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Abstract: A measurement method that can be used to extract the relative intensity noise of a
nanolaser is introduced and analyzed. The method is based on optical injection of emission from
a nanolaser serving as a master oscillator, transferring its intensity fluctuations to a low-noise
semiconductor laser serving as a slave oscillator. Using the stochastic rate equation formalism,
we demonstrate that the total relative intensity noise of the system is a weighted superposition of
the relative intensity noise of individual lasers. We further discuss the analytical relations that
can be used to extract the relative intensity noise spectrum of a nanolaser. Finally, we use mutual
correlation as a mathematical tool to quantify the degree of resemblance between the injected
and extracted intensity fluctuations, theoretically confirming that the spectra are at least 97%
correlated within the 3-dB bandwidth when an injection strength is chosen properly.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

The development of coherent, nanoscale light sources is motivated by (i) the need in small
footprint, fast response lasers with high energy efficiency to enable the realization of scalable
chip-scale photonic integrated circuits (PIC) [1, 2] and (ii) creation of deeply subwavelength
resonant cavity light emitters to enable the studies of cavity quantum electrodynamics [3, 4]. It is
well known that in nanoscale light emitters/nanolasers, the fraction of spontaneous emission that
is funneled into the lasing mode is enhanced. The figure-of-merit of this enhancement is called
the spontaneous emission factor, β. The high-β in nanolasers results from significant reduction
in the number of permissible cavity modes, consequently leading to lower lasing threshold.
Additional studies [5–8] also show that the high-β light sources are suitable for high-speed direct
modulation of such light emitters. However, in addition to high turn-on energy efficiency and fast
modulation speed, telecommunication applications also require low noise performance to assure
a high signal-to-noise ratio in detection processes at the receiver. Specifically, the signal-to-noise
ratio of a coherent light source is inversely proportional to its relative intensity noise (RIN),
which is defined by the autocorrelation of power fluctuations in an optical signal normalized by
the square of its average power.

Although the onset lasing threshold of nanolasers have been investigated [9, 10], experimental
studies of their relative intensity noise have not been reported yet. In fact, the RIN measurement
in nanolasers remains a challenge because of their low power emission, which is on the order of
pico- to micro-watts [8, 11]. In contrast, commercially available continuous-wave laser diodes
at 1550 nm wavelength can typically provide output of 1-100 mW. The low emission power in
nanolasers precludes the use of well-established RIN measurement techniques that are commonly
used for characterization of conventional lasers. In this manuscript, we address this challenge
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and demonstrate theoretically that an optical injection technique can be employed for indirect
measurement of a nanolaser’s RIN. Optical injection schemes have been commonly used to
imprint high quality radiation properties of a low power master laser to control and improve
spectral properties of a high-power slave laser with poor spectral properties [12]. In this approach,
when a slave laser is injected with the emission from a low noise master laser, the spectral
properties of the slave laser can be improved and consequently achieve a narrower linewidth
emission. Here, in contrast, we use optical injection in an unconventional way to probe the
nanolaser’s RIN, by injecting emission from a "master" nanolaser into a low noise "slave" laser.
In the following, we analyze the injection system and show that the measured RIN of the overall
cascade system allows one to extract the RIN contribution of a nanolaser. We first analyze our
system model using a set of stochastic rate equations and derive the RIN of the overall system in
Sect. 2. Then in Sect. 3 we derive the transfer function of the "slave" laser using small signal
analysis, followed by Sect. 4, where we derive the RIN spectrum of the injected laser and discuss
two methods to extract the RIN of a nanolaser from the measured RIN of the cascaded system.
Concluding remarks and discussions are provided in the last section.

2. Coupled laser rate equation

Nanolaser

𝑅𝐼𝑁$ 𝜔

Slave laser
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Signal processing electronics
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Fig. 1. The block diagram of an optical injection scheme. RIN: the intrinsic relative intensity
noise; κ: the injection strength; f [·]: an arbitrary function that is under investigation.

We adopt the rate equation formalism to model photon-carrier dynamics of a coupled system.
Our objective is to study the photon-carrier interactions, and ultimately extract the RIN of a
nanolaser, using the injection scheme depicted schematically in Fig. 1. The system consists
of a "master" nanolaser that injects a fraction κ1/2 of its emitted light field into a low noise
semiconductor laser, which serves as a "slave" oscillator. The measured total RIN of the injection
system includes the contributions of both "master" and "slave" oscillators.

