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Abstract: Integrated microresonator-based mid-infrared frequency combs based on III-V 
semiconductors exhibit pronounced higher-order group velocity dispersion that can make it 
difficult to achieve stable output. One way to stabilize multiple solitons and their repetition 
rate is to pump simultaneously at two nearby comb lines. Two-color (or bichromatic) 
pumping also promises to boost the relatively low conversion efficiencies of single-soliton 
combs. We present simulations showing that, for a realistic InGaAs/InP ridge waveguide, the 
stabilization effect occurs over only a limited range of pump power and detuning parameters. 
We map out the parameter ranges for various regimes of operation in terms of the pump 
power and detuning and determine that the regimes converge quickly as the dispersion is 
truncated to progressively higher orders. 

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement 

1. Introduction 

Integrated mid-infrared (mid-IR) microresonator-based frequency combs show promise to 
revolutionize chemical sensing [1]. A novel and particularly interesting approach is to employ 
a moderate-gap III-V semiconductor as the microresonator material [2]. Since χ(3) ∝ Eg

−4 [3], 
the nonlinearity is much higher than in state-of-the-art materials, which are wide-gap 
insulators and semiconductors. While silicon is a material system under intense study for 
microresonator combs [4], especially in the mid-IR, the direct gap of silicon (>3 eV), which 
governs its nonlinear effects, is much larger than its indirect gap, leading to a much smaller 
nonlinearity than in InGaAs. The material losses can be minimized by employing low-doped 
or semi-insulating semiconductors, and two-photon absorption can be nearly eliminated by 
tuning the energy gap Eg so that it is slightly higher than twice the maximum photon energy 
expected in the comb. For example, the InGaAs/InP material system is a good candidate for a 
comb centered on 4.5-5.0 μm, since the onset of two-photon absorption occurs at 3.3 μm. 
However, this approach makes it difficult to avoid pronounced higher-order group velocity 
dispersion (GVD) in ridge-waveguide-based resonators, which in turn complicates the 
attainment of stable broadband output. In particular, the repetition rate may become variable 
due to fluctuations in the pump power [5], and the observed comb output in a photodetector 
may be time dependent [6]. Such variability may be unacceptable if the combs are to find use 
in chemical sensing. 

An interesting technique for stabilizing the repetition rate and multiple solitons is to pump 
simultaneously at two wavelengths separated by one or a few free spectral ranges (FSRs) of 
the microresonator. Previous theoretical work on bichromatic pumping [6-10] and modulated 
pumping [11,12] of microresonators has not included the effect of higher-order dispersion 
arising from the choice of materials, but it is precisely when such dispersion is present that 
the repetition rate of the frequency comb is difficult to fix, owing to the effect of the 
dispersion on the pulse velocity. In general, bichromatic pumping can employ two separate 
single-mode sources, or a specially designed dual-wavelength distributed-feedback emitter, 
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integrated on a single chip with the rest of the system. The results described in this work are 
applicable regardless of how the two pump wavelengths are generated. The presence of a 
second pump can also create a soliton crystal that remains stable for as long as the second 
pump is on. The nonlinear conversion efficiency then scales with the number of solitons in 
the crystal. The increase in the conversion efficiency afforded by soliton crystals is of great 
interest because the external nonlinear conversion efficiency in single-soliton systems is 
relatively low (~1%), being determined by the ratio of the pulse width and the round-trip time 
of the resonator [13]. This scheme for increasing the efficiency using bichromatic pumping is 
outlined in Section 4. 

However, as we show below in Section 5, the range of relative pump strength, detuning, 
and loss needed for stabilization of the repetition rate is limited. These limitations have not 
been reported previously, even in systems with second-order dispersion (SOD) only. In this 
work, we also investigate the effect of changing the parameters of the pumps, including their 
relative frequency separation, relative power, total power, and the order of the group velocity 
dispersion of the microresonator, including second, third, sixth, and arbitrary orders. We 
show that dispersion terms beyond the second order can produce significant changes in the 
boundaries for the stable regions, and that the effect is due to a limited number of the higher-
order terms. 

The main results of this paper are found in Section 6, which presents the parameter ranges 
where the stabilization of the repetition rate by bichromatic pumping is effective for two 
different dispersion profiles. We also briefly compare these results to systems with SOD only 
in Section 7 and investigate the statistics of single-soliton comb generation using bichromatic 
pumping in Section 8. 

2. Theoretical model 

The simulations described here use a model based on the Lugiato-Lefever equation (LLE) 
[14,15]. The LLE with bichromatic pumping is given by: 
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where E is the field envelope, t is slow time (or lab time), τ is fast time, which follows the 
group velocity of the input field Ein

(j) = √Pin
(j), where Pin

(j) = Pj is the power of pump j, βk are 
the terms in the GVD expansion around the center frequency, α = (αi + θ)/2 is the total round-
trip amplitude loss due to absorption and coupling loss, αi is the linear round-trip loss from 
material absorption, θ is the input power coupling factor, assumed to be the same for the two 
pumps with closely spaced wavelengths, L is the cavity length, tR is the round-trip time, and 
δ0 is the phase detuning of the pump with respect to the nearest cavity mode given by δ0 = 
tR(ω1- ωp

(1)), with ω1 and ωp
(1) being the frequency of the cavity resonance nearest the main 

pump and the main pump itself, respectively. The relative phase term φ accounts for a 
possible difference in detuning from the nearest cavity resonances that the two pumps might 
exhibit, i.e. φ = tR[(ω2- ωp

