1α =−
[
8π2mρτ

3

∫ ∫
dv′dω′(v′6ω′2 + jv′4ω′4)

[−4

θ
+

m(v′2 + jω′2)

2θ2
]

(
m
√
j

2πθ
)3exp(−m(v′2 + jω′2)

2θ
)

]
∂θ

∂xα

= −(4nτθ)
∂θ

∂xα

Ue3V

t"QH,1
αβ =

[
16π2τρ

15θ

∫
v′6ω′2(

m
√
j

2πθ
)3

exp(−m(v′2 + jω′2)

2θ
)dω′dv′

]

(
∂Uα

∂xβ
+
∂Uβ

∂xα
+ δαβ

∂Ul

∂xl
)

−
[
16π2ρτ

3θ

∫
v′4ω′2 (v

′2 + jω′2)

6
(
m
√
j

2πθ
)3

exp(−m(v′2 + jω2)

2θ
)dv′dω′

]
δαβ

∂Ul

∂xl

= nτθ(
∂Uα

∂xβ
+
∂Uβ

∂xα
)− nτθ

3
(
∂Ul

∂xl
δαβ)

UeNV

t*m`,1
αβ =

[
16π2ρτmj

9θ
(
m
√
j

2πθ
)3
∫

v′4ω′4

exp(−m(v′2 + jω′2)

2θ
)dω′dv′

]
εβpqrq

∂Wp

∂xα

= (nτθ)εβpqrq
∂Wp

∂xα

UdyV

m1
αβ =

[
48π2τρj2m

2θ

∫
ω′2v′2ω′

βvαω
′
lv

′
p(
m
√
j

2πθ
)3

exp(−m(v′2 + jω′2)

2θ
)dω′dv′

]
∂Wl

∂xp

= (
3nτjθ

2
)
∂Wβ

∂xα

UdRV

h?2 `2/m+2/ 7Q`Kb Q7 i?2b2 bi`2bb2b �TT2�` iQ 7QHHQr 7�KBHB�` T�ii2`MbX h?2 ?2�i
~mt BM 2[m�iBQM e3 �TT2�`b iQ /2KQMbi`�i2 � /B`2+i T`QTQ`iBQM�HBiv `2H�iBQMb?BT
rBi? i?2 i2KT2`�im`2 ;`�/B2MiX h?2 "QHixK�MM bi`2bb +QMi�BMb i2`Kb `2H�i2/
iQ i?2 7�KBHB�` bi`�BM@`�i2b �M/ /Bp2`;2M+2b Q7 i?2 p2HQ+BivX aiBHH- i?2b2 bi`2bb2b
�HH ?�p2 MQMHBM2�` /2T2M/2M+2 QM i?2 i2KT2`�im`2- K2�MBM; i?�i bBKTHB}+�iBQMb
rBHH ?�p2 iQ #2 K�/2 #27Q`2 /B`2+i +QKT�`BbQMb rBi? +H�bbB+�H ~mB/b +�M Q++m`X
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1[m�iBQMb e3- eN- dy �M/ dR b2`p2 �b i?2 +QMbiBimiBp2 KQ/2Hb 7Q` i?2 }`bi Q`/2`
�TT`QtBK�iBQM iQ i?2 "QHixK�MM@*m`iBbb /Bbi`B#miBQM �M/ +HQb2 i?2 ;Qp2`MBM;
2[m�iBQMbX � /B`2+i bm#biBimiBQM Q7 i?2 bi`2bb2b 7QmM/ BM 2[m�iBQMb e3- eN- dy-
�M/ dR BMiQ i?2 }`bi@Q`/2` #�H�M+2 H�rb j3- jN- 9y- �M/ 9R vB2H/b

*QMiBMmBiv
∂

∂t
ρ+

∂

∂xl
(ρUl) = 0

UdkV

GBM2�` JQK2MimK
∂

∂t
(ρUs) +

∂

∂xl
(ρUlUs)

− ∂

∂xl
[−P δsl + nτθ(

∂Ul

∂xs
+
∂Us

∂xl
)− nτθ

3

∂Uq

∂xq
δsl]−

∂

∂xl
(nτθεspqrq

∂Wp

∂xl
) = 0

UdjV

�M;mH�` JQK2MimK
∂

∂t
(ρjWs) +

∂

∂xl
(ρjWsUl)−

∂

∂xl
[(nτjθ)

∂Ws

∂xl
] = 0

Ud9V

1M2`;v
∂

∂t
(ρe) +

∂

∂xl
(ρeUl)−

∂

∂xl
(4nτθ

∂θ

∂xl
)− ρ〈vl

∂e

∂xl
〉 = 0

Ud8V

h?2b2 2[m�iBQMb +QMi�BM /2`Bp�iBp2b Q7 MQMHBM2�` i2`Kb �M/ T`Q/m+ib Q7 bT�iB�HHv
p�`vBM; p�`B�#H2bX 6Q` i?Bb }`bi@Q`/2` �TT`QtBK�iBQM iQ i?2 #�H�M+2 H�rb- i?2
T`Q/m+ib Q7 ;`�/B2Mib Q7 i2`Kb �`2 T`2bmK2/ iQ p�MBb?X 6m`i?2`KQ`2- 2[m�iBQM
d9 +QMi�BMb � bT�iB�H /2`Bp�iBp2 Q7 i?2 bT�iB�H +QQ`/BM�i2 rp i?�i ?�b Bib Q`B;BM �i
i?2 +2Mi2` Q7 K�bb Q7 i?2 bT?2`B+�H T�`iB+H2X GQQFBM; �i R- i?2 2tT`2bbBQM 7Q` i?Bb
+QQ`/BM�i2 Bb 2�bBHv /2`Bp2/ BM i2`Kb Q7 i?2 1mH2`B�M +QQ`/BM�i2b, ri = x′

i − xiX
h?2`27Q`2- ∂ri

∂xl
= −δilX *H2�`Hv i?2 /2`Bp�iBp2 Bb x2`Q mMH2bb i?2 +QKTQM2Mib

Q7 x �M/ r �`2 i?2 b�K2X h�FBM; i?Bb /2`Bp�iBp2 BMiQ �++QmMi- `2KQpBM; i2`Kb
�bbQ+B�i2/ rBi? T`Q/m+ib Q7 ;`�/B2Mib- �M/ �HHQrBM; 7Q` i?2 2tBbi2M+2 Q7 #Q/v
7Q`+2b- i?2 ;Qp2`MBM; 2[m�iBQMb #2+QK2,

6B;m`2 R, AHHmbi`�iBQM Q7 i?2 `2H�iBQMb?BT #2ir22M +QQ`/BM�i2b ri �M/ xi
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*QMiBMmBiv
∂

∂t
ρ+

∂

∂xl
(ρUl) = 0

UdeV

GBM2�` JQK2MimK
∂

∂t
(ρUs) +

∂

∂xl
(ρUsUl) +

∂P

∂xs
− nτθ(

∂2Us

∂xl∂xl
+

2

3

∂2Ul

∂xlxs
)−

nτθεspq
∂Wq

∂xp
− ρFs = 0

UddV

�M;mH�` JQK2MimK
∂

∂t
(ρjWs) +

∂

∂xl
(ρjWsUl)− nτjθ

∂2Ws

∂xl∂xl
− ρLs = 0

Ud3V

1M2`;v
∂

∂t
(ρe) +

∂

∂xl
(ρeUl)− (4nτθ)

∂2θ

∂xl∂xl
− ρ〈vl

∂e

∂xl
〉 − ρH = 0

UdNV

AM i?2 T`2+2/BM; 2[m�iBQMb i?2 #Q/v 7Q`+2b ρFs �M/ ρLs ?�p2 #22M BMi`Q/m+2/
iQ �++QmMi 7Q` 2ti2`M�H T?2MQK2M� mM`2H�i2/ iQ i?2 bi`2bb2b T`2pBQmbHv BMi`Q@
/m+2/X "Q/v 7Q`+2b 7Q` i?2 HBM2�` KQK2MimK �`2 2�bBHv 7QmM/ 7`QK i?2 +H�bbB+�H
�TT`Q�+? �M/ `2[mB`2 MQ bT2+B�H i`2�iK2MiX AM i?2 BM/2T2M/2Mi �M;mH�` KQK2M@
imK 2[m�iBQM- ?Qr2p2`- i?2 7�+iQ`b �z2+iBM; ρLs �`2 KQ`2 bm#iH2X k BHHmbi`�i2b
� #Q/v 7Q`+2 +`2�i2/ #v i?2 T`2b2M+2 Q7 pQ`iB+Biv M2�` �M BM/BpB/m�H T�`iB+H2X
h?2 +QMM2+iBQM #2ir22M i?2 irQ T�`iB+H2b Bb bvK#QHBx2/ #v i?2 +Q2{+B2Mi νrX
h?2 KQiBQM Q7 i?2 `B;?i@?�M/ T�`iB+H2 +`2�i2b i?2 +H�bbB+�H `Qi�iBQM�H KQiBQM-
Q` K�+`Qb+QTB+ �M;mH�` p2HQ+Biv- r?B+? BM/m+2b i?2 HQ+�H `Qi�iBQM Q7 i?2 H27i
T�`iB+H2X h?2 �KQmMi Q7 BM~m2M+2 i?2 �M;mH�` p2HQ+Biv ?�b QM i?2 ;v`�iBQM Bb
/2i2`KBM2/ #v i?2 p�Hm2 Q7 νrX h?2 #Q/v 7Q`+2 /Bb�TT2�`b QM+2 i?2 HQ+�H `Qi�@
iBQM Q7 i?2 H27i T�`iB+H2 2[m�Hb i?2 �M;mH�` p2HQ+Biv- `2T`2b2Mi2/ #v ?�H7 Q7 i?2
pQ`iB+BivX .2 :`QQi �M/ J�xm` +?�`�+i2`Bx2/ i?Bb #Q/v 7Q`+2 �b �M �bvKK2i`B+
T`2bbm`2 i2MbQ` (k8)- r?B+? ?�/ � HBM2�` `2H�iBQMb?BT rBi? i?2 /Bz2`2M+2 #2ir22M
i?2 ;v`�iBQM �M/ i?2 �M;mH�` p2HQ+Biv,

ρLBMi2`BQ`
s = νr(εspq

∂Uq

∂xp
− 2Ws) U3yV

>2`2- νr Bb /2bB;M�i2/ �b i?2 ǳ`Qi�iBQM�H pBb+QbBiv-Ǵ K2�bm`BM; i?2 bi`2M;i? Q7
BM/m+2/ ;v`�iBQM QM � T�`iB+H2 +�mb2/ #v i?2 T`2b2M+2 Q7 � /Bz2`2M+2 #2ir22M
Bib ;v`�iBQM �M/ i?2 HQ+�H pQ`iB+BivX h?Bb BMi2`BQ` #Q/v 7Q`+2 +QmTH2b i?2 HQ+�H
`Qi�iBQM rBi? i?2 i`�MbH�iBQM�H p2HQ+Biv- 2Mbm`BM; i?�i i?2 HBM2�` KQK2MimK
2[m�iBQM dd �M/ �M;mH�` KQK2MimK 2[m�iBQM d3 `2K�BM BMi2`irBM2/ �b HQM; �b
i?2 p�Hm2 Q7 ρLBMi2`BQ`

s `2K�BMb MQM@x2`QX h?2 iQi�H �M;mH�` KQK2MimK #Q/v
7Q`+2- ρLs- +�M #2 pB2r2/ �b i?2 bmK Q7 i?Bb BM/m+2/ BMi2`BQ` 7Q`+2 �M/ �Mv
2ti2`M�H #Q/v KQK2Mi 7Q`+2- ρLs = ρ(LBMi2`BQ`

s + L2ti2`BQ`
s )X

h?2 +QMiBMmBiv 2[m�iBQM de Bb +H2�`Hv i?2 +H�bbB+�H +QMiBMmBiv 2[m�iBQM 7Q` i?2
K2�M p2HQ+Biv }2H/X h?2 /2pB�iBQM 7`QK +H�bbB+�H FBM2iB+ i?2Q`v #2+QK2b +H2�`
BM i?2 KQK2Mi� 2[m�iBQMbX h?2 +QKT`2bbB#H2 L�pB2`@aiQF2b HBM2�` KQK2MimK
2[m�iBQM- rBi? i?2 �bbmK2/ b�iBb7�+iBQM Q7 aiQF2bǶb ?vTQi?2bBb- ?�b i?2 7Q`K,

∂

∂t
(ρUs) +

∂

∂xl
(ρUsUl) +

∂P

∂xs
− µ

∂2Us

∂xl∂xl
− 2µ

3

∂2Ul

∂xl∂xs
− ρFs = 0 U3RV
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6B;m`2 k, .B�;`�K Q7 i?2 �M;mH�` KQK2MimK #Q/v 7Q`+2 LsX S`2b2M+2 Q7 pQ`@
iB+Biv BM/m+2b ;v`�iBQM Q7 H27i bi`m+im`2- rBi? i?2 bi`2M;i? Q7 i?2 +QmTHBM; 2z2+i
/2i2`KBM2/ #v νrX

>2`2- µ Bb i?2 /vM�KB+ pBb+QbBiv Q7 i?2 +H�bbB+�H ~mB/X *QKT�`BM; 2[m�iBQMb 3R
�M/ dd- i?2 7Q`KmH�iBQMb �`2 p2`v bBKBH�`- rBi? i?2 KQH2+mH�` pBb+QbBiv 7`QK i?2
L�pB2`@aiQF2b 2[m�iBQMb `2T`2b2Mi2/ #v i?2 2tT`2bbBQM nτθ- �b Bb 2tT2+i2/ 7`QK
i?2 }`bi@Q`/2` �TT`QtBK�iBQM iQ i?2 "QHixK�MM i`�MbTQ`i 2[m�iBQM (jN)X h?2
`2/m+iBQM Q7 2[m�iBQMb de- dd- �M/ d3 iQ i?2 L�pB2`@aiQF2b /2b+`BTiBQM rBHH #2
/Bb+mbb2/ BM KQ`2 /2i�BH BM i?2 H�i2` T�`i Q7 i?2 `2TQ`iX

h?2 M2r i2`K BMi`Q/m+2/ #v i?2 T`2+2/BM; FBM2iB+ /2b+`BTiBQM ?�b i?2 7Q`K-
nτθεspq

∂Wq

∂xp
X >2`2- i?2 M2r p�`B�#H2 Q7 ;v`�iBQM- Wq- T`Q/m+2b �M �//BiBQM�H

bQm`+2 Q7 HBM2�` KQK2MimK /m2 iQ Bib i`�Mbp2`b2 ;`�/B2MiX � MQi�#H2 BMbB;?i
Bb i?�i i?2 2tT`2bbBQM BM 7`QMi Q7 i?2 ;v`�iBQM ;`�/B2Mi Bb �HbQ nτθ- bm;;2biBM;
i?�i i?2 M2r i2`K K�v +QMi�BM � +Q2{+B2Mi bBKBH�` iQ i?2 pBb+QbBiv T`2b2Mi2/ BM
+H�bbB+�H ~mB/b i?2Q`vX hQ mM/2`bi�M/ i?2 K2�MBM; �M/ BKTQ`i�M+2 Q7 i?Bb M2r
i2`K BM i?2 HBM2�` KQK2MimK 2[m�iBQM- i?2 HBM2�` KQK2MimK 2[m�iBQM 7`QK
J*h Bb T`2b2Mi2/ (3e),

∂

∂t
(ρUs) +

∂

∂xl
(ρUsUl) +

∂P

∂xs

− (λ+ µ)
∂2Ul

∂xl∂xs
− (µ+ κ)

∂2Us

∂xl∂xl

− κεspq
∂Wq

∂xp
− ρFs = 0

U3kV

>2`2- λ `2T`2b2Mib i?2 b2+QM/ +Q2{+B2Mi Q7 pBb+QbBiv �M/ � M2r +QmTHBM; +Q2{@
+B2Mi- κ- Bb �//2/ iQ i?2 iQi�H pBb+QbBiv Q7 i?2 J*h ~mB/X �//BiBQM�HHv- i?Bb +Qm@
THBM; +Q2{+B2Mi +Q``2bTQM/b iQ i?2 +Q2{+B2Mi /2b+`B#2/ BM k- �b Bi /2i2`KBM2b
i?2 bi`2M;i? Q7 i?2 7Q`+2 BM/m+2/ #v `2H�iBp2 `Qi�iBQM rBi?BM i?2 J*h ~mB/X
h?Bb i?2Q`v- /2`Bp2/ 7`QK i?2 �TT`Q�+? Q7 `�iBQM�H +QMiBMmmK i?2`KQK2+?�M@
B+b U_*hV (Re- ke- kd- k3)- bi�`ib rBi? i?2 b�K2 TB+im`2 Q7 i?2 ~mB/ �M/ /2`Bp2b
;Qp2`MBM; 2[m�iBQMb 7`QK FBM2K�iB+ �M/ i?2`KQ/vM�KB+ T`BM+BTH2b 7Q` � ~mB/
rBi? bT?2`B+�H T�`iB+H2bX *QKT�`BM; 2[m�iBQMb dd �M/ 3k- i?2 i2`K �bbQ+B�i2/
rBi? i?2 i`�Mbp2`b2 ;`�/B2Mi BM i?2 FBM2iB+ 2[m�iBQM MQr ?�b � +QmMi2`T�`i i2`K
�bbQ+B�i2/ rBi? i?2 +QmTHBM; +Q2{+B2Mi κX h?2`27Q`2- i?2 }`bi@Q`/2` �TT`QtBK�@
iBQM iQ i?2 "QHixK�MM@*m`iBbb i`�MbTQ`i 2[m�iBQM T`Q/m+2b � HBM2�` KQK2MimK
2[m�iBQM +QMbBbi2Mi rBi? i?2 J*h 7Q`KmH�iBQMX *QKT�`BbQMb #2ir22M i?2 2t@
T`2bbBQMb 7Q` i?2 +Q2{+B2Mib BM 7`QMi Q7 B/2MiB+�H i2`Kb BM i?2b2 2[m�iBQMb rBHH
b?2/ HB;?i BMiQ i?2 p�HB/Biv Q7 i?2b2 2tT`2bbBQMb 7Q` i?2 M2r +Q2{+B2Mib BM J*hX
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h?2 bBKTHB}+�iBQM Q7 i?2 +QHHBbBQM�H i2`K BM 2[m�iBQM 9d T`2bmK2b i?�i �
bBM;mH�` `2H�t�iBQM iBK2 +�M #2 mb2/ iQ /2b+`B#2 i?2 i`�MbBiBQM 7`QK i?2 `2�H
/Bbi`B#miBQM 7mM+iBQM f iQ i?2 2[mBHB#`BmK /Bbi`B#miBQM 7mM+iBQM f0X .m2 iQ
i?2 2ti`� /2;`22b Q7 7`22/QK BMi`Q/m+2/ #v i?2 HQ+�H `Qi�iBQM Q7 i?2 KQH2+mH2b-
i?Bb `2H�t�iBQM iBK2 +�MMQi #2 2[m�i2/ /B`2+iHv iQ i?2 +�b2 Q7 +H�bbB+�H ~mB/bX
aiBHH- �b *?2M 2i �H /2KQMbi`�i2/ (Rj)- 2tT`2bbBQMb 7Q` � bBM;mH�` `2H�t�iBQM
iBK2 +�M BM+Q`TQ`�i2 KmHiBTH2 T`Q+2bb2b Q` KQ/2Hb BMpQHpBM; b2p2`�H /2;`22b Q7
7`22/QKX h?2b2 2tT`2bbBQMb ivTB+�HHv bi�`i 7`QK � #�b2 iBK2 +QMbi�Mi �TTHB2/ iQ
i?2 `2H�t�iBQM Q7 i?2 KQiBQMb Q7 i?2 KQH2+mH�` KQiBQMX AM i?2 +m``2Mi i`2�iK2Mi-
i?Bb #�b2 `2H�t�iBQM iBK2 rQmH/ �TTHv iQ i?2 ;v`�iBQMX

.2 :`QQi �M/ J�xm` BMp2biB;�i2/ i?2 +�b2 Q7 pBb+Qmb ~Qr BM �M BbQi`QTB+
~mB/- #mi �HHQr2/ 7Q` �bvKK2i`v BM i?2 T`2bbm`2 i2MbQ`X h?Bb �bvKK2i`v `2@
[mB`2/ 7Q` i?2 +QMbB/2`�iBQM Q7 �M BM/2T2M/2Mi +QMb2`p�iBQM i?2Q`2K 7Q` �M;m@
H�` KQK2MimKX 6m`i?2`KQ`2- T`2bbm`2 �bvKK2i`v ;2M2`�i2/ ǳBMi2`M�H �M;mH�`
KQK2MimK-Ǵ Sp- r?B+? �`Qb2 7`QK i?2 HQ+�H �M;mH�` p2HQ+Biv- ωp- Q7 ;`QmTb Q7
T�`iB+H2b �i � TQBMi BM i?2 bvbi2KX 6`QK +QMb2`p�iBQM Q7 �M;mH�` KQK2MimK- .2
:`QQi �M/ J�xm` /2`Bp2/ � #�H�M+2 2[m�iBQM 7Q` i?2 BMi2`M�H �M;mH�` KQK2MimK
(k8),

ρ
dSq

dt
= −2Πq U3jV

>2`2- Πq Bb i?2 �bvKK2i`B+�H +QKTQM2Mi Q7 i?2 T`2bbm`2 i2MbQ`X AMi2`M�H �M;m@
H�` KQK2MimK +QmH/ #2 2�bBHv `2H�i2/ iQ i?2 �M;mH�` p2HQ+Biv i?`Qm;? Sq = Iωq-
r?2`2 I /2MQi2/ i?2 �p2`�;2 KQK2Mi Q7 BM2`iB� Q7 i?2 +QMbiBim2Mi T�`iB+H2bX h?2
�bvKK2i`B+ T`2bbm`2 i2MbQ`- ?Qr2p2`- M22/2/ � KQ`2 Mm�M+2/ i`2�iK2MiX "v /2@
`BpBM; `2H�iBQMb 7Q` i?2 +QMb2`p�iBQM Q7 BMi2`M�H 2M2`;v �M/ 2Mi`QTv T`Q/m+iBQM-
.2 :`QQi �M/ J�xm` 7QmM/ i?2 i?2`KQ/vM�KB+ 7Q`+2 �bbQ+B�i2/ rBi? i?2 �bvK@
K2i`B+ T`2bbm`2 i2MbQ` (k8)X h?Bb 7Q`+2 2K2`;2/ 7`QK � /Bz2`2M+2 #2ir22M i?2
HQ+�H �M/ +H�bbB+�H �M;mH�` p2HQ+BiB2b- ωs − 1

2εspqvq,pX AMpQFBM; *m`B2Ƕb T`BM+BTH2
(kk) `2;�`/BM; i?2`KQ/vM�KB+ ~mt2b �M/ 7Q`+2b- .2 :`QQi �M/ J�xm` /2`Bp2/
i?2 7QHHQrBM; `2H�iBQM (k8),

Πs = νr(2ωs − εspq
∂vq
∂xp

) U39V

*H2�`Hv- i?2 �bvKK2i`B+ T`2bbm`2 i2MbQ` KB``Q`b i?2 #Q/v 7Q`+2 7QmM/ BM 2[m�iBQM
3y- BM/B+�iBM; i?�i i?2 #Q/v 7Q`+2 Q7 i?2 FBM2iB+ /2b+`BTiBQM +�M #2 Q#i�BM2/ 7`QK
� +QMbB/2`�iBQM Q7 i?2`KQ/vM�KB+ ~mt2b �M/ 7Q`+2bX :Bp2M i?Bb +HQbm`2 `2H�iBQM-
i?2 +QMb2`p�iBQM Q7 BMi2`M�H �M;mH�` KQK2MimK BM 2[m�iBQM 3j #2+�K2,

dωs

dt
= −2νr

ρI
(2ωs − εspq

∂vq
∂xp

) U38V

h?Bb 2[m�iBQM Bb 2[mBp�H2Mi iQ i?2 FBM2iB+ �M;mH�` KQK2MimK 2[m�iBQM d3 rBi?
i?2 /BzmbBQM i2`Kb 2HBKBM�i2/X h?2`27Q`2- i?2 FBM2iB+ i?2Q`v Bb b?QrM iQ Q#i�BM �
KQ`2 ;2M2`�H 7Q`K Q7 � +QMb2`p�iBQM 2[m�iBQMX 6Q` i?2 +�b2 Q7 BMBiB�HHv x2`Q HQ+�H
�M;mH�` p2HQ+Biv �M/ +QMbi�Mi pQ`iB+Biv- i?2 bQHmiBQM iQ 2[m�iBQM 38 #2+QK2b,

ωs =
1

2
εspq

∂vq
∂xp

(1− e−
t
τo ) U3eV

r?2`2 i?2 /2+�v Q7 i?2 HQ+�H �M;mH�` p2HQ+Biv Bb +?�`�+i2`Bx2/ #v � `2H�t�iBQM
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iBK2 +QMbi�Mi- τo- i?�i ?�b i?2 7Q`K,

