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Major Goals:  The transport of sediment by flowing water is a fundamental physical process with broad 
applications in the geological sciences. For example, the ability to predict and control the erosion of granular beds 
could be used to promote or mitigate erosion, often with significant economic and humanitarian impacts. The 
process of sediment transport involves the nontrivial coupling of turbulent fluid flow over a rough boundary with the 
dynamics of granular materials, each of which is difficult to characterize on its own. Thus, a precise determination 
of the conditions whereby grains first start to move remains an open question. Historically, most approaches have 
emphasized the role of fluid mechanics, treating the grains not as individual particles but as an averaged statistical 
system. However, recent research advances have allowed more detailed investigations of the role played by each 
grain individually. Computer simulations that model the interactions between every pair of grains in a bed of 
sediment are now feasible. In this project, we aim to utilize graphics processing units (GPUs) to study both the 
statistical mechanics of static granular beds, as well as the dynamics of mobile grains, via powerful simulations that 
can track the behavior of millions of particles at a time.



Our simulations of sediment transport will require significant computational resources, and the use of parallel 
computing will be essential in completing them. Until recently, this was done by running the simulations on central 
processing units (CPUs) that shared data between them via a message passing interface (MPI). Recently, 
however, a problem with using MPI on CPUs has emerged: the processor clock speeds can no longer be increased 
because doing so would generate so much heat that the processors would suffer frequent failures. As a result, it 
has become more effective to use GPUs, which have a much larger number of processing cores that each are less 
powerful than a single CPU, but can surpass the computational speed of a CPU by working in tandem. This method 
of computation is best-suited to programs that perform a large number of small, similar calculations, because those 
calculations can be written to all run simultaneously on the GPU’s many processors. Therefore, particle-based 
computations are well suited to GPUs because of the many, simple interparticle force calculations.

Accomplishments:  Under this award, the PI purchased the GPU computing platform described below for a total 
of $240, 132.  The timeline for the purchase of the GPU platform is as follows.  On May 21 2018, we made contact 
with several vendors concerning pricing and technical specs.  On June 11, 2018, we selected Penguin as the 
vendor.  On June 22 2018, we received the purchase order from Penguin.  July 1, 2018 was the effective date of 
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the award.  Between July 30 and September 5, 2018, the hardware was delivered to Yale. On November 1, 2018 
the installation of the GPU cluster was completed and the cluster was placed into service. The GPU cluster will be 
in service for at least 7 years. 



The purchased equipment is detailed below: 

 

Item Qty Description Unit Price Ext Price

HPC Compute Node 9 Penguin Relion XE2118GT Server with 2x Intel Xeon Gold 6136 3.0GHz 12C 
processors, 192GB RAM, 4 x NVIDIA Tesla P100-PCIe  12GB GPU, 5-year warranty and support$25,131

$226,179

Rack Switch 1 Lenovo Rack Switch G8272, 5-year warranty and support $4,462 $3,759

Cables etc $8,073

Shipping Estimate $2,121

GRAND TOTAL$240,132

 

The O’Hern research group developed discrete element simulations to model fluid-driven shear of granular beds 
using CUDA C++ to advance ARO-funded projects. In addition, other members of the O’Hern research group 
developed CUDA C++ codes to enable molecular dynamics simulations of the mechanical properties of 
geometrically cohesive systems containing long rods, the glass-forming ability of metal alloys, and shear-banding 
during nanoindentation into metallic glasses.  The O’Hern research also utilized CUDA C++ enabled LAMMPS and 
HOOMD-blue software for the MD simulations on the GPU cluster.   Using LAMMPS, we found that the MD code 
ran 5-10 times faster on the GPU cluster than the same code on our CPU cluster.  The GPU codes allowed us to 
run simulations of more than 400,000 particles. 



The usage statistics for the GPU cluster as of 10/10/2019 since installation are as follows: 

Total Jobs: 131754

CPU secs: 2286629736

CPU Hrs: 635174.927

CPU Days: 26465.6219

Node Days 1102.73425



 

Number of nodes:       9

CPUs per node:           24



We expect increased utilization as more of the O’Hern group develops CUDA C++ codes.
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Training Opportunities:  During the period of the award, the O’Hern research group has trained 6 high school 
students, 13 undergraduate and 16 Ph.D. students, and 5 postdoctoral researchers. All members of the O’Hern 
group have access to the funded GPU computing platform. Many of the high school and undergraduate students 
are support by the Army Education Outreach programs, Research and Engineering Apprenticeship Program, High 
School Research Apprenticeship Program and the University Research Apprenticeship Program.   The members of 
the O’Hern group during the period of the award are listed below. 



High School Students (6): Their school and graduate year are shown next to their name.

Lily Walton (Amity High School, 2020)

Veronica Yarovinsky (The Hopkins School, 2020)

Kate Yuan (Amity High School, 2019)

Tracy Lu (Amity High School, 2020)

Tillman McFadden (Engineering & Science University Magnet School, 2020)

Kayla Morgan (Amity High School, 2020)



Undergraduates (13): Their major and graduation year are shown next to their name. 

Zoe Aridor (Physics, 2019)

Hairol Breton from University of the Virgin Islands (Chemistry, 2020)

Zongzheng Cao from University of Science & Technology of China (Applied Physics, 2020)

Jing Chen from Nanjing University (Engineering & Applied Science, 2020)

Gabriel Meléndez Corres from University of Puerto Rico, Humacao (Biology, 2020)

Xiangrui Fu from University of Science & Technology of China (Applied Physics, 2020)

Qinghao Mao from Shanghai Jiao Tong University (Physics, 2020)

Blake Norwick (Physics, 2020)

Daniel Presta from Central Connecticut State University (Biology, 2019)

Weiyi Qian from Nanjing University (Physics, 2019)

Yushan Su from Nanjing University (Physics, 2019)

Philip Tuckman (Physics, 2020)

Ruixuan Wang from Nanjing University (Physics, 2019)



Ph.D. students (12): Their department and graduation year are shown next to their name.



Meng Fan (Mechanical Engineering & Materials Science, 2019)

Alex Grigas (Computational Biology & Bioinformatics, 2023)

Cameron Lerch (Mechanical Engineering & Materials Science, 2024)

Zhe Mei (Chemistry, 2021)

Eric Ni (Computational Biology & Bioinformatics, 2024)

Jack Treado (Mechanical Engineering & Materials Science, 2021)

Kyle Vanderwerf (Physics, 2020)

Anjiabei Wang (Mechanical Engineering & Materials Science, 2024)

Philip Wang (Mechanical Engineering & Materials Science, 2021)

Peter Williams (Applied Physics, 2021)

Qikai Wu (Mechanical Engineering & Materials Science, 2019)

Jerry Zhang (Mechanical Engineering & Materials Science, 2022)



Visiting Ph.D. students (4): Their department, university and graduation year are shown next to their name. 



Fansheng Xiong (Applied Mathematics, Tsinghua University, 2020)

Yan Chen (Engineering Mechanics, Nanjing University of Aeronautics & Astronautics, 2022)

Ye Yuan (Mechanics and Engineering Science, Peking University, 2020)

Chunyang Cui (Hydraulic Engineering, Tsinghua University, 2019)



Postdoctoral Researchers (5)

Dr. Arman Boromand

Dr. Abram Clark

Dr. Yuanchao Hu

Dr. Weiwei Jin

Dr. Dong Wang






Each week the O’Hern research group meets to discuss research progress; one group member gives a 50-minute 
presentation.  Group members Kyle VanderWerf and Yuanchao Hu have also given presentations on CUDA 
programming and utilizing the GPU computing platform during the group meetings.  Postdoctoral researcher, Dr. 
Dong Wang, is also a research associate in Yale’s Center for Research Computing, focusing on improving GPU 
utilization.  In addition, the O’Hern research group was recently awarded 153,000 node hours on the NSF’s Texas 
Advanced Computing Center through XSEDE. 



The PI also organized several conferences and workshops that included topics relevant to geophysical flows during 
the reporting period including: 

• Organizer, Workshop ``4th International Conference on Packing Problems,'' New Haven, CT (June 2-7, 2019).

• Co-organizer, Minisymposium, ``Physics of dense granular media,'' 10th EUROMECH Solid Mechanics 
Conference, Bologna, Italy (July 2018).

• Co-organizer, 16th Annual Northeastern Granular Materials Workshop, Yale University (June 8, 2018).
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Results Dissemination:  Results from this project have been disseminated through 6 published articles, 2  articles 
that are in press, and 2 articles that are under review, as well as presentations at regional, national, and 
international scientific workshops and conferences. 



A. Presentations



• CECAM workshop, “Recent advances on the glass problem,” Laussane, Switzerland (January 6-8, 2021). 

• CuPiD Workshop, Alpbach, Austria (September 5-8, 2020). 

• Long-term Workshop, “Frontiers in Non-equilibrium Physics:  Statistical Mechanics of Athermal Systems,” 
Yukawa Institute of Theoretical Physics, Kyoto University, Japan (June 1-June 29, 2020) 

• 122nd Statistical Mechanics Conference, Rutgers University (December 15-17, 2019). 

