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Prospective Analysis of Large and Complex Partially Observed Temporal Social Networks
Final Report for DARPA GRAPHS FA9550-12-1-0406

PI: Zoran Obradovic (Temple University)

Project aims and tasks overview
Our DARPA GRAPHS project developed and validated effective predictive modeling technology to achieve the
following aims and tasks:

Aim 1: GCRFs for Modeling Complex Evolving Social Networks
Task 1: Simultaneously modeling node attributes, link properties, and multi-modal graph structure
Task 2: Learning attribute importance and positive and negative influence/correlation
Task 3: Inference and uncertainty analysis of GCRF
Task 4: Prediction of node states and graph links
Task 5: Modeling dynamical attributes and dynamical influence/correlation
Task 6: Modeling temporal networks based on partially observed data
Task 7: Uncertainty propagation in GCRF
Task 8: GCREF for directed graphs
Task 9: Continuous Conditional Dependency Network for structured regression

Aim 2: Convex Optimization for Learning Large GCRFs
Task 10: Basic formulation and solution approaches
Task 11: Sparsity-inducing regularization
Task 12: Fast sparse Gaussian Markov Random Fields learning based on Cholesky factorization
Task 13: Structured regression on multi-scale networks

Aim 3: Non-Stationary and Time Evolving Correlation Analysis in Social Networks
Task 14: Regime-switching models
Task 15: Graph-constrained stationary covariance processes
Task 16: Ensemble-based structured regression

The results of our research are published in 52 articles listed at the end of the report. Here we summarize the main
achievements.

Aim 1: GCREFs for Modeling Complex Evolving Networks

Modeling complex phenomena through instances that are highly structured and interdependent is a challenging task which
is different from traditional machine learning approaches. Many applications have such properties and they are usually
modeled as graphical structure models. Structured models for regression on evolving networks are less developed than
classification problems, leaving numerous applications even more difficult to solve. In our DARPA GRAPHS project we
developed representationally powerful and computationally efficient methods to facilitate modeling complex evolving
networks. The new methods were applied to:

(a) Prediction of long-term precipitation across the US at the resolution on the levels of individual stations.

(b) Citation prediction for scientific papers and patents, observed over time.

(c¢) Characterizing player engagement in an online multiplayer game, based on behavior and social interactions.

(d) Disease co-occurrence modeling in a network of hospitals across US over time.

(e) Prediction of attributes in evolving social networks defined over friendships.

Our approach to modeling evolving attributed networks is based on a Gaussian Conditional Random Field (GCRF)
model developed at Prof. Z. Obradovic’s lab at Temple University. GCRF is a probabilistic exponential model that captures
both the network structure of variables of interest (y) and attribute values of the nodes (x). It is a model over a general graph
structure (not only chains or trees), and can represent the structure as both the function of time, space or any other user
defined structure. It models the structured regression problem as estimation of a joint continuous distribution over all nodes
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(¥), P(y| x) = ;exp(z A(w,y,,x)+ Z I1(B,y,,y,,x)), where the dependence on input measurements is modeled by
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K
the “association potential” A(a, y,,x) = zak £, (v;,x), and the structure between outputs is modeled by the “interaction
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L
potential™: (B, y,,y,,x) = Z B,g,(y;,y,,x)- The association potential is used to incorporate domain unstructured
I=1

models (Ry): f, (y;,X) =—(y, — R, (x))*,k =1,...K , and the interaction potential represents multi-modal graph structure

that includes multiple layers of node inter-dependence: g,(y,,y;,X) =-S l.](.l) xX)(y; — yj)z. For such choice of feature

functions, the distribution can be expressed in the Gaussian form: P(y|x)= —Mexp(—l(y—p)TZ'l (y-p) > which
(2 ﬂ') N/2 |E| 2
makes the inference and learning of the model more feasible. The inference problem then finds the mode of the Gaussian

distribution: y = argmax(P(y | x))and the learning of the parameters (o, B) is done by convex optimization of the log
y

likelihood: log P =— % y-p)' Z'(y-n —% 10g|Z‘.|

In our project numerous challenges with applying the GCRF model on large-scale complex real-world problems were
addressed and solutions were developed for in the tasks related to Aim 1.

Large-scale learning and inference of GCRF models

To extend the GCRF models to handle very large datasets, we
developed approaches based on partitioning a large network followed Large Evolving
by distributed GCRF modeling, with an alternative of approximating Network
GCREF on a single computer by a faster method (Figure 1). The results
of the two approaches are summarized in this section.

