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Abstract—Edge-centric algorithms using the linear algebraic
approach typically require the use of both the incidence and
adjacency matrices. Due to the two different data formats,
the information contained in the graph is replicated, thereby
incurring both time and space for the replication. Using K-truss
as an example, we demonstrate that an edge-centric K-truss
algorithm, the Eager K-truss algorithm, can be identified from a
linear algebraic formulation using only the adjacency matrix. In
addition, we demonstrate that our implementation of the linear
algebraic edge-centric K-truss algorithm out-performs a Galois’
K-truss implementation by an average (over 53 graphs) of more
than 13 times, and up to 71 times.

Index Terms—Graph Algorithms, Edge-centric Algorithms, K-
truss, Linear Algebra, High Performance

I. INTRODUCTION

The linear algebraic approach to graph algorithms is com-
monly associated with vertex-centric graph algorithms and
“Think-like-a-vertex” graph frameworks [1], [2]. Under the
vertex-centric paradigm, algorithms are described in terms of
operations on vertices, while edges are viewed as conduits for
passing input and output values between vertices. As such,
it is conventional wisdom that edge-centric operations such
as K-truss [3], an important graph operation for identifying
cohesive groups, either 1) are inefficient when formulated as
linear algebra operations [4], or 2) require the use of the
incidence matrix which has to be instantiated prior to the start
of the algorithm [5].

We make the observation that all graph formats contain the
same information. This means that the information required
for computing the K-truss of a graph must already be present
in the adjacency matrix. This implies that identifying edge-
centric K-truss algorithms can be distilled down to finding out
how edges are stored in the adjacency matrix, and iterating
over the storage format in an appropriate manner to compute
the support value of all edges.
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In this paper, we introduce the Eager K-truss algorithm, a
linear algebraic formulation of an edge-centric K-truss algo-
rithm without the use of the incidence matrix. We demonstrate
that, over 16 cores, the parallel Eager K-truss algorithm attains
performance that, on average, is more than four orders of
magnitute faster than the sequential reference implementation
provided by the Graph Challenge [5], and, on average, more
than 13 times faster than the 2017 Graph Challenge Champi-
ons’ implementation [4].

II. LINEAR ALGEBRAIC K-TRUSS

The K-trusses of a simple undirected graph G are subgraphs
G, where every edge in Gy, is a part of k£ — 2 triangles in Gy.
The number of triangles plus two is defined as the support of
an edge. A common approach for computing the K-trusses of
G is to use a two-step process where 1) the support of every
edge is computed, and 2) edges with insufficient support are
removed. This two steps are repeated until either no edges are
removed, or all edges have been removed.

A. Computing edges support in an undirected simple graph

Consider an undirected edge e = (u,v) that connects
vertices v and v. Since u and v are the two end-points of
e, the number of triangles containing e must be the number
of common vertices in the neighborhoods of « and v, i.e.,

sup(e) = |N(u) UN(v)], (1)

where sup(e) is the support of e and N(x) is the neighbor-
hood, or the set of vertices connected to x. A linear algebraic
formulation of Equation 1 is

sup(e) = (Aou)" (Agv)
= uTAngv,

where uw and v are basis vectors, i.e., vectors of zeros with
a single one in the u'" or v*" position, respectively; and Ay
is the adjacency matrix of the graph G. Notice that pre and
post multiplying AZ Ay with basis vectors u and v simply
picks out the element in the u'* row and v'" column of the
matrix AZ Ap. To compute the support of all edges in the
graph represented by the adjacency matrix Ag, one simply



reads off the elements in the appropriate location of A7 Aj.
In other words, the support of all edges is given by the linear
algebraic equation:

S = AgAO o Ao, (2)

where o is the Hadamard product (i.e., element-wise multipli-
cation). Notice that in the this case, the adjacency matrix Ag
is used as a mask so that only support values corresponding
to actual edges in the graph are computed by Equation 2.

B. Eliminating edges with insufficient support

The next step in computing the K-trusses of G is to remove
edges with insufficient support such that only edges with
support greater or equal to & — 2 are left. This can be
implemented by first identifying a mask M that only keeps
edges with support greater or equal to k£ —2, and then applying
that mask on Ag. These two operations can be represented with
following two linear algebraic formulas:

M
A =

S > (k—2) 3)
AOOM. (4)

Using the newly computed subgraph represented by A;, we
repeat the process of computing support, and eliminating edges
by repeated computation of Equations 2-4. When no more
edges can be removed,

G =S,

where G, is the adjacency matrix of of the K-truss G of G.