• KITP Follow-on Program for `` Physics of dense suspensions,'' Santa Barbara, CA (September 30-October 11, 
2019).

• Frontiers in Applied and Computational Mathematics Conference, New Jersey Institute of Technology (May 23-
24, 2019)

• Program on “The rough high dimensional landscape problem,” Kavli Institute for Theoretical Physics, Santa 
Barbara (January 28-February 8, 2019).

• School of Mechanical Engineering, Beijing Institute of Technology, Beijing China (July 11, 2019).

• School of Science, Harbin Institute of Technology Shenzhen Graduate School, Shenzhen, China, (July 8, 
2019).

• Lecture Series, Kuang Yaming Honors College, Nanjing University (July 4-6, 2019)



B. Journal Articles



1. Y.-C. Hu, J. Schroers, M. D. Shattuck, and C. S. O’Hern, Tuning the glass-forming ability of metallic glasses 
through energetic frustration,” Phys. Rev. Materials 3 (2019) 085602; xxx.lanl.gov/abs/1904.05407

2. A. Boromand, A. Signoriello, J. Lowensohn, C. S. Orellana, E. R. Weeks, F. Ye, M. D. Shattuck, and C. S. O’
Hern, “The role of deformability in determining the structural and mechanical properties of jammed packings of 
bubbles and emulsions,” Soft Matter 15 (2019) 5854; xxx.lanl.gov/abs/1904.07378

3. Q. Wu, C. Cui, T. Bertrand, M. D. Shattuck, and C. S. O’Hern, “Active acoustic switches using 2D granular 
crystals,” Phys. Rev. E 99 (2019) 062901; xxx.lanl.gov/abs/1902.02048

4. M. Fan, A. Nawano, J. Schroers, M. D. Shattuck, and C. S. O’Hern, “Intrinsic dissipation in metallic glass 
resonators,” to appear in J. Chem. Phys. (2019); xxx.lanl.gov/abs/1907.00052

5. F. Xiong, P. Wang, A. H. Clark, T. Bertrand, N. T. Ouellette, M. D. Shattuck, and C. S. O’Hern, “Comparison of 
shear and compression jammed packings of frictional disks,” to appear in Granular Matter (2019); xxx.lanl.
gov/abs/1906.00438

6. A. Bormand, A. Signoriello, F. Ye, C. S. O’Hern, and M. D. Shattuck, “Jamming of deformable polygons,” Phys. 
Rev. Lett. 121 (2018) 248003; xxx.lanl.gov/abs/1801.06150

7. S. Chen, T. Bertrand, W. Jin, C. S. O’Hern, and M. D. Shattuck, “Stress anisotropy in shear-jammed packings of 
frictionless disks,” Phys. Rev. E 98 (2018) 042906; xxx.lanl.gov/abs/1804.10962

8. A. H. Clark, M. D. Shattuck, N. T. Ouellette, and C. S. O’Hern, “Critical scaling of the yielding transition in 
sheared granular media,” Phys. Rev. E 97 (2018) 062901; xxx.lanl.gov/abs/1706.09465

9. K. VanderWerf, A. Boromand, M. D. Shattuck, and C. S. O’Hern, “Pressure-dependent shear response of 
jammed packings of spherical particles,” submitted to Phys. Rev. Lett. (2019); xxx.lanl.gov/abs/1908.09435

10. Y. Yuan, K. Vanderwerf, M. D. Shattuck, and C. S. O’Hern,”Jammed packings of 3D superellipsoids with 
tunable packing fraction, contact number, and ordering,” submitted to Soft Matter (2019); xxx.lanl.gov/abs/1909.
12191

Honors and Awards:  PI O'Hern won the following two awards during the award period: 



Title: Unraveling the fundamental mechanisms of nanoscale deformation in bulk metallic glasses

Source: NSF (PI: U. Schwarz (Yale))

Total Amount: $657,243 Total Period: 6/1/19 - 5/31/22

Location of Project: Yale University

Person-Months Per Year Committed to the Project:  Sum:0.25



2018 Yale School of Engineering & Applied Science Ackerman Teaching and Mentoring Award
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Protocol Activity Status: 

Technology Transfer:  Nothing to Report

PARTICIPANTS:

Person Months Worked:  1.00 Funding Support:  
Project Contribution:    
International Collaboration:    
International Travel:    
National Academy Member: N 

Person Months Worked:  1.00 Funding Support:  
Project Contribution:    
International Collaboration:    
International Travel:    
National Academy Member: N 

Participant Type:  PD/PI
Participant:  Corey  OHern 

Other Collaborators:    

Participant Type:  Faculty
Participant:  Andrew  Sherman 

Other Collaborators:    

ARTICLES:

Publication Identifier:  10.1103/PhysRevE.99.062901
First Page #:  062901Volume:  99

Date Submitted:  10/5/19  12:00AM

Authors:  Q. Wu, C. Cui, T. Bertrand, M. D. Shattuck, and C. S. O'Hern

Distribution Statement:  1-Approved for public release; distribution is unlimited.
Acknowledged Federal Support:  Y

Publication Type:  Journal Article
Journal:  Phys. Rev. E

Publication Location:  
Article Title:  Active acoustic switches using two-dimensional granular crystals

Keywords:  acoustic switches, granular media, jamming
Abstract:  We employ numerical simulations to study active transistor-like switches made from two-dimensional 
(2D) granular crystals containing two types of grains with the same size, but different masses. We tune the mass 
contrast and arrangement of the grains to maximize the width of the frequency band gap in the device.  The input 
signal is applied to a single grain on one side of the device, and the output signal is measured from another grain 
on the other side of the device.  Changing the size of one or many grains tunes the pressure, which controls the 
vibrational response of the device. Switching between the on and off states is achieved using two mechanisms: 1) 
pressure-induced switching where the interparticle contact network is the same in the on and off states, and 2) 
switching through contact breaking. In general, the performance of the acoustic switch, as captured by the gain 
ratio and switching time between the on and off states, is better for pressure-induced switching.  We show th

Publication Identifier Type:  DOI
Issue:  

Date Published:  6/3/19   4:00AM

Peer Reviewed: Y Publication Status: 1-Published
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Publication Identifier:  10.1103/PhysRevMaterials.3.085602
First Page #:  085602Volume:  3

Date Submitted:  10/5/19  12:00AM

Authors:  Y.-C. Hu, J. Schroers, M. D. Shattuck, and C. S. O'Hern

Distribution Statement:  1-Approved for public release; distribution is unlimited.
Acknowledged Federal Support:  Y

Publication Identifier:  10.1039/c9sm00775j
First Page #:  5854Volume:  15

Date Submitted:  10/5/19  12:00AM

Authors:  A. Boromand, A. Signoriello, J. Lowensohn, C. S. Orellana, E. R. Weeks, F. Ye, M. D. Shattuck, and C. S. O'Hern

Distribution Statement:  1-Approved for public release; distribution is unlimited.
Acknowledged Federal Support:  Y

Publication Type:  Journal Article
Journal:  Physical Review Materials

Publication Location:  
Article Title:  Tuning the glass-forming ability of metallic glasses through energetic frustration

Keywords:  metallic glasses, Lennard-Jones, glass-forming ability
Abstract:  The design of multi-functional bulk metallic glasses is limited by the lack of a quantitative 
understanding of the variables that control the glass-forming ability of alloys.  Both geometric frustration (e.g. 
differences in atomic radii) and energetic frustration (e.g. differences in the cohesive energies of the atomic 
species) contribute to the glass-forming ability. We perform molecular dynamics simulations of binary Lennard-
Jones mixtures with only energetic frustration. We show that there is little correlation between the heat of mixing 
$\Delta H_{\rm mix}$ and critical cooling rate $R_c$, below which the system crystallizes, except that $\Delta H_
{\rm mix} < 0$. By removing the effects of geometric frustration, we show strong correlations between $R_c$ and 
the variables $\epsilon_- = (\epsilon_{BB}-\epsilon_{AA})/(\epsilon_{AA}+\epsilon_{BB})$ and ${\overline \epsilon}
_{AB} = 2\epsilon_{AB}/(\epsilon_{AA}+\epsilon_{BB})$, where $\epsilon_{AA}$ and $\epsilon_{BB}$ are the 
cohesive

Publication Type:  Journal Article
Journal:  Soft Matter

Publication Location:  
Article Title:  The role of deformability in determining the structural and mechanical properties of bubbles and 
emulsions

Keywords:  jamming, deformable particles, emulsions
Abstract:  We perform computational studies of jammed particle packings in two dimensions undergoing isotropic 
compression using the well-characterized soft particle (SP) model and deformable particle (DP) model that we 
developed for bubbles and emulsions. In the SP model, circular particles are allowed to overlap, generating purely 
repulsive forces.  In the DP model, particles minimize their perimeter, while deforming at fixed area to avoid 
overlap during compression.  We compare the structural and mechanical properties of jammed packings 
generated using the SP and DP models as a function of the packing fraction $\rho$, instead of the reduced 
number density $\phi$.  We show that near jamming onset the excess contact number $\Delta z=z-z_J$ and shear 
modulus ${\cal G}$ scale as $\Delta \rho^{0.5}$ in the large system limit for both models, where $\Delta \rho = 
\rho-\rho_J$ and $z_J \approx 4$ and $\rho_J \approx 0.842$ are the values at jamming onset.

