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Abstract

As the use of anisotropic materials in electromagnetic applications continues to
proliferate, it becomes increasingly important to develop non-destructive evaluation
methods for those materials in their installed configuration. In many applications,
these materials are permanently affixed onto conducting bodies to reduce unwanted
reflections, making it impossible to collect Sy; or Sis transmission measurements as
used in many techniques based on the well-known Nicolson-Ross-Weir algorithm. It
also makes it impractical to reorient the sample to collect orthogonal measurements
aligned with the optical axes of the anisotropic material. The goal of this research is
to develop a two-reflection coefficient measurement method for extracting constitutive
parameters from non-destructive interrogation of a conductor backed, non-magnetic
uniaxial material using a single flanged rectangular waveguide probe.

First, this dissertation presents motivation and background on complex media
and their characterization. Next, a scalar-potential formulation is presented to derive
Green functions describing a parallel plate region containing two layers of uniaxial
material. Two measurement techniques based on those Green functions are then
developed and analyzed via uncertainty analysis. One technique is validated using
laboratory measurements compared to those from a mature destructive technique.
Next, the advantages and disadvantages of both proposed techniques are discussed as
well as suggested areas of promising future research. Ultimately, this work demon-
strates that nondestructive characterization of conductor-backed uniaxial materials
is not only possible, but can be achieved in an efficient, practical manner with results

on par with mature destructive techniques.
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NONDESTRUCTIVE ELECTROMAGNETIC CHARACTERIZATION OF
PERFECT-ELECTRIC-CONDUCTOR-BACKED UNIAXIAL MATERIALS

I. Introduction and Background

1.1 Introduction

Electromagnetic characterization of a material refers to the process of determining
the constitutive parameters of that material. By definition, the constitutive param-
eters of a material are the basis for how the material interacts with electromagnetic
fields as described by Maxwell’s equations. In the case of isotropic materials, those
parameters can be summarized by two scalars: permittivity (e) and permeability (u).
Permittivity is a measure of a material’s ability to resist an electric field. Perme-
ability is a measure of a material’s magnetization in response to a magnetic field.
For anisotropic materials, permittivity and permeability can change as a function of
direction. Thus the constitutive parameters are each 3 x 3 dyads or matrices, € and
[i, which allow up to 18 parameters to affect the electromagnetic fields. Additionally,
bianisotropic materials allow for cross-coupling terms to exist between the electric
and magnetic fields, which themselves can be 3 x 3 dyads, E and E . This allows for
up to 36 constitutive parameters to exist, depending on the class of the material.

The availability of additional constitutive parameters are attractive to engineers
designing low-observable (LO) vehicles, antennas, or other electronic applications
where the ability to better control the magnitude and direction of electromagnetic
fields is strongly desired. Much recent work has been done designing and manufactur-

ing anisotropic materials and how they should be incorporated into system designs.



Also, many highly-efficient computational electromagnetic (CEM) codes have been
developed to simulate how incorporating such materials into applications can achieve
the desired performance. Comparatively little research effort has been spent find-
ing methods of experimentally verifying that the manufacturing processes producing
these complex materials achieve the desired constitutive parameters. Without that
critical piece, it becomes prohibitively expensive to iterate between design and man-
ufacturing until the desired performance is reached. To that end, this effort seeks
to help bridge a critical gap between design and final application performance by
expanding the electromagnetic characterization tool set for complex media.

In most cases, electromagnetic characterization begins by measuring how a mate-
rial scatters incident fields. These measurements are then analyzed by some process
of inversion of Maxwell’s equations to infer what the constitutive parameters must
be in order for the observed fields to exist. This process is difficult enough for the
isotropic case where only two parameters must be extracted. In fact, the bulk of
research on measurement techniques focus on isotropic materials. Attempting to ex-
tract parameters from anisotropic materials is even more difficult due to the added
complexity of the field structures produced and the added uncertainty due to more
required measurements.

In general, electromagnetic characterization of materials can be divided into two
classes: destructive evaluation and non-destructive evaluation (NDE). Destructive
evaluation requires the precise machining of a sample to fit into a waveguide or other
form of measurement apparatus. Destructive techniques can be highly accurate, but
are fraught with practical issues. Close tolerances on machining may exacerbate issues
such as thermal expansion of the MUT and cause air gaps to develop that drastically
reduce accuracy. Additionally, for characterizing materials installed in applications

in situ, it may be impossible to machine a sample for destructive evaluation. There-



fore, there has been increased interest in NDE techniques in the research community.
This effort will attempt to expand on one of the more promising NDE measurement

techniques recently developed.

1.2 Problem Statement

The goal of this research effort is to find viable NDE techniques to determine
constitutive parameters of complex media permanently affixed to a PEC body. Up
to this point, most formulations in the literature have focused on characterization
of isotropic materials or destructive evaluation of complex media. This effort will
primarily focus on using a flanged waveguide probe to interrogate the MUT.

Previous formulations, including the primary research this effort is based upon
[71], assumed perfect contact between the probe and the MUT and that the mate-
rial could be probed from both sides. The first assumption is impractical in that
it is nearly impossible to achieve perfect contact between the probe and the MUT,
especially in an environment where preserving the surface quality of the material is
paramount. The second assumption allows for both through (S;2 and Ss;) and reflec-
tion (S1; and Sp2) measurement parameters to be collected. However, if a material
needs to be non-destructively evaluated in an installed application, it is unreasonable
to assume that access to both sides of the material under test would be available. In
many applications, the MUT is permanently affixed to a conducting body to reduce
unwanted reflections.

This formulation allows for either an air gap between the probe and the mate-
rial under test or another uniaxial material with known constitutive parameters. In
the future, it would be desirable to extend this analysis to a biaxial material case.
This formulation is limitied to the uniaxial case because it allows for a faster scalar

potential-based approach.



1.3 Metamaterials Definitions and History

It is useful to give some background on metamaterials and their applications. In
order to understand the concept of metamaterials, one must first understand a few
concepts about electromagnetic material characterization in general. Constitutive
parameters are the set of parameters that characterize the electrical properties of a
material. In the most general case, these are the dyadic parameters permittivity?
(€), permeability (i), and magnetoelectric parameters (E and E ), which satisfy the

constitutive relations

B=ji-H+( E (1)
D=¢ H+ji E 2)

For brevity, when referring to any non-specific constitutive parameter, it will be
referred to as o € {€, i, E, E}

The bulk of introductory electromagnetic textbooks focus on analyzing the behav-
ior of electromagnetic waves in the presence of simple media. The Balanis [6] textbook
definitions are considered for this work. Simple media are defined to be linear, homo-
geneous, and isotropic. A medium is said to be linear if none of its constitutive pa-
rameters are functions of the applied field strength (Vﬁo, Hy € C3,5 (EO, ﬁo) = 5);
otherwise, the medium is considered to be nonlinear. Homogeneous media are de-
fined to be those whose constitutive parameters are not functions of position Vi~ €
R3, (7 (F) = 0); otherwise, the media are considered to be nonhomogeneous or inho-
mogeneous. Isotropic media are defined as media whose constitutive parameters are

-

not functions of direction of the applied field (¢ = oI) and there is no magnetoelectric

1Often conductivity is combined with permittivity to yield an effective permittivity. For this
effort, any effects due to conductivity are assumed to be contained within the effective permittivity,
abbreviated from e.¢f to € in this work.



coupling (£ = ¢ = 0); otherwise, the media are considered to be either bi-isotropic,
anisotropic or bianisotropic. Bi-isotropic media have constitutive parameters that
are not functions of direction of the applied field (o = ol ), however they also have
non-zero magnetoelectric coupling parameters (£ # 0 and ¢ # 0). Anisotropic media
have at least one constitutive parameter that is a function of direction of the applied
field (Imy, ma,n1,n9 € {T,Y, 2} | Tomyny F# Omany ), but there is no coupling between
the magnetic and electric fields in the constitutive relations (E = E = 0). Slmilarly,
Bianisotropic media have at least one constitutive parameter that is a function of
direction of the applied field (Imy, ma,ni,n9 € {,v, 2} | Cminy # Omany), but they
also have non-zero magnetoelectric coupling parameters (E # 0 and Z # 6)

Complex media are defined as any media that do not meet all three criteria for sim-
ple media. Both simple and complex media can be either dispersive or non-dispersive.
A medium is said to be non-dispersive if none of its constitutive parameters are func-
tions of frequency (Vw € R, 7 (w) = 7); otherwise the medium is considered to be
dispersive. This research effort focuses on two sub-classes of complex media, uni-
axial materials and biaxial materials, both of which are linear, homogeneous, and
anisotropic. Uniaxial materials have diagonal constitutive parameter dyads where

two elements of the diagonal are equal. Biazial materials also have diagonal consti-

tutive parameter dyads, but all diagonal elements are unique. Therefore,

Ovz Oy Oz o 0 0 o, 0 0

o oy “b _

0= |0yp Oyy Oy:|> @ =10 0, 0|, =10 04 0 (3)
Owe Oz Oz 0 0 o, 0 0 o,

where & refers to the generic, bianisotropic constitutive parameters, o refers to the

uniaxial constitutive parameters, ¢ refers to the biaxial constitutive parameters.



Note from the general bianisotropic case, up to 36 constitutive parameters® could
exist. While designing materials with this many parameters is attractive for flexibil-
ity, it comes at the cost of added analytic complexity. Utilizing uniaxial and biaxial
materials allow four and six constitutive parameters as opposed to only two with
simple media, greatly increasing design flexibility. Moreover, due to recent advances
in manufacturing techniques such as 3-D printing, it is becoming increasingly easy
to physically produce both uniaxial and biaxial materials with great precision. Some
examples of naturally-occurring uniaxial materials are calcite, barium borate, ruby,
and even ice. Examples of natural biaxial materials include borax, topaz, and epsom
salt. These crystals exhibit interesting properties in the optical region of the electro-
magnetic spectrum, including birefringence [39]. Birefringence is an effect where hor-
izontal and vertical polarizations of electromagnetic waves travel at different speeds
through the medium. As it turns out, crystallographic structure is very closely related
to the constitutive parameter dyads for a given material [need ref]. Thus, the idea
of constructing metamaterials to have desired electromagnetic properties frequently
begins with a crystallographic approach.

There is no formal, agreed-upon definition for metamaterials due to their diverse
range of applications. One of the most inclusive fundamental definitions of meta-
materials comes from Cui [25], who states that “a metamaterial is a macroscopic
composite of periodic or non-periodic structure whose function is due to both the
cellular architecture and the chemical composition.” Direct research into metamate-
rials has been going on since at least the 1960s, when Veselago published his seminal
work on the subject [83]. In it, Veselago postulated the existence of double-negative
materials (DNGs), having both negative permittivity and negative permeability, and

the properties such materials would have. His conclusions were based solely on anal-

2Arguably, the Post constraint may limit this number to 35 [53,67].



ysis of Maxwell’s equations without supporting them with experimental observations.
Through his analysis, he postulated the existence of materials with negative group
velocity and positive phase velocity, but was not the first to make that discovery.
For example, negative group velocity had been observed in some crystals by Man-
del’shtam [57] decades earlier.

Uniquely, Veselago further predicted the properties of such so-called left-handed
materials (LHMs) who have negative group velocity and positive phase velocity. Ef-
fects such as negative index of refraction; light “tension” or attraction, as opposed to
light pressure; a reverse Doppler effect; and a reverse Vavilov-Cerenkov radiation were
predicted. Veselago also noted that it was possible for certain gyrotropic media to be
epsilon-negative materials (ENGs) (e.g. a plasma in a magnetic field), mu-negative
materials (MNGs), or DNGs (e.g. pure ferromagnetic materials and some semicon-
ductors), depending on the permittivity and permeability dyads. Gytropic media are
similar to biaxial and uniaxial media, but have at least one set of complex, non-zero
off-diagonal elements in at least one constitutive parameter dyad. This can cause
left-handed and right-handed elliptically-polarized electromagnetic waves to travel at
different speeds through the medium (similar to birefringence). Neglecting absorption

losses, the dyads take on a Hermitian matrix form such that

OJmc O-gcy + ng O-;cz - ]gy
Hg — ! . / / .
o= Ozy — 19 Oyy Oyz + 9z (4)
OJIZ + ]gy O-/yz - .]gft OJzz

where ¢’ is a real, symmetric matrix and § = 2g, + 9g, + 2g. is a real pseudovector
known as the gyration vector. In the simplest gyrotropic case where the gyration
vector is in the same direction as the principal axis (the Z-direction for simplicity

here), the dyad looks similar to the uniaxial case with the first off-diagonal elements



being imaginary and non-zero such that

o —Jog: 0
09 = JOgz o 0 (5)
0 0 o,

where 0y, = j (04 + jg.). Some natural examples of gyrotropic materials include
ferrites and plasmas [25,99].

While Veselago’s work is now considered to be the foundation of metamaterials
research, his initial paper was largely unregarded until Pendry published several ob-
servations of changes in material properties based on structure in the 1990s [62-64,66].
In [64], Pendry noted that a structure composed of very thin metallic wires exhibited
electromagnetic properties in the gigahertz region similar to the properties of a bulk
slab of the same metal in the ultraviolet region. Thus he demonstrated that changing
the physical structure of a material could drastically alter it’s electromagnetic prop-
erties. In [63], Pendry began to understand that using periodic structures of split ring
resonators (SRRs) or magnetic cylinders, one could tune constitutive parameters to
“values not accessible in naturally occurring materials.” This meant that, through
careful design of material structures, DNGs, ENGs, and MNGs could potentially be
fabricated for real-world applications. This effectively sparked a metamaterial “gold
rush” in the research community that continues to this day. Additionally, one can
see that Pendry’s work began to bridge Veselago’s analytic predictions with Man-
del’shtam’s observations. For these reasons, Pendry is largely considered to be the

father of modern metamaterial research.



1.4 Metamaterials Applications

Metamaterials have applications in numerous varied fields. Thousands of arti-
cles have been published on the subject. The two most promising military applica-
tions are controlling scattering of eletromagnetic radiation and improved antennas.
Pendry illustrated how a slab of negative-index material could act as a perfect lens
in both the microwave and optical regimes [62]. Shamonina detailed numerous ap-
plications including perfect lenses, super-directivity, super-wavelength focusing and
imaging, photonic band-gap materials, nanoparticles, and super-resolution [76]. The
first apparent experimental verification of negative refraction in the microwave region
was demonstrated by Shelby, et al. [77]. To accomplish this, they utilized a two-
dimensional unit cell array, with cells containing copper strips and SRRs. A good
review of work being done on electrically-small and highly-directive antennas was
provided by Ziolkowski [99]. Cloaking technology has became extremely popular in
the research community since Pendry discussed the ability to control electromagnetic
fields “at will” [65].

This effort takes advantage of a volumetric approach to metamaterials design
where unit cells are embedded throughout a bulk material. However, in practice,
such structures tend to be narrow-banded and extremely lossy due to their leveraging
of resonant modes. In [14], Caloz provides an extensive look at a transmission line
(TL) theory of metamaterials, which allows for one- and two-dimensional structures

to be created that exhibit the properties of LHMs with wide bandwidth and low loss.

1.5 Material Characterization Techniques

Numerous techniques exist to characterize materials in the microwave region.
Many factors influence how well each technique works including the type of mate-

rial being tested, the analytic model being used, the underlying assumptions for any



models used, and any numerical techniques that are applied. Numerical techniques in
particular have many factors to consider including convergence criteria, minimization
of error (including global versus local error minimums), and computational efficiency.
In this section, a review of some of the most notable research examples in each of

these areas are provided.

Isotropic Material Characterization Techniques.

The bulk of material characterization research efforts have been focused on iso-
tropic materials. There are many reasons for this, but likely the most consequential
reason is because only in the last decade or two have manufacturing processes be-
come sophisticated enough to produce anisotropic materials on any meaningful scale.
To this day, isotropic materials dominate in many applications due to their simplic-
ity, both for production and for analysis. Due to the relative maturity of isotropic
material characterization techniques, it is useful to attempt to modify one of them
to characterize anisotropic materials. By doing so, there will be some intuition of
expected advantages and limitations of the technique chosen. That is the approach
this research effort takes.

It is important to note that for a linear system to be well-posed and directly-
solvable, the number of independent measurements must be equal to the number of
unknowns. For isotropic media, there are only two unknowns (e and p) and thus
only two measurements are required. For uniaxial materials, there are four unknowns
(€4, €2, p1y, and pu,), requiring four independent measurements. Even worse, there are
six unknown in biaxial materials (e, €, €, fts, ftyy, and i), which in turn requires six
independent measurements to have a well-posed solution. It is possible to reduce
the number of measurements needed by half if the material is known to be non-

dielectric (e, = €, = €, = €) or non-magnetic (y, = f1, = p, = fip), but the initial
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analytic formulations (provided in the proceeding chapters) will avoid making such
assumptions.

There are predominantly two classes of NDE techniques for isotropic media in the
microwave regime: far-field (free space) methods, near-field methods. This review
will break the near-field methods down into two subclasses: single probe methods
and dual probe methods. Since the goal of this effort will be X-band characterization
of uniaxial and biaxial materials, this review will focus on research that is applicable

between 8-12 gigahertz.

Far-Field (Free Space) Methods.

Free space methods employ either a monostatic configuration using a single trans-
mit /receive horn antenna or a bistatic configuration using two separate transmit and
receive horn antennas. It is typically assumed that the incident wavefront is a far-field
plane wave and that the transverse dimensions of the MUT are infinite in extent. One
notable advantage of free space methods is that no contact with the MUT is required.
This is particularly useful when testing materials in extreme temperatures or other
conditions that may damage measurement hardware in close proximity. Additionally,
both horizontal and vertical polarizations may be characterized in both the trans-
mit and receive planes. Yet another advantage is the ability to test over a wider
bandwidth than waveguide methods as well as allowing a multitude of incident and
observation angles. Unfortunately, there are several drawbacks to free space meth-
ods which may result in significant sources of error, as noted by Stewart [78]. Edge
diffraction, iteractions with the sample holder, and wavefront variations can render
either the plane-wave or infinite transverse extent assumptions invalid. Distance and
antenna illumination patterns affect this error source greatly, so it is often beneficial

to measure as large a sample as possible. This can be problematic as it may be
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impractical or impossible to fabricate a sample large enough to mitigate these error
sources. Due to the distance required to satisfy far-field assumption, these measure-
ment setups tend to require large amounts of space, large focusing lenses, and precise
positioning of the material in relation to the antennas and lenses.

In [2], a monostatic configuration is demonstrated. Using two thicknesses of ma-
terial, two independent measurements are taken with up to 10 percent error. In [34],
a biastatic configuration is demonstrated. A horn antenna is placed on either side of
the MUT allowing for transmission and reflection coefficients to be measured. The
system is calibrated using the Through Reflect Line (TRL) measurement calibration
technique [72]. This technique demonstrates a reduction in edge diffraction error by

using spot focusing lenses that are 30 centimeters in diameter.

Near-Field Single Probe Methods.

Single probe near-field methods rely entirely on reflection parameter measure-
ments. In order to get the two independent measurements required for a well-posed
system, different configurations of the measurement setup are required. Often, the
different configurations consist of different backing materials, different thicknesses of
the MUT, or different materials applied to the front surface of the MUT. One popular
method of obtaining two independent measurements is the Short/Free-Space (S/FS)
method [3,55,81], where the first measurement is taken using a PEC backing behind
the MUT and the second measurement is taken using a free space backing. Hyde
noted [43] that the two measurements are complements to one another in that the
PEC-backed measurement interrogates the MUT with a strong magnetic field and
the free space-backed measurement interrogates the MUT with a strong electric field.
Thus the results using this technique tend to be very accurate.

A Frequency Varying (FV) method is presented by Maode in [58], but obtaining
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the best accuracy depends on having a priori knowledge of the frequency-dependent
behavior of the constitutive parameters. Techniques requiring a priori knowledge
are undesirable because the required knowledge may either be flawed or unavailable.
Maode also presented a Two Thickness Method (TTM) in [58] where, using an open-
ended waveguide probe, the first measurement is taken with a PEC-backed MUT. The
second measurement is taken using a PEC-backed MUT of different thickness than
the first measurement. Maode utilized an approximate form of input admittance
that, due to readily available computational resources, is not necessary today. A
sensitivity analysis of the TTM shows that variations in the relative thicknesses of
the two samples tested can result in large errors [17].

Dester, et al., [29] propose a Two Layer Method (TLM) as an alternative to the
TTM again utilizing an open-ended waveguide for the first measurement. The second
measurement adds a layer of material with known constitutive parameters on top of
the MUT. Applying the two-layer parallel plate Green function for the second set of
equations, extraction of the MUT constitutive parameters is possible. However, the
TLM results in increased error compared to the TTM, so it should only be applied
when two samples of the MUT are not available. A good example of this case would
be for in situ measurements in an installed application, as this research intends to
focus.

For the TLM, the known material should have a little loss as possible. This
allows as much of the electric field as possible to interact with and interrogate the
MUT. Hyde suggested an alternative approach to the TLM [43] by placing the known
material behind the MUT for the second measurement which results in improved
accuracy. The improvement is due to stronger penetration of the electric field into
the MUT for increased interaction. While the accuracy is improved over the initially-

proposed TLM, Hyde’s technique is not well-suited for in situ measurements where
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the material behind the MUT is not accessible for change. Dester presents a two-iris
method [ref 35] that obtains similar performance to the method proposed by Hyde
in [ref 52]. In this two-iris method, a reduced aperture is used to collect the second
measurement. This technique has the added advantage that it is suitable for in situ

measurements.

Near-Field Dual Probe Methods.

While this research will focus on single-probe techniques due to the assumed lack
of access to the back of the MUT, it is important to consider dual probe methods for
completeness. One main advantage of using dual probe methods for characterizing
isotropic media is that only one measurement configuration is needed in order to
obtain two independent measurements: a reflection measurement and a transmission
measurement. Hyde presents a novel dual-probe method [44] for NDE of a PEC-
backed MUT. Using dominant-mode analysis only, errors are less than ten percent.
It is suggested that full-wave modal analysis would improve the accuracy considerably.
Compared with the TTM, this method requires only one measurement configuration
for isotropic materials.

Several papers have been written demonstrating simple, accurate, and precise
measurements taken with dual flanged waveguides [42-47,75]. This technique is shown
to be immune to some of the errors inherent in traditional (destructive) rectangular
waveguide techniques, most notably the precise machining of the MUT required to
prevent air gaps around the material inside the sample holder. Additionally, this
technique is relatively forgiving of minor misalignments in the transverse directions
of the transmit and receive apertures [44,47]. While the method generally requires
large flanges to prevent detection of flange-edge reflections, time-gating can be utilized

to mitigate such reflections and reduce the required flange size [46]. This is discussed
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further in the next section.

Types of Near-Field Probes.

Having discussed both single- and dual-probe near field techniques, it is important
to consider the different types of near-field probes in common use and their relative
advantages and limitations. Typically, near-field measurements are taken with either
an open-ended coaxial waveguide probe or an open-end rectangular waveguide probe.
Coaxial waveguide probes have significantly wider bandwidth compared to rectangu-
lar waveguide probes. They also provide good accuracy and are well-represented in
texts and the literature [18,31,97,100]. A broad review of various coaxial waveguide
probe configurations and their relative errors was provided by [80]. These configu-
rations tend to be delicate and require very precise measurement procedures. The
most notorious sources of errors in coaxial waveguide probes are air gaps that develop
between the MUT and the center conductor. Several air-gap mitigation techniques
were provided in [74], but each adds further complexity to an already-troublesome
measurement, apparatus. Another issue is that measurement accuracy is frequency-
dependent [24]. One successful demonstration of NDE with a coaxial waveguide probe
is provided by Pournarpoulos [68], characterizing several materials up to 40 gigahertz.

Rectangular waveguide probes, which narrower in bandwidth compared to coaxial
waveguide probes, offer several advantages. They are physically rugged, provide ex-
cellent accuracy, and offer improved matching with free space impedance [18]. Also,
radiating field from a rectangular waveguide probe penetrate deeper into the MUT
than those of coaxial waveguide probes. Most notably, the linear polarization of the
fields in a rectangular waveguide allow for measurement of anisotropic materials.

Much success has been reported using variations on an open-ended flanged rectan-

gular waveguide probe [10,16,27,29,58,79,82]. Inhomogeneous materials (in the form
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of layered, continuously-varying dielectrics) have also been successfully characterized
with a similar configuration [61,73]. One disadvantage of flanged rectangular waveg-
uide probes is that steps must be taken to mitigate reflections from the flange edges.
Hyde [45] presents a dominant-mode technique where time gating can be applied
to filter out these ujnwanted reflections. This technique allows for reasonably-sized
flanges to be used when measuring low-loss materials. Unfortunately, this method is
shown to error that increases with frequency. It is proposed that including higher-

order modes in the analysis may provide improved accuracy.

Anisotropic Material Characterization Techniques.

Far less research has been devoted to characterization of anisotropic materials
than that of isotropic materials. Due to recent improvements in the production of
anisotropic materials and bevy of theorized applications for such materials [9, 30, 40],
interest in characterizing those materials has waxed significantly. Uniaxial materials,
the simplest of anisotropic media, have become relatively easy to manufacture [21].
As indicated in an earlier section, uniaxial materials require four independent mea-
surements in order to have a well-posed solution for the constitutive parameters.

Resonator methods have been used for the accurate characterization of both iso-
tropic and uniaxial materials [52]. The limitations of such methods are that they
are extremely narrow in bandwidth and they are destructive. Free space methods
have been attempted to characterize biaxial materials [98], but are unable to reliably
extract longitudinal constitutive parameters due to extreme sensitivity to measure-
ment errors. Complex permittivity of sapphire and uniaxial alumina were successfully
measured using a coaxial line probe [7], however this technique is also destructive and
has difficulty with low-loss samples.

Using an open-ended waveguide, Chang [15] measures the permittivity of a di-
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electric fiber composite material at 30-, 60-, and 90-degree angles with respect to
the longitudinal axis to obtain independent measurements. However, due to the high
conductivity of the sample and its thinness, the extraction of the longitudinal per-
mittivity component was unstable.

Rogers [71] presents a two flanged waveguide method to characterize uniaxial
media with relative success. However, this method initially assumes a dominant-mode
analysis and may be improved by including higher order modes. Knisely presents a
square waveguide method for destructively characterizing biaxial media [50] which
only requires a single cubic sample of biaxial material to be produced as opposed
to three rectangular samples as used in previous methods. Knisely also presents a

non-destructive single probe method of characterizing uniaxaial media [51].

Analytical Models.

The methods above describe only the data collection portion of the material char-
acterization process. Once the measurements are physically recorded, an analytical
model must be used to interpret those data. This is an inverse problem where one
must infer (extract) the constitutive parameters of the material that give rise to those
measurements. Thus, the more accurate the analytical model used, the more accurate
the extracted constitutive parameters should be. There are two major categories of

analytical models: asymptotic methods and full wave methods.

Asymptotic Methods.

Asymptotic methods are high-frequency models which assume that the smallest
features of a scattering object are large compared to the wavelength of the incoming
electromagnetic waves. The most frequently used asymptotic methods are the Geo-

metric Theory of Diffraction (GTD), the Uniform Theory of Diffraction (UTD), and
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the Physical Theory of Diffraction (PTD) [59], which have been applied to parallel
plate geometries as a special case of the canonical wedge [26,54]. Unfortunately, for
the rectangular waveguide collection methods, the electrically-large assumption does
not hold up. For example, the largest feature of an X-band (8.2 to 12.4 gigahertz)
waveguide is approximately 2.2 centimeters. However, the wavelength of 10 gigahertz
electromagnetic waves is approximately 3 centimeters. Thus, asymptotic methods are

not appropriate for this research effort.

Full Wave Methods.

There are two subcategories of full wave methods: approximate full wave methods
and rigorous full wave methods. In approximate full wave methods, the principle of
least action is used to avoid the differential equations required in rigorous full wave
methods [5,23,33,58,100]. By approximating the admittance at the waveguide aper-
ture, extraction of constitutive parameters is comparably straightforward. However,
since sufficient computational power is readily available, this research seeks to avoid
as many errors introduced by approximations and assumptions as possible.

Rigorous full wave solutions begin with the fundamental Maxwell’s equations and
account for all scattering properties associated with the MUT, a process well-described
by Balanis in [6]. A version of this process used by Stewart [78,79], Rogers [71],
Knisely [50,51], and numerous others is employed in this research. First, Maxwell’s
equations are used in conjunction with boundary conditions describing the problem-
space geometry to formulate an integral equation solution. That solution is then
reduced to a Green function kernel format which gives physical insight into the field
structures produced by currents that exists in the measurement apparatus geome-
try. Next, Love’s equivalence principle is used to determine the currents that exist

within the waveguide aperture. Finally, a field expansion of the reflected modes is
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obtained using the Method of Moments (MoM), resulting in a set of magnetic field
integral equations (MFIEs). These MFIEs are then used to model the forward so-
lution predicting a theoretical set of measurements expected given a guessed set of
constitutive parameters. An iterative approach (root search algorithm) is employed
to estimate the values of the constitutive parameters of the MUT by comparing the
MFIE predictions to the actual measurements. The accuracy of the MFIEs, and thus
the estimated parameters, depends on the number of modes used in the expansion
portion of the MoM solution.