τo =
ρI

4νr
U3dV

J2�bm`2K2Mib Q7 /B�iQKB+ ?v/`Q;2M �M/ /2mi2`BmK KBtim`2b �i p = 1 �iK �M/
T = 77K #v JQMi2`Q 2i �H ;Bp2 � p�Hm2 Q7 2.20× 10−8s 7Q` i?2 `Qi�iBQM�H `2H�t@
�iBQM iBK2 (89)X h?mb- i?2 �bbmKTiBQMb Q7 x2`Q BMBiB�H HQ+�H `Qi�iBQM- +QMbi�Mi
pQ`iB+Biv- �M/ �#b2M+2 Q7 2ti2`M�H 7Q`+2b- H2�/b iQ i?2 /2`Bp�iBQM Q7 � +?�`�+@
i2`BbiB+ `2H�t�iBQM iBK2 i?�i 2t+HmbBp2Hv �TTHB2/ iQ BMi2`M�H �M;mH�` KQK2MimKX
h?2b2 �bbmKTiBQMb #2+QK2 `2H2p�Mi r?2M i?2 +?�`�+i2`BbiB+ iBK2 Bb bm{+B2MiHv
`2/m+2/ bm+? i?�i K�+`Qb+�H2 T?2MQK2M�- bm+? �b i?2 pQ`iB+Biv- +�M #2 �TT`QtB@
K�i2/ �b +QMbi�Mi +QKT�`2/ rBi? i?2 2pQHmiBQM Q7 HQ+�H `Qi�iBQMX AM i?2b2 b?Q`i
iBK2 b+�H2b- 2[mBHB#`BmK Bb �+?B2p2/ 7Q` i?2 HQ+�H `Qi�iBQM QM+2 Bi �TT`Q�+?2b
i?2 +QMbi�Mi pQ`iB+BivX 1[m�iBQM 3d T`QpB/2b � bmBi�#H2 }`bi �TT`QtBK�iBQM Q7
i?2 +?�`�+i2`BbiB+ `2H�t�iBQM iBK2- τ - mb2/ BM Qm` FBM2iB+ i?2Q`v /2b+`BTiBQMX .2
:`QQiǶb +?�`�+i2`Bx�iBQM Q7 HQ+�H �M;mH�` p2HQ+Biv �b i?2 K2�M �M;mH�` p2HQ+Biv
Q7 ;`QmTb Q7 T�`iB+H2b K�i+?2b i?2 T?vbB+�H TB+im`2 Q7 Qm` FBM2iB+ i?2Q`v /2b+`BT@
iBQMX h?2 �//BiBQM Q7 #Q/v 7Q`+2b BMiQ i?2 ;Qp2`MBM; FBM2iB+ i?2Q`v 2[m�iBQMb
+�M �HbQ BM+Q`TQ`�i2 i?2 i?2`KQ/vM�KB+ 7Q`+2b 7QmM/ BM .2 :`QQi �M/ J�xm`Ƕb
i`2�iK2MiX h?2 `Qi�iBQM�H pBb+QbBiv- νr- ?�b � +QmMi2`T�`i i?`Qm;? i?2 +QmTHBM;
+Q2{+B2Mi κ BM i?2 J*h HBM2�` �M/ �M;mH�` KQK2MimK 2[m�iBQMb (R8)X h?2`2@
7Q`2- MmK2`B+�H bBKmH�iBQMb Q7 i?2 FBM2iB+ �M/ J*h /2b+`BTiBQMb b?QmH/ #2 �#H2
iQ /2i2`KBM2 i?2 �TT`QT`B�i2 +QM/BiBQMb 7Q` i?2 mb2 Q7 2[m�iBQM 3d BM i?Bb }`bi
Q`/2` �TT`QtBK�iBQMX

h?2 BMi`Q/m+iBQM Q7 HQ+�H `Qi�iBQM- ωs- �b �M BM/2T2M/2Mi p�`B�#H2 ?�b `2@
bmHi2/ BM � bHB;?iHv /Bz2`2Mi T?vbB+�H TB+im`2 7`QK i?2 +H�bbB+�H ~mB/b /2b+`BTiBQM
b?QrM BM i?2 L�pB2`@aiQF2b 2[m�iBQMbX h?2 �M;mH�` KQK2MimK 2[m�iBQM d3 Bb
MQi /2`Bp2/ 7`QK i?2 HBM2�` KQK2MimK 2[m�iBQM dd- r?BH2 i?2 +H�bbB+�H pQ`iB+@
Biv 2[m�iBQM +�M QMHv #2 /2`Bp2/ 7`QK i?2 +H�bbB+�H HBM2�` KQK2MimK 2[m�iBQM
T`2pBQmbHv b?QrM BM 2[m�iBQM 3RX aiBHH- i?2 T?vbB+�H TB+im`2 7`QK r?B+? 2[m�@
iBQMb de- dd- d3- �M/ dN �`2 /2`Bp2/ /Bz2`b 7`QK "QHixK�MMǶb +H�bbB+�H TB+im`2
Q7 � KQM�iQKB+ ;�b QMHv i?`Qm;? i?2 BMi`Q/m+iBQM Q7 i?2 p�`B�#H2 Q7 ;v`�iBQMX
q?2M i?2 ;v`�iBQM Q7 � T�`iB+H2 Bb /BbiBM+i 7`QK K�+`Qb+QTB+ `Qi�iBQM- �b /2@
}M2/ #v i?2 �M;mH�` p2HQ+Biv- 1

2εsab
∂Ub
∂xa

- i?2 M2r 7Q`K Q7 i?2 HBM2�` KQK2MimK
2[m�iBQM dd �M/ i?2 BM/2T2M/2Mi �M;mH�` KQK2MimK 2[m�iBQM d3 +�M T`QpB/2
�M �Hi2`M�iBp2 /2b+`BTiBQM iQ i?2 +H�bbB+�H L�pB2`@aiQF2b TB+im`2X h?2 /Bz2`2M+2
Q7 pQ`iB+Biv �M/ ;v`�iBQM 7Q`Kb �M Q#D2+iBp2 U7`�K2@BM/Bz2`2MiV /2b+`BTiBQM Q7
`Qi�iBQM�H KQiBQM- �#bQHmi2 `Qi�iBQM- �b (R8)

Ω�_
s = εsab

∂Ub

∂xa
− 2Ws U33V

h?2 /Bb�TT2�`�M+2 Q7 �#bQHmi2 `Qi�iBQM BM/B+�i2b i?�i pQ`iB+Biv Bb bQH2Hv `2bTQM@
bB#H2 7Q` i?2 HQ+�H `Qi�iBQM �M/ i?2 /2T2M/2M+2 Q7 ;v`�iBQM p�MBb?2bX h?mb- bm+?
`2H�iBQM Bb +�HH2/ �b �M;mH�` 2[mBp�H2M+2X q?2M x2`Q �#bQHmi2 `Qi�iBQM Q++m`b-
BX2X �M;mH�` 2[mBp�H2M+2- i?2 ;v`�iBQM T`QpB/2b MQ M2r BMbB;?i 7`QK i?2 +H�bbB@
+�H /2b+`BTiBQMX h?2`27Q`2- i?2 ;Qp2`MBM; 2[m�iBQMb /2`Bp2/ BM T`2pBQmb b2+iBQMb
b?QmH/ `2/m+2 iQ i?2 L�pB2`@aiQF2b 2[m�iBQMbX a2iiBM; Ws = 1

2εsab
∂Ub
∂xa

BM i?2

ky

DISTRIBUTION A: Distribution approved for public release.



;Qp2`MBM; KQK2MimK 2[m�iBQMb dd �M/ d3 vB2H/b,
_2/m+2/ GBM2�` JQK2MimK
∂

∂t
(ρUs) +

∂

∂xl
(ρUsUl) +

∂P

∂xs
− nτθ(

∂2Us

∂xl∂xl
+

2

3

∂2Ul

∂xl∂xs
)−

nτθεspq
∂

∂xp
(
1

2
εsab

∂Ub

∂xa
)− ρFs = 0

U3NV

_2/m+2/ �M;mH�` JQK2MimK
∂

∂t
(ρεsab

∂Ub

∂xa
) +

∂

∂xl
(ρεsab

∂Ub

∂xa
Ul)−

nτθ
∂2

∂xl∂xl
(εsab

∂Ub

∂xa
)− 2ρL2ti2`BQ`

s = 0

UNyV

h?2 +QKKQM i2`Kb Q7 i?2 KB+`QBM2`iB� j �M/ 1
2 ?�p2 #22M 2HBKBM�i2/ 7`QK

2[m�iBQM NyX � F2v Q#b2`p�iBQM 7`QK 2[m�iBQM Ny Bb i?2 �#b2M+2 Q7 i?2 BMi2`BQ`
#Q/v 7Q`+2- ρLBMi2`BQ`

s - /2b+`B#2/ BM 2[m�iBQM 3yX h?2 /Bz2`2M+2 BM `Qi�iBQM�H
KQiBQMb M2+2bb�`v 7Q` i?2 BM/m+2K2Mi Q7 ;v`�iBQM QM � T�`iB+H2 ?�b p�MBb?2/-
i?mb K�FBM; ρLBMi2`BQ`

s = 0X J2�Mr?BH2- 2[m�iBQM Ny K�i+?2b i?2 7Q`K Q7 i?2
pQ`iB+Biv 2[m�iBQM- /2`Bp2/ 7`QK i?2 +m`H Q7 i?2 L�pB2`@aiQF2b HBM2�` KQK2MimK
2[m�iBQM 3R,

∂

∂t
(ρεsab

∂Ub

∂xa
) +

∂

∂xl
(ρεsab

∂Ub

∂xa
Ul)

− µ
∂2

∂xl∂xl
(εsab

∂Ub

∂xa
)− ρεsab

∂Fb

∂xa
= 0 UNRV

GQQFBM; �i i?2 `2/m+2/ HBM2�` KQK2MimK 2[m�iBQM 3N- 7m`i?2` K�MBTmH�iBQMb
rBHH b?Qr ?Qr i?Bb 2[m�iBQM K�i+?2b i?2 +H�bbB+�H TB+im`2X lbBM; i?2 B/2MiBiv 7Q`
i?2 G2pB@*BpBi� i2MbQ` εsabεspq = δapδbq−δaqδbp �M/ +QMi`�+iBM; i?2 �TT`QT`B�i2
BM/B+2b- 2[m�iBQM 3N #2+QK2b,

∂

∂t
(ρUs) +

∂

∂xl
(ρUsUl) +

∂P

∂xs
− nτθ(

∂2Us

∂xl∂xl
+

2

3

∂2Ul

∂xl∂xs
)−

nτθ

2
(
∂2Up

∂xs∂xp
− ∂2Us

∂xq∂xq
)− ρFs = 0

UNkV

:`QmTBM; iQ;2i?2` HBF2 i2`Kb vB2H/b i?2 ivT2 AA Q7 i?2 L�pB2`@aiQF2b HBM2�` KQ@
K2MimK 2[m�iBQM,

∂

∂t
(ρUs) +

∂

∂xl
(ρUsUl) +

∂P

∂xs
− nτθ

2

∂2Us

∂xl∂xl

− 7nτθ

6

∂2Up

∂xs∂xp
− ρFs = 0 UNjV

h?2 7Q`K Q7 i?2 +H�bbB+�H KQK2Mi� 2[m�iBQMb Bb �+?B2p2/ r?2M HQ+�H `Qi�iBQM
Bb BM/BbiBM;mBb?�#H2 7`QK K�+`Qb+QTB+ `Qi�iBQMX aiBHH- i?2 T`2+Bb2 7Q`KmH�iBQM
7QmM/ BM 2[m�iBQMb Nj �M/ Ny `2[mB`2b � KQ`2 /2i�BH2/ i`2�iK2MiX 6QHHQrBM; i?2
+H�bbB+�H FBM2iB+ i?2Q`v 7Q`KmH�iBQM �M/ "QHixK�MM /Bbi`B#miBQM- Bi H2�/b iQ i?2
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"QHixK�MM@*m`iBbb 1[m�iBQM

∂
∂φi

= 0 LQ �M;mH�` /2T2M/2M+2

"QHixK�MM 1[m�iBQM

J*h
La hvT2 A
La hvT2 AA

1mH2`

f (1)
"f (0)

"@*f (0)
" f (1)

"@*

�M;X
2[mBXAMpBb+B/

∆S = 0

6B;m`2 j, S�i?r�v 7`QK KQ`T?BM; +QMiBMmmK i?2Q`v iQ L�pB2`@aiQF2b i?2Q`v

hvT2 A Q7 i?2 L�pB2`@aiQF2b 2[m�iBQMb (jN),
∂

∂t
(ρUs) +

∂

∂xl
(ρUsUl) +

∂P

∂xs

− nτθ
∂2Us

∂xl∂xl
− nτθ

3

∂2Up

∂xs∂xp
− ρFs = 0 UN9V

AM i?2 ivT2 AA Q7 i?2 L�pB2`@aiQF2b 2[m�iBQMb- BX2X 2[m�iBQM Nj- i?2 2tT`2bbBQM
7Q` i?2 +Q2{+B2Mi BM 7`QMi Q7 i?2 /BzmbBQM i2`K Bb ?�H7 i?�i p�Hm2 BM i?2 hvT2 A- BX2X
2[m�iBQM N9- /m2 iQ i?2 +QMi`B#miBQM 7`QK i?2 M2r i2`K �bbQ+B�i2/ rBi? i?2 +m`H
Q7 i?2 ;v`�iBQMX h?Bb i2`K Q`B;BM�HHv +QMi�BM2/ � +Q2{+B2Mi i?�i K�i+?2/ i?2
7Q`K Q7 i?2 +H�bbB+�H pBb+QbBiv- #mi �TTHB2/ iQ i?2 +QMi`B#miBQM Q7 HQ+�H `Qi�iBQM
MQi 7QmM/ BM i?2 +H�bbB+�H /2b+`BTiBQMX h?2 i2KT2`�im`2 /2T2M/2M+2 Q7 pBb+Qmb
`Qi�iBQM�H KQiBQM �TT2�`b iQ ?�p2 � bHB;?iHv /Bz2`2Mi HBKBiBM; #2?�pBQ` �b i?2
T�`iB+H2 `Qi�iBQM #2;BMb iQ `2b2K#H2 K�+`Qb+QTB+ KQiBQMX

6B;m`2 j b?Qrb i?2 K�T #2ir22M KQ`T?BM; +QMiBMmmK i?2Q`v �M/ L�pB2`@
aiQF2b 2[m�iBQMb 7`QK #Qi? i?2 T2`bT2+iBp2 Q7 FBM2iB+ i?2Q`v �M/ `�iBQM�H +QM@
iBMmmK K2+?�MB+bX 6`QK � FBM2iB+ TQBMi Q7 pB2r- "QHixK�MM 2[m�iBQM +�M #2
Q#i�BM2/ #v /`QTTBM; i?2 �M;mH�` /2T2M/2M+2 BM i?2 "QHixK�MM@*m`iBbb 2[m�@
iBQMX 6Q` "QHixK�MM 2[m�iBQMb- irQ /Bz2`2Mi /Bbi`B#miBQM 7mM+iBQMb +�M #2 mb2/
iQ 7m`i?2` /2`BpBM; i?2 +QMb2`p�iBQM 2[m�iBQMbX h?2 }`bi QM2 Bb i?2 +H�bbB+�H
"QHixK�MM /Bbi`B#miBQMX q?2M i?2 bvbi2K Bb �i i?2 "QHixK�MM /Bbi`B#miBQM
Ux2`Q@i? Q`/2` �TT`QtBK�iBQMV- BX2X 2[mBHB#`BmK- i?2 "QHixK�MM 2[m�iBQM H2�/b
iQ 1mH2`Ƕb 2[m�iBQMbX 6m`i?2`KQ`2- B7 i?2 bvbi2K Bb HBM2�`Hv /2pB�i2/ 7`QK i?2
"QHixK�MM /Bbi`B#miBQM U}`bi Q`/2` �TT`QtBK�iBQMV- ivT2 A Q7 i?2 L�pB2`@aiQF2b
2[m�iBQM +�M #2 Q#i�BM2/X aBKBH�`Hv- B7 i?2 "QHixK�MM @*m`iBbb /Bbi`B#miBQM Bb
�/QTi2/- i?2 x2`Q@i? Q`/2` �TT`QtBK�iBQM �HbQ H2�/b iQ i?2 1mH2`Ƕb 2[m�iBQMX Ai Bb
MQiB+2/ i?�i i?2 }`bi Q`/2` �TT`QtBK�iBQM Q7 i?2 "QHixK�MM@*m`iBbb /Bbi`B#miBQM
Bb �bbmK2/ 7Q` i?2 bvbi2K- i?2 i`�MbTQ`i 2[m�iBQM H2�/b iQ KQ`T?BM; +QMiBMmmK
i?2Q`v �b T`2b2Mi2/ BM i?Bb bim/vX AMi2`2biBM;Hv- QM2 Q7 i?2 +Q``2H�iBQMb #2ir22M
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KQ`T?BM; +QMiBMmmK i?2Q`v �M/ i?2 ivT2 AA Q7 i?2 L�pB2`@aiQF2b 2[m�iBQMb Bb
i?2 �M;mH�` KQiBQM 2[mBp�H2M+2 Q` i?2 p�MBb?BM; �#bQHmi2 `Qi�iBQMX �b /Bb+mbb2/
BM i?2 T`2pBQmb b2+iBQM- i?2 ivT2 A �M/ AA Q7 L�pB2`@aiQF2b 2[m�iBQM /Bz2` BM i?2
�M;mH�` KQiBQM /2T2M/2M+2 Q7 i?2 /Bbi`B#miBQM 7mM+iBQMbX h?Bb +QM+Hm/2b i?2
i?2Q`2iB+�H /2p2HQTK2Mi �M/ `2H�iBQMb #2ir22M +H�bbB+�H �M/ KQ`T?BM; +QMiBMm�X

kXj P#D2+iBp2 Z@*`Bi2`BQM 7Q` oQ`i2t�1//v oBbm�HBx�iBQM
aT2xB�H2 /2pQi2/ T�`i Q7 ?Bb +�`22` H�vBM; /QrM i?2 7mM/�K2Mi�Hb Q7 Q#D2+iBp@
Biv �M/ BMp2biB;�i2/ i?2 `2[mB`2K2Mi Q7 Q#D2+iBpBiv Qp2` :�HBH2�M BMp�`B�M+2 7Q`
im`#mH2M+2 bBKmH�iBQM (dy- dR- dk- dj- d9)X JQ`2 `2+2MiHv- >�HH2` b?Qr2/ i?2 BM@
+QMbBbi2M+v Q7 pQ`i2t B/2MiB}+�iBQM rBi? i?2 +H�bbB+�H p2HQ+Biv ;`�/B2Mi@#�b2/ �T@
T`Q�+?2b �M/ 2KT?�bBx2/ i?2 BKTQ`i�M+2 Q7 i?2 Q#D2+iBpBiv Q` 7`�K2@BM/Bz2`2M+2
7Q` pQ`i2t pBbm�HBx�iBQM (j8)X h?2 +H�bbB+�H Z@+`Bi2`BQM mM/2` La 7`�K2rQ`F `2@
HB2b QM i?2 b2+QM/ BMp�`B�Mi Q7 i?2 p2HQ+Biv ;`�/B2Mi- 2;X 2IIa = vi,ivj,j −
vi,jvj,i = ΩijΩji − SijSjic r?2`2 vi,j Bb p2HQ+Biv ;`�/B2Mi- Sij = 1

2 (vi,j + vj,i)
�M/ Ωij =

1
2 (vi,j − vj,i)X Ai ?�b #22M T`Qp2M i?�i i?2 bvKK2i`B+ T�`i Q7 p2HQ+Biv

;`�/B2Mi- Sij - Bb Q#D2+iBp2c ?Qr2p2` i?2 �MiBbvKK2i`B+ T�`i - Ωij Bb QMHv :�HBH2�M
BMp�`B�MiX

h?2 Q#D2+iBpBiv Q` 7`�K2@BM/Bz2`2M+2 2KT?�bBx2b i?2 BMp�`B�M+2 #2ir22M irQ
`272`2M+2 7`�K2bX G2i � `2+i�M;mH�` 7`�K2- M - #2 BM `2H�iBp2 `B;B/ KQiBQM rBi?
`2bT2+i iQ �MQi?2` QM2- M ′X � TQBMi rBi? `2+i�M;mH�` +QQ`/BM�i2 xk �i iBK2 t
BM M rBHH ?�p2 �MQi?2` `2+i�M;mH�` +QQ`/BM�i2 x′

k �i iBK2 t′ BM M ′X aBM+2 i?2
`272`2M+2 7`�K2b �`2 `B;B/ KQiBQM rBi? `2bT2+i iQ 2�+? Qi?2`- i?2 KQiBQM #2ir22M
irQ 7`�K2b +�M #2 /2b+`B#2/ �b x′

k(t
′) = Qkl(t)xl(t) + bk(t) r?2`2 Qkl(t) Bb i?2

`B;B/ #Q/v `Qi�iBQM K�i`Bt #2ir22M irQ 7`�K2b �M/ bk(t) Bb i?2 i`�MbH�iBQM
#2ir22M irQ 7`�K2bX A7 i?2 iBK2 /2`Bp�iBp2 Bb T2`7Q`K2/ QM KQiBQM- Bi H2�/b iQ
v′k(t

′) = Q̇kl(t)xl(t) + Qkl(t)vl(t) + ḃk(t)X h?2 p2HQ+Biv ;`�/B2Mi #2ir22M irQ
7`�K2b +�M i?2M #2 7QmM/ �b v′k,m(t′) = Q̇kl(t)Qml(t) +Qkl(t)Qmp(t)vl,p(t)X

h?2`27Q`2- i?2 bvKK2i`B+ T�`i Q7 i?2 p2HQ+Biv ;`�/B2Mi #2ir22M irQ 7`�K2b Bb
T`Qp2M iQ #2 Q#D2+iBp2 #v S′

km = 1
2 (v

′
k,m(t′)+v′m,k(t

′)) = Qkl(t)Qmp(t)
1
2 (vl,p(t)+

vp,l(t)) = Qkl(t)Qmp(t)Slp r?2`2 Q̇kl(t)Qml(t) + Q̇ml(t)Qkl(t) = d
dtQmlQkl =

d
dtδkm = 0X

L2p2`i?2H2bb- i?2 �MiBbvKK2i`B+ T�`i Bb 7QmM/ iQ #2 Ω′
km = 1

2 (v
′
k,m(t′) −

v′m,k(t
′)) = Qkl(t)Qmp(t)Ωl,p +

1
2 (Q̇kl(t)Qml(t)− Q̇ml(t)Qkl(t))X A7 i?2 `Qi�iBQM

K�i`Bt Qkl Bb MQ HQM;2` iBK2 /2T2M/2Mi- B2X Q̇kl(t)Qml(t) = Q̇ml(t)Qkl(t)) = 0-
Ωkl Bb BMp�`B�MiX AM Qi?2` rQ`/b- i?2 �MiBbvKK2i`B+ T�`i Bb :�HBH2�M BMp�`B�Mi
�M/ QMHv bi�vb BMp�`B�Mi #2ir22M irQ 7`�K2b rBi? i`�MbH�iBQMX

AM J*h- i?2 *�m+?v bi`2bb Bb `2H�i2/ iQ i?2 p2HQ+Biv ;`�/B2Mi �M/ ;v`�@
iBQM i?`Qm;? �M Q#D2+iBp2 bi`�BM@`�i2 i2MbQ`- akl = vl,k + elkmωm �M/ a′mn =
QmkQnlaklX h?2 Q#D2+iBpBiv Q7 akl +�M #2 T`Qp2M i?`Qm;? � T`Q+2bb bBKBH�` iQ
i?2 �7Q`2K2MiBQM2/ T�`�;`�T? QM p2HQ+Biv ;`�/B2MiX h?2 Q`B2Mi�iBQM Q7 BMM2`
bi`m+im`2 Bb /2b+`B#2/ #v i?2 /B`2+iQ` i2MbQ`- χkK X h?2 /B`2+iQ` �M/ Bib iBK2
/2`Bp�iBp2 #2ir22M irQ 7`�K2b rBi? `B;B/ #Q/v KQiBQMb +�M #2 b?QrM �b

χ′
kK(t′) = Qkm(t)χmK(t)

χ̇′
kK = Q̇kmχmK +Qkmχ̇mK UN8V

elkmω
′
mχ

′
lK = Q̇kmχmK +QkmeambωbχaK
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r?2`2 χ̇mK = eambωbχaK - ωb Bb i?2 `Qi�iBQM�H p2HQ+Biv Q7 �M BMM2` bi`m+im`2X
�7i2` KmHiBTHvBM; �MQi?2` /B`2+iQ` i2MbQ` QM 2[X N8- QM2 +�M Q#i�BM emkpω′

p =

Q̇kpQmp +QmaQkteatbωb

6`QK i?2 T`2pBQmb T�`�;`�T?- QM2 +�M `2+�HH i?2 p2HQ+Biv ;`�/B2Mi /2b+`B#2/
BM irQ 7`�K2b �`2 `2H�i2/ �b v′m,k = Q̇mpQkp + QmaQktva,t h?2`27Q`2- QM2 +�M
b22 i?�i

(v′m,k + emkpω
′
p) = QmaQkt(eetbωb + va,t). UNeV

1[m�iBQM Ne T`Qp2b i?2 bi`�BM `�i2 i2MbQ`- akm- Bb Q#D2+iBp2X
�b QTTQb2/ iQ mbBM; i?2 p2HQ+Biv ;`�/B2Mi BM La 2[m�iBQMb 7Q` pQ`i2t B/2MiB@

}+�iBQMb rBi? Z@+`Bi2`BQM- J*h `2HB2b QM i?2 bi`�BM `�i2 i2MbQ`bX h?2 +H�bbB+�H
Z@+`Bi2`BQM rBi? i?2 p2HQ+Biv ;`�/B2Mi +�M #2 7QmM/ �b i?2 b2+QM/ BMp�`B�Mi Q7
i?2 p2HQ+Biv ;`�/B2Mi- BX2X Q = 1

2 (vi,ivj,j − vi,jvj,i) =
1
2 (ΩijΩji − SijSji)- r?2`2

Sij Bb i?2 bvKK2i`B+ T�`i �M/ Ωij Bb i?2 �MiBbvKK2i`B+ T�`i Q7 i?2 p2HQ+Biv ;`�@
/B2MiX 6QHHQrBM; � bBKBH�` /2`Bp�iBQM- i?2 J*h bi`�BM `�i2 i2MbQ` +�M �HbQ #2
/BpB/2/ BMiQ � bmK Q7 � bvKK2i`B+ �M/ �MiBbvKK2i`B+ T�`iX

SJ*h
ij =

1

2
(aij + aji) =

1

2
(vj,i + vi,j) UNdV

ΩJ*h
ij =

1

2
(aij − aji) =

1

2
(vj,i − vi,j + 2ejimωm) UN3V

Ai b?QmH/ #2 2KT?�bBx2/ i?�i bBM+2 aij Bb Q#D2+iBp2- i?2 �//BiBQM Q` bm#i`�+iBQM
#2ir22M Q#D2+iBp2 i2MbQ`b- 2X;X SJ*h

ij �M/ ΩJ*h
ij - `2K�BM Q#D2+iBp2X �b � `2bmHib-

�M Q#D2+iBp2 Z@+`Bi2`BQM 7Q` J*h Bb T`QTQb2/ �b i?2 b2+QM/ BMp�`B�Mi Q7 i?2
bi`�BM `�i2 i2MbQ`- aij - B2X

QJ*h =
1

2
(aiiajj − aijaji)

=
1

2
(vi,ivj,j − vj,ivi,j − 2vj,ieijmωm + 2ωmωm)

=
1

2
(ΩJ*h

ij ΩJ*h
ij − SJ*h

ij SJ*h
ij ) UNNV

lbBM; *�`i2bB�M *QQ`/BM�i2 - i?2 Q#D2+iBp2 Z@+`Bi2`BQM +�M #2 r`Bii2M �b

QJ*h =vx,xvy,y + vx,xvz,z + vy,yvz,z

− (vx,yvy,x + vx,zvz,x + vy,zvz,y)