Publication Identifier Type:  DOI
Issue:  

Date Published:  8/14/19   4:00AM

Publication Identifier Type:  DOI
Issue:  

Date Published:  6/20/19   4:00AM

Peer Reviewed: Y 

Peer Reviewed: Y 

Publication Status: 1-Published

Publication Status: 1-Published
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Distribution Statement:  1-Approved for public release; distribution is unlimited.
Acknowledged Federal Support:  Y

Publication Identifier:  
First Page #:  Volume:  

Date Submitted:  10/5/19  12:00AM

Authors:  K. VanderWerf, A. Boromand, M. D. Shattuck, and C. S. O'Hern

Distribution Statement:  1-Approved for public release; distribution is unlimited.
Acknowledged Federal Support:  Y

Publication Type:  Journal Article
Journal:  Journal of Chemical Physics

Publication Location:  
Article Title:  Intrinsic dissipation mechanisms in metallic glass resonators

Keywords:  metallic glasses, resonators
Abstract:  Micro- and nano-resonators have important applications including sensing, navigation, and 
biochemical detection. Their performance is quantified using the quality factor $Q$, which gives the ratio of the 
energy stored to the energy dissipated per cycle. Metallic glasses are a promising materials class for micro- and 
nano-scale resonators since they are amorphous and can be fabricated precisely into complex shapes on these 
lengthscales. To understand the intrinsic dissipation mechanisms that ultimately limit large $Q$-values in metallic 
glasses, we perform molecular dynamics simulations to model metallic glass resonators subjected to bending 
vibrations at low temperatures.  We calculate the power spectrum of the  kinetic energy, redistribution of energy 
from the fundamental mode of vibration, and $Q$ versus the kinetic energy per atom $K$ of the excitation.

Publication Type:  Journal Article
Journal:  Phys. Rev. Lett.

Publication Location:  
Article Title:  Pressure-dependent shear response of jammed packings of spherical particles

Keywords:  jamming, shear modulus, particle rearrangements
Abstract:  The mechanical response of packings of purely repulsive, spherical particles to athermal, quasistatic 
simple shear near jamming onset is highly nonlinear. Previous studies have shown that, at small pressure $p$, 
the ensemble-averaged static shear modulus $\langle G-G_0 \rangle$ scales with $p^\alpha$, where $\alpha 
\approx 1$, but above a characteristic pressure $p^{**}$, $\langle G-G_0 \rangle \sim p^\beta$, where $\beta 
\approx 0.5$. However, we find that the shear modulus $G^i$ for an individual packing typically decreases linearly 
with $p$ along a geometrical family where the contact network does not change. We resolve this discrepancy by 
showing that, while the shear modulus decreases linearly within geometrical families, $\langle G \rangle$ also 
depends on a contribution from discontinuous changes that occur at transitions between geometrical families. For 
$p > p^{**}$, geometrical-family and rearrangement contributions to $\langle G \rangle$ have opposite signs and 
remain compar

Publication Identifier Type:  
Issue:  

Date Published:  

Publication Identifier Type:  
Issue:  

Date Published:  

Peer Reviewed: Y 

Peer Reviewed: Y 

Publication Status: 2-Awaiting Publication

Publication Status: 4-Under Review
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Distribution Statement:  1-Approved for public release; distribution is unlimited.
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Publication Identifier:  10.1103/PhysRevLett.121.248003
First Page #:  248003Volume:  121

Date Submitted:  10/5/19  12:00AM

Authors:  A. Boromand, A. Signoriello, F. Ye, C. S. O'Hern, and M. D. Shattuck

Distribution Statement:  1-Approved for public release; distribution is unlimited.
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Publication Type:  Journal Article
Journal:  Soft Matter

Publication Location:  
Article Title:  Jammed packings of 3D superellipsoids with tunable packing fraction, contact number, and ordering

Keywords:  superellipsoids, jamming, quartic modes
Abstract:  We carry out  numerical studies of static packings of frictionless superellipsoidal  particles in three 
spatial dimensions. We consider more than $200$ different  particle shapes by varying the three shape  
parameters that define superellipsoids. We characterize the structural and  mechanical properties of both 
disordered and ordered packings using two  packing-generation protocols. We perform athermal quasi-static 
compression  simulations starting from either random, dilute configurations (Protocol 1)  or thermalized, dense 
configurations (protocol $2$), which allows us  to tune the orientational order of the packings. In general, we find  
that the contact numbers at jamming onset for superellipsoid packings are hypostatic,  with $z_J < z_{\rm iso}$, 
where $z_{\rm iso} = 2d_f$ and $d_f = 5$  or $6$ depending on whether the particles are axi-symmetric or not.

Publication Type:  Journal Article
Journal:  Phys. Rev. Lett.

Publication Location:  
Article Title:  Jamming of deformable polygons

Keywords:  jamming, deformable particles
Abstract:  We introduce the Deformable Particle (DP) model for cells, foams, emulsions, and other soft 
particulate materials, which adds to the benefits and eliminates deficiencies of existing models. The DP model 
combines the ability to model individual soft particles with the shape-energy function of the vertex model, and 
adds arbitrary particle deformations. We focus on 2D deformable polygons with a shape-energy function that is 
minimized for area $a_0$ and perimeter $p_0$ and repulsive interparticle forces.  We study the onset of jamming 
versus particle asphericity, ${\cal A} = p_0^2/4\pi a_0$, and find that the packing fraction grows with ${\cal A}$ 
until reaching ${\cal A}^* = 1.16$ of the underlying Voronoi cells at confluence. We find that DP packings above 
and below ${\cal A}^*$ are solid-like, which helps explain the solid-to-fluid transition at ${\cal A}^*$ in the vertex 
model as a transition from tension- to compression-dominated regimes.
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Date Published:  

Publication Identifier Type:  DOI
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Abstract We compare the structural and mechanical
properties of mechanically stable (MS) packings of fric-
tional disks in two spatial dimensions (2D) generated with
isotropic compression and simple shear protocols from dis-
crete element modeling (DEM) simulations. We find that
the average contact number and packing fraction at jam-
ming onset are similar (with relative deviations < 0.5%)
for MS packings generated via compression and shear.
In contrast, the average stress anisotropy 〈Σ̂xy〉 = 0 for
MS packings generated via isotropic compression, whereas
〈Σ̂xy〉 > 0 for MS packings generated via simple shear.
To investigate the difference in the stress state of MS
packings, we develop packing-generation protocols to first
unjam the MS packings, remove the frictional contacts,
and then rejam them. Using these protocols, we are able
to obtain rejammed packings with nearly identical parti-
cle positions and stress anisotropy distributions compared
to the original jammed packings. However, we find that
when we directly compare the original jammed packings
and rejammed ones, there are finite stress anisotropy de-
viations ∆Σ̂xy. The deviations are smaller than the stress
anisotropy fluctuations obtained by enumerating the force
solutions within the null space of the contact networks
generated via the DEM simulations. These results empha-
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size that even though the compression and shear jamming
protocols generate packings with the same contact net-
works, there can be residual differences in the normal and
tangential forces at each contact, and thus differences in
the stress anisotropy.

1 Introduction

Granular materials, which are collections of macroscopic-
sized grains, can exist in fluidized states when the applied
stress exceeds the yield stress or in solid-like, or jammed,
states when the applied stress is below the yield stress [1,
2]. Many recent studies [3,4,5,6,7,8] have shown that the
structural and mechanical properties of jammed granular
packings depend on the protocol that was used to gener-
ate them. For example, when granular packings are gen-
erated via simple or pure shear, the force chain networks
appear more heterogeneous and anisotropic. In contrast,
for granular packings generated via isotropic compression,
the force distribution is more uniform [9,10,11,12,13].
This protocol dependence for the structural and mechan-
ical properties of jammed packings makes it difficult to
acccurately calculate, and even properly define, their sta-
tistical averages.

An important question to address when considering
how to calculate statistical averages of a system’s struc-
tural and mechanical properties is to determine which
states are to be included in the statistical ensemble. For
jammed granular packings, the relevant set of states is the
collection of mechanically stable (MS) packings [14,15]
with force and torque balance on every grain. In addition,
the average properties of the ensemble of MS packings
depend on the probabilities with which each MS packing
occurs, and the probabilities can vary strongly with the
packing-generation protocol.