Develop fast
Discovery of evolving commupnities in big weighted networks: algorithms for

We have developed a local minimization approach for detection of modeling large
community structure in evolving weighted networks, which scales
well to large-scale problems. Our EGC (Evolving Graph Crawling)
method directly optimizes the edge-cut (total weight of edges coming

evolving networks

out of the communities) by local search and is able to shrink as well Develop predictive Analyze node
as expand a temporally observed community. In this process instead models for dynamics in
temporal graphs temporal graphs

of relying on a single node, the entire community structure found at
previous times is used to seed search for the next temporal adjustment.
The algorithm computational time depends on the community size
rather that the number of nodes in the graph. It is applicable to both
undirected and directed graphs. The results obtained on synthetic and real networks with millions of nodes provide evidence
that the proposed method is faster and more accurate that the state-of-the-art alternatives when applied to identification of
communities in large weighted evolving networks (Figure 2). Also, the algorithm is applicable to large static networks,
where it is comparable in accuracy to the alternatives.

Figure 1. Two approaches for enabling the GCRF model for
large-scale applications

DISTRIBUTION A: Distribution approved for public release



Learning GCRFs on discovered communities: After partitioning graphs Eg :EEE:'
into communities (“GGP”), we showed that training GCRF models to the 02|88 BGC
obtained partitions independently and in parallel could be performed o

several orders of magnitudes faster than training GCRF on the entire graph ' ﬂ Hl
(“No partitioning”) (Figure 3), without significant loss in accuracy. ﬂ- ﬂ-

Time (s)

10* ) 10°

i mﬁl (ﬁﬁ'll

Experiments conducted on synthetic and two real-world evolving networks
with up to 750 000 nodes resulted in improved accuracy, since community-
specific models were well specialized for each sub-graph. Another benefit
of modeling each community independently is easy parallelization, which
we utilized in a software implementation that uses the MPI parallelization

Accuracy (F1 score)

platform.
10 10° 108
Graph size
Developing fast approximations of GCRFs for efficient learning and Figure 2. Speed and accuracy of finding
inference: In the second approach for extending the GCRF model to large- ~  communities for our EGC method, comparing to

. . . . two state-of-the-art method variations
scale applications, we developed a fast algorithm for approximate GCRF

inference and learning, since the original GCRF takes O(N?) time and O(N?) space for training on densely connected graphs.
The first step in addressing this problem is to substitute the joint distribution P(y|X) with the distribution Q(y|X) that can

N
be expressed as a product of independent marginals Qy[X) = ITi= QilwilX) . Under mean field theory, the best
approximation of P is a distribution Q which minimizes Kullback-Leiber (KL) divergence, which can also be represented
as a Gaussian distribution whose mean and variance are:

ZQARk X)+2Z[3)lzk[ ]I), 7pJ

=1 JFi
Hi =
Sk + 250 B Y s ke b))
2 1
- K L l l
2 e ok + 2302 B> ik ()", p| )))

In other words, the predictions (i) and their uncertainties (c°) can be solved directly and iteratively for a fixed number of
iterations I << N, which reduces the computation complexity to O(I N?). Since the most intensive part in this calculation is
the summation over kernel (k;) matrix, by using the Gaussian kernel function, we can express this computation as a
convolution of p vector with the Gaussian kernel.

(1) (l)
( ® S Z A 1000, No partitioning .
18
Based on this 1dea we applied to our problem a recently 400 16
developed signal processing technique for approximate 14
kernel convolution using mapping to permutohedral — _ - 12
lattice. This reduces the computational complexity to ‘g 10
O(N) for densely connected graphs, with memory E 8 GGP
. . . . 400
requirements O(N). This approximation that we call FF- 6 - \_ﬁa”dom
GCREF results in a huge computational speed up (Figure 4
4), and it allows modeling dense graphs with millions of - 2
nodes, on a single machine, with very little loss in GGP, Random 0
. [ 20010050 25 10 5
accuracy, as shown in Table 1 for a fully connected 0

200 100 50 25 10 5

temporal graph of N nodes corresponding to the large- Number of nodes in cluster/partition

Scale. hlgh mpact remote—s.ensmg apphcatlon .Of Figure 3. Speed of training GCRF on communities (GGP),
predicting aerosol concentrations over the entire random communities, and no communities (full network)

continental USA.
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T s |

FF-GCRF  0.11720.001 0.11540.005 [Cearing | nierence | teaming | merence |
GCRF 0.116+0.001 N/A FF-GCRF 2s 0.009s 250s 2s
C005 0.126+0.010 0.129+0.010 GCRF 87s 0.630s N/A N/A

Prediction error (RMSE)

Execution time (seconds)

Table 1. Accuracy and speed of the FF-GCRF on the aerosol prediction problem, compared to GCRF and the knowledge-based C005 method

We have also demonstrated the benefit of this approach on
denoising images represented as fully connected graphs,
where FF-GCRF was faster and more accurate than some of
the state-of-the-art image processing algorithms.