C. Introducing Symmetry

As we are only considering undirected edges, this means
that Ay is a symmetric matrix. As such, only the upper (or
lower) triangular part of Ay needs to be stored. Similarly, the
output S is also symmetric and should be stored in the same
way. Mathematically, we can capture the symmetry of Ay and
S by partitioning both Ay and S into submatrices as follows:

S—>( )andA0—><A0“ AOTR),
% Ao BR
where Str,, Spr, A,7L, and A pr are symmetric submatri-
ces, Str and Ay, are general submatrices, and * represents
submatrices of values in S and A that are not stored.
Substituting these quadrants into Equation 2, we obtain the

following expressions that describe how values in different
quadrants of the S’ can be computed using submatrices of A,

St | Str
* SBR

St = (AgTL Aorp, + AOTRAgTR) © Aoy, ®)
Str = (AgTL AOTR =+ AOTRAOBR) ° AOTR (6)
Spr = (AgTRAOTR + AgBRAOBR) © AOBR' 7

III. EDGE-CENTRIC EAGER K-TRUSS ALGORITHM

The quintessential edge-centric K-truss algorithm iterates
over the edges, computes the support of each edge, and
determines if that edge should be eliminated. While it is
possible to compute the edges in any order, it is always prudent
to compute the edges in the order they are stored so as to
improve memory accesses.

Without loss of generality, let us assume that the adjacency
matrix is stored in compressed sparse row format (CSR), and
only the upper triangular matrix is stored. The use of CSR
implies that the support values of the edges are stored in a
row-wise manner. [terating over the edges, from the first row
down, and in a left-to-right manner, one would compute the
edges in a sequential manner.

For the remaining of the paper, we will use upper-case,
lower-case and greek letters to represent matrices, column
vectors, and scalar elements, respectively.

A. Eager Computation

We make the observation that computing the support values
in a row-wise manner from top to bottom would mean that
the partitions Sy and Str of S have been computed.
This in turn requires access to values in Ag,,, Ao,,, and
Aop,. Furthermore, these partitions of Ay are also used to
update Spr (as shown in Equation 7). Therefore, we want
to use Ag,, to compute as much of Spr as possible to
reduce redundant memory accesses. As such, we are eagerly
performing as much computation as possible; and hence the
name of our proposed Eagar K-truss algorithm.

B. Deriving the updates

Let us assume that at the start of any given iteration, the
values in Spr, and Sg have been computed. In addition, Spgr
has been partially updated such that

SBR = AT

Orr

A(]TR © AOBR~ ®)

To make progress towards computing S, we first identify
the next row of S to be updated from Spg by splitting Sgr
into quadrants and isolating the diagonal element ¢1; and the
row vector s%,, ie.,

Soo | ( so1 | Soz )
< St gTR ) N - g
Rz ) s

By partitionining A in a similar fashion as 9, i.e.,

AOTL
*

AOoo I (a001 AOoz)

T
* 04011 CLO B
* * Ao,y




and subsituting the appropriate submatrices and subvectors of
Ap into Equation 8, we obtain the following expressions for
the values of o117, s15, and Sao:

Spr = AgTRAOTR 0 Aopr
T
( Uil ;1222 ) = ( Q0gq ‘ Aooz )T( Q0g, ‘ A002 )
( 0 dl, )
* A022
( 0 ‘ a(j;anOOZ oaglz ) . (9)
* ‘ A%:)QAOOZ OA022

At the end of the iteration, we know that we will have
computed both o1; and slTQ, and can move them above the
thick lines such that we maintain our initial assumptions about
the values in the different submatrices of S. This means that
at the end of the iteration, the different partitions of S are in
the following states:

ol ()
* 011 812
( * * ) 522

Again, partitioning Ay conformally into

AOoo a(j);] A002
* 0 ap,,
( * ‘ * ) Ao,

and substituting the appropriate partitions of Ag into Equa-
tions 6 and 7, we obtain the following expressions for Spp
and Spp at the end of an iteration:

Str = (AOTTL Aorg + AopgAogg) © Aoy
So2 ) ( Aoy | @0g, )T ( Aog, )
T = T — | +
( S12 * 0 @015
Aogy A Aogy
al 022 | ©\ g7
012 012
= (Ag:m Aogy + a001agl2 + Aogz Aoz ) © Aogy (10)
(ag:nAOO? + a§12A022) °© agIZ
Spr = AfppAorg 0 Aogy
Aoy \T [ Ao
o o () Ge)onn
012 012

(Agoonoz +a012aglg> 0 Agyy- (11

Using Equations 9, 10 and 11, we can identify the differ-
ences between the expressions for s, and So5 at the start and
end of the iteration. This tells us that updates in the body of
the loop have to be

T _ T T T
S12 = 812+ a012A022 ©ao,,

T
Sog = Saa + ap,,aq,, © Ao,,-

IV. IMPLEMENTATION

Our C implementation of the Eager K-truss algorithm is a
direct translation of the algorithm described in the previous
section, and is shown in Figure 1.