We recently investigated how the mechanical proper-
ties of granular systems composed of bidisperse friction-
less disks interacting via pairwise, purely repulsive cen-
tral forces [16] depend on the packing-generation proto-
col. In this case, the relevant ensemble of jammed states
is the collection of isostatic MS packings [16,17,18,19]
with Nc = 2N ′ − 1 interparticle contacts, where N ′ =
N −Nr, N is the number of disks, and Nr is the number
of rattler disks with less than 3 contacts. We compared
MS packings of frictionless disks generated via simple or
pure shear (i.e. shear jammed packings) and those gener-
ated via isotropic compression (i.e. compression jammed
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packings). We found that compression jammed packings
can possess either positive or negative stress anisotropy
Σ̂xy = −Σxy/P , where Σxy is the shear stress and P is
the pressure of the MS packing. In contrast, shear jammed
MS packings possess only Σ̂xy > 0 and these packings are
identical to the MS packings generated via isotropic com-
pression with Σ̂xy > 0. Thus, the ensemble of jammed
packings generated via shear and isotropic compression
is the same, but shear (in one direction) selects jammed
packings with only one sign of the stress anisotropy.

In this article, we will investigate a similar question
of whether exploring configuration space through shear
versus through compression samples the same set of MS
packings, except we consider the case of jammed packings
of dry, frictional disks. A key feature of frictional systems
is that the forces at each interparticle contact must obey
the Coulomb condition [20,21], where f tij ≤ µfnij , fnij and

f tij are the normal and tangential forces at the contact
between particles i and j, and µ is the static friction coef-
ficient. If f tij exceeds µfnij , the contact will slide to satisfy
the Coulomb condition. Further, the number of contacts
for MS packings of frictional disks is below the isostatic
value ziso = 4, and as a result there are many solutions for
the normal and tangential forces for each fixed network of
interparticle contacts. Thus, one can imagine that differ-
ent protocols for generating jammed packings of frictional
disks can give rise to MS packings with different distri-
butions of sliding contacts, different force solutions for a
given contact network, or even different types of contact
networks.

Fig. 1. An idealized jamming diagram in which the jammed
and unjammed regions are separated by a parabolic boundary
in the packing fraction φ and shear strain γ plane. For com-
pression jamming, we first apply simple shear strain γ at φ = 0
(horizontal solid blue lines) and then compress the system at
fixed γ to jamming onset at φJ (vertical dashed blue lines). For
shear jamming, we first compress the system to φ < φJ (verti-
cal solid black lines) and then apply simple shear to jamming
onset at γJ (horizontal dashed black lines).

We carry out discrete element modeling (DEM) sim-
ulations of bidipserse frictional disks in two dimensions

(2D) to compare the properties of MS packings at jam-
ming onset generated via simple shear and isotropic com-
pression. We find five significant results: 1) The average
packing fraction 〈φJ(µ)〉 and contact number 〈zJ(µ)〉 at
jamming onset versus friction coefficient µ for the ensem-
ble of MS packings generated via isotropic compression
and simple shear are similar (with deviations < 0.5%). In
particular, both shear and compression jammed packings
can possess a range of average contact numbers 〈zJ〉 be-
tween 3 and 4, depending on µ. 2) As with frictionless
disks, we find that MS packings of frictional disks gen-
erated via isotropic compression possess both Σ̂xy > 0

and Σ̂xy < 0, whereas MS packings generated via sim-
ple shear possess only one sign of the stress anisotropy.
3) For each MS packing generated via simple shear, we
can decompress the packing to remove all of the frictional
contacts and recompress it to generate an MS packing
with particle positions that are nearly identical to those
of the original shear jammed MS packing. Similarly, for
each MS packing generated via isotropic compression, we
can shear it in a given direction to unjam it and remove all
of the frictional contacts and shear it back in the opposite
direction to generate an MS packing with disk positions
that are nearly identical to those of the original compres-
sion jammed packing. 4) Even though the disk positions
are nearly identical, we find a small, but significant differ-
ence between the stress anisotropy of the shear jammed
packings and that for the compression rejammed packings.
Similarly, we find a smaller, but significant difference in
the stress anisotropy between the compression jammed
packings and that for the shear rejammed packings. The
fluctuations in the stress anisotropy between the originally
jammed packings and the re-jammed packings from the
DEM simulations are much smaller than the fluctuations
obtained by enumerating all normal and tangential forces
solutions from the null space for each fixed contact net-
work. 5) We also show that even though we can generate
MS packings with nearly identical particle positions via
the DEM simulations with our rejamming protocols, the
packings can possess very different mobility distributions
P (ξ), where ξ = F tij/µF

n
ij , and numbers of sliding con-

tacts. We find that deviations in the stress anisotropy can
occur for packings with similar mobility distributions (i.e.
between compression jammed and shear re-jammed pack-
ings) and for packings with different mobility distributions
(i.e. between shear jammed and compression re-jammed
packings). There are thus two key distinct contributions
to the stress anisotropy: the width of the distribution of
stresses from the null space solutions and the distribution
of sliding contacts.

The remainder of the article is organized as follows.
The Methods section (Sec. 2) introduces the Cundall-
Strack model [22] for static friction between disks, the
definitions of the stress tensor, shear stress, and stress
anisotropy, and the details of the isotropic compression
and simple shear packing generation protocols. In addi-
tion, we describe the protocols to decompress and then
recompress shear-jammed packings and shear unjam and
then shear jam compression-jammed packings. The Re-
sults section (Sec. 3) describes our findings for the av-
erage packing fraction and contact number at jamming
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Fig. 2. Average (a) contact number 〈zJ〉 and (b) packing frac-
tion 〈φJ〉 at jamming onset for MS packings generated via
simple shear (filled triangles; dotted lines) and isotropic com-
pression (open triangles; solid lines) plotted versus the static
friction coefficient µ for N = 128 bidisperse frictional disks.
The averages were calculated over more than 50 independent
MS packings at each µ.

onset versus the static friction coefficient for MS packings
generated via both protocols. In addition, we show the
stress anisotropy and mobility distributions for each pro-
tocol that we use to generate MS packings. In the Con-
clusion and Future Directions section (Sec. 4), we sum-
marize our results and describe promising future research
directions, e.g. enuerating the force solutions for the null
space of contact networks generated via isostropic com-
pression and shear. In addition, we include three Appen-
dices. In Appendix A, we include calculations of the dis-
tribution of normal stress differences in shear and com-
pression jammed packings. In Appendix B, we provide
the exact form of the jammed packing fraction versus
shear strain for two bidisperse hard disks to motivate the
parabolic form for geometrical families. In Appendix C,
we provide a sensitivity analysis for how the numerical pa-
rameters in the packing-generation protocols affect the ex-
tent to which shear and compression jammed packings can
be unjammed and then re-jammed to reach the same parti-

cle positions and stress anisotropy of the original jammed
packing.

2 Methods

We perform DEM simulations of frictional disks in 2D.
We consider bidisperse mixtures of disks with N/2 large
disks and N/2 small disks, each with the same mass m,
and diameter ratio σl/σs = 1.4 [23]. The MS packings
are generated inside a square box with side length L and
periodic boundary conditions in both directions. The disks
interact via pair forces in the normal (along the vector
r̂ij from the center of disk j to that of disk i) and the

tangential t̂ij directions (with t̂ij · r̂ij = 0). We employ a
repulsive linear spring potential for forces in the normal
direction:

Un(rij) =
Kσij

2

(
1− rij

σij

)2

θ

(
1− rij

σij

)
, (1)

where rij is the separation between disk centers, σij =
(σi + σj)/2, σi is the diameter of disk i, K is the spring
constant in the normal direction, and θ(.) is the Heaviside
step function that sets the interaction potential to zero
when disks i and j are not in contact.

We implement the Cundall-Strack model [22] for the
tangential frictional forces. When disks i and j are in con-

tact,
#»

f
t

ij = Kt
#»u tij , where Kt = K/3 is the spring constant

for the tangential forces and #»u tij is the relative tangential

displacement. #»u tij is obtained by inegrating the relative
tangential velocity [24,25], while disks i and j are in con-
tact:

d #»u tij
dt

= #»v tij −
( #»u tij · #»v ij)

#»r ij

r2ij
, (2)

where #»v ij = #»v i− #»v j ,
#»v tij = #»v ij− #»v nij− 1

2 ( #»ω i+
#»ω j)× #»r ij ,

#»v nij = ( #»v ij ·r̂ij)r̂ij , and #»ω i is the angular velocity of disk i.
#»u tij is set to zero when the pair of disks i and j is no longer

in contact. We implement the Coulomb criterion, f tij ≤
µfnij , by resetting | #»u tij | = utij = µfnij/Kt if f tij exceeds

µfnij . The total potential energy is U = Un + U t, where

Un =
∑
i>j U

n(rij) and U t =
∑
i>j Kt(u

t
ij)

2/2.
We characterize the stress of the MS packings using

the virial expression for the stress tensor [16]:

Σβδ =
1

A

∑
i>j

fijβrijδ, (3)

where β, δ = x, y, A = L2 is the area of the simulation

box, fijβ is the β-component of the interparticle force
#»

f ij
on disk i due to disk j, and rijδ is the δ-component of
the separation vector #»r ij . We define the stress anisotropy

as Σ̂xy = −Σxy/P , the normal stress difference as Σ̂N =
(Σyy −Σxx)/2P , and the pressure as P = (Σxx +Σyy)/2.
We measure length, energy, and stress below in units of
σs, Kσs, and K/σs, respectively.