—@— [F-GCRF s
*=EF* GCRF 3

-

Extension of the fast GCRF approximation method for
general graphs: The limitation of our FF-GCRF method is
that it requires the use of a Gaussian kernel, which limits
applications to problems that can represent the structure as
features in Euclidean space. To enable the use of this method
on general networks, we have utilized Landmark Multi-
Dimensional Scaling to map an arbitrary graph structure to a
Euclidean space, where Gaussian kernel can be used. This
method also has linear time complexity with respect to the
number of nodes in the graph. The two-stage approach is currently validated by an application to a big evolving network
containing millions of nodes describing a massive online multi-player game, where our objective was to model player
involvement time in a social network setting, and use features that describe the user behavior.

1 .- 05 1 15 -+
Number of examplEs

=
x 10t

N

Inference time (seconds)

Number of examples x 10°

Figure 4. Inference speed of FF-GCRF compared to the original GCRF.
Part of the figure is showed zoomed.

Learning partially observed graphs

We explored two ways of handling missing data in the structured datasets. Our approach based on imputation of the missing
values of the connected nodes, and an alternative based on extending the GCRF model to naturally use missing (or
unlabeled) data are summarized in this section.

Data imputation in evolving networks

We developed a method that can simultaneously fill in missing links and missing attribute values of graph nodes in an
evolving network. Our data imputation method is extending our temporal exponential random graph model, which we call
ITERGM, and it uses an EM algorithm over two Markov Chain Monte Carlo inferences, for modeling links and attributes
temporally. For sampling, our data imputation uses our et(ERGM model that was developed for modeling evolving graphs.

L exp{y P (xt, 2t NOINGE Vo, Zo),

Z(xt"1,Ny)
where we use temporal feature functions that capture the expected change between time steps, and we also regularize the
values with normal priors. The link prediction step is modeled

as: P(Nt|Nt‘1,xt,0) = mexp{e’w(Nt,Nt‘l,xt)}.

Two models are optimized iteratively, until convergence. We

In our approach the attribute prediction is modeled as: P(x*|xt~1, Nt,y) =

| |
0.9 t

compared our model to available alternative methods on Uo‘x ; e
several well-known real-world applications, including ="’ x \" ~+Recon

predicting delinquency (Figure 5) and alcohol consumption of 06 S é: ' Pt
teenagers. The obtained results provide evidence that the 0s - Random

e T
. \
T
20% 40% 60% 20% 40% 60% 20% 40% 60%‘ 20% 40% 60% 20% 40% 60%
Random Absent Score Indegree Outdegree

algorithm has good performance even when a large fraction
(up to 60%) of data points are missing. It is also stable with
little variance after 10,000 bootstrapping experiments, and
has a linear scalability in a number of time steps, and
quadratic in number of nodes in the graph.

% of Missing Actors

Figure 5. Accuracy of recovering missing values by imputation using
different methods, for different amounts of missing data, and for various
missingness mechanisms.

DISTRIBUTION A: Distribution approved for public release



Extension of the GCRF model for handling missing labels

Since the GCRF model originally assumes all data for training is given, we extended the training algorithm to make use of
the instances with missing data, which is especially beneficial in structured models, where ignoring such instances can
damage the structure in the data. Our approach consists in marginalizing the overall joint distribution over the data with
missing values in the training set. In general settings, this could pose a 02 MCAR

bigger problem, especially because in the regression problem we need to o5
integrate instead of add over these data points. However, since our model
is multivariate Gaussian, we can effectively reduce this operation to
matrix operations, which preserve the distribution as Gaussian. Our
experiments provide evidence that there is a significant benefit to this  °°
approach, even when large percent of labels is missing (regression o4
results for up to 80% data missing completely at random in a graph of
1600 nodes observed over 5 time steps are shown at Figure 6 where 0 5 0020 406080

. . . . H 2 H
benefits of marginalization based m-GCRF model are evident). Figure 6. Accuracy (R') for GCRF model that integrates over
missing labels (m-GCRF), ignores missing labels (i-GCRF)

and the baseline unstructured method (Neural Networks).
Identiﬁ/ing useful Sln’Illal"ltV measures as a graph structure Accuracy is show for various percentages of missing data.