The photon-carrier dynamics of the injection system are investigated using stochastic coupled
rate equations. The dynamical behavior of the "slave" laser is given by [5, 13, 14]:

dSs(t)
dt

= ΓsSs(t)
{
g0,s

[
Ns(t) − N0,s

]
− 1
τp,s

}
+
ΓsFsβsNs(t)

τr,s
+
κSn(t)
τrt,s

+ LS,s(t), (1)

dNs(t)
dt

= Ps − g0,s
[
Ns(t) − N0,s

]
Ss(t) −

[
Fsβs − (1 − βs)

τr,s
+

1
τnr,s

]
Ns(t) + LN,s(t), (2)

where S is the photon density, N is the carrier density, P is the continuous-wave pump rate, L
is the Langevin noise source, κ is the injection strength, and τ is the relaxation lifetime. The
physical meanings of these laser parameters are detailed in Table 1. Additionally, the subscripts
n and s are used to denote the nanolaser and the "slave" laser, respectively. The rate equations for
the "master" nanolaser can be retrieved from Eqs. (1) and (2) by setting κ to zero and replacing
the subscript s by n.

Since classical electromagnetism is inadequate in describing stochastic processes such as the
rate equations in Eqs. (1) and (2), the Langevin method is used in our analysis. The Langevin
noise sources are assumed to be memoryless random processes. Though this means that the
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Table 1. Laser parameters

Symbols Nanolaser Slave laser [15] Unit

Modal confinement factor Γ 0.6 0.4 -

Photon lifetime τp 2.88 3 ps

Radiative carrier lifetime τr 1 1 ns

Non-radiative carrier lifetime τnr 1 1 ns

Round-trip time τrt - 8.63 ps

Differential gain coefficient g0 4.29 × 10−6 2.14 × 10−6 cm3/s

Lasing wavelength λ 1550 1550 nm

Carrier density at transparency N0 2 × 1018 1 × 1018 cm−3

Modal volume Vp 9.82 × 10−14 3.75 × 10−10 cm3

Volume of the active region V 5.89 × 10−14 1.5 × 10−10 cm3

Spontaneous emission factor β 0.2 3 × 10−5 -

Purcell factor [8] F 67.22 1 -

Langevin noise sources average to zero over a finite time interval, their characteristics can still be
quantified through mutual correlation [13, 14],〈

Li(t)L∗j (t − τ)
〉
= Wi jδ(τ). (3)

Here, the angle brackets denote ensemble averaging and Wi j is the correlation strength between
Langevin noise sources. As we will demonstrate below, the Langevin noise sources are needed to
calculate the laser RINs. In addition, the Langevin noise sources of the two laser oscillators are
assumed to be uncorrelated.

3. Small signal analysis

The coupled rate equations are linearized by assuming a negligible gain compression coefficient.
The linearization is performed such that the rate equations are self-consistent with a first-order
perturbative calculation. Also because of linearization, the presented method is inapplicable in
pulsed-pumped lasers. We further assume that there is no detuning in the lasing wavelengths and
require the injection path length to be greater than the coherence length of the nanolaser. As a
reference, the coherence time of the chosen nanolaser is typically on the order of 1 ns [16]. This
corresponds to an injection path length of 30 cm in air (20 cm in an optical fiber). If this condition
is satisfied, the formalism is simplified by eliminating interference-induced instability [12,17].
The analysis is thus focused solely on the discussion of intensity noise.

Linear system analysis is used to approximate the fluctuations in particle densities, as small
signal responses [13,14]. In the absence of pump fluctuations, the "slave’s" photon and carrier
noise spectra are given by

δÑs(ω)

δS̃s(ω)

 =
1

Ds(ω)


iω + γSS,s −γNS,s

γSN,s iω + γNN,s

 ·


L̃N,s(ω)

L̃S,s(ω) +
κ

τrt,s
δS̃n(ω)

 , (4)
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where
Ds(ω) =

(
ω2

0,s − ω
2
)
+ iωξs . (5)