Often the first 20 modes are used to expand the MoM solution due to an assump-
tion that solution convergence typically occurs within the first 20 modes included [10].
Since infinite reflection modes exist, it stands to reason that accuracy of the model
improves the more modes are included in the expansion. However, computation time
increases on the order of N2, where N is the number of modes included, so it is de-
sirable to include only the number of modes necessary to reach solution convergence.
Dester [28] notes that including 20 modes may not be the most efficient or accurate
approach to obtaining true convergence, so he proposes a hybrid technique where the
first 20 modes are used in conjunction with an extrapolation method. This hybrid
technique is shown to produce results similar to those provided by including the first
160 modes. This research will take advantage of such computational improvements,

while additionally seeking as many closed-form solutions as possible.

Numerical Solution Methods.

Unfortunately, it is not possible to obtain a fully closed-form solution to the
MFIEs discussed in the previous section. Therefore, there is no choice but to resort
to numerical techniques to obtain solutions to both the analytical model providing

theoretical predictions (the forward problem) and the error minimization process used
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to estimate the constitutive parameters of the MUT (the inverse problem).

The MoM is the preferred technique for solving the forward problem [19,20,36,60].
Careful choice of basis and testing functions can significantly reduce the complexity
of the MoM solutions. Here, the infinite number of waveguide modes are a natural
choice to use for these expansion and testing functions. It is necessary to truncate
the number of modes used, otherwise a system of infinite equations with infinite
unknowns would result. As mentioned previously, the time required increases on the
order of N? where N is the number of waveguide modes chosen for the expansion, so
computational budget must be taken into consideration when choosing the number
of modes to use.

Measurements are taken at discrete frequencies within the band of interest, thus
the reverse problem can be accomplished at each individual frequency. This allows
for the characterization of dispersive media. The Newton-Raphson method has both
one-dimensional and two-dimensional variations that are simple to implement and
work well for solving the reverse problem [44,71,78]. Additionally, there are several
non-linear least squares approaches [56] that have recently come into favor [4, 43,
47,82] since they better characterize uncertainties and frequency dependence of the
constitutive parameters being estimated. A subset of these approaches, including
the Trust Region Reflective (TRR) method, the Gauss-Newton method, and the
Levenberg-Marquardt method, are straightforward to implement in MATLAB® [32,

56].

Green Functions.

Due to the effort required in solving Maxwell’s equations, formulating the solution
in terms of Green function kernels are extremely useful for capturing the results of

the analysis and drastically reducing effort in characterizing other problems of similar
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geometry. This is shown quite clearly by Havrilla in [37]. Frequently, vector potentials
are used to help find those solutions [6,19,22,35]. Scalar potentials have been growing
in popularity recently for analyzing gyrotropic, chiral, and uniaxial materials [38,69,
70,84-96] due to their ability to greatly simplify analysis and outstanding physical
insight they provide. This insight typically stems from how most methods decompose
of the electromagnetic fields into longitudinal and transverse components.

Despite their utility, Green function kernels for solving electromagnetic analytic
models are not trivially obtained. Additionally, while much progress has been made
by Weiglhofer and his colleagues in this area, it has not been possible to demonstrate
how the more general cases developed (for example, gyrotropic bianisotropic) reduce
to simpler subclasses of those cases (uniaxial anisotropic or isotropic). However, the
methods used in [38] and subsequently in [50,51,71] do show consistency between the
uniaxial case and simpler subclasses. Thus, the methods used in [38] are replicated
in this research to extend the work of [71] to a structure where two layers of uniaxial

material sandwiched in a parallel plate geometry.

Direct Field Formulation.

The direct field approach to solving Maxwell’s equations is extremely laborious
in comparison to potential-based methods. The bulk of the difference is due to the
need to invert numerous 3-by-3 matrices for the direct field approach. Additionally,
if a vectorized form cannot be found, each term must be derived separately. As
an example, note that for homogeneous, bianisotropic gyrotropic media, Maxwell’s

equations reduce to

(VX T+ jw) E=—J— jwji-H (6)

(V x I —jwé)-H=J,+ jwe-E (7)
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where the constitutive parameter dyads are

Opz —JOzy O
5: = jayz Uyy 0 ? g 6 {67 H’v Cv 6} (8)
0 0 O,

Through careful manipulation of (6) and (7), it can be shown that

i,
r[?- (V x T+ jwl) - € (V x I — jwe) — I?Tﬁ

= —jwe- Ty + € (V x T+ jwl)-eL - T

J/

s
= H=w;"5 (10)
where W, represents the eigenvector matrix, S is the source term, and k* = w?e- [i.

Note that when the constitutive parameter dyads are of full rank, Vf/h is also of
full rank. Thus, the inversion of the 3-by-3 matrix Wh is necessary to recover the

magnetic field, which is a very tedious process.

Scalar Potential Formulation.

The scalar potential approach is a method whereby decomposing the electromag-
netic fields into subcomponents, an effective dimensionality reduction is realized for
the inversion of Wh. By breaking the electric and magnetic fields into longitudinal

(2E. and 2H.) and transverse (E, and H,) components in terms of scalar potentials
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1,0, P, and II, it can be shown that

E,=V®—2xV,0 (11)
1

E. — — 2 12

. jwjvm+¢» (12)

H, =V, —2x V) (13)
1

H. — 20 — 14

z jw,uz (vte ']hz) ( )

where ® and II are directly related to ¢ and 6. Therefore, the scalar potentials 1) and

0 are solutions to the equations

Lip 4+ Lo0 =54 (15)

L)+ L40 = Sy (16)

where L, are scalar differential operators and .S, are source terms. Using Fourier
transforms and linear algebra to invert the 2-by-2 c matrix, field recovery becomes a
simple process of differentiation. This dramatically reduces the complexity of solving
for the electromagnetic fields than the direct field approach. It should be noted that
the most general material that can be represented in this scalar potential decompo-

sition is the gyrotropic material [93].

1.6 Scope

Veselago and others have stressed that metamaterials can be realized using gy-
rotropic media. However, much attention has been given to uniaxial materials for this
purpose as well [8,9,14,96]. Uniaxial materials are, in fact, a simplified subclass of
gyrotropic media and are easier to both analyze and manufacture. For those reasons,

this research limits the focus to uniaxial materials.
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1.7 Research Goals and Contribution to Science

The goals of this research were to analytically derive a meaningful set of Green
functions for characterizing uniaxial materials, develop at least one constitutive pa-
rameter extraction algorithm, and validate that algorithm with experimental results
and uncertainty analyses.

This research provides three major contributions to science. First, the total Green
functions for the electric and magnetic fields in transverse spectral domain and longi-
tudinal spatial domain using scalar potentials are derived. This enables many future
avenues of research beyond the scope of this work. This portion of the research was
presented to the community at two conferences [11,12] .

The second major contribution is the derivation of a method to extract constitutive
parameters via a flanged rectangular waveguide probe with a layer of known material
applied to the MUT. A feasibility study for this technique is also provided should
further research into this technique be desired. This portion of the research was
presented to the community at a conference and published [12].

The third major contribution is the derivation of a method to extract constitutive
parameters via a flanged rectangular waveguide probe with a reduced aperture in
the flange plate. A feasibility study is provided along with experimental results.
This portion of the research has been accepted for presentation at a conference and

publication later in the year of this writing [13].

1.8 Assumptions
The following assumptions are applied for this analysis:

e The parallel-plate waveguide section is of infinite extent in the transverse direc-

tions and of finite extend in the longitudinal direction.
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e The materials in the parallel-plate waveguide section are linear, anisotropic,
dielectric, magnetic, homogeneous and of uniform thickness.
e Rectangular waveguide sections contain only free space, and thus are linear,

isotropic, homogeneous, non-dielectric (¢ = ¢y/), non-magnetic (ji = uol) and

of uniform thickness

e The time dependence, /%, is assumed and therefore suppressed throughout this

effort.

1.9 Notation

Arrow notation is used to signify a variable is a vector or a dyad (matrix). A
single arrow over a variable indicates the variable is a vector. For example, E refers
to the electric field vector. A double arrow over a variable indicates the variable is a
dyad. For example, ji refers to the permeability dyad.

Tilde notation is used to signify a Fourier-transformed variable. A single tilde
over a variable indicates it has been transformed to the transverse spectral domain.
For the purposes of this effort, the transverse spectral domain indicates the z- and
y-directed components of the variable in question have been Fourier-transformed.
A double tilde over a variable indicates it has been transformed to the full spectral
domain, which now includes the z-directed component of the variable in question. For
example, I'—g[ refers to the full-spectral-domain magnetic field vector, while E: refers to
the transverse-spectral-domain electric field vector.

Subscript notation is used to describe observation and source parameters for fields,

scalar potentials, Green function kernels, and measurements with the following con-
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vention:

X(observation parameters)(optional source parameters) ( 1 7)

For example, one would read Eani as “the electric field vector observed in region 2
resulting from magnetic currents in region 1.” For Green functions, G, would be
interpreted as “the Green function kernel that produces an electric field observed in
region 1 from electric currents in region 2.” Finally, So; would be interpreted as “the
measurement taken at port 2 resulting from excitation at port 1.” Note that since
source parameters are optional, E,, would be interpreted as “the x-component of the
electric field observed in region 2.”

P notation is a special exception of subscript notation. It is used as shorthand to
replace exponential functions to save space, to allow for easy reconfiguration of mul-
tiplied exponentials, and to make patterns of exponentials easier to visually recognize
in equations. In this work, Pregion parameters)(variable) = ¢~ Ikz(region parameters) (Variable) oy
example, Pyg = e k=014,

Superscripts are reserved for discriminating between different uses of the same
variable. For example, EP and E* are used to differentiate the principal and scattered
solutions for the electric field, E. Set notation is used when a certain equation applies
to multiple subscripted or superscripted values. For example, E{Lg} = Et{l,Q} +

ZE.{1,2y 1s a more compact way of representing the following two equations

E, = Ey + 2E, (18)

Ey = Ey+ 2E., (19)

Variables are also used for further compactness. In the above example, Ea = Eta +

ZE,o,a € {1,2} may be more compact, but in some situations less readable.
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1.10 Overview and Organization

This chapter provides motivation and background for NDE of complex media,
focusing in particular on uniaxial and gyrotropic media. The chapter explores multiple
measurement techniques, defines the scope, presents assumptions and defines notation
used in this research effort. Chapter II presents a scalar-potential formulation of the
transverse-spectral-domain Green functions describing the electromagnetic fields in a
parallel plate region filled with two layers of uniaxial material. Chapter III presents
a theory of constitutive parameter extraction using a two-layer method. Chapter IV
presents the results and analyses of the two-layer method. Chapter V presents a
theory of constitutive parameter extraction using a RARWG probe. Chapter VI
presents the results and analyses of the RARWG probe technique. Chapter VII

presents conclusions and suggested future work.
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II. Potential-Based Formulation and Total Parallel-Plate
Green Function for Bi-Layered Uniaxial Media

This chapter discusses analysis of a parallel plate waveguide section as depicted
in Fig. 1. The analyses here follow very closely with analyses outlined in [71] and are

intended to extend that work using bi-layered materials.

PEC
z=d
Region 2 (€, i)
z=nh
Region 1 (€1, 1)
z2=0

PEC

Figure 1. Cross section of parallel plate region under analysis in this chapter.

2.1 Scalar Potential Formulation for Uniaxial Material

This section will develop the scalar potential formulation needed for deriving the
Green functions in later sections. Beginning with Maxwell’s equations for a generic,

infinite-space uniaxial material,

pe 00
V x E=—J,—jwi H, =10 w 0 (20)
0 0 w.
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VXxH=J,+ jwe-FE, €= |0 e 0 (21)

Since the constitutive dyads are composted of one longitudinal and one transverse
component each, finding a method of analyzing each component separately would be
convenient. If one defines a transverse differential operator V; := -2 —|—g)8%, (20) can

be decomposed into longitudinal and transverse components such that
.0 = = =L
Vi + Z% X (Et + zEZ) = —Jn — 2Jp, — jopuHy — Zjwu, H, (22)

The longitudinal component is orthogonal to the transverse components because
z 1L 2 and 2 L . Therefore, the longitudinal and transverse components are linearly
independent and can be analyzed by separate equations. Thus, from (22) one can

infer that

Vi X By = —2Jy, — 2jwp. H, (23)
a — — —
Vt X éEZ + 28— X Et = _Jht —jLL)ILLth (24)
z

Similarly, from (21) it can be shown that

Vt X ﬁt = éjez + 2jW62EZ (25)
a — — —
Vt X 7:’HZ + 28— X Ht = Jet +jW€tEt (26)
z

By Helmholtz theorem (also referred to as the fundamental theorem of vector

calculus), any sufficiently smooth, rapidly decaying vector field V i R® — C3 can
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be decomposed into a superposition of a divergence-free and a curl-free component.

Thus,
V=Vw+VxA (27)

where the scalar field w : R® — C and vector field A : R3 — C3. Analyzing only the

transverse component of (27),

‘Z:Vtw—'—vtxg
:>a7:Vx—{—ﬂVy :Vtw+vt X (iAx—i-gAy—i—Z?Az)

=V, =Viw+ V, x (24,) (28)

where the scalar field A, : R®> — C. Therefore, the transverse components of the
electric and magnetic fields and currents can be decomposed into scalar potentials

such that,

E=V®+V, x 20 (29)
Hy = V14V, x 2 (30)
Ju = Ve + YV, X 20, (31)
j;n = Vuy, + Vi X 2oy, (32)

where scalar potentials ®, 0,11, v, ue, ve, up, vy, : R® — C. Substituting (29) into (23)

reveals that

V, x (Vi@ + V, x 20) = —2J,. — 2jwpH,

0
= Vi x V0 + V, x Vi x 20 = —2J),, — Zjwp, H,
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0
= V(Ne—20)— V220 = —2J),, — 2jwu. H,
2 Y=V = J,, + jou.H,
V20 — Jy,

=g, = e (33)
Jwits

Similarly, substituting (30) into (25) implies that

Vt X (th_[ —+ Vt X 21/1) = 2Jez + ,QJWEZEZ

= —V?l/} = Jo, + jwe, E,

2
o B = ViUt (34)
Jwe,
Substituting (29), (30) and (32) into (24) implies that
. .0 . .
Vt X ZEZ -+ Z& X (th) + Vt X 29) = — (VtUh + Vt X Z’Uh)
— ]W[Lt (VtH + Vt X 2¢)
t(—ewrgl )+vt55757'
o0 00
= —ZX Vth + Z X Vt— —Z X Z X Vt— = —VtUh — Vt X évh — jw,utvtl_[
0z 0z
— Jwm Vi X 29
0P 00
= —Z2xV,E,+ 2 x Vt@ —l—VtaZ = —Viup + 2 X Vv, — jwp Vill
+ jwpz X Vb (35)

Note that by vector identity, V- (Vt X \7> = OVV € C3. This implies that the Z x V;
and V,; components of (35) are linearly independent of one another. Thus, separating

(35) into z x V,; and V, terms implies that

Z X Vt (—EZ+8—<D
0z

—Up — jwﬂt¢> =0
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0o
= —Ea+ S = o = jpth =0 (36)

and

06
Vi (— + up +jWHtH> =0
0z
06
= — +up + jwpdl =0
0z
00
2
S S (37)
JWikt
By duality, (36) and (37) imply that
ol
—H, + 5 + v, + jwed = 0 and (38)
z
o _
d = Lue (39)
Jweg
Substituting (33) and (37) into (38) implies that
20 — &9 4 oun
_vt‘ th_az. 0z +Ue+jOJ€t9=0
Jwit Jwpe
, 0?0 oup,
Jjwpe - {-} = —%Vf& oz Wi O = —%th + 8—; — Wi, (40)
ki
By duality, (40) implies that
€ 0% € ou, .
—éVfw 9 k21 = iJez — 5, —Jweh (41)

It is useful to consider an operator and source notation approach for the scalar

potential wave equations for differential equation analysis, such that principal and
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scattered solutions take the form

Lo0” = Sy
LypP = Sy
Le0° =0

Lo =0

where

. Mt 0 2
€

0?
2
Lo==Vim gz

du
Sy = — 2t g, + S0
e 0z
€t aue .
Sy = —Jez — = —
P e 92 JWELV,

—k‘f

- jWMtUe

It is also useful to determine auxiliary current density functions for future analyses.

Thus,

- 0
Vi (81) = Vi Jop = Vi Vi + VoV % 20

= V- Ju = Vu,
Vi (32) = V- J = Vi,
V, x (31) = V, x ﬁtzwg+vt X Vy X 20,
LV, x =V, (MO) ~ V220,
=V, X Jy = -2V,

V. x (32) = V, X Jp, = —2V2y,
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Summary of Scalar Potential Functions.

Fields:

E=FE, +3E,

E, =V,®+V, x 30

Ez:_ 1 (v?d}_'_Jez)

jwe,

H=H,+3H,

H, =V, + V, x 21
1

Jwit

H, =

(V20— Jn.)

Scalar Potentials:

1 oY
¢ = JWey <$ B ue)

where ¢ and 6 must satisfy

Lyy? =Sy
Ly =0
_ a9 s
ﬁw - EZVt 022 kt
€ ou, .
Sw = éjez - % — JWEUn

Lol =0
Mt o 2
Ee——zvt—@—k‘t
0
SG = _%th + 811,/: - jwutve

Auxiliary Relations:

V- j;t = V?“e

T s%72
vt‘ X Jet = _thve

2 2
ki = w ey

V- J_;zt = V?“h

Vi x J = —2V2y,

2.2 Spectral Domain Analysis

Due to the infinite extent of the transverse directions of the parallel plate waveg-
uide, it is natural to spatially employ the Fourier transform to aid in analysis due to

its infinite limits of integration and the inherent traveling wave nature built into the
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transform itself.

Transform Definitions and Properties.

This analysis will consider a Fourier transform in the transverse plane and in the

longitudinal direction for simplicity.
F () = [ Hm0e (54)

i (3 2) =0 = (;T)z J7Gn)erer, o

Fp{f(ﬁ,Z)}i

~~

where p = zx + gy, Xp = &)X\, + g\, d*p = dzdy, and d>)\, = d\.d),. These
transforms lead to some very useful properties for simplifying equations from the

previous section.

FoAVef} =301, FAVity=-Nf
0 ~ oz 0% - 93
fz{&f}_j)‘zfv fz{@f}__)\zf
2.3 Principal Solutions

This analysis begins by finding principal solutions to the scalar potential differ-
ential equations. Due to the complexity of these analyses, it is desirable to retain
as much analytical work as possible that can be generalized to numerous situations

going forward. To that end, Green functions are developed to minimize duplication
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of analytic effort. Additionally, Green function solutions will provide physical insight
into the structure of the fields.
Full Spectral Domain Principal Solutions.

Begin by transforming the particular solution to v to the full spectral domain.

F.{F,{(43)}} implies that

Lou” =5, (58)
@:?@wm}mf (59)
§w = Ejez — j)\z?ie — jw&,ﬂ:}h (60)

€.

Substituting (59) and (60) into (58) implies that

)\i — (k’? - E_t)\i¢> &p = :_tjez - j)\z&e - ngtéh (61)
—_—————
)\2

& 7 N~ .z
iJez _]Azue — JWEUR

= P = (62)
(A = Azp) Az + Azy)
Utilizing the auxiliary relation, F, {F, {(50)}} implies that
N
JA - Jet = —AJte
= ]X : je

= e =~ ! (63)

p
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Note that YV € (C3,Xp Vo= Xp .V, since Xp has no Z component. Thus the dot

product destroys the Z component of the vector V. Therefore, (63) implies that

i N, =
Go= 1% (64)

:Uh_]zxA?Jht
D
< Ex N, 2
:>Uh—] 2 £ (65)
D

Substituting (64) and (65) into (62) implies that

L AT jwet(jigiﬂ - Jn)

wp _ Py
Az = Aeg) (Ae 4+ Ay)
1/:)}7 - p)\%z —+ 2:—2 Jg N Z X )\pl;\)gﬁ Jg (66)
e =) e+ ) | T O =) e+ ) | "
é’@pbe éZh

By duality, (66) implies that

—

Ar st . . — wiir B
po| AR s | P L e
(Az - Az@) <>\Z —+ )\29) h ()\Z _ )\20) ()\Z + Az@) e 20 t B 0

égh Czﬂge
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Transverse Spectral Domain Principal Solutions: @Zp and 6°.
Now that the full spectral-domain particular solutions have been obtained for 1/~Jp

and ép, the process of returning to the spatial domain can begin. First, return to the

transverse spectral domain by applying the inverse longitudinal Fourier transform.

F1{(66)} implies that

~ 1 K M
¢p — 2— / wpe'y)\zszz
s

Assuming J, and J, are continuous over the finite interval a < 2z’ < b and zero every

where else (i.e. the current density only exists in a bounded region with respect to

2', in this case between two parallel PEC plates) implies that
00 b
(69)

7 2 2
J, = / J,e I dz/:/Jae 3 1!

—0o0 a

. stays constant

where o € {e, h}. Substituting (69) into (68) and noting that G

with respect to 2z’ implies that
= b

X ~ b oo <
N GP ., ) GP ., .
= / o / Jee Nz | eE ), + / o / Tne M d | eMEd,
™ ™

e
b 00 b 00
1z ) ' = 1 = ; ’ =4
:/ / 5 Glee™ 7N, | - ed”/ / -Gl N | e
T T
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Similarly, it can be shown that

b b
o — / Gr . J.de + / G . Jud (71)
Determination of Transverse Spectral Domain Principal Green Func-

tions.

Next, the transverse spectral domain Green functions from (70) and (71) are deter-
mined by complex plane analysis. Complex plane analysis leverages Cauchy’s Integral
Theorem (CIT) and Cauchy’s Integral Formula (CIF) to find a finite solution to an
integral with infinite limits of integration. Many situations regarding the functional
form of the integrand are explored in Appendix A.

First, it can be shown that two poles exist in the complex A.-plane for all Green
functions used in this analysis thus far. These poles are indicated by the red x’s at

locations +),, in Fig. 2, where o € {1, 6}.

A
TP

Figure 2. Complex poles (red) of the transverse spatial frequency domain principal
scalar potential Green functions, deformation contours around those poles (blue) and
closure contours as R — oo (cyan) in the complex A.-plane.



CIT states that for any closed path of integration in the complex plane,

¢ ro)ar =0 (72)

as long as f(\,) is analytic inside and on the simple closed contour. In order for a real
integral with infinite limits of integration to converge, a closed path of integration
must be defined such that as R — oo, any terms containing R decay to zero faster
than }%. Careful choice of upper half plane closure (UHPC) and lower half plane
closure (LHPC) contours (indicated in cyan as C} and C in Fig. 2) as R — oo
causes the infinite closure contour integral to decay to zero. However, the poles must
also be accounted for by defining a deformation contour that circumvents the poles.
Such deformation contours are indicated in blue as Cf and C in Fig. 2 respectively.
These circular contours are exaggerated for visibility in the figure, but in reality they
are of radius ¢ — 0. The linear “stem” components of the deformation contours are
colocated in opposite directions, thus their contributions cancel completely.

The piecewise summation of the contours discussed above with the infinite real

integral define closed contours. With closed contours defined, CIT becomes

; —

Jo
limp_, o fRf (A)dA, + 55 f\)d\, + gS f(A 2 ...UHPC
0— :R o ct |
0
Mo f FO AN + ¢ f(N)dh. + ¢ f(\)dX.| ..LHPC
—R Cy Cg ]

¢ f(\.)d\.  ..UHPC

R
= lim / FOL) AL, = (73)
R — ¢ f(\.)d\, ..LHPC

k4
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CIF states that

%;E—)\)\zod)\ = j21F (\0) (74)

By rewriting f (A,) to be of the form /\F( bW for the respective poles that exist in the

upper and lower half planes, (74) can be substituted into (73) to evaluate the infinite

integrals. Note that a more generalized form of (74) is derived in Appendix A. Thus

R .
F(\ J2mF (X0) ...UHPC
lim # = (75)
R—o00 )\z — /\ZO )
-R —j2nF (\,) ..LHPC
Applying the above to the Green functions,
5 — Z iAz(z—2")
Gie =5 Gp € d\.,
7 Xp /\2 + A
e © j/\z(zfz/)d)\z 76

—0o0

Note from Fig. 2 that under UHPC, A\, = — )., and that under LHPC, )\, = \.,
There are two cases that must be explored: the case when z > 2’ and the case when
z < 2'. First evaluate éﬁe.

When z > 2/, that implies z — 2z’ > 0. This further implies that the imaginary part

of A.,&{A.} > 0 in order for the exponential term to decay as A\, — oo, implying

that UHPC is required. UHPC implies that

e [ F(\)
G = / 2L d\,
R R W)
_>‘P,\)¥ 2€t e ()
F\) = @ iz 77
> E) = o ) (77)



Substituting (77) into (75) implies that

2 (R + 52
J P)\f?w cz ej)\z(zfz’)

G —
e %()\z - AZ@Z})
Az=—Asy
=z 4 Xpi\ﬁﬂ + 25—; i /
- GZ;; — _] Py e*])‘zw(zfz) (78)

2).

When z < 2/, that implies z — 2/ < 0. This further implies that S{\.} < 0,

implying that LHPC is required. LHPC implies that

= [ F(\)
G = | 2 gy,
ve / (As = Azp)
I + 22
p/\P’ll) [ ejAz(Z—Z/) (79)

> E) = o )

Substituting (79) into (75) implies that

) 2 (=R + 22)
G _ _] oz, T R FAe(z—2")
ve 21 (A + M)
Ae=Asy
N )\zz/; 2 €t
= — _)\p)\T +Z; : ’
=Gl =gy ; ehv =5 (80)
Examining (78) and (80) implies that
- Xp sgn (z — 2') izz + 2% -
GP =—j o e Ihevlemz (81)
v . 2. .
T

Next, evaluate éz) -

When z > 2/, that implies z — 2/ > 0. This further implies that S{\,} > 0,
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implying that UHPC is required. UHPC implies that

e [ PO
sz+ - / z d)\z
I P )
2 x N, N
F(\,) = —— _pihl= 82
PO = o a” (82)
Substituting (82) into (75) implies that
(i)
épz+ _ J z X PXZ, pire(z—2)
Y2 (A — Asy)
Ae=—Asy
= ZX Xﬁ% , ,
N GZZ; _ _j Py e—JAzw(z—z) (83)

2X.

When z < 2/, that implies z — 2/ < 0. This further implies that S{\,} < 0,

implying that LHPC is required. LHPC implies that

Y ej)\z(zle) (84)

Substituting (84) into (75) implies that

27 (2 x we‘)
J p)‘id) ej)\z(z—z')

ar = —
¥ %(}\Z + )\Z¢)
A=Ay
L Z X przﬁ . )
- GZJZh _ _] N p Y e])\zd;(z_z) (85)
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Examining (83) and (85) reveals that

5% N, we

Gry = et gmheule=s! (6)
¥ 2.y

—— —
=p
Iyh

Noting that G%_ is the negative dual of C?Zh and that G%, is the negative dual

of C:?p

e 1t can be inferred that G?_is the negative dual of éﬁh and that G?, is the

negative dual of CNJ’;@. This implies that

- Z X Xp%&
Gho= gy el 57)
20

=D
Jpe

- A/_\’psgn(z—z’)ingré N
Gt = j e ke (59)
20

N J/
-~

=p
9on

TIE

Determination of Principal Solutions: ®? and II? .

Now that the particular solutions for @p and 67 have been obtained, particular
solutions to @7 and II” must be derived in order to proceed. Begin by transforming

PP to the transverse spectral domain. F,{(39)} implies that

ép _ %&p - ae
Jwe
b b
1 0 Z 2, Z 2, _
= o p Ge - Jedz' + | Gy, - Jpd2" | — G (89)

a

a

While the constant fractional term of (89) can be brought inside the integrals

with no issues, the partial derivative operator can only be brought inside under the

following conditions:
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e The integrand must be continuous over the interval of integration.

e The derivative of the integrand must be continuous over the interval of the

integration.