We employ two main protocols to generate MS pack-
ings: 1) isotropic compression at fixed shear strain γ and
2) simple shear at fixed packing fraction φ. (See Fig. 1.)
For protocol 1 (isotropic compression), we first randomly
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place the disks in the simulation cell without overlaps.
We then increase the diameters of the disks according to
σ′i = σi(1 + dφ/φ) where dφ < 10−4 is the initial in-
crement in the packing fraction. After each small change
in packing fraction, we minimize the total potential en-
ergy U by adding viscous damping forces proportional to
each disk’s velocity #»v i. Energy minimization is terminated
when Kmax < 10−20, where Kmax is the maximum kinetic
energy of one of the disks.

If U/N < Utol after minimization, we increase the
packing fraction again by dφ and then minimize the total
potential energy. To eliminate overlaps, we typically set
Utol = 10−16, which means that the typical disk overlap is
< 10−8. If after minimization, U/N > 2Utol, the growth
step is too large and we return to the uncompressed pack-
ing of the previous step with U/N < Utol. Instead, we
increase the packing fraction by dφ/2, and minimize the
total potential energy. We repeat this process until the
total potential energy satisfies Utol < U/N < 2Utol, at
which we assume that the packing has reached jamming
onset at packing fraction φJ . This compression protocol
ensures that the system approaches jamming onset from
below.

For protocol 2, we first prepare the system below jam-
ming onset at φt < φJ (using protocol 1). We then apply
successive simple shear strain increments dγ by shifting
the disk positions, x′i = xi+dγyi, and implementing Lees-
Edwards boundary conditions, which are consistent with
the applied affine shear strain. The initial shear strain
increment is dγ = 10−4. After an applied shear strain in-
crement, we minimize the total potential energy. Energy
minimization is again terminated when Kmax < 10−20. If
U/N < Utol after minimization, we increment the shear
strain again by dγ and minimize the total potential en-
ergy. If after minimization, U/N > 2Utol, the shear strain
step is too large and we return to the packing at the pre-
vious strain step with U/N < Utol. Instead, we increment
the shear strain by dγ/2, and minimize the total potential
energy. We repeat this process until the total potential
energy satisfies Utol < U/N < 2Utol, at which we assume
that the packing has reached jamming onset at total shear
strain γJ .

Energy minimization is carried out by integrating
Newton’s equations of motion for the translational and
rotational degrees of freedom of each disk in the presence
of static friction and viscous dissipation. For the transla-
tional degrees of freedom, we have

m
d2 #»r i
dt2

=
#»

f
n

i +
#»

f
t

i +
#»

f
d

i , (4)

where
#»

f
n

i =
∑
j

#»

f
n

ij ,
#»

f
n

ij = −dUn/d #»r ij ,
#»

f
t

i =
∑
j

#»

f
t

ij ,
#»

f
d

i = −bn #»v i, b
n is the damping coefficient, and the sums

over j include disks that are in contact with disk i. For
the rotational degrees of freedom, we have

Ii
d #»ω i
dt

= #»τ i − bt #»ω i, (5)

where Ii = mσ2
i /8 is the moment of inertia for disk i, bt

is the rotational damping coefficient, and

#»τ i =
1

2

∑
j

#»r ij ×
#»

F
t

ij (6)

Fig. 3. Average total shear strain 〈γJ〉 required to jam a col-
lection of disks with (a) N = 32 as a function of packing frac-
tion φ for several friction coefficients, µ = 0 (black triangles),
0.1 (blue circles), and 1.0 (red squares) and for (b) µ = 0.1
and several system sizes, N = 16 (black triangles), 32 (blue
circles), 64 (red squares), and 128 (green stars). The vertical
dashed line indicates 〈φJ〉 for compression jammed packings
with µ = 0.1 and N = 64.

is the torque on disk i. We chose bn and bt so that the
dynamics for the translational and rotational degrees of
freedom are in the overdamped limit.

After generating MS packings using these two prot-
cols, we measure the contact number z = Nc/N

′, where
Nc is the total number of contacts in the system, shear
stress anisotropy, and normal stress difference of the MS
packings. For these measurements, we recursively remove
rattler disks with fewer than three contacts for frictionless
disks or fewer than two contacts for frictional disks.

3 Results

In this section, we first describe our results for the av-
erage contact number and packing fraction of MS pack-
ings generated via isotropic compression and simple shear.
We then explain why the distribution of the shear stress
anisotropy differs for compression and shear jammed pack-
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ings. We also develop a protocol where we unjam shear
jammed packings and then re-jam them via isotropic com-
pression and a protocol where we unjam compression
jammed packings and then re-jam them via applied shear
strain. We then compare the contact network and stress
anisotropy of the original jammed packings and the re-
jammed packings, and show that the disk positions of the
re-jammed packings are nearly identical to those for the
original jammed packings. We find small differences in the
stress state of the original jammed packings and the re-
jammed ones, but these differences are smaller than the
fluctuations obtained by enumerating all of the normal
and tangential force solutions for a given jammed packing
consistent with force and torque balance.

3.1 Packing fraction and contact number

In Fig. 2, we show (for N = 128) that the contact num-
ber 〈zJ〉 and packing fraction 〈φJ〉 at jamming onset are
similar for compression and shear jammed packings over
the full range of friction coefficients µ. (The relative deiva-
tions are less than 0.5%.) The data for 〈zJ〉 and 〈φJ〉 for
the isotropic compression protocol in Fig. 2 (a) and (b)
were generated at shear strain γ = 0. We find the same
results when compression jammed packings are generated
at different values of γ. For both protocols, we find that
z ≈ 4 in the small-µ limit and z ≈ 3 in the large-µ limit, as
found previously in numerical studies of frictional disks [5].
The average packing fraction 〈φJ〉 ≈ 0.835 in the small-µ
limit and ≈ 0.765 in the large-µ limit. The crossover be-
tween the low- and high-friction behavior in the contact
number and packing fraction again occurs near µc ≈ 0.1
for both protocols. This crossover value of µ is similar to
that found previously in compression jammed frictional
disk packings [5,17].

The average packing fraction at jamming onset is
slightly smaller for shear jammed packings compared to
that for compression jammed packings. This small dif-
ference in packing fraction stems from differences in the
compression and shear jamming protocols. For each initial
condition i, we generate a compression jammed packing
with φiJ . Then, for each i, we generate a series of un-
jammed configurations with φiα < φiJ and shear them un-
til they jam at γJ . To obtain 〈φJ〉 for the shear jamming
protocol, we average φiα over i and α for all systems that
jammed. This protocol for generating shear jammed pack-
ings is thus biased towards finding MS packings with pack-
ing fractions lower than those found for isotropic compres-
sion. Despite this, the packing fraction at jamming onset
〈φJ(µ)〉 for the two protocols differs by less than 0.5% over
the full range of µ.

Prior results for isotropically compressed packings of
spheres in three spatial dimensions [5] have shown that
〈zJ(µ)〉 and 〈φJ(µ)〉 show qualitatively the same behav-
ior as the results for shear and compression jammed disk
packings in Fig. 2. For packings of frictional spheres,
〈zJ(µ)〉 varies between 4 and 6, and 〈φJ(µ)〉 varies be-
tween 0.55 and 0.64, with a transition from frictional to
frictionless behavior around µc ∼ 0.1.

In Fig. 3, we show the average shear strain 〈γJ〉 re-
quired to find a jammed packing starting from an initially

Fig. 4. Probability distributions of the shear stress anisotropy
Σ̂xy for packings generated via isotropic compression (open
symbols) and simple shear (filled symbols). For both packing-
generation protocols, we show distributions for N = 64 and
friction coefficients µ = 0 (triangles), 0.1 (circles), and 1.0
(squares). The distributions were obtained from more than 103

independently generated jammed packings. The dashed line is
a Gaussian distribution with zero mean and standard devia-
tion ∆ ∼ 0.1 and the solid lines are Weibull distributions with
scale and shape parameters λ ∼ 0.17 and k ∼ 3.0, λ ∼ 0.21
and k ∼ 3.5, and λ ∼ 0.27 and k ∼ 3.9 from left to right.

unjammed packing using the shear jamming protocol as
a function of packing fraction. In panel (a), we plot 〈γJ〉
versus φ for several friction coefficients. The average strain
increases with decreasing packing fraction and the range
of packing fractions over which a shear jammed packing
can be obtained shifts to lower values with increasing fric-
tion coefficient. In panel (b), we show 〈γJ〉 versus φ at
µ = 0.1 and several system sizes. We find that the slope
d〈γJ〉/d〈φJ〉 increases with increasing system size. For the
µ = 0.1 data in panel (b), we expect 〈γJ〉 to become
vertical near φ ≈ 0.82, which is 〈φJ(µ)〉 for compression
jammed packings, in the large-system limit. The system-
size dependence of 〈γJ〉 is similar to that found for pack-
ings of frictionless disks [3]. Thus, we predict that the
range of packing fraction over which shear jamming oc-
curs to shrink with increasing system size. In particular,
we expect shear jamming to occur over a narrow range
of packing fraction near 〈φJ(µ)〉 obtained from isotropic
compression in the large-system limit.