Here, ω is the Fourier angular frequency, ω0 is the natural angular frequency, ξ is the damping
coefficient, and γ are the small signal parameters (see Appendix A). The small signal δS̃n
injected by the nanolaser is obtained from Eqs. (4) and (5) by setting κ to zero and replacing
the subscript s by n. The contributions by nonradiative processes to the steady state responses
are neglected in Eq. (4). This approximation is made after the contributions by nonradiative
processes are accounted for in both the steady state and small signal analysis. The contributions
of nonradiative processes are retained, however, in the noise analysis such that the intensity noise
level is appropriately evaluated. In other words, the nonradiative carrier lifetime for both lasers
are retained in the small signal analysis to account for their contributions to noise, but neglected
in the steady state responses due to their negligible contributions to the light-in-light-out curve.
The photon density fluctuation of the "slave" laser, δS̃s, consists of contributions from both

the photon noise source L̃S,s and the photon density fluctuation of the nanolaser, δS̃n, which is
filtered by the "slave’s" resonant cavity. Note that the weight which precedes the term δS̃n in Eq.
(4) is a transfer function. To demonstrate this fact, consider the case in which all Langevin noise
sources are absent, which allows us to arrive at the transfer function of the "slave" laser:

Hs(ω) ≡
δS̃s
δS̃n
=

κ

τrt,s

iω + γNN,s

Ds(ω)
. (6)

The form of Eq. (6) can be recognized as a second-order low-pass filter. The prior knowledge
of the transfer function is essential to extract the properties associated with the photon density
fluctuation in the nanolaser. Moreover, the relaxation oscillation angular frequency ωR,s is given
by

ωR,s = ω0,s

√
1 − ξ2

s

2ω2
0,s
. (7)

We observe from Eq. (7) that when either the natural angular frequency or the damping coefficient
are modified under external injection, there will be a change in the slave’s relaxation oscillation
angular frequency. In the absence of damping rate, the relaxation oscillation frequency is equal
to ω0,s and hence the name "natural" angular frequency.

4. Relative intensity noise

Next we use small signal response to derive the total RIN of the injection system from which the
intrinsic RIN of a nanolaser can be extracted. The definition of a single-sided RIN spectra is first
derived using the Wiener-Khinchin theorem [14]:

RIN(ω) ≡ PSD(ω)
S̄2 =

〈
δS̃(ω)δS̃∗(ω)

〉
S̄2 . (8)

The overbar denotes the steady state response. Note that the noise power spectral density is
given by the variance of the small signal response. Using Eqs. (4) and (8) the total RIN is then
determined as

RINtot (ω) = Hf (ω) RINn (ω) + RINs (ω) (9)

where

Hf (ω) =
S̄2
n

S̄2
s

|Hs (ω)|2 . (10)

Here, Hf is the filtering function, RINn is the intrinsic RIN of the isolated nanolaser, and RINs

is the intrinsic relative intensity noise of the "slave" laser. The explicit form of the intrinsic RINs
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are presented in Appendix B. It is clear from Eq. (9) that the RIN of the injected laser is additive.
We verify that if the external injection is absent, the "slave’s" intrinsic RIN returns to the case in
which the "slave" laser is in complete isolation.

4.1. Low-noise method

We next demonstrate a method to extract the RIN of the nanolaser by considering its contribution
in the total RIN. First, we assume that the laser RIN of the "master" nanolaser dominates among
other additive noises that can appear in practice. It would therefore be ideal to use a low-noise
"slave" laser, such that a consistent approximation can be made to further simplify Eq. (9)
yielding,

RINtot (ω) ≈ Hf (ω) RINn (ω) . (11)

By measuring the average photon densities and the "slave’s" laser parameters, the filtering
function can be determined from Eqs. (6) and (10). The contribution of the nanolaser, RINn, can
then be extracted using Eq. (11) with simple algebraic manipulation. However, this technique
does presume that the filtering function can be extracted experimentally. Since the optical power
level is high enough in conventional semiconductor low-noise lasers, the transfer function can be,
therefore, measured experimentally using conventional methods [18].