(2))- (ω1- ωp
(1))]. In Eq. (1), γ = (2πn2)/(λAeff) is the Kerr nonlinear 

coefficient, Aeff ≈4.3 μm2, calculated by COMSOL, is the effective modal area for the 
InGaAs/InP resonator specified below. We often use the normalized detuning parameter Δ = 
δ0/α for the sake of generality. We also use δij = tR(fi - fj) to denote the frequency difference 
between the modes pumped by pump i and pump j, normalized to the FSR. When δ12 > 0, the 
second pumped mode is on the short-wavelength (high-frequency) side of the main pump. In 
fact, the two pumps can have arbitrary frequency relative to the pumped modes, which is 
accounted for by δ0, and the two pumps can have arbitrary frequency relative to each other, 
which is accounted for by φ, where φ is the detuning of the second pump from the nominal 
detuning. 
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Since n2 in In0.53Ga0.47As lattice matched to InP with Eg = 0.74 eV at room temperature is 
2-3 × 10−12 cm2/W using the material-independent constant and the strong dependence of the 
third-order nonlinearity on the energy gap derived in [3], we estimate γ ≈100 (W·m)−1 for our 
resonator. However, the exact value γ of is not consequential, because stable combs can be 
found numerically for this system with γ = 10 (W·m)−1. In most calculations, we use the 
upper limit on the cavity loss of αi = 0.0015 and θ = 1.1αi, corresponding to a loaded Q ≈1 × 
106 for an FSR of 100 GHz (for a total path length of 870 μm in the resonator) and a pump 
wavelength of λ1 = 4.5 μm. The effect of higher losses is considered in Section 5.3. In these 
structures, two-photon absorption (2PA) is allowed only for λ < 3.35 μm, at the short-
wavelength tail of the comb, and does not play a significant role in determining the loss. 
Three-photon absorption (3PA) is allowed for λ < 5 μm, but the peak 3PA is estimated to be 
negligible in the bus waveguide and in the resonator at the peak powers present in this system 
[16]. Since InGaAs layers can be grown with electron densities < 1015 cm−3 on semi-
insulating InP substrates so that free-carrier absorption is very weak, in practice, the losses in 
such waveguides are likely to be limited by optical scattering from the roughness at the 
etched sidewalls. 

Equation (1) is solved using a symmetrized split-step Fourier transform method, in the 
same manner as for supercontinuum generation [17]. We use 213 time/frequency points and a 
slow-time step size of tR/30. We have verified that increasing the discretization in either 
dimension does not change the results of the simulations. To handle the inhomogeneous 
forcing term, we include it with the linear part of the equation, and apply variation of 
parameters and a second-order Rosenbrock-Euler exponential integrator [18]. 

Practically, since the forcing term is grouped with the linear part of the equation, and the 
linear part is solved in the Fourier domain, we include the second pump by first taking the 
transform of the main pump term and adding the second pump to the appropriate frequency in 
the Fourier domain. This yields a time-domain picture of the pump with a standing wave-like 
interference pattern. The two pumps can then simply be detuned simultaneously, or at 
different rates by separately changing the detuning of the second pump in the frequency 
domain. 

In this work, we present results for a 3 μm wide × 2 μm tall rectangular cross-section 
InGaAs/InP resonator, as shown in the inset to Fig. 1(a), with a 100 GHz free spectral range 
(FSR) and the exact GVD calculated by COMSOL, using the wave-optics module. The 
calculated dispersion for this geometry represents the widest spectral width between the zero-
dispersion wavelengths of all the simulated resonators with a rectangular cross section. We 
also present results for resonators characterized by various truncations of the eighth-order 
Taylor series approximation (from β2 to β10) to the exact calculated dispersion, given in Table 
1. Also given in Table 1 are the normalized dispersion coefficients, defined by dk = 
(2α/|βk|L)k/2βkL/(αk!) [19]. Figure 1(a) shows dispersion curves for the exact GVD and the 

truncations used in this work as β2(ω) = ( ) ( ) ( ) ( )0 0 1 02
/ !

n k
kk

kβ ω ω β ω β ω β ω
=

− = − − , 

where ω0 is the angular frequency of the pump and n is the maximum dispersion order. 

Table 1. Dispersion Coefficients 

Coefficient Value Unit Normalized Value 
β2 −1000.7 ps2/km −1 
β3 35.1 ps3/km 0.0650 
β4 1.13856 ps4/km 0.0039 
β5 −0.1084 ps5/km −6.89 × 10−4 
β6 0.00309 ps6/km 3.63 × 10−5 
β7 1.02 × 10−4 ps7/km 2.22 × 10−6 
β8 −8.745 × 10−6 ps8/km −3.51 × 10−7 
β9 1.02 × 10−7 ps9/km 7.59 × 10−9 
β10 7.089 × 10−9 ps10/km 9.76 × 10−10 
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We have verified that the results in this work are not sensitive to the exact detuning of the 
two pumps. The results should also be qualitatively applicable to other material systems with 
moderate energy gaps. Similar results are obtained for different power levels, as long as the 
detuning is adjusted accordingly. Unless otherwise noted, we consider a main pump with 
power P1 = 5 mW at 4.5 μm, without loss of generality, since in the modeling, the central 
frequency drops out of the computational scheme. We also take P2 ≤ P1, without loss of 
generality. 