A. Optimizations

We highlight a number of optimizations that were performed

in our implementation.

1) Operation Fusion. The updates to Szs and s?, both
require the use of the subvector agw, and the submatrix
Ap,,. As such, we fuse the loops that compute the two
updates to reduce redundant data movement.

2) Size of support array. Due to the partial update nature
of the algorithm, an array is required to store the inter-
mediate support values. As the maximum support is one
less than the maximum degree of the vertices, the size
of an element of the array is set to the smallest possible
datatype. This increases data per byte of memory moved.
For all experiments, uint16_t suffices.

3) Packing the intermediate adjacency matrices A;. In each
iteration of the K-truss algorithm, edges are filtered out
from A; to obtain a subgraph A;,;. To avoid iterating
over the edges that no longer contribute to the K-truss
computation, we pack A; to eliminate the removed
edges. Packing is performed within each row, where
only values in the column index array (JA) are packed.
This leaves gaps between the end of one row and the
start of another. The same memory location allocated for
the initial adjacency matrix is reused so no additional
memory is required for the packing.

B. Parallelism

Parallelism is introduced in our implementation using the
OpenMP [6] parallel for construct. As there is a depen-
dency between iterations of the loop that computes S, i.e.,
the support values, the atomic clause is used to ensure that
all updates are performed correctly. Dynamic scheduling was
used to reduce the effects of variation in the amount of work
in each iteration of the loop that computes S. In addition, to
avoid excessive cache conflicts, chunk sizes of 128 and 1024
were utilized.

V. RESULTS

In this section, we compare the performance of our Eager
K-truss algorithm implemented in C (compiled with gcc
4.8.5) against the serial Julia implementation' provided on
the Graph Challenge website [7] run using Julia 0.6 [8],
and the multi-threaded K-truss implementation in Galois [9],
[10]. Datasets from the Stanford Network Analysis Project
(SNAP) [11], and Measurement and Analysis on the WIDE
Internet (MAWI) [12] were downloaded from the Graph
Challenge website in tab-separated value (TSV) format.

A. Experimental Setup

We performed our experiments on a dual-socket machine
with 256 GB DDR4 memory. Each CPU is an Intel i7 ES-
2667 v3 (Haswell) with a frequency of 3.2GHz, 20 MB LLC
cache, and eight physical cores. Based on the implementation,
we performed the following preprocessing of the input dataset:

IThe implementation was edited to avoid using deprecated features, and
higher performance was attained.



void eager_ktruss(uint32_t =IA, uint32_t =JA, //input matrix in CSR format
uintl6_t =M, //array of support values
uint32_t NUM_VERTICES, uint32_t K) {
bool notEqual=true;
while ( notEqual ){ //repeat until no edges are removed

notEqual = false;

#pragma omp parallel for num_threads (NUM_THREADS) schedule (dynamic, CHUNK)
for (uint32_t i = 0; i < NUM_VERTICES; ++i) { //iterate over every row

uint32_t al2_start = *=(IA + i);

uint32_t al2_end = *(IA + i+1);

register uint32_t «JAL = JA + al2_start;

for (uint32_t 1 = al2_start; *JAL != 0 & 1 != al2_end; ++1) { //and non—zero columns

uint32_t A22_start = =(IA + =(JAL));
uint32_t A22_end = *(IA + *(JAL) + 1);

JAL++
uintl6_t ML 0;
uint32_t =JAK = JAL;

uint32_t =JAJ
uintl6_t =MJ
uintl6_t =MK

JA + A22_start;
M + A22_start;
M+ 1+ 1;

while (xJAK!=0 && #JAJ != 0 && //check early termination
JAK != JA + al2_end && JAJ != JA + A22_end){

register uint32_t JAj_val = =JAJ;
register int update_val=(JAj_val == %JAK);

if ( update_val ) {
#pragma omp atomic
++(xMK) ;

ML += update_val;

uint32_t tmp = =JAK;
uint32_t advanceK
uint32_t advancel
JAK += advanceK;
MK += advanceK;
JAJ += advancel;

(tmp <= JAj_val );
(JAj_val <= tmp );

if ( update_val ) {
#pragma omp atomic
++(xMJ);

MJ += advancel;