These conditions pose a problem because, while the current densities (]767;1) are as-
sumed to be continuous over the interval a < 2z’ < b, ép . is discontinuous at 2’ = z
due to the signum function. Further, the derivatives of both éﬁe and éﬂh are dis-
continuous at z’ = z due to the absolute value term in the exponent. To mitigate
these issues, it is necessary to divide each integral into two subregions where the

integrands and their derivatives adhere to the continuity condition. Using principal

value integration,

PV/f( )d' = lim /fzzdz+/f( ) de (90)

Note that when f (z,2') = C:;Z (e.n» the choice to divide the integral at z = Z' causes
any signum terms in §§ (e.n) tO evaluate to a constant +1, thus making gg (e.n) COnStant
with respect to both z and z’. Additionally, the problem term in the exponent is now
no longer an absolute value and thus the derivative is continuous. Due to variable
limits of integration in (90), Leibniz rule will be required. Leibniz integral rule states

that

+ / af <Z7Z,)d2, (91)

where —oo < a(z),b(z) < oo, and inside the integral only the variation of f(z,2’)
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with respect to z is considered. Applying these principles to the electric integral term

of %z/;p implies that

b

0z 0z
a z2—0 a b
— 1i —JAzp(z—=2") | . = jAy(2—2") 7
= (lsl_r)r(% 5 gw e Inw J dz' + o g™ - Jed?! (92)
R a P z+0
| Z;’Z’ z;’z/ _

Evaluating the portion of (92) where z > 2/, letting 2~ = z — ¢ and noting that

lims_,o 2~ = z implies that
0 v . = 1~
i | [ B Tt | = i | R BT (=)
0

g%?]p e Ay (z—a) | Z _ a / gwe e IAw(z=2") j_;dz'

= gﬁ)e ' je (Z) - j)‘zw /jiee—]?\w(z—z’) : jedzl

a

- 1 _
A s o § -
_ _] PS P €z . je (Z) — .]>\Z’I,Z) / gp efj)\zw(zfz’) . jedzl
2. ve
Xp Zt 2 - -
_ e e . )\2 j)\zd) z2—2") J d 93
o 2)\Z¢>J(> J w/we (93)

a

Evaluating the portion of (92) where z < 2/, letting z* = z + § and noting that
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lims_,o 27 = z implies that

a —»p - / = a — . =
im | — [ 52 P Jd | = i = Ae(5b) | T (o —
zlwgr—r}z aZ/gd}ee Edz zl+lr—r>lz E{gwee Je (Z b)
2t
0., 1 /
z/ = = -
O gy kT (= ) [ L pere) T
2t

- 71 _
>\PS + Aet = - — ’ =
o by T (2) + A / e Ly (94)
= ] .] 2 g € * cJelZ
2)\2 2)\z¢

Substituting (93) and (94) into (92) implies that

o - X ze 2 Zi_, , Nz
kP — | 5 [ R J i\ =p —jAy(z—2) d /
9z ¢ < TN jzm) (2) = w/gwe@ Jedz

a

2=

. Xp 2:_2 Z / . ~p Az (2—2")
+ ( j2/\2 +]2)\w> Je (2)dz —j/\w/(—gwee sz>

5, iy 5,
o, /fxw Toxz ﬂ/j Now

— M [ sen(z — 2) gf el T dy
P e

. b
A = b

= —j)\Tp e — J Ay /sgn (z — z)gw e A=ulz=2l L T g (95)
pY

47



F 1 {(64)} implies that
e = =55 e (96)

Substituting (96) into (95) implies that

b
2 = o [[smn (s = ) B (o7

a

0z

Applying these same techniques to the magnetic integral term of %@p , it can be

shown that

b
g -~ - . I
Sei= i [sen(e = 2) e o (98)
V4

a

Evaluating (97) and (98) reveals that

0 -~ 0 ~ 0 ~
S Y p . Y gp
8z¢ sze + azwh
b

= e — jAsy / sen (z — ) @ el L

a
b

+ / sgn (z — 2') jihe_j’\w‘z_zl‘ - Jpd?! (99)

Substituting (99) into (89) implies that

b
—j A2y / sgn (2 — 2) ghe L T

a

b
+ s (e = ) e P G| 4

o —

Jwer
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jhdz'

P g=iheuli—2] |

b
)‘Ziﬁ n =
—l—/( wet)sgn(z Z)gqph

Ggh 'Jhdzl

b
~ - = Ao
[P = | —Zsgn(z—2)Gh, -J.d' + | —=sgn(z—2')
Oe
Wt W
a ~~ - a ~"~
G%e G%h

Summary of Principal Solutions.

¥ Solution:

= [é,
Ppe
a a
N n A .
- Apsgn (z —2/) 5% + 22 ,
GZ} — _] p z 6_]>\“/’|Z_Z|
e
2.y
>y
—
Tire
Y wer

ZX N33 N
GP = _] oY e—jAzw z—z'
wh 22
21

—_——

=p
Iy

€
)\gw = wQEt,ut — e—t/\fw
z
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P Solution:

b
~ )‘Zib - = )\Zw - -
P = —— -G - J.d —— - 2GY, - J,dZ
J (e mie-daee [ ()t

WEt

a N -~ a N -~
ége égh
(102)
0P Solution:
b b
o — / Go . T+ / Gr i
a a

. 5 x N,
ép = —j P X% —jAz0lz—7|

fe 2)\29

be

. X, sen (z — 2') 252 4 sl

Po= i ) Yoo He o —irzalz—2|

Oh 2)\20

Tbn
)\29 = wzetut - —)\29
z
[I? Solution:
b b
Ir = A0 sgn (z — 2) cr J.d + Az sgn (z — 2) ar -J:;Zdz’ (103)
wh e wh "
a g a g
C:Ilzle G%h

2.4 Scattered Solutions

Now that the principal solutions have been determined, the scattered solutions
must be derived in order to find total solutions for the scalar potentials. Taking the

forward transverse Fourier transform of the differential equation for ¥, F,{(45)}
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implies that

€t{1,2} 02
( pr 922 t{l 2}) dj{l 2} =0

€2{1,2}

= — 822’ - )‘zw{m}w{sl,z} =0

7.8 _ I+ —jA, z T— 2 z
= 77/]{1’2} — 7/){1,2}6 JAzy{1,2} -+ w{l,?}ej ${1,2}
Similarly, it can be shown that

9?172} = 9“{"172} e IA0{1,2% + 9{ 2}ej>\29{1’2}z

Thus, the total solutions for 1/;{172} and 5{1,2} are

~ g ~S 7 -~ _ 'AZ z ~_ 'AZ o
w{l,z} = @M{)l,z} + w{LQ} = w?l,z} + w*?_lﬂ} e I zu{1,2} +¢{172}6J »{1,2}
Pyi12yz2

5{1,2} = 5?172} + 518[1,2} = 97?172} + éer?} e IA0012)% —i—@i{_l,g}ej)‘z@“’?}z

Po(1,2)2

(104)

(105)

(106)

(107)

From this point forward, exponentials may be substituted with P notation using

the convention

— e_jAza{1,2}:B

Pa{1,2},8

(108)

where a € {1,0} and 5 € R. This makes it easier split up exponentials with multiple

terms, makes it easier to visually identify patterns of exponential terms and in many

cases makes the notation more compact. Noting that a boundary condition exists at

z = d, it is useful to define 1), and 0, at that boundary. Thus by shifting the scattered

solution at z = d by d,

Uy =Y + ) Pyis + U1 P, ¢1z
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?;2 = ng + @Z;Pwkpw_zld + ?EQPJQIZPWd (110)
0, = 0" + 0 Py, + 07 Py, (111)

0y = 05 + 0F Pyo. Pyl 4 05 Py Pyog (112)

To find the unknown coefficients in (109) - (112), boundary conditions must be
applied. Since there are eight unknown scattering coefficients, eight boundary condi-
tions are needed to have a well-posed solution. At z = 0 and z = d, PEC boundary
conditions exist (i.e. Ey, = 0).

Evaluating (29) at z = 0 and z = d implies that

Et{l,?} sciod) = th){lg} + V; % 2‘9{172} =0
L2 z€{0,d} L2 ze{0,d} (113)
~ 1 o ~
~ & - (2 _— — 0 114
L2 2e{0d}  JWe1,2} <8zw{1’2} ) ce{0.d) (114)

This accounts for four of the needed equations. Next, the boundary at z = h requires

continuity of £, and H,. Evaluating (29) at z = h implies that

Ey| = Ep
z=h z=h
= jxpé)l — 7z X Xpél . = jxpci)Q —.]ZA’ X Xpég .

= él - ég ,&)1 - &)2 (115)

z=h z=h z=h z=h

1 0 -~ 0 -~

= = )| = (ot — e 116
j(UEtl <82¢1 ! ) z=h JWe2 (8z¢2 ! > z=h ( )

Evaluating (30) at z = h implies that

Hy

z=h
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= ])\pﬁl —Jz X /\p@/;l ) = jxpﬁg — jZA' X Xpi/;g )
= = L4 =1k (117)
z=h z= z=h z=h
1 0 ~ 1 0 ~
(B (T o
Jwper \ 02 2=h Jwiiez \ 02 2=h

(115) - (118) account for the remaining four equations needed to form a well-
posed system (i.e. a unique solution exists that varies continuously based on initial
conditions).

Boundary Condition 1: PEC boundary condition at z = 0.

Evaluating (113) at z = 0 implies that

0:91

— |:é§7 + éf’e*j)‘zelz + é;ej)‘zﬂlz]

z=0 z2=0

(8

h h
= /G’éle (z=0)-J.d2 + /é{;m (2 =0) - Jud2' +6F + 67
0 0

4

Vor
=0F +0; = -V, (119)
Evaluating (114) at z = 0 implies that
1 0~
o (2w
Jwen \ 0z 0

0 -, 0 -,

= (aiﬁf — Uel + _wl ZZO

-

h

h
0 =z
= }‘/"’/ wle‘Je /8_ i Ind? — et
0

O [~
+E <¢f—€ A1z 4 (1N eIA=v1 ))

2=0
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h

0= —jAu /sgn (z —2") ézle - Jd?
0

h
+/Sgn (2: — Z/) éz)lh . jhdz/ _I_ rd’;ii_e_j)\zwlz _ ’l/’;l_ej/\zwlz
0 2=0
h 1 h X
= [ sen=2TGY,, (2 = 0) - Jedz' + / sgnA=21GY,, (2 = 0) - Judz' + O — ¢y
0 0

=9 =Py =V, (120)

Boundary Condition 2: PEC boundary condition at z = d.

Evaluating (113) at z = d implies that

= [ég + 03 Poo. Py + 0~2_P6_2,12P92d] ‘

d d
:/é§2e(zzd)"idzl+/é§2h(zzd>'jhdzl"'é;‘FéE
h h

J/

+
Vt‘) 2

=05 + 0, = -V} (121)
Evaluating (114) at z = d implies that

1 0 -~ B 0 0
0= e (&% _U62> T (@% Ue + %)

d d
= jze/g—j)\zwg/sgn (2 —2') wae Jedz j)\zw/sgn wzh JhdZ
h

. 0
—lics + <¢2 Pya: P, 1/12d + % ¢2ZP¢2d>)

z=d
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d

d
0= —jAy2 /sgn (z—z') wZe j +/sgn w2h Jhdz
h h

+f Pya. P, 1,[)_2d Wy PP wzd) ‘

d
A :’ =
h
i — 5 )
d d
N /G%e (2 =d) - Jedz /éﬁzh (2 =d) - Judz' +4p5 — by
\}l h 7
Vi
=3 =Py ==V (122)
Boundary Condition 3: Continuity of E, at z = h.
Evaluating (115) implies that
él z=h N éQ z=h = (~§7 + éf) z=h - (ég + é;) z=h
h h
N / Gr e+ / G Gid 40Py 0P || =
0 0 z=h
d d
/@002@ Jed' + /ég% - Jnd + §2+P02ZP0531 + égpeaip92d
h z=h

Gy (2 = h) - Jud? +0] Ppyy, + 07 Pyyh =

D\;w

S

h
h

N / G (2= h).Jude +
0

Ghyp, (2 = h) - Jyd?' +05 Poan Pty + 03 Py Posa

f:\&
o3
[}
[
~~
w
I
>
~—
U
9
N\
;“\&

J/
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= Pyon Pooa P2,0F + PoonPosady — Poin P03 — Poin Poyby = (123)

Py1nPasn Poza (Vg — Vi)

Evaluating (116) implies that

1 0 -~ . 1 a -~
ij“ <&¢1 - uel) - = jwetg (EQ/& - Ue2>
1

0 ~
7P ~ S
€1 < q7Z) T et az/wl)

h h
1 - =
= — U — JAsyp1 /sgn (2 —2") G, - Jed?' + /sgn (2 —2") GV, - Ind?!
“
0

0

z=h €12

. 0 (-~ -
- el+&(¢fP¢1Z+¢1Pwllz>>

z=h €12
d
. Nedzl _|_/sgn (Z — Z/) éZQh . jhdzl }Ié‘i‘ <w2 ngz lb?d
h

+¢2 w2zp¢2d> } ‘z:h

N h

A, > o Ide 0
L P / sgn(z — #) G0, - Jud + / sgn (2 — 2/) GO, - Jad' + 0 Py,

€

a |y 9
. d d

—@Dfp_l} _ S /sgn (z—2)) ar. . Jidz’ + /sgn (z —2) @ jhdzl

vlz] |, _, 1o P2e W2h

. h
13 Pya. Py — Uy wzzpwd] ’ _
Moot | = / g
- ::fl 8 =72)Gly (2 =h)- J.dz' + /WZM (= h) - Jpd?
2 0

d
~ Ay —1 =g
‘H/}frpzblh 1/)1 wlh} = =2 /sze( =h) - Jed?
h
/th jhdzl+7;;Pw2h wd % ¢2hpw2d
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h h
- /éile (2 =h)- Jud2' + /éﬁlh (2= h) - Jnd2' +9 Py — 7 Pph, =
0 0

J/

Vo
\ d d
22681 = = g g
\ - GZQ@ (z=h)- Jed' + /GZ% (z=h)- JydZ' "‘% Pyon P ¢2d
21p1 €42
N—— h h
_Z1/)2 N —~ o
Cw_zwl V1/72

—ty Pleth2d>
= P21 PyonPyoathi — Pyon Pysathy — CyPyin Piophs + CyPyin Plagthy =

PyinPyonPyaa (=Vih — ViaCy)

(124)

Boundary Condition 4: Continuity of H, at z = h.

Evaluating (117) implies that

= ()| = ()

z=

h h
= /GZM Jedz / Wik Jhdz +0f Py + U7 P wlz =

0 0 z=h

d d

/ézﬂ%'jedz,"‘/éi% Jhdz + 13 Py w2d+¢2 w2zpw2d

h h 2=h
h

= / Gl (z=h)- Jdz / Gl (z=h) Jde i Py + 0y Pyl =
0
VJ1

éiﬂh (Z = h) : jhdZ/ _H;S_Pdﬁhpngld + Qz;Q_PdTthptb?d

';w\&
ol
[\~
o
—~
I
I
>
SN—
ol
ISH
N
w\&

J/
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= leththdzﬁf + Pyon Pyoathy — Pwlhpizh@r - thPjgdzE; =

PyanPyanPyaa (=Vih + Vi)

(125)

Evaluating (118) implies that

1 0 ~
= —= =0y + Upa
z=h JWHt2 87: z=h

1 /0~ 0=
:—(—Q§+uh2+&02)

— = =01 + Up
Jwpr \ 0z

1 0 ~ 0
o L (L 20)

i1 a—h M2 z=h
h h
1 2 2 2 2
= — | —2sl — J A /sgn (z =2 GY,, - Jedz' + /sgn (z = 2")GY,,, - TndZ!

M1 / /

~ 8 N+ N— p—1 _ 1 s ) :)p 7 /
i1 + = (07 Pors + 601 Py, = — J 202 sgn (z — 2') Ghy, - Jedz

az z=h NtQ

h

d
- _ a - B ~ _ B
+ / sgn (z — 2) Gggh Jhdz + s + EP (GJPGQZP%}I + 0, PQQinzd) — U5
h

z=h
\ h h
= 00 /sgn (z—2)GP,. - J dz' + /sgn (z =2 GP, - Jud? + 6 Py,
M1 J J
. d d
——— _])\202 / :'p o =
0 Peu} = /sgn (z = 2") Gy - Jedz' + /sgn (z—2)G,, - Jhdz
z=h
M2 s 4
+03 Poo- Py — 9~2_P9_2iP02d> ) B
. h h
_j>\z€l :1}) _ =y :1;) _ 7o
= S =2 )Gl (z=h) - Jdz'+ [ s =72")GYy, (2 =h) - Jpdz
et J
A h 1
40 Py = 05 Pyl = = / s (=210, (2 = h) - Jd2
2
h
; 1
—|—/S z )GIO)Qh (Z = h) . jhdZ + 0 P92hP92(1;l 0 PHQhPQQd
h
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h h
- /égle (Z = h) ’ ~€dzl T /églh (Z = h) ) jhdzl "‘éfp@lh - él_PQ_li =
0 0

J/

v
A / d
)\zezﬂﬂ B Gb, (z=h)- J.de + /@g% (z=h) - Jud? | +65 P Py
20
1/Z~Lt2 i s B

—0y Py, P, 02d]

= 13(921h1392h1392d§fr - P92hP92déf — Copempgghé; + C’ePgthgZdé; =

P11 Poon P2 (—VQJ{ - VggCe)

Computation of Scattering Coefficients.

(126)

Now solve (119)-(126) for {zﬁ,é} ; . Also, note that (119),(121),(123) and (126)
,2

{+-1}
{1

are linearly independent of (120),(122),(124) and (125), making it possible to solve

two sets of four equations using Gauss-Jordan elimination for A% = b where

8y
I

% e {50}

Solving (119), (121), (123), and (126) for §{;,? via (127) implies that
Gt = —Vor Porn (P — Pina) — Co (P + Pina)] = 2V CoLorn D
[(Pio, — Pina) (L + Bjiy) + Co (P, + Piag) (1 — Byl
—Vor [(Pion — Pina) + Co (Pion + Pipa)] + 2V Co Porn PozaPoon
[(Pior, — Pipa) (L + Pgy,) + Co (P, + Pig) (1 — Piiy)]
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(127)

(128)



_ Vot Poun [(Poon — Pipa) — Co (Pjon + Pia)l + 2V Co Porn Py

O TP~ PR L+ P + O (P + Boa) (1 — Py )
Vo1 Biun [(Pion, — Piva) — Co (Pioy, + Pipa)] — 2Vigs Co Py Poza Poan
[(Pgo, — Piog) (1 4+ Pgyy) + Co (P, + Piog) (1 — Pgyy)]
i+ 2Py2qPyon (V@Jlr ~ VﬁP@lh) + V9J2rP922d [(1 + P021h) — Cy (1 - P¢921h)]
? [(Pgo, — Piog) (1 + Piy) + Co (P, + Piyg) (1 — Pgyy)] (130)
n ~Viga PoaaPoon [(1 + Pjiy) — Co (1 = Py
[(Pgo, — Piog) (1 4+ Pyy) + Co (P, + Piog) (1 — Pgyy)]
i 2Pialoon (=Vir + Viy Pown) — Vo Py [(1 + Fiip) + Co (1 = Py
? [(Poon, — Piog) (1 + Piy) + Co (P, + Piog) (1 — Pgiy)] (131)

n Vga Po2aPoon [(1 + Py;) — Co (1 — Pjyy,)]
[(Pgon — Pihg) (L + Pjy,) + Co (Pgy, + Pihg) (1 — By)

For the sake of brevity, &gi} coefficients are derived in Appendix B.

Transverse Spectral Domain Scattered Solutions.

Now that the scattering coefficients have been determined, the scattered solutions
5?172} and 7’252} can be determined. Since ﬁ%,z} and @?172} can be computed directly
from 5?1’2} and 2/;{5172}, their derivations will be omitted from this section. Starting

with 65, substituting (128) and (129) into (111), it can be shown that

5 Vi (Pt — Porz) [(PraaPoen — PozaPyy,) — Co (PpogPoon + Po2aPyay,) |

0; =
Y (PpuPoon — PaoaPoy) (Pouh + Porn) + Co (PoosPosn + PozaPyar) (Pyy, — Porn)
N Vo1 [(BoinPorz + PoinPyi.) (PyagPoon — Po2aPyap)]
(PyaaPoon — Po2aPyap) (Pou, + Pown) + Co (PaggPoon + PoaaFosp,) (Poyy — Poin)
. ~Vor [Co (PounPorz = PouPon:) (PoaaPoon + PooaFyns )|

(PoaiFoon — PozaPysy,) (Porp + Porn) + Co (PoagPoon + PoraFpay) (Pyj, — Foun)
2Vg5 Co (Por: — Porz) + 2V Co Py Poan (Per:, — Ponz)
(PoaaFoon — PozaPysy,) (Poip + Poin) + Co (PaaaPoon + PoraFpa) (P, — Poan)

iy
Doy

+

(132)

Breaking (132) into electric and magnetic components and then substituting (119),
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(121), and (123) into (132) implies that

h
0 ey /D 1 991{e wy (2 = 1) Poun Pyl (Pyrl — Porz) [(PoagFoon — PaeaPpy,)
0

—Cy (PpoqPoon + Po2aPpyy)]
—Gb1 ey (2= 0) Porer [(Pyh Por + PoinPort) (PosiPoon — PosaPyy,)

+Co (B Porz — PounPynl) (PoaaPoon + ProaPo)] } - Tiend?
+ / De_l [2552{67h} (z=4d) 09P92dP0_2i' (P912 - PO_li)
+2§g2{e,h} (z="h) 09P0_2¢11P92Z’ (Pe_li - P912>} ' j{ah}d'z/
h
/D 1 Tvgemy (2= 1) (Porn Pyt Pyt — PoinPor=Ports) [(PogtiPozn — Poaa Py,
0

—Cy (PgoyPozn + Pi2aPpy) ]
—5gl{e,h} (2 =0) [(PpunPor=Porer + PounPyy. Porzr) (PpagPoon — Po2aPyyy)

+Cy (PQE}LPGIZPGIZ’ - Pem%}ipmz') (PQE}ZPGWL + Pem%}i)} } : j{e,h}dzl
d
+ / 20y D g@2{e7h} (2 = h) PpgPoszr — 552{6,@ (z =d) PG?dPe_zi/) (Pos — sz)]
h

. j{e,h}dzl

I
o\:

d
Ggl{e,h}l . j{e7h}d2, + /GZI{e,h}Q . j{e7h}d2, (133)
h
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For 3, by substituting (130) and (131) into (112), it can be shown that

2V Poui, (Pyaaboez — PoralPyn.) — 2V (Pyaaloe: — Poalyy)

0, = (PoauPorn — PozaPyy) (Poijy + Poin) + Co (PogaPoon + PosaPaay) (Pyi, — Pon)
+ Voo [(PyanPo2z — PoanPysy) (Poup, + Pon)]
(PoaaPoon = ProaBygi) (Pouy, + Poun) + Co (PpaaPoon + PioaPogs,) (Pory, = Poun)
4 Vs [=Co (Pyap, Poz- + PoanPyst) (Pyj, — Poin) ]
(PraiPoon — PooaPah) (Fyu + Poun) + Co (PpayPoon + PooaPoy,) (Porh — Poin)
+ Vo [(P(,deegi - PezdP02z> (P&i + Pglh)}

(ngdPQZh P@deg_gi) (Pg_l}l + Pth) + CG (ngipﬂh + p@ZdPQ_QI]:L) (Pg_l}ll - P&lh)
N Vaa [Co (Pppi P2z — PonaPyat) (Pyri, = Pon)|
\(Peéfzpozh — PyoaPpa1,) (Poup + Pown) + Co (PaogFoon + PazaPyay,) (Pyyj, — th)J

~
Dy

(134)

Breaking (134) into electric and magnetic components and substituting (119),

(121), and (123) into (134) implies that

~;{e,h} = /Dal |:2§gl{e,h} (2 = h) Py (PpogPooz — PooaPpaz)
=231 (o ny (2 = 0) Porr (PypiiPooz — PaoaP, eEi)] ey’
d
+ /D gez{e h} = d) PoaaPyyy [(P92hp922 PG?hP@E,lz) (Peﬁ}z + Pam)
h

—Cg (POE}LPGQZ + P92hP9_2i) (P0_1}L — PGIh)}
+§g2{67h} (z=h) PQE}LPGZZ/ {(P%dpog,lz - PegdP92z) (Pg_ull + Pelh)

+Co (PpaiPos- = PisaPt) (Par, = Pown) ] } - Jieyd?’
h d
= /GEQ{e,h}l e mpd’ + /G§2{e,h}2 - Jienyd?! (135)
0

h

For brevity, the solutions to 12?172} are derived in Apppendix B.
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2.5 Transverse Spectral Domain Total Scalar Potential Green Functions

Now that the principal and scattered Green functions have been determined, they
can be combined to find the total scalar potential Green functions. Begin with 6.

Substituting (71) and (133) into (111) implies that

h d
O1fen} = / |:G§1{e,h} + GZl{e,h}J Jienyd?’ + /GZI{e,h}Q Jienyd?’
0 h v

-~

501{e,h}1 Go1{e,ny2

h
= [ 5 {Fogesge P (PP — Pralt) (i + o)
0

+Co (PpogPon + Po2aPyay,) (Pyiy — Poun) |
+G11emy (2 = 1) (PnnPpt it — PonPor=Poks) [(PoaiPoon — PosaFyy,)
—Cy (PpabPoon + PrsaPyst)]
~Trgeny (2 = O) [(PokPors Povs + Pous Pt Pare) (PighPon — PoaaFig)]
—551{6,}1} (2 = 0) [Co (Poip PorzPorsr — Porn Py, Porr) (PoaFoon + PozalPyay,)] }

: t]::{e,h}dzl
d
+ /D ' 209 902{ ny (2= 1) PpoyPaoer — ggQ{e,h} (2 =d) P02dP95i/> (Pot — sz)}
h

. j{e,h}dz/
(136)

Note that Dy can be rewritten in terms of sine and cosine functions. Defining the

thickness of region 2 as

T=d—h (137)
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implies that

Do = (PgaaPoon — PozaFyan) (Porr, + Porn) + Co (PgsgPoon + Poralyy) (Pory, — FPorn)
= j4 [sin (A,g2 (d — h)) cos (A.a1h) + Cycos (A2 (d — h)) sin (Ag1h)]

= j4 [sin (A,92T") cos (A.e1h) + Cp cos (A,g2T) sin (A,e1h)] (138)

In Chapter III, it is shown that only the potentials contributing to the magnetic
field that are observed due to magnetic currents are necessary. Additionally, the
observation region is coincident with the excitation region in the final extraction
algorithm. Thus, this section only focuses on development of potentials resulting
from magnetic currents in the observation region. The full development of potentials
resulting from electric currents and magnetic currents outside the observation region
is presented in Appendix C.