Whereas the simulation results in this work primarily use soliton initial conditions, similar 
results can be obtained by starting from noise and gradually increasing the detuning, as in the 
conventional experimental technique for generating a microresonator comb. However, the use 
of soliton initial conditions considerably reduces the computation time and increases the 
efficiency (by eliminating the cases with no solitons at the conclusion of the simulation run). 
The statistics of soliton generation in these resonators from white-noise initial conditions are 
discussed further in Section 8. 

3. Bichromatic pumping scheme 

If the second pump is not present and a resonator exhibits third-order dispersion (TOD) or 
higher, the repetition rate may fluctuate owing to small variations in the pump power and 
other parameters. Since the group velocity β1

−1 has been removed from the model by a change 
of variables, a pulse with a pump-power-dependent repetition rate will appear in the 
simulations to rotate around the resonator represented by the periodic simulation window of 
the fast-time span, i.e., the velocity of the pulse peak is different from the nominal group 
velocity [20], with the exact value that depends on the pump power. Figure 1(b) shows the 
typical result with a constant rotation speed when all orders of dispersion (AOD) is present, 
meaning that the dispersion is exactly as calculated in an approximation free manner using 
β2(ω) = β(ω) - β(ω0) – β1(ω0). Figure 1 shows that a single soliton pulse is generated in the 
resonator within the 10 ps round-trip time of the resonator evolving over the slow-time axis 
for more than 200 ns. The pulse moves from right to left across the periodic simulation 
window, with the direction and velocity determined by the sign and the magnitude of the 
TOD, respectively. Because the TOD leads to an increase in soliton velocity over the group 
velocity, a dispersive wave (also known as optical Cherenkov radiation) is generated at a 
wavelength that is phase matched to the pump. 

 

Fig. 1. (a) Dispersion curves for SOD (blue), TOD (orange), sixth-order dispersion (6OD) 
(yellow), and AOD (violet). The inset (a) shows the resonator cross-section, with InP substrate 
(green), 3 μm wide x 2 μm tall InGaAs core (blue), in air (gray). The quantity β2(ω) is defined 
in the text. On the short-wavelength side, the curves for TOD, 6OD, and AOD overlap so 
closely that they are nearly indistinguishable. (b) A single soliton, generated from noise by 
increasing the detuning from Δ = 0 to Δ = 31.5, rotating in a system with monochromatic 
pumping and AOD. 
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Figure 2(a) shows a system with AOD and bichromatic pumping. The second pump is one 
FSR above the main pump frequency (δ12 = 1) and has P2 = 3 mW (P2/P1 = 60%). In this case, 
a single soliton results from the random initial conditions as the detuning is increased, as in 
the conventional approach for generating soliton combs. Soon after being generated, this 
soliton moves left, as in Fig. 1(b), but quickly comes to a stop at a position just to the left of 
the mid-point of the resonator. This point is near a minimum in the intracavity input pump 
power determined by the interference of the two pumps. The effect of the minimum of the 
intrcavity pump wave is visible in Fig. 2(a) by the reduced amplitude of radiation near zero in 
fast time. The pulse position is stable in this location for the balance of the simulation, so the 
repetition rate remains fixed without any electronic locking (provided the pump frequencies 
remain stable with respect to each other). In the following, “stability” refers to the reduced 
impact of the pump intensity noise on the repetition rate rather than to the existence of the 
soliton or the invariance of the comb envelope. Figure 2(b) shows the spectrum corresponding 
to the stable solution in Fig. 2(a) and similar spectra for 6OD and TOD, all with δ12 = 1 and 
P2/P1 = 60%. The differences in the spectral locations of the dispersive wave peaks 
correspond to the zeros of β2 seen in Fig. 1(a) [5]. 

 

Fig. 2. (a) A single soliton, generated from noise by increasing the detuning by increasing the 
detuning from Δ = 0 to Δ = 31.5, at a fixed position in the simulation of a system with 
bichromatic pumping and AOD. (b) Spectra corresponding to a single, stabilized soliton in a 
system with δ12 = 1 and P2/P1 = 60% and AOD (blue), 6OD (yellow), and TOD (green).). The 
inset shows a close-up of the pump region, showing two pumps at adjacent resonator modes 
with P2/P1 = 60% and δ12 = 1. 

To elucidate the mechanism of stabilization, we show in Fig. 3(a) a soliton in a system 
with TOD. We neglect higher orders of dispersion because higher-order terms do not 
significantly affect the stabilization dynamics related to bichromatic pumping. Nevertheless, 
they may significantly affect the comb spectrum, possibly by the introduction of additional 
dispersive waves as shown in Fig. 2(b), and the statistics of soliton generation, making it less 
likely that one or more solitons emerges from noise. However, the parameter range for 
effective stabilization is approximately the same as for higher-order dispersion, as shown in 
Section 6. In the simulation shown in Fig. 3(a), the pump is initially monochromatic, but a 
second pump with δ12 = 1 and P2/P1 = 60% is turned on at 250 ns and off at 500 ns, both of 
the events being instantaneous. Figure 3(b) shows the calculated momentum of the intracavity 
field depicted in Fig. 3(a) as a function of slow time, defined as [21]: 
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where E is the intracavity field envelope, as before. Under monochromatic pumping, the 
momentum quickly decays to zero, indicating that no effective force is acting on the pulse in 
steady state. This is consistent with previous results [21], which found solutions with zero 
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momentum, but nonzero velocity. When the second pump is turned on, the momentum 
executes one oscillation and then settles on a non-zero value as the pulse position stabilizes. 
Here the “force” applied by the interference pattern of the pumps counteracts the drift of the 
pulse due to the higher-order GVD. When the second pump is turned off again at 500 ns, the 
momentum quickly decays to zero, and the pulse recommences its rotation in the simulation 
window. 