0.7

0.6

In many situations we can choose among several ways to represent graphs, based on how we code the graph from input
data (e.g. spatial proximity could be calculated using different distance functions). We developed a method for pre-
emptively evaluating any given similarity measure, before using it inside the GCRF model. Following the intuition that the
similarity is “good” if higher similarity values result in closer node state values, we used the variograms of the similarities
to inspect the candidate similarities. We show that carefully selecting appropriate similarities this way not only saves effort
(by discarding irrelevant similarities), but also can increase S oeu | (s
the accuracy of the original model (Table 2). We evaluated MLR KNN nonTemporal | author*coCiter
this approach on several co-citation temporal networks of (bad) (good)
up to 350,000 nodes, where we show which similarity 0.671 =% 0.004 | 0.582 = 0.004 | 0.673 = 0.004 | 0.691 = 0.004 | 0.715 =% 0.002
functions (out of 40 considered) should be used for graph  Tapie 2. Accuracy (R?) for GCRF model that uses “good” VS “bad” similarity
construction in that domain. measure, or no similarities at all (MLR and KNN)

GCRF + coCiter
(good)

Prediction of weighted links of a temporal graph

Predicting weighted links in a network is
also a challenging task, especially for Stratum  Average Last Step Adamic Adar Common Neighbor WETRGM

temporal networks. Our goal was to predict #1 8.92 759 505.19 3811.25 7.18

. . . . 4 s 07 5.8 497 5 2075 6 90
link values in the current time step, given ”é 18'(_)[’] 13 ’;2 ffé; ! f%égi e )Ig
the history of the graph in previous T steps. i nﬁ 13.54 )L; 1‘5.', 1764.92 =T
We built on our etERGM model, and #5 955 11.10 204.34 1519.11 9.08
extended it to handle evolving weighted
graphs_ The model has the following form: Table 3. Accuracy (MAE) of various models for predicting disease occurrence in the 12" month in
p (W t | Wt_l 0) _ each stratum, which is defined based on region, hospital size, ownership and hospital type

mexp{e’w(wt, WEDINWEHWET), where we use sufficient statistics y that capture temporal aspects such as

stability and variance, and we use history of the graph in previous timesteps 1:T as a prior in a distribution. We applied our
method on the problem of disease co-occurrence, using the admission data at over 4000 hospitals from 2007-2009, and
evaluated it with other methods (Table 3).

Node degree prediction for evolving social networks
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Node degree in graphs can be very useful information, showing the importance of nodes in a (social) network that is
evolving. Our problem was to predict the degree of nodes in the future state, given the snapshots of the social network at

previous time steps. To tackle this problem, we built a number of features that utilize 078 R2

the network topology and describe the local structure of the graph at each node. These
features are then used to model the influence of a node’s neighborhood on its future
degree. Beside the concept of regular equivalence of nodes that is based on their
attributes, we also considered the structural equivalence of nodes that is determined by

0.74

the shared neighborhood of a pair of nodes. Using these features, we built a GCRF & q@e & &S
model for predicting future node degree. Evaluating this approach on the sample data & PURRE é\_o

from Facebook with about 6000 users, we show which network local topology features ¢

are useful for such a task (Figure 7). We are considering the possibility of applying this Figure 7. Accuracy (R?) of GCRF using
approach to a health-related social network, using the data from a “Patients like me” various similarity measures that capture

. the tonologv of the neighborhood
social network.

Uncertainty propagation in GCRF

Prof. Z. Obradovic’s team developed an efficient uncertainty propagation model for structured regression that extends
GCRF. The model corrects estimated uncertainty by relying on modeling noisy inputs when predicting. In each iteration of
this approach, after the prediction is performed for one step, the model updates the input distribution by considering the
second moment of multi-dimensional Taylor expansion that approximates the distribution of the target variable expressed
by marginalizing noisy inputs, which accounts for the uncertainty resulting from the previous predictions. To the best of
our knowledge, this is the first approach developed for structured regression models. In challenging weather-related and
healthcare-related applications when predicting up to 96 steps ahead in a network, our extended model greatly improved
the uncertainty estimates compared to linear iterative regression and nonlinear iterative Gaussian process models.

GCRF for directed graphs

For many real-world applications, structured regression is commonly used for predicting output variables that have some
internal structure. GCRFs are a widely used type of structured regression model that incorporate the outputs of unstructured
predictors and the correlation between objects in order to achieve higher accuracy. However, applications of this model are
limited to objects that are symmetrically correlated, while interaction between objects is asymmetric in many cases. Prof.
Z. Obradovic and collaborators developed a new model, called Directed Gaussian conditional random fields (DirGCRF),
which extends GCRF to allow modeling asymmetric relationships (e.g. friendship, influence, love, solidarity, etc.). The
DirGCRF models the response variable as a function of both the outputs of unstructured predictors and the asymmetric
structure. The effectiveness of the proposed model is characterized on six types of synthetic datasets and four real-world
applications where DirGCRF was consistently more accurate than the standard GCRF model and baseline unstructured
models.