First, analyze the magnetic component fy,. From (88), there are both longitudinal
and transverse components. Since these components are linearly independent, they

can be analyzed separately. Thus,

—

Ao

95{172}“ = jsgn (Z — Z’) 2)\29 (139)
p

:’p = éut{l,Q} 140

9011,2}h= ]2A29{1,2}Mz{1:2} o

Begin by analyzing the component observed in region 1 resulting from transverse

magnetic currents in region 1, fy5;. Substituting (139) and (138) into (136) implies
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that

peg X - /
G@lhtl - <2/\]29'0D9> {Sgn (Z — Z/) 6_])\291‘2_2 | [(PJZ;P”’Z — P@gdpesi) (Pez}l + P@lh)
p

+Co (PpagPoon + ProaPygy) (Poup — Poin)]

1
+s =2 (PornPo1s Pz — PounPor=Pyiss) [ (PoaaPoon — Po2aPiay) |
1
+sgn(h="2") (Poun Py Pyt — PounPozPyls) [~Co (P Poon + PonaPiy)]

—sgnd==2"T [ (Pyu, Por=Porr + Porn Py 2 Porzr) (PogiPoon — Po2aPyyy, )]
1
—sgd==")[Cy (P, Por=Porzr — PornPyrz Porzr) (PoogPoon + Pooa Py, )] }

_ (ﬂ' Xp ) [Sgn (2 = 2) el [(BpyuPasnh — PosaFyar,) (Pus, + Pon)]
22 ) | 4Tt (\egaT) cos () + i cos (AugaT) sin (Acpi )]
sgu (= — /) e N0l [Cy (Ppyh Poon + PooaPra)) (Ponh — Poun)]
g4 [sin (X,2T") cos (A.g1h) + Cpcos (A.goT) sin (A g1h)]
(PornPa12Pyre — PoinPor=Pais) (PoagPoon — PooaPyyy,)
74 [sin (X,goT") cos (A1 h) + Cycos (X.goT) sin (A.g1h)]
Co (—PornPortPorls + PoinPo1-Pps) (PpoaPoon + Po2alyoy)
J4 [sin (A,92T") cos (A.p1h) + Cp cos (Ag2T) sin (A1 h)]
(Poun PorzPors + Poun Py Por) (Pgaalozn — PozalPyay,)
g4 [sin (A.92T') cos (Azp1h) + Cy cos (Mp2T) sin (Azo1h)]
Co (Pyu PorzPorr — PoinPyy; Porr) (PgaaPoon + Poralyy,)
j4 [sin (A.p2T) cos (Azg1h) + Cp cos (A1) sin (A1 h)]

(141)

Due to the sgn (z — 2/) and |z — 2’| terms in (141), two cases must be considered.
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When z > 2/ that implies that

ézrhtl = ( 2)\2 D@) {Melz e P(,QdPazh — P92dP92h) (Pgl,ll + P91h)}
1
+sgn(z="2")Por. Pyl [Co (P Paon + PozaPiy) (Poih — Poin)]

+ (PownFy1: Porty — PownPorzPyrts) (PoagFaon — PozaPogy)
+Co (—PornPy. Py + PoinPor-Pyil) (PaagFoon + PooaPyay,)
+ (P&ipeupew + P01hP9],12P91z') (Pga(liPGQh — P@degai)
+Cp (PQE}LPMZPQM — thngliPew) (ngépezh + P@zdpgéi)}

D B )
= (J I\2 pD9> [(P92(11P92h - P92dP92}L) (Pelhpelzpelz' + POthelszz )
pO

+Co (Pppaloon + Pooalyp) ( PounPyy Pyt + PPy + P9_1}1P912P9_1i1>
+Cy (PrakPoon + PraaPi) (~Pasw PPt + Ptk Pov: P — PP Par)

1
(M z 01z’> 02dP92h PGZdPezh)

+ (Pyip Por=Porer + PoinPyy Porsr) (PponPorh — Po2aPay) |
. X, sin (A.g27T") [cos (Azg1 (b — (2 — 2))) + cos (A1 (h — 2z — 27))]
-\ 2/\/2)9 sin (A,g2T") cos (Ag1h) + Cycos (Ae2T') sin (A g1 h)

Cycos (A,02T) [sin (A1 (h — 2 — 2")) +sin (M1 (B — (2 — 27)))]
sin (A,g2T") cos (A g1h) + Cycos (A,e2T) sin (A,g1h)

(142)

66



When z < 2/ that implies that

G = ( 2)\2 D@) {Mglzpelz [(PpoiPoon — Po2aPyap,) (Pout, + Poin) ]
-1
+M@Eipelz’ [Ce (PQEZPOZh + P@degallz) (Pgﬂk — Pem)}

+ (Porn P2 Pyt — PornPor=Pyrr) (PoayPoon — Pozalyay,)
+Co (—Porn P12 Ppry + PoinPor=Pyis) (PoagPoon + PooaPyyy,)
+ (Peﬁipeupelz' + Pelhpeﬁip(nz') (ng(lipezh — P92dP9;}1)
+Cy (P Por-Por — PornPyr-Porzr) (PpoyPoon + PozaPygy)

D ) i ) .
= (J I\2 pD0> [(_P92dpt92llz) (POthmiPmif - POth@lzpelef - P01}1P91,1zp91Z’)
p0

+Co (PrsiPoon + PoaaPigh) (PoihPorzPorr — Poun PPz — Posh Pt Por)
+Co (PpagPoon + ProaPyay,) <m— Poin ot Por + thPelngli/)
+ (PpauPosh + Poip Por-Porr) (PooyPaonh — Pazalyay,)

+ (~PonPi o + PunBii P ) (PaiPo — PraaFis)|

_ ( Y ) [sin (Aag2T) [cos (Mgt (B — 2 — 2)) — cos (Augr (b + (2 — 2')))]
7o, sin (Azg2T) oS (Aagrh) + Cy o (Moo T) sin (Aogr h)
Cycos (A,02T) [sin (A,e1 (h — 2 — 2")) —sin (A\,e1 (B + (2 — z')))]]
sin (A,g2T") cos (A g1h) + Cycos (A,e2T) sin (A,g1h)

(143)

Analyzing (142) and (143) reveals that

5 . Xp Zga sin (A,92T") cos (Aog1 (b — 2z — 2))
o =\ J 2)\§9 Zga sin (A,02T") cos (Aogrh) + Zpy cos (A.g2T) sin (A g1h)

Zga sin (A,92T') sgn (z — 2') cos (A1 (B — |2 = 2|))
Zga sin (A,92T") cos (Ag1h) + Zg1 cos (A.p2T') sin (Mg h)
Zg1 cos (A1) [sin (Aso1 (B — 2 — 2)) +sgn (2 — 2’) sin (A\,01 (B — |2 — 2']))]
* Zga sin (A,e2T') cos (Aog1h) + Zpy cos (A,g2T) sin (A g1h)

(144)
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Next, analyze the component observed in region 1 due to longitudinal magnetic
currents in region 1, 011,,1. From the analysis of Gore1 presented in Appendix C, it

can be shown that substituting (140) and (138) into (136) implies that

G B { 271 1 {Z@ sin (A,goT") [sin (M1 (h — 2 — 2')) — sin (A\,e1 (B — |2 — 2']))]
01lhzl —

200421 Zga sin (A,g2T') cos (Aog1h) + Zpy cos (X921 sin (Ag1h)
+Z91 cos (A.02T') [cos (Azg1 (h — |2 — 2'|)) — cos (A.e1 (h — 2 — 27))]
Zgo sin (A,g2T) cos (A.g1h) + Zg1 cos (A,e2T') sin (A ,g1h)

(145)

Now that #; has been found, determine 6,. Substituting (71) and (134) into (112)

implies that

J/

h d
Ozgeny = /G§Q{e,h}1 Jienydz' + [G§2{e,h} + GZZ{e,h}Q} Jienyd2’
0 v h ~~

Gozfe,n}1 592{e,h}2

h
= /Del [2 <§§l{e,h} (z=h) P()Ei/ - 551{e,h} (2 =0) P912’> (P63(11P92z - PG?dPeE,lz)}
0

d
Jiemydz + /De_l {ggz{e,h}e_jw%_z/' [(PaoaFoon — FooaPpan) (Pop + Poin)
h

+Co (PpaiPoon + PraaPisy) (Pyrs, = Pows)|
+iageny (2 = ) PoaPyois [(Posh Pooe — PonFyot) (Pous + Poun)
—Cy (Pyop Po2> + PoonPps) (Pouy, — Porn) ]
+Ghageny (2 = ) Py Poos [(PozaPit = PyoiPoz) (P + Poun)
+Cy (P Proz — PioaPrt) (Pyih — Pow)] } - j{e,h}dZ’
(146)

Using (146) with similar substitution techniques as those used to find the com-

ponents for 6’~1, the é@g{eyh}{l,z} terms can be found in a reasonably straightforward
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manner. For brevity, they are derived in Appendix C. Additionally, determination of
the ¢ and 1), components proceeds in a similar manner to those of 6; and 65 above.
Thus, the full derivation of the ¢; and 1)» components is presented in Appendix C.
Now that the total Green functions have been determined for 6 and 15 in regions 1
and 2, determine the total Green functions for II in regions 1 and 2. Since ® does not
contribute to the magnetic field, its development is presented in Appendix C. Now
that the total Green functions have been determined for § and ¢ in regions 1 and
2, determine the total Green functions for II in regions 1 and 2. Since ® does not
contribute to the magnetic field, its development is presented in Appendix C. (37)

and analysis from (101) imply that

h
1:[{1,2} = _Jwﬂt{l ” / GG{l,Z}el + é@{l,2}ht1 =+ é@{l,2}hzl] - Jpd?

d
0 : = = 4
/ 9 G9{1,2}e2 + Gog123ne2 + G6{1,2}hz2] - Jpd?’

h

1 0 =

= GH{L?}{e,ht,hz}{lz} = maz Go(1,2){e.nt,h=}{1,2} (147)

First, analyze the components observed in region 1, IT;. Begin by analyzing the
component observed in region 1 resulting from transverse magnetic currents in re-

gion 1, ITyy. Substituting (144) into (147) implies that

G 19 jXp sin (A,02T) [cos (Aze1 (h — 2 — 27))]
T o 02 | | 202 Lm (A202T) cos (Azg1h) + Cp cos (AgoT) sin (A1 h)
sin (A,g2T) [sgn (z — 2') cos (Mg (h — |2 — 2'|))]
sin (A,g2T") cos (Ag1h) + Cycos (A,e2T') sin (A,g1h)
Cp cos (Azp2T") [sin (Azgr (h — 2 — 2')) +sgn (z — 2/) sin (A,01 (B — |2 — 2']))]
+ sin (Ag2T") cos (A,g1h) + Cycos (2T sin (Ag1h) } }
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_ Y [ sin (AogoT) [Agr sin (Aoor (h — 2 — 2))]

2)\p0w,ut1 in (A,2T") cos ( s01h) + Cycos (Azp2T') sin (A1 h)

+sm (A02T) [Z sgn (= ) cos (A1 (h — |2 — 2]))]

Sin ( Z02T> ( zglh) + C@ COS ()\ZQQT) sin (/\zglh)

Cy cos (A.02T") [—Az01 cos (Ao (h— 2 — 27))]

sin (A.p2T") cos (Azg1h) + Cycos (A.p2T') sin (Azp1h)

Cp cos (Ap2T) [ sgn (z — 2')sin (Agy (b — |2 — 2'|))]
sin (A,g2T") cos (Azg1h) + Cycos (A.e2T') sin (A g1 h)

(148)

Due to the sgn (z — 2’) in (148), two cases must be analyzed. When z > 2/, that

implies that

G Xp sin (A,02T") [Aso1 8in (A1 (b — 2 — 27))]
At = 2/\29w,ut1 sin (A,g2T") cos (A,e1h) + Cy cos (A,g2T) sin (Ag1h)

1
sin (A,g27T) [%Mos (Mo1 (h— |z — z’|))}
TS0 g T) €05 Onaarh) + Co 005 (hagaT) it g 1)

Co cos (Az02T") [—Az01 cos (Aso1 (h — 2 — 27))]
sin (A,goT") cos (A,g1h) + Cycos (A1) sin (Ag1h)

1
Cp cos (A.02T) [%Min (Aopr (B — |2 — z’|))}
+

sin (A.p27") cos (Azg1h) + Cycos (A.e2T") sin (Mg h)

[ Xp)\zgl [sin (Az02T) [sin (Ao (h — 2 — 2)) +sin (Ao (h— (2 — 27)))]
QAiewpﬂ sin (A,g2T") cos (Ag1h) + Cy cos (A,e2T) sin (A.p1h)
+Cg cos (A.p2T') [— cos (Aso1 (h — 2z — 2")) — cos (Ao (h— (2 — 27)))]
sin (A,g2T") cos (Azp1h) + Cp cos (A,92T) sin (A.e1h)

(149)

70



When z < 2/ that implies that

= ([ X [ sin (Azg2T) [Aagr sin (Asgr (B — z — 2))]
At = 2)\29wut1 sin (A,g2T") cos (Ag1h) + Cycos (A,e2T') sin (A.p1h)

1
sin (Ag2T") [%Mos (Azo1 (h+ (2 — z’)))}
+ sin (A,92T") cos (Ag1h) + Cy cos (A,g2T) sin (A.e1h)

Cycos (A02T) [—As01 cos (Asor (h— 2 — 27))]
sin (A,g2T") cos (Ag1h) + Cg cos (A,g2T) sin (A,e1h)

Cy cos (A1) [%Ml_ﬁ (Azo1 (B4 (2 — ZI)))}
+

sin (A,02T") cos (A g1h) + Cycos (A,e2T) sin (A,g1h)

B (_ XoAz01 ) [sin (Mz02T) [sin (Mzo1 (h — 2 — 2)) +sin (Mg (h + (2 — 2)))]
2Ai9wut1 sin (A,g2T") cos (A.e1h) + Cy cos (Ag2T') sin (X1 h)
+Cg cos (A.02T) [~ cos (Aso1 (h — 2 — 2")) — cos (M.o1 (h + (2 — Z’)))]}
sin ()\ZQQT) COS (/\zglh) + C@ COS (A292T> sin (/\zﬁlh)

(150)

Analyzing (149) and (150) reveals that

é’mhtl _ <_ Xp)\zel ) { | sin (A,goT) sin (A,91 (b — 2 — z’))
2)\,2)904%1 sin (A,g2T") cos (ALg1h) + Cycos (AgoT) sin (Ag1h)
sin (A.p2T") sin (Ao (h — |2 — 2']))
sin (A.goT") cos (Ag1h) + Cp cos (AgoT) sin (A.g1h)
+C’9 cos (A.g2T') [— cos (Aso1 (h — 2 — 2')) — cos (A.o1 (h — |z — z’|))]}

+

sin (A,p2T") cos (Azg1h) + Cycos (Ae2T') sin (Mg h)
Y Zgy sin (Mg T) [sin (Aogr (h — 2 — ) 4 sin (Asgr (B — |2 — 2]))]
2)\/2)6291 Zga sin (A,e2T') cos (A g1h) + Zg1 cos (A.g2T') sin (A g1 h)
+Zgl cos (A.g2T') [— cos (Aso1 (h — 2 — 2')) — cos (A.e1 (h — |z — 2']))]
Zga sin (A,e2T') cos (Aog1h) + Zp1 cos (A.goT) sin (A g1h)

(151)

Continuing in this manner, it is straightforward to derive the remaining II Green

functions. For brevity, the remaining derivations are presented in Appendix C.
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Transverse Spectral Domain Total Scalar Potential Grand Summary.

= (%X, Z01 0
Gore1 = < v )T

222,
Gounn = (] e, ) T4
Gorha1 = <—ﬂ> 1

2wpz1

h h
9{1 2} = /G9{1 2}el * J dz' +/ (ée{l,Q}htl + G9{1,2}hz1> - Jpdz!
0

d

d
+ /G9{1,2}62 - JodZ' + / (ée{l,Z}th + ée{l,Q}hz2> - Jnd?!
h

h

=4 Ex N, 22 0
G9162 = ( )\5 91) TQ
z A Z(; ]
Goinee = <—J 1> T3
= 372 0
Counea = ( ) T4

W z1

= o ExX Zgo /]
Grea = (282 v

2
2)‘,)9

Goanta = (] ﬁ) 15
P

5 _ 22, 0
Comnea = (5222 ) T4

=4 z><)\ /]
Griier = | — ”) Ty
p
= . Xp 0
Gthtl — <—2)\/239291> Tu
= (i z 9
Gthzl - (] 2wuzl) Tg
= - CEXN Zgo 0
GH261 - <_j )\5 ) T13
PO
=2 X 0
Grione1 = (/\Tp> 175
PO
= _(.:z 0
Grionz1 = (]i> 1T,

wWhz2

h h
1:[{1,2} = /én{1,2}e1 - JodZ' + / (éH{l,Q}htl + én{m}im) - Jd?
0 0

d

d
+ /éH{LQ}eZ - J.dz' +/ <én{1,2}ht2 + éH{l,Z}hzZ) - Jpd?!
h h

énlez = (j_2x§§(9291> 1Y,
G = (25)
Ces = (220 ) 1Y,
511262 = ( 22§5\p>
éHthQ = (%2 Zm)
) i

Grohze = (] 2022
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h h
1/;{1,2} / <Gw{1 2}et1 T Gw{l 2}6z1> Jedz /Gzp{l 2}h1 JhdZ
0

d d
+/ <éw{1,2}et2 + éw{l,2}ez2> : jedzl + / éw{m}hz : jhdzl
h

h
= Y = A2
Gylenn = (‘J 2A§w> Tg Gyrerz = (] 5 w2> Tqibo
2 w = o ZZ,(/,Q ’l/)
<_2Z,¢,1Zwezl) Tll G¢1622 - <_Z¢1W€z1> TIQ

= o E2xX, b = XX, Zys W
o= (525) T o= ()

L1
= XpZy = DY
Gyaenn = <—] iz“) Ty Gy = (—J v ) 1Y,
pip P
= - 27 b = . 5 "
Gzp?ezl - <_Z¢2$;2> T15 G¢2622 — <_2Zw;w622> T16

~ _ _2><XPZ¢1 T’Lp = o _ ﬁXXp T¢
Gwhl = < N2 ZW) 15 Gw2h2 - 222 Zyo 16

h h
i){l,Z} / <é¢>{1 2}etl T G@{l 2}ezl> - JdZ' + /écb{l oyn1 * Jpdz
0
d d
+/ <G<I>{1 2yer2 + Goqu 2}6,22) Jod /Gcb{l 2yh2 * Jpdz
h h
écbletl = (_/\20,\Zz_w> T% écblet2 = <_/\pZ>\¢21ZW> T;D
. Py . P
~ P ~ .37
G@lezl = (] 2w621> g} G<I’1622 = (_] weff) T}f
= XX = EXApZ,
Goin = (] Q,X\S\p) Ty Goinz = <—] X,\S’ww) Ty
P
é{)Qetl (_/\ Z)\“/)zldzlﬂ?) TQ,SZJ é@?etQ - <_ 2PAZ2112> Téb
pY
= sz = s
GCI)2eZl = j w;ﬁ) T17p G(I’Qez2 - (] 2w€22> Tg
=4 XN, Z = EXX
Gaont = (] X)\S wl) Ty Goomo = (]%) Ty
P
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Supplemental Relations:

To _ {Zal 08 (Aya2T) [cos (Nsa1 (B — 2 — 2)) — cos (Asar1 (h — |2 — 2/|))]

Za1 €08 (AT sin (Asa1h) + Zag sin (Aa2T) cos (A a1h)
+Za2 sin (A2 [sin (A1 (b — |2 — 2'])) — sin (A1 (h — 2 — 27))]
Zal COS (AZQQT) sin ()\zalh) =+ Zag sin ()\ZQQT) COS (Azalh)

Yo _ { sin (A.a2 (d — 2')) sin (A,a12) }
2 | Za1 cos (Msa2T) sin (Msarh) + Zao sin (Azq2T) cos (Aqrh)
Za1 €08 (Aa2T) [sgn (z — 2') sin (A1 (B — |2 — 2)))]
{Zal €08 (Aza2T') sin (Aza1h) + Zag sin (Aa2T) cos (Asa1h)

Zo1 €08 (A2 [sin (Aza1 (B — 2 — 2))]
Za1 €08 (Aa2T) sin (Aza1h) + Zag sin (Aza2T) cos (Aza1h)

Zaosin (Aa2T) [sgn (z — 2') cos (Aya1 (B — |2 = 2]))]

Zia1 €08 (Aa2T) sin (Aya1h) + Zag sin (Aza2T) cos (Asa1h)
Zaosin (Aza2T) [cos (A1 (B — 2 — 2))]

+ Za1 €08 (A2 T) sin (Aoa1h) + Zao sin (A aoT) cos (Asa1 h)}
o _ o8 (Aza2 (d — 2')) sin (Aoa12) }
1 | Za1 €08 (Aza2T') sin (Aza1h) + Zag sin (Aa2T') cos (Asa1h)
o _ sin (Aza12’) sin (ALa2 (d — 2)) }

b | Za1 €08 (Aza2T) sin (Aza1h) + Zag sin (Aa2T) cos (Asa1h)

[ Zoasin (Azarh) [sin (Asaz (T — |2 — 2'])) +sin (Aa2 (d+ h — 2 — 2))]
Za1 €08 (Aza2T) sin (Aza1h) + Zag sin (Aa2T) cos (Asa1h)

ZQQ oS (Aza1h) [cos (Azaz (d+h — 2z —2')) — cos (Nsa2 (T — |z — 2|))]
N Ze 05 Doz T) 51 (At h) + Zag s (AseaT) €08 (Moat ) 1
Yo _ { 08 (Aya12’) sin (ALa2 (d — 2)) }

7 01 €08 (Aya2T) sin (A1 h) + Zaz sin (A a2T) cos (Aa1h)

01810 (Asq1h) [sgn (z — 2') cos (Asaz (d — h — |2 — 2/|))]
{ 01 €08 (Aya2T) sin (A1 h) + Zag sin (A,a2T) cos (Aa1h)
Zo1 Sin (A1 h) [— cos (Moo (d+ h — 2 — 2'))]
Zal €08 (Aza2T) sin (Asa1h) + Zag sin (Aa2T) cos (A,a1h)

Za2 €08 (Azar1h) [sgn (z — 2') sin (Moo (T — |2 — 2|))]

Za1 €08 (A1) sin (Aa1h) + Zao sin (Aa2T') cos (A,a1h)
Za2 €08 (Asarh) [SIn (Asa2 (d+ h — 2 — 2))]
+ Za1 €08 (AT sin (Aza1h) + Zag sin (A a2T) cos (A,a1h)

ae{0,¢} T=d-h

1§ =

TS =

WHt{1,2}
Az0{1,2}

Azp{1,2)
WeEL1,2}

Zog12y = Zy{12y =

A2y = Woe12pie,2) — ut{{li A2y Alypay = Wieapii2)y — il 2; Aow
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Za1 €08 (A7) [sgn (2 — 2') sin (A1 (B — |2 — 2]))]
Zo1 €08 (Asa2T) sin (A a1 h) + Zag sin (Aa2T) cos (Aa1h)
Zo1 €08 (Aa2T) [—sin (A1 (h — 2 — 27))]
+ Zo1 €08 (Asa2T) sin (Aa1h) + Zag sin (Aa2T) cos (A,a1h)
Zaasin (A1) [sgn (z — 2') cos (Aya1 (B — |2 = 2']))]
Za1 €08 (Aza2T) sin (Aza1h) + Zag sin (Aa2T) cos (Asa1h)
N Zaosin (Aq2T) [— cos (Aoa1 (h — 2 — 2))] ]
Za1 €08 (AT sin (Aoa1h) + Zag sin (A a2T) cos (A,a1h)
To _ l sin (A a2 (d — 2')) cos (M\,a12) ]
107 | Zat €08 (Mg T) sin (Azarh) + Zag sin (MaaoT') cos (Asaih)
Yo _ {Zal 08 (Aza2T) [cos (Asa1 (B — |2 — 2'])) 4+ cos (Asa1 (h — 2 — 27))]
= Za1 €08 (Asa2T) sin (Aa1h) + Zao sin (A,a2T') cos (A,a1h)
Zaosin (Aa2T') [—sin (Asa1 (b — |2 = 2'])) —sin (Aya1 (b — 2 — 27))]
* Za1 €08 (Aza2T) sin (Aza1h) + Zag sin (A a2T) cos (Asa1h) }
€08 (Asa2 (d — 2')) cos (Aa12)
| Za1 €08 (Aza2T) sin (Aza1h) + Zag sin (Aza2T) cos (Asa1 h)]
ro _ sin (A,a12") cos (Aza2 (d — 2)) }
B Zag €08 (Mg T) sin (Asa1h) + Zag sin (Ma2T) €08 (Azarh)
o _ [ Zaisin (A\,a1h) [sgn (z — 2') cos (Moo (T — |2 — 2']))]
14 | Za1 €08 (Aza2T') sin (Asa1h) + Zao sin (Aza2T’) cos (Azarh)
Zoa sin (A a1 h) [cos (Mya2 (d+ h — 2 — 2))]
+ Za1 €08 (AT sin (Asa1h) + Zag sin (Aa2T) cos (A,a1h)
Za2 €08 (Azarh) [sgn (z — 2) sin (Moo (T — |2 — 2']))]
Za1 €08 (Asa2T) sin (Aa1h) + Zag sin (A a2T) cos (A,a1h)
Zo2 €08 (Azarh) [—sin (Ma2 (d+h — 2 — 2))]
+ Zio1 €08 (Aa2T) sin (Aya1h) + Zag sin (Aua2T) €08 (Ao h)]
yo _ { 08 (Aza12’) €08 (Azao (d — 2)) }
| Zag 08 (Asa2T) sin (Azarh) + Zag sin (Aua2T') cos (Asaih)
Yo _ {Zal sin (Asq1h) [sin (Mao (d+h — 2 — 2')) —sin (Ao2 (T — |2 — 2|))]
16 Za1 €08 (A2 sin (Asa1h) + Zag sin (Aa2T) cos (A,a1h)

Tg =

o
T12_

+Za2 COS( 2a1h) [c0s (Moa2 (T — |2 — Z'])) + cos Moz (d+ h — 2z — 2'))]
a1 €08 (Asa2T) sin (A,a1h) + Zaz sin (A a2T) cos (A.a1h)
ae{0,9y} T=d—-h
WH(1,2 _ A 1,2}
29{1’2} - )‘29{(1,2; ZI/J{LQ} - w;f{{Lz}}

2 ) _ My{12) 42 2 2 _ &{1,2} y2
Ao(12) = W12 12} — A Asppigy T WUELap 1,2y — o Ay
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2.6 Transverse Spectral Domain Total Field Recovery

Now that the transverse spatial frequency domain potentials have been deter-
mined, they can be used to recover the electric and magnetic fields.
Begin by taking the forward transverse Fourier transform of the total field equa-

tions, F,{(29), (30), (34), (33)}, which implies that

E~t{172} = j/_\’p(i){lvg} —jé X /_\)pé{lg} (152)

ﬁt{l,?} = jxpf[{LQ} — j?:' X quvzj{l,Z} (153)

~ 1 ~ -

EZ =T <_)‘2 Jez) 154
. ety (154)

~ 1 - ~

H, = (—)\2 0 —J Z) 155
02 = oy (Thwbaa = (155)

To obtain the total electric field, (152) and (154) imply that

E{m} = Et{1,2} + 2E~z{1,2}

. e 1 - .7
= j)\P(I){L?} — 71z X )\p9{172} +Zz <_m (—)\?pr{lg} +z- e))

X, P 2% X0 ST . 156
= — X _ — «

Iy I priz +Z]'W€z{1,2}w{1’2} ZZ jWGz{l,Q} ( )
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Substituting the scalar potentials ®, 6, and v into (156) implies that
h
E{1,2} = jxp / [G¢{1,2}h1 Iy + (écb{m}etl + é¢{1,2}ez1> : je] dz'
0

d
+/ [é¢{1,2}h2 - Jn + <é¢>{1,2}et2 + é®{1,2}ez2> . je] dz'
h

h

/ [60{1,2}61 e+ <é9{1,2}ht1 + ée{1,2}m1> : jh} dz'
0

d
+/ [é9{1,2}e2 e+ (ée{m}m + é9{1,2}hz2> : jh} dz'
h

h
2 = - > > >
+ 73# / [G¢{1,2}h1 ~JIh+ <G¢{1,2}et1 + Gq/){l,Q}ezl) : Je:| dz'
JWEZ{1,2} /

d
—l—h/ [é¢{1,2}h2 S+ (éw{lﬂ}et? + éw{m}eﬂ) ' je] de) =22 JWE={1,2}

h
/ {1 2}h1 Jh + ])\ <é¢{1,2}et1 + G¢{1,2}ez1) : je:| dz'
0

—

d
+/ X 3 ®{1,2}h2 Jp + jXp (écb{l,Q}etZ =+ é¢{1,2}ez2> : je:| dz'
h

-

[‘jé X XpGH{l,Q}el ~Je —Jz X Xp <ée{1,2}ht1 + GG{LZ}hzl) : jh] dz'

1

_|_

[—] X A é@{l 2}e2 J —Jz X >\ <ée{1,2}ht2 + é@{l,2}hz2> : jh] dz'

:\& O\r

+
Fr )\2 )\2 E
+ / émGw{l 2}h1 ° Jh + Zm (Gw{l 2}et1 T+ Gw{l 2}ez1> -, dz
0 -
i )\2 = )\2 -
+ / éj—we o) Gw{l 2}h2 ° Jh + Zj—(JJE ) (Gw{l 2}et2 + Gi,l}{l 2}622> -, dz’
h -
e e
— ZZ
JWeE{1,2}
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-

h
/ G(I){l 2}etl T G(ID{I 2}ez1) —JZ X XpG9{1,2}el
0

,z,\2 <G +G >+ 2z 5( ) jd’
- e ez Z—Z cJelZ
W {1,2}et1 {1,2}ez1 J Wea12)
h
Lo = . — = = . Z)\2 = o ,
+/ IANGagioin — J2 X Ap (GG{l,Q}htl + G0{1,2}hz1> ) Gyqopn| - Jndz
, z{1,2}
d
+ / G¢{1 2}et2 T G<1>{1 z}ez2> —Jz % Xpé9{1,2}62
h
! (G e )+i N YO B
- € ez Z— Z * e A
we-(12) »{1,2}et2 {1,2}ez2 ]wez{m}
d
o = R — = = . 2:)\2 = = ’
+/ J)\pG<I>{1,2}h2 —JZX A, <G9{1,2}ht2 + G9{1,2}hz2) - jwe L }Gw{l 2}h2 | ° Jndz
1,2
h

h d d
= /ée{m}el - Jodz' + / ée{l,Q}hl - Jpd?' + /66{1,2}62 - Jodz' + /ée{1,2}h2 - Jpdz!
0 0 h h

(157)
Next, to obtain the total magnetic field, (153) and (155) imply that
1'.:[{1,2} = f{t{l,Z} + 2}},2{1,2}
- o~ 1 ~ g
= jA I —jzx/\@/) +z(—<—)\20 —2-J>)
(1.2} pP(1.2) T (Twlaz h
= XM 0) — 52 X A0 —z)\—Qeé —ZZ L (158)
2 PELLAE JWHz{1,2} {12} JWhz{1,2}
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By substituting the scalar potentials II, ¢, and @ into (158), it can be shown that

h

1:1{1,2} = / [ X G m{1,2}e1 — JZ X /\ <é¢{1,2}et1 + é¢{1,2}ez1> +7J
0

2/\29 -
Gof1,23e1

WHz{1,2}

¥

-

h
cdz! +/ |:jXp (én{l,z}htl + él’[{l,?}hzl) —Jjzx Xszp{l,Q}hl
0

z)\
WHz{1,2}

zZ

WHz{1,2}

+J <G9{1 2}ht1 + G9{1 2}hz1> +7 6(z—2 ] 2+ {1 2}e2

3\3&

z)\

WHz{1,2}

—Jjz X Xp (é¢{1,2}et2 + é¢{1,2}6z2) +J é9{1 2}62:| jedzl

+ I (én{lz}htz + éH{l,Q}hz2> —Jz X Xpéw{l,Q}hQ

D‘\Q‘
X

é’Ai@
WhHz{1,2}
h

ZZ

+J (Ga{l,Z}htZ + é@{l,Z}th) +J d(z— Z’)} - Jpd?!