3.2 Stress anisotropy of compression and shear jammed
packings

In previous studies, we showed that a significant differ-
ence between shear and compression jammed packings of
frictionless disks is that shear jammed packings possess
a non-zero average shear stress anisotropy 〈Σ̂xy〉 > 0,

whereas compression jammed packings possess 〈Σ̂xy〉 = 0.
We find similar behavior for MS packings of frictional
disks. In Fig. 4, we show the distribution of shear stress
anisotropy P (Σ̂xy) for packings with three friction coeffi-
cients µ = 0, 0.1, and 1.0 using the isotropic compression
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and shear jamming protocols. For the isotropic compres-
sion protocol, P (Σ̂xy) is a Gaussian distribution with zero

mean, whereas Σ̂xy > 0 for packings generated via simple
shear (in a single direction). The stress anisotropy distri-

butions P (Σ̂xy) for simple shear are Weibull distributions
with shape and scale factors that depend on µ [26]. In
Fig. 5, we show the corresponding averages of the shear
stress anisotropy distributions. We find that 〈Σ̂xy〉 = 0
for all µ for packings generated using isotropic compres-
sion. In contrast, for packings generated via simple shear,
〈Σ̂xy〉 ≈ 0.13 [27] for µ → 0 and 〈Σ̂xy〉 increases with

µ until reaching 〈Σ̂xy〉 ≈ 0.25 in the large-µ limit. Since

the normal stress difference Σ̂N does not couple to sim-
ple shear strain, P (Σ̂N ) is a Gaussian distribution with

an average normal stress difference Σ̂N = 0 for both com-
pression and shear jammed packings for all µ. (See Ap-
pendix A.)

We showed in previous studies [15] that MS packings
of frictionless disks occur in geometrical families in the
packing fraction φ and shear strain γ plane. For friction-
less disks, geometrical families are defined as MS packings
with the same network of interparticle contacts, with dif-
ferent, but related fabric tensors. The packing fractions of
MS packings in the same geometrical family are related
via φ = φ0 +A(γ − γ0)2, where A > 0 is the curvature in
the φ-γ plane, and φ0 is the minimum value of the pack-
ing fraction at strain γ = γ0 [16]. The parameters A,
φ0, and γ0 vary from one geometrical family to another.
See Appendix B for motivation for the parabolic form of
geometrical families in the φ-γ plane.

Using a general work-energy relationship for packings
undergoing isotropic compression and simple shear, we
showed [19] that for packings of frictionless disks, the
shear stress anisotropy can be obtained from the dilatancy,
dφJ/dγ:

Σ̂xy = − 1

φ

dφJ
dγ

. (7)

The isotropic compression protocol can sample packings
with alternating signs of dφJ/dγ (and thus Σ̂xy > 0 and
< 0), whereas the shear jamming protocol can only sample

packings with dφJ/dγ < 0 (and thus Σ̂xy > 0). We expect
similar behavior for packings of frictional disks, however,
it is more difficult to identify single geometrical famailies.
First, Eq. 7 does not account for sliding contacts, and
thus geometrical families must be defined over sufficiently
small strain intervals such that interparticle contacts do
not slide. In addition, for each MS packing of frictional
disks in a given geometrical family, there is an ensemble
of solutions for the normal and tangential forces [20], not
a unique solution, as for the normal forces in packings of
frictionless disks. The extent to which packings with the
same contact networks (and particle positions) can possess
different shear stress anisotropies will be discussed in more
detail in Sec. 3.3 below.

3.3 Unjam and rejam compression and shear jammed
packings

In Sec. 3.1, we showed that compression and shear jammed
packings have similar contact number 〈zJ(µ)〉 and pack-

Fig. 5. Average shear stress anisotropy 〈Σ̂xy〉 at jamming on-
set for MS packings generated via simple shear (filled triangles)
and isotropic compression (open triangles) plotted versus the
static friction coefficient µ for N = 128. The error bars indicate
the standard deviation in P (Σ̂xy) for each protocol.

ing fraction 〈φJ(µ)〉 over the full range of µ. However, in

Sec. 3.2, we demonstrated that 〈Σ̂xy〉 = 0 for compression

jammed packings and 〈Σ̂xy〉 > 0 for shear jammed pack-
ings. Does this significant difference in the stress state of
MS packings occur because the packings generated via
isotropic compression are fundamentally different from
those generated via simple shear?

To address this question, we consider two new
protocols—protocol A, where we decompress each shear
jammed packing, releasing all of the frictional contacts,
and then re-compress each one until each jams, and pro-
tocol B, where we shear unjam each compression jammed
packing, releasing all of the frictional contacts, and then
shear each one until each jams. The goal is to study pro-
tocols that allow the system to move away from a given
jammed packing in configuration space, removing all of
the frictional contacts, and determine to what extent the
system can recover the original jammed packing using ei-
ther compression or shear. We compare the particle posi-
tions, shear stress anisotropy, and contact mobility for the
original and re-jammed packings. If there is no difference
between the original jammed and re-jammed packings, all
MS packings can be generated via compression or shear.
For protocols A and B, we will focus on systems with
N = 16 and µ = 0.1, but we find similar results for sys-
tems with larger N and different µ.

In Fig. 6 (a), we illustrate protocol A. We decompress
each shear jammed packing at fixed γ by ∆φ ∼ 10−8

that corresponds to the largest overlap, so that none of
the particles overlap and all of the tangential displace-
ments are set to zero. We then recompress each packing by
∆φ in one step and perform energy minimization. In Ta-
ble 1, we show that out of the original 8925 shear jammed
packings, protocol A returned 99% compression rejammed
packings with the same contact networks as the original
shear jammed packings and only 1% of the compression
rejammed packings possessed different contact networks.
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Fig. 6. (a) Illustration of protocol A where we first generate
a shear jammed packing (solid black lines), then decompress
the shear jammed packing by ∆φ and recompress it by ∆φ to
jamming onset (blue dashed line). (b) Probability distribution

of the shear stress anisotropy P (Σ̂xy) for the original shear
jammed packings (leftward filled triangles) and those gener-
ated using protocol A (open rightward triangles) for systems
with N = 16 and µ = 0.1. The solid line is a Weibull distri-
bution with scale and shape parameters λ ∼ 0.27 and k ∼ 2.5,
respectively.

None of the packings were unjammed after applying pro-
tocol A. Even though the memory of the mobility distribu-
tion of the original shear jammed configuration is erased
using protocol A, we show in Fig. 6 (b) that the distri-

butions of the shear stress anisotropy P (Σ̂xy) are very
similar for the original shear jammed and compression re-
jammed packings. (We do not include the small number
of rejammed packings with different contact networks and
the unjammed packings in the distributions P (Σ̂xy).) In
particular, both the compression rejammed packings and
the original shear jammed packings possess Σ̂xy > 0, and

thus the distributions have nonzero means, 〈Σ̂xy〉 > 0.
This result implies that there is not a fundamental differ-
ence between shear and compression jammed configura-
tions, since the isotropic compression protocol can gener-
ate “shear jammed” configurations.

Fig. 7. (a) Illustration of protocol B where we first generate
compression jammed packigns (solid black lines). The com-
pression jammed packings possess either dφJ/dγ < 0 (left) or
dφJ/dγ > 0 (right). For packings with dφJ/dγ < 0, we apply
simple shear to the left by ∆γ to unjam them and then rejam
them by applying ∆γ to the right (dashed blue lines on the
left). For packings with dφJ/dγ > 0, we apply simple shear to
the right by ∆γ to unjam them and then rejam them by apply-
ing ∆γ to the left (dashed blue lines on the right). (b) Prob-

ability distribution of the shear stress anisotropy P (Σ̂xy) for
the original compression jammed packings (leftward filled tri-
angles) and those generated using protocol B (rightward open
triangles) for systems with N = 16 and µ = 0.1 The solid
line is a Gaussian distribution with zero mean and standard
deviation ∆ ∼ 0.2.