 

Fig. 3. (a) A single pulse in a resonator at Δ = 31.5 with the second pump turned on at 250 ns 
and off again at 500 ns. (b) The calculated momentum for the evolution shown in (a). 

4. Efficiency increase 

Since pulses preferentially rest at resonator positions near the pump interference minimum, 
multiple stable pulses in a resonator can be obtained by increasing the separation between the 
two pumps to higher multiples of the FSR, as shown schematically in Fig. 4(a). This allows 
the efficiency of a soliton comb to scale with the number of solitons, which are evenly spaced 
throughout the resonator because of the equal spacing of the pump interference minima, and 
leads to the scaling of the effective FSR [Fig. 4(b)]. 

 

Fig. 4. (a) Schematic of multiple solitons (blue) present in a resonator with a pump wave as a 
function of resonator position. The preferred pulse positions are near, but do not coincide with, 
the minima of the pump interference pattern in green. (b) Spectra of one (blue), two (green), 
and three (red) equally spaced solitons. Note the increase in total power (efficiency) owing to 
the increase in the number of intracavity solitons. 

Figure 5(a) and (b) show the evolution of two and three unevenly spaced solitons in a 
TOD resonator when a second pump with P2/P1 = 60% and δ12 = 2 and 3 is turned on at 150 
ns for Fig. 5(a) and at 0 ns for Fig. 5(b). In response, the effective soliton velocity increases 
until the pulses reach the preferred locations close to the pump interference minima. Upon 
relaxation oscillations, the pulses remain locked in their evenly spaced positions relative to 
the group velocity as long as the second pump remains on. 
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Fig. 5. (a) Two pulses locked by turning on a second pump two FSRs away (δ12 = 2) at 150 ns 
and (b) Three pulses locked into place by a second pump with δ12 = 3. In both cases, P2/P1 = 
60% and Δ = 31.5. 

A single soliton comb in this system has an external nonlinear conversion efficiency of ηc 
≈0.77%, which increases to 2ηc and 3ηc for the two-soliton and three-soliton combs, 
respectively. However, statistical studies imply a practical upper limit of two on the number 
of solitons that can be reliably generated using bichromatic pumping in this system. This is 
because three or more solitons only very rarely emerge from the noise with a spacing close 
enough to optimal (so that they do not collide and annihilate). The practical upper limit 
should be lower in systems with weaker dispersion. Since these pulses are formed after the 
system goes through the chaotic state as the detuning is increased, these multiple-pulse 
solutions have a different existence range than Turing rolls. 

The tendency of the pulses to rest at positions near, but not coinciding with the minima of 
the pump interference wave could be problematic in a system with significant pump-power 
fluctuations. Since only the spacing between the extrema is independent of pump power, it is 
desirable for the pulses to rest at the minima or maxima [12]. 

5. Parameter limitations on bichromatic pumping 

5.1 Limitations on detuning 

In this section, we investigate the effect of changing δ12, P2/P1, and α. Figure 6(a) shows the 
creation of a single soliton, starting from noise, by increasing the detunings of both pumps 
from Δ = 0 to Δ = 31.5 over 300 ns in steps of Δ = 0.5 every 5 ns for δ12 = 1 and P2/P1 = 40%. 
When the pulse is created after ≈300 ns, it rotates around the simulation window, as for 
monochromatic pumping, but with a varying velocity that depends on the position of the 
pulse in the resonator. When the pulse is close to the preferred pulse position slightly to the 
left of the center of the resonator (τ = 0), its velocity decreases owing to an effective force 
exerted by the second pump. However, this force is not strong enough to counteract the 
tendency of the pulse to rotate relative to the group velocity induced by higher-order 
dispersion. 
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Fig. 6. (a) Generation and evolution of a single soliton in a system with δ12 = 1 and P2/P1 = 
40%. The detunings of both pumps is increased from Δ = 0 to Δ = 31.5 over 300 ns in steps of 
Δ = 0.5 every 5 ns and remains constant after 300 ns. (b) Calculated momentum corresponding 
to the evolution depicted in (a). 

The forces involved are outlined in Fig. 6(b), which shows the calculated momentum of 
the intracavity field as a function of slow time. During the chaotic stage of comb formation, 
the momentum varies unpredictably, depending on which solitons are breathing up or down at 
any given time. After 300 ns, the momentum converges to a periodic pattern related to the 
pulse rotation around the resonator. When the pulse slows down near the preferred position, 
the momentum is nearly stable for a short period of time. As the pulse moves away from the 
preferred position, the momentum changes sign and then returns to the original value. While 
the momentum oscillates, the pulse velocity increases as it rotates back to its preferred 
position. 

In this case, the second pump is too weak to stabilize the pulse position. The stabilization 
of the pulse position and hence the repetition rate can be achieved by either boosting P2/P1 or 
decreasing the detuning. Both of these actions have a similar effect in that more of the second 
pump power is coupled into the resonator. 