WHz{1,2}
h d d
= /éh{1,2}el - Jed? + /éh{l,Q}hl N /éh{1,2}62 - Jed? + /éh{l,Q}hQ - Jpdz!
0 0 h h
(159)
Determination of Transverse Spectral Domain Total Field Green Func-
tions.

Now that the transverse spectral domain total fields equations have been deter-
mined, the Green functions contributing to those fields must be analyzed. Noting that
the Green functions are dyadic in nature, it is useful to analyze some key dyads that
will be used in the analyses going forward. Note that @b = (5&) ! where @, be {Xp, 2}

Therefore, terms where the order of the vectors are reversed are omitted from this
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analysis. Thus,

Modo = (@A +9N) (BAa +3X0) = [AA, A2 0 (160)

(161)

N>
N>
Il
(@] (@) (@)
(@)
(@)

M= (A 9N 2= [0 0 A, (162)

(2 x Xp) =[x (@AM 2= @A —3N) 2= [0 0 A, (163)

(2% %) X = @A = 2X) (@A +9X) = | X2 A, 0 (164)

(5 x }) (z x Xp> = (Gh — 3N (P —3N) = [=AA, A2 0|  (165)

It is important to note from (29) and (34) that € only contributes to transverse
components of the electric field. Thus, components that are functions of A, do
not contribute to E, and are therefore TE® components. Similarly, (30) and (33)
imply that ¢ only contributes to transverse components of the magnetic field. Thus,

components that are functions of A,, are TM* components. As will be shown in
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Chapter III, only the magnetic field Green function will be needed to develop the
MFIEs used in the first proposed measurement technique. Thus, full development of
the electric field Green functions is presented in Appendix D. Additionally, magnetic
field Green functions that arise due to electric currents as well as from magnetic
currents outside the observation region are developed in Appendix D.

Begin by analyzing the magnetic field component observed in region 1 resulting
from magnetic currents in region 1, lf}un- Substituting (144), (145), (C.46), (151),
and (C.56) into (159) implies that

- I 2)\2
Ghim = JA (Gﬂlhtl + Gthzl) — JZ2 X XApGyint + jwu (Gelhﬂ + G01hz1>
z1
+7 Sallp) (2 —2")
Wzl

5 (PY (R B JPS f (RN S E —jZGl)\ze 1Y (166)
’ 2wk 41 ) P 2wtz 3 2W2N31 !

Breaking (166) into TM*, TE?, and depolarlzmg components (thf;,fo,; and

Zd . 54 STM?  STE?
Gy1 1 respectively where Guipy = Gy 4+ Going + Ghlhl) implies that

G = (55 5,) (55 ) (]ﬁ) Y
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= |-AA, A0 Jm) Th (167)
P

% (ot ) Th A () T
= [ ANy (JzAz >T(f1 A <]2)\2 ZQI)T(i1

Ao
Ay
Z1>\
() T () T ( 2 >

000

Zd O(z—2

G =10 0 0 (j—(wm )) (169)
001

Next, analyze the magnetic field component observed in region 2 resulting from

magnetic currents in region 2, Hape. Substituting (C.18), (C.20), (C.50), (C.62), and
(C.64) into (159) implies that

bog ooz - o 2 .2)\2 - >
Ghanz = jA, (Gmm + anhzz> — J2 X XNyGyanz + ]wupe <G02ht2 + G92hz2>
22
zz
+J d(z—2")

- X E
= || =2— | Yo% + ( )T(’
JAp [(2/\29202> 16 JQWMZQ 14
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o - 1 o 1
— (s 2 % X ) S T R
- 1 - 1 Zga\2,
A2 — Y0, + 3N, [ — Y0425 —4 P7 ) o
A < 2Wﬂz2) 147+ 2% < QWN22) 32 ( j2w2ﬂgz> 0

(=2
+ zz ]—wu ;

(170)
Breaking (170) into TM?, TE?, and depolarizing components implies that
5TMZ—<2><*>(2xX) R
h2h2 14 4 2>\2wa2 16
Ab =Ny 0
1
=|=xN, X2 0| e | T (171)
v 2k§¢Z¢2) 16
0 0 0

STE* o o 1 > > 1

= ApA T+ M2 — T+ 32X, (- T
h2h2 p p( 2)‘/2)9Z2> 16T pZ( Z2) 1uTz p( 2wﬂz2>

Ay
2wy ‘
A2 (J 2,\212 ) Tl Ay (j 2,\212 ) Tl Ao ( 2wL 2) I
)\x)\y <] 2A§3292) T?6 )‘Z (] 2)%2292) T?G )\y <_2w}t22> T?4 (172)
. Zga N2
Az <_2w}1«z2> Tg )‘y <_2wiz2> Tg <_J 2w2#§2> Tg
000
Zd O0(z—2
Ghrana =10 0 0 ]—( ) (173)
W22
0 01
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Transverse Spectral Domain Total Electromagnetic Field Grand Sum-

mary.
Fields:
h h d d
E = /éelel - Jd? + /éelhl - Jndz' + /éeleQ - Jud /éelh2 - Jnd?!
0 0
h h d d
Ez = /éezel : ~edZ/ + /ée2h1 ‘ jhdZ/ + /ée2e2 : jedZ/ + /ée2h2 ‘ jhdzl
0 0 h h
h h
H, = /éhlel' ~edzl+/éhlh1 ' jhdzl_l_/éhleQ : jed2/+/éh1h2 - Jnd?!
0 0 h h
h h d d
.EIQ = /éthl : ~edZ/ + éh2h1 : jhdZ/ + /G~h262 ' jedzl + /éthQ ' jhdzl
0 0 h h
Electric (ee) Green Functions:
< S TM? S TE?
Gelel = Gelel + Gelel + Gelel
B (=i )t o (mige) 1 A (—25) T
S TM?
CTYelel = )\x/\y ( jgi#) Tib )\32/ <_]%) T;l’ )‘y (_ﬁ> Tg}
DY
| >\x <_2w1621> Tg )‘y <_2wlezl> quf (j 2Z¢1€j}2621> Tabl
/\3 —AzAy 0 p
CTE? _ . 21 0
elel — —)\x)\y )\i 0 <_] Q_A?,g) Tl
0 0 0
0 00
= O(z—2
Gelel =10 0 O (j ( ))
Wez1
0 01
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2 < TM? ZTE? Zd
G€1€2 = Gele? + Gele2 + GeleQ

()T ()T A ()T

. P
~TM?
Gele2 - Z?/}Q /\ac)‘y <_j%> TlQZ} /\32; <_]%> Tg} )‘y <W€1 1) Tf
P Py *
LA
v(E)Th o v ()T () T
A2 A, 0
STE? .2921 0
Gele? = _>\x)\y Ai 0 _‘7)\_2 T2
pO
0 0 0
000
=y O(z—2
GeleQ =10 0 0 (j ( )>
Wez1
0 0 1

ée?el - GeQel + GeQel + Ge2el

< TM?

Genr = Zun | Moy (=i52) T8 0 (—a52) T8 A (o) 0¥

WEz2

S
Hm) T v (E) T ) T

)‘12; —AzAy 0 5
CTE? .
G = [=Mhy A2 0 (—JA—Q”> T3
0
0 0 0
000
= O(z—2
G€2€1: 000 (]ﬁ)
WEz2
0 01

85




< STM?  =TE*  =2d
Gezer = Ge?e? + Ge2e2 + GeQeQ
[ . Zupo Zy2
A R AL
= TM?
Ge2e2 = )\:L’/\y <_j 2{\1%1) Tg) >\22; <_.] QZ)\%i)) Tg
A () T v (o) T
XA, 0 ,
STR: . L2 0
o= | =N, A2 0 (—y 5 )‘?)0) iy
0 0 0
000
24 O (z—2")
Gloer = LA
e2e2 O O O (j WE,o >
0 01

A (
M

)\Qw
) —P¥_
(‘7 2Z¢2w2e§2> T

1

2we o

1

2wezo

S8
5€ oe oe

Magnetoelectric (eh) Green Functions:

4 STM*  ZTE?
Geint = Geap + Gam
[ 1 (] 1 (4
~TM*=
G = —)\@2, (—ﬁ> Tg} Az Ay <_ﬁ) T;f 0
. P . P
| (J7i) T s (i) T 0
—)\x)\y (ﬁ) Tg _)\12/ (2A1§9> Tg _)‘y (j 252121
STE?
et = | A <2A1§9> TS A, (mlio) 5 A (J o
0 0 0

)T
)

0
1

0
1
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—

Gerns = 52“5 e
Y <Zw2>T§f A2 (ZW)W 0
| s (@
A (i522) A (522 ) T 0
o (-8) T ()T (18)
e | (- 2] A (- Z@l) A (528) 18
L 0 O
ée2hl = ég\:; + 532221
()T ST
- a2 (—%)T? AA( )W 0
__)\y (jMEZ;lez) As (wezjéw)TlfS 0
o (B2) 10 - (%) 10 -, (i) T
G = | () (%) n (522)
L O 0 0
éthQ = ég\lg + éeTthZz
-—/\x)\y< )T R ()T 0
Gty = —Ag( e )Tw )\I)\y< e )W’ 0
=y (]W) T A (]W) Tis 0
o () TE 8 ()T o (1) 7
= | 2 () T8 o ()10 (12
L O 0 0
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Magnetoelectric (he) Green Functions:

=2 = TM> CTE?

Ghie1 = Ghlel Ghlel

( ; 1
2A§¢) Ty A (j 2Z¢1w521) T

0

oy (o) T8 () T () X
éﬂfl = A2 (‘2&}) Tg Azdy <_

L 0 0

o () T8 2 () T80
G = | a2 ()18 A (55) 18 0

| (i) 1t (i) 1t o

Y
11

Y
11

STM? ZTE?
GhleQ - Ghle2 hle2

Z

()T ()T

o ()T ()T A

< TM?
Ghiea = A2 (%) Tifo Az Ay <%> Tifo Az (j
0 0
Y ( Zm) O A2 ( Zel> 0, 0
CTE?
Chaa = | =22 (=22) Tl AoA, (—52) 10 0

ng
welewl ) T

Z"l’Q
wez1Z¢1> T

0

Y
12

(4
12
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< TM? STE?

GhZel = Gthl G261

A 1 7 1 . Z, 1
o (BT ()T i) T

< TM? - Z A . Z

G = | X (=22) 1 N (=22)1h A (22) Th
0 0 0

RS ORI

STE?

Ghoer = —AZ (f—gj) T§3 Az Ay (%) T(ii% 0

CTM? ZTE?
Gh262 - Gh2e2 GthQ

) ), ( %iw)T;ﬂ A2 (-wlzw)nrgﬁ Y (]W) Tl
Ghoer = A?( e )'r;q Aoy (‘W) TN (gﬁ) T
L O O 0

IS <2A2>T§’4 A2 (#) 0, 0
ég; = —)‘2 (2,\12 >T§4 Ax}‘ (2)\2 )Tﬁ 0
| (i) T8 (i) TE 0
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Magnetic (hh) Green Functions:

—
~ CIME | ZTE
Grint = Gy + Gy + Ghlhl

N, 0
2TM? 1 "
Ghlhl — —>\x)\y >\33 0 <] 2)\in¢,1> Tll
0 0 0

CTE?

Ghin = Az )\ (] 2>\21 > T?l )‘3 (j 2A§;Z91> T%

| A ( 2ope 1) 15 Ay (_Qw}m) 15

00 0

~ O(z—2

G =10 0 0 (J%)
00 1

A2 (]ﬁ) Tho Ay (Jm) T (-

SIMF | ZTE®
Grine = Guipg + Gripe + Gh1h2

A2\, 0 ,
S TM? /) "
G = | _ 2 T
h1h2 )\1' Ay )\x O (-] )\?)d]Zq/;l > 12
0 0 0

~TE* . )
Ghine = /\a:>\y (] %) T?z )\z (] ,\—%9> T?Q

00O
= O(z— 27
Grine=10 0 0 (J%)
0 01

90



Ghrant = Guopy + Gropy + Gh2h1

A2 =Ny O .,
ZTMA . " .
G = |_ 2 T

h2h1 Ay A2 0 <] )\IQWng) v
0 0 0

A2 (j % ) T Ay ((;%) T A, <_WZ:22> 0.
‘:TEZ ) .
Grom = )\gg/\y (] %) T?s )\3 (]%26 T% )\y ( wZ/;922> T?g

S TM> CTE?

0 00
Zd O (z—12")
G = —_—
h2h1 000 (9 iz )
0 01
< STM?  ZTE?
Ghanz = Gpops + Gropa + Gh2h2
/\5 Ay, O
< TM? 1
G = |_ 2 — o
h2h2 Az Ay AL 0 <] 9 )‘/2)1/) Zw2> 16
0 0 0
A2 (] 22,7 2) T?G Az Ay <J 22,7 ) T?G Az <_2w:lll22> T(ﬁ
CTE?
h2n2 = | AzAy <JQ,\2—ZQ> Tl A (J%;Zgz) Tl Ay ( QwL 2) !
. ZgaX2
| )\:c ( 2wuz2> T9 >\y <_2w/1122> Tg <_] 2:2#%2) Tg
000
< 0(z—2")
Gt |0 0 of (=)
h2h2 J Wi

0 01
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Supplemental Relations:

To _ {Zal 08 (Aya2T) [cos (Nsa1 (B — 2 — 2)) — cos (Asar1 (h — |2 — 2/|))]

Za1 €08 (AT sin (Asa1h) + Zag sin (Aa2T) cos (A a1h)
+Za2 sin (A2 [sin (A1 (b — |2 — 2'])) — sin (A1 (h — 2 — 27))]
Zal COS (AZQQT) sin ()\zalh) =+ Zag sin ()\ZQQT) COS (Azalh)

Yo _ { sin (A.a2 (d — 2')) sin (A,a12) }
2 | Za1 cos (Msa2T) sin (Msarh) + Zao sin (Azq2T) cos (Aqrh)
Za1 €08 (Aa2T) [sgn (z — 2') sin (A1 (B — |2 — 2)))]
{Zal €08 (Aza2T') sin (Aza1h) + Zag sin (Aa2T) cos (Asa1h)

Zo1 €08 (A2 [sin (Aza1 (B — 2 — 2))]
Za1 €08 (Aa2T) sin (Aza1h) + Zag sin (Aza2T) cos (Aza1h)

Zaosin (Aa2T) [sgn (z — 2') cos (Aya1 (B — |2 = 2]))]

Zia1 €08 (Aa2T) sin (Aya1h) + Zag sin (Aza2T) cos (Asa1h)
Zaosin (Aza2T) [cos (A1 (B — 2 — 2))]

+ Za1 €08 (A2 T) sin (Aoa1h) + Zao sin (A aoT) cos (Asa1 h)}
o _ o8 (Aza2 (d — 2')) sin (Aoa12) }
1 | Za1 €08 (Aza2T') sin (Aza1h) + Zag sin (Aa2T') cos (Asa1h)
o _ sin (Aza12’) sin (ALa2 (d — 2)) }

b | Za1 €08 (Aza2T) sin (Aza1h) + Zag sin (Aa2T) cos (Asa1h)

[ Zoasin (Azarh) [sin (Asaz (T — |2 — 2'])) +sin (Aa2 (d+ h — 2 — 2))]
Za1 €08 (Aza2T) sin (Aza1h) + Zag sin (Aa2T) cos (Asa1h)

ZQQ oS (Aza1h) [cos (Azaz (d+h — 2z —2')) — cos (Nsa2 (T — |z — 2|))]
N Ze 05 Doz T) 51 (At h) + Zag s (AseaT) €08 (Moat ) 1
Yo _ { 08 (Aya12’) sin (ALa2 (d — 2)) }

7 01 €08 (Aya2T) sin (A1 h) + Zaz sin (A a2T) cos (Aa1h)

01810 (Asq1h) [sgn (z — 2') cos (Asaz (d — h — |2 — 2/|))]
{ 01 €08 (Aya2T) sin (A1 h) + Zag sin (A,a2T) cos (Aa1h)
Zo1 Sin (A1 h) [— cos (Moo (d+ h — 2 — 2'))]
Zal €08 (Aza2T) sin (Asa1h) + Zag sin (Aa2T) cos (A,a1h)

Za2 €08 (Azar1h) [sgn (z — 2') sin (Moo (T — |2 — 2|))]

Za1 €08 (A1) sin (Aa1h) + Zao sin (Aa2T') cos (A,a1h)
Za2 €08 (Asarh) [SIn (Asa2 (d+ h — 2 — 2))]
+ Za1 €08 (AT sin (Aza1h) + Zag sin (A a2T) cos (A,a1h)

ae{0,¢} T=d-h

1§ =

TS =

WHt{1,2}
Az0{1,2}

Azp{1,2)
WeEL1,2}

Zog12y = Zy{12y =

A2y = Woe12pie,2) — ut{{li A2y Alypay = Wieapii2)y — il 2; Aow
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Za1 €08 (A7) [sgn (2 — 2') sin (A1 (B — |2 — 2]))]
Zo1 €08 (Asa2T) sin (A a1 h) + Zag sin (Aa2T) cos (Aa1h)
Zo1 €08 (Aa2T) [—sin (A1 (h — 2 — 27))]
+ Zo1 €08 (Asa2T) sin (Aa1h) + Zag sin (Aa2T) cos (A,a1h)
Zaasin (A1) [sgn (z — 2') cos (Aya1 (B — |2 = 2']))]
Za1 €08 (Aza2T) sin (Aza1h) + Zag sin (Aa2T) cos (Asa1h)
N Zaosin (Aq2T) [— cos (Aoa1 (h — 2 — 2))] ]
Za1 €08 (AT sin (Aoa1h) + Zag sin (A a2T) cos (A,a1h)
To _ l sin (A a2 (d — 2')) cos (M\,a12) ]
107 | Zat €08 (Mg T) sin (Azarh) + Zag sin (MaaoT') cos (Asaih)
Yo _ {Zal 08 (Aza2T) [cos (Asa1 (B — |2 — 2'])) 4+ cos (Asa1 (h — 2 — 27))]
= Za1 €08 (Asa2T) sin (Aa1h) + Zao sin (A,a2T') cos (A,a1h)
Zaosin (Aa2T') [—sin (Asa1 (b — |2 = 2'])) —sin (Aya1 (b — 2 — 27))]
* Za1 €08 (Aza2T) sin (Aza1h) + Zag sin (A a2T) cos (Asa1h) }
€08 (Asa2 (d — 2')) cos (Aa12)
| Za1 €08 (Aza2T) sin (Aza1h) + Zag sin (Aza2T) cos (Asa1 h)]
ro _ sin (A,a12") cos (Aza2 (d — 2)) }
B Zag €08 (Mg T) sin (Asa1h) + Zag sin (Ma2T) €08 (Azarh)
o _ [ Zaisin (A\,a1h) [sgn (z — 2') cos (Moo (T — |2 — 2']))]
14 | Za1 €08 (Aza2T') sin (Asa1h) + Zao sin (Aza2T’) cos (Azarh)
Zoa sin (A a1 h) [cos (Mya2 (d+ h — 2 — 2))]
+ Za1 €08 (AT sin (Asa1h) + Zag sin (Aa2T) cos (A,a1h)
Za2 €08 (Azarh) [sgn (z — 2) sin (Moo (T — |2 — 2']))]
Za1 €08 (Asa2T) sin (Aa1h) + Zag sin (A a2T) cos (A,a1h)
Zo2 €08 (Azarh) [—sin (Ma2 (d+h — 2 — 2))]
+ Zio1 €08 (Aa2T) sin (Aya1h) + Zag sin (Aua2T) €08 (Ao h)]
yo _ { 08 (Aza12’) €08 (Azao (d — 2)) }
| Zag 08 (Asa2T) sin (Azarh) + Zag sin (Aua2T') cos (Asaih)
Yo _ {Zal sin (Asq1h) [sin (Mao (d+h — 2 — 2')) —sin (Ao2 (T — |2 — 2|))]
16 Za1 €08 (A2 sin (Asa1h) + Zag sin (Aa2T) cos (A,a1h)

Tg =

o
T12_

+Za2 COS( 2a1h) [c0s (Moa2 (T — |2 — Z'])) + cos Moz (d+ h — 2z — 2'))]
a1 €08 (Asa2T) sin (A,a1h) + Zaz sin (A a2T) cos (A.a1h)
ae{0,9y} T=d—-h
WH(1,2 _ A 1,2}
29{1’2} - )‘29{(1,2; ZI/J{LQ} - w;f{{Lz}}

2 ) _ My{12) 42 2 2 _ &{1,2} y2
Ao(12) = W12 12} — A Asppigy T WUELap 1,2y — o Ay
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2.7 Sanity Check of Model

As a basic cross-check of this model, it is important to verify that when A — 0,
the model agrees with the model developed by Rogers in [71]. First note, that the
only intrinsic difference between this model and the one developed in [71] are the T
terms. Next, noting that as h — 0, region 1 ceases to exist. Therefore, there is no
value in cross-checking equations that have sources and/or observations in region 1.

Thus, only T‘{J‘&&M’m} need to be checked.

lim T2 — 4 ﬁ&f@ﬂsm( va2 (d— |z = 2'|) +sin (Aao (d — 2 — 27))]
h—=0 Zo1 €08 (Azaad mﬁ@’)’—g Z 5 Sin ()\ZQQd)g;xs/é@j'l
L2 2200807c08 (Nsaz (d — 2 — 2/)) = c08 (s (d = |2 = 2']))]
Za1 €08 (Ayand w{@j’—g Z oo Sin mgd);ggfﬁj'
Zzs [c08s Mooz (d — 2 — 2')) — cos Moz (d — |2 — 2|))]

w5 sin (A, q2d)
~cos(Aaz(d—2—2")) = cos (Meaz (d — |2 = 2']))
n sin (Aq2d) (174)
Jim T2 — ZosindBY8gn (2 — ') cos (Asas (d — |2 — 2/|))]
h—0 Z o1 COS (Azagd)ﬁi—n/f@’)*ﬂg Z oo Sin (Amzd)ggs{@’f'l
. ZorSinAOTTL cos (Asaz (d — 2 — 2'))]
Z a1 €08 (Asand) SO Zag sin (A.qod) cos (07"
L2 a2c08{07T8gn (2 — 2/) sin (Asa2 (d — |2 — #/]))]
Zozl COoSs ( za2d W‘?‘ Za2 sin ( za2d)§gs’€67'
N Z 120540750 (Asaz (d — 2 — 2))]
Za1 €08 (Azand §m/€@7'79 Zao sin (Aa2d) !
_ Zzs [sgn (z — 2')sin (Aya2 (d — |2 — 2'])) + sin (Asa2 (d — 2 — 2))]
%sin ()\ZQQd)
_osgn(z — 2)sin (Aag (d — [z — 2'])) +sin (Aza2 (d — 2 — 2'))
N sin (A q2d) (175)

94



: 0 , e
lim T, Zo1sin{07Tsgn (2 — 2') cos (A,ao (d — |2 — 2'|))]

h—0 Zo1 €08 (A aod 5&6@7’79 Z oo Sin (/\wgd)ggs/fﬁj'l
N Zoasin{6)Tc08 (Msa2 (d — 2 — 21))]
Zo1 €08 (Azaad mﬁ@j’—g Z 0 SIn ()\mgd)gos«f@)j'l
Z Qg;s{f)ﬂsgn (z —2)sin Aoz (d — |2 — 2|))]
Zal cos (A q2d §m/€6’)?9 Zao sin (A zagd)gg&éﬁ’)'
. ZyaosAOT 1= sin (Ao (d — 2 — 2'))]
Z 1 COS ()\ZQQd)M—?— Zo2 sin (A q2d) !

 Zgz[sgn(z — ') sin (Azaz (d — |2 — 2'|)) —sin (Aoa2 (d — 2 — 2))]

a5 sin (A ,q2d)
_osgn(z — 2')sin (Aa2 (d — |2 — 2'])) — sin (Asa2 (d — 2 — 27))
= Sin (o) (176)
lim 1%, — 4 ﬁm{@ﬂsm( va2 (d—2z—=2")) —sin (A\a2 (d— |z — Z]))]
o 10 Za1 €08 (Ayand ,sm/&))j'—g Zoo sin()\zagd)ggs«fﬁj'l
L2 226086)7C08 (Asaz (d — |2 = 2'])) + 08 (Meaz (d — 2 = 2))]
Zo1 €08 (Azaad mﬁ@’)’—g Z 5 Sin Zaﬂ)g;s{@j'
_ Faz[cos (Asaz (d — |z = 2'])) + €08 (Aua2 (d — 2 — 2'))]
a5 Sin (A q2d)
o8 (Aeaz (d— |z = 2'])) 4+ cos (Azaz (d — 2 = 2'))
- S0 (Moad) (177)

The results of these limit calculations correspond exactly with the functions de-

rived by Rogers in [71].

2.8 Physical Interpretation of Results

It is useful analyze how the resulting components manifest themselves physically.
From (37), we see that a transverse lamellar magnetic current (jhtl = Vuy,) supports

a transverse lamellar magnetic field (Ht, = V,II), a transverse rotational electric field
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(E;, = V; x 20) and, consequently through (33), a longitudinal magnetic field (2H.).
From (36), we see that a transverse rotational magnetic current (Jy, = V; X Zuvy)
supports a transverse rotational magnetic field (ﬁtT =V, X z1), a transverse lamellar
electric field (E;, = V,®), and a longitudinal electric field (£E,). Continuing the
analysis in a similar fashion, we see that the fields supported by the various current

density types can be summarized by

3 (J_;tl or J_;;tr or 2J6z> =3 (Etl and ZE, and ﬁt7,> = TM* (178)
3 (fetr or Jp, or ,%th> = 3 (Etr and 2H, and ﬁtl) = TE”. (179)

These results make general physical sense. First, each type of current density
supports an equivalent, opposite-directed field consistent across all supporting current
densities. Due to Love’s equivalence principle, we can replace an electric field at a
waveguide aperture with an equivalent magnetic current on a PEC surface. Therefore,
let us focus on the transverse magnetic currents as they are directly applicable in this
research.

A transverse rotational magnetic current supports a transverse rotational mag-
netic field in the opposite direction, as depicted in Fig. 3. Second, each directly-
supported field generates a complementary field of the opposing type. For example,
a transverse rotational magnetic field (supported by a transverse rotational magnetic
current) generates both transverse lamellar and longitudinal electric field components
as depicted in Fig. 3. Since there is no longitudinal magnetic field component, a TM?*

field structure results.
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1

Figure 3. Fields supported by a transverse rotational magnetic current, J_;m as viewed
from above with z > 0.

However, when the supporting current is transverse lamellar in nature, no comple-
mentary longitudinal field is generated. For example, no longitudinal electric field is
generated by a lamellar magnetic current, as depicted in Fig. 4. This is because any
positive-z longitudinal component resulting from the electric field rotating around
a particular radial magnetic current is immediately canceled by a negative-z longi-
tudinal component in the same position from the electric field rotating around an
adjacent radial of the magnetic current. The resulting transverse rotational electric
field does, however, support a longitudinal magnetic field, thus resulting in a TE?
field structure.
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']htl Htl
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Figure 4. Fields supported by a transverse lamellar magnetic current, fhtl as viewed
from above with z > 0.
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These results correlate well with the Green functions developed earlier. For ex-
ample, analyze the TE® component of the electric and magnetic fields generated by
magnetic current densities. We begin by looking at the scalar potential origins of
each of the electric and magnetic field components observed in region 1 supported by

magnetic current densities in region 1.

_ Dip Pypy O
éeTf\}/L[l X Dy Py 0 (180)
_121h1 P 0
O Ounn i
Gt < |G G B (181)
0 0 0
éilhlza (182)
_ Y P O
~E\f;o< Ui Y O (183)
0 0 O
My M Mg
é:ﬁloc M T T (184)
_91h1 O O
_0 0 0
Ghunx [0 0 0 (185)
0 01

It can be shown that, through V, -V, x {:} =V, x V; - {-} = 0 cancellations from
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the underlying scalar potential Green functions,

Dy Jnty = 0,810+ Jpyy, = 0 (186)

Ony - Jne, = 0,101 - Ty, = 0. (187)

2 ~ ~ = z ZTM?
Thus, we find that Jp, only supports 6 and II, and therefore Gjll\,/l[l = GZlhl = 0.