}

#pragma omp atomic
#(M+1)+=ML;
}

}

#pragma omp parallel for num_threads (NUM_THREADS) schedule (dynamic, CHUNK)
for(uint32_t n = 0; n < NUM_VERTICES; ++n) {

uint32_t st = x(IA + n);
uint32_t end = x(IA + n+l);
uint32_t =J = JA + st;
uint32_t =xJk = JA + st;
uintl6_t =Mst =M + st;

for (; =J != 0&& J !=JA + end ; ++Mst,++J) {

if ( «Mst >=K— 2 ) { //check if edge needs to be filtered
#Jk = =], //keep it in packed format
Jk++;
}
#*Mst = 0; //reset support value for next iteration
}
if (Jk<1J) { //some edges in this row has been deleted
notEqual = 1; //no locking needed since always set to 1
#Jk = 0;

}
}

Fig. 1. Parallel implementation of the Eager K-truss algorithm



e Julia. No preprocessing was perform. All experiments
were ran using the original TSV input files.

e Galois. Data was converted from the TSV files into
Galois’ proprietary binary format using the graph con-
verter provided with Galois with the smallest (i.e., 32-bit
integer) edge type option provided.

e Eager K-truss. The adjacency matrix in the TSV file
was first converted into an upper triangular matrix and
then stored into a compressed-sparse-row (CSR) binary
format.

B. Correctness

We verified that our implementation reported a non-empty
graph for maximum K-truss values (i.e., kmax) reported in
existing literature [13], [14]. In addition, we also checked for
the the absence of (kmax + 1)-trusses. Finally, where possible,
we checked that our implementation returns the same K-truss
returned by the Galois implementation.

C. Performance Results

In Table I, we report execution time for all three K-
truss implementations with k& = k. Execution times were
measured after data has been loaded into memory. For Julia,
we report timing in seconds (s), while execution times for
Galois and our Eager K-truss implementation in milliseconds
(ms). Time fields marked with a dash (-) indicate Julia and
Galois executions that ran for more than an hour. Parallel
implementations are run using 16 threads. As a number of
options were available for the Galois implementation, we ran
the default bulk synchronous algorithm, and also the bulk
synchoronus Jacobi algorithm under a variety of do_all flags
and reported the fastest timing obtained. In addition, we also
report performance speedup attained by our implementation
over both Julia and Galois.

On average, our sequential Eager K-truss outperforms the
Julia baseline by three orders of magnitude on average. With
16 threads, the parallel Eager K-truss outperforms the Julia
baseline by an average factor of 22,500 and peaks at more
than 194,000 times faster.

With the exception of two out of 54 datasets, our parallel
Eager K-truss implementation is consistently faster than the
parallel Galois implementation by an average of 17 times.
While the maximum speedup of 71.26 times was obtained
on a relatively small graph, our parallel eager algorithm out-
performs Galois by a factor between 1.79 and 5.94 times on
large graphs (defined as graph with more than a million edges).

In Figure 2, we showed Millions of Edges Traversed per
sec (METPS) for the different implementations of K-truss.
On all graphs, the parallel Eager K-truss implementation with
16 threads has a METPS that is approximately an order of
magnitute higher than the sequential implementation. For most
graphs, the Eager K-truss attains a higher METPS than the
Galois implementation. It is interesting to note that the overall
trend in performance across multiple graphs is similar for
the sequential and parallel Eager K-truss, and to a lesser
extent the sequential Julia implementation. This suggests that

Millions of Edges Traversed / Sec
1E+03

1E+02
1E+01 ' e
1.E+00 \/

1E01

1.E-02

1.E-03

1E-04

1E-05

Julia  —=Parallel Eager - 16 Threads

Galois - 16 threads  —e—Sequential Eager

Fig. 2. Comparison of millions of edges traversed / sec (METPS) for different
implementations.

the structure of the graphs affects the performance of the
implementations significantly.

VI. CONCLUSION & FUTURE DIRECTIONS

In this paper, we introduced the edge-centric Eager K-
truss algorithm that was derived and formulated with linear
algebra operations on the adjacency matrix. We demonstrated
that the performance attained by an algorithm derived using
a linear algebraic approach can be significantly higher than
the performance based on other approaches. Specifically, we
demonstrate that our parallel Eager K-truss implementation
outperformed the Galois’ K-truss implementation by up to 71
times.

Even better performance could be achieved by improving
our memory consumption and introducing more appropriate
NUMA-aware memory allocation schemes to prevent exces-
sive cache coherency side effects and improve scalability.

In particular, while we have highlighted a number of edge-
centric K-truss algorithms when the adjacency matrix is stored
in the CSR format, we believe that a similar approach for
other adjacency matrix storage format can yield different sets
of edge-centric algorithms. This could include algorithmic
variants more suitable for reducing thread divergence and
minimizing communication, allowing for an extension of our
approach to distributed-memory and highly paralle]l GPU- and
FPGA-accelerated systems.
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