We now consider a related protocol where we shear un-
jam compression jammed packings and then apply simple
shear to rejam them. In Fig. 7 (a), we illustrate protocol
B. We first generate an ensemble of compression jammed
packings. Compression jammed packings can jam on either
side of the parabolic geometrical families φJ(γ); roughly
half with dφJ/dφ < 0 and half with dφJ/dφ > 0. For
packings with dφJ/dφ < 0, we shear by ∆γ ∼ 10−8 in
the negative strain direction to unjam the packing. For
packings with dφJ/dφ > 0, we shear by ∆γ ∼ 10−8 in the
positive strain direction to unjam the packing. In both
cases, to unjam the system, we apply simple shear strain
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in extremely small increments δγ = 10−12, with each fol-
lowed by energy minimization, until U/N < Utol. Note
that for protocol A, it is straightforward to identify the
largest particle overlap and then decompress the system
until there are no overlaps and the system becomes un-
jammed. However, in protocol B, we seek to unjam com-
pression jammed packings by applying simple shear strain,
and we do this by applying simple shear strain in small in-
crements to reduce the total potential energy below Utol.
(The sensitivity of our results on Utol will be discussed in
Appendix C.) After unjamming the packing in protcol B,
we reset the tangential displacements at each nascent con-
tact to zero. We then rejam the packings by applying the
total accumulated shear strain ∆γ in a single step in the
opposite direction to the original one, which allows the
system to return to the same total strain, and perform
energy minimization.

In Table 1, we show that out of the original 1987 com-
pression jammed packings, protocol B returned 96% shear
rejammed packings with the same contact networks as
the original compression jammed packings and only 4%
shear rejammed packings with different contact networks.
None of the packings generated using protocol B were un-
jammed. As shown in Fig. 7 (b), the distribution P (Σ̂xy)
of shear stress anisotropies is nearly identical for the origi-
nal jammed packings and the rejammed packings. In both
cases, P (Σ̂xy) is a Gaussian distribution with zero mean.
This result emphasizes that isotropic stress distributions
can be generated using a shear jamming protocol (when
we consider shear jamming in both the positive and neg-
ative strain directions).

We now compare directly the structural and mechani-
cal properties of the original shear jammed packings and
those generated using protocol A and the original com-
pression jammed packings and those generated using pro-
tocol B. We calculate the root-mean-square (rms) devia-
tions in the particle positions,

∆r =

√√√√N−1
N∑
i=1

(
#»r A,Bi − #»r SJ,CJi

)2
, (8)

and shear stress anisotropy,

∆Σ̂xy =

√(
Σ̂A,B
xy − Σ̂SJ,CJ

xy

)2
, (9)

between the original shear jammed (SJ) packings and the
packings generated using protocol A and the original com-
pression jammed (CJ) packings and the packings gener-
ated using protocol B. In Fig. 8 (a), we show the frequency
distribution of the deviations in the particle positions ∆r
for systems with N = 16 and µ = 0.1. 〈∆r〉 ∼ 2 × 10−12

is extremely small, near numerical precision. Thus, the
shear jammed packings and those generated via protocol
A have nearly identical disk positions, and the compres-
sion jammed packings and those generated via protocol B
have nearly identical disk positions.

We perform a similar comparison for the stress
anisotropy (for systems with N = 16 and µ = 0.1) in
Fig. 8 (b). Even though the disk positions are nearly
identical between the shear jammed and compression re-
jammed packings, the typical rms deviations in the stress

anisotropy 〈∆Σ̂xy〉 is finite. The distribution ∆Σ̂xy for the
rms deviations in stress anisotropy between shear jammed
packings and compression rejammed packings has a peak
near 10−2.5 (open triangles). The stress anisotropy fluc-
tuations are nonzero because packings of frictional disks
with the same particle positions can have multiple solu-
tions for the tangential forces as shown using the force
network ensemble [28]. We find similar results for the dif-
ferences in the stress anisotropy between the compression
jammed packings and the shear re-jammed packings, how-
ever, the fluctuations are an order of magnitude smaller
with 〈∆Σ̂xy〉 ∼ 10−3.5. In contrast, when µ = 0, we

find that 〈∆Σ̂xy〉 ∼ 10−7 (nearly four orders of magni-
tude smaller) when comparing shear jammed packings and
packings generated via protocol A with ∆r < 10−12.

We also compare the distributions of the mobility at
each contact ξ = F tij/µF

n
ij for the shear jammed packings

and the compression re-jammed packings, as well as the
compression jammed packings and the shear re-jammed
packings. In Fig. 9 (a), we show that the original shear
jammed packings have a significant number of contacts
that are near sliding with ξ ∼ 1 and a smaller fraction with
ξ ∼ 10−3. However, the compression re-jammed packings
have essentially no sliding contacts, and instead most con-
tacts possess ξ ∼ 10−3. Thus, we find that the jamming
protocol can have a large effect on the contact mobility dis-
tribution. We find that applying successive shear strains
for sufficiently large strains (as is done for shear jammed
packings) is able to generate many contacts near sliding.
To our knowledge, our study is one of the first to show
that shear jammed packings possess more contacts near
the sliding threshold than compression jammed packings.

In Fig. 9 (b), we show P (ξ) for the original compres-
sion jammed packings and the shear re-jammed pack-
ings. These distributions are similar with a small frac-
tion of sliding contacts and an abundance of contacts with
ξ ∼ 10−3. For µ > 10−2, previous studies have shown that
compression jamming does not allow tangential displace-
ments to accumulate so that the tangential forces can ap-
proach the sliding threshold [31]. For protocol B, where we
shear unjam the compression jammed packings, and then
shear re-jam them, the applied strain is sufficiently small
that the tangential displacements do not accumulate and
allow the tangential forces to approach the sliding thresh-
old. This result is consistent with the fact that the stress
anisotropy fluctuations between compression jammed and
shear re-jammed packings are smaller compared to the
stress anisotropy fluctuations between shear jammed and
compression re-jammed packings.

4 Conclusion and Future Directions

In this article, we used discrete element modeling simu-
lations to compare the structural and mechanical proper-
ties of jammed packings of frictional disks generated via
isotropic compression versus simple shear. We find that
several macroscopic properties, such as the average con-
tact number 〈zJ〉 and packing fraction 〈φJ〉 at jamming
onset, are similar for both packing-generation protocols.
For both protocols, 〈zJ(µ)〉 varies from 4 to 3 in the low-
and high-friction limits with a crossover near µc ≈ 0.1.
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Fig. 8. (a) The frequency distribution p(∆r) of the root-mean-
square deviations in the positions of the disks between shear
jammed packings and those generated using protocol A (tri-
angles) and between compression jammed packings and those
generated using protocol B (circles). (b) The frequency dis-

tribution p(∆Σ̂xy) of the root-mean-square deviations in the
stress anisotropy between shear jammed packings and those
generated using protocol A (triangles) and between compres-
sion jammed packings and those generated using protocol B
(circles). For the data in both panels, N = 16 and µ = 0.1.

Table 1. (first row) Comparison of the contact networks (CN)
for the original shear jammed (SJ) packings and compression
rejammed packings. (second row) Comparison of the contact
networks for the original compression jammed (CJ) packings
and shear rejammed packings.

SJ same CN different CN Unjammed

8925 8875 50 0

CJ same CN different CN Unjammed

1987 1899 88 0

Fig. 9. The frequency distribution of the mobility p(ξ), where
ξ = f tij/µf

n
ij for each contact between disks i and j, for shear

jammed packings (open triangles) and compression re-jammed
packings (open circles) with N = 16 and µ = 0.1. (b) p(ξ)
for compression jammed packings (open triangles) and shear
re-jammed packings (open circles) with N = 16 and µ = 0.1.
The filled symbols indicate the frequency of contacts that slid
with f tij = µfnij .

〈φJ(µ)〉 varies from ∼ 0.835 to 0.76 in the low- and high-
friction limits with a similar crossover value of µc.

The average stress state of mechanically stable (MS)
packings generated via isotropic compression is different
than that for MS packings generated via simple shear. The
average stress anisotropy 〈Σ̂xy〉 > 0 for MS packings gen-

erated via shear, but 〈Σ̂xy〉 = 0 for packings generated
via isotropic compression. Isotropic compression can sam-
ple MS packings with both signs of Σ̂xy, whereas simple
shear (in one direction) samples packings with only one
sign of the stress anisotropy.

To investigate in detail the differences in the stress
state of MS packings generated via simple shear and
isotropic compression, we developed two additional proto-
cols. For protocol A, we decompress shear jammed pack-
ings so that the frictional contacts are removed and then
re-compress them to jamming onset. For protocol B, we
shear unjam MS packings generated via isotropic com-
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Fig. 10. The frequency distribution of the shear stress
anisotropy p(Σ̂xy) calculated from the null space solutions for a
single compression jammed packing (open triangles). The ver-

tical dashed line at Σ̂xy ≈ 0.12 is the stress anisotropy of the
given compression jammed packing and the shaded blue region
(with width 5 × 10−3) indicates the fluctuations in the stress
anisotropy obtained by comparing the compresssion jammed
and shear rejammed packings from the DEM simulations.