Depolarizing terms are killed off in the dot product of (159). Thus, jhtl only supports
a TE? field structure. Similarly, we find that jhtr only supports ® and 1, and therefore
only supports a TM~* field structure. These results perfectly agree with the earlier

predictions from the Maxwell equations derivations laid out in (178) and (179).
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III. Theory of the Extraction of Uniaxial Material
Parameters Using Two-Layer Method

Using the total Green functions for uniaxial materials derived in Chapter II, an
extraction theory for uniaxial materials can now be developed. For this effort, a
single flanged rectangular waveguide probe will be used to interrogate a MUT that is
permanently affixed to a PEC surface as depicted in fig 5. The waveguide aperture
will be sized appropriately for the bandwidth of interest. The flange will be sized
appropriately to allow time gating of flange edge reflections in the measurements
[45]. This derivation will follow similar principles to those used in [71], substituting
the dual-layer uniaxial material theory developed in Chapter II for the single-layer

material theory presented in [71].

PEC

Region 2 (&, fi,)

Region 1 (&1, /iy)
PEC Si

PEC

u;rh,‘
+ 2
afér a6
“«—0O
aihy

Region 0 (e, p10)

Figure 5. Perspective view (left) and cross section (right) of parallel plate and rectan-
gular waveguide regions under analysis in this chapter. Region 0 (white) is the rectan-
gular waveguide region filled with free space, Region 1 (cyan) is a material with known
constitutive parameters, and Region 2 (yellow) is the material under test (yellow).

The amplitude of an incoming wave in the rectangular waveguide is a;. Since

this wave is propagating in a rectangular waveguide, the excitation frequency can be
chosen such that only the TE], mode propagates in the forward direction. When the
incoming wave encounters the discontinuity at the probe aperture, infinitely many

reflection modes (¢ — oo) are produced in the reverse direction with amplitude a .

100



Therefore, the reflection coefficient can be defined as

Gq
L= (188)
CLI thy
1

Using a combination of continuity of tangential fields, Love’s equivalence, and the
MoM, a coupled set of MFIEs will be developed. From those MFIEs, a technique for

deriving € and i will be shown.

3.1 Rectangular Waveguide Analysis

Begin by analyzing the transverse electric field in the waveguide region (region 0).
The total transverse electric field is the sum of the dominant mode excitation wave in
the forward direction and the infinite reflected modes in the reverse direction. Since
it is impossible to analyze infinite modes in a computational environment, truncate

the infinite modes to some large finite number of modes (). Thus,

Eyp = atée % + XQ: a(;(?qejkzz (190)

q=1
where ¢ is an index that selects from all possible reflected modes (€;,), including TEZ
and TM; = modes, in increasing order by cutoft frequency. For reference, the first 20
modes are tabulated in Appendix E. Note from fig 5 that the waveguide region meets
the parallel plate region in the form of an aperture (S;) at z = 0. Therefore, at the

aperture (190) implies that

—

Q
ga = Et[) (Z = 0) = a’fé’l + Z&;gq (191)
q=1
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As part of the MoM, the unknowns must first be expanded. Note that (191)
already has the unknowns expanded. Next, testing both sides by the p*™ mode (&,)

implies that

5 S 5 =1
Q
= aj /ep €1dS+Zaq/ep &,ds
S =l g

Q

=af 6+ Y a0
q=1

= a, = /e} - €,dS — af o, (192)
St

Noting that p is just a dummy index variable, substituting p = ¢ into (192) implies
that

a; = /éq - €,dS — af 0,1 (193)

q
St

Having analyzed the transverse electric field in the rectangular waveguide, now
analyze the transverse magnetic field. From fig 5, it can be seen that the total

transverse magnetic field is
— — . Q - .
Hy = af hie %% — Z aq_hqejkzz (194)

q=1

Again, analyzing the magnetic field at the aperture implies that

Hy(z=0)=aihy — Z aq_ﬁq (195)

g=1
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Substituting (193) into (195) implies that

Q
Hy(z=0)=ajh; — ) _ /a, - E,dS — afd, | hy

=1 |3
Q Q
=afh— > h / &y €adS + Y afhydp
=1 g q=1
Q
=2a{hy — Y hy [ - E.dS (196)
q=1 S

3.2 Parallel Plate Region Analysis

To analyze the fields in the parallel plate region, Love’s equivalence principle is
used to replace the transverse electric field across the aperture with a magnetic current

across a virtual PEC surface. The equivalent structure is illustrated in fig 6.

PEC
z=d
(€2, i)
z=~nh
(€1, 4iy) I Tﬁl =z
g, > z=0
PEC !

Figure 6. Cross section of Love’s equivalent parallel plate region under analysis in this
section. Region 1 (cyan) is a material with known constitutive parameters and Region
2 (yellow) is the material under test (yellow). The equivalent PEC surface magnetic
current replacing the aperture S; is Jy1 (red).

Love’s equivalence principle states that
Ju1 = —f1 X By = —2 x Ep (197)

Noting that continuity of tangential fields is required at the aperture boundary implies
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that
Jut = —2 X By = —2 x &, (198)

Utilizing the Green functions derived in Chapter II, this equivalent magnetic cur-
rent can be used to predict the magnetic field observed in the parallel plate region.
Note, however, that since the Green functions were determined in the transverse-
spectral domain (Xp, z), they must be converted back to the spatial domain to be of
use here. Employing the forward and reverse transverse Fourier transforms implies

that

oo [ h d
1 < = < = 5o
= R // /Gh{l,Q}hl ) Jhldzl + /Gh{lg}hg : JthZ, it pd2)\p
—oco LO h
o [ h 0o
1 < o v
= m// /Gh{l,Q}hl . ﬂjhle JAp P d2p/ dZ/
—co LO o
d 0o
+/éh{1,2}h2' //jhze_j’\”'ﬁ/dQ,O/ dz' ej’\”'ﬁdQ)\p
h — 00
I 1 = S LY m - o e
= // P / Ghprpnt - I PPav] + / Gz - o™ PP0qvy | @2,
> Vi V3
(f 1 = N (7! —
[ [ Crname™ @@, | Gaavy
%4 Lo 5
é o
_ h{1,2}h1 (199)
1 < N = o -
[ ] sraCrisanae™ 70, | iadv;
Vy oo J
Gh{1,2}h2
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The magnetic field observed just above the aperture at ¥ = 7} := (z,,2%) may
either be from region 1 or region 2, depending on whether h > 0 or h = 0 respectively.
If h > 0, the observation and equivalent magnetic current only occur in region 1. If
h = 0, the observation and equivalent magnetic current only occur in region 2. Thus,

substituting the equivalent magnetic current into (199) implies that

. - -
ff ﬁ f Ghint - jhﬂ(5 (2 —27) 6jx”‘(5_ﬁ/)d‘/1’ d2)\p, h>0
ﬁt (Ff) = _oo: L Vl ~ i
I 22 [ Ghana - Juad (2 = =) e 0=0aVy | 2N, h=0
"> L V3 ]
(oo [ ba« .,
I # [ [ Grina - (=2 X € (7)) eho (PP )d:z;’dy’} d*X,, h >0
_— J oo L 00
T oo [ ba e .,
ff ﬁ f thghg . (—ZA’ X gal (Fll)) GJ)\’).(pip )d$/dy/:| d2)\p, h=0
\—O0 L 0 0

(200)

Since the h = 0 case is analyzed by Rogers in [71], that derivation is not repeated

here. Hence, this section only focuses on the case where h > 0.

Case I: h > 0.

First, expand the unknown electric field in the aperture such that,

N
o= afCyél, (201)
n=1

where (), are unknown constants to be determined. By enforcing continuity of tan-

gential magnetic fields across the aperture at Sy, (196), (200), and (201) imply that

—

Hi (7) = Hy (7))
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Q
(196), (200) = 2a; by (7)) — Y By ( /eq (77) - €, (77) dS

q:1 Sl

00 b a
1 = S
= // o / / G - (=2 x &, (7)) PP daldy’ | d*),
—0o0 0 0

) — XQE (ﬁ)/éq (") - <§ja1+cngn (Ff)) ds

n=1

ﬂf

(201) = 2afhy (7

00 b a
]_ hsg N -
—// W//Ghlhl- ( Z % ZalC én (7)) )e])"f(p_p)dx/dy/ d2>\p
—o0 0 0
Q N
= 20 () - DD Gy () [ () 6 () s
g=1 n=1 S,
ban
N 00 ] b a -
_ch// 4—72//@%1 (=2 x &, (7)) e PPz’ dy’ | d*N,
=l I 0 0
N N 00 1 b a -
= 2 (77) = 30 ol () = 3o [[ |45 [ [ G
n=1 TR (202)
(=2 x &, (7)) PP g dy] B2\
Substituting an_in = Z X €, into (202) implies that
N 00 7 b a
Zﬁl(ﬁ):ZCn ﬁn(ﬁ_)—// 4—7;//Gh1h1 h )@J)\p(p 7) 'y’ d2/\
n=1 —00 i 0
(203)
Testing (203) with the operator [ B (7)) - {-}dS,m = 1,..., N and noting that
S1
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in the tangential field continuity limit, 7 = 7, = 7 implies that

N N N
QZ/hm (") - myds =33, /hm (7) - oo () dS
m:lS1 m=1 n=1 Sy
00 b a
o o (72) 2Py | - G (204)
472 "
—00 0 0

S}

b
/ / i (7)) e da'dy' | | d2,
0 0

Note that (204) can be separated into a system of N linearly-independent equa-

tions that can be rewritten in the form

Aqq AN 4 By
=1 : (205)
AN Avn| |Cn By
N‘><rN Nx1 Nx1
where
oo b a
Apn = / B (7)) - i (7 )dS—m [ / B (7)) € Pdzdy
. N (206)
Ghlhl //ﬁn eI ! dy' | | d*),
0 0
B, =2 / o (71) - By (72) dS (207)
S1

From (205), it can be seen that there are N equations for finding N unknown
coefficients C),. Thus the system is well-posed and can be solved through traditional

linear algebra techniques. In order to simplify the equations, begin by evaluating as
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many of the integrals as possible. Beginning with the source integral,

b a b a
/ / o (71) €207 d' dy' = / / h (2, 0) =% eI !y (208)
0 0 0 0

Rewriting the transverse magnetic field in the aperture as ﬁn = Zhypy + Yhy, implies

that
b a b a
/ / i (7)) e 7 dad dy' = / / (Thna + Ghny) €927 =T 4o’ dyf (209)
0 0 0 0

Incorporating the TE* and TM? modal field representations for a rectangular waveg-

uide, provided by [6], implies that

b a b a

0 O 0

a

0

b
//c ken') sin (kyny') e~ et o =INY' (0! o
0 0

(210)

where M {hz’y} (man} is an amplitude coefficient that depends on the type of mode as

indicated in table 1.

Table 1. Modal Amplitude Coefficients

]‘{;{m n} ]‘{;{m n} Z{m,n)

T, msvinns | By | P Eimen]

TMG  wieny | BRytmay | —Blagmny Delet

Ka{m.n} Ky{m.n} K {mn) Kegmon}
S S| R = Ry | Ry + Ry
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Applying separation of variables to (210) implies that

b a a b
[ [in@e A avay = antl, [sina)e P [ cos () e P dy
0 O 0 0

a

b
+:&M£n/COS (kxnl'/) e_ijxldl‘,/SiIl (kyny/) e_jkyy/dy/
0 0

(211)

A closed-form solution exists for (211). From Appendix B of [78], it can be shown

that in general

X
_ Ui X
0 X | n ) 0 %)
b
()Y ot X
/cos (Ex) ey = 44, (- (1) ) (213)
[ (% T ) %)

where u € {v{mm}, w{m’n}}. Due to symmetry of the waveguide, vy, ,) must be odd
and Wy, 3 must be even when following the solution presented in [78]. Substituting

(212) and (213) into (211) implies that

= aM" (—km

(1—(=1)" e i%=e) ,
O+ Fim) O — k)]) (‘”y
(e 1Y (L
<>\x + k:cn) ()‘a: - k:xn) .
(1= (=1)"™eAa) (1 — (=1)"" e M)
(Aa + kan) Na = kan) Ny + kyn) Ay — Eyn)

(1= (=1)"" e 9MP)
()‘y + kyn) ()‘y - kyn)
(1= (=1)"m e Mb)
(>‘y + kyﬂ) (>‘y - kyn)

] [‘%jM;slnka:n)‘y + QJM;H)\”*’ kjy”}

(214)
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Next, analyzing the testing functions in a similar manner implies that

b

// (71) ej’\P pdmdy—xMh /sm (kgma) ej’\’”””da:/cos (kymy) eIy dy

0

a

b
—l—g}M;m/cos (kzmz) ej’\”d:v/sin (kymy) ¥ dy
o Ty mer) N[ (- e
= &M, (‘kwm | Aa 4 Fam) (Ao = Kam) | ) (j A Ay + Fym) 0y — k;ym)]>
(1= (-1 )
()‘y + kym) (/\y - kym)

arh (i (1= (e ] k
] (2 M2 Kam Ay + G5 M Aakym)

( ( )vm ejAza) ( _ (_1)wm ej)\yb)
()‘a: + kxm) (/\x - k?xm) (/\y + kym) ()‘y - kym)

(215)
Analyzing the excitation integrals implies that
/ B (71) - T (71) dS = / (&ML sin (kpm) cos (kymy)
S1 S1
—HjMyhm co8 (k) sin (kymy)] - [£ML, sin (kznz) cos (ky,y)
—l—g)M;n cos (kypx) sin (kyny)] ds
/Mh M sin (k) sin (kpn) cos (kymy) cos (kyny)
(216)

+ M:mMgLn 08 (kzmx) cos (kynx) sin (kyny) sin (ky,y) dS

Due to mode orthogonality, when m # n (216) evaluates to 0. Therefore, with the
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added assumption of separation of variables, (216) implies that

0
G (M;f ) (Qkxma—sm (2kyma) <2/<:ymb+sm (Qkymb))

2kyma + sin (2kyma)\ [ 2kymb — sin (2k,,,b)
ol G e [ G

0 0
2k ma — si T 2k,mb + sin T
_ 5mn Mh 2 m m ym m
» | o) ( 4% AFiym
0 0
2kyma + si T 2k, mb — sin T
Mh 2 Tm m ym m
(ot ) (e ]} Snd i

= G (Zb) [(M5,)" 4 (MD,)?] (1+ 6u,.0) (217)

2/008 kymax) dz /SlIl (kymy) dy
0

Consider the special case when w,, = 0. From table 1, that implies k,,, = 0, which

further implies that

b b

1
/COS2 (kymy) dy = /;952/(0')7@ =b (218)
0 0

as opposed to 2 for all nonzero values of w,,. Therefore, the (1 + d,,,0) term in (217)
neatly accounts for this discrepancy. Recall that by careful selection of operating
frequency, ﬁl is constrained to the TE], mode. Thus for B,,, w,, = w, = 0, which

implies that
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ab 2 O 1
= 20,1 (Z) (ML) + (M (1 +M>

k 2
= O 1ab (571) (219)
1

Now that the excitation matrix B has been simplified, use the source, test and
excitation integrals determined above to simplify A,,,. Substituting (214), (215),

and (217) into (206) implies that

Ao = (%) (022 + (043,)°] 1+ 80

‘%jj [(‘ (1= (1™ eP) (1= (1) &™)

<)\x + kxm) ()\I - kxm) ()‘y =+ kym> (Ay - kym)
+QjM£m>\xkym:|) - Ghim - (

] (25 ML Kum Ay

(1= (=1)™e %) (1 — (—1)"" e=iMP)
()‘x + kwn) ()‘:Jc - kwn) ()‘y + kyn) ()‘y - kyn)

(@G ME Ky + 5IME K] )] 2N,
= G (%) [(Mgmf + (M;m)Q] (14 6u,0)

Z [ (1= (=1)" &) (1= (=1)" emih)
_R/{ ]

K (>‘w + krm) ()‘x - kzm) ()\x + kxn) ()‘x - km)

(1= (=1)"meMb) (1 — (=1)"" e=db)
O‘y + kym) (>‘y - kym) ()‘y + kyn) ()‘y B kyn)

/

—00

] |:M:?m Mj;n kxm kxn)\zéhlhl,mz

+Mg?mM;nkmmkyn)\mAyéhlhl,xy + M:mMgnkymijn/\mAyéhlhl,ya:
M My X2 G | dDy } s

(220)

where GJ1p1 4, refers to the 22 element of Gjyp.
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3.3 Dominant Mode Summary

The A, integral portion of (220) can be evaluated analytically in the complex A,

plane. With respect to ky(n ), there are five possible cases:
e Case I: w,,, = w, = 0;
e Case II: w,, # 0,w, = 0;
e Case III: w,, = 0,w, #0;
e Case IV: w,, = w, # 0;
e Case V: w,, # w, # 0.

Case I implies only the dominant mode is present. While this is the least accurate
case, it is also the easiest case to analyze. Therefore, this effort will focus solely on

Case I.

Case I: w,, = w, = 0.

If w,, = w,, = 0, that implies that k,,, = k,, = 0. This simplifies (220) such that

ab hoA\2 0
Am,n = 5m,n E (Mxm) + ym

ZnMg?mMg};nkmmkxn /O‘O (1 _ (_1)Um ejkxa) (1 o (_1)vn e—ﬁ\xa)
A e + Kom) g — Kam) Ovg + Kom) e — ko) | (221)

—0o0

[e.9]

I [u o) (1o

éhlhl JTX d)\y d)\:c

Y

—00

For brevity, the details of evaluating the integral with respect to A, are presented

in Appendix F.
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/ C (™ + Q™) dA,
(1= (=1)"efr=a) (1 — (—1)"" e3%we)

QTE* _ - [i] {Zgl — Zgo tan (kg T) taﬂ(kielh)}
Zoy | [ Zg tan (Ngih) + Zgy tan (Mg, T)

1 h h
P  ZaMb, M Bk
’ L Ln, 27

Cre =

Z,
{1 - 2—92 tan (A.g1h) tan (/\zggT):|

A3 ()2 _|_/\2) DTE? 01

EL: [2w,u21,u22/\2 (1 — ei™?)
—

Ay=—Ayor

; 2WE,1€,9 (1 — ej’\yb) Lo
O™ — _ 1— 222 tan (Ay1h) tan (Ao T
Z Ay ()‘:21:"")‘;2/) DTM= Zon an (Azy1h) tan (A1)

=0 Ay==Ayypt
* Wh(1,2) & 2 Fi(1,2)
Za(1,2) )‘*0(1 ) 1 A\20(1,2) \/k (12) — f=(1.2) A

tan ()\291 h)

D™ = 2921/“2 { A
2601

tan (A g2
- h] + Z022Mz1 {—an( oaT) - T]

)\292

+ Zo1 Zga tan (A.g1h) tan (AgoT') [Rpize + T'piz]

p 1
D™ — he.o 22, + Te.nZ2,| tan (Aop1h) tan Aoy T
Z¢1Z¢2[62 w2 T e ¢1} an (Azy1h) tan (Ay2T)
tan (Mg h tan (A,yo T
_Ezz[an( ¥1 )+h}_ezl{aﬂ( 2 )+T]
)\zwl )\zw2
2
Bm:Z_TQn(Sm,l

where the Z(,, ) and M, ;Z(m n) terms are determined via Table 1 and the Ay ), terms

are determined numerically via the techniques described in [41].
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Special Case: h — 0.

In Appendix F, it is shown that as h — 0

rEs _ L cos N T)  2p:0X2 §~ (1= e (ml)?

fim " _ 1P\ 005 (2 (222)
h—0 Witz sin (Mg, ) wpp T3 = A3y, (A2 + AZy))
L .
: 2we (1 —e 3’\Wfb)
lim Q™ = — 223
h—0 Z < Ayt (A2 + )\W) (00y +1) 229)

These results are in perfect agreement with the single-layer model derived in [71].

Extraction Algorithm.

Once the A,,, and B, terms are determined, the unknown C,, terms can be
solved. Those C,, terms will then be used to find theoretical reflection coefficients.

Substituting (201) into (193) implies that

siv =%
- F (a;) |q:1

== /Gq ealdS (Sql

1 g=1

N
/ & - (Z afcngn) dS —af

n=1

S/<ZC€1 en> ds —1

L1 (224)

I
§+| —

|
Q

Now that the process of determining the theoretical reflection coefficient has been

established, it can be used to extract constitutive parameters from measurements by
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finding the arguments that minimize the difference between the theory and measured
data. Namely, in the case of a nonmagnetic material, two least-squares objective func-
tions are simultaneously minimized to find the corresponding constitutive parameters.

Thus,

2
g ] (S (17 0) = 511)

9 (225)
€rt €rz €C (Sﬁly (h _ O) o Slni2>

If the nonmagnetic assumption does not hold, additional measurements may be
taken by varying the size of region 1 (i.e. taking each measurement at a different

distance from the MUT) and/or varying known material parameters in region 1.
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IV. Results of The Two-Layer Method

In an attempt to validate the forward model developed in Chapter III, the model
is implemented in MATLAB® and compared with results simulated using the com-
mercial software CST Microwave Studio®. First, it is assumed that the MUT is lossy,
nonmagnetic (i.e. fi2 = o = 1), and that the known uniaxial layer of material is
air (i.e. €41 = €1 = 1 = fro1 = 1). It is also assumed for comparison that the CST
Microwave Studio® data are “true,” given that the commercial software is relatively
mature. Various heights (h) of the known material, MUT thicknesses (7" = d — h),
and MUT permittivity parameter sets are tested in an attempt to get a broad range
of comparison results. The results of these comparisons are mixed and accuracy of
the results is dependent on two main factors: whether or not h > 0 and the specific
combination of €45 and €,,5 chosen. Figure 7 illustrates how changing h affects accu-
racy. Note that each case plotted in Fig 7 has a subplot for the magnitude component

Sf}fy and the phase component ASﬁ‘y. The phase component is constrained to the

range —m < ASI}{Y < 7, which accounts for large jumps in the phase plots as phase
wrapping occurs.

It is intuitive that when h = 0, the accuracy of the comparisons with CST Mi-
crowave Studio® solutions is on par with those shown in [71]. This is because the
model presented in this research collapses to the identical model presented in [71], as
shown in Chapter III. It is interesting to note in the CST Microwave Studio® results
that the magnitude of the reflection parameter drops dramatically after a critical
frequency. This critical frequency decreases as h increases. This is intuitive because
as the parallel plates get further apart, their cutoff frequency lowers, allowing more
energy to propagate in the transverse directions in the parallel plate region. When h

is the dominant source of model inaccuracy, it is typically the region of frequencies

above this critical frequency that demonstrates the largest error (as demonstrated
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in fig. 7). This suggests that the MATLAB® implementation of the model has is-
sues coping with transitions from evanescent to propagating parallel plate waveguide
modes. Next, fig. 8 illustrates how the choice of permittivity values dramatically

affects accuracy.

Figure 7. Comparison of two-layer model (solid black) with CST Microwave Studio®
(dashed red) with varying h values (top: h = 0 mm, middle: h = 1 mm, bottom: h = 2
mm). All other values are constant ( T =6 mm, €42 = 4, ¢,..50 = 6, tand = 0.001 ).
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Figure 8. Comparison of two-layer model (solid black) with CST Microwave Studio®
(dashed red) with varying €2 values ( top: €2 = 2, bottom: €42 = 4). All other values
are constant ( 7'=6 mm, h =2 mm, €, =6, tand = 0.001 ).

It is not immediately apparent why different combinations of permittivity param-
eters show radically-different accuracy when compared with CST Microwave Studio®
results. It is suspected that the infinite numerical A, integral may be the source of
these errors. In an attempt to trace the problem, several example integrand functions
are examined with respect to A,. In all cases, functions that integrate to reasonably-
accurate results (barring the h considerations previously mentioned) show smooth,
monotonic or weakly monotonic (usually increasing) behavior that decays to zero as

Az gets large. The functions that do not integrate to relatively accurate results ex-
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hibit asymptotic discontinuities reminiscent of the tangent function at one or more
A values before decaying to zero as A\, gets large. This is mildly intuitive upon
examination of the complicated trigonometric form of the model’s kernel functions.

Considerable time and effort is taken to ascertain and mitigate both of these
suspected sources of instability in the MATLAB® implementation. Rather than con-
tinuing to troubleshoot the issue, it is decided that the effort is better spent exploring
a technique that is both computationally simpler and ultimately more stable.

In an effort to characterize the likely effectiveness of the two-layer technique as
described above, CST Microwave Studio® simulations are used to qualitatively assess
how well the technique would likely perform in practice, assuming a stable MATLAB®
realization could be constructed. To accomplish this, two families of curves are pro-
duced. In one set, depicted in fig. 9, €.5 is kept constant, while a broad range of €,
values are explored. In the other set, depicted in fig. 10, ¢ is kept constant, while a
broad range of €., values are explored. To illustrate the role measurement uncertainty
plays, a Monte Carlo simulation is performed with 1000 samples taken. The total

reflection parameter uncertainty is estimated by

Usyy, =08, (226)

Si1 = S + ASy (227)

ASy =4/ (ar2s 2 +(anls 2 + (ASms)? (228)
e or M on" 1

where Aq; = & — a; and o is the ™" sample from either a uniform or normal random
distribution «. In this case, AT and Ah are computed from 1000 samples each of
uniform distributions around the nominal values of T" and h + 0.004 inch. Simulated
values of %SH and %SH are provided by CST Microwave Studio®’s sensitivity

analysis feature. AST}?® is computed from 1000 samples of a normal distribution
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around the nominal value of Sy; with 0§ values for the Agilent E8362B Vector
Network Analyzer (VNA) provided by Agilent’s uncertainty calculator [1].
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Figure 9. Comparison of two-layer CST Microwave Studio® simulated data with
constant ¢,» and varying €;; € {2 (solid black), 3 (dashed red),4 (dot-dashed blue)} with h =
2 mm.
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Figure 10.
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Ambiguity occurs at frequencies where it would be difficult to tell which value of a
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given constitutive parameter would have produced the observed reflection parameter
value in an inverse problem. This is relatively straightforward to determine visually,
as those areas occur where plot lines are very close together or cross over. If the
plot lines are close enough together, measurement uncertainty would likely make the
extraction impractical to impossible.

Note that when €., is kept constant, the reflection parameter changes dramatically
as €5 changes, having only limited areas of ambiguity. However, when ¢, is kept con-
stant, the reflection parameter changes in only minutely-detectable ways, especially
when ¢4 is large. Further, there are large regions of ambiguity, particularly at higher
frequencies. To further substantiate this phenomenon, observe the field structure in
the MUT at a depth of 0.1 mm below the MUT surface, as depicted in fig. 11. Note
that in both cases (h = 0 mm and h = 2 mm), the maximum values for the electric
field in the y direction are significantly higher than those in the Z direction. Thus,
€y2 = €2 is much more strongly implicated in the resulting reflection parameter mea-
surements than €,5. Therefore, it can be concluded that this technique would likely do
reasonably well at extracting ;5 but would do a comparatively poor job of extracting

€,0 in an inverse problem, especially for large values of €.
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Figure 11. Comparison of two-layer CST Microwave Studio® electric fields maximum
values at 0.1 mm below MUT surface. Rows: E, (top), E, (middle), E. (bottom).
Columns: h =0 mm (left), h =2 mm (right).
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V. Theory of Extraction of Uniaxial Material Parameters
Using RARWG Probe Method

In another attempt at exciting an electric field in the Z direction, this chapter ex-
plores using a flanged rectangular waveguide probe that has a reduced aperture region
at the flange plate. The aperture is symmetrically reduced in only the y dimension, as
depicted in fig. 12. It is hypothesized that the jump discontinuity in the rectangular
waveguide structure could excite TM® modes in the parallel plate region, and thus
implicate €, for extraction. As with the previous technique, a MoM approach is used
in concert with the Green functions derived in Chapter II. In order to apply the MoM,
there are several steps that must occur including field expansion, applying boundary
conditions, applying testing functions, solving the resultant system of equations for

the unknown variables.

PEC
********************************************** z=d

Region C: MUT (&, i)
************************ z2=0
PEC Region B: RARWG (eg, 110) PEC

it it r—z=—{

: «—®
afé a, ¢
! +“—0O

afhy '
3 Region A: RWG (e, 1) :

= b _h b, b
Yy=3 ¥y=3 Yy=-—3¥y=-3

Figure 12. Perspective view (left) and cross section (right) of parallel plate and rect-
angular waveguide regions. Region A (white) is the rectangular waveguide region of
height b filled with free space, Region B (white) is a rectangular waveguide region of
height h filled with free space, and Region C (yellow) is the material under test. It is
assumed that the flanged region —¢ < z < d extends infinetely in the Z and § directions.