− (vy,x − vx,y)ωz − (vx,z − vz,x)ωy

− (vz,y − vy,z)ωx + ω2
x + ω2

y + ω2
z URyyV

h?2 bvKK2i`B+ T�`i Bb i?2 b�K2 �b i?2 QM2 BM La i?2Q`v b?QrBM; i?2 MQ`@
K�H 2tT�MbBQM Q7 i?2 ~Qr #2?�pBQ`bX >Qr2p2`- i?2 T?vbB+�H K2�MBM; Q7 i?2
�MiB@bvKK2i`B+ T�`i- ΩJ*h

ij - b?QmH/ #2 mM/2`biQQ/ �b �#bQHmi2 `Qi�iBQMX h?2
Qz@/B�;QM�H T�`i Q7 �M �MiB@bvKK2i`B+ K�i`Bt +�M #2 `2T`2b2Mi2/ #v � p2+iQ`X
h?2`27Q`2- QM2 +�M `2r`Bi2 i?2 �MiBbvKK2i`B+ T�`i �b � p2+iQ` Q7 �#bQHmi2 `Qi�@
iBQM U�X_XV- BX2X�X_X = eijkΩJ*h

ij = eijkvj,i − 2ωk ∼ ∇× /v − 2/ω
h?2 }`bi ?�H7 Q7 i?2 �X_X Bb pQ`iB+Biv U∇ × /vV /2b+`B#BM; i?2 `2H�iBp2 `Qi�@

iBQM #2ir22M irQ BMM2` bi`m+im`2 r?BH2 i?2 b2+QM/ ?�H7 U/ωV Bb i?2 b2H7@bTBMMBM;
Q7 �M BMM2` bi`m+im`2X AM Qi?2` rQ`/b- �X_X K2�bm`2b i?2 T?�b2 b?B7i Q` i?2
`Qi�iBQM�H bT22/ /Bz2`2M+2 #2ir22M i?2 `2H�iBp2 `Qi�iBQM �M/ i?2 b2H7@bTBMMBM;
KQiBQMX h?Bb Bb i?2 i`m2 `Qi�iBQM #2ir22M irQ BMM2` bi`m+im`2b BM � +QMiBMmmK

k9
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�M/ Bi /Q2b MQi +?�M;2 2p2M r?2M Q#b2`p2/ 7`QK /Bz2`2Mi `272`2M+2 7`�K2bX A7

6B;m`2 9, >�B`TBM 2//v bi`m+im`2 B/2M@
iB}2/ #v i?2 Q#D2+iBp2 Z@*`Bi2`BQM rBi?
J*h

�X_X Bb x2`Q- Bi BKTHB2b i?�i i?2
`2H�iBp2 `2pQHmiBQM #2ir22M irQ BM@
M2` bi`m+im`2b Bb 2[m�H iQ i?2 b2H7@
bTBMMBM; KQiBQMX h?2`27Q`2- irQ BM@
M2` bi`m+im`2b �Hr�vb 7�+2 2�+? Qi?2`
rBi? i?2 b�K2 bB/2- HBF2 i?2 1�`i? �M/
i?2 JQQMX qBi?Qmi � ;HQ#�H +QQ`/B@
M�i2- i?2 BMM2` bi`m+im`2 #2?�p2b �b B7
i?2`2 Bb MQ KQiBQMX J�i?2K�iB+�HHv-
�X_X = 0 `2/m+2b J*h #�+F iQ La
2[m�iBQMb (8R)X h?Bb K�i?2K�iB+�H `2@
H�iBQM BKTHB2b i?�i B7 QM2 #2HB2p2b pQ`@
iB+Biv +�M +QKTH2i2Hv `2bQHp2 �HH TQb@
bB#H2 `Qi�iBQM rBi?Qmi b2H7@bTBMMBM;
;v`�iBQM- La i?2Q`v �M/ J*h �`2
2[mBp�H2MiX Ai Bb MQi2/ i?�i h`m2b@
/2HH 7QHHQr2/ i?2 KQMmK2Mi�H rQ`F #v

:`�/ (jk) �M/ /2`Bp2/ � #�H�M+2 H�r Q7 BMi2`M�H `Qi�iBQM (3y- 3k)X .2 :`QQi
�M/ J�xm` �HbQ /Bb+mbb2/ � bBKBH�` ;Qp2`MBM; 2[m�iBQM BM i?2B` #QQF (k8)X h?2
+QM+2Ti Q7 i?2 BMi2`M�H `Qi�iBQM Bb bBKBH�` iQ i?2 M2r /2;`22b Q7 7`22/QK- ;v@
`�iBQM- BM J*hX >Qr2p2`- .2 :`QQi �M/ J�xm` /2`Bp2/ i?2 #�H�M+2 H�r 7`QK
� K2+?�MB+b T2`bT2+iBp2 bQ i?2 iBK2 2pQHmiBQM Q7 i?2 BMi`BMbB+ `Qi�iBQM Bb QMHv
;Qp2`M2/ #v i?2 �MiBbvKK2i`B+ T�`i Q7 *�m+?v bi`2bb- BX2X ekijtij X PM i?2 Qi?2`
?�M/- i?2 +QMbiBimiBp2 2[m�iBQM Q7 ;v`�iBQM BM J*h r�b /2`Bp2/ 7`QK i?2 +H�bbB@
+�H MQM2[mBHB#`BmK i?2`KQ/vM�KB+bX h?2`27Q`2- i?2`2 Bb �M �//BiBQM�H KQK2Mi
bi`2bb- BX2X mlk,lX *QMb2[m2MiHv- i?2`2 Bb � /BbbBT�iBQM Q` /BzmbBQM K2+?�MBbK
BM i?2 #�H�M+2 H�r Q7 �M;mH�` KQK2MimK- BX2X ωk,llX h?2 /BzmbBQM Q7 ;v`�iBQM
H2�/b iQ i?2 ?2�i �M/ 2p2Mim�HHv i?2 B``2p2`bB#H2 2Mi`QTv ;2M2`�iBQMX

6B;m`2 9 b?Qrb i?2 BbQ@bm`7�+2 Q7 i?2 Q#D2+iBp2 Z@*`Bi2`BQM 7Q` i?2 +Q?2`2Mi
2//v bi`m+im`2 BM i?2 i`�MbQMB+ ~Qr Qp2` � i?`22@/BK2MbBQM�H #mKTX h?2 BbQ@
bm`7�+2 Bb +QHQ`2/ #v i?2 K�;MBim/2 Q7 i?2 �#bQHmi2 `Qi�iBQM U�X_XVX h?2 ?�B`TBM
bi`m+im`2 Q7 i?2 2//B2b �`2 +H2�`Hv b22M rBi?Qmi #2BM; HBKBi2/ #v i?2 :�HBH2�M
BMp�`B�M+2X

j LmK2`B+�H o�HB/�iBQM Q7 J*h �M/ �TTHB+�@
iBQMb

h?2 i2�K ?�b �HbQ /2p2HQT2/ � }MBi2 pQHmK2@#�b2/ MmK2`B+�H bQHp2` 7Q` +QK@
T`2bbB#H2 ~Qrb rBi? b?Q+F T`2b2`p�iBQMX h?2 �++m`�+v Q7 i?2 MmK2`B+�H bQHp2`
?�b #22M T`Qp2M iQ #2 b2+QM/ Q`/2` BM bT�+2 �M/ iBK2 (Rk)X h?2 MmK2`B+�H bQ@
HmiBQM r�b +QKT�`2/ rBi? i?2 i2bi +�b2 Q7 k@. +QKT`2bbBQM `�KT U2tT2`BK2Mib
/QM2 #v EmMix (93)V 7Q` p�HB/�iBQMX h?2 /2i�BHb Q7 p�HB/�iBQM Bb Tm#HBb?2/ BM
S?vbB+�H _2pB2r 6HmB/b (Rk)X

jXR LmK2`B+�H a+?2K2 7Q` JQ`T?BM; *QMiBMmmK
h?2 i2�K ?�b T`2b2Mi2/ � b2+QM/@Q`/2` b?Q+F@T`2b2`pBM; b+?2K2 7Q` KQ`T?BM;
+QMiBMmmKX h?2 7QHHQrBM; T�`i b?Qrb i?2 b+?2K2 Bb b2+QM/ Q`/2` �++m`�i2 �M/

k8
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?�b #22M mb2/ BM b2p2`�H Q7 i?2 SAǶb Tm#HB+�iBQMbX h?2b2 Tm#HB+�iBQMb BM+Hm/2 �
bim/v BM bmT2`bQMB+ im`#mH2M+2 Tm#HBb?2/ BM S?vbB+�H _2pB2r 6HmB/b (Rk)- QM2 BM
i`�MbQMB+ im`#mH2M+2 BM �A�� CQm`M�H (39) �M/ ?vT2`bQMB+ ~Qrb BM �A�� �M/
�Sa +QM72`2M+2b (k)X

h?2 T`2b2Mi2/ MmK2`B+�H b+?2K2 ?�b �HbQ #22M b?QrM +QKTmi�iBQM�HHv 27@
72+iBp2X h?2 MmK2`B+�H bQHp2` ?�b #22M BKTH2K2Mi2/ BM i?2 bi`m+im`2 7Q` T�`@
�HH2H +QKTmiBM;X "2vQM/ i?2 MmK2`B+�H �M/ +QKTmi�iBQM�H QTiBKBx�iBQM- i?2
KmHiBb+�H2 M�im`2 Q7 J*h �HbQ b?Qrb i?2 +QKTmi�iBQM�H �/p�Mi�;2 BM /B`2+i
MmK2`B+�H bBKmH�iBQM U.LaV Qp2` i?2 +H�bbB+�H L�pB2`@aiQF2b 2[m�iBQMbX 6Q` i?2
bmT2`bQMB+ im`#mH2M+2 bim/v BM S?vbB+�H _2pB2r 6HmB/b (Rk)- i?2 ;`B/ bT�+BM;
M2�` i?2 r�HH BM i?2 J*h bim/v Bb ∆y+ = 1.34 rBi? 10 ;`B/ TQBMib 7Q` y+ < 30-
r?BH2 7Q` � bBKBH�` .La bBKmH�iBQM (3d)- i?2 `2[mB`2/ bT�+BM; MQ`K�H iQ i?2 r�HH
Bb ∆y+ = 0.2 rBi? KQ`2 i?�M ky ;`B/ TQBMib BM y+ < 20X �HbQ- 7Q` i?2 i`�MbQMB+
im`#mH2M+2 bim/v BM �A�� CQm`M�H (39)- i?2 iQi�H MmK#2` Q7 ;`B/ TQBMib Bb �#Qmi
e KBHHBQM r?BH2 i?2 +QKT�`�iBp2 La bim/v `2[mB`2b 89 J ;`B/ TQBMib (RR)X lMHBF2
i?2 +H�bbB+�H .La `2THvBM; QM }M2 K2b?2b iQ `2bQHp2 bm#b+�H2 KQiBQMb- J*h
7Q`KmH�i2b bm#b+�H2 KQiBQMb BMiQ i?2 ;Qp2`MBM; 2[m�iBQMbX i?2`27Q`2- i?2 K2b?
`2[mB`2K2Mib 7Q` J*h �`2 H2bb `2bi`B+iBp2 i?�M .La- `2bmHiBM; BM J*h #2BM; �
KQ`2 +QKTmi�iBQM�HHv@7`B2M/Hv i?2Q`vX

h?2 J*h ;Qp2`MBM; 2[m�iBQMb 7Q` � +QKT`2bbB#H2 ~Qr +�M #2 7QmM/,
*QMb2`p�iBQM Q7 J�bb,

Dρ

Dt
+ ρvm,m = 0 URyRV

*QMb2`p�iBQM Q7 GBM2�` JQK2MimK,

ρ
Dvm
Dt

= −p,m + (λ+ µ)vn,nm + (µ+ κ)vm,nn

+ κ(εmnkωk,n)
URykV

*QMb2`p�iBQM Q7 �M;mH�` JQK2MimK,

ρj
Dωm

Dt
= (α+ β)ωn,nm + γωm,nn

+ κ(εmnkvk,n − 2ωm)
URyjV

*QMb2`p�iBQM Q7 1M2`;v,

ρ
DE

Dt
= −(pvm),m + (λvm,mvk),k + [κ(vl,kvl

+εkmlωmvl) + µ(vl,k + vk,l)vl],k

+ (αωm,mωk + βωk,lωl + γωlωl,k),k

+ (KT,k),k

URy9V

r?2`2 E = e+1/2(vmvm+ jωmωm) Bb i?2 iQi�H 2M2`;v /2MbBiv Q7 i?2 ~mB/ - �M/
e Bb i?2 BMi2`M�H 2M2`;vX αT /Bb�TT2�`b �7i2` bm#biBimiBQM BMiQ i?2 #�H�M+2 H�rb-
bBM+2 mkl,k �M/ qk,k rBHH vB2H/ αT

T eklmT,mk = 0 �M/ αT
T eklmωm,lk = 0 XhQ +HQb2

i?Bb bvbi2K Q7 2[m�iBQMb i?2 ~mB/ Bb �bbmK2/ iQ #2 �M B/2�H ;�b- H2�/BM; iQ i?2

ke

DISTRIBUTION A: Distribution approved for public release.



7QHHQrBM; `2H�iBQMb,

e = cvT = cv
p

ρ(cp − cv)
URy8V

ρE =
p

cp
cv

− 1
+

1

2
ρ(vmvm + jωmωm) URyeV

r?2`2 cp Bb i?2 bT2+B}+ ?2�i �i +QMbi�Mi T`2bbm`2 �M/ cv Bb i?2 bT2+B}+ ?2�i �i
+QMbi�Mi pQHmK2X

hQ #2ii2` mM/2`bi�M/ i?2 +QMi`B#miBQM Q7 i?2 BM/BpB/m�H 2//B2b- i?2 J*h
;Qp2`MBM; 2[m�iBQMb #2 MQM@/BK2MbBQM�HBx2/- r?2`2 i?2 /BK2MbBQMH2bb ;`QmTb
�`2 /2}M2/ #�b2/ QM i?2 T?vbB+�H T�`�K2i2`b Q7 BMi2`2biX ai�`iBM; rBi? i?2 /Bb@
i�M+2 �M/ KQiBQM p�`B�#H2b- i?2 H2M;i? b+�H2b xm- �M/ i?2 i`�MbH�iBQM p2HQ+Biv
vm rBHH #2 T�`�K2i2`Bb2/ rBi? i?2 b[m�`2@`QQi Q7 i?2 bm#b+�H2 BM2`iB� L =

√
j-

�M/ i?2 7`22bi`2�K p2HQ+Biv U∞ `2bT2+iBp2HvX h?2 i2KTQ`�H i2`K t rBHH #2 /B@
K2MbBQM�HBx2/ rBi? i?2 iBK2 Bi i�F2b i?2 7`22bi`2�K p2HQ+Biv iQ +Qp2` i?2 /Bbi�M+2
L- BX2X L/U∞X h?2 ;v`�iBQM- ωm- K2�Mr?BH2- rBHH #2 /BK2MbBQM�HBx2/ rBi? i?2
BMp2`b2 Q7 i2KTQ`�H i2`KX AM bmKK�`v i?2 /BK2bBQMH2bb p�`B�#H2b �`2,

x̂m =
xm

L
v̂m =

vm
U∞

t̂ =
t

L/U∞
ŵm =

wm

U∞/L

URydV

h?2 i?2`KQ/vM�KB+ p�`B�#H2b Q7 i?2 /2MbBiv- ρ- �M/ T`2bbm`2- p- rBHH #2 /B@
K2MbBQM�HBx2/ �++Q`/BM; iQ i?2 7`22bi`2�K /2MbBiv ρ∞ �M/ /vM�KB+ T`2bbm`2
ρU2

∞X am#biBimiBM; i?2 MQM/BK2MbBQM�HBx2/ p�`B�#H2b BMiQ i?2 ;Qp2`MBM; 2[m�@
iBQMb vB2H/b � b2i Q7 /BK2MbBQMH2bb ;`QmTb i?�i +�Tim`2b i?2 T?vbB+�H #2?�pBQ`
Q7 2�+? T�`�K2i2`X PM2 T�`�K2i2` Bb i?2 _2vMQH/b MmK#2`- r?B+? Bb /2}M2/ �b
i?2 `�iBQ Q7 i?2 +QMp2+iBQM iQ i?2 /BzmbBQM Q7 HBM2�` KQK2MimK-

Re =
ρ∞U∞L

µ+ κ
URy3V

�b 7Q` i?2 2M2`;v 2[m�iBQM irQ /BK2MbBQMH2bb MmK#2`b �TT2�`c i?2 S`�M/iH
MmK#2`- r?B+? /2}M2b i?2 `�iBQ Q7 KQK2MimK /BzmbBpBiv iQ i?2`K�H /BzmbBpBiv-
�M/ i?2 1+F2`i MmK#2`- r?B+? /2}M2b i?2 `2H�iBQMb?BT #2ir22M � ~QrǶb FBM2iB+
2M2`;v �M/ i?2 #QmM/�`v H�v2` 2Mi?�HTv /Bz2`2M+2-

Pr =
cp(µ+ κ)

K
Ec =

U2
∞

cpT∞
URyNV

h?2 T`2pBQmbHv /2}M2/ T�`�K2i2`b �`2 ivTB+�H /BK2MbBQMH2bb ;`QmTb 7QmM/ BM
i?2 +H�bbB+�H ~mB/ i?2Q`vX h?2 M2ti /BK2MbBQMH2bb i2`K i?�i Bb bT2+B}+ iQ J*h-
rBHH #2 +�HH2/ Er BM ?QMQ` Q7 1`BM;2M �M/ Bb /2}M2/ �b i?2 `�iBQ Q7 i?2 BM2`iB�H
7Q`+2b iQ i?2 pBb+Qmb 7Q`+2b �`BbBM; 7`QK i?2 ;v`�iBQM-

Er =
ρ∞U∞L

κ
URRyV

h?2 Qi?2` T�`�K2i2`b 7QmM/ BM J*h rBHH �HbQ #2 MQM@/BK2MbBQMHBb2/ rBi? `2@
bT2+i iQ i?2 +QMp2+iBQM i2`K

Cα =
ρ0U∞L3

α
Cβ =

ρ0U∞L3

β
Cγ =

ρ0U∞L3

γ
URRRV

kd
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AM i?Bb `2;�`/ i?2 ;Qp2`MBM; 2[m�iBQMb BM /BK2MbBQMH2bb 7Q`K #2+QK2,

*QMb2`p�iBQM Q7 J�bb,
∂ρ̂

∂ t̂
+ ∇̂ (ρ̂p̂) = 0 URRkV

*QMb2`p�iBQM Q7 GBM2�` JQK2MimK,
∂(ρ̂p̂)
∂ t̂

+ ∇̂ (p̂(ρ̂p̂)) = −∇̂p̂+
1

Re

[
1

3
∇̂(∇̂p̂)

+∇̂2p̂
]
+

1

Er

[
∇̂ × ω̂ − 2

3
∇̂(∇̂p̂)

] URRjV

*QMb2`p�iBQM Q7 �M;mH�` JQK2MimK,
∂(ρ̂ω̂)

∂ t̂
+ ∇̂ (ρp̂ω̂) =

(
1

Cα
+

1

Cβ

)
∇̂(∇̂ω̂)

+
1

Cγ
∇̂2ω̂ +

1

Er

(
∇̂ × p̂ − 2ω̂

) URR9V

*QMb2`p�iBQM Q7 1M2`;v,

∂ρ̂Ê

∂ t̂
+ ∇̂(ρ̂Êp̂) = −∇̂(p̂p̂) + 1

Re
∇̂
[
[∇̂p̂]T p̂

+p̂∇̂p̂ − 2

3
p̂(∇̂p̂)

]
+

1

Er
∇̂
[
1

3
p̂(∇̂p̂)

+ω̂ × p̂ − [∇̂p̂]T p̂
]
+

1

Cα
∇̂((∇̂ω̂)ω̂)

+
1

Cβ
∇̂((∇̂ω̂)ω̂) +

1

Cγ
∇̂
(
ω̂(∇̂ω̂)T

)

+
1

ReEcPr
∇̂2T̂

URR8V

h?2 bQHp2` /2p2HQT2/ iQ BKTH2K2Mi i?2 J*h +QKT`2bbB#H2 ;Qp2`MBM; 2[m�@
iBQMb Bb #2 +QMbi`m+i2/ BM i?2 7`�K2rQ`F Q7 i?2 }MBi2 pQHmK2 /Bb+`2iBx�iBQMX
PM2 `2�bQM 7Q` +?QQbBM; }MBi2 pQHmK2 Bb /m2 iQ Bib 2�bv BKTH2K2Mi�iBQM- �M/
Bib +QMp2`;2M+2 iQ � bi�#H2 bQHmiBQM 7Q` +QKTH2t ~QrbX h?2 bT�iB�H /QK�BM BK@
TH2K2Mi2/ Bb /BpB/2/ BMiQ +QMiB;mQmb +QMi`QH pQHmK2b Q` +2HHb- rBi? i?2 T?vbB+�H
p�`B�#H2b Q7 p2HQ+Biv- ;v`�iBQM- T`2bbm`2- /2MbBiv �M/ i2KT2`�im`2 +QHHQ+�i2/ UBX2X
HQ+�i2/ �i i?2 +2HH +2Mi2`VX
h?2 i`�MbTQ`i 2[m�iBQM 7Q` �Mv +QMb2`p2/ T`QT2`iv +�M #2 r`Bii2M BM 7QHHQrBM;
7Q`K-

∂φ

∂t︸︷︷︸
i`�MbB2Mi i2`K

+ ∇(pφ)︸ ︷︷ ︸
+QMp2+iBp2 i2`K

= ∇(Γφ∇φ)︸ ︷︷ ︸
/BzmbBp2 i2`K

+ Sφ︸︷︷︸
bQm`+2 i2`K

URReV

>2`2- φ `272`b iQ � i`�MbTQ`i p�`B�#H2- Γφ Bb i?2 /BzmbBpBiv Q` i?2 /BzmbBQM
+Q2{+B2Mi- �M/ Sφ Bb i?2 bQm`+2 i2`KX G2iiBM; φ = ρ vB2H/b i?2 +QMiBMmBiv
2[m�iBQM- φ = ρvm ;Bp2b i?2 HBM2�` KQK2MimK 2[m�iBQM- φ = jρωm vB2H/b i?2
�M;mH�` KQK2MimK 2[m�iBQM �M/ φ = ρE ;Bp2b i?2 2M2`;v 2[m�iBQMX h?2 }MBi2
pQHmK2 K2i?Q/ `2[mB`2b i?�i i?2 ;Qp2`MBM; 2[m�iBQMb BM i?2B` BMi2;`�H 7Q`K #2
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b�iBb}2/ Qp2` i?2 +QMi`QH pQHmK2X �TTHvBM; bT�iB�H BMi2;`�iBQM QM 2[m�iBQM RRe-

∫

Vc

∂φ

∂t
dV +

∫

Vc

∇(pφ)dV =

∫

Vc

∇(Γφ∇φ)dV
∫

Vc

SφdV URRdV

6Q` i?2 T`2b2Mi bQHp2`- � bBKTH2 7Q`r�`/ 1mH2` r�b BKTH2K2Mi2/ 7Q` i?2 mMbi2�/v
i2`K-

∫

Vc

∂φ

∂t
dV =

φn+1
c − φnc

,t
Vc URR3V

r?2`2 Vc `2T`2b2Mib i?2 +2HH pQHmK2- i?2 bm#b+`BTi c `272`b iQ i?2 +2HH +2Mi2`-
�M/ bmT2`b+`BTi n `272`b iQ i?2 +m``2Mi iBK2 bi2TX AKTH2K2MiBM; 7Q`r�`/ 1mH2`
QM i?2 +QMb2`p�iBQM Q7 K�bb- HBM2�` KQK2MimK- �M;mH�` KQK2MimK- �M/ 2M2`;v
2[m�iBQMb vB2H/b,

∫

Vc

∂ρ̂

∂ t̂
dV ≈ ρ̂n+1

c − ρ̂nc
,t̂

Vc URRNV
∫

Vc

∂(ρ̂p̂)
∂ t̂

dV ≈ (ρ̂p̂)n+1
c − (ρ̂p̂)nc

,t̂
Vc URkyV

∫

Vc

∂(ρ̂ω̂)

∂ t̂
dV ≈ (ρ̂ω̂)n+1

c − (ρ̂ω̂)nc
,t̂

Vc URkRV
∫

Vc

∂(ρ̂Ê)

∂ t̂
dV ≈ (ρ̂Ê)n+1

c − (ρ̂Ê)nc
,t̂

Vc URkkV

h?Bb b+?2K2 Bb }`bi Q`/2` BM iBK2- #mi +�M #2 KQ/B}2/ iQ � ?B;?2`@Q`/2` _mM;2@
Emii� iBK2 BMi2;`�iBQM b+?2K2X

*`BiB+�H +�`2 Bb +QMbB/2`2/ 7Q` i?2 MmK2`B+�H b+?2K2 BKTH2K2Mi2/ QM i?2 +QM@
p2+iBQM i2`Kb BM J*h- r?B+? �`2 ∇̂ (ρ̂p̂)-∇̂ (ρp̂p̂)- ∇̂ (ρp̂ω̂)- �M/ ∇̂(ρ̂Êp̂)X h?2
MmK2`B+�H b+?2K2 �/QTi2/ 7Q` i?2 +QMp2+iBQM i2`Kb b?QmH/ #2 �#H2 iQ +�Tim`2
i?2 b?Q+F r�p2 �M/ /Bb+QMiBMmBiB2b- r?BH2 �pQB/BM; Qb+BHH�iBQMbX _2TH�+BM; i?2
pQHmK2 BMi2;`�H #v � bm`7�+2 BMi2;`�H i?`Qm;? i?2 mb2 Q7 i?2 /Bp2`;2M+2 i?2Q`2K-
i?2 +QMp2+iBQM i2`Kb +�M #2 �TT`QtBK�i2/ �b-

∫

Vc

∇(pφ)dV =

∮

S
(pφ)da ≈

∑

f

pfφfaf URkjV

r?2`2
∑

f /2MQi2b i?2 bmKK�iBQM Qp2` i?2 7�+2b Q7 i?2 +QMi`QH pQHmK2- pfaf

Bb i?2 pQHmK2i`B+ ~mt- af Bb i?2 7�+2 MQ`K�H p2+iQ`- �M/ φf `2T`2b2Mib i?2
7�+2 p�Hm2 Q7 i?2 i`�MbTQ`i p�`B�#H2X LQi�#H2 K2i?Q/b 7QmM/ BM i?2 HBi2`�@
im`2 �`2 �#H2 iQ 2z2+iBp2Hv T`Q/m+2 �++m`�i2 MQM@Qb+BHH�iQ`v bQHmiBQMb 7Q` φf X
h?2b2 K2i?Q/b �`2, TB2+2rBb2 T�`�#QHB+ K2i?Q/ USSJV (kR)c 2bb2MiB�HHv MQM@
Qb+BHH�iQ`v U1LPV (ee- jd)c r2B;?i2/ 1LP Uq1LPV (8y)c �M/ i?2 _mM;2@Emii�
/Bb+QMiBMmQmb :�H2`FBM U_E.:V K2i?Q/ (ky)X �HH Q7 i?2b2 K2i?Q/b BMpQHp2
_B2K�MM bQHp2`b- +?�`�+i2`BbiB+ /2+QKTQbBiBQM �M/ C�+Q#B�M 2p�Hm�iBQM- K�F@
BM; i?2K i`Qm#H2bQK2 iQ BKTH2K2MiX h?2 b+?2K2 BKTH2K2Mi2/ BM i?Bb bim/v Bb
� b2+QM/@Q`/2` b2KB@/Bb+`2i2- MQM@bi�;;2`2/ b+?2K2- BMi`Q/m+2/ #v Em`;�MQp-
LQ2HH2 �M/ S2i`Qp� UELSV (9N) �b � b2+QM/@Q`/2` ;2M2`�HBx2/ G�t@6`B2/`B+?b
b+?2K2X h?2 BMi2`TQH�iBQM T`Q+2/m`2 Q7 i?2 i`�MbTQ`i p�`B�#H2 φ 7`QK i?2 +2HH
+2Mi2`- φc- iQ i?2 7�+2 +2Mi2`- φf - BKTH2K2Mi2/ BM i?Bb b+?2K2 Bb bTHBi BMiQ irQ

kN
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/B`2+iBQMb +Q``2bTQM/BM; iQ i?2 Qmir�`/ Q` BMr�`/ /B`2+iBQM Q7 i?2 7�+2 MQ`K�H-
∑

f

pfφfaf =
∑

f

[αaf+pf+φf+ +

(1−α)af−pf−φf− + ωf (φf− + φf+)]