Figure 7 shows the effect of decreasing the detuning in a system with δ12 = 1 and P2/P1 = 
40%. A single soliton rotates around the simulation window as before, at a slower rate on the 
left side of the pump minimum and faster to the right. At 250 ns, the pump detuning on both 
pumps is decreased from Δ = 31.5 to Δ = 25. The pulse then stabilizes its position in the 
resonator relative to the group velocity. We will show below that this mechanism operates 
only for a limited range of P2/P1. The opposite effect can be observed by starting with a 
stabilized pulse in Fig. 8 with δ12 = 1 and P2/P1 = 60% and increasing the detuning from Δ = 
31.5 to Δ = 60 (in discrete steps of Δ = 0.5 every 10 ns, starting from t = 0 and ending at t = 
570 ns). Since less power is coupled in at larger detunings because we are on the effectively 
red detuned side of the bistable resonance, the pulse shifts initially to the left, closer to its new 
preferred position, but after a few hundred ns becomes destabilized. 
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Fig. 7. A single soliton in a system with δ12 = 1 and P2/P1 = 40%, stabilized by instantaneously 
decreasing the pump detuning from Δ = 31.5 to Δ = 25 at 250 ns. 

 

Fig. 8. A soliton in a system with δ12 = 1 and P2/P1 = 60% as the detuning is increased from Δ 
= 31.5 by 0.5 every 10 ns, starting from t = 0 and ending at t = 570 ns. The pulse, whose 
position is initially unstable, begins to rotate around the simulation window. 

If the detuning is decreased for fixed pump powers, the position of the pulse shifts closer 
to the minimum at τ = 0 until the detuning is so small that the resonator reverts to the chaotic 
state (see Appendix A). 

The optimal detuning for bichromatic pumping is smaller (larger) when the total pump 
power is lower (higher), as in the monochromatic case. Figure 9 shows two cases for a system 
with TOD and P2/P1 = 60% when P1 is halved to 2.5 mW. The pulse position is stabilized 
when Δ = 20 [Fig. 9(b)], but not when Δ = 31.5 [Fig. 9(a)]. 
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Fig. 9. A system with TOD and P2/P1 = 60% and P1 = 2.5 mW (a) Δ = 31.5, (b) Δ = 20. 

The two pumps need not have exactly the same detuning to stabilize the soliton position. 
As shown in Appendix A, for P2/P1 = 60%, similar steady-steady solutions with a slight shift 
of the soliton position in the resonator are obtained when the two detunings have significantly 
different values. However, for effective stabilization of the repetition rate, both detunings 
should be in the range in which a single stable soliton exists. 

5.2 Limitations onrelative second pump power 

Section 5.1 showed that when P2/P1 or P1 is decreased, the detuning must also be reduced in 

order to maintain stabilization of the repetition rate. However, when P2/P1  rcr, a decrease in 

the detuning will never result in a stable pulse position or repetition rate. The exact value of 
rcr scales with the magnitude of the higher-order dispersion terms. 

On the other hand, as P2/P1 increases well above rcr, the detuning range needed to obtain a 
stable pulse position is wider. Figures 10(a)–10(d) show the pulse evolution in systems with 
TOD and P2/P1 = 70, 80, 90, and 95%. The stable pulse position shifts toward the minimum 
at τ = 0 as P2/P1 increases because the modulation depth of the pump interference pattern is 
now larger. The pulse also moves to its stable position more quickly, which results in 
overshoot and oscillation in Figs. 10(c) and 10(d). However, when P2/P1 ≈1, the pulse is so 
close to the null that the pump power it experiences is too low to support it. This effect 

defines the full range for the existence of stable solitons: rcr  P2/P1  Rcr, with Rcr ≈97%, as 

determined in Appendix A. 
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Fig. 10. Evolution of the P2/P1 = 60% TOD steady-state solution for systems with (a) P2/P1 = 
70%, (b) P2/P1 = 80%, (c) P2/P1 = 90%, (d) P2/P1 = 95%. For all cases, the detuning is Δ = 
31.5. 

Similarly, there are upper and lower limits of the detuning that depend on P2/P1. These 
limits are considered in more detail in Section 6. 

5.3 Limitations on loss 

When the pulse is close to the pump interference wave null, the pump power the pulse 
experiences is reduced. If the loss is high enough, the pump power becomes insufficient to 
support the existence of a pulse. Even if the loss is below that limit, the total effective 
bichromatic pump power seen by the pulse may be too low to stabilize its position. We 
investigate this effect by seeding the TOD simulations with stabilized pulses at a particular 
value of P2/P1, and then simultaneously increasing the material loss, αi, and the main pump 
power, P1, by a small amount while keeping P2/P1, θ/αi, and δ0 constant. Figure 11 shows the 
limiting values of the power coupling coefficient, 2α, and the corresponding Q factors for 
which the pulse position is no longer stabilized and for which the pulse no longer exists as a 
function of P2/P1. While these boundaries depend on the exact detuning and pump power, Fig. 
11 demonstrates that the upper limit on the loss for stabilized pulses is quite low for this 
particular system. If the higher-order dispersion terms are smaller, the “force” on the pulse 
does not need to be nearly as strong to counteract the dispersion, and the stabilization limit is 
significantly relaxed. 
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Fig. 11. Boundaries above which the pulse is no longer in a stable position (blue) or supported 
(orange) due to insufficient pump power, for values of P2/P1 where stabilized pulses exist with 
TOD. The detuning for the stabilized pulses is δ0 = 0.04725 for all points except P2/P1 = 0.4, 
which uses δ0 = 0.0386. The main pump power, P1, scales linearly with α, starting at P1 = 5 
mW for α = 0.0016. 