5.1 Field Expansion

Due to excitation symmetry and scattering geometry, the first index (x-variation)
is forced to be odd (1, 3, ...) and the second index (y-variation) is forced to be even

(0, 2, ...). Furthermore, the second index of TM?® modes is forced to be non-zero.
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Thus, it can be shown that fields in regions A and B can be summarized by

A+ JTE? A, TE* 94 (2+0)

€10 €
+Z

qf

Un,Wq 'Unqu

H A+ ,TE? hA ,TE? 77;41’0(Z+£)
N,Q
i —,TE? _’A ,TE? 'qun,wq (z+£) A ,TM? A, TM~? 'ym,n,wq(erZ)
vn,wq vn,wq Un,Wq ' “Un,Wq
n=1
q=1 q=2 /
N,Q
B +,TE?* B, TE* —~B (z+0) TE? —»B ,TE* ~EB (z+0)
Et - an,wq Un,Wq e Fom wq an,wq Un,,Wq e Frmra
n=1
q=1 q=1
7 N Q
+,TM~? —»B TMZ =L, g (70 —,TM* —»B ,TM~ 'y wg (20)
+ Z an:wq Un,Wq o wq + an,wq Un Wy Fonta
n=1
q=2 q=2
N,Q N,Q
7B +,TE* B, TE* —B, ., (2+0) —,TE*7B,TE* B, . (2+£)
Ht - an,wq Un,Wq e vt - an,wq Un,Wq € e
n=1 n=1
q=1 q=1
? N7Q
E +,TM? _’B JIM? =B (240 - TM? 7B, TM? ~5 ., (z4£)
+ an,wq Un ,Wq e Fnta an,wq Un ,Wq € Fmna
n=1
q:2 q=2

where v, = 2a — 1, w,

= TE? pATE? 72, g (540) 4 Z A= IME A TME 328, (2+H0)

Un,Wq 'Un ,Wq

qf

=2(a—1),and o € N.

z< =L (229)
-l <z<0
(230)

Since the fields in the parallel-plate region are fully described by Green functions,

there is no need to account for amplitudes on forward- and reverse-traveling waves.

However, unknown amplitudes on the TE® and TM?* components of those fields must
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be found. Therefore, the fields in region C can be described by

—C N,Q ~TE* _C TE? N,Q ~TM* _C TM?
E = anl C’Uqu evqu + anl Cvn,wq evn:wq
=1 =2
I I 0<z<d (231)
T N, TE? 7C,TE? N, TM? 7C, TM*?
HC = ZTLZQl C'U’ﬂqu hv’ﬂqu + Z')’L:Ql Cv’ﬂ?wq hvnvw‘l
q=1 q=2

Balanis shows in [6] that

: b
é’vArl,T;uE; = ik:;wq Ccos (kxvn <x + g)) sin (k:ywq (y + 5))

, (232)
— gjszvn sin (kzmn (x + %)) coS (l{:ywq (y + 5))
Ko, = @ Ko, = M (233)
= COS (kmn (x + %)) = coS (kmnx +nm — g)
= sin (kyp, * + n)
= (—1)"sin (kg ) (234)
sin <k;wq (y + g)) = sin <k;4wqy +(g—1) 7T>
— (—1)*"sin (kjwqy> (235)
2n —1

sin (k‘mn (x + g)) = sin (k’mnx + %)
= sin <kmnx +nm — g)
= (=1)""" cos (kpu, ) (236)
cos (/{;;wq <y + g)) = cos (kyAwqy +(g—1) 7r>
= (=1)"" cos (k;‘wqy> (237)
= EATE — 1A (=1)"sin (Kp,x) (—1)7 " sin (k;;wqy)

B (<1 €08 (ki) (~1)7 cos (I, )

127



=7 (—1)’"“qurl k;;‘wq sin (kgyp, ) sin (k;wq y)

(238)
+q (—1)n+q+1 Ko, €OS (Kyy, x) COS (kjwqy>
Again, Balanis shows in [6] that
g™ — Gk cos (k x+ IV sin ( KA + 9
Un,Wq TUn TUn 9 YWq Yy 2
jkA sin (k a A b
+ YRy, S < Tn <x+ 5)) COS | Ry, \ Y T 5
= Tky, (—1)’"“qurl sin (kygy, ) sin (k;wqy>
(239)
+ g)k;‘wq (=1)"" cos (kyy, ) cos (k;‘wqy>
Summary Region A

— z A n 1 . .
et =& (1) k), sin (Kgy,x) sin (kﬁwqy)

+ 7 (=1)"" " ke cos (g, x) cos <k:;wqy)
é‘frzrﬁl’l\fz = '%kzvn (_1)n+q+1 sin (kCC'Un'r) sin (k;wqy>

+ g}k;‘wq (=1)"" cos (kyy, ) cos (k;wqy>
. _ -ATE? L SATM?
i_iA7TEZ - zZ X vawq —‘A’TMZ - zZ X eynm}q
Un,Wq ZA,TEZ » op,wg T ZA,TMZ
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ATE? _ JWHo ATM? _ Vzvn g
I Zo N Jweg
@Cn-—1Dm 4 217 4 2
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Vo =20 — 1Lw, =2(a—1),a €N (240)
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Summary Region B

>BTE* __ 4 n+q+1 ;.B . . B
oy =2 (—1) Ky, i (Kzy, ) sin <k’ywqy>

+ 4§ (=1)" " Ky, €05 (Kgw, ) cos <kquy>
B, TM? __ oyl . B
oty = kg, (—1) sin (kgyp, ) sin (kywqy)

+ gkb, (= 1) cos (kpw, ) cos (kquy>

_B,TE? . _ B, TM?
cpTRs 2 X evqu 2B TM: 2 X Cupag
Un,Wq - B,TE? Un,Wq - B, TM?
Zvn,wq Zvn Wq
) B
BTE> _ JWHo BTM? _ Jzunuwg
Un,Wq B ? Hup,w -
e Vzvn,wq e JWE€p
" _(@n-1)7 1B _2(q-1)m = k2 o+ kB2 k2
TUn T y Vywg — 7’7zvn,wq TUp ywg VB
a h
Vg =2a—lw,=2(a—1),a €N (241)

The fields in region C are sustained by the Love’s-equivalent transverse magnetic
current in the aperture between regions B and C and are determined via the Green

functions provided by Rogers in [71] and verified in this work. Thus,

where €, refers to the electric field in the aperture. Recalling that the Green functions

developed earlier are in the transverse-spectral domain <Xp, z) implies that

HE (7, 2) = 4_7T2/ ]:ICerp.ﬁd2/\p
00 d
=1 // / G - Judz' | €™ Pd*,
—o0 0
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S

m

[V
1 < . o
- H // /th : Jhtfs (z’ — Z) eﬂ)\p'(P—P )dV/ d2>\p
[V
T an? // / G - T PPdS | d*A,
_'5’/
= 4n2 // /éhh (=2 X €y) eI (7=0") 1 G d2)\p (243)
_'S’/
where S’ refers to the closed aperture surface defined by —2 a < 2 <a b < y < h

Note that in the aperture, the fields must behave as they would in a rectangular

waveguide filled with the same material as region B. Thus the expanded field relations

_B,TE* _ _C,TE* _BTM* _ _C,TM* pPBTE* _ PC,TE* B TM* _ 7°C,TM?
true. Therefore, the expanded aperture electric field can be written as
N7Q 7
—_ TE* oB,TE? Z TM® 5B, TM*
€a = Ovn,wq VUn,Wq + Cvn,wq Un,Wq (244)
n=1
q=1 q=2

Thus,

. 1 r < L
H (p,z) = o) // / G - (=2 x &,) ™ 7=7qs’ | @2\,
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n= 1
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— CAm?
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N, BT x
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In similar fashion, it can be shown that

N,Q 7B TE?
EC — — _ TEZ Un HUn,Wq B JTE? [ =1 j)\p (p—p )dS dQA
(p,Z) ’Uan 47T2 vnw (p )6 P
n= 1
! (246)
N,Q B, TM?

TMZ Zvnqu G hB T™? ( ) ej)\p (p—p") dSI d2)\
vn,wq 47'('2 eh * Un,Wq P

5.2 Application of Boundary Conditions

N . 0... ly| > %
Boundary Condition 1: EA (z = —(7) =

EB(z=—0%) .|yl < b

:>A+TE _ATE? NQA—TEZ—»ATEZ n NQA— TM? A, TM?
1 ,0 Un,Wq ~Un,Wq Un,Wq Un,Wq
)
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(247)

+,TE* B, TE? ,TE* —B ,TE?
= Z an,wq evn,wq + Z an,wq Up,Wq

N,Q 1+ TM? _B,TM? N.Q p—TM" BTN h
+Zn anwq evn:wq +Zn an:wq Cop,wg - |y’ < 2
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To aid readability, define reflection and through parameters in relation to the

initial excitation wave such that

—,TE? —,TM~
ATE? _ “onwg ATM?* _ Aunwg
Un,Wq A+ T +.TE* Un,Wq A+ T +,TE*
+,TEZ +,TM
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TEZ TMZ
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This implies that
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Boundary Condition 2: H (2 = —7) = HP (z = —£*) .|y < b

ATE z7
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Boundary Condition 3: HS (z =07) = HE (2 =07) ... |y| < b
T, HC is used in place of ﬁtc for application of this boundary condition. When
the testing operator is applied later, it will absorb the i . component. Therefore,

HE (2 = 07) = I,HC (= = 07)

N?Q
Z B,TE? _’B JTE* —~B 1 B,TE*’B,TE* ~B ¢
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. . 0... |yl > 2%
Boundary Condition 4: EF (z = 0%) =

EP(z=07)..|y <t

In a similar fashion to Boundary Condition 3, it can be shown that
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5.3 Application of Testing Operators

Applying the testing operator f et wp . {} dS to (249) implies that
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Applying the testing operator f evm wp {} dS to (249) implies that
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Applying the testing operator f hfmTfp {}dS to (250) implies that

G(m,l)

o G
~ Y N7Q Y
B, TE? ATE A, TE? 7B, TE* 7°ATE?
/ h, st dS — E Rvqu / hvm, hvqu ds
n=1
S q=1 S
EI(,:{”) f(mn)
N’Q ~ Y N Q ~
A, TM? 7B, TE* 7’ATM? BTEZ ’B,TE* 7 B,TE?
— Rvqu / hvm, hvmw dsS = E T, / hv hvqu dS
n=1
=2 S i 5 (257)
N,Q S NQ 0
BTEZ BTEZ BTE B,TM* [ 7B, TE?
_E o e / “h, dS+ E Tvqu /hvmw .
f s =2
N7Q

0
B, TM?* B TEZ B
- ZRvnywq /hv'nu Un,Wq dS
n=1
q=2

which implies that

=2
o
=2
O
|

B JTE# ](mn B, TE?
q vn,wq vn ,Wq

q—l

Vn,Wq

"6

~(mn) pA,TE? & (mn) PA,TM?=
GO R Te +ZH MRAT +

N
=

Q3

1 em=1. Nip=1,..,0Q

(258)
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Applying the testing operator f hfmTfl\,i

{}dS to (250) implies that

Ty "

7(m1)
ol
Y N’Q ~
7’ B, TM~ ATE A, TE? B
/hvm,wp dS Rvn,wq / U
n=1
S g=1 S
K(mn)

Pq

N,Q ~ N
A, TM? B,TM? 7 ATM? B, TE*
— Ry, / Bty iy A4S = E Ty w /

hmyMz hATE dS

B ,TITM* 7'B

Vi, , W

n=l s
= = (259)
E(mn)
0NQ “
B TE* B ,TM? B, TM?* B, TM?* 7B, TM?
- Z Un,Wq / Um,, W, dS + Z Tvnawq /hU'm hvnawq dS
q:1 Zié S
ng"i")
N?Q o
B, TM~* B,TM? 7 B,TM~
~ Y RBTY / BB B g
R
which implies that
N7Q N?Q N7Q N7Q
A, TE? 7% A, TM? B, TM? T B, TM?
Z J(mn) Unawq + Z KZSZLTL Rvn,wq + L(mn)Tvnqu Z LI(JZL” Un,,Wq
q:% q=2 ZE% q;2
1)
=I5 m =1, Nip=2,..,Q (260)
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Applying the testing operator f hETE Wy {} dS to (251) implies that

Mg NG
7\ 7\
Q 7~ ™~ N’Q 7~ ™~
2 : 7B TE? B TE B, TE* —B,_ . ¢ B,TE? 7'B,TE* 7 'B,TE* B, .,.¢
Un,Wq / Um,Wp hvn ,Wq € ot dS - RU7L7"~Uq hvnuwp ’ hvqu e Fomta dS
_ n=1
0

B, TM? hB ,TE? 7"B,TM?
+ Z Tvnqu / Um,,Wp h q
q=2 S
B, TM? hB JTE? 7’B,TM? 0 _ C, TEZ C, TM? (mn
— E Rvqu / om0y -h” Zomwg dS E Tvqu E Tvqu P
q q q—2

(261)

BTE x
O™ = Uqu // / RETE" %S th(z -0) - / hETE () e PP dS! | d2A,
—0 S/
(262)

7 BTV Py B . )
D(mn Un,W, ' Z G0 ~ o ad ; z ,_, —ix..5
Pp(q ) — _47T2q // /\hf;fu]?p el PdsS . th (z':(())) . /hfn:rt‘ul\f <p/)€ JAp-P dS/ dz)\p
S

—00 S/
(263)
which implies that
N7Q N7Q
mn)m B, TE? mn) B ,TE~? ~A(mn)C, TE? p(mn)pC,TM?
Z M( ) ’Unywq Z N ”Uny’wq + 07(7‘] )Tvnywq + PIS(I )Tvn,wq

q—l ZE% Zz%

=0.m=1,..,N;p=1,...,Q (264)
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Applying the testing operator f R Wp {} dS to (251) implies that

0 nQ 0
BTE* [ pB/TM* | jBTE? [ B TE* [ 7B,TM* 7B, TE* AB—0 ¢
ZT%,% / BN hEE waldS =y " RITE /hvm,wp RPTE s
n=1 g n=1
g=1 q=1
~(mn)
Z’q
N7Q <
B,TM* [ PB,TM* 7B, TM* —5 . ¢
+y T / PEIMT L BB o5 g g
R
Ry
N7Q <
B,TM* [ 7B, TM* 7' B,TM* ~B ¢
— Rvqu / hvm,wp hvqu eonwaldS
=
N,Q
C,TE* § CTM* o
- T”n:wq ZTvnqu
n=1 n=1
g=1 q=2
(265)
B BT o .
Sy = Zwlgq // /hfmTy NP - th (520) - /han,TwE; (") e 7 dS"| d*A,
—c0 LS S’
(266)
B 5 BTM? B
T]S;rm _ Unqu // /hB Tlll\]/l 6])\;7 PdS th (z 0) /hf,;zul\fz (ﬁ/) efj)\p'P ds’ d2/\p
—o S/
(267)
which implies that
N,Q 7
A 7B ITM? B, TM? TC/TE? TC, ™
Q" Tonins = 2R+ ZS“’”” i +ZT(’””) e
Zi% q:2 qfl q72
=0.m=1,.,N;p=2,...Q (268)
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Applying the testing operator f evm wp {} dS to (252) implies that

o

A A
N,Q - ~  N,Q - ~
2 : 7B TE? >B,TE* B, TE* —B . ¢ B,TE? >B,TE* B, TE* ~B ¢
Un,Wq / U'm Wp evnqu e ? dS _I_ Rvnqu evmva ’ eU'qu e ? dS
71 n:l
q=1 S g=1 S
NQ 0nQ
} : TBIM* [ SBTE*  oBTM” o0t } : B,TM? [ -B,TE?
Un,Wq / Umawp "y ! dS + R’un,wq /e'Umpr ¢
n=1 n=1
q=2 S q=2
N,Q
_ CTEZ E : CTM (mn)
- Tvnywq Un,Wq X
n=1
q=1 q=2
(269)
7 B, TE? . o .
(mn) _ Zv,w, B, TE? jXpf Q. (1 (2=0\ . | BBTE? (=1 —jXod’ 1ot | 12
W 2 Comw, €0 PdS - Gen (527) Py oy (P7) €707 dS" | d°A,
LS S’
(270)
ZB,TMZ - - ~
v (mn) __ “n,wg —»B TE? j)\ ¥ Wa 2=0) . B, TM? [ =1\ _—jX,-p" gt 2
qu - 472 Com wp *PdS Geh (z’:O) hvn,wq (p )6 #PdsT| d )\P
—oco LS S’
(271)
which implies that
N,Q N,Q N,Q
r7(mn) B, TE* r 7(mn) pB,TE* T (mn C,TE? E mn) CTMZ
Prq Tvnywq + ‘/;’q Rvnqu + qu ’Unywq + X ’Unywq
n=1 n=1 n=1
q=1 g=1 q=1 q:2
=0.m=1,...N;p=1,...,.Q (272)
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Finally, applying the testing operator f evm wp

. {}dS to (252) implies that

N.Q 0Ong 0
} : TBTE* [ 5B TM*  oBTE? —52.7, ¢ 2 : B,TE?* [ -B/TM?
Un,Wq / vm ,Wp ev B ds + Rvn ,Wgq / vm ,Wp
=1 1
q:l S Z:l
Vg
7B T™? >B,TM? B, TM?* —B ¢
+ Z Un,Wq / ’Um yWp evn,wq € 4 dS
q72 S
Z,(,j’i")
- Y N7Q
2 : B, TM? >B,TM* =B, TM* ~5 ¢ _ C, TEZ mn) C, TM? A (mn)
R'Un ,Wq / Um ,Wp e'U ;Wq € / ds T'Un ,Wq T'Un yWq Pq
n=1
=2 S 1 g=2
(273)
7B ,TE? .
m(mn) __ Unqu —'B TM? ]/\ 7 2=0 B, TE? [ =1\ _—jXy-p" ! 2
FPQ - vm,wp 7S - Geh( 0) hvn,wq (,0 )6 PP dS | d )‘p
S/
(274)
BTV o . o -
A (mn) __ “Vn,Wq —»B S TM? _jApf Wa 2=0\ . B, TM? [ o1\ _—jiX,-p" 7a 2
A = =g PN IS - G (Z29) - | BETNT (5 e NP dS | d2),
—00 S/
(275)
which implies that
N?Q ’ 7
\/ (mn) B,TM~* (mn B,TM~* (mn C, TE? (mn C, TM*
Z Y;?q vn,wq + Z Rvn ,Wgq + F Tvn,wq + A vn,wq
n=1
q=2 q—2 q—l q—2
=0.m=1.,N;p=2,...Q (276)

141



Summary

7

7

A TEZ A, TM? B, TE* B ,TE*
SR + S B R - SO - S C R
q 1 2*2 q:l q—l

1(ml
= —Agf )om = L,..N:p=1,...,Q
N?Q
n(mn) pA,TE* A, TM* BTM BTMZ
Dy Ry + ZE TR ZF e ZF R
ZE% q=2 q=2 p=2
™ 1
_DZ(JT) :17 aNap:277Q
N,Q N,Q
DGR+ 3 IR 3 I -3 AR
TqLill q 1 q—l
~(ml
= G;T )om = L,..N:p=1,...,Q
N,Q 7
DR ¢ 3R+ 3 IR -3 e
Zz% q 2
= _;Tl)...m =1,.,.N;p=2,....Q
N,Q 7 N7Q N7Q
/ (mn B,TE? mn) pB,TE* A(mn)pC,TE p(mn)C, TM?
Z Mpq Uqu Z N Rvnqu + Opq Un,Wq + Z pq Un,Wq
n=1 n=1 n=1
q=1 q—l qg=1 q=2
=0.m=1,..N;p=1,....Q
N?Q 7 7
A B ,TM~? B TMZ C, TEZ C,TM*
Q( ”qu Z R " RUn Wq Z S(mn)Tvn Wq Z T(mn)Tvn Wq
n=1 n=
q=2 q:2 q:1
=0.m=1,...N;p=2,...,Q
N,Q N,Q
B, TE* ¥ BTE C, TE* C, TM?
U(mn) 'Unqu + ‘/Zn(qrnn Un,,Wq Z W(mn)Tvnywq Z X(mn) Unqu
n=1 n=1
q=1 q=1 q:l
=0.m=1,..N;p=1,....Q
N,Q N,Q
\ (mn) B, TM* 7 (m B T™* mn)C, TE* (mn) C, TM*
Z }/:Dq Tvn,wq + qu Uqu + Z F TU ,Wq + Z A 'Uqu
n=1 n=1
q=2 q=2 q:l q:2
=0..m = ) >Nap:277Q
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(278)

(279)

(280)

(281)

(282)

(283)

(284)



A(mn) B, TE?

A, TE?

B, TE?

—A, TM?

o (mn)
pq = f e'Umywp : evnywq dS7 qu = f eymva * Con,wg dS
S S
(mn) -B,TE* B, TE? (mn) —B,TM?* _A TE?
C f e’Um»'UJp : e’Un,'UJq dS? D f evmy’wp : e'Unﬂ-Uq dS
S S
~(mn —B,TM?* A TM? —~(mn -B,TM* B, TM~?
EI(”I ) = f evm7wp : evnqu dS? Flgq ) = f evmva 6'Un,'LUq dS
mn) 7B, TE* 7 ATE? 7B, TE* 77ATM?
( fhvmpr ) hvn,wq dS? fh”Um,wp : hvn:wq dS
S
(mn) B, TE* 7" B,TE? 7B, TM?* 7ATE?
f hvmy’wp : hvn’wq dS) f hvm,wp ' h”nawq dS
S
(mn 7 B, TM? A TM? mn) 7B, TM? 7B, TM~*
fhvmywp ’Un,wq d57 fhvm,wp hvnqu dS
(mn) B, TE* 7$B,TE? N, -1 7 B, TE? _’B ,TE*
M P fhvm wp * hvn’wq ds, Nzgq — fh/umywp * vn’wq dS
B ,TE? -
A(mn) _ Unqu BTE j)\ -0 2=0 B, TE? [ o1\ _—jhy-p! gt 2
oL BT A4S . Gl (579) - hvqu (5") e M7 ds' | &2,

7B TM x
plggm) vqu // /hvBng e])\p Pds - th(z 0) /hi"l;ul\;l (,0 )e—j/\p'ﬁ’dsf d2)\p
S/
2" = P Rl R ds, Ry = Pgt [ R R ds
s
- BTE - .
S](J;nn) vn,wq // /hB ,TM* ])\p ”dS th( ) /hfn’ﬂiz (p_,/) e—])\p.p ds’ dQ)\p
B BTM o . -
T = ’“"’“’q // / hiﬂi e PAS - G (529) - / REIMN (5 e 7' dS! | P,
S/
08" = Po [ 15 S, V™ < gt [ IR 0
S

B 5 BTE < [ . -
wgm = Zte [ et hras - G (2 - [ BRI (7)o as| i,

—co LS S
B BTV o [ . -
X]SZ””) — Z;’T; // /éfng e])\p PdS Geh (z 0) /hf,;’;ul\f (ﬁ/) e*])\p'p dsl d2>\p

—oo LS S’

_B, TM* —BTM =(mn _B, TM?* —BTM
Y;J(q PBfevm,wp : vn,wq dS Z;()q )— f vm,wp . vn,wq dS
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[(mn)

pq

A (mn)
Pq

_~B
where Pg = ¢ 7zvnwa”,

B,TE* %
_ Z”nqu

472

B,TM* %
_ Z”nqu

472

Vm ,Wp

—00

Um,Wp

—0o0

L

> 1

Un,Wq

/ N N GS - Gy (3529) - / BETE () e 4 | d2A,
S

S/

/ &N N GS - Gy (529) - / BTV (51 AP qsT | 2,
S

N
wel]
|
Q)
|
Qi
ol
(@]
ol

D E 0 0 —-F -F 0
G H I —-I 0 0 0
J K 0 0 L —-L 0
o 0 M -N 0 0 O
o 0 0 0 Q@ -R S
o0 u Vv 0 0 W
o 0 0 0 Y Z T

where all submatrices of A are of the general pattern

(1,1 (1,1 (1,1
AAL AL
(1,1 (1,1 (1,1

AP A . A

A = _(171) _(171) _(171)
4 AQJ AQ,Z AQQ
(2,1 (2,1 (2,1

Ag,l : Ag,2 ) Ag,Q)

ANV 2(NV,1) AV, 1)

_AQJ AQ,Z ’ AQVQ

s o
(285)
o] [Arre] [-4
o| |Reme| |-p
of [7ore | |G
of ||| T
B . = _ (286)
P TB,TMZ 01
T RB/T™? 62
X fC,TEZ 63
A_ _fc,TMZ_ I 64 |
APl
AL Ay
AP ALY (287)
A gy
AGE e A9




except that any submatrices related to TM* components or testing operators will have
the corresponding index beginning at 2, thus reducing the dimension of the submatrix

accordingly. It can be shown that the submatrices have the following dimensions:

A C,G,I,M,N,O0,U,V,W e CNo*NQ (288)
B,H,P,X € CNON@Q-1) (289)
D,J,5,T e CN@-DxNQ (290)
E.F,K,L,Q,R,T.Y,Z, A e CN@-DxN@-D (291)

This implies that the grand matrix A € CHN@-D+NQIXUN@Q-1D+4NQ]  Next, the

subvectors of & are of the general pattern

T

BATE® _ | nATE® A TE? ATE* A TE? A,TE?
R = | R}y Ry - RipY Ry -+ Ryo (292)

with the same caveat that any unknown TM?* amplitude will begin the second index

at 2 instead of 1. Thus
R’A,TEZ c CNQ’ R’A,TMZ c CN(Qfl)’ T’B,TEZ c (CNQ’ R’B,TEZ c e
fB,TMz € CN(Q—1)7 R’B,TMZ e (CN(Q—U7 ffC,TEZ e (CNQ7 fC,TMz e CN@-1)

(203)

This implies that the grand unknown vector & € C*N(@-D+4NQ which is in second-
dimension agreement with A asis required. Finally, the subvectors of the excitation

vector b are of the form

T

1 | 7(1,1 (1,1 (1,1 (2,1 <(N,1
A= Ag,1) Ag,1) A(le) Ag,1) A(Q,l) (294)

with the same caveat that any excitation vector associated with a TM* testing oper-
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ator will begin at subscripted index 2 instead of 1. Therefore,

AeCMe, DecCMN@-D GecCMNe, JecMNe@D
(295)

0, € CNQ, 0, € CNQ@-D, §, € CNQ, 0, € CNQD

This implies that the grand excitation vector b € C*NQ-D+NQ  which is in first-

A
dimension agreement with A as is required.

5.4 Submatrix Equations

It is important to note the following identities prior to proceeding to evaluate the

integrals from the previous sections.