Continuous Conditional Dependency Network for Structured Regression

Structured regression on graphs aims to predict response variables from multiple nodes by discovering and exploiting the
dependency structure among response variables. This problem is challenging since dependencies among response variables
are always unknown, and the associated prior knowledge is non-symmetric. In previous studies, various promising solutions
were proposed to improve structured regression by utilizing symmetric prior knowledge, learning sparse dependency
structure among response variables, or learning representations of attributes of multiple nodes. However, none of them are
capable of efficiently learning dependency structure while incorporating non-symmetric prior knowledge. To achieve these
objectives, Prof. Z. Obradovic and his team developed Continuous Conditional Dependency Network (CCDN) for
structured regression. The intuitive idea behind this model is that each response variable is not only dependent on attributes
from the same node, but also on response variables from all other nodes. This results in a joint modeling of local conditional
probabilities. The parameter learning is formulated as a convex optimization problem and an effective sampling algorithm
is proposed for inference. CCDN is flexible in absorbing non-symmetric prior knowledge. The performance of CCDN on
multiple datasets provides evidence of its structure recoverability and superior effectiveness and efficiency as compared to
state-of-the-art alternatives.
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Aim 2: Convex Optimization for Learning Large GCRFs

We developed efficient optimization methods for convex sparse unconstrained minimization problems of the following
general form

min F(w) = Al|wlly + L(w) (1)

where L: RP — R is convex and twice differentiable and A > 0 is the regularization parameter that controls the sparsity of
the optimal w.

Problems of form (1) have been the focus of much research lately in the fields of signal processing and machine learning.
This form encompasses a variety of machine learning models (especially, graphical models), in which feature selection is
desirable, such as sparse logistic regression, sparse inverse covariance selection, Lasso. These settings often present
common difficulties to optimization algorithms due to their large scale. During the past decade most optimization efforts
aimed at these problems focused on development of efficient first-order methods. These methods enjoy low per-iteration
complexity, but typically have low local convergence rates. Their performance is often hampered by small step sizes. Due
to the very large size of these problems, second order methods are often not a practical alternative. In particular, constructing
and storing a Hessian matrix, let alone inverting it, is prohibitively expensive for values of p larger than 10,000, which often
makes the use of the Hessian in large-scale problems impractical, regardless of the benefits of fast local convergence rate.

Nevertheless, several new methods were proposed recently for sparse optimization which make careful use of second order
information. These methods exploit special properties of the sparse problems and the Hessian of L(w) for specific
applications and efficiently apply a coordinate descent method to inexactly solve subproblems arising on each iteration. In
our work we further improved upon these ideas to obtain efficient general schemes, which apply beyond the special cases
of sparse logistic regression and covariance selection, and in particular, extend to the optimization problems arising in Aim
1.

Many of the methods mentioned above share similar algorithmic features but lack general global convergence analysis.
This is due to the use of inexact subproblem optimization and utilization of coordinate descent, which lacks convergence
rates. We have proposed modifications to the algorithmic framework which allowed us to prove convergence results and
also improve overall efficiency of the general approach.

Along this route we have the following three main results.

1. We have shown that if we replace the usual line search approach by a prox-parameter update mechanism, we can
derive sublinear global convergence results for the above methods under mild assumptions on Hessian
approximation matrices, which can include diagonal, quasi-Newton and limited memory quasi-Newton
approximations. We also provide the convergence rate for the case of inexact subproblem optimization.

2. We have used probabilistic complexity bounds of randomized coordinate descent to show that a very simple
stopping criterion can be employed to produce inexact (but accurate enough) solutions to subproblems at each
iteration. This gives us the first complete global convergence rate result for the algorithmic schemes for practical
proximal Newton-type methods.

3. Finally, we proposed and implemented (in Matlab and C++) an efficient general purpose algorithm that uses the
same theoretical framework which we analyze, but which does not rely on the special structure of the Hessian, and
yet in our tests compares favorably with the state-of-the-art, specialized methods such as QUIC and GLMNET. We
replace the exact Hessian computation by the limited memory BFGS Hessian approximations (LBFGS) and exploit
their special structure within a coordinate descent approach to solve the subproblems.