5.4 Second pump on long wavelength side 

Figure 12 shows the generation of a single soliton starting from noise in a system with TOD, 
δ12 = −1, and P2/P1 = 60%. A single soliton is again generated in a stable position, but on the 
opposite side of the pump wave interference minimum. 

 

Fig. 12. A single, stabilized soliton generated from noise by increasing the detuning from Δ = 
0 to Δ = 31.5, in a system with TOD, δ12 = −1 and P2/P1 = 60%. 

Even though the intracavity power fields are identical apart from the shift in resonator 
position when δ12 = 1 or δ12 = −1, the real and imaginary parts that make up the intracavity 
scalar field E are different. Therefore, the momentum calculated from Eq. (2) also differs 
when δ12 < 0, which explains the change in the stable pulse position in each case. Figure 13 
shows the real parts of the electric-field profile in the resonator for δ12 = 1 and δ12 = −1 with 
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P2/P1 = 60%. While the specific stabilized position in the resonator is of little practical 
importance in and of itself, its proximity to the pump minimum leads to a shift of the 
parameter boundaries. In particular, Rcr becomes significantly smaller because the stabile 
position is closer to the intracavity pump minimum for δ12 = −1. This effect is illustrated in 
the examples given in Appendix A. 

 

Fig. 13. Real components of the intracavity field profile for a TOD system with bichromatic 
pumping with P2/P1 = 60% and δ12 = 1 (red) and δ12 = −1 (blue). 

5.5 Results with two sidebands 

In some experimental scenarios, e.g. when the amplitude of the pump is modulated at a 
sufficiently high frequency, two secondary pumps, on both sides of the main pump, are 
introduced into the cavity (δ12 = 1 and δ13 = −1). Figure 14(a) shows that the pulse position 
can be stabilized under these conditions with weaker relative powers P2/P1 = P3/P1 = 20%. In 
this simulation, the normalized detuning is increased by Δ = 1 every 10 ns, up to a maximum 
of Δ = 25, at which the pulse position becomes stable from about 300 to 350 ns. In Fig. 14(a), 
the normalized detuning at 380 ns is abruptly increased to Δ = 28, and the pulse velocity 
increases, as expected from earlier results. With two sidebands, the modulation depth of the 
overall pump profile is greater, and the minimum pump power near the stable pulse position 
is lower. To keep the pulse stable, either the detuning must be decreased or P2/P1 and P3/P1 
must be higher. The latter case with P2/P1 = P3/P1 = 50% is shown in Fig. 14(b), in which the 
pulse position is stable in this system with Δ = 28. 
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Fig. 14. (a) Single pulse generation and evolution in a TOD system with high- and low-
frequency secondary pumps with P2/P1 = P3/P1 = 20%. In (a), initially the normalized detuning 
is increased by Δ = 1 every 10 ns, up to a maximum of Δ = 25. The detuning is instantaneously 
increased to Δ = 28 at 380 ns, which delocalizes the pulse. (b) The steady-state solution from 
(a) in a TOD system with high- and low-frequency secondary pumps with P2/P1 = P3/P1 = 50% 
and Δ = 28. 

6. Relative power and detuning boundaries 

Motivated by the results of Section 5, we proceed to determine the full range of detuning and 
relative pump powers that yield stabilized pulse positions and hence a stabilized repetition 
rate. To that end, Figs. 15 and 16 show the approximate stability boundaries for systems with 
TOD and 6OD. These are obtained by first stabilizing a pulse at some P2/P1 and a detuning ∆ 
≈30, and then increasing the detuning slowly to ∆max(P2/P1) for Region I until the pulse 
location is no longer stable. To determine ∆min(P2/P1) for Region I, P2/P1 is kept fixed, while 
the detuning is reduced until the pulse transitions into the low-power CW branch solution or a 
chaotic multipulse state. Not shown in Figs. 15 and 16 is the absolute upper bound of stable 
solitons, at which point the system goes over to the low-power CW solution. That boundary is 
quite analogous to the case of monochromatic pumping with detuning that is too high [5,22]. 
The results in Figs. 15 and 16 provide an outline of the regions of repetition rate stability 
whose boundaries can be pinpointed with greater accuracy using linearized stability analysis 
[23,24]. The boundaries in Figs. 15 and 16 are approximate due to the ambiguity of pulse 
stability in an evolutionary method. For example, a pulse that appears stabilized may in fact 
be moving very slowly. The linearized stability analysis for this system will be discussed in a 
future work. 
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Fig. 15. Stability boundaries for TOD and δ12 = 1: in Region I the pulse position is stable, in 
Region II the pulse rotates because the detuning is too high, in Region III the single pulse 
solution goes back to a chaotic multipulse state, and in Region IV the pulse disappears, and the 
system transitions to a low-power CW solution. 

 

Fig. 16. Stability boundaries for 6OD and δ12 = 1. The meanings of Regions I-IV are the same 

as in Fig. 15, while in Region V the pulse breathes in amplitude and width as it rotates. 