3 3 sin <2 (Qn—l)wx) 3
/(3082 (kyw,x) dz = 2 / c0s? (kg ) dx = 2 g + 4kman = g
-2 0
(296)
; 2 . sin (2@";” > T
/sin2 (kyw,x) dz = 2 / sin? (kg 2) do = 2 5~ T =3
-2 0 0
(297)
sin[(m —n)y] sin[(m+n)y] ) 9
dy = _ 5
/sm my) sin (ny) dy 2 (m—n) 2 (m ) m”#n (298)
sin[(m—n)y] sin[(m+n)y] )
dy = 2
/cos my) cos (ny) dy > =) 2 (m 1) m*#n (299)
/ N g [(“r—”) cos (%) sin (A,r) — 2X, sin (%°) cos (A1)
Ae+57) (Ae = 57)
—j2A {(imﬁ))ziwifﬁ)] uweEM+1
— T2 ) T 2r (300)
cos( ¥ ) sin(Azr)
2 um 2 G 2N
2(8) | g -
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/cos <u7; (“2) sin (%) cos (Ayr) — 2, cos (%) sin (A,7)

hatad +ihzx -
o) (ot ) O — )

T

(%)sin(%)cos()\zr)
e
z T2 LTS

A(mn) _ /gB,TEz . e—'A,TEzdS

pq Um,Wp Un,Wq

S

a
§§mn
-\ -~ Y

a

h
3
_ (_1\mtntp+q 1 A B : : : B : A
= (-1) ki k sin (Kpp,, @) sin (kg @) dx [ sin (K, y)sin ( k,, v ) dy

Ywq "Ywp

(SIS

O2

N

™

Ve

h
2
AT T / 08 (kyyp,, ) €08 (kyy, ) dx / cos (kpry> cos (k:;‘wqy> dy
h
T2

(SIS

wle

1 +n+ptq 4 A 1B
AI()’I’q)’Ln) — (_1)m n—+prq §5mn <kyqu’ywp@1 “I— kxvmkxvn@2>
4
h 1.A _ L.B
o 5...1{;ywq = kywp
1 pu—
sof(ig, 0, )3] _ (et )E] pa s
L kB oy —Fiug kDop TRihg Py, ywp
;
h 1.,A _ 1.B
o 5...kywq = kywp (302)
2 pu—
of(i8, 0, )8] | ol(by 40 )] pa
\ kpr _kﬁwq kwap +kly4wq ’ w, yw

pq Um,Wp Un,Wq

B(mn) _ /é»B,TEz . é’A’TMZdS
S
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%5m'n @&
7\ \f

sin (kpry> sin (k;wqy> dy

\:w\:

sin (kgy,, ) sin (kgy, ) dx

\wm

_ (_1)m+n+p+q kwap kmvn

NI

[N]1S)

%5mn @2
AL N
-

o8 (K, ) €08 (kyy, x) dx | cos <kpry> oS (kquy> dy

\w\p
\w\:

+ (_1)m+n+p+q k k’A

TUm Pywq

NI

(SIS

(303)

B(mn) = (_1>m+”+P+q g(smn (kprkxvn@l + kmmk;wq@2>

pq

pq Um,, W

~ ) z _ z
C(mn) _ /eB,TE . 6f}?,"[l‘UE dsS
P n,Wq
S

h
50pq
7\

h
2
m+n+ptq kB kB sin (kmvm:v) sin (kmnx) dx / sin (kwapy) sin (kquy) dy

= (_1> ywp Vywq

w}ﬁ \m\@ )

|
[Ny

h
3 dpq
7\
~

coS (kpry> coS (kquy) dy

\w\:

08 (kyyp,, ) €08 (kyy, ) dx

\w\s

+ (_ 1)m+n+p+q kxvm km’un

SIS

(SJIS)

(304)

- h
Ol = (1) G (Ko Kby + Ko b, )

Prq Um,Wp Un,Wq

D(mn) — /gB,TMZ . gA,TEzdS
S
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a
§5mn 91
7\ 7 N

-
a

sin <k5wpy> sin <k;‘wqy> dy

\aw\:-

= (—1)"trrra kxvmk{qu /sin (kgo,, @) sin (kyy, x) dz

|

[N1fS)

a
§5mn 93
-\ -7 N

08 (kyy,, ) €08 (kyy, x) dx | cos (k‘pry> Ccos (k:;wqy> dy

\M‘p\
|
""“‘\w\:

m+n+p+q 1B
- <_1) kywpkﬁvn

[N]1S)

Dl = (U™ 5 (b 01— K 02) | (309
Ez()gnn) _ /e—»UB,Tul\)/[Z . é’UA’TwMZdS
'm,Wp nota
S
< Sn =

sin (kpry> sin (k;‘wqy) dy

\w\:-

= (=) K, [ sin (kgo,, @) sin (kyy, ) dz

|

M}p\wm\

a
§5mn @2
A -~ '\ ~

cos (kpry> cos (k;wqy> dy

\w\r

€08 (kyp,, ) €08 (kyp, ) dx

\M\n

+ (_1)m+n+p+q kwap k;wq

Vg

[N]1S)

F(mn) (_1)m+n+P+‘1 gémn (kmmkmn@l + kprkﬁwq@Q) (306>

Pq
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677171
A\

(SIS

-7

h
2
sin (kgy,, ) sin (kg ) dx / sin (kpry> sin (kquy) dy

— (_ 1)m+n+p+q k

TUm k:pvn

|

M}Q \m\@ )

>

6771,71
A A\ ~

(SIS

mintpra B B 08 (kyp,, ) €08 (kyy, x) dx | cos (kpry) cos (kquy> dy

+ (_1) ywp Vywq

\w\:\
:\w\:\

]

[N]1S)

Cmn) (307)

mtn+p+g Gl ynkin
(_1) e I(Smn(qu (kzvmkwvn + kywpkywq) ~ e

(mn)
pq

Ay
< Y

_ . . 1 -

(mn) __ B, TE* . A, TE? _ —~B TE* . —~A TE?
qu _ h hvnywq dS - B, TE* ZA,TEZ evm,wp e'Unawq dS
S S

ot A
VUm,,Wp Un,Wq

() A"
Qlmn) = 08— (308)
" A
By

P
— — — 1
(mn) _ BTE* TATM? ;o _ B TE® A TM?
Hy™ = [ h h dS = BTE , A TN Comwp * €y B0

Um,Wp Un,Wq Z

S Um ,Wp “Un,Wq
B Blmn)
(mn) __ rq
Hpq o ZB,TEZZA,TMZ (309)
U Wp LU, Wy
éézzr:n)

P
_ . . 1
(mn) _ B,TE* 7BTE* ;o _ B TE* =B, TE*
I = [ gy, Py @5 = BTE B, TE" Comoy, " Conw, W5

pq D Un,Wq
Z’Um fLUp Un ,wq

S
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pq

B,TE? ., B,TE*
Z Z

Umn,Wp

C«(m”)

Un,Wq

Diy™
7\
1 7 N
F(mn) __ 7B, TM? 7 ATE? _ ~B,TM? -A TE?
Jpq - hvmywp hU'qu dS - ZB,TMZ ZA,TEZ Um,,Wp ’ e’Un,wq dS
g VUm, ,Wp Un,Wq S
7 (mn)
j(mn) _ qu
Pq ZB,TMZ ZA,TEZ
’U»m,’LUp vn,wq
E%:m)
-
-(mn) __ 7B,TM* 7 ATM? _ 1 SB, TM? A, TM?
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153



=BT // /z EoTE AP . th(z =0) - /zngTEeﬂ*pﬂds d*)\,

—0oQ Sl

o0

— B T //\\ m+p+1 k,B /sin (kxvmx) sin (k,wapy> er;mﬁdS
vm wp S %

1 (= 1) ke, / 08 (kau @) 08 (KL, y) € 7aS | - G (29)
S

2 | & (=1)mrett ko, / sin (kgo, ') sin (kquy/) o= i% 0’ 4G
S/

+i (=)™ ke /COS (Ko, ') cos (kquy'> e qs' d*)\,

S/

1 T ) i
= m// { [y(_1) +p+1 kpr <(_1) +p kwaq/\x@?) p>
- (_1)m+p+1 kxvm ((_1)m+]7+1 kxvm )‘y@gnp)} ' éhh (zZ/::%)

gD R, ()" R, A05)

>

(=)™ kg, (1) ke, A, 059 ] L 2N,

{[@Mfiﬁ o — i WMA CH

8\8

5 5 1
G (=) [M MO} — (=L, 0,05 } P,
ffnﬁz
1 m . < .
:MZ—B// 05" (=2, Ay — k) A ) G (529)
VU, Wp o
i
ngq

. <—£kg2wn)\y L )\x> P,

154



N (mn 1 (7 A ~ 4 o
O]()q = 47T2Z5’sz // {@3 (xkg”m)\y + yk?ﬁip}\x) . th (Z;%)
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o // /hvmwp e P4S - G, (;ZO)-/hvqu (5") e P ds' | &2,
—00 S

S/
STM~? —STM#*
Imp Inq
[e.9] -~ "\ -~ A\
5o ZBTM? X, 5,10 A 2=01 . s o B, TIM? _—iX,5" jar| 12
2 B // /z X €y, €70 PAS -Gy (725) ZX €y € ds'| d*),
vm Wp —00 S

S/

T = 9B TM? // {kxvm ko, kprkfw O3 (ZAy — §Az) - éhh (520)
A2 L,

(328)
(@A = §A) N,
C,ég\m'n)
77 (mn B, TE* -B,TE?
gy = Pa [ S5 b1 as
S
glmm = pgCimm (329)
Cry™
T = Pyt [ e b as
S
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- // {0 (4422 0 = 912, 0,) - G (529)

. <xk2 Ay + kB2 Ax> } &),

(331)

BTM
X{mm) = “’“w‘? // / eBTE (%74 . G (529) - / he ol (') e 27 ds! | dA,

Sl
fn{‘fxz fa
~B,TE* _jX, A 2=0Y B TM* —iX,p | g2
W// /um,w,, 7dS -Gy (529) /zxew (7) e N7 s | i,
S/

Xy = P // k: e ( Bhpe Ao+ k2, Ay ) G (729)
(332)

(@A — )} PN,

g
7 N
o (mn) __ B, TM* —B TM?*
Yo' =P [ €, G, @9
5

158
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= 4 ) // xvmkxvnkwa kB @5 (_i')\x - g)\y) : C?eh (ZZ/::%)
T (336)

(@A = §A) A,

Solving for Green Function-supported Equations.

Using the general solutions to the ), integrals from Appendix F, we can begin

solving the Green function-supported submatrices.

o 1 7 . i s
On" = AT Z s // {@3 <$kmmAy+ykWﬁAm> G (720)

. (ku Ay + 9kB2 /\x> } P,
1 . .
= ——BTE // {@3 (kfw Kaou Ny Gz (729) + Ky, Ky ANy Gy (525)
4220 M, o ’ (337)
+k5¢3pk§vn AwAyéhh,yx (z 0) kBQ kBQ )‘2th Y (z 0)) } d2/\
The above can be broken up into TE* and TM?* components. Additionally, it can

be broken into components based on matrix position of the element taken from Gy,.

Therefore, beginning with the xx term

_ i 1 T
mn)TE 2=
Oz(oq,:c:)v = A2 7 BTE // @3ka2cvmk§vn)‘32/thm (720) d2)\
Vm,wp Y

”)\2 Ao XY

:m) zv Az \2 z 16

= —n_-n "\ ——————d\,d )\,
47r2meT1i Wikt - /@ / 2/\2
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3k3., ke 7 Az 2 hAZp cos (AZyd) |
42 7B TR e TP TRz sin (Wyd) |

h\.ep cos (Agpd)
(A2 + k22 ) sin (A

+70p,q (1 = 0p1) (1 = 641)

(338)
(—1)(In) G +da) o\ (1 — e ") cos (k)

—27
(Ag + /fggp) (Ag + k;fgq) sin (kzd)
oo i\ 2 i s
+J4_7T (F) )\yei (]' —€ j>‘y91h) d)\
d = (Af/ei - kyng) </\32/0i - kfﬁq) (A2 + )‘12/91‘) 7o
; 1 .
mn)TM? ™ o
O™ = Ry // B2, K2, NG (520,
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_ jwetkivm kgvn / @ém / @3 Aé)\zifr?lpﬁ d)\ d/\
42 Zw, J T 28 ’
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- o ml)SmTEgJC;)n / ng T0p.q (1- 519,1) (1- 5q71) — ( w )
427 BT A2 4 kB2 ) Ay sin (Asuyd)
mWp T + Ywp zpp S (Azyp

(_1)(1*513&)(511,1*5(1,1) )\i (1 _ e*)\zh) COS (k‘td)

+27
e (A; + kfgp) </\§ + kggq) sin (ksd)

Api (1 — 7wl

dA,
N = k2 ) (X = k22 ) (024 X2,.) (1+ 6i0) 7

(339)

WEL

7.t Thus, on close inspection, it can be seen

It is important to note that w’“—;t -

that the terms containing k; from both the TE* and TM* components of the xz term
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cancel when ultimately added together. Thus,

272 2
) (mn)TEZ _ j kfm-)m ijvn @
Pq,TT B, TE? 4

47T2 Z'Um ,Wp w/’l’t
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Next, analyze the zy terms

2 B2 X
O(mn)TE _ Ko Fyw, Os AN\, G (729) d2X
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_ Jwe kB;lgyw / Ol )2 / S RATASTEE Y
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+70pq (1 — 0p1) (1 — 641) ( wp')
(X2 + K22 ) Ay sin (M)
(343)
5 (—1)(175‘”’4)(6"'1”‘1'1) Az (1 — e_)‘wh) cos (kid)
—27

()\2 + k,fgp) (Ag + k55q> ky sin (kzd)
d = (A= k2 ) (2 = RE2) (24 22,) (14 6,0) 7

A
Yy

mn)TE?

Again, the k; components of Opq ey and O;ZQ;TMZ perfectly cancel when added

together. Furthermore, everywhere ©g appears in this work, it is multiplied by either
B
a kywp

or a kqu or both. Thus, any term in ©4 requiring p = ¢ = 1 is guaranteed to

be destroyed. Therefore,
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mn)TM* _ jwetkdfvm ywq

OI("I fll)/ Ar 2ZB JTE? 66

i h cos (A.ypd
O = / O3 N2 0,0 (1—0p1) (1 —641) (Azypd)

K. (22 + KE2) Ay sin ()
(344)
4 = )\ i 1— 7j)‘y¢ih
EEp> (i)
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Next, analyze the yx terms.

o0

A(mn # 1 z
OI(U‘LW)UTE - A2 ZB ,TE? //H(_)?’kB2 k2 )\ A th YT (z *0)d2>\

2 )\ 2
3 A o Y0
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_—jwakmnkfjp /@ATAQ/ AZAw 16d)\ o
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(mn)TM* _ TUn "YWp ) 346
T z 6
Pa,Y 471_2251;35 (346)

Again, it can be shown that the k; components of the yx terms perfectly cancel

when added together. Finally, analyze the yy terms.
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[e.e]
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~
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+27

Once again, the k; components from both yy terms perfectly cancel out. Further-
more, it can be shown that anywhere ©; appears in this work it is multiplied by kf

and kqu. Thus any terms that require p = 1 or ¢ = 1 are guaranteed to be destroyed.
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Therefore,
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When all of these components are added together, it can be shown that
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By careful inspection, it can be shown that
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When all of these components are added together, the TE* components completely

cancel. Therefore, it can be shown that
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By careful inspection, it can be shown that
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T Loy, wp U, Wp

(358)

(359)

When all of these components are added together, the TE* components completely

cancel. Thus,

. B

Sv(mn) _ ]wethvmkywp
P 5, B TM=
A2 L

(K22 (86 + 1) = 2, (05 + O0)

pq

Kpo, Kuw kB, kB

_ 1 7 . . = _ N
T(mn) B W // {kxvmkxvn kprkqu 63 (17/\31 - y)‘w) ’ th (zz/_:%) ) (JZ/\y

(360)

_3))‘33)} d2)‘ﬂ

= // O3 { X2Gnaw (320) = Ay Gy (39)

B, TM?
AT 20, w,

_>‘m)‘yéhh7ym (zz’zz%) + /\iéhh,yy (,f'::%)} d2)‘p

By careful inspection, it can be shown that

. B B : B B
T(mn)TEz _ kavmkxv”kywpkywq (s} A(mn)TE? __ _]kxvm kx”"kywpkywq
Pq,TT - 1 QZB,TMZ 4 Pg,TY - 1 2ZB,TMZ
™ Um ,Wp Wit m Um ,Wp Wit
; B B . B B
7(mn)TE* __ _]kxvm kﬂ)” kywpkywq [6) 7(mn)TE? __ ]kxvm kﬂ’" kyw;n kywq s}
PgYT - A2 7 BTN 4 Pa,yY T g2y BTV 4
T Ly wp W T Ly wp W
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7(mn)TM? __ jwethvm kxvn k:wa kwaq O 7(mn)TM? __ jwethvmkmvnkwa kwaq
S o Am2 20,
7(mn)TM? __ jWEthvmkxvnkfw kwaq 7(mn)TM? _ jwethvmkxv"kwa k?JBwq
PqyT An QszzBm,Tulj\;[Z 6 PaYY A QanTfufZ

(363)

When all of these components are added together, the TE* components completely

cancel. Thus,
_ jweikpy, koo, kB, kB,
Ty = =y e (O5 4 206 + O1) (364)
™ Um,,Wp
kD AJ,) } &),
1 [ ) )
- E// O {2, K82 AN, Gt (520) + K2 12 N2y (529)

(365)

_kivm kyzc n )‘Zéeh,yar (zz’::%) - ka%vm kyBu?q Az )‘yGeh yy ( ) } dz)‘

The above can be broken into components based on their matrix position in Gy,

and by TE® and TM* components. Beginning with the zz components,

oo

17 (mn z 1 ~TE? o
Wp(q,x:L?TE 47T2 //®3k2 sz )\ A Geh TT (z %) d2)\

kQ y 2T9
=T y“’p / 03" \? / —2 I8N, d),

C8n?
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— _% / @g\z)\Q 27T5p q(gp ) {i} + 7ThéID,q (1 - 61)71) (1 — 5q,1)
82 v R PV 2 | 1.B2
J : (2 +k2)

(_1)(1*5p,q)(5p71+5q71) )\x (1 _ e—/\;ch)

(2 +nzz) (2 + k2

Yywp Ywgq

(366)
-2

d)\g

In a later section, it is shown that the last term in ©g will always cancel with the

last term from another added term. Therefore

_ k2 kB2
mn)TE? TUn "YWp
Wp(q,xaz = _W@S
r S0 (1=6,1) (1= 8,1) hA2
Og = / 03" { 210y 40pa1h + 7 pa (1= 9p1) (1= 00) s d\; (367)
I, (2 +k2)
_ I e
Wose ™ = g // OskZ, Ky Ay G (720) N,
k2 kB2 * )\ )\ sz
__XTUn Ywp r/\y -8 2
— 4—7r2//@3)\$)\y ( 2/\3 d )\p
k2 kBZ -
TUn " VYwp
- 872 Os
2 1.B2
Py mn) TMZ “"—kywp@ 368
Pq,TT - Q72 8 ( )

Note that when added together, these two components entirely cancel. Thus,
there is no WIEZL ") contribution. In similar fashion, it can be shown that there is also

no VT/,SQ} ;y) contribution due to similar cancellation of terms. Next, analyze the xy

terms
- 1 ~ T2
(mn)TE? __ B2 1.B2 y2 ATE 2=0\ 2
qu,wy - 42 [/®3kywpkywq)‘zGeh,xy (z’:O)d )‘p
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kB2 kB2 [ eyA2Y!
— YWp YWq Az )2 3 8
= e / o)A )\—gyd)\yd)\x
B ]{332 kBZ
mn)TE* _ YWwp YWq
Winay = =4Oy (369)
W / O k2 NG (720) &,

kBQ > /\y OTG
e Yo ywq @A )\4 d)\ A\,
872
@)\ )\4{

k’B2 kB2 x 3 192
_ Py, / 275, 0y [h_ . _h]
812 R D DY
h h
_2775]3,1 (1 5 ) ijQ )\2] - 271'(5(171 (]_ (S ) [kaBZ )\2]
Ywq™ T Yywp T
, (370)
+70p,q (1 = 0p1) (1 — dg1)
kg2, (2 + ki)

(_1)(1*5%4)(5@71*5%1) (1 . 67A1h>
(kg2 ) (242,
x wp T Yywq

Note that when ©g and ©9 are added together, the last term cancels completely.

+27

dX,

Furthermore, anywhere ©g appears in this work it is multiplied by both k:pr and

kqu. Thus, any term in ©g that requires either p = 1 or ¢ = 1 is guaranteed to be
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destroyed. Therefore

B2 1.B2
mn TMZ Ywp "YWq
Wzgq wy) {72 Oy
[ on 28
@9 = @33” 7T5p,q (1 — 51),1) (]_ — (5(1’1) 5o ) 5 d)\z (371)
—0o0 kywp (AI + kywp)
Finally analyze the yx components.
Wp(;n;x)TEz 47 ) / @3 )\2Geh YT (zZ’::%)} d2)\p
)‘y 2
FaunKun O N2 / y Sd)\ d)\y
872 /
k:2 k2
mn TEZ TV, VU,
Wzgq yx) Q72 s (372)

_ .1
mn)TM 2 2 2= 2
WI?((LZ/I) = 4_7T2 //@3 {_kwu zvnAyGeh ya:( ’ 0)} d )‘

-~

N /\y )\4*1*0
@33”/ d)\ d\,

mvm xvn

82

——2m won [ Qe L g, (1= 0pq) (1= 8gq) | —2
872 3 TO0p,q ( p,l) ( q,1> ()\2 ]{332 )
Ywp
(_1)(1—5p,q)(5p,1+5q,1) )\i (1 . e—Amh)

(Ag + kyng) (Ag + kfgq)

K22 70 hkB2

(373)

+27 d;

It is important to note that when Og and O are added together, the last term
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cancels completely. Therefore

- k k2
(mn)TM* _ TUm VTR
Wogye Q72 ©10
T Spq (1= 6,1) (1= 6,1) hkB?
O = / O pa (1= 9p) 1) ki, dXg (374)
K (2 1)
In summary
B2 1.B2
17/ (mn)TE* __  177(mn)TM? 1/ (mn)TE* _ Ywp "YWq
qu,m - qu zx qu,xy Q72 O
W(mn)TEz kiﬂm kivn s} W(mn)TEz _ W(mn)TMz
PGYT - ]2 8 P4YY = 7 "payy
B k,BZ kBQ ~ k’2 L2
mn)TM?* __ Ywp ' "YWq mn)TM? __ TUm ' TV

When all these components are added together, the TE* and TM* components

components completely cancel for the zx and yy matrix position components. Thus

1/ (mn 1
W =55 [’fivm k2o, (O + ©10) + ki ki (Os + Oy) (376)
1 = z=0 -, ~ 2
- 47r2 k”" Yywq JEkyw Ao+ k3, A ) Gen (720) - (2Ay — y)\x)} d“Ap

g // O {HLE AN Gun (728) + R N2 G (79)

(377)
"’kivm)‘zéeh,yz (z 0) k2 )‘ A Geh yy( )} d2>‘

In a similar fashion to the previous section, it can be shown that zx and yy

TE? components cancel with their respective TM?* components. Therefore, begin by
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analyzing the xy components.

B 00
X(mn)TEz _ kzv”kywq ) k,BZ )\2G (z 0) d2>\
Pg,Ty A2 3 eh,xy
xv kBu% ’ Ay 2T0
= - ”Sy;yq/@%v/ =R dA,
Y
_ k kB2 B
mn)TE? __ TUn Mywp Mywq
XI(Jq,xy) - Q72 O

v (mn)TM? acvn ywq B2 2 = 2
XIE(LIL"y) - 47T2 /] @3k )\ eh ,TY ( 0) d )‘

 Kav b,k e;," OW
L / 03"\, / — RN, dA,

872

B2 1.B
X(mn)TMZ _ kx”" kywp kywq [8)
Py - Q72 9

Next, analyze the yz components.

B o0
gy _ Kooy [ Koo M Genye (729 *X,
Pq,yx - 472 3zy ehygc 2'=0

B2 ke kBT T OMA2YY
'z TUn Vywg Az \ 2 3 8
_T/@3 )\z/)\—/%yd)\yd)\x

2 B
X(mngTEz kmvmkmnkyw 19
Py Q72
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o hekB
S (mnyTns _ Nron Byug // O3k2,, NG (729) d*\,

pq,yx 47T2 y " eh,yx

k2, kmnkfw [ ”X‘T”’
= Zm Q/@ / —2 208 g d),

k2 kyo kB
mn)TM? __ "Z0m TV Tyw
ngq y:r)r ]2 “O1g

Adding all the components together implies that

_ Kaun k5,
X{mm = T g2 (@ 4 ©49) — kB2 (O + @9)}

872

o0

(381)

(382)

(mn)_4ﬁ2 // k@ (A + ) - Gun (520) - (812, 0, + k2 0.) L2,

S // O {2, Ao, Gl (325) + KEE N2y ()

C4r?

R, X ye (320) + RE2 A Gangy (729) | 22,

(383)

It can be shown that zz and yy TE® components cancel with their respective TM*

components. Therefore, begin by analyzing the xy components.

mn)TE* _ xvm ywp B2 2 = 2
P(qm; 477'2 / @ k )\ ehwy( O)d >\

o0 A
_ PRy By, ywp by, /@A / O’ zngA A\,

B B2
n(mn)TE? _ kfwm kywp kywq s}
PgTY Q72 8
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pq,xy 47T2

I '
[(mm)TM _ i//@ kBQ )‘QGehxy(z o>d2)\

x y OTw
- _ Koo y“’p ywq /@A )\4/ d)\ d\;

- 8xz

ko k2, kB2
(mn TMZ TUm "ywp " "Ywq
rimm) —— 55O (385)

Next, analyze the yz components.

F(mn)TEz iwm ywp ﬂQS ehyx (; %) d2>\

pg,yx 47T2
)‘y 2T0
«T’Um xvn yw Az \ 2
= ———F—= [ O3°\; d)\ dA,
82 / /
o, k2, kB

~(mn)TE? _ TYm Mrun ywp
Chaar = o565 (336)

I
Py _ Koo Py, // Ok, Ny Ginye (320) &,

pq,yx 47T2

Ko x® y)\4T’¢
- v, y“’p /@A / —2 08 gx,d),

- 8r2

Kzon k2, kD
m(mn)TM? __ "%Vm Pzon Mywp
[{mn TN — — 55O (387)

Adding all of these components together implies that

] FeonkE,
D" = =42 ¥, (Os + O10) = by, (O5+ ©9) (388)
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Az(;;m = 47T2 // mvmkmnkwa kB @3 (_j)‘m - @Ay) ) éeh (zZ’::%) ' (i/\y - @)‘x)} dQ}‘ﬂ

k:cvm kxvn kwap kqu ff 2 0
- //@3 )‘/\Gehx;t(z 0)+)\Gehzy(z )

—)\2(~;h (/ )—{—)\ A Gh ( )}(12)\
yTehyz eh,yy \z'=0

It can be shown that zz and yy TE® components cancel with their respective TM*

components. Therefore, begin by analyzing the xy components.

_ B N A
A(mn)TE* _ ywp VYwy //@3)\2Gehzy(z 0)d2)\

pq,ry 47T2

Ko Koo, Kyps, b 03" 2T9
= ”ywpy“’q/@AA?/ —VEaNd),

_ kpo kpo KE2 kB
mn)TE? LUm " TUn " Pywyp " "Ywq
AT =~ = Os (390)

, B O T
A(mn)TMZ m Y TUn Pywp Mywq //@3)‘2Gehry(z 0)d2>\

Pg,TY A2
Koo Koo KB, KE T [eyary
B TVm Vavn Py, My, Ae \ 4 3 y—8
= — o /@3 AL / —)\/2) dNydA,
_ Ky koo, k2, kB
mn)TM? TUm Vevn Vyw, Vyw,
-~ @1
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pq,yx 4ﬂ—2

o ek k2 KB
A(mn)TE _ m "TUn TYywp "Ywq //@3 /\2 ehyx(z/_O)}dQ)\

K km KB KB T M 2T9
_ m n ywp Ywgq /@)\ /\2/ d/\ d)\z

_ Epo, Kpo kB KB
mn)TE* __ TUm PTVn ywp Pywq
Almn)TE® — s O (392)

. . kmmkmnka KBy
A = // 0 { NG (G} &,

Kavy Kau KB, KB T O3 ATy
= O "““/@gz y8d)\d)\
_ kyo ko kB kB
mn)TM? LUm "TUn Tywp "Yywq
At =~ o2 O10 (393)
Adding all these components together implies that
A (mn) ko, Kz, kpr kywq
Apg™ =~ o (205 + O + O1) (394)

5.5 Dominant Mode Analysis

If it is assumed that only the dominant TE], mode is present in the analysis,

that implies that all submatrices of A containing TM?* observations or excitations no

longer exist. Therefore, B, D, E, F, H, J, K, L, P, Q, R, S, T, X,Y, Z,T,and A
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all cease to exist. That implies that the matrix equations become

A z b
(70 A0 A 1 [ pares] i 1|
A171 _Olyl _0171 O R A
~(1,1) 7(1,1) 7(1,1) B,TE* (1,1
G1,1 [1,1 _Il,1 0 T _ Gl,l
r(1,1) vl o A1) B,TE?
O MLI _Nl,l 0171 R 0
7(1,1) 7 (1,1) 77(1,1) C, TE?
i 0 U1,1 V1,1 IR _T | | 0 ]
ALY hx? ~(1,1) _ px2 . z(L1)
Al = Cri =T =Aid
—(1,1 ~(1,1
G(l 1) _ Ag,l ) j(l,l) _ C§,1 :
1.1 — SB,TEZ JA,TEZ) 1.1 — B, TEZ _B,TEZ
’ Z’“l wi (Ull 17;’1 ’ ZUl YW1 1Z_U<117”13)1
e — PpCy — p. D O Pp Ciy — p-17LD
1,1 — _B7TE? _B1E* 1 Bl11 > 1,1 — _BTIE® _BEr 1 p 111
Z'Ul w1 v1,wq Z'Ulvwl Z'Ulvwl
~(1,1) (1,1) (1,1) —(1L,1) o1 ALY 51 7(11)
U11 PBO PBA11 ) Vi = Pp CY1,1 = Pp A1,1
)
—(11 gk gk we gm 1
Oil = VERVoR 4 ;U}; TR O5 = 1 B TE? O4 + we, O
AT2 7wy Wk A2 2y 4a Zv1 N

r hX%, cos (Afpd A K (F)7 (1 — e drueil)
Az 2 20 260
= “\; — d;
©1 /@ { [ A2 sin (Af,d ] I7d Zo /\2 + A25:) T

e yez
Os 70 o) { j (1= ) dA
ar — Nyui (A2 4+ 22,,) (14 6i0) Ty N
o — 4 cos? ()\$%)
(e -2’
T k:;lv
(,1’1) = 21 (©s + ©10)
51’1 (1 — (51 1) (1 — (5171) h)\i
{27’(’51 151 1h‘|‘71' ()\2 —|—]{;yB£1) d)\z
) h/ 4cos? (A, 2) i\
s T €T
()‘x + kxvl) (>‘a: - kxm) ()‘x + kxvl) O‘x - kxm)

—0o0

179

(395)

(396)

(397)

(398)

(399)

(400)

(401)

(402)



Noting that cos? ()\w%) =1 — sin? ()\x%) implies that

afy @y, L=t 1N 14l ] eI
Ccos ()\x ) =1 1 1 = 1 + 1 (403)
x 1 JAza x 1 —jAza
= Oy = 2h / (L ) deﬁ/ Ure™) o,
()‘x + kﬂwl) ()‘x - kﬂwl) ()‘a: + kxv1) ()‘cc - kxv1)

— 00 —00

(404)

The first integral can be evaluated under UHPC, while the second integral can be
evaluated under LHPC. It can be seen that there are order-2 poles at A\, = +k,,,, as

depicted in the complex plane in fig. 13.

+
C_kz'ul

{Aa}

~

Figure 13. Complex poles (