4.2. Direct estimation method

An alternative method in which RINn is estimated directly from RINtot can be also used. To
show this effect, Eq. (9) is solved numerically at two selected injection strengths and plotted in
Fig. 2. Comparing the results in Fig. 2(a) and 2(b) we observe two notable changes in RINtot

spectrum as the injection strength is changed: (1) a shifted relaxation oscillation frequency and
(2) an increased noise level at the flat band. When the injection strength κ is changed from
1% to 25%, the total RIN increases by modifying the intrinsic RIN of the "slave" laser. This
observation supports the fact that the direct estimation method can be used to extract the injected
RIN directly from the total RIN, given that the injection strength κ is appropriately chosen. The
disadvantage incurred in this process is that the additional poles due to the cascaded laser cavities
are retained in the total system RIN. Such approach limits the degree to which the nanolaser’s
RIN can be directly estimated with the total RIN consisting of a -40 dB/Hz per decade roll-off

(a) (b)

Fig. 2. Total RIN at two selected injection strength (a) κ = 0.01 and (b) κ = 0.25. The
master and the slave are pumped at thrice and twice of their respective threshold levels. In
determining the threshold of the nanolaser, the carrier density is first calculated as a function
of pump rate. The threshold is then determined graphically by extrapolating two regions
around the kink in the carrier density. This prediction can be translated into an experimental
measurement through its corresponding light-in-light-out curve.
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after its 3-dB frequency. Moreover, an enhancement of the resonant peak is also observed. The
shift in resonance can be explained by Eq. (6) with the natural angular frequency of the "slave"
laser written explicitly as:

ω2
0,s ≈

g0,s S̄s
τp,s

+
1

τp,sτr,s
+
Γsg0,s

(
N̄s − N0,s

)
τr,s

, (12)

where
S̄s =

1
1/τp,s − Γsg0,s(N̄s − N0,s)

· κS̄n
τrt,s

(13)

The spontaneous emission factor of the "slave" laser was neglected in the process of arriving at Eqs.
(12) and (13). It is evident from Eqs. (12) and (13) that the shifted relaxation oscillation frequency
depends on the injection strength κ. When the relaxation oscillation frequency increases, the
increased roll-off inevitably prevents a direct estimation of the nanolaser’s modulation bandwidth.

(b)(a) 

Fig. 3. (a) Correlation strength and (b) phase of the complex mutual correlation function.
The 3-dB points correspond to the 3-dB bandwidth of the total RIN spectra. The pump
levels are identical to that of Fig. 2.

To better quantify how the intensity fluctuations of the "master" nanolaser influence the
intensity fluctuations of the "slave" laser, we use a complex mutual correlation function defined
by

C (ω) =
〈
δS̃s(ω)δS̃∗n(ω)

〉√〈
δS̃s(ω)δS̃∗s (ω)

〉 〈
δS̃n(ω)δS̃∗n(ω)

〉 (14)

Numerical evaluations of Eq. (14) are shown in Fig. 3. We observe that the correlation spectra
improved in both the bandwidth and magnitude as the injection strength increases. When the
injection strength is at 25%, the injected and extracted signals are at least 97% correlated within
the 3-dB bandwidth of RINtot , demonstrating quantitatively a band-limited RIN extraction.
Although the correlation strength in principle approaches unity as the injection strength increases,
it is somewhat impractical. For instance, 99.7% correlation strength is achieved within the 3-dB
bandwidth of the total RIN when κ is at 50%. Additionally, the photon density fluctuations are
highly correlated within the region in which the phase valley diminishes, suggesting that this is a
sufficient condition to determine the injection strength to achieve an optimal resemblance of the
injected signal. From Eq. (14), the absence of zero-crossing in the correlation phase requires

ξsγNN,s > ω2
0,s . (15)
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This condition can be used to calculate the desired injection strength in an experimental
measurement.

The optimal condition Eq. (15) aims to achieve near unity correlation strength within the 3-dB
bandwidth. In practice, if a band-limited correlation strength less than near unity is tolerable, the
criterion can be written as

ξsγNN,s =
(ω0,s

m

)2
(16)

where m is the degree of freedom that regulates the trade-off between a minimum power injection
and a tolerable correlation strength. The numerical solution of Eq. (16) is shown in Fig. 4.
Firstly, Fig. 4(a) demonstrates a trade-off between minimally required power at chosen values of
m. In our case, a 97% correlation strength corresponds to m ≈ 1.6. The value of m is jointly
determined by the chosen injection strength and pump power. If the "master" nanolaser consists
of an averaged output power that is greater than the minimally required power, which is shown as
the blue curve in Fig. 4(b), the correlation strength in this case is bounded between 97% and
100%. An improvement in the correlation strength can be further made as m approaches to 1,
which is suggested by Eq. (15). We note that the correlation strength can be improved at most an
additional 3% and the difference in the required power differs by one order of magnitude. The
observed difference in the required power emission is consistent with results shown in Fig. 3(a).