Figures 15 and 16 show that the stability boundaries are broadly the same for systems 
with TOD and 6OD. The same is true of all-order dispersion, which implies convergence to a 
qualitatively similar picture of the different regions. However, the comb spectra do show 
pronounced differences between TOD and 6OD, owing to the presence of a second, long-
wavelength dispersive wave in the 6OD (and AOD) case. Additionally, Region V is not 
present with only TOD because of the increase in complexity of the soliton dynamics with 
6OD due to the presence of the long-wavelength dispersive wave. The statistics of the pulse 
generation are also different in each case, as discussed in Section 8. However, the qualitative 
similarity in the stability regions even when the comb spectra are significantly qualitatively 
and quantitatively different indicates that similar boundaries may exist in general for many 
different systems with higher-order dispersion. 
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7. Comparison to second-order dispersion 

When only second-order dispersion is present, the solitons generated by monochromatic 
pumping are generally stationary relative to the group velocity (see Appendix B). With a 
second pump, the behavior is similar to the case of higher-order dispersion, as shown in Fig. 
17. Here two pulses are generated and forced to the same resonator position, where they 
collide, which causes the annihilation of one of the pulses, while the other survives. Of 
course, in this case, the second pump is not needed to stabilize the soliton position, since it is 
stable under monochromatic pumping. In other words, there is no lower bound on P2/P1. 
However, the influence of the second pump that pushes generated solitons to the same 
location increases the likelihood that only a single soliton survives compared to the 
monochromatic case. 

 

Fig. 17. Single pulse generation and evolution in a system with SOD and bichromatic pumping 
with P2/P1 = 60%, Δ = 31.5, and δ12 = 1. 

A few other notable differences with the higher-dispersion scenarios are found to exist: 
(1) pulses created on the left side of the resonator minimum cannot cross the center when 

P2/P1  70%; and (2) the upper limit on P2/P1 is much lower, as illustrated in Appendix B. 

8. Statistics of pulse generation 

We have also investigated the statistical properties of soliton generation with bichromatic 
pumping, i.e., how likely it is that a soliton is generated starting from noise. Figure 18 shows 
a histogram for the number of solitons created in the system with TOD over N = 1100 runs 
with δ12 = 1 and P2/P1 = 60%. A single soliton is generated in nearly exactly one half of the 
runs. When no solitons are generated after the system stabilizes, the resonator may initially 
contain an even number of solitons that annihilate pairwise in collisions that occur as they 
move toward the preferred position in the resonator. This scenario is illustrated in Fig. 19. 
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Fig. 18. Histogram of the number of pulses created in simulations of a system with TOD, δ12 = 
1, and P2/P1 = 60% over 1100 runs. N(0) = 548, N(1) = 552. Simulations are carried out from 

noise by increasing the detuning as shown by Fig. 19. 

 

Fig. 19. Generation and annihilation of two solitons in a system with TOD, P2/P1 = 60%, and 
δ12 = 1. Detuning increases from Δ = 0 to Δ = 30 at a rate of 1 every 5 ns. 
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The statistics of the soliton generation vary depending on the dispersion order. For 
example, in a system with 6OD and bichromatic pumping, the ratio of single-soliton cases to 
zero-soliton cases is much lower: N(1)/N(0) ≈0.2, but for AOD, it increases to N(1)/N(0) ≈0.5. 
The statistics are more favorable for AOD than 6OD because the long-wavelength dispersive 
wave is red-shifted for AOD compared to 6OD, so that high-frequency interference between 
the two dispersive waves is reduced. In spite of these apparent statistical differences, the 
regime boundaries given in Fig. 16 remain nearly identical for the cases of 6OD and AOD. 

9. Conclusion 

We have investigated bichromatic pumping of microresonator frequency combs with higher-
order dispersion. The potential pumps that satisfy the requirements include a monolithic two-
color pump, two distinct lasers with closely spaced lines, or a pump that is strongly amplitude 
modulated at the FSR frequency to create two symmetric subbands. We showed that such 
pumping of a microresonator with arbitrary dispersion can be a viable route to a stable 
frequency comb with a fixed repetition rate, provided that the relative power at each pump 
frequency and the frequency difference remain within the limits that the simulations show to 
be favorable. This work confirms that dual pumping can be used in systems with higher-order 
dispersion to stabilize the pulse position and the repetition rate of the comb. 

The stability region exhibits an upper limit due to the relative strength of the second pump 
that arises because the standing-wave pattern in the resonator lowers the pump intensity near 
the preferred operating position of the pulse. The upper limit of P2/P1 is nearly independent of 
the truncation of the dispersion orders in the simulation beyond the second order. A lower 
limit on P2/P1 also exists for systems with dispersion orders higher than second, and is 
estimated to be between P2/P1 ≈40% to 60%, depending how many dispersion orders are 
included and how large they are. There is no practical lower limit on the relative pump 
powers if the dispersion orders beyond the second are negligible, but the stabilization time 
increases significantly as the relative strength of the second pump is decreased. Because the 
preferred operating position of the pulse is close to the pump wave minimum, the stabilization 
effect is sensitive to the total loss. If the loss exceeds a few tenths of a percent per round trip 
(with cavity Q in the 105 range), the repetition rate stabilization effect becomes impossible to 
realize. Future work will increase the accuracy of the stability boundaries outlined in this 
work by using a linearized stability analysis of the LLE with bichromatic pumping. 

Multiple solitons can be stabilized in the resonator if the two pumps are separated by 
multiples of the FSR with similar (but not necessarily exactly the same) detuning from the 
nearest resonator mode. The practical advantage of this configuration is that the conversion 
efficiency scales with the number of the solitons in the resonator. In practice, the number of 
solitons that can be stabilized in an appreciable fraction of the runs depends on the magnitude 
of the higher-order dispersion terms, even though the boundaries of the stable region are only 
weakly affected by the inclusion of terms higher than the third. 