Models based on Conditional Random Fields

Given data over N locations (nodes) and T time periods, the learning task described in Aim 1 is to choose o and f to
minimize the conditional negative log-likelihood plus the L; regularization to encourage sparse graphical model structure,

. 1 1 1
(o, B8%) =argmin f(a, 3) = §yTX((1, By — ;/Tb((r) + §bT((r)X7] (o, B)b(ax) — 3 log det X (a, 3) + Z il Bil

o,/

Where X denote the inverse covariance matrix dependent on parameters o and 3 as follows
X(a, 3) = Q(Z Ao + Z M;B3; + A())
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The gradient of f(a, 8) can thus be computed as follows,

5¢ 1 ) )
of _ 5 tr(y" Aiy) — Bl y + B X(a, 8)"'b

Oa;

1 1
- §bTX(a:.,d)‘]A,-X(a,b’)“b - §t‘1‘(X(a.‘D’)_1A,-) 2)

% = ém‘(yTM,y) - ébTX(a,;’3)_1;\[,~X(a,,.-"3)_1b = étr(X(ov, B)~IM;)
gp; Z Z Z

Overcoming Computational Bottleneck

We note that computation of each partial derivative element in (2) is dominated by a vector-matrix-vector product which
takes O(N*T%) flops, assuming X' and X"'b are pre-computed and stored as a separate vector; hence, to evaluate a full
gradient vector in general takes O(N*T?) flops, which amounts to over 10000 billion flops for N = 77 and T = 480, unless
structure is taken into account. By exploiting the special structure of the models we consider in Aim 1 and using sparse
matrix operations, we are able to reduce the work to O(N*T). Since there are O(N?) variables, obtaining the full gradient in
O(N*T) is close to the best complexity we can hope for on a single-core computer.

We have the algorithm implemented in MATLAB using sparse algebra, however one gradient evaluation still takes hours
with N =77 and T =480. We are investigating several approaches of reducing this complexity by further exploiting the

special structure of the model.

Fast Sparse Gaussian Markov Random Fields Learning Based on Cholesky Factorization

Learning the sparse Gaussian Markov Random Field, or conversely, estimating the sparse inverse covariance matrix is an
approach to uncover the underlying dependency structure in data. Most of the current methods solve the problem by
optimizing the maximum likelihood objective with a Laplace prior L1 on entries of a precision matrix. Prof. Z. Obradovic
and his team developed a novel objective with a regularization term which penalizes an approximate product of the
Cholesky decomposed precision matrix. This new reparametrization of the penalty term allows efficient coordinate descent
optimization, which in synergy with an active set approach results in a very fast and efficient method for learning the sparse
inverse covariance matrix. We evaluated the speed and solution quality of the newly proposed SCHL method on problems
consisting of up to 24,840 variables. Our approach was several times faster than three state-of-the-art approaches. We also
demonstrated that SCHL can be used to discover interpretable networks, by applying it to a high impact problem from the
health informatics domain

Structured Regression on Multi-Scale Networks

To support real-time decision making, an even faster and exact method was developed by Prof. Obradovic and his team by
calculating gradients much faster than in previous GCRF. We developed the first such method for GCRF learning, which
provides a theoretically well-structured foundation to extend the capacity of GCRF and to speed up the model without any
approximation. This is achieved by removing matrix inversion when computing the first order derivatives and likelihood
function for the parameters optimization. This resulted in an almost 100 times increase in computational speed on a temporal
network learned from 35 million observations by restricting the model to a single network and formulating linear bounds
on convexity with respect to the model’s parameters. An additional important benefit of the new model is that it extends
optimization bounds, allowing capture of negative influences of the unstructured predictors, while maintaining the positive
semi-definiteness of the precision matrix. We have recently shown that by using multiscale networks the exact solution for
graph-based regression can be achieved in logarithmic time with respect to the network size allowing quick learning for
networks with millions of nodes and trillions of links. This is achieved by modeling a multiscale network as a Kronecker
product of networks and computing the Laplacian of a Kronecker product.

Aim 3: Non-Stationary and Time Evolving Correlation Analysis in Social Networks

Evolving Relational Structure Between Data Streams
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There is growing interest in inferring network or relational structure from indirect observations rather than direct
observations (e.g., interaction data). An objective of our work was inferring relational structures from time series data and
emphasizing structures that can evolve. Here, we envision every time series as a node in a graph.

In our foundational work, we examine methods for describing collections of time series (Approaches 1 and 2 below) where
conditioned on the relational structure, the data streams evolve independently. In subsequent work (Approaches 3 and 4),
we instead considered cases where the data streams evolve together in a correlated manner. In these cases, we can view the
correlation structure itself as the description of interaction between the data streams.

Approach 1: Clustering Related Time Series

One description of relationships between nodes in a graph (e.g., time series) is an idea of community structure. We define
a community as a collection of time series that each share similar dynamic behaviors. Conditioned on the community
assignments of nodes and the parameters defining these communities, the time series evolve independently. Our goal was
to discover both the number of communities and their memberships. In addition to interpretability of the inferred
memberships, such community detection allows us to pool information amongst the time series within a community, leading
to improved predictive performance in forecasting tasks.