URk9V

r?2`2 af+ Bb i?2 b�K2 �b af �M/ af− = −af X h?2 bm#b+`BTi f+ Bb /2MQi2/
7Q` i?2 /B`2+iBQMb +QBM+B/BM; rBi? af+- �M/ f− 7Q` i?2 QTTQbBi2 /B`2+iBQMX h?2
irQ i2`Kb af+pf+φf+ �M/ af−pf−φf− BM 2[m�iBQM Rk9 `2T`2b2Mi i?2 ~mt2b
2p�Hm�i2/ �i i?2 af+ �M/ af− /B`2+iBQMb `2bT2+iBp2HvX h?2 H�bi T�`i Q7 2[m�iBQM
Rk9 `2T`2b2Mib �M �//BiBQM�H /BzmbBp2 i2`K #�b2/ QM i?2 K�tBKmK bT22/ Q7
T`QT�;�iBQM Q7 �Mv /Bb+QMiBMmBiv i?�i K�v 2tBbi �i i?2 7�+2X h?2 r2B;?i2/
+Q2{+B2Mi α Bb-

α =
ψf+

ψf+ + ψf−
URk8V

r?2`2 ψf± Bb i?2 HQ+�H bT22/ Q7 T`QT�;�iBQM- b?QrM iQ #2,

ψf+ = max (cf+|af |+ φf+, cf−|af |+ φf−, 0) URkeV
ψf− = max (cf+|af |− φf+, cf−|af |− φf−, 0) URkdV

�M/ cf± =
√
γRTf± Bb i?2 HQ+�H bT22/ Q7 bQmM/ �i i?2 7�+2X h?2 /BzmbBp2

pQHmK2i`B+ ~mt ωf - ?�b i?2 7Q`K-

ωf = α(1−α)(ψf+ + ψf−) URk3V

h?2 b+?2K2 BKTH2K2Mi2/ iQ BMi2`TQH�i2 i?2 p�Hm2b �i i?2 +2Mi2` Q7 i?2 7�+2 BM
i?2 /B`2+iBQMb Q7 af+ �M/ af− Bb #�b2/ QM i?2 HBKBiBM; bi�M/�`/ }`bi �M/ b2+QM/
Q`/2` mTrBM/ (jR)X h?2 BMi2`TQH�iBQM �i f+ 7Q` 2t�KTH2 Bb-

φf+ = (1− gf+)φO + gf+φN URkNV

r?2`2 i?2 bm#b+`BTib O �M/ N `2T`2b2Mi i?2 MQ/2b �i i?2 +2Mi2` Q7 i?2 QrM2`
+2HHb �M/ M2B;?#Q` +2HHb `2bT2+iBp2Hv- �M/ i?2 ELS ;2QK2i`B+ r2B;?iBM; 7�+iQ`
gf+ = βf (1− wf ) rBi? βf #2BM; i?2 p�M@G22` HBKBi2` 7mM+iBQMX

�HH Q7 i?2 ;`�/B2Mi i2`Kb BM i?2 J*h ;Qp2`MBM; 2[m�iBQMb �`2 +QKTmi2/
mbBM; i?2 :`22M@:�mbb i?2Q`2K (83- 88)-

∫

Vc

(∇φ)cdV =
∑

f

φfaf URjyV

r?2`2 i?2 7�+2 p�Hm2 Bb +�H+mH�i2/ mbBM; i?2 +QKT�+i bi2M+BH K2i?Q/ (88)- r?B+?
Bb bBKTHv i?2 ;2QK2i`B+ �p2`�;2 Q7 i?2 irQ +2HH@+2Mi2`2/ p�Hm2b Q7 i?2 7�+2-

φf = gcφO + (1− gc)φN URjRV

r?2`2 gc Bb i?2 ;2QK2i`B+ r2B;?iBM; 7�+iQ`X h?2 QMHv 2t+2TiBQM Bb i?2 T`2bbm`2
;`�/B2Mi- ∇̂p- BM i?2 HBM2�` KQK2MimK 2[m�iBQM r?B+? r�b /Bb+`2iBx2/ �++Q`/BM;
iQ i?2 Em`;�MQp- LQ2HH2 �M/ S2i`Qp� UELSV (9N) ~mt bTHBiiBM; b+?2K2-

∑

f

φfaf =
∑

f

[αaf+φf+ + (1−α)af−φf−] URjkV

r?2`2 α Bb i?2 r2B;?i2/ +Q{+B2Mi /2}M2/ T`2pBQmbHvX

jy
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>
h�#H2 R, �H;Q`Bi?K 7Q` aQHpBM; i?2 J*h ;Qp2`MBM; 2[m�iBQMb

r?BH2 i < 1M/ hBK2,
AMi2`TQH�i2 �HH i?2 }2H/b 7`QK i?2 +2HH +2Mi2` iQ 7�+2 +2Mi2`
*�H+mH�i2 i?2 +QMp2+iBp2- /BzmbBp2- �M/ ;`�/B2Mi i2`Kb
aQHp2 i?2 +QMiBMmBiv 2[m�iBQM 7Q` ρ
aQHp2 i?2 HBM2�` KQK2MimK 2[m�iBQM 7Q` ui

aQHp2 i?2 �M;mH�` KQK2MimK 2[m�iBQM 7Q` ωi

aQHp2 i?2 2M2`;v 2[m�iBQM 7Q` E
lT/�i2 i?2 i2KT2`�im`2 T 7`QK E
lT/�i2 i?2 T`2bbm`2 mbBM; i?2 B/2�H ;�b H�r
lT/�i2 i?2 #QmM/�`v +QM/BiBQMb
lT/�i2 iBK2 Utn+1 = tn +∆tV

6BM�HHv- i?2 /BzmbBQM i2`Kb �`2 �TT`QtBK�i2/ #v-
∫

V
∇(Γφ∇φ)dV =

∫

S
(Γφ∇φ)da ≈

∑

f

(Γφ∇φ)f .af URjjV

h?2 (Γφ∇φ)f i2`K +�M #2 Q#i�BM2/ �b i?2 r2B;?i2/ �p2`�;2 Q7 i?2 ;`�/B2Mib �i
i?2 7�+2 +2Mi`QB/b KmHiBTHB2/ #v i?2 /BzmbBpBiv �i i?2 +2Mi`QB/-

(Γφ∇φ)f = gc(Γφ∇φ)O + (1− gc)(Γφ∇φ)N URj9V

AM KQbi +�b2b- i?2 /BzmbBpBiv Bb BMi2`TQH�i2/ HBM2�`Hv 7`QK i?2 +2HH +2Mi2` p�Hm2b
iQ i?2 7�+2bX h?2 +m`Hb Q7 i?2 i`�MbTQ`i p�`B�#H2b �`2 `2T`2b2Mi2/ #v i?2 Qz
/B�;QM�H +QKTQM2Mib BM i?2 �MiBbvKK2i`B+ T�`i Q7 i?2 +Q``2bTQM/BM; :`22M@
:�mbb ;`�/B2MibX h?2`27Q`2- i?2 +m`Hb Q7 i?2b2 p�`B�#H2b +�M #2 +QKTmi2/ BM �
bBKBH�` 7�b?BQM iQ i?2 ;`�/B2Mi i2`KbX

LQr i?�i i?2 bT2+B}+b Q7 i?2 }MBi2 pQHmK2 bQHp2` ?�p2 #22M /2b+`B#2/- i?2
}M�H bi2T Bb iQ ;Bp2 �M Qp2`pB2r Q7 i?2 �H;Q`Bi?K 2KTHQv2/X h?2 bQHp2` /2p2HQT2/
Bb � 7mHHv 2tTHB+Bi bQHp2`, �HH i2`Kb BM i?2 J*h ;Qp2`MBM; 2[m�iBQMb �`2 2p�Hm�i2/
�i i?2 T`2pBQmb iBK2 bi2TX h?Bb �TT`Q�+? 2M�#H2b 72r2` +QKTmi�iBQMb T2` iBK2
bi2T- #mi /Q2b Tmi � +QMbi`�BMi QM i?2 bBx2 Q7 i?2 iBK2 bi2TX h?2 7mHH �H;Q`Bi?K
Q7 i?2 J*h bQHp2` Bb b?QrM BM i�#H2 RX qBi? i?Bb �H;Q`Bi?K BM TH�+2- MmK2`B+�H
bBKmH�iBQM Q7 i?2 +QKT`2bbB#H2 ~Qr +�M #2 /QM2 i?`Qm;? i?2 T2`bT2+iBp2 Q7
J*hX

o2`B}+�iBQM Q7 i?2 +QKT`2bbB#H2 J*h bQHp2` r�b /QM2 #v +QKT�`BM; i?2 Mm@
K2`B+�H `2bmHib Q7 i?2 +QKT`2bbB#H2 BbQi?2`K�H *Qm2ii2 ~Qr rBi? i?2 �M�HviB+�H
bQHmiBQMX h?2 �bbmKTiBQMb 7Q` i?2 *Qm2ii2 ~Qr �`2 i?�i i?2 ~Qr Bb 7mHHv /2@
p2HQT2/- bi2�/v bi�i2- BbQi?2`K�H- BM+QKT`2bbB#H2- �M/ irQ@/BK2MbBQM�H (Rd)- BX2X
x2`Q p2HQ+Biv BM i?2 v �M/ x /B`2+iBQM �M/ x2`Q ;v`�iBQM BM i?2 t �M/ v /B`2+iBQMX

lM/2` i?2b2 �bbmKTiBQMb i?2 ;Qp2`MBM; 2[m�iBQMb 7Q` J*h �`2 `2/m+2/ iQ,

(µ+ κ)
∂2vx
∂y2

+ κ
∂ωz

∂y
= 0 URj8V

γ
∂2ωz

∂y2
− κ

∂vx
∂y

− 2κωz = 0 URjeV

�b 7Q` i?2 #QmM/�`v +QM/BiBQMb- i?2 KQpBM; TH�i2 Bb TH�+2/ �i � ?2B;?i h �#Qp2

jR
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U0

h

!z = 0

!z = 0 vx = 0
x

y

6B;m`2 8, "QmM/�`v +QM/BiBQMb 7Q` � k. *Qm2ii2 6HQr

i?2 }t2/ TH�i2- �M/ KQp2b BM i?2 t@/B`2+iBQM �i i?2 � p2HQ+Biv U0- r?BH2 i?2
;v`�iBQM �i #Qi? TH�i2b Bb }t2/ �i x2`Q /m2 iQ i?2 MQ@bHBT +QM/BiBQMX 6B;m`2 8
BHHmbi`�i2b i?2 #QmM/�`v +QM/BiBQMb Q7 i?2 bvbi2KX h?2 �M�HviB+�H bQHmiBQMb Q7
;v`�iBQM �M/ p2HQ+Biv 7Q` i?2 *Qm2ii2 ~Qr �`2-

ωz = C1S

[
−1 +

(
1− 1

D

)
e−My +

eMy

D

]
URjdV

vx = C4 + C1

[
y +

GS

M

(
−
(
1− 1

D

)
e−My

+
eMy

D
−My

)] URj3V

r?2`2,

M =

√
κ(2µ+ κ)

γ(µ+ κ)
; D = 1 + eMh; S =

κ+ µ

κ+ 2µ

G = − κ

κ+ µ
; C4 =

(−2 +D)ehMSG

F
U0;

C1 =
DehMM

F
U0;

F =
(
−1 + ehM

)2
GS +D [−GS

+ehM (hM +GS −GhMS)
]

h?2 /2i�BHb Q7 i?2 MmK2`B+�H Q`/2` +�H+mH�iBQM �M/ p2`B}+�iBQM 7Q` i?2 p2HQ+Biv
�M/ ;v`�iBQM �`2 b?QrM BM h�#H2 k �M/ h�#H2 jX h?2 `2bmHib +H2�`Hv BM/B+�i2
i?�i i?2 bQHp2` 2t?B#Bib i?2 /2bB`2/ QTiBK�H b2+QM/ Q`/2` Q7 �++m`�+vX

jXk o�HB/�iBQMR , amT2`bQMB+ *QKT`2bbBQM _�KT
EmMix 2iX �HXǶb 2tT2`BK2Mi (9d- 93) Q7 � bmT2`bQMB+ ~Qr Qp2` �M 3◦ +QKT`2b@
bBQM `�KT Bb `2THB+�i2/X AM ?Bb T�T2` EmMix 2iX �HX +QMbB/2`2/ � b2`B2b Q7
}p2 +QKT`2bbBQM `�KTb `�M;BM; 7`QK 3◦ iQ k9◦X lbBM; i?Bb b2i Q7 `�KT �M@
;H2b EmMix r�b �#H2 iQ +�Tim`2 � 7mHH `�M;2 Q7 TQbbB#H2 ~Qr }2H/b- BM+Hm/BM;
~Qr rBi? MQ b2T�`�iBQM- ~Qr rBi? BM+BTB2Mi b2T�`�iBQM- �M/ ~Qr rBi? � bB;@

jk
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h�#H2 k, o2HQ+Biv 2``Q` �M�HvbBb

o2H L1 P`/2` o2H L2 P`/2` ∆xm

8t8 yXyke93e RXeRj yXyRNR3y RXe3R yXk
RytRy yXyy3e8d RX8eN yXyy8N3R RXdRd yXR
kytky yXyykNR3 RXjj9 yXyyR3R3 RXejk yXy8
9yt9y yXyyRR8d @ yXyyy83e @ yXyk8

h�#H2 j, :v`�iBQM 2``Q` �M�HvbBb

:v` L1 P`/2` :v` L2 P`/2` ∆xm

8t8 yXyde3e3 RX9y3 yXyke93e RX8dN yXk
RytRy yXyk3Nej RXedk yXyy3e8d RXdeN yXR
kytky yXyyNy33 RX98e yXyykNR3 RXeNj yXy8
9yt9y yXyyjjRk @ yXyyRR8d @ yXyk8

MB}+�Mi �KQmMi Q7 b2T�`�iBQMX EmMix 2iX �HXǶb 2tT2`BK2Mi�H /�i� ?�b #22M
`272`2M+2/ iQ /2`Bp2 b?Q+F@r�p2f#QmM/�`v@H�v2` BMi2`�+iBQM Uaq"GAV KQ/2Hb
#�b2/ QM K�bb +QMb2`p�iBQM (e3)X AM �//BiBQM- i?Bb /�i� r�b mb2/ iQ p�HB/�i2 i?2
�++m`�+v Q7 /Bz2`2Mi _�La KQ/2Hb (8e- 8)- iQ �M�Hvx2 i?2 bB;MB}+�M+2 Q7 i?2
bT�MrBb2 ;2QK2i`v p�`B�iBQM �M/ iQ `2H�i2 Bi iQ � +�MQMB+�H +QKT`2bbBQM ~Qr 7Q`
� i?`22@/BK2MbBQM�H #mKT ~Qr}2H/ (dN)X 6Q` i?2 3◦ +QKT`2bbBQM `�KT- EmMixǶb
2tT2`BK2Mi�H `2bmHib b?Qr2/ MQ b2T�`�iBQM Q7 i?2 ~Qr M2�` i?2 +Q`M2` `�KT-
K�FBM; Bi �M B/2�H bBKTH2 +�b2 iQ /2KQMbi`�i2 i?2 +�T�#BHBiB2b Q7 J*hX �MQi?2`
`2�bQM r?v i?2 3◦ +QKT`2bbBQM `�KT Bb +?Qb2M Bb i?2 irQ@/BK2MbBQM�H #2?�pBQ`
Q7 i?2 b?Q+F M2�` i?2 `�KT +Q`M2`- ;BpBM; +`2/2M+2 iQ i?2 �bbmKTiBQM Q7 � irQ@
/BK2MbBQM�H ~Qr- �b r2HH �b i?2 �/B�#�iB+ +QM/BiBQM �i i?2 r�HH- `2bmHiBM; BM MQ
?2�i /BbbBT�iBQMX 6B;m`2 e b?Qrb � b+?2K�iB+ 7Q` i?2 T`2b2Mi `�KT +QM};m`�iBQMX

6�0.06�

7�

Top

O
u
t
le
t

In
le
t

Wall

6B;m`2 e, aBx2 Q7 i?2 +QKT`2b@
bBQM `�KT +QKTmi�iBQM�H /Q@
K�BM

h?2 rQ`FBM; ~mB/ Bb �bbmK2/ iQ #2 �M
B/2�H ;�b- r?2`2 i?2 2[m�iBQM Q7 bi�i2 Bb p =
ρRT X h?2 ;�b +QMbi�Mi Bb i�F2M �b R =
287.06 m2s−2K−1- i?2 bT2+B}+ ?2�i +Q2{@
+B2Mi 7Q` +QMbi�Mi T`2bbm`2 Bb cp = 1004.06
J/(kgK) �M/ i?2 S`�M/iH MmK#2` Bb Pr =
0.7X h?2 bmKK�iBQM Q7 �HH i?2 pBb+Qmb +Q27@
}+B2Mib r2`2 +QKTmi2/ #v ami?2`H�M/Ƕb H�r-
κ+ µ = (1.458×10−6)T 3/2

T+110.4 X
h?2 i2KT2`�im`2 �i i?2 r�HH r�b b2i iQ

�/B�#�iB+ +QM/BiBQMb- BM `272`2M+2 iQ i?2 2t@
T2`BK2Mib #v EmMix 2iX �HX (9d)X h?2 #QmM/@
�`v H�v2` i?B+FM2bb- δ- �M/ i?2 KQK2MimK
H�v2` i?B+FM2bb- θ- 7Q` i?2 BM+QKBM; ~Qr- `2@

TQ`i2/ #v EmMix 2iX �HX (9d)- �i i?2 HQ+�iBQM Q7 i?2 `�KT 2/;2 r2`2 K2�bm`2/ iQ
#2 3Xkd KK �M/ yX8d KKX �b 7Q` i?2 J*h p�`B�#H2b- qQMM2HH �M/ *?2M (3e)
b?Qr2/ i?�i i?2 pBb+Qmb 7Q`+2b �`BbBM; 7`QK i?2 ;v`�iBQM b?QmH/ #2 �`QmM/ NN
iBK2b i?2 /vM�KB+ pBb+QbBiv UBX2X κ = 99µV iQ Q#i�BM � im`#mH2Mi BM+QKT`2bbB#H2

jj
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~QrX h?Bb bim/v 7QHHQrb i?2 rQ`F Q7 qQMM2HH �M/ *?2M #v K�FBM; κ 2[m�H iQ
99µ (3e)X h?2 irQ Qi?2` /BK2MbBQMH2bb T�`�K2i2`b UCα �M/ CβV �`2 b2i iQ x2`Q-
bBM+2 +m``2MiHv i?2`2 Bb MQ T?vbB+�H K2�MBM; iQ i?2KX

h?2 bm#D2+i Q7 bT�iB�HHv 2pQHpBM; im`#mH2Mi ~Qrb TQb2b � T�`iB+mH�` +?�HH2M;2
7Q` MmK2`B+�H bBKmH�iBQM- /m2 iQ i?2 M22/ 7Q` iBK2@/2T2M/2Mi BMH2i +QM/BiBQMb �i
i?2 mTbi`2�K #QmM/�`vX AM K�Mv +�b2b- i?2 /QrMbi`2�K ~Qr Bb ?B;?Hv /2T2M/2Mi
QM i?2 +QM/BiBQMb Q7 i?2 BMH2iX h?2`27Q`2 Bi Bb M2+2bb�`v iQ bT2+B7v � `2�HBbiB+
iBK2 b2`B2b Q7 im`#mH2Mi ~m+im�iBQMb i?�i �`2 BM 2[mBHB#`BmK rBi? i?2 K2�M ~Qr-
r?BH2 biBHH b�iBb7vBM; i?2 ;Qp2`MBM; 2[m�iBQMbX 6Q` i?Bb `2�bQM- +`2�iBM; �++m`�i2
BM~Qr im`#mH2Mi +QM/BiBQMb K�v `2[mB`2 +QbiHv BM/2T2M/2Mi bBKmH�iBQMb (8k)-
7Q`+2/ i`�MbBiBQM (eR)- � HQM; H2�/BM; 2/;2 (8e)- Q` +Qbi@b�pBM; #mi +`m/2 BM~Qr
;2M2`�iBQM K2i?Q/b (33)X

PHBp2` i2bi2/ im`#mH2Mi _�La KQ/2Hb 7Q` � ~Qr T�bi �M 8◦ +QKT`2bbBQM
`�KT (8e)X AM i?Bb bim/v- i?2 H2M;i? Q7 i?2 ~�i TH�i2 mTbi`2�K Q7 i?2 `�KT
+Q`M2` 2t+22/2/ 60δX h?2 `2�bQM 7Q` i?Bb �//BiBQM r�b iQ �HHQr i?2 BM~Qr iQ
/2p2HQT 7`QK � mMB7Q`K iQ � im`#mH2Mi ~Qr- rBi? � #QmM/�`v H�v2` i?�i K�i+?2/
i?2 2tT2`BK2Mi�H #QmM/�`v H�v2` i?B+FM2bbX

>2`2- J*h ?�b i?2 �#BHBiv iQ +QMi`QH i?2 2//v bi`m+im`2 Q7 i?2 ~Qr #v i?2
;v`�iBQM i2`K- 2M�#HBM; Bi iQ KQ/2H im`#mH2M+2 rBi?Qmi i?2 M22/ 7Q` +QKTH2t
#QmM/�`v +QM/BiBQMbX qQMM2HH �M/ *?2M (3e) b?Qr2/ i?`Qm;? miBHBxBM; i?2 bm#@
b+�H2 2//B2b M2�` i?2 r�HH i?�i J*h +�M +QMi`QH i?2 `2;BK2 Q7 i?2 ~Qr �M/
+?�M;2 Bi 7`QK H�KBM�` iQ i`�MbBiBQM�H Q` im`#mH2MiX h?2v H�i2` b?Qr2/ i?�i
BM �//BiBQM iQ +QMi`QHHBM; i?2 2//B2b M2�` i?2 r�HH- QM2 +�M +QMi`QH i?2 2//B2bǶ
`Qi�iBQM�H bT22/ �i i?2 BMH2i- �M/ i?mb +QMi`QH i?2 BM+QKBM; im`#mH2Mi FBM2iB+
2M2`;v 1/2ρjωkωk (38)X

h?2 BM~Qr p�`B�#H2b BKTH2K2Mi2/ BM i?2 +m``2Mi +�b2 iQ �+?B2p2 � im`#mH2Mi
~Qr �`2 /2+QKTQb2/ BMiQ irQ T�`ib- i?2 K2�M �M/ ~m+im�iBM; +QKTQM2MibX 6Q`
i?2 K2�M ~Qr- � T`2b+`B#2/ im`#mH2Mi K2�M p2HQ+Biv T`Q}H2 r�b /2}M2/ �i i?2
BMH2i- i?`Qm;? i?2 BKTH2K2Mi�iBQM Q7 J�`iBMǶb T`Q+2/m`2 (8k)X

h?2 ~m+im�iBQMb �`2 ;2M2`�i2/ #v +QMi`QHHBM; i?2 `Qi�iBQM�H bT22/ Q7 i?2

6B;m`2 d, J2�M r�HH T`2bbm`2
/Bbi`B#miBQM 7`QK J*h �M/ 2t@
T2`BK2Mi�H `2bmHib

mTbi`2�K 2//B2bX h?Bb ?�TT2Mb #2+�mb2
i?2 BMbi�Mi�M2Qmb BMH2i ;v`�iBQM ωk Bb /2@
+QKTQb2/ BMiQ K2�M �M/ ~m+im�iBM; T�`ib-
ωk(t, y) = 〈ωk(y)〉 + ω′

k(t, y) r?2`2 〈ωk〉 Bb
i?2 K2�M p�Hm2 Q7 i?2 ;v`�iBQM- �M/ ω′

k(t) Bb
i?2 ~m+im�iBM; `Qi�iBQM bT22/ Q7 i?2 2//vX
h?2 T2`im`#�iBQMb �`2 T`Q/m+2/ i?`Qm;? �
`�M/QK MmK#2` ;2M2`�iQ` rBi? i?2 `�M;2 Q7
p�Hm2b +QMbi`�BM2/ #v i?2 `QQi@K2�M b[m�`2/
U`KbV ;v`�iBQM- �M/ im`#mH2Mi BMi2MbBiv 7`QK
i?2 2tT2`BK2Mib �i i?2 bT2+B}2/ TQBMiX h?2
`Kb p�Hm2 Q7 i?2 T2`im`#2/ ;v`�iBQM #2+QK2b
ωrms =

√
1
N

∑N
k=1 ω

′
iω

′
i �M/ i?2 im`#mH2Mi BM@

i2MbBiv Q7 i?2 J*h ~Qr #2+QK2b I = ωrmsd/2
U∞

Ai +�M #2 b22M i?�i i?2 H�`;2` i?2 `�M;2 Q7 i?2
T2`im`#�iBQM BM i?2 ;v`�iBQM }2H/ i?2 H�`;2`
i?2 `Kb p�Hm2 �M/ i?mb i?2 H�`;2` i?2 im`#m@

H2Mi BMi2MbBivX AM Q`/2` iQ 7Q+mb QM i?2 2z2+ib Q7 i?2 ~m+im�iBQMb- i?2 K2�M
;v`�iBQM r�b b2i iQ x2`Q- r?BH2 i?2 �KTHBim/2 Q7 i?2 T2`im`#2/ ;v`�iBQM r�b
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/2}M2/ bQ i?�i i?2 im`#mH2Mi BMi2MbBiv Q7 i?2 BM+QKBM; ~Qr K�i+?2b i?2 2tT2`@
BK2Mi�H im`#mH2Mi BMi2MbBiv `2bmHib Q7 EmMix 2iX �HX

h?2 #QmM/�`v +QM/BiBQMb Q7 T`2bbm`2 �M/ i2KT2`�im`2 �i i?2 BMH2i �`2 b2i iQ
i?2 7`22bi`2�K +QM/BiBQMbX �i i?2 QmiH2i �M/ iQT #QmM/�`B2b- bmT2`bQMB+ Qmi~Qr
#QmM/�`v +QM/BiBQMb �`2 BKTH2K2Mi2/- �M/ 7Q` i?2 `�KT r�HH i?2 MQ@bHBT �M/
�/B�#�iB+ #QmM/�`v +QM/BiBQMb �`2 BKTH2K2Mi2/X