Taheri et al. [6] showed that the repetition rate is sensitive to the difference in the actual 
pump frequencies, which may lead to variations in the repetition rate in a bichromatically 
pumped system. This is particularly true for independent pump sources, where the frequency 
noise is not highly correlated. However, this problem may be mitigated by a specially 
designed dual-wavelength distributed-feedback emitter, which could be integrated on the 
same chip as the microresonator. 

During the review, the authors were alerted to an advance publication on microresonator-
based dual-pump optical memory buffers that also includes third-order dispersion [25]. 

Appendix A: Additional TOD results 

The opposite of the dynamics in Fig. 8, which shows results for increasing detuning, occurs 
when the detuning is decreased. This scenario is illustrated in Fig. 20 (a) and (b), which show 
a system with TOD and P2/P1 = 60% as the detuning is decreased from Δ = 31.5 to Δ = 21.5 
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in Fig. 20(a) and further from Δ = 21.5 to Δ = 14.5 in Fig. 20(b), both at a rate of Δ = 0.1 per 
10 ns. The effect of decreasing the detuning in a stabilized system is simply to shift the 
preferred pulse position closer to the resonator minimum at τ = 0. However, if the detuning 
becomes sufficiently small, the soliton is no longer stable, and the system reverts to a chaotic 
state characteristic of lower detuning. This chaotic state is visible at the top of Fig. 20(b) as 
bright spots that indicate the presence of other solitons produced by the CW tails of the 
formerly stable single soliton. The amplitude of the tail can also be seen increasing as the 
detuning is decreased. 

 

Fig. 20. Decreasing the detuning in a stabilized system with a single soliton with TOD, P2/P1 = 
60%, and δ12 = 1. (a) The detuning is decreased from Δ = 30 to 21.5. (b) The detuning is 
decreased further from Δ = 21.5 to 14.5. 

Figure 21 shows the effect of different detuning for the two pumps. The P2/P1 = 60% 
TOD steady-state solution obtained for Δ = 31.5 for both pumps is an initial condition to a 
system in which only the detuning of the second pump is changed to Δ = 25.5. After moving 
left in the resonator, the pulse position is once again stable. This result shows that the two 
pumps need not have exactly the same detuning to achieve the repetition rate stabilization 
effect. 

 

Fig. 21. Pulse evolution with main pump detuning Δ1 = 31.5 and second pump detuning Δ2 = 
25.5 with δ12 = 1. 
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When P2 ≈ P1, the pulse moves so close to the pump null that it cannot survive because 
the pump power at that position is too low to sustain the pulse, as shown in Fig. 22. The exact 
boundary depends on the exact initial conditions, but the general upper limit is P2/P1 ≈ 97%. 

 

Fig. 22. Evolution of the P2/P1 = 60% TOD δ12 = 1 steady-state solution for a system with P2/P1 
= 98%. 

When the second pump is on the low-frequency side of the main pump (δ12 < 0), the 
parameter boundaries for stable pulses are different from the δ12 > 0 case. This is illustrated in 
Fig. 23, which shows the steady-state pulse solution from Fig. 12, with the initial position of 
the pulse shifted to the right by one quarter of the resonator circumference, in a TOD system 
with P2/P1 = 70% and δ12 = −1. In this pumping scenario, the pulse quickly disappears. (The 
same behavior is observed when the pulse is not shifted.) 

 

Fig. 23. Pulse evolution for the shifted steady-state solution from Fig. 12 in a system with 
TOD, δ12 = −1, and P2/P1 = 70%. 

Appendix B: Additional SOD results 

When only second-order dispersion is present in the system, solitons propagate at the group 
velocity, as illustrated for a monochromatic pump in Fig. 24. Initially, three pulses are 
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generated, and their position is fixed until all but one disappear at higher detuning. The 
position of the surviving pulse is also fixed. The positions of the pulses are modified only by 
soliton collisions, which are visible just after pulses emerge from the chaotic state. 

 

Fig. 24. Soliton creation and evolution in a system with SOD and monochromatic pumping. 
The detuning is increased from Δ = 0 to Δ = 75 at a rate of 0.5 per 5 ns. 

There is no lower limit to the relative pump power for pulse stabilization in the SOD case, 
because the pulse position is fixed even under monochromatic pumping. Under bichromatic 
pumping with a weak second pump, a generated soliton will move to the stable position 
shown in Fig. 17, but at a slower rate as the second pump power is decreased. 

Figure 25 shows the evolution of the steady-state pulse in SOD systems with P2/P1 = 86% 
for Fig. 25(a) and 87% for Fig. 25 (b), which indicates that 86% < Rcr < 87%, i.e., 
significantly lower than in the TOD case. Rcr may be even lower if the pulse is not generated 
near the stable position, as shown in Fig. 26 for a system with SOD and P2/P1 = 70%. 

 

Fig. 25. (a) Evolution of the steady-state solution from Fig. 16 in a SOD system with P2/P1 = 
86% and δ12 = 1. (b) Evolution of the steady-state solution from Fig. 16 in a SOD system with 
P2/P1 = 87% and δ12 = 1. 
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Fig. 26. Evolution of the shifted steady-state solution from Fig. B1 in a SOD system with P2/P1 
= 70% and δ12 = 1. 
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