We considered this problem motivated by an application of predicting rates of violent crimes in a large set of regions, in
particular, all census tracts in Washington, D.C. We found that spatially disjoint regions exhibit correlated crime patterns.
It is this indeterminate inter-region correlation structure (i.e., community structure) along with the low-count, discrete nature
of counts of serious crimes that motivates our community-structured tool. In particular, we modeled the crime counts in
each region using an integer-valued first order autoregressive process (INAR). To flexibly discover a clustering of these
region-specific time series in terms of their underlying INAR processes, we took a Bayesian nonparametric approach based
on the Dirichlet process. In our analysis of weekly reported violent crimes between 2001-2008, we showed that capturing
the underlying community structure of these time series (i.e., clustering census tracts with similar dynamics) leads to a mean
predictive accuracy in week-ahead forecasts of 97%. These forecasts significantly outperform standard methods while
additionally providing useful tools such as prediction intervals that naturally arise from our Bayesian approach.

Approach 2: Modeling Complex Dynamics Shared Between Data Streams

In contrast to the simple autoregressive (AR) dynamics of crime counts in Approach 1, many time series exhibit non-
stationarities. In many cases, the non-stationarities can be attributed to switches amongst a set of regimes, each of which
has a locally simple description of the dynamics, such as a regime-specific AR dynamic. That is, the global non-stationarity
of each node is modeled via switches amongst a set of AR processes.

A number of open questions arise in employing such regime-switching models. First, how many regimes are present?
Second, this model only accounts for the time series generated by a single node in the network. Instead, our goal is to relate
multiple nodes (i.e, the collection of time series). One notion of “relatedness" is sharing dynamic regimes. We proposed a
Bayesian nonparametric approach to the problem of discovering dynamical regimes or behaviors shared among the
sequences and segmenting each time series into regions defined by a subset of these behaviors. As a concrete example, we
considered time series produced by motion capture sensors on the joints of people performing exercise routines. An
individual recording provides a multivariate time series that can be segmented into types of exercises (e.g., jumping jacks,
arm-circles, and twists). From recordings from multiple individuals, our goal is to discover (1) the global set of exercise
types and (2) a relational structure between the recordings based on the subset of behaviors exhibited by each individual.
Our key modeling tool is the beta process, a Bayesian nonparametric prior that allows us to infer both the size of the
behavior set and the sharing pattern from the data.

One of our key developments for this modeling formulation is an efficient, scalable Markov chain Monte Carlo (MCMC)-
based inference procedure. In particular, our MCMC algorithm efficiently adds and removes behaviors via novel split-
merge moves as well as data-driven birth and death proposals, avoiding the need to consider a truncated model. This
procedure allowed us to scale up our computations to jointly examine hundreds of motion capture videos.

Approach 3: Adding Sparse, Switching Dependency Structures
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In Approaches 1 and 2, conditioned on the relational structure and associated parameters, the data streams evolve
independently. In many applications, the notion of relatedness is instead the correlation structure and—crucially—how it
evolves. We built upon Approach 2 by modeling correlated dynamics between the data streams. For scalability to a large
numbers of nodes, we need to define a sparse dependency structure. For this, we use graphical models which encode
statements of conditional independence between nodes in the graph. We additionally allow the correlations between nodes
to change with time, in particular as a function of some underlying event state. That is, we encode a sparse and changing
set of dependencies between the nodes using a Markov-switching Gaussian graphical model for the innovation process
driving the node dynamics (i.e., a switching AR process).

As a motivating example, we consider an application of this methodology to intracranial electroencephalogram (iEEG)
data, where each electrode or channel represents a node in the network. The switching AR model of Approach 2 is
appropriate due to the nonstationary behavior of EEG signals; Approach 2 likewise allows the channels to have
asynchronous switches between dynamic regimes. This network data also exhibits a changing dependency structure as the
seizure event progresses. In particular, it is well-known that the correlations between EEG channels usually vary during the
beginning, middle, and end of a seizure. These changes are captured by our evolving event state, and corresponding changes
in the parameters of the Gaussian graphical model defining the channel correlations. We demonstrated that this model
provides better parsing and out-of-sample predictions of iEEG data than the formulation of Approach 2 alone. We also
showed that our model produces intuitive state assignments that can help automate clinical analysis of seizures and enable
the comparison of sub-clinical bursts and full clinical seizures. Importantly, our graphical-model based approach allows us
to scale to large electrode grids. Our computational burden for examining 96-electrode grids is equivalent to that of roughly
30 electrodes under a full covariance model. Differences would be even more significant with larger numbers of electrodes
(i.e., nodes in the graph). In particular, assuming each of N nodes has M neighbors, our per-time step likelihood
computations are O(NM) in contrast to O(N?).