� bi`m+im`2/ ;`B/ Bb ;2M2`�i2/- rBi? i?2 /Bbi�M+2 #2ir22M i?2 +Q`M2` �M/ i?2
QmiH2i 2[m�H iQ 6δ- �M/ i?2 H2M;i? mTbi`2�K Q7 i?2 +Q`M2` 2[m�H iQ 0.06δX h?2
MmK#2` Q7 +2HHb mb2/ BM i?2 +m``2Mi bBKmH�iBQM Bb 505 BM i?2 bi`2�KrBb2 �M/ 1000
BM i?2 r�HH@MQ`K�H /B`2+iBQMbX AM i?2 r�HH@MQ`K�H /B`2+iBQM- i?2 ;`B/ bT�+BM;
M2�` i?2 r�HH Bb ∆y+ = 1.34 rBi? 10 ;`B/ TQBMib rBi?BM y+ < 30X

o�HB/�iBQM Q7 i?2 T`QTQb2/ J*h b+?2K2 r�b +QM/m+i2/ i?`Qm;? +QKT�`BM;
i?2 T`2bbm`2 �i i?2 r�HH �b r2HH �b i?2 p2HQ+Biv T`Q}H2 #2ir22M i?2 2tT2`BK2Mib
�M/ i?2 bBKmH�iBQMX 6B;m`2 d THQib i?2 MQ`K�HBx2/ r�HH T`2bbm`2 Q7 i?2 2tT2`B@
K2Mi�H `2bmHib p2`bmb i?2 _�La `2bmHib Q7 PHBp2` (8e) �M/ �bK2H�b? (8)- �M/ i?2
T`QTQb2/ J*h MmK2`B+�H bQHp2` `2bmHibX

h?2 };m`2 b?Qrb i?�i i?2 J*h bQHmiBQM +QK2b +HQb2` iQ T`2/B+iBM; i?2 2t@
T2`BK2Mi�H r�HH T`2bbm`2 i?�M i?2 im`#mH2Mi _�La KQ/2Hb- 2bT2+B�HHv M2�` i?2
`�KT 2/;2 r?2`2 J*h +�Tim`2/ i?2 }`bi 7Qm` TQBMib Q7 i?2 2tT2`BK2Mi�H /�i�
r?BH2 _�La QMHv +�Tim`2/ i?2 }`bi TQBMiX h?2 /Bz2`2M+2 #2ir22M i?2 _�La
�M/ J*h r�HH T`2bbm`2 `2bmHib +�M #2 �ii`B#mi2/ iQ i?2 +QMp2+iBp2 b+?2K2 BKTH2@
K2Mi2/ BM 2�+? +�b2X AM i?2 _�La bBKmH�iBQMb Q7 i?2 +QKT`2bbBQM `�KT- PHBp2`
(8e) BKTH2K2Mi2/ � }`bi Q`/2` mTrBM/ b+?2K2- �M/ �bK2H�b? (8) BKTH2K2Mi2/
� � b2+QM/ Q`/2` mTrBM/ b+?2K2X >2`2- i?2 J*h b+?2K2 Bb � b2+QM/@Q`/2`
;2M2`�HBx�iBQM Q7 i?2 G�t@6`B2/`B+?b b+?2K2X Ai Bb �HbQ rQ`i?r?BH2 iQ K2MiBQM
i?�i i?2 K2b? `2[mB`2K2Mi 7Q` i?2 J*h +�b2 Bb H2bb /2K�M/BM; +QKT�`2/ rBi?
� bBKBH�` .La bim/v 7Q` � +QKT`2bbBQM `�KT (3d)X

h?2 ;`B/ bT�+BM; M2�` i?2 r�HH 7Q` i?2 J*h +�b2 Bb ∆y+ = 1.34 rBi? 10 ;`B/
TQBMib 7Q` y+ < 30- r?BH2 7Q` � bBKBH�` .La bBKmH�iBQM (3d)- i?2 `2[mB`2/ bT�+BM;
MQ`K�H iQ i?2 r�HH Bb ∆y+ = 0.2 rBi? KQ`2 i?�M ky ;`B/ TQBMib BM y+ < 20X
lMHBF2 i?2 +H�bbB+�H .La `2HvBM; QM }M2 K2b?2b iQ `2bQHp2 bm#b+�H2 KQiBQMb-
J*h 7Q`KmH�i2b bm#b+�H2 KQiBQMb BMiQ i?2 ;Qp2`MBM; 2[m�iBQMbX h?2`27Q`2-
i?2 K2b? `2[mB`2K2Mib 7Q` J*h �`2 H2bb `2bi`B+iBp2 i?�M .La- `2bmHiBM; J*h
�b � KQ`2 +QKTmi�iBQM@7`B2M/Hv i?2Q`v 7Q` im`#mH2Mi ~QrbX 6B;m`2 3 b?Qrb i?2
MQ`K�HBx2/ ~Qr p2HQ+BiB2b �i i?`22 HQ+�iBQMb 3δ- 4.2δ- �M/ 5.4δ /QrMbi`2�K 7`QK
i?2 `�KT +Q`M2`- �M/ i?2 J*h MmK2`B+�H bQHp2` `2bmHibX h?2 };m`2 b?Qrb i?�i
J*h Bb +�T�#H2 Q7 +�Tim`BM; i?2 #QmM/�`v H�v2` T`Q}H2 BMbB/2 i?2 b?Q+FX

U�V 3δ U#V 4.2δ U+V 5.4δ

6B;m`2 3, o2HQ+Biv T`Q}H2b �i p�`BQmb HQ+�iBQMb BM i?2 /QrMbi`2�K Q7 i?2 `�KT
2/;2 7`QK i?2 J*h bQHmiBQM �M/ i?2 2tT2`BK2Mib
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�b bi�i2/ T`2pBQmbHv- i?2 �BK Q7 i?Bb T�T2` Bb iQ BMp2biB;�i2 i?2 2M2`;v
i`�Mb72` #2ir22M i?2 bm#b+�H2 2//B2b �M/ i?2 #mHF ~Qr BMbB/2 i?2 b?Q+FX *?2M
bi�i2/ i?�i i?2 iQi�H 2M2`;v /2MbBiv Q7 2�+? bm#b+�H2 2//v +�M #2 2tT`2bb2/ �b-
E = 1

2 (uiui + jωiωi) + ec r?2`2 1
2uiui +QMi`B#mi2b iQ i?2 i`�MbH�iBQM�H FBM2iB+

2M2`;v- 1
2jωiωi +QMi`B#mi2b iQ i?2 `Qi�iBQM�H FBM2iB+- �M/ e = cvT `2T`2b2Mib i?2

BMi2`M�H 2M2`;v /2MbBiv Q7 i?2 ~QrX �M�HvbBb Q7 i?2 2M2`;v +�b+�/2 Bb �+?2Bp2/
#v i?2 mb2 Q7 i?2 +QMp2MiBQM�H _2vMQH/b �p2`�;BM; U�HbQ FMQrM �b iBK2 �p2`�;@
BM;V K2i?Q/ �M/ i?2 K�bb@r2B;?i2/ �p2`�;BM; K2i?Q/ Q` #2ii2` FMQrM �b 6�p`2
�p2`�;BM;X h?2 K�BM �/p�Mi�;2 Q7 i?2b2 K2i?Q/b Bb BM i?2B` �#BHBiv iQ `2bQHp2
i?2 `2H2p�Mi T?vbB+�H T`Q+2bb2b �i /Bz2`2Mi b+�H2b (jj)X h?2 7QHHQrBM; MQi�iBQMb
�`2 mb2/ 7Q` i?2 K2�M p�Hm2b, 〈 〉 7Q` i?2 _2vMQH/b �p2`�;2 �M/ { } 7Q` i?2 6�p`2
�p2`�;2

h?2 b+�H2 /2+QKTQbBiBQM 2KTHQv2/ BM i?2 iQi�H 2M2`;v /2MbBiv 2[m�iBQM Bb
+�``B2/ Qmi mbBM; 6�p`2 }Hi2`BM; BM Q`/2` iQ �++QmMi 7Q` i?2 /2MbBiv ~m+im@
�iBQMb Q7 i?2 ~QrX h?2 6�p`2 /2+QKTQbBiBQM Q7 i?2 iQi�H 2M2`;v /2MbBiv Bb-
E = 1

2{ui}{ui}+ {ui}u′′
i + 1

2u
′′
i u

′′
i + j

2{ωi}{ωi}+ j{ωi}ω′′
i + j

2ω
′′
i ω

′′
i + {e}+ e′′

h?2 }`bi i2`K QM i?2 `B;?i ?�M/ bB/2 1
2{ui}{ui} `2T`2b2Mib i?2 6�p`2@�p2`�;2/

K2�M ~Qr i`�MbH�iBQM�H FBM2iB+ 2M2`;v- �M/ `2T`2b2Mib i?2 K2�M i`�MbH�iBQM�H
bT22/ Q7 i?2 ~QrX h?2 b2+QM/ i2`K b�iBb}2b i?2 `2H�iBQM 〈ρ{ui}u′′

i 〉 = 0 �M/
K�v #2 +�HH2/ i?2 6�p`2@~m+im�iBM; K2�M ~Qr i`�MbH�iBQM�H FBM2iB+ 2M2`;vX
>m�M; (9y) ;Bp2b � T?vbB+�H BMi2`T`2i�iBQM iQ i?2 b2+QM/ i2`K #v 2t�KBMBM;
i?2 im`#mH2Mi /BzmbBQM BM i?2 iQi�H 2M2`;v 2[m�iBQMX h?2 }M�H i2`K +Q``2bTQM/@
BM; iQ i?2 i`�MbH�iBQM�H KQiBQM Bb 1

2u
′′
i u

′′
i - �M/ `272`b iQ i?2 6�p`2@~m+im�iBM;

i`�MbH�iBQM�H FBM2iB+ 2M2`;vX aBKBH�`Hv- QM2 K�v /2}M2 i?2 `Qi�iBQM�H +QKTQ@
M2Mib Q7 i?2 FBM2iB+ 2M2`;v- i?2 6�p`2@�p2`�;2/ K2�M ~Qr `Qi�iBQM�H FBM2iB+
2M2`;v �b j

2{ωi}{ωi}- i?2 6�p`2@~m+im�iBM; K2�M ~Qr `Qi�iBQM�H FBM2iB+ 2M2`;v
�b j{ωi}ω′′

i - �M/ i?2 6�p`2@~m+im�iBM; `Qi�iBQM�H FBM2iB+ 2M2`;v �b j
2ω

′′
i ω

′′
i X 6B@

M�HHv- {e} Bb i?2 6�p`2@�p2`�;2/ BMi2`M�H 2M2`;v- �M/ e′′ Bb i?2 6�p`2@~m+im�iBM;
BMi2`M�H 2M2`;vX

�TTHvBM; _2vMQH/b �p2`�;BM; Qp2` i?2 6�p`2@/2+QKTQb2/ iQi�H 2M2`;v /2M@
bBiv vB2H/b i?2 K2�M +QKTQM2Mi Q7 i?2 iQi�H 2M2`;v /2MbBiv-

〈E〉 = {ui}
(
〈ui〉 −

{ui}
2

)
+ j{ωi}

(
〈ωi〉 −

{ωi}
2

)

+
1

2
〈u′′

i u
′′
i 〉+

j

2
〈ω′′

i ω
′′
i 〉+ {e}+ 〈e′′〉

URjNV

h?2 }`bi irQ i2`Kb QM i?2 `B;?i ?�M/ bB/2 `2T`2b2Mi i?2 +QMi`B#miBQM Q7 i?2
K2�M i`�MbH�iBQM�H �M/ K2�M `Qi�iBQM�H FBM2iB+ 2M2`;B2b iQ i?2 K2�M iQi�H 2M@
2`;v /2MbBivX h?2 M2ti irQ i2`Kb `2T`2b2Mi i?2 +QMi`B#miBQM Q7 i?2 �p2`�;2/
6�p`2@~m+im�iBQMb iQ i?2 K2�M iQi�H 2M2`;vX h?2 1

2 〈u
′′
i u

′′
i 〉 i2`K Bb 7QmM/ BM KQbi

+H�bbB+�H T�T2`b /Bb+mbbBM; im`#mH2M+2- �M/ Bb mb2/ BM i?2 +QKTmi�iBQM Q7 i?2 im`@
#mH2Mi J�+? MmK#2`X h?2 Qi?2` i2`K j

2 〈ω
′′
i ω

′′
i 〉 Bb bi`B+iHv mMB[m2 iQ �M J*h

~Qr- �M/ `2T`2b2Mib i?2 ~m+im�iBQMb BM i?2 bm#b+�H2 2//B2bǶ `Qi�iBQM�H bT22/X
h?2`27Q`2- �M J*h ~Qr �//b iQ i?2 +H�bbB+�H im`#mH2Mi J�+? MmK#2` � +QK@
TQM2Mi 7`QK i?2 2//B2bǶ `Qi�iBQM- Mt =

√
1
2 〈u′′

i u
′′
i 〉+

j
2 〈ω′′

i ω′′
i 〉

〈c〉 r?2`2 〈c〉 `2T`2b2Mib
i?2 _2vMQH/b �p2`�;2 bT22/ Q7 bQmM/X

h?2 H�bi irQ i2`Kb BM 1[X RjN `2T`2b2Mi i?2 +QMi`B#miBQM Q7 i?2 K2�M 6�p`2
BMi2`M�H 2M2`;v- �M/ i?2 �p2`�;2 6�p`2@~m+im�iBM; BMi2`M�H 2M2`;v iQ i?2 K2�M
iQi�H 2M2`;v /2MbBivX LQi2 i?�i {e}+〈e′′〉 = 〈e〉X h?2 `2�bQM i?2 K2�M _2vMQH/b

je
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6B;m`2 N, _Qi�iBQM�H FBM2iB+ 2M2`;v +QKTQM2Mi Q7 i?2 K2�M iQi�H 2M2`;v /2MbBiv-
K2�M �M/ ~m+im�iBQMb �i U�V 1.8δ- U#V 3δ- U+V 4.2δ- �M/ U/V 5.4δ �HQM; i?2 `�KT

6B;m`2 Ry, h`�MbH�iBQM FBM2iB+ 2M2`;v +QKTQM2Mi Q7 i?2 K2�M iQi�H 2M2`;v /2M@
bBiv- K2�M �M/ ~m+im�iBQMb �i U�V 1.8δ- U#V 3δ- U+V 4.2δ- �M/ U/V 5.4δ �HQM; i?2
`�KT

BMi2`M�H 2M2`;v Bb MQi `2T`2b2Mi2/ Bb iQ b22 i?2 +QMi`B#miBQM Q7 i?2 6�p`2 ~m+im@
�iBQMb iQ i?2 ~QrX

AM Q`/2` iQ mM/2`bi�M/ i?2 2M2`;v +�b+�/2 �i i?2 H2p2H Q7 i?2 bm#b+�H2 2/@
/B2b- i?2 `Qi�iBQM�H +QKTQM2Mi Q7 i?2 K2�M iQi�H 2M2`;v /2MbBiv Bb BMp2biB;�i2/X
6B;m`2 N +QKT�`2b i?2 K2�M `Qi�iBQM�H +QKTQM2Mi j{ωi}

(
〈ωi〉 − {ωi}

2

)
rBi?

i?2 �p2`�;2/ 6�p`2@~m+im�iBM; `Qi�iBQM�H +QKTQM2Mi j
2 〈ω

′′
i ω

′′
i 〉 �i /Bz2`2Mi HQ+�@

iBQMb �HQM; i?2 `�KTX h?2 p�`B�#H2b r2`2 MQ`K�HBx2/ rBi? `2bT2+i iQ i?2 i?2
7`22bi`2�K iQi�H 2M2`;v /2MbBiv E∞ = 1

2U
2
∞ + cvT∞X h?2 };m`2 +H2�`Hv b?Qrb

i?�i i?2 �p2`�;2/ +QKTQM2Mi Q7 i?2 `Qi�iBQM�H FBM2iB+ 2M2`;v /2MbBiv Bb x2`Q Qmi@
bB/2 i?2 #QmM/�`v H�v2` BM/B+�iBM; �M B``Qi�iBQM�H #mHF ~Qr- �b r�b bT2+B}2/ �i
i?2 BMH2i #QmM/�`v U〈ωi〉inlet = 0VX L2�` i?2 r�HH Uy/δ < 0.1V- �M BM+`2�b2 BM i?2
K�;MBim/2 Q7 i?2 �p2`�;2/ +QKTQM2Mi Q7 i?2 `Qi�iBQM�H FBM2iB+ 2M2`;v /2MbBiv
Bb +H2�`Hv Q#b2`p2/- r?B+? +�M #2 �ii`B#mi2/ iQ i?2 b?2�` 7Q`+2b �`BbBM; 7`QK i?2
r�HH �b r2HH �b i?2 /BzmbBQM Q7 i?2 M2�`@r�HH 2//B2b �b Bb +H2�` BM i?2 +QMiQm` THQi

jd
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6B;m`2 RR, AMi2`M�H 2M2`;v +QKTQM2Mi Q7 i?2 K2�M iQi�H 2M2`;v- K2�M �M/
~m+im�iBQMb �i U�V 1.8δ- U#V 3δ- U+V 4.2δ- �M/ U/V 5.4δ �HQM; i?2 `�KT

Q7 6B;m`2 NX AMbB/2 i?2 #QmM/�`v H�v2` #mi �r�v 7`QK i?2 r�HH U0.1 < y/δ < 1V-
i?2 };m`2 b?Qrb �`2�b rBi? H�`;2 p�Hm2b Q7 K2�M `Qi�iBQM�H FBM2iB+ 2M2`;v- BM@
/B+�iBM; i?2 T`2b2M+2 Q7 2//B2bX Ai +�M #2 b22M 7`QK i?2 };m`2 i?�i i?2 2//B2b
M2�` i?2 #QmM/�`v H�v2` �`2 KQ`2 �`2 iB;?iHv T�+F2/ i?2M i?2 2//B2b M2�` i?2
r�HHb r?B+? �`2 KQ`2 bi`2i+?2/ �M/ 2HQM;�i2/X h?2 ~m+im�iBM; +QKTQM2Mi Q7
i?2 `Qi�iBQM�H FBM2iB+ 2M2`;v bi�`ib Qmi rBi? � H�`;2 K�;MBim/2 �M/ /2+�vb �b Bi
KQp2b �HQM; i?2 `�KT iQ H2bb i?�M � ?�H7X h?2 `2�bQM 7Q` ?�pBM; H�`;2 p�Hm2b Q7
i?2 ~m+im�iBQM M2�` i?2 `�KT 2/;2 Bb /m2 iQ i?2B` T`QtBKBiv iQ i?2 BMH2i- r?B+?
?�b � #QmM/�`v +QM/BiBQM iQ ;2M2`�i2 im`#mH2M+2 #v �//BM; ~m+im�iBQMb iQ i?2
`Qi�iBQM�H bT22/ Q7 i?2 ~Qr U〈ω′

iω
′
i〉inlet = ω2

rmsVX JQ`2Qp2`- i?2 T`Q}H2 Q7 i?2
~m+im�iBQMb �i x/δ = 1.8 Bb +QMbBbi2Mi rBi? i?2 BMH2i +QM/BiBQM- bBM+2 i?2 im`@
#mH2Mi `Qi�iBQM�H bT22/ Bb /2}M2/ BMbB/2 i?2 #QmM/�`v H�v2` �M/ /BKBMBb?2b �i
i?2 2/;2 Q7 i?2 #QmM/�`v H�v2`X 6BM�HHv- r?2M +QKT�`BM; i?2 ~m+im�iBQMb �HQM;
i?2 `�KT- i?2 THQi b?Qrb � H�`;2 MmK#2` Q7 HQ+�H KBMBK� �M/ K�tBK� M2�` i?2
`�KT 2/;2- rBi? `�TB/ p�`B�iBQM #2ir22M 2�+? 2ti`2KmKX h?Bb i`2M/ BKTHB2b
i?�i i?2`2 �`2 � HQi Q7 bK�HH bm#b+�H2 2//B2b- 2�+? b2T�`�i2 7`QK i?2 Qi?2`- �b
Bb +H2�` BM i?2 +QMiQm` THQi Q7 j

2 〈ω
′′
i ω

′′
i 〉X 6m`i?2` �HQM; i?2 `�KT- i?2 THQi 7Q`

j
2 〈ω

′′
i ω

′′
i 〉 b?Qrb 72r2` HQ+�H KBMBK� �M/ K�tBK� rBi? � bHQr2` `�i2 Q7 +?�M;2

7Q` 2�+? 2ti`2KmKX h?2 `2bmHib BKTHv i?�i � HQi Q7 i?2 T`2pBQmb bK�HH bm#b+�H2
2//B2b K2`;2 iQ;2i?2` Q` /Bzmb2 BMiQ i?2 K2�M ~QrX h?Bb #2?�pBQ` Bb 2pB/2Mi
7`QK i?2 +QMiQm` Q7 j

2 〈ω
′′
i ω

′′
i 〉X h?2 BKT�+i Q7 `Qi�iBQM�H FBM2iB+ 2M2`;v QM i?2

i`�MbH�iBQM�H FBM2iB+ 2M2`;v �M/ BMi2`M�H 2M2`;v rBHH #2 b?QrM BM i?2 7QHHQrBM;
/Bb+mbbBQMbX

ai�`iBM; rBi? i?2 i`�MbH�iBQM�H FBM2iB+ 2M2`;v- };m`2 Ry THQib i?2 MQ`K�HBx2/
K2�M +QKTQM2Mib Q7 i?2 i`�MbH�iBQM�H FBM2iB+ 2M2`;v {ui}

(
〈ui〉 − {ui}

2

)
�b r2HH

�b i?2 MQ`K�HBx2/ �p2`�;2/ 6�p`2@~m+im�iBM; +QKTQM2Mib 1
2 〈u

′′
i u

′′
i 〉 �i /Bz2`2Mi

HQ+�iBQMb �HQM; i?2 `�KTX Ai +�M #2 b22M 7`QK i?2 };m`2 i?�i i?2 #B;;2bi +QM@
i`B#miQ` iQ i?2 iQi�H 2M2`;v Bb i?2 K2�M i`�MbH�iBQM�H FBM2iB+ 2M2`;v +QKTQM2Mi
Q7 i?2 ~Qr- rBi? i?2 �p2`�;2/ 6�p`2@~m+im�iBQMb +QKTQM2Mi #2BM; bK�HH2` i?�M
i?2 7`22bi`2�K iQi�H 2M2`;v #v 7Qm` Q`/2`b Q7 K�;MBim/2X h?2 #2?�pBQ` Q7 i?2
�p2`�;2/ 6�p`2@~m+im�iBQMb i`�MbH�iBQM�H FBM2iB+ 2M2`;v Bb /2+QKTQb2/ BMiQ i?2
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M2�`@r�HH b2+iBQM Uy/δ < 0.1V- �M/ i?2 #QmM/�`v H�v2` b2+iBQM U0.1 < y/δ < 1VX
6Q` i?2 M2�`@r�HH T�`i- �M BM+`2�b2 BM i?2 K�;MBim/2 Bb Q#b2`p2/ �HQM; i?2
bi`2�KrBb2 /B`2+iBQMX h?Bb BM+`2�b2 Bb ?B;?Hv �bbQ+B�i2/ rBi? i?2 b?2�` 7Q`+2b
�`BbBM; 7`QK i?2 r�HH- �b r2HH �b i?2 BM+`2�b2 BM i?2 `Qi�iBQM�H bT22/ Q7 i?2 bm#@
b+�H2 2//B2b M2�` i?2 r�HHX h?2 #QmM/�`v H�v2` b2+iBQM b?Qrb �M BM+`2�b2 BM
i?2 �p2`�;2 6�p`2@~m+im�iBM; i`�MbH�iBQM�H FBM2iB+ 2M2`;v �HQM; i?2 `�KT- +QBM@
+B/BM; rBi? i?2 /2+`2�b2 Q7 i?2 �p2`�;2 6�p`2@~m+im�iBM; `Qi�iBQM�H +QKTQM2Mi
Q7 i?2 ~QrX AM bmKK�`v- i?2 2//B2bǶ `Qi�iBQM�H 2M2`;v Bb /BbbBT�i2/ BMiQ i?2
i`�MbH�iBQM�H ~m+im�iBM; 2M2`;vX

h?2 Qi?2` �bT2+i Q7 i?Bb 2M2`;v i`�Mb72` BMpQHp2b i?2 i`�MbKBbbBQM Q7 `Qi�@
iBQM�H FBM2iB+ 2M2`;v iQ BMi2`M�H 2M2`;vX 6B;m`2 RR +QKT�`2b i?2 6�p`2@�p2`�;2/
BMi2`M�H 2M2`;v {e} rBi? i?2 �p2`�;2/ 6�p`2@~m+im�iBM; BMi2`M�H 2M2`;v 〈e′′〉 �i
/Bz2`2Mi HQ+�iBQMb �HQM; i?2 `�KTX 6`QK i?2 };m`2- Bi Bb 2pB/2Mi i?�i i?2 K2�M
+QKTQM2Mi Q7 i?2 BMi2`M�H 2M2`;v Bb +QMbi�Mi 2t+2Ti M2�` i?2 r�HH r?2`2 Bi Bb
BM+`2�bBM; BM K�;MBim/2 �HQM; i?2 bi`2�KrBb2 /B`2+iBQMX h?2 �p2`�;2/ 6�p`2@
~m+im�iBM; BMi2`M�H 2M2`;v- �r�v 7`QK i?2 r�HH bi�`ib rBi? � K�tBKmK p�Hm2
Q7 yX9 �M/ /2+`2�b2b �HQM; i?2 bi`2�KrBb2 /B`2+iBQMX h?2 H�`;2 p�Hm2 M2�` i?2
`�KT 2/;2- �M/ i?2 H�`;2 Qb+BHH�iBQMb BM i?2 �p2`�;2/ 6�p`2@~m+im�iBM; BMi2`M�H
2M2`;v Bb /B`2+iHv `2H�i2/ iQ i?2 `Qi�iBQM�H bT22/ Q7 i?2 bm#b+�H2 2//B2b- �M/
BM T�`iB+mH�` i?2 �p2`;2/ 6�p`2@~m+im�iBM; `Qi�iBQM�H +QKTQM2Mi Q7 i?2 iQi�H
2M2`;v /2MbBivX q?2M i?2 �p2`;2/ 6�p`2@~m+im�iBM; `Qi�iBQM�H FBM2iB+ 2M2`;v
+QKTQM2Mi Q7 i?2 iQi�H 2M2`;v Bb ?B;?- i?Bb BM+`2�b2 BM im`M H2�/b iQ ?B;? ~m+@
imi�iBQMb BM i?2 �p2`�;2/ 6�p`2@~m+im�iBM; BMi2`M�H 2M2`;v 〈e′′〉- �b i?2 �p2`;2/
6�p`2@~m+im�iBM; `Qi�iBQM�H FBM2iB+ 2M2`;v /2+�vb �HQM; i?2 `�KT bQ /Q2b i?2
�p2`�;2/ 6�p`2@~m+im�iBM; BMi2`M�H 2M2`;vX PM2 +�M +QM+Hm/2 i?�i i?2 ~m+im�@
iBQMb BM i?2 BMi2`M�H 2M2`;v �`2 +`2�i2/ 7`QK i?2 ~m+im�iBQMb BM `Qi�iBQM�H FBM2iB+
2M2`;vX aiBHH �b i?2 2//B2b KQp2 �HQM; i?2 bi`2�KrBb2 /B`2+iBQM- i?2v /Bzmb2 �M/
K2`;2 rBi? i?2 K2�M +QKTQM2Mi Q7 i?2 2M2`;v- `2bmHiBM; BM � /2+�v BM i?2 �p@
2`�;2 ~m+im�iBM; +QKTQM2Mi Q7 i?2 BMi2`M�H 2M2`;vX 6B;m`2 RR +H2�`Hv +QM}`Kb
i?�i �HQM; i?2 bi`2�KrBb2 /B`2+iBQM � /2+�v BM i?2 ~m+im�iBM; +QKTQM2Mi Q7 i?2
BMi2`M�H 2M2`;v Q++m`bX

jXj o�HB/�iBQM k, h`�MbQMB+ hm`#mH2M+2 Qp2` �M �bvbK2i@
`B+ >BHH

�M BMH2i #QmM/�`v H�v2` T`Q}H2 rBi? � i?B+FM2bb Q7 δ = 0.039m r�b bT2+B}2/ rBi?
�M Qi?2`rBb2 mMB7Q`K ~Qr Q7 M∞ = 0.6 �i i?2 BMH2i Q7 � 20H × 3.205H × 10H
/QK�BM rBi? H = 0.078m �b T2` *�bi�;M� 2iX �HX (RR)X h?2 BM~Qr p2HQ+Biv T`Q@
}H2 r�b bT2+B}2/ #v mbBM; i?2 K2�M p2HQ+Biv Q7 i?2 T`2+m`bQ` bBKmH�iBQM /QM2
#v *�bi�;M� 2iX �HX (RR) �M/ +QKT�`BM; i?2 T`Q}H2 rBi? i?2 BM~Qr T`Q}H2 K2�@
bm`2/ 2tT2`BK2Mi�HHv #v aBKTbQM (ed)X 6B;m`2 Rj b?Qrb i?�i i?2 BM~Qr T`Q}H2b
K�i+? p2`v r2HH M2�` i?2 r�HH �M/ Qp2`T`2/B+i i?2 p2HQ+Biv BM i?2 HQ; H�v2` r?2`2
y+ > 60X h?2 T`Q}H2b b?�`2 � #QmM/�`v H�v2` i?B+FM2bb Q7 δ = H