Fig. 11. The frequency distribution p(σΣ̂xy
) of the standard

deviation of the stress anisotropy from the null space solutions
for each of the compression jammed packings. The peak in
p(σΣ̂xy

) is σΣ̂xy
≈ 10−2.

pression so that the frictional contacts are removed, and
then shear re-jam them. These studies address an impor-
tant question—to what extent can protocols A and B re-
cover the contact networks and stress states of the original
jammed packings. We find that even though protocols A
and B can recover the particle positions (and contact net-
works) of the original jammed packings, the rejammed and
original jammed packings have small, but signficant differ-
ences in the stress anisotropy, e.g. ∆Σ̂xy ∼ 10−3.5-10−2.5

for systems with µ = 0.1.
To understand the stress fluctuations of frictional

packings with nearly identical particle positions, we car-
ried out preliminary studies of the null space solutions for

force and torque balance on all grains using the contact
networks from the MS packings generated via isotropic
compression [29]. For each packing of frictional disks, force
and torque balance on all grains can be written as a matrix
equation AlmFm = 0, where Alm is a 3N × 2Nc constant
matrix determined by the contact network and Fm is a
2Nc × 1 vector that stores the to-be-determined normal
and tangential force magnitudes fnij and f tij at each con-
tact. For frictional disk packings, the system is underde-
termined with 3N > 2Nc. Using a least-squares optimiza-
tion approach [30], we solve for the normal and tangential
force magnitudes such that fnij > 0, and f tij ≤ µfnij .

The stress anisotropy frequency distribution p(Σ̂xy)
from the null space solutions for an example compression
jammed packing (with N = 16 and µ = 0.1) is shown
in Fig. 10. We find that the DEM-generated solutions
belong to the set of null space solutions, but there are
many more. In particular, the width of p(Σ̂xy) from the
null space solutions is much larger than the width of
the distribution of the stress anisostropy obtained for
the given compression jammed packing from protocol
B. We performed similar calculations of the null space
solutions for all compression jammed packings. In Fig. 11,
we show the frequency distribution of the standard
devivations σΣ̂xy

of stress anisotropy from the null space

solutions over all of the compression jammed packings.
We find that the width of the fluctuations of the stress
anisotropy from the null space solutions for a given
packing are comparable to fluctuations of the stress
anisotropy over all compression jammed contact networks
using DEM. In future studies, we will carry out similar
calculations to understand how the fluctuations in the
stress anisotropy from the null space scale with system
size N and friction coefficient µ. For example, we will
investigate over what range of N and µ are the null
space stress aniostropy fluctuations larger than the stress
anisotropy fluctuations from varying contact networks.
Addressing this question will allow us to predict the
differences in the structural and mechanical properties
of jammed packings of frictional particles that arise
from the packing-generation protocols, such as isotropic
compression and both continuous and cyclic pure and
simple shear [32].
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ence P (Σ̂N ) for jammed packings generated via isotropic com-
pression (open symbols) and simple shear (closed symbols) for
N = 64 and friction coefficients µ = 0 (triangles), 0.1 (circles),
and 1.0 (squares). The distributions were obtained from more
than 103 independently generated jammed packings. The solid
lines are Gaussian distributions with zero mean and standard
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Appendix A: Normal stress difference in jammed and
rejammed packings

In this Appendix, we describe the results for the normal
stress difference for jammed packings of frictional disks
generated via simple shear and isotropic compression. In
Fig. A1, we show the probability distribution P (Σ̂N ) of
the normal stress difference for both shear and comrpes-
sion jammed packings with N = 64 at µ = 0, 0.1, and 1.0.
Simple shear and isotropic compression do not strongly
couple to Σ̂N and thus we find that P (Σ̂N ) is a Gaus-
sian distribution centered at zero with a width that de-
pends on µ. We also calculated ∆Σ̂N , which is the rms
deviation in the normal stress difference between the re-
jammed and original jammed packings for protocols A and
B. In Fig. A2, we show that (as for the stress anisotropy),

the rms deviation in the normal stress difference ∆Σ̂N is
typically larger between shear jammed packings and com-
pression rejammed packings, compared to that between
compression jammed packings and shear rejammed pack-
ings.

Fig. A2. The frequency distribution p(∆Σ̂N ) of the root-
mean-square deviation in the normal stress difference between
shear jammed packings and those generated using protocol
A (triangles) and between compression jammed packings and
those generated using protocol B (circles).

Appendix B: Parabolic Geometrical Families

Geometrical families are collections of jammed packings
that share the same interparticle contact network at dif-
ferent values of the packing fraction at jamming onset
φJ and either pure or simple shear strain γ. In this Ap-
pendix, we present a derivation of the relation between
φJ and γ for a simple example of jammed packings of
two hard disks (one small disk with diameter σs and one
large disk with diameter σl) undergoing pure shear strain

γ = ln
(
Lx

Ly

)
in a box with side walls with lengths Lx

and Ly in the x- and y-directions. We first express the
box lengths Lx = σls(1 + cos θ) and Ly = σls(1 + sin θ) in
terms of the angle θ between the horizontal axis of the box
and #»r ij connecting the centers of the disks. See Fig. B1
(a). Thus, the pure shear strain satisfies

γ = ln

(
1 + cos θ

1 + sin θ

)
. (B1)

In addition, we can write the jammed packing fraction as

φJ =
φ1

(1 + cos θ)(1 + sin θ)
, (B2)

where

φ1 =
π(σ2

s + σ2
l )

(σs + σl)2
. (B3)

Using Eqs. B1 and B2, we can eliminate the dependence
on θ and write φJ in terms of γ:

φJ = φ1

[√
2− 2 cosh

(γ
2

)]2
. (B4)

Eq. B4 is similar to a parabola, which can be seen by
expanding it in powers of γ − γ0 about the minimum at
γ0 = 0 and retaining terms up to (γ − γ0)2:

φJ = φ0 +A(γ − γ0)2, (B5)

where φ0 = (6 − 4
√

2)φ1 and A =
(

1−
√
2
2

)
φ1. We car-

ried out discrete element method simulations to generate
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Fig. B1. (a) Illustration of a jammed packing of two bidisperse
disks i and j in a simulation cell with side lengths Lx and Ly in
the x- and y-directions. θ gives the angle between the center-
to-center separation vector #»r ij and the x-axis. (b) The packing
fraction at jamming onset φJ versus the pure shear strain γ for
packings of two bidisperse disks obtained from Eq. B4 (solid
blue line) and DEM simulations (open triangles). The jammed
packing fraction φ0 and pure shear strain γ0 at the minimum
and the curvature A of the parabola are given in the main text.

jammed packings at each value of the pure shear strain γ
for two bidisperse hard disks. The DEM results for φJ(γ)
agree with the analytical result as shown in Fig. B1. For
small systems, a single geometrical family can exist over a
wide range of strain. Also, for pure shear in small systems,
the parabolic geometrical family is centered on γ = 0. In
contrast, for simple shear of two hard bidisperse disks (in
fixed wall boundary conditions), the parabolic geometrical
family is not centered on γ = 0 as shown in Fig. B2.

Appendix C: Sensitivity of results on numerical pa-
rameters of packing-generation proto-
cols

In this Appendix, we investigate how the ability to gen-
erate the original jammed packing from the rejamming
protocols A and B depends on parameters associated

Fig. B2. (a) The packing fraction at jamming onset φJ versus
the simple shear strain γ for packings of two bidisperse disks
obtained from DEM simulations (open triangles). We also show
a fit to a parabolic form, φJ = φ0+A(γ−γ0)2, where φ0 ≈ 0.49,
A ≈ 0.34, and γ0 ≈ 1.03 (solid blue line).

with the packing-generation protocols. When determin-
ing the packing fraction at jamming onset, we seek par-
ticle configurations for which the total potential per par-
ticle U/N is nonzero, but small, i.e. Utol < U/N < 2Utol

and Utol = 10−16 for the results provided in the main
text. To better understand the sensitivity of our results
on Utol, we calculate the frequency distribution for rms
deviations in the positions between shear jammed pack-
ings and compression rejammed packings as a function
of Utol. For Utol = 10−16, p(∆r) is narrow with a peak
near ∆r ≈ 10−12 as shown in Fig. C1. However, for
Utol = 10−14 and 10−12, p(∆r) broadens dramatically,
with non-zero probability between ∆r = 10−11 and 10−7.
These results emphasize that it is more difficult to recover
the original jammed packing for packings that are over-
compressed because over-compressed packings are further
from the unjammed state, increasing the likelihood that
the system can find a pathway to another jammed config-
uration during the re-jamming process.

Does the stress anisotropy for shear jammed and com-
pression re-jammed packings (or for compression jammed
and shear re-jammed packings) differ for systems at µ =
0? In general, the stress anisotropy distributions are sim-
ilar for jammed and re-jammed packings, but the precise
values of the stress anisotropy can differ for each original
jammed packing and its rejammed counterpart. We find
that the average value of the stress anisotropy difference
〈∆Σ̂xy〉 ≈ 10−5 (between shear jammed and compression

re-jammed packings) for µ = 0.1, but 〈∆Σ̂xy〉 ≈ 10−7.5 is
much lower for µ = 0. (See Fig. C2.) In contrast to the

results for µ > 0, 〈∆Σ̂xy〉 for µ = 0 scales to zero with
the degree to which the simulations can maintain force
balance.
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