Approach 4: Gradually Evolving Correlations

In Approach 3, we assumed a Markov-switching formulation for the correlation structure and scaled to large numbers of
nodes using graphical models. In some applications, instead of having abrupt changes in correlation structure, we expect
the correlations to be gradually evolving. We focused on developing a class of Bayesian nonparametric covariance process
models, which allow an unknown p x p covariance matrix to change flexibly with time. The proposed model harnesses a
low-rank decomposition of the covariance matrix and introduces a set of dictionary elements to model the low-rank
evolution over time. In particular, we consider using Gaussian processes as a flexible dictionary element, describing a
smooth, but nonlinear dynamic. To further aid in scaling to high dimensions, we assume that the low-rank evolution can be
described as a weighted collection of an even smaller set of basis functions. Our proposed framework leads to a highly
flexible, but computationally tractable formulation with simple conjugate posterior updates that can readily handle missing
data. We derived theoretical properties of the proposed covariance process. We also considered an application to analyzing
the changing correlations in activity in 183 different regions in the United States. In simulated data, we achieved scaling on
the order of 5,000 nodes.

As an alternative approach, in contrast to the nonlinear dynamics above, we considered an autoregressive covariance
process. That is, the AR process evolves on the cone of positive semidefinite (covariance) matrices. To accomplish this
restricted multivariate AR evolution, we harnessed inverse Wishart (IW) theory to define a process that maintains inverse
Wishart margins and, crucially, defines a nice form for the covariance transitions. We call the resulting model the IW-AR.
We used the IW-AR to analyze multi-channel scalp EEG data recorded while a patient underwent an induced seizure.

Scaling Up Determinantal Point Processes

In applications such as clustering (Approach 1) or segmentation across time (Approach 2 and 3), interpretability of the
resulting clusters (i.e., communities or regime-specific dynamical models) can be improved if the clusters themselves are
diverse from one another. In typical clustering approaches, there is nothing driving such repulsion between clusters (i.e.,
penalizing overlap). To address this, we examined a class of repulsive processes known as determinantal point processes
(DPPs).

In machine learning, the focus of DPP-based models has been on diverse subset selection from a discrete and finite
base set of N items. This discrete setting admits an efficient sampling algorithm based on the eigendecomposition of the
defining kernel matrix resulting in O(N*) complexity. However, in certain applications, N may be so large that sampling
from a DPP becomes computationally infeasible. For DPPs on continuous spaces, as commonly encountered in mixture
modeling applications for clustering and segmentation, existing sampling results rely on rejection sampling leading to low
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acceptance rates in all but the simplest of scenarios.

We addressed these issues by considering approximations to the DPP kernel that allow for efficient and closed-form
sampling. In the large, finite N scenario, we proposed applying Nystrom approximation and derived error bounds for the
approximated DPP in terms of variational distance (quite unlike the standard matrix norms previously established for kernel
approximations). Random Fourier feature kernel approximations were also considered. Using such approximations, we then
developed a closed-form method of sampling from DPPs on continuous and potentially multivariate spaces. We applied
this continuous-DPP sampler to the task of repulsive mixture modeling and showed improved interpretability and
classification performance for our inferred clustering.

Adaptive Skip-Train Ensemble-Based Structured Regression

Forecasting in temporal networks is commonly done by employing a single model in order to predict the response for
each node in one or multiple upcoming timesteps. Issues arise when the time for prediction is limited, and the computational
and space complexities increase when learning from multiple previous timesteps. To overcome these limitations, one can
train quickly an unstructured learner at the current time-step to perform a one-step ahead prediction. However, this can
lower accuracy since unstructured models are not capable of capturing between-node correlations. Structured learners such
as GCRFs may be more accurate, but they require more time for retraining at each timestep. Moreover, they consider the
whole network structure while learning, without taking advantage of useful substructures within the network. Driven by
these issues, Prof. Z. Obradovic’s team proposed an adaptive ensemble-based model to automatically decide whether to
skip the majority of unnecessary computations, which come from retraining at each time-step and make predictions in a
timely and accurate manner (see Fig. 8). In order to achieve greater predictive performance, the proposed model
incorporates multiple GCRFs into a single composite structured ensemble. Then, to capture the hidden network
substructures, GCRFs are trained simultaneously on subnetworks generated by subsampling, which decreases complexity
and increases scalability.

t—1 t
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<
S
<
a
Training Graph Validation Graph
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Fig. 8. Skip-training between consecutive timesteps.

Our Skip-Train structured model outperforms competitors, while learning in a more efficient, scalable, and potentially
even more accurate manner. Our findings suggest that the model: (1) runs ~140 and ~4.5 times faster than GCRF and
ensemble-based alternatives, respectively; (2) focuses on partial views of a network, and therefore, it is scalable as the
network size expands; and (3) it is ~34-41% more accurate than alternatives.
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