2 = 0.039mX
h?Bb /Bb+`2T�M+v r�b F2Ti iQ b22 B7 J*h +QmH/ biBHH +�Tim`2 2tT2`BK2Mi�H ~Qr
T?2MQK2M� BM i?2 #mHF ~QrX hm`#mH2Mi ~m+im�iBQMb r2`2 bT2+B}2/ #v 2[m�iBM;
i?2 `QQi@K2�M@b[m�`2 U`KbV Q7 i?2 M2r p�`B�#H2 Q7 ;v`�iBQM rBi? i?2 `QQi@K2�M@
b[m�`2 U`KbV p2HQ+BiB2b bT2+B}2/ #v *�bi�;M� 2iX �HX �M/ +QKT�`2/ rBi? aT�H�`i
(RR- eN)X 6B;m`2 R9 +QKT�`2b i?2 MQ`K�HBx2/ `QQi@K2�M@b[m�`2 /�i� 7`QK J*h
�M/ *�bi�;M� 2iX �HX rBi? i?2 2tT2`BK2Mi�H /�i� Q#i�BM2/ #v aT�H�`i (eN)X h?2
/Bb+`2T�M+B2b �`2 i?2 b�K2 7Q` #Qi? J*h �M/ *�bi�;M� 2iX �HX - bBM+2 i?2
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/�i� #v *�bi�;M� 2iX �HX r�b /B`2+iHv i`�Mb72``2/ iQ i?2 ;v`�iBQM p�`B�#H2- pB�
i?2 2tT`2bbBQM √

jωi,rms = ui,rmsX h?2`27Q`2- i?2 FBM2iB+ 2M2`;v ;2M2`�i2/ #v
~m+im�iBQMb BM i?2 p2HQ+Biv T`Q}H2 #v *�bi�;M� 2iX �HX K�i+?2b i?2 `Qi�iBQM�H
FBM2iB+ 2M2`;v T`Q/m+2/ #v i?2 ;v`�iBQMX .Bb+`2T�M+B2b #2ir22M i?2 .La �M/
2tT2`BK2Mi�H /�i� r2`2 KQbi MQi�#H2 BM i?2 HQ;@H�v2`X h?2b2 /Bb+`2T�M+B2b r2`2
T`2b2`p2/ BM i?2 ;v`�iBQM- �;�BM iQ b22 B7 J*h +QmH/ biBHH T`Q/m+2 #2ii2` �;`22@
K2Mi rBi? 2tT2`BK2Mi ;Bp2M i?2 b�K2 BMBiB�H ~Qr /�i�X AM~Qr /2MbBiv- iQi�H

U�V AMi2`M�H J2b?

U#V >BHH J2b?

6B;m`2 Rk, qB`27`�K2 Q7 i?2 K2b?2b 7Q` i?2 `2+i�M;mH�` /QK�BM �M/ ?BHHX �t@
BbvKK2i`B+ ?BHH r�b b2i �i 3X9> �r�v 7`QK i?2 BMi2`BQ`X

pBb+QbBiv µ+κ- �M/ 7`22bi`2�K p2HQ+Biv U∞- r2`2 �HH b2i iQ 2Mbm`2 i?2 _2vMQH/b
MmK#2`- ReH - #�b2/ QM i?2 ?2B;?i H K�i+?2/ i?2 p�Hm2 Q7 e8yy #v *�bi�;M�
2iX �HX h?2 iBK2@bi2T 7Q` i?2 J*h bBKmH�iBQMb r�b 5 × 10−8 b- b?Q`i2` i?�M
i?2 p�Hm2 Q7 3.04 × 10−5 b #v *�bi�;M� 2iX �HXX h?2 bK�HH2` K2b? +2HHb M2�`
i?2 r�HH `2[mB`2/ i?2b2 bK�HH iBK2 bi2T p�Hm2b- #mi i?2 `2bmHiBM; /�i� #2M2}i2/
7`QK BM+`2�b2/ i2KTQ`�H �++m`�+vX h?2 r�HH@MQ`K�H K2b? /Bbi`B#miBQM r�b b2i
iQ ?�p2 � bBKTH2 ;`�/BM; r?2`2#v i?2 H�bi +2HH �r�v 7`QK i?2 r�HH rQmH/ #2
kyy iBK2b i?2 H2M;i? Q7 i?2 bK�HH2` +2HH M2�` i?2 r�HHX LQM@`2~2+iBp2 #QmM/�`v
+QM/BiBQMb r2`2 b2i �i i?2 iQT �M/ QmiH2i Q7 i?2 /QK�BM iQ T`2p2Mi mMT?vbB+�H
T`2bbm`2 2z2+ib 7`QK �z2+iBM; i?2 /vM�KB+b �i i?2 ?BHH �M/ iQ 7QHHQr i?2 b2imT
#v *�bi�;M� 2iX �HX (RR)X S2`BQ/B+ #QmM/�`v +QM/BiBQMb r2`2 b2i BM i?2 bT�M@
rBb2 /B`2+iBQM- �HbQ BM HBM2 rBi? i?2 +QM/BiBQMb #v *�bi�;M� 2iX �HX (RR)X w2`Q
;`�/B2Mi- �M/ MQ@bHBT #QmM/�`B2b 7Q` i?2 p2HQ+Biv- r2`2 b2i �i i?2 ~QQ` �M/ ?BHHX
h?2 K2b? M2�` i?2 ?BHH r�b i�BHQ`2/ iQ i?2 b?�T2 Q7 i?2 ?BHH- /2i2`KBM2/ #v
i?2 K�i?2K�iB+�H 7mM+iBQMb b2i BM *�bi�;M� 2iX �HX (RR)X h�#H2 9 HBbib i?2 F2v
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6B;m`2 Rj, *QKT�`BbQM Q7 .La BMH2i T`Q}H2 Q#i�BM2/ #v *�bi�;M� 2iX �HX (RR)
7`QK � T`2+m`bQm` bBKmH�iBQM rBi? i?2 2tT2`BK2Mi�H T`Q}H2 mb2/ #v aBKTbQM (ed)
X

6B;m`2 R9, *QKT�`BbQM Q7 J*hf.La p2HQ+Biv T2`im`#�iBQMb i?2 .La T`Q}H2
Q#i�BM2/ #v aT�H�`i (eN)X

bi�iBbiB+b �bbQ+B�i2/ rBi? i?Bb +mbiQK K2b?X � F2v MQi2 Bb i?2 MmK#2` Q7 +2HHb
7Q` i?Bb K2b?- iQi�HBM; �`QmM/ eXdJ 2H2K2MibX qBi? i?2 mMbi`m+im`2/ K2b?-
?Qr2p2`- i?2 pBb+Qmb bm#H�v2`- /2}M2/ #v i?2 HBKBi z+ < 10- +QMi�BM2/ jy +2HHb
�b QTTQb2/ iQ i?2 Ry +2HHb M22/2/ BM i?2 K2b? #v *�bi�;M� 2iX �HX (RR)X aiBHH- i?2
�`;mK2Mi i?�i J*h +�M T`QpB/2 `2bmHib +QKT�`�#H2 iQ .La /�i� rBi?Qmi i?2

9R

DISTRIBUTION A: Distribution approved for public release.



S�`�K2i2` o�Hm2
J�tBKmK �bT2+i _�iBQ 3Xek33e

hBK2 ai2T 5× 10−8 b
J�tBKmK aF2rM2bb 8XRk9

∆z+min yXR93
LmK#2` Q7 +2HHb, z+ < 10 jy

hQi�H LmK#2` Q7 *2HHb 6.72× 106

h�#H2 9, S�`�K2i2`b 7Q` K2b? [m�HBiv �M/ iBK2 `2bQHmiBQM mb2/ BM J*h bBKm@
H�iBQMb

�bbQ+B�i2/ +QKTmi�iBQM�H +Qbib Bb bmTTQ`i2/ #v i?2 /`�K�iB+ /2+`2�b2 BM K2b?
+2HH MmK#2`X

h?`22 MQM@/BK2MbQM�H T�`�K2i2`b iQ ;�m;2 i?2 QMb2i Q7 im`#mH2M+2 �`2 BM@
i`Q/m+2/ #v S2//B2bQM (8N) �M/ �`2 H�i2` 2tTH�BM2/ #v qQMM2HH �M/ *?2M (38)
X h?2b2 T�`�K2i2`b +�M #2 2ti`�+i2/ 7`QK i?2 ;Qp2`MBM; 2[m�iBQMb i?`Qm;?
/BK2MbBQMH2bb �M�HvbBb (8N)X 6Q` BM+QKT`2bbB#H2 ~Qr Qp2` � ~�i TH�i2- i?2b2
T�`�K2i2`b T`Q/m+2/ im`#mH2Mi p2HQ+Biv T`Q}H2b rBi?BM � #QmM/�`v H�v2` i?�i
K�i+?2/ 2tT2`BK2Mi�H /�i� T`Q/m+2/ #v i?2 1m`QT2�M _2b2�`+? *QKKmMBiv
QM 6HQr- hm`#mH2M+2 �M/ *QK#mbiBQM U1_*P6h�*V (RN)X h?2 T�`�K2i2`b �`2
/2}M2/ �b 7QHHQrb,

α1 =
κ

µ
, α2 =

κ

ρ
√
jU

, α3 =
γ

µj
UR9yV

AM i?2 ~�i TH�i2 bim/v- α1 T`Qp2/ iQ #2 i?2 TBpQi�H T�`�K2i2` BM K�i+?BM; �M
2tT2`BK2Mi�H im`#mH2Mi T`Q}H2 (RN)X h?Bb T�`�K2i2` b2`p2b �b � `�iBQ #2ir22M
i?2 T�`iB+H2bǶ +QMi`B#miBQM iQ i?2 *�m+?v bi`2bb- κεklmωm,l �M/ i?2 +H�bbB+�H
pBb+Qmb /BzmbBQM i2`K- µvll- BM i?2 HBM2�` KQK2MimK 2[m�iBQMX GQ+�H p�`B�iBQM
BM i?2 ;v`�iBQM Q7 i?2 T�`iB+H2b H2�/b iQ � i2MbBQM BM i?2 ~mB/ i?�i /Bb`mTib
i?2 Qi?2`rBb2 bKQQi? H�KBM�` ~QrX h?2 +H�bbB+�H pBb+Qmb /BzmbBQM �ii2KTib iQ
bKQQi? /Bb`mTiBQMb +`2�i2/ #v /Bz2`2M+2b BM ;v`�iBQM- �M/ bQ i?2 #�H�M+2 Q7
i?2b2 7Q`+2b Bb +`BiB+�H 7Q` /2i2`KBMBM; r?2i?2` � ~Qr ?�b `2�+?2/ � im`#mH2Mi
bi�i2X h?Bb `2bmHi BM/B+�i2b i?�i i?2 i2MbBQM +`2�i2/ #v /Bz2`2M+2b BM `Qi�iBQM�H
KQiBQM Q7 T�`iB+H2b M22/b iQ 2t+22/ pBb+Qmb /BzmbBQM #v � +QMbB/2`�#H2 �KQmMi
BM Q`/2` iQ K�BMi�BM im`#mH2M+2 rBi?BM �M BM+QKT`2bbB#H2 #QmM/�`v H�v2`X

h�#H2 8 ;Bp2b i?2 p�Hm2b Q7 i?2 i?`22 /BK2MbBQMH2bb T�`�K2i2`b 7Q` αn i?�i
bm++2bb7mHHv ;2M2`�i2/ im`#mH2M+2 BM i?2 BM+QKT`2bbB#H2 +�b2X h?2 T`Q#H2K Q7
+�Tim`BM; bm#@;`B/ H2M;i? b+�H2b #2+QK2b KQ`2 BKTQ`i�Mi r?2M i?2 im`#mH2M+2
#2+QK2b KQ`2 +QKT`2bbB#H2- �b i?2 bK�HH2bi 2//B2b +QmH/ #2 BKT�+i2/ #v /2MbBiv
~m+im�iBQMbX h?2 #�H�M+2 Q7 +QKT`2bbB#BHBiv rBi? pBb+Qmb ~m+im�iBQMb Q++m`b �i
�HH b+�H2b Q7 KQiBQMX h?Bb #�H�M+2 Bb `2~2+i2/ BM i?2 M2r iQi�H pBb+QbBiv- µ+ κ-
Q7 i?2 ~mB/ 7QmM/ BM i?2 _2vMQH/b MmK#2`- ReH X h?2 +QMi`B#miBQM Q7 BM/BpB/m�H
bi`m+im`2b iQ i?2 iQi�H pBb+Qmb `2bBbi�M+2 Q7 i?2 ~mB/ Bb +�Tim`2/ i?`Qm;? κX
h?Bb bBKmH�iBQM BM+Q`TQ`�i2b MQ bm#@;`B/ KQ/2Hb �M/ rBHH �HHQr 7Q` i?2 2z2+ib Q7
+QKT`2bbB#H2 im`#mH2M+2 iQ #2 i�F2M BMiQ �++QmMiX _2bmHib r2`2 Q#i�BM2/ �7i2`
i?2 7`22bi`2�K ~Qr K�/2 RXk i`BTb i?`Qm;? i?2 /QK�BM iQ 7QHHQr i?2 2t�KTH2 Q7
*�bi�;M� 2iX �HX- Q` �`QmM/ t = 0.009s (RR)X

6B;m`2 R8 ?B;?HB;?ib i?2 7Q`K�iBQM Q7 i?2 b2T�`�iBQM #m##H2 QM i?2 rBM/r�`/
bB/2 Q7 i?2 ?BHH mbBM; bi`2�KHBM2b Q7 i?2 ~Qr �HQM; i?2 +2Mi2`HBM2 y = 0X h?2 H22@
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S�`�K2i2` o�Hm2
α1 NN
α2 yXyyR9
α3 yXkj8

M∞ = U∞
c yXe

ReH = ρ∞U∞H
µ+κ e8yy

h�#H2 8, .BK2MbBQMH2bb T�`�K2i2`b αn- J�+? LmK#2` M - �M/ i?2 _2vMQH/b MmK#2`
K�i+?BM; .La (RR- ed- RN)X aT22/ Q7 bQmM/ /2i2`KBM2/ 7Q` �B` �i T∞ = 293K

6B;m`2 R8, ai`2�KHBM2 +QKT�`2/ rBi? b2T�`�iBQM #m##H2 #QmM/�`B2b Q#i�BM2/
#v *�bi�;M� 2iX �HX (RR)X J*h /�i� /2KQMbi`�i2 � H�`;2` rBM/r�`/ bB/2
b2T�`�iBQM #m##H2- #mi MQ bB;MB}+�Mi b2T�`�iBQM QM i?2 H22r�`/ bB/2X J*h
#m##H2 /2HBM2�i2/ #v `2/ /Qii2/ HBM2X

6B;m`2 Re, *QKT�`BbQM Q7 Cp = pstatic−patm

.5∗ρ∗U2
∞

#2ir22M 2tT2`BK2Mi�H /�i� 7`QK
aBKTbQM- bBKmH�iBQM /�i� 7`QK *�bi�;M� 2iX �HX- �M/ MmK2`B+�H /�i� �HQM; i?2
+2Mi2`HBM2 z = 0 (ed- RR)X

r�`/ bB/2 /Q2b MQi b?Qr �Mv �TT�`2Mi b2T�`iBQM #m##H2X J2�Mr?BH2 i?2 QmiHBM2
Q7 i?2 J*h rBM/r�`/ bB/2 #m##H2 7�HHb bHB;?iHv #2HQr bQK2 Q7 i?2 `2+B`+mH�iBQM
BM i?2 J*h /�i�X h?2 `2�ii�+?K2Mi TQBMi 7Q` i?2 J*h /�i�- �i x = −1.66H-
Bb bHB;?iHv /QrMbi`2�K i?�M i?2 T`2/B+iBQM #v *�bi�;M� 2iX �HX �i x = −1.7H-
#mi i?2 bBx2 Q7 i?2 rBM/r�`/ #m##H2 BM J*h +H2�`Hv 2t+22/b i?2 T`2/B+iBQMb #v
*�bi�;M� 2iX �HX AM~Qr im`#mH2M+2 ;2M2`�i2/ M2�` i?2 r�HH 7`QK i?2 ;v`�iBQM
�M/ p2HQ+Biv ~m+im�iBQMb K�v ?�p2 H2�/ iQ � Km+? 2�`HB2` b2T�`�iBQM TQBMi 7Q`
i?2 J*h ~QrX

6B;m`2 Re b?Qrb i?�i 2tT2`BK2Mi�H /�i� 7Q` i?2 T`2bbm`2 +Q2{+B2Mi Q#i�BM2/
7`QK aBKTbQM (ed) HBM2 mT KQ`2 +HQb2Hv rBi? J*h i?�M i?2 MmK2`B+�H `2bmHib
7`QK *�bi�;M� 2iX �HX (RR)X h?2b2 bm++2bb7mH +QKT�`BbQMb �// +QM}/2M+2 iQ
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U�V ai`2�KrBb2 hm`#mH2M+2
AMi2MbBiv, t 4 9XR9>

U#V aT�MrBb2 hm`#mH2M+2
AMi2MbBiv, t 4 9XR9>

U+V q�HH@MQ`K�H hm`#mH2M+2
AMi2MbBiv, t 4 9XR9>

U/V ai`2�KrBb2 hm`#mH2M+2
AMi2MbBiv, t 4 RRXe>

U2V aT�MrBb2 hm`#mH2M+2 AM@
i2MbBiv, t 4 RRXe>

U7V q�HH@MQ`K�H hm`#mH2M+2
AMi2MbBiv, t 4 RRXe>

6B;m`2 Rd, *QKT�`BbQM Q7 im`#mH2M+2 BMi2MbBiB2b- �p2`�;2/ BM i?2 bT�MrBb2 /B@
`2+iBQM- �i x = 4.14H �M/ x = 11.6H rBi? .La /�i� Q#i�BM2/ #v *�bi�;M� 2iX
�HX (RR)X

i?2 bi�i2K2Mi i?�i MmK2`B+�H bBKmH�iBQMb Q7 J*h T`Q/m+2 `2�HBbiB+- T?vbB+�H
~Qr /�i� rBi?Qmi i?2 M22/ 7Q` 2t+2bbBp2Hv /2Mb2 ;`B/b Q` ?B;? +QKTmi�iBQM�H
+QbibX h?2 T`2bbm`2 T2�F /QrMbi`2�K Q7 i?2 ?BHH �TT2�`b �i x = 2.311HX h?2
.La bim/v 7�BH2/ iQ +�Tim`2 i?Bb T2�F- #mi J*h +H2�`Hv /2KQMb`�i2b � HQ+�H
T2�F BM i?Bb `2;BQMX �7i2` i?Bb T2�F- J*h +�Tim`2b i?2 7m`i?2` 2pQHmiBQM Q7
i?2 r�HH T`2bbm`2 r?BH2 i?2 /�i� #v *�bi�;M� 2iX �HX Qp2`T`2/B+ib i?2 bm`7�+2
T`2bbm`2X h?2 `�TB/ /Bz2`2M+2b BM i?2 pQ`iB+Biv 7QmM/ M2�` i?2 b2+QM/�`v HQ+�H
T2�F �`2 HBF2Hv i?2 +�mb2 Q7 i?2 HQ+�H p�`B�M+2 BM T`2bbm`2X aBKTbQM MQi2/ i?�i
i?2 T`2bbm`2 +Q2{+B2Mi +QmH/ #2 /B`2+iHv `2H�i2/ iQ i?2 pQ`iB+Biv ~mt (ed)- �M/
i?2 `2bQHmiBQM Q7 i?Bb pQ`iB+Biv M2�` i?2 r�HH HBF2Hv ?2HTb i?2 `2bQHmiBQM Q7 i?2
bm`7�+2 T`2bbm`2X

L2�` i?2 r�HH- im`#mH2Mi ~m+im�iBQMb BM J*h /�i� #2?�p2 BM `2+Q;MBx�#H2
T�ii2`Mb- #mi +QMi�BM MQiB+2�#H2 /Bz2`2M+2b 7`QK L�pB2`@aiQF2b bBKmH�iBQMbX
6B;m`2 Rd +QKT�`2b i?2 im`#mH2M+2 BMi2MbBiB2b 7`QK *�bi�;M� 2iX �HX (RR) �M/
J*h /�i� �i i?2 b�K2 _2vMQH/b MmK#2`X h?2 J*h im`#mH2M+2 BMi2MbBiB2b �`2
+�H+mH�i2/ 7`QK ;v`�iBQMX h?2 ;v`�iBQM p�`B�#H2 Bb +QMbB/2`2/ �b � biQ+?�biB+
p�`B�#H2 �M/ mb2/ iQ T2`im`# i?2 p2HQ+Biv }2H/X h?2 J*h im`#mH2M+2 BMi2MbBiB2b
UIV �`2 Q#i�BM2/ #v }M/BM; i?2 `QQi@K2�M@b[m�`2 p�Hm2 Q7 ;v`�iBQM

ω`Kb =

√√√√ 1

N

N∑

k=1

ω′
iω

′
i �M/ I =

ω`Kb
√
j

uτ
UR9RV
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U�V >�B`TBM oQ`iB+2b, i 4 yXyReyyR b

U#V >�B`TBM oQ`iB+2b, i 4 yXyReRy8 b

U+V >�B`TBM oQ`iB+2b, i 4 yXyRekRy b

6B;m`2 R3, hQTQHQ;v Q7 ?�B`TBM pQ`iB+2b �b pBbm�HBx2/ #v i?2 Z@+`Bi2`BQM �i 5×105-
+QHQ`2/ #v i?2 p�Hm2b Q7 i?2 ;v`�iBQMX GQr ;v`�iBQM p�Hm2b 7Q` ?�B`TBM pQ`i2t
BM/B+�i2 H2bb p�`B�iBQM BM bK�HH@b+�H2 `Qi�iBQMX

Zm�HBi�iBp2Hv bBKBH�` `2bmHib �`2 7QmM/ M2�` i?2 2/;2 Q7 i?2 #QmM/�`v H�v2`
/QrMbi`2�K Q7 i?2 ?BHH- �M/ M2�` i?2 r�HH mTbi`2�K Q7 i?2 ?BHHX J*h `2bmHib
/2KQMbi`�i2 i?2 +?�`�+i2`BbiB+ T2�F �M/ /2+HBM2 BM im`#mH2M+2 BMi2MbBiv- rBi?
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bQK2 MQiB+2�#H2 /Bz2`2M+2b BM i?2 r�HH@MQ`K�H /�i�X .QrMbi`2�K Q7 i?2 #mKT
�i x = 11.6H- i?2 #QmM/�`v H�v2` BM i?2 J*h /�i� b?`BMFb +QMbB/2`�#Hv- H2�/BM;
iQ � rB/2` bT`2�/ Q7 i?2 im`#mH2M+2 BMi2MbBivX h?2 /QrMbi`2�K #2?�pBQ` Bb HBF2Hv
�z2+i2/ #v i?2 7Q`K�iBQM Q7 bi`m+im`2b bm+? �b ?�B`TBM pQ`iB+2bX

JQ`2 BM@/2Ti? BM7Q`K�iBQM Q7 i?2 bi`m+im`2 Q7 i?2 ~Qr Bb 7QmM/ mbBM; i?2
J*h Z@+`Bi2`BQM (R8)X 6B;m`2 R3 b?Qrb i?2 BbQbm`7�+2 Q7 i?2 Z@+`Bi2`BQM +QHQ`2/
#v i?2 ;v`�iBQMX 6B;m`2 R3 `2p2�Hb bi`m+im`2b rBi?BM i?2 im`#mH2M+2- �M/ T�`iB+@
mH�`Hv ?�B`TBM pQ`iB+2b /QrMbi`2�K Q7 i?2 ?BHHX S2`BQ/B+ `2;mH�` ?�B`TBM pQ`iB+2b
2K2`;2 7Q` i?2 Z@p�Hm2 Q7 5 × 105- rBi? i?2 �`+?2b Q7 i?2b2 pQ`iB+2b +?�`�+i2`@
Bx2/ #v � HQr p�Hm2 Q7 ;v`�iBQMX aBM+2 i?2b2 bi`m+im`2b �`2 �HH /2b+`B#2/ #v i?2
b�K2 p�Hm2 7Q` i?2 Z@+`Bi2`BQM- i?2b2 HQr2` `2;BQMb Q7 ;v`�iBQM Kmbi +Q``2bTQM/
iQ ?B;?2` p�Hm2b Q7 p2HQ+Biv ;`�/B2MibX >2`2- i?2 K�+`Qb+�H2 +QKTQM2Mi Q7 i?2
~Qr Bb /QKBM�MiX L2�` i?2 ~QQ`- ?Qr2p2`- ;v`�iBQM TH�vb � KQ`2 +`BiB+�H `QH2
BM /2i2`KBMBM; HQ+�H 2pQHmiBQM Q7 bi`m+im`2 M2�` i?2 r�HHX Pp2`�HH- i?2 M2r Z@
+`Bi2`BQM T`QpB/2b i?2 iQQH iQ pBbm�HBx2 i?2 2pQHmiBQM Q7 H�`;2@b+�H2 bi`m+im`2b
i?�i 7Q`K rBi?BM i?2 ~Qr �M/ b22 ?Qr bK�HH �M/ H�`;2 b+�H2 `Qi�iBQMb �z2+i i?2
/vM�KB+b �M/ iQTQHQ;v Q7 i?2 #mHF ~QrX

jX9 �TTHB+�iBQM, h`�MbH�iBQM�H �M/ _Qi�iBQM�H LQM2[mB@
HB#`BmK

h?2 +m``2Mi b2+iBQM 2KTHQvb i?2 }`bi Q`/2` �TT`QtBK�iBQM iQ i?2 "QHixK�MM@
*m`iBbb 2[m�iBQM iQ BMp2biB;�i2 i?2 b?Q+F bi`m+im`2 BM KQM�iQKB+ �M/ /B�iQKB+
;�b2bX h?2 T`Q#H2K Q7 b?Q+F r�p2 bi`m+im`2 Bb b2H2+i2/ �b Bi `2T`2b2Mib � ~Qr
`2;BK2 r?B+? Bb 7�` 7`QK i?2`KQ/vM�KB+ 2[mBHB#`BmKX JQ`2Qp2`- i?Bb T`Q#H2K
/2�Hb rBi? � QM2@/BK2MbBQM�H ~Qr- BM r?B+? i?2 BKT�+i Q7 i?2 K2�M ;v`�iBQM
Q7 i?2 ~Qr Bb MmHH- �M/ i?2 ;v`�iBQM 2[m�iBQM #2?�p2b �b i`�MbTQ`i 2[m�iBQM
+�``vBM; � ~Qr T`QT2`iv i?�i /Q2bMǶi +QMi`B#mi2 iQ i?2 T?vbB+b Q7 i?2 ~QrX
�HbQ- i?2 +QKTH2tBiv Q7 i?2 #QmM/�`v +QM/BiBQM b2H2+iBQM �M/ Bib BMi2`72`2M+2
rBi? i?2 bQHmiBQM Bb 2HBKBM�i2/ #v +QMbB/2`BM; i?Bb T`Q#H2KX h?2`27Q`2- i?Bb
T`Q#H2K 7Q+mb2b QM i?2 2z2+i Q7 i?2 #mHF pBb+QbBiv KQ/2H 7Q` i?2 b?Q+F r�p2
T`Q}H2bX

"v 2KTHQvBM; i?2 T`2pBQmb �bbmKTiBQMb- �M/ `2+Qp2`BM; i?2 /2}MBiBQM Q7 η-
i?2 bi`2bb i2MbQ` #2+QK2b bvKK2i`B+- BX2X

tkl = −pδkl −
µ

3
Umxmδkl + µ (Ulxk + Ukxl) UR9kV

qBi? i?2 M2r BMi2`T`2i�iBQM Q7 i?2 K�i2`B�H T�`�K2i2` η- i?2 J*h ?2�i ~mt
p2+iQ` #2+QK2b

qk = −4µ
k

m
Txk UR9jV

h?Bb ?2�i ~mt 2t?B#Bib � HBM2�` `2H�iBQM rBi? i2KT2`�im`2 ;`�/B2Mi- bBKBH�`
iQ 6Qm`B2`Ƕb H�r Q7 i?2`K�H +QM/m+iBQM- rBi? � i?2`K�H +QM/m+iBpBiv /2T2M/2Mi
QM i?2 T`Q/m+i Q7 i?2 i2KT2`�i2 �M/ i?2 `2H�t�iBQM iBK2X >Qr2p2`- i?2 M2r
2tT`2bbBQM 7Q` i?2 i?2`K�H +QM/m+iBpBiv b?Qrb i?�i i?2 bT2+B}+ ?2�i Bb �TT`QtB@
K�i2Hv 7Qm` iBK2b i?2 ;�b +QMbi�Mi B7 � mMBiv S`�M/iH MmK#2` Bb +QMbB/2`2/X h?Bb
`�iBQ �;`22b rBi? i?2 2biBK�i2/ `�M;2 `2TQ`i2/ BM i?2 L�a� i2+?MB+�H `2TQ`i
(d3) 7Q` i?2 +�H+mH�iBQM Q7 i?2 pBb+QbBiv �M/ i?2`K�H +QM/m+iBpBiv Q7 ;�b2b #�b2/
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QM G2MM�`/@CQM2b TQi2MiB�H- r?B+? b?Qrb i?�i i?2 `�iBQ 7Q` /B�iQKB+ MBi`Q;2M Bb
p�`vBM; #2ir22M 3.501 iQ 4.545 �i `�M;2b Q7 i2KT2`�im`2 7`QK 100− 5000KX

qBi? M2r 2tT`2bbBQMb 7Q` i?2 bi`2bb i2MbQ` �M/ ?2�i ~mt p2+iQ`- i?2v +�M
#2 THm;;2/ #�+F BMiQ i?2 #�H�M+2 H�rb /2b+`B#2/ 2�`HB2` 7Q` p�HB/�iBQM rBi? i?2
.aJ* `2bmHib �M/ 2tT2`BK2Mi�H K2�bm`2K2Mib �M/ /B`2+i +QKT�`BbQM rBi? i?2
MQM2[mBHB#`BmK bQHmiBQM 7`QK La 2[m�iBQMbX � TQr2` H�r KQ/2H Q7 i?2 `2H�t�iBQM
iBK2 �b � 7mM+iBQM Q7 i?2 i2KT2`�im`2 Bb 2KTHQv2/X LQi2 i?�i i?Bb �TT`QtBK�iBQM
/Q2b MQi T?vbB+�HHv +QMi`�/B+i rBi? i?2 /2`Bp�iBQM Q7 i?2 K�i2`B�H T�`�K2i2` µ-
r?B+? Bb � 7mM+iBQM Q7 i?2 T`Q/m+i Q7 i?2 i2KT2`�im`2 �M/ i?2 `2H�t�iBQM iBK2X Ai-
BMbi2�/- 2Mbm`2b � +QMbBbi2Mi BMi2`KQH2+mH�` BMi2`�+iBQM KQ/2H r?BH2 +QKT�`BM;
rBi? .aJ* �M/ La bQHmiBQMb U2X;X (e8- N)VX

h?2 bT2+B}+ ?2�ib �M/ i?2 BMi2`M�H 2M2`;v Q7 i?2 KQH2+mH2b �`2 Q#i�BM2/ BM
�++Q`/�M+2 rBi? i?2 T`BM+BTH2 Q7 2[mBT�`iBiBQM Q7 2M2`;vX aBM+2 � bBM;H2 i2KT2`�@
im`2 Bb mb2/ BM i?2 T`QTQb2/ 7Q`KmH�iBQM iQ /2b+`B#2 i?2`KQ/vM�KB+ 2[mBHB#`BmK
UBX2X #Qi? `Qi�iBQM�H �M/ i`�MbH�iBQM�H 2[mBHB#`BmKV- i?2 G�M/�m@h2HH2`@C2�Mb
2[m�iBQM (9k) Bb BM+Hm/2/ BM /B�iQKB+ ;�b bBKmH�iBQMb iQ 2ti`�+i `Qi�iBQM�H �M/
i`�MbH�iBQM�H i2KT2`�im`2bX h?2 �TT`QtBK�i2 2tT`2bbBQM 7Q` i?2 `Qi�iBQM�H +QH@
HBbBQM MmK#2` Q#i�BM2/ #v S�`F2` (8d) Bb +QMbB/2`2/ 7Q` i?2 +�H+mH�iBQM Q7 i?2
`Qi�iBQM�H `2H�t�iBQM iBK2 +QMbi�MiX

h?2 }MBi2 pQHmK2 bQHp2` mb2/ BM i?Bb bim/v 2KTHQvb � 7Q`r�`/ 1mH2` i2KTQ`�H
/Bb+`2iBx�iBQM 7Q` i?2 mMbi2�/v i2`KX AM Q`/2` iQ ?�p2 � MQMQb+BHH�iBM; bQHmiBQM
BM � ?vT2`bQMB+ ~Qr `2;BK2- � b2+QM/ Q`/2` ~mt bTHBiiBM; b+?2K2 BMi`Q/m+2/
#v Em`;�MQp- LQ2HH2 �M/ S2i`Qp� UELSV (9N) Bb mb2/ BM i?2 +�H+mH�iBQM Q7 i?2
+QMp2+iBp2 i2`K �i i?2 BMi2`7�+2bX �HH /BzmbBQM i2`Kb �`2 +QKTmi2/ mbBM; +2Mi`�H
/Bz2`2M+BM;X h?2 bT�iB�H �++m`�+v ?�b T`Qp2M iQ #2 b2+QM/ Q`/2` #v 7QHHQrBM; �
`B;Q`Qmb p2`B}+�iBQM �M/ p�HB/�iBQM T`Q+2/m`2 T`QTQb2/ #v _Qv 2iX �HX (ek- ej)X
h?2 7mHH /2b+`BTiBQM Q7 i?2 +Q/2- �b r2HH �b i?2 p2`B}+�iBQM �M/ p�HB/�iBQM `2bmHib-
r2`2 T`2b2Mi2/ �M/ Tm#HBb?2/ BM i?2 kyRN �A�� a+Bh2+? 6Q`mKX

jX9XR a?Q+F ai`m+im`2 7Q` JQM�iQKB+ :�b2b, �`;QM
LmK2`B+�H bBKmH�iBQMb Q7 b?Q+F r�p2 bi`m+im`2 BM �`;QM ;�b �`2 T2`7Q`K2/ �i
/Bz2`2Mi J�+? MmK#2`b mT iQ J�+? N QM jyyy mMB7Q`K +2HHb- r?B+? bT�M �T@
T`QtBK�i2Hv 9y mTbi`2�K K2�M 7`22 T�i?bX �Mv +QKTmi2/ ~Qr T`QT2`iv Q Bb
MQ`K�HBx2/ BM i?2 7�KBHB�` r�v

QMQ`K�HBx2/ =
Q−Q1

Q2 −Q1
UR99V

r?2`2 bm#b+`BTib R �M/ k `272` iQ i?2 mTbi`2�K �M/ /QrMbi`2�K Q7 i?2 b?Q+F
`2bT2+iBp2HvX h?2 �tB�H /Bbi�M+2 x Bb MQ`K�HBx2/ #v i?2 mTbi`2�K K2�M 7`22 T�i?
λX

AM Q`/2` iQ b?Qr �M Qp2`�HH +QKT�`BbQM #2ir22M i?2 bQHmiBQM Q#i�BM2/ 7`QK
i?2 +m``2Mi bim/v �M/ i?2 2tT2`BK2Mi�H K2�bm`2K2Mib �b r2HH �b Qi?2` MmK2`@
B+�H bBKmH�iBQMb Q7 i?2 b?Q+F bi`m+im`2- i?2 `2+BT`Q+�H b?Q+F i?B+FM2bb- dρ

dx/λ �i
ρMQ`K�HBx2/ = 0.5- Bb +�H+mH�i2/ �M/ +QKTBH2/ BMiQ QM2 ;`�T? 7Q` i?2 J�+? MmK@
#2` `�M;2 7`QK J�+? RXk iQ J�+? NX .aJ* �M/ La /�i� �`2 `2@T`BMi2/ 7`QK
i?2 2tBbiBM; HBi2`�im`2 (e8)X �b b?QrM BM };m`2 RN- La bBKmH�iBQMb T`2/B+i 7�`
iQQ i?BM b?Q+F r�p2- r?BH2 i?2 .aJ* bQHmiBQM T2`72+iHv �;`22b rBi? i?2 2tT2`B@
K2Mi�H /�i�X h?2 +m``2Mi bQHmiBQM b?Qrb bB;MB}+�MiHv BKT`Qp2/ b?Q+F i?B+FM2bb
i?�M La bQHmiBQMX �HbQ- i?2 +m``2Mi bQHmiBQM �M/ "m`M2ii `2bmHib- Q#i�BM2/ #v
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6B;m`2 RN, *QKT�`BbQM Q7 �`;QMǶb `2+BT`Q+�H b?Q+F i?B+FM2bb

6Bb+FQ �M/ *?�TK�M (kN)- �`2 �HKQbi B/2MiB+�H- �M/ #Qi? T`2/B+i � bHB;?iHv i?BM@
M2` b?Q+F r�p2 i?�M .aJ* �M/ 2tT2`BK2Mi�H `2bmHib Q7 �HbK2v2` (j)X Ai b?QmH/
#2 MQi2/ i?�i �i i`�MbQMB+ J�+? MmK#2`b- BX2X i?2 J�+? `�M;2 7`QK R iQ RXj-
�HH bBKmH�iBQMb T`2/B+i i?2 b�K2 b?Q+F i?B+FM2bb �b i?2 2tT2`BK2Mi�H /�i�- bBM+2
i?2 ~Qr Bb biBHH �i i?2`K�H 2[mBHB#`BmKX >Qr2p2`- �b i?2 J�+? MmK#2` BM+`2�b2b
iQ bmT2`bQMB+ �M/ ?vT2`bQMB+ bT22/b- i?2 b?Q+F i?B+FM2bb T`2/B+i2/ #v La bBK@
mH�iBQMb bB;MB}+�MiHv /2pB�i2b 7`QK .Ja* �M/ 2tT2`BK2Mi�H /�i�X h?2 +m``2Mi
bim/v �;`22b r2HH rBi? i?2 2tT2`BK2Mi�H K2�bm`2K2Mib rBi? QMHv H2bb i?�M Ry
W /Bz2`2M+2 r?BH2 i?2 La bBKmH�iBQM `2bmHib b?Qr �b Km+? �b 60% /Bz2`2M+2bX

() ()

6B;m`2 ky, a?Q+F bi`m+im`2 Q7 �`;QM �i J�+? jXj3X U�V .2MbBiv T`Q}H2c U#V
_2+BT`Q+�H b?Q+F i?B+FM2bb

� KQ`2 /2i�BH2/ `2T`2b2Mi�iBQM Q7 i?2 /2MbBiv T`Q}H2 �i J�+? jXj3 Bb b?QrM
BM };m`2 kyX h?2 `2+BT`Q+�H b?Q+F i?B+FM2bb- dρ

dx/λ - +QM}`Kb i?�i i?2 }`bi Q`@
/2` bQHmiBQM iQ i?2 "QHixK�MM@*m`iBbb 2[m�iBQM T`2/B+ib � KQ`2 `2�HBbiB+ i?B+F2`
b?Q+F r�p2 �M/ +HQb2` iQ 2tT2`BK2Mi�H �M/ .aJ* T`2/B+iBQMb i?�M i?2 MQM2[mB@
HB#`BmK La bQHmiBQMX h?Bb BKT`Qp2K2Mi +�M #2 2tTH�BM2/ �b 7QHHQrBM;, 2[mBHB#@
`BmK BM "QHixK�MM /Bbi`B#miBQM 7mM+iBQM Bb `2bi`B+i2/ iQ i`�MbM�iBQM�H KQiBQM
QMHvX >Qr2p2`- 2[mBHB#`BmK BM "QHixK�MM@*m`iBbb i?2Q`v `2[mB`2b MQi QMHv p2@
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HQ+Biv- #mi #Qi? ;v`�iBQM �M/ p2HQ+Biv Q7 KQH2+mH2b /2T2M/2MiHv iQ Q#2v i?2
p2HQ+Biv@;v`�iBQM #�b2/ "QHixK�MM@*m`iBbb /Bbi`B#miBQMX q?2M i?2 ;v`�iBQM Bb
x2`Q- BX2X 7Q` KQ�MiQKB+ ;�b2b- i?2 p2HQ+Biv /Bbi`B#miBQM 7mM+iBQM `2+Qp2`b iQ i?2
+H�bbB+�H "QHixK�MM p2HQ+Biv /Bbi`B#miBQM 7mM+iBQMX h?2 MQM2[mBHB#`BmK /Bbi`B@
#miBQM 7mM+iBQM- r?B+? H2�/ iQ La 2[m�iBQMb- �bbmK2b � }`bi Q`/2` /2pB�iBQM
7`QK i`�MbH�iBQM�H 2[mBHB#`BmK QMHv UBX2X 2[mBHB#`BmK p2HQ+Biv /Bbi`B#miBQM MQi
p2HQ+Biv@;v`�iBQM /Bbi`B#miBQMVX >Qr2p2`- i?2 MQM2[mBHB#`BmK /Bbi`B#miBQM 7mM+@
iBQM Q#i�BM2/ 7`QK i?2 }`bi Q`/2` bQHmiBQM iQ "QHixK�MM@*m`iBbb 2[m�iBQM 2t@
i2M/b MQM2[mBHB#`BmK iQ `Qi�iBQM�H KQiBQMX aBM+2 QMHv 72r +QHHBbBQMb �`2 `2[mB`2/
7Q` i`�MbH�iBQM�H 2[mBHB#`BmK- i?2 iBK2 `2[mB`2/ iQ `2+Qp2` `Qi�iBQM�H 2[mBHB#`BmK
Bb ;`2�i2` i?�M i?�i 7Q` i`�MbH�iBQM�H 2[mBHB#`BmKX >2M+2- i?2 `2H�t�iBQM iBK2
2KTHQv2/ BM i?2 }`bi Q`/2` �TT`QtBK�iBQM iQ "QHixK�MM@*m`iBbb 2[m�iBQM BM i?2
+m``2Mi bim/v Bb H�`;2` r?2M +QKT�`2/ iQ i?2 `2H�t�iBQM iBK2 BM i?2 }`bi Q`/2`
�TT`QtBK�iBQM iQ "QHixK�MM 2[m�iBQM i?�i H2�/ iQ La 2[m�iBQMbX h?2`27Q`2- i?2
MQM2[mBHB#`BmK /Bbi`B#miBQM 7mM+iBQM Q#i�BM2/ BM i?2 +m``2Mi bim/v `2T`2b2Mib
7m`i?2` /2T�`im`2 7`QK i`�MbH�iBQM�H 2[mBHB#`BmK i?�M i?2 +H�bbB+�H J�tr2HHB�M
MQM2[mBHB#`BmK /Bbi`B#miBQM 7mM+iBQM 7Q` KQM�iQKB+ ;�b2bX AM Qi?2` rQ`/b- i?2
#mHF pBb+QbBiv Q7 i?2 bi`2bb i2MbQ` /2`Bp2/ 7`QK i?2 "QHixK�MM@*m`iBbb /Bbi`B#m@
iBQM Bb �++QmMiBM; 7Q` i?Bb /2pB�iBQMX

6B;m`2 kR, �`;QM MQ`K�H bi`2bb2b �M/ ?2�i ~mt- �i J�+? RXk U� & +V �M/ J�+?
3 U# & /VX 6B;m`2b U�V �M/ U#V b?Qr i?2 MQ`K�H bi`2bb2b rBi? +QHQ` #H�+F 7Q` txx-
#Hm2, tyy- �M/ };m`2b U+V �M/ U/V b?Qr i?2 ?2�i ~mt LQ`K�H bi`2bb2b Q7 �`;QM-c

6B;m`2 kRU�@#V b?Qrb i?2 MQ`K�H bi`2bb /Bbi`B#miBQM Q#i�BM2/ 7`QK i?2 +m`@
`2Mib bQHmiBQM- La bQHmiBQM �M/ .aJ* `2bmHib 7Q` J�+? RXk �M/ 3X AM Q`/2`
iQ Q#i�BM � +QKT�`BbQM rBi? .aJ* `2bmHib �i � rB/2 J�+? MmK#2` `�M;2- i?2
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.aJ* /�i� �`2 T`BMi2/ 7`QK /Bz2`2Mi bQm`+2b (99- 3)X h?2 bi`2bb2b BM x �M/ y
/B`2+iBQMb �`2 MQ`K�HBx2/ BM � bBKBH�` r�v �b /2b+`B#2/ BM (99- 3)- r?2`2 1- ρ1
�M/ C1 �`2 i?2 mTbi`2�K T`2bbm`2- /2MbBiv �M/ KQbi T`Q#�#H2 KQH2+mH�` p2HQ+Biv
`2bT2+iBp2HvX h?2 +Q``2bTQM/BM; ?2�i ~mt Bb b?QrM BM };m`2 kRU+@/VX

�i J�+? RXk- La bQHmiBQM T`2/B+ib bHB;?iHv ?B;?2` T2�F bi`2bb2b �M/ Km+?
?B;?2` ?2�i ~mt i?�M .aJ* bQHmiBQM- r?BH2 i?2 +m``2Mi bQHmiBQM 2t�+iHv K�i+?2b
.aJa `2bmHibX �i J�+? 3- La bQHmiBQM bB;MB}+�MiHv /2pB�i2b 7m`i?2` 7`QK .aJ*
`2bmHib BM #Qi? bi`2bb �M/ ?2�i ~mt- r?BH2 i?2 +m``2Mi bQHmiBQM biBHH b?Qrb �M
Qp2`�HH BKT`Qp2K2Mi BM i?2 T`2/B+iBQM Q7 i?2 MQ`K�H bi`2bb2b �M/ ?2�i ~mt �b
�MiB+BT�i2/X

jX9Xk a?Q+F ai`m+im`2 7Q` .B�iQKB+ :�b2b, LBi`Q;2M
h?2 M2ti b2i Q7 bBKmH�iBQMb Bb +�``B2/ Qmi 7Q` MBi`Q;2M- � /B�iQKB+ ;�bX aQHmiBQMb
�`2 ;2M2`�i2/ �i J�+? MmK#2`b Q7 RXk- 8 �M/ Ry 7Q` mTbi`2�K +QM/BiBQMb Q7
ρ1 = 1.225 kg/m3 �M/ T1 = 300 KX h?2 Qp2`�HH `2+BT`Q+�H b?Q+F i?B+FM2bb2b
Bb +QKT�`2/ iQ 2tT2`BK2Mi�H /�i� Q7 �HbK2v2` (j)- *�K�+ (Ry)- La �M/ .aJ*
`2bmHib (N) �b b?QrM BM };m`2 kkX aBKBH�` iQ i?2 �`;QM +�b2- i?2 +m``2Mi bQHmiBQM
bm++2bb7mHHv T`2/B+ib � rB/2` b?Q+F �M/ � KQ`2 �++m`�i2 /2MbBiv T`Q}H2b i?�M
La bQHmiBQM �i ?vT2`bQMB+ +QM/BiBQMb r?2`2 #Qi? i`�MbH�iBQM�H �M/ `Qi�iBQM�H
MQM2[mBHB#`BmK 2tBbiX �HbQ- i?2 +m``2Mi bim/v Bb b?QrM iQ �;`22 r2HH rBi? i?2
.aJ* bQHmiBQMX

6B;m`2 kk, *QKT�`BbQM Q7 MBi`Q;2MǶb `2+BT`Q+�H b?Q+F i?B+FM2bb

JQ`2 /2i�BH2/ +QKT�`BbQMb Q7 i?2 /2MbBiv �M/ i2KT2`�im`2 T`Q}H2b �`2 b?QrM
BM };m`2 kjU�@7V 7Q` J�+? MmK#2`b RXk- 8 �M/ RyX �i J�+? RXk- i?2 /2MbBiv �M/
i2KT2`�im`2 T`Q}H2b Q7 i?2 i?`22 bQHmiBQMb �`2 �HKQbi B/2MiB+�H rBi? � bHB;?i
/Bz2`2M+2 #2ir22M i?2 i`�MbH�iBQM�H U#H�+FV �M/ `Qi�iBQM�H U#Hm2V i2KT2`�im`2bX
�b i?2 J�+? MmK#2` BM+`2�b2b- La /2MbBiv �M/ i2KT2`�im`2 T`Q}H2b /2pB�i2
7m`i?2` 7`QK .aJ* `2bmHibX LQi2 i?�i .aJ* `2bmHib �`2 i�F2M �b � `272`2M+2
�b Bi #2bi K�i+?2b 2tT2`BK2Mi�H K2�bm`2K2Mib Q7 /2MbBiv T`Q}H2bX �HbQ- Bi Bb
mb27mH 7Q` +QKT�`BM; i2KT2`�im`2 T`Q}H2b �b MQ 2tT2`BK2Mi�H /�i� 2tBbi BM i?2
HBi2`�im`2 QM i?2 i2KT2`�im`2 T`Q}H2b BMbB/2 i?2 b?Q+F@r�p2X Pp2`�HH- i?2 /2MbBiv
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T`Q}H2b Q#i�BM2/ 7`QK i?2 +m``2Mi bQHmiBQM K�i+?2b i?2 .aJ* T`2/B+i2/ T`Q}H2
rBi? MQiB+2�#H2 /Bb+`2T�M+v 7Q` i?2 i2KT2`�im`2 T`Q}H2X >Qr2p2`- bBM+2 i?2`2
Bb � H�+F Q7 2tT2`BK2Mi�H K2�bm`2K2Mib Q7 i2KT2`�im`2 BMbB/2 i?2 b?Q+F r�p2-
i?Bb /Bb+`2T�M+v BM i?2 i2KT2`�im`2 T`Q}H2b `2[mB`2b 7m`i?2` BMp2biB;�iBQMbX Ai
b?QmH/ �HbQ #2 MQi2/ i?�i .aJ* Bb � bQHmiBQM iQ "QHixK�MM 2[m�iBQM MQi iQ
"QHixK�MM@*m`iBbb 2[m�iBQMX

6B;m`2 kj, LBi`Q;2M /2MbBiv �M/ i2KT2`�im`2 T`Q}H2 U#H�+F, i`�MbH�iBQM- #Hm2,
`Qi�iBQMV �i J�+? RXk U� & #V- J�+? 8 U+ & /V- �M/ J�+? Ry U2 & 7VX

9 S2`bQMM2H � _2+Q;MBiBQM
h?Bb T`QD2+i ?�b #22M bmTTQ`iBM; i?2 SA �M/ 7Qm` ;`�/�i2 bim/2MibX lT iQ /�i2-
i?2 SA ?�b ;`�/m�i2/ irQ /Q+iQ`�H bim/2Mi �M/ QM2 K�bi2` bim/2Mib 2tT2+i2/
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iQ ;`�/m�i2 i?Bb bmKK2` mM/2` i?2 bmTTQ`i Q7 i?Bb �r�`/X h?2 i2�K ?�b #22M
`2+Q;MBx2/ BM MmK2`Qmb Q++�bBQMbX

RX C�K2b *?2M USAV

Ç S`QKQi2/ iQ �bbQ+B�i2 S`Q72bbQ` rBi? i2Mm`2- kyky
Ç 1t+2TiBQM�H a+?QH�` Ĝ uQmM; AMp2biB;�iQ` �r�`/- lMBp2`bBiv �i "m7@

7�HQ @ ai�i2 lMBp2`bBiv Q7 L2r uQ`F- kyRN
Ç Pmibi�M/BM; uQmM; 1M;BM22` �r�`/- qB+?Bi� *QmM+BH Q7 1M;BM22`BM;

aQ+B2iB2b UMQKBM�i2/ #v �A��V- kyR3
Ç ai2p2 >bm E2vbiQM2 _2b2�`+? a+?QH�` U1M/Qr2/ a+?QH�`b?BTV- kyRd@

kyR3
Ç 1H2+i2/ �b �M >QMQ`�`v 62HHQr �i h?2 �mbi`�HB�M AMbiBimi2 Q7 >B;?

1M2`;2iB+ J�i2`B�Hb- kyRd

kX GQmBb "X qQMM2HH US?.V Ĝ kyR8@kyR3

Ç ;`�/m�i2/ BM aT`BM; kyR3 7`QK E�Mb�b ai�i2 lMBp2`bBiv
Ç +m``2MiHv � SQbi/Q+iQ`�H _2b2�`+?2` �i P�F _B/;2 L�iBQM�H G�#

jX JQ?�K�/ A#`�?BK *?2BF? US?.V Ĝ kyRe@kyky

Ç ;`�/m�i2/ BM 6�HH kyRN 7`QK lMBp2`bBiv �i "mz�HQ
Ç �Sa .6. h`�p2H �r�`/- kyRd
Ç :`�/m�i2 h2�+?BM; �bbBbi�Mi Q7 i?2 u2�`- kyRd
Ç +m``2MiHv � SQbi/Q+iQ`�H _2b2�`+?2` �i lMBp2`bBiv Q7 >QmbiQM

9X JQ?�K2/ J �?K2/ US?. bim/2Mi �i E@ai�i2V Ĝ kyRd@kyR3

8X CB�KB�Q amM UJa bim/2Mi �i l"V Ĝ kyRN@kyky

Ç 2tT2+i2/ iQ ;`�/m�i2 BM aT`BM; kyky

8 Sm#HB+�iBQMb
lT iQ /�i2- i?Bb T`QD2+i ?�b `2bmHi2/ BM irQ S?. /Bbb2`i�iBQM- MBM2 T22`@`2pB2r2/
DQm`M�H �`iB+H2b- }p2 T22`@`2pB2r2/ T`Q+22/BM; �`iB+H2b- 2H2p2M +QM72`2M+2 T`2b2M@
i�iBQMb �M/ b2p2M BMpBi2/ i�HFbX

Ç S?. .Bbb2`i�iBQM

RX GX "X qQMM2HH- ǳ� FBM2iB+ �M�HvbBb Q7 KQ`T?BM; +QMiBMmmK i?2Q`v 7Q`
~mB/ ~Qrb-Ǵ S?. .Bbb2`i�iBQM- J�v kyR3- E�Mb�b ai�i2 lMBp2`bBiv

kX JX AX *?2BF?- ǳ� JQ`T?BM; *QMiBMmmK h?2Q`v 7Q` 6HmB/ 6HQr-Ǵ S?.
.Bbb2`i�iBQM- 62# kyky- lMBp2`bBiv �i "mz�HQ

Ç CQm`M�H �`iB+H2b

RX JX JX �?K2/- JX AX *?2BF? �M/ CX *?2M- ǳ"QHixK�MM@*m`iBbb .2@
b+`BTiBQM 7Q` 6HQrb mM/2` h`�MbH�iBQM�H �M/ _Qi�iBQM�H LQM2[mBHB#@
`BmK-Ǵ CQm`M�H Q7 6Hm/Bb 1M;BM22`BM;- R9k- y8Rjyk- kyky
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kX JX AX *?2BF?- CX *?2M �M/ JX q2B- ǳaK�HH@b+�H2 1M2`;v *�b+�/2
BM >QKQ;2M2Qmb AbQi`QTB+ hm`#mH2M+2-Ǵ S?vbB+�H _2pB2r 6HmB/b- 9-
Ry9eRy- kyRN

jX hX u�M;- JX q2B �M/ CX *?2M- ǳ� JQMQHBi?B+ AKK2`b2/ "QmM/�`v
�TT`Q�+? iQ aim/v 6HmB/@aQHB/ AMi2`�+iBQM Q7 6H2tB#H2 qBM;b-Ǵ AM@
i2`M�iBQM�H CQm`M�H Q7 JB+`Q �B` o2?B+H2- RR- RĜRj- kyRN

9X GX "X qQMM2HH �M/ CX *?2M- ǳ6B`bi@Q`/2` �TT`QtBK�iBQM iQ i?2 "QHixK�MM@
*m`iBbb 1[m�iBQM 7Q` 6HQrb rBi? GQ+�H aTBMb-Ǵ CQm`M�H Q7 1M;BM22`BM;
J�i?2K�iB+b- RR9- 9jĜe9- kyRN

8X GX "X qQMM2HH- JX AX *?2BF? �M/ CX *?2M- ǳ� JQ`T?BM; *QMiBMmmK
aBKmH�iBQM Q7 h`�MbQMB+ 6HQr Qp2` �M �bvKK2i`B+ >BHH-Ǵ �A�� CQm`@
M�H- 8e- 9jkRĜ9jjy- kyR3

eX JX AX *?2BF?- GX "X qQMM2HH �M/ CX *?2M- ǳ� JQ`T?BM; *QMiBMmmK
�M�HvbBb BM *QKT`2bbB#H2 hm`#mH2M+2-Ǵ S?vbB+�H _2pB2r 6HmB/b- j-
yk9ey9- kyR3

dX CX *?2M- ǳJQ`T?BM; *QMiBMmmK h?2Q`v 7Q` hm`#mH2M+2, h?2Q`v-
*QKTmi�iBQM �M/ oBbm�HBx�iBQM-Ǵ S?vbB+�H _2pB2r 1- Ne- y9jRy3-
kyRd

3X CX *?2M- ǳ�M �/p�M+2/ EBM2iB+ h?2Q`v 7Q` JQ`T?BM; *QMiBMmmK
rBi? AMM2` ai`m+im`2b-Ǵ _2TQ`ib QM J�i?2K�iB+�H S?vbB+b- 3y- jRd@
jjk- kyRd

NX GX "X qQMM2HH �M/ CX *?2M- ǳJQ`T?BM; *QMiBMmmK .2b+`BTiBQM 7Q`
"QmM/�`v G�v2` h`�MbBiBQM �M/ hm`#mH2M+2-Ǵ CQm`M�H Q7 6HmB/b 1M@
;BM22`BM;- RjN- yRRky8- kyRd

Ç S`Q+22/BM; �`iB+H2b

RX JX AX *?2BF? �M/ CX *?2M- ǳS�`iB+H2@hm`#mH2M+2 AMi2`�+iBQM BM >Q@
KQ;2M2Qmb AbQi`QTB+ hm`#mH2M+2-Ǵ �A��@kyRN@jdR8

kX JX JX �?K2/ �M/ CX *?2M- ǳo2`B}+�iBQM �M/ o�HB/�iBQM Q7 � JQ`T?@
BM; *QMiBMmmK �TT`Q�+? iQ >vT2`bQMB+ 6HQr aBKmH�iBQMb-Ǵ �A��@
kyRN@y3NR

jX JX AX *?2BF?- 1X �X a+?BMbiQ+F- :X SX 62`H�M/ �M/ CX *?2M-ǳ� JQH2+@
mH�` .vM�KB+b@"�b2/ JQ/2H 7Q` EMm/b2M LmK#2` �M/ aHBT o2HQ+Biv-Ǵ
S`Q+22/BM; Q7 i?2 �aJ1 kyRd 6HmB/b 1M;BM22`BM; .BpBbBQM amKK2`
J22iBM;- 61.aJkyRd@eNRje

9X GX qQMM2HH �M/ CX *?2M- ǳ1ti2MbBQM Q7 JQ`T?BM; *QMiBMmmK h?2Q`v
iQ LmK2`B+�H aBKmH�iBQMb Q7 h`�MbQMB+ 6HQr Pp2` � "mKT-Ǵ �A��@
kyRd@j9eR

8X JX AX *?2BF? �M/ CX *?2M- ǳ� JQ`T?BM; *QMiBMmmK �TT`Q�+? iQ
amT2`bQMB+ 6HQr Qp2` � *QKT`2bbBQM _�KT-Ǵ �A��@kyRd@j9ey

Ç *QM72`2M+2 S`2b2Mi�iBQM

RX JX AX *?2BF? �M/ CX *?2M- ǳS�`iB+H2@hm`#mH2M+2 AMi2`�+iBQM BM >QKQ@
;2M2Qmb AbQi`QTB+ hm`#mH2M+2-Ǵ �A�� �pB�iBQM kyRN 6Q`mK- .�HH�b-
hs- CmM2 Rd@kR- kyRN
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kX JX AX *?2BF? �M/ CX *?2M- ǳJmHiBb+�H2 1M2`;v h`�Mb72` qBi?BM hm`@
#mH2M+2-Ǵ JQ/2HBM; �M/ aBKmH�iBQM Q7 hm`#mH2Mi JBtBM; �M/ _2�+@
iBQM, 6Q` SQr2`- 1M2`;v �M/ 6HB;?i- �K?2`bi- Lu- �T`BH Rk@Rj- kyRN

jX JX JX �?K2/ �M/ CX *?2M- ǳo2`B}+�iBQM �M/ o�HB/�iBQM Q7 � JQ`T?@
BM; *QMiBMmmK �TT`Q�+? iQ >vT2`bQMB+ 6HQr aBKmH�iBQMb-Ǵ �A��
a+Bi2+? kyRN 6Q`mK- a�M .B2;Q- *�- C�Mm�`v d@RR- kyRN

9X CX *?2M �M/ JX JX �?K2/-ǳ�M �/p�M+2/ EBM2iB+ .2b+`BTiBQM 7Q`
a?Q+F ai`m+im`2 mM/2` >vT2`bQMB+ *QM/BiBQMb-Ǵ dRbi �Sa .6. J22i@
BM;- �iH�Mi�- :�- LQp2K#2` R3@ky- kyR3

8X JX AX *?2BF? �M/ CX *?2M-ǳ1M2`;v 6HQrb Q7 >QKQ;2M2Qmb AbQi`QTB+
hm`#mH2M+2 �i am#@b+�H2 1//B2b-Ǵ dRbi �Sa .6. J22iBM;- �iH�Mi�-
:�- LQp2K#2` R3@ky- kyR3

eX �X >�D2b7�M/B�`B- >X w?�M; �M/ CX *?2M-ǳ"QmM/�`v 1z2+ib BM JB@
+`Q+?�MM2H 6HQrb-Ǵ dRbi �Sa .6. J22iBM;- �iH�Mi�- :�- LQp2K#2`
R3@ky- kyR3

dX GX "X qQMM2HH- JX AX *?2BF?- �M/ CX *?2M- ǳJQ`T?BM; *QMiBMmmK
h?2Q`v, � 6B`bi P`/2` �TT`QtBK�iBQM iQ i?2 "�H�M+2 G�rb-Ǵ dyi?
�Sa .6. J22iBM;- .2Mp2`- *P- LQp2K#2` RN@kR- kyRd

3X JX AX *?2BF?- GX "X qQMM2HH- �M/ CX *?2M- ǳ1M2`;v *�b+�/2 �M�Hv@
bBb, 6`QK am#b+�H2 1//B2b iT J2�M 6HQr-Ǵ dyi? �Sa .6. J22iBM;-
.2Mp2`- *P- LQp2K#2` RN@kR- kyRd

NX JX AX *?2BF?- 1X �X a+?BMbiQ+F- :X SX 62`H�M/ �M/ CX *?2M- ǳ� JQH2+@
mH�` .vM�KB+b@"�b2/ JQ/2H 7Q` EMm/b2M LmK#2` �M/ aHBT o2HQ+@
Biv-Ǵ i?2 �aJ1 kyRd 6HmB/b 1M;BM22`BM; .BpBbBQM amKK2` J22iBM;-
q�BFQHQ�- >A- CmHv jy @ �m;mbi j- kyRd

RyX GX "X qQMM2HH �M/ C�K2b *?2M- ǳ1ti2MbBQM Q7 JQ`T?BM; *QMiBMmmK
h?2Q`v iQ LmK2`B+�H aBKmH�iBQMb Q7 h`�MbQMB+ 6HQr Qp2` � "mKT-Ǵ
9di? �A�� 6HmB/ .vM�KB+b *QM72`2M+2- .2Mp2`- *P- CmM2 8@N- kyRd

RRX JX AX *?2BF? �M/ CX *?2M- ǳ� JQ`T?BM; *QMiBMmmK �TT`Q�+? iQ
amT2`bQMB+ 6HQr Qp2` � *QKT`2bbBQM _�KT-Ǵ 9di? �A�� 6HmB/ .v@
M�KB+b *QM72`2M+2- .2Mp2`- *P- CmM2 8@N- kyRd

Ç AMpBi2/ h�HF

RX ǳJmHiBb+�H2 1M2`;v h`�Mb72` rBi?BM hm`#mH2M+2-Ǵ h?2 "m`;2`b S`Q@
;`�K 7Q` 6HmB/ .vM�KB+b U6HmB/ .vM�KB+b _2pB2r a2KBM�` a2`B2bV
�i lMBp2`bBiv Q7 J�`vH�M/- a2Ti2K#2` Rj- kyRN

kX ǳJmHiBb+�H2 1M2`;v h`�Mb72` rBi?BM hm`#mH2M+2-Ǵ .2T�`iK2Mi Q7 J2@
+?�MB+�H- �2`QbT�+2 �M/ Lm+H2�` 1M;BM22`BM; �i _2Mbb2H�2` SQHvi2+?@
MB+ AMbiBimi2- J�`+? ky- kyRN

jX ǳ� EBM2iB+ .2b+`BTiBQM 7Q` JQ`T?BM; *QMiBMmmK-Ǵ .2T�`iK2Mi Q7
J�i?2K�iB+b �i lMBp2`bBiv �i "mz�HQ- P+iQ#2` Re- kyR3

9X ǳ� EBM2iB+ .2b+`BTiBQM Q7 JQ`T?BM; *QMiBMmmK, i?2 x2`Q@i? �M/ }`bi
Q`/2` �TT`QtBK�iBQM-Ǵ h?2 AMbiBimi2 7Q` *QKTmi�iBQM�H 1M;BM22`BM;
�M/ a+B2M+2b �i h?2 lMBp2`bBiv Q7 h2t�b �i �mbiBM- J�`+? kN- kyR3
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8X ǳ� EBM2iB+ .2b+`BTiBQM Q7 JQ`T?BM; *QMiBMmmK �M/ Aib �TTHB+�iBQMb
BM 6HmB/ J2+?�MB+b-Ǵ .2T�`iK2Mi Q7 J2+?�MB+�H �M/ �2`QbT�+2 1M@
;BM22`BM; �i lMBp2`bBiv Q7 "mz�HQ- 62#`m�`v RN- kyR3

eX ǳ� EBM2iB+ .2b+`BTiBQM Q7 JQ`T?BM; *QMiBMmmK �M/ Aib �TTHB+�iBQMb
BM 6HmB/ J2+?�MB+b-Ǵ .2T�`iK2Mi Q7 J2+?�MB+�H �M/ �2`QbT�+2 1M@
;BM22`BM; �i *�b2 q2bi2`M _2b2`p2 lMBp2`bBiv- C�Mm�`v kN- kyR3

dX ǳ_2b2�`+? �i JmHiBb+�H2 *QKTmi�iBQM�H S?vbB+b G�# @ �/p�M+2/ EB@
M2iB+ h?2Q`v �M/ �iQKBbiB+ 1H2+i`Q/vM�KB+b-Ǵ .2T�`iK2Mi Q7 J�i?@
2K�iB+b �i E�Mb�b ai�i2 lMBp2`bBiv- �T`BH Rd- kyRd

Ç J2/B� *Qp2`�;2

RX �2`QbT�+2 h2biBM; AMi2`M�iBQM�H- GBMF >2`2 � AM S`BMi UCmHv kyRN
Abbm2V

kX .2bB;M L2rb- GBMF >2`2- �T`BH Re- kyRN
jX .2bB;M 1M;BM22`BM;- GBMF >2`2- J�`+? ky- kyRN
9X 6mim`Biv- GBMF >2`2- J�`+? R3- kyRN
8X 1S2�F qQ`H/ L2rb- GBMF >2`2- J�`+? R8- kyRN
eX aT�+2 .�BHv- GBMF >2`2- J�`+? R9- kyRN
dX 1H2+i`QMB+ *QKTQM2Mi L2rb- GBMF >2`2- J�`+? R9- kyRN
3X a+B2M+2 .�BHv- GBMF >2`2- J�`+? Rk- kyRN
NX "27Q`2 AiǶb L2rb- GBMF >2`2- J�`+? Rk- kyRN

RyX 1MpB`QMK2Mi�H L2rb L2irQ`F- GBMF >2`2- J�`+? Rk- kyRN
RRX "BQ2M;BM22`BM;XP`;- GBMF >2`2- J�`+? Rk- kyRN
RkX amT2` *QKTmiBM; PMHBM2- GBMF >2`2- J�`+? Rk- kyRN
RjX a+B2MK�;- GBMF >2`2- J�`+? Rk- kyRN
R9X L2rbqBb2- GBMF >2`2- J�`+? Rk- kyRN
R8X h2+?sTHQ`2- GBMF >2`2- J�`+? Rk- kyRN
ReX 1m`2F�H2`i- GBMF >2`2- J�`+? Rk- kyRN

�+FMQrH2/;2K2Mif.Bb+H�BK2`
h?Bb i�bF Bb bmTTQ`i2/ #v �6Pa_f_h� U:`�Mi MmK#2` 6�N88y@Rd@R@yR89-
JQMBiQ`, .`X AX G2vp�VX
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_272`2M+2b
(R) �?K�/B- :X hm`#mH2Mi b?2�` ~Qr Q7 KB+`QTQH�` ~mB/bX AMi2`M�iBQM�H CQm`@

M�H Q7 1M;BM22`BM; a+B2M+2 Rj- RR URNd8V- N8NĜNe9X

(k) �?K2/- JX JX- �M/ *?2M- CX o2`B}+�iBQM �M/ p�HB/�iBQM Q7 � KQ`T?@BM;
+QMiBMmmK �TT`Q�+? iQ ?vT2`bQMB+ ~Qr bBKmH�iBQMbX AM �A�� a+Bi2+? kyRN
6Q`mK UkyRNV- TTX �A�� kyRNĜy3NRX

(j) �HbK2v2`- >X .2MbBiv T`Q}H2b BM �`;QM �M/ MBi`Q;2M b?Q+F r�p2b K2�@
bm`2/ #v i?2 �#bQ`TiBQM Q7 �M 2H2+i`QM #2�KX CQm`M�H Q7 6HmB/ J2+?�MB+b
d9- j URNdeV- 9NdĜ8RjX

(9) �`BK�M- hX- �M/ *�FK�F- �X aX *QmTH2 bi`2bb2b BM ~mB/bX S?vbB+b Q7
6HmB/b Ry URNedV- k9Nd8X

(8) �bK2H�b?- >X �X- J�`iBb- _X _X- �M/ aBM;?- �X LmK2`B+�H bBKmH�iBQM
Q7 `�KT BM/m+2/ b?Q+F r�p2f#QmM/�`v@H�v2` BMi2`�+iBQM BM im`#mH2Mi ~QrX
h?2 �2`QM�miB+�H CQm`M�H RRd UkyRjV- ekNĜej3X

(e) "�`�77- .X �M BMi`Q/m+iBQM iQ T?vbB+�HHv #�b2/ KQ/2HBM;, `B;B/ #Q/v
bBKmH�iBQM B @ mM+QMbi`�BM2/ `B;B/ #Q/v /vM�KB+bX aA::_�S> *Qm`b2
LQi2b URNNdVX

(d) "?�iM�;�`- SX GX- :`Qbb- 1X SX- �M/ E`QQF- JX � KQ/2H 7Q` +QHHBbBQM
T`Q+2bb2b BM ;�b2bX BX bK�HH �KTHBim/2 T`Q+2bb2b BM +?�`;2/ �M/ M2mi`�H QM2@
+QKTQM2Mi bvbi2KbX S?vbB+�H _2pB2r N9 URN89V- 8RRX

(3) "B`/- :X �X �bT2+ib Q7 i?2 bi`m+im`2 Q7 bi`QM; b?Q+F r�p2bX h?2 S?vbB+b
Q7 6HmB/b Rj- 8 URNdyV- RRdkĜRRddX

(N) "Qv/- AX .X- *?2M- :X- �M/ *�M/H2`- :X oX S`2/B+iBM; 7�BHm`2 Q7
i?2 +QMiBMmmK ~mB/ 2[m�iBQMb BM i`�MbBiBQM�H ?vT2`bQMB+ ~QrbX S?vbB+b Q7
6HmB/b d- R URNN8V- kRyĜkRNX

(Ry) *�K�+- JX �`;QM �M/ MBi`Q;2M b?Q+F i?B+FM2bb2bX AM �2`QbT�+2 a+B2M+2b
J22iBM; URNe9V- TX j8X

(RR) *�bi�;M�- CX- u�Q- uX- �M/ u�Q- CX .B`2+i MmK2`B+�H bBKmH�iBQM Q7 �
im`#mH2Mi ~Qr Qp2` �M �tBbvKK2i`B+ ?BHHX *QKTmi2`b � 6HmB/b N8 UkyR9V-
RReĜRkeX

(Rk) *?2BF?- JX AX- qQMM2HH- GX "X- �M/ *?2M- CX JQ`T?BM; +QMiBMmmK
�M�HvbBb Q7 2M2`;v i`�Mb72` BM +QKT`2bbB#H2 im`#mH2M+2X S?vbB+�H _2pB2r
6HmB/b j- k UkyR3V- yk9ey9X

(Rj) *?2M- >X- E�M/�b�Kv- aX- P`bx�;- aX- a?Q+F- _X- am++B- aX- �M/
u�F?Qi- oX 1ti2M/2/ "QHixK�MM FBM2iB+ 2[m�iBQM 7Q` im`#mH2Mi ~QrbX
a+B2M+2 jyR- 8ejj UkyyjV- ejjĜejeX

(R9) *?2M- CX �M �/p�M+2/ FBM2iB+ i?2Q`v 7Q` KQ`T?BM; +QMiBMmmK rBi? BMM2`
bi`m+im`2bX _2TQ`ib QM J�i?2K�iB+�H S?vbB+b 3y- j UkyRdV- jRd Ĝ jjkX

(R8) *?2M- CX JQ`T?BM; +QMiBMmmK i?2Q`v 7Q` im`#mH2M+2, h?2Q`v- +QKTmi�@
iBQM- �M/ pBbm�HBx�iBQMX S?vbB+�H _2pB2r 1 Ne UkyRdV- y9jRy3X
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(Re) *?2M- CX- G22- CX .X- �M/ GB�M;- *X *QMbiBimiBp2 2[m�iBQMb Q7 KB+`QTQ@
H�` 2H2+i`QK�;M2iB+ ~mB/bX CQm`M�H Q7 LQM@L2riQMB�M 6HmB/ J2+?�MB+b Ree
UkyRRV- 3edĜ3d9X

(Rd) *?2M- CX- GB�M;- *X- �M/ G22- CX .X h?2Q`v �M/ bBKmH�iBQM Q7 KB+`QTQ@
H�` ~mB/ /vM�KB+bX S`Q+22/BM;b Q7 i?2 AMbiBimiBQM Q7 J2+?�MB+�H 1M;BM22`b-
S�`i L, CQm`M�H Q7 L�MQ2M;BM22`BM; �M/ L�MQbvbi2Kb UkyRyV- jRĜjNX

(R3) *?2M- CX- GB�M;- *X- �M/ G22- CX .X LmK2`B+�H bBKmH�iBQM 7Q` mMbi2�/v
+QKT`2bbB#H2 KB+`QTQH�` ~mB/ ~QrX *QKTmi2`b � 6HmB/b ee UkyRkV- RĜNX

(RN) *?2M- CX- �M/ qQMM2HH- GX � KmHiBb+�H2 KQ`T?BM; +QMiBMmmK /2b+`BT@
iBQM 7Q` im`#mH2M+2X AM "mHH2iBM Q7 i?2 �K2`B+�M S?vbB+�H aQ+B2iv UkyR8V-
pQHX ey- e3i? �MMm�H J22iBM; Q7 i?2 �Sa .BpBbBQM Q7 6HmB/ .vM�KB+bX

(ky) *Q+F#m`M- "X- �M/ a?m- *X qX h?2 `mM;2@Fmii� /Bb+QMiBMmQmb ;�H2`FBM
K2i?Q/ 7Q` +QMb2`p�iBQM H�rb p, KmHiB/BK2MbBQM�H bvbi2KbX CQm`M�H Q7
*QKTmi�iBQM�H S?vbB+b R9R URNN3V- RNNĜkk9X

(kR) *QH2HH�- SX- �M/ qQQ/r�`/- SX _X h?2 TB2+2rBb2 T�`�#QHB+ K2i?Q/
UTTKV 7Q` ;�b@/vM�KB+�H bBKmH�iBQMbX CQm`M�H Q7 *QKTmi�iBQM�H S?vbB+b
89 URN39V- Rd9ĜkyRX

(kk) *m`B2- SX P2mp`2b /2 SB2``2 *m`B2, Tm#HBû2b T�` H2b bQBMb /2 H� aQ+Bûiû /2
T?vbB[m2X :�mi?B2`@oBHH�`b- RNy3X

(kj) *m`iBbb- *X 6X h?2 +H�bbB+�H #QHixK�MM 2[m�iBQM Q7 � ;�b Q7 /B�iQKB+
KQH2+mH2bX CQm`M�H Q7 *?2KB+�H S?vbB+b d8 URN3RV- jdeX

(k9) *m`iBbb- *X 6X h?2 +H�bbB+�H #QHixK�MM 2[m�iBQM Q7 � KQH2+mH�` ;�bX
CQm`M�H Q7 *?2KB+�H S?vbB+b Nd URNNkV- R9ReX

(k8) .2 :`QQi- aX _X- �M/ J�xm`- SX LQM@2[mBHB#`BmK h?2`KQ/vM�KB+bX
LQ`i?@>QHH�M/- �Kbi2`/�K- L2i?2`H�M/b- RNekX

(ke) 1`BM;2M- �X *X h?2Q`v Q7 KB+`QTQH�` ~mB/bX CQm`M�H Q7 �TTHB2/ J�i?2@
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