(a) (b)

Fig. 4. (a) Minimally required power emitted by the nanolaser at selected values of m (b)
parameters that yield a high correlation strength (≥ 97%) within the 3-dB bandwidth appear
in the gray region. The pump rate and photon density are converted to power as suggested
in [14].

5. Conclusion

In summary, we introduce and theoretically investigate the validity of extracting the RIN of a
nanolaser using the optical injection scheme. Stochastic rate equations have been used to derive
the RIN of the injected overall laser system. We demonstrate that the total RIN is a weighted sum
of the intrinsic RIN of the two laser oscillators. This simple additive relation enables us to extract
the RIN of a nanolaser. We then discussed two possible recovery methods: the low-noise method
and the direct estimation method. We arrived at the former when a low noise "slave" laser is
employed. In principle, the "slave’s" intrinsic RIN is negligible, thus allowing one to extract
the nanolaser’s RIN through simple algebraic manipulation. The advantage of this method is
that the extracted RIN consists of information about the nanolaser’s intrinsic noise level and
its modulation bandwidth. This low-noise method, however, requires precise knowledge of the
"slave’s" laser parameters. Specifically, the transfer function of the "slave" laser must be precisely
known. In contrast, although the second, direct estimation method, offers a way to circumvent
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the issue of lack of information about the "slave" laser, it suffers in bandwidth extraction due to
the cascaded cavities. We demonstrated that with our assumptions, the injected and extracted
spectra are at least 97% correlated within the 3-dB bandwidth of the total RIN at an injection
strength of 25%. Consequently, we derived a sufficient condition that allows us to determine the
optimal injection strength and conclude that the second, direct estimation method, is accurate
only within the 3-dB bandwidth of the measured RIN spectrum. We furthermore considered a
less restrictive condition and demonstrated the trade-off between minimally required injection
power and correlation strength. In doing so the proposed scheme is more flexible to implement
in practice.

Appendix A: Small signal parameters

The small signal parameters are

γNN,` = g0,` S̄` +
β`F` + (1 − β`)

τr,`
, (17)

γSS,` =
1
τp,`
− Γ`g0,`

(
N̄` − N0,`

)
, (18)

γNS,` = g0,`
(
N̄` − N0,`

)
, (19)

γSN,` = Γ`g0,` S̄ +
Γ`F`β`
τr,`

, (20)

ω2
0,` = γNN,`γSS,` + γNS,`γSN,`, (21)
ξ` = γNN,` + γSS,` . (22)

The derived expressions are valid for both the nanolaser (` = n) and the slave laser (` = s).
Despite the form of the small signal parameters are identical, the laser parameters and average
particle densities are numerically different.

Appendix B: Correlation strength of Langevin noise sources

Using the definition of the single-sided RIN spectra, we have arrived at

RIN`(ω) =
γ2
SN,`

〈
L̃N,` L̃∗N,`

〉
|D(ω)|2 S̄2

`

+

(
γ2
NN,` + ω

2
) 〈

L̃S,` L̃∗S,`
〉

|D(ω)|2 S̄2
`

+
2γSN,`γNN,`

〈
L̃S,` L̃∗N,`

〉
|D(ω)|2 S̄2

`

, (23)

where the correlation strength between the Langevin noise sources of the slave laser are given by〈
L̃S,s L̃∗N,s

〉
=

〈
L̃N,s L̃∗S,s

〉
= −Γs

Vs

[
g0,s

(
N̄s − N0,s

)
S̄s +

Fsβs N̄s

τr,s

]
, (24)〈

L̃N,s L̃∗N,s
〉
=

P̄s

Vs
+

[
Fsβs + (1 − βs)

τr,s
+

1
τnr,s

]
N̄s

Vs
+
g0,s

Vs
(N̄s + N0,s)S̄s, (25)〈

L̃S,s L̃∗S,s
〉
=

S̄s
τp,sVs

− Vs

Vp,s

〈
L̃S,s L̃∗N,s

〉
+

κS̄n
τrt,sVp,s

. (26)

The correlation strength among the noise sources are derived by counting the average number of
particles that are exchanged between the photon and carrier reservoirs [13, 14]. The expressions
for both the RIN and correlation strength of a nanolaser are obtained by setting κ to zero and
replacing the subscript s (or `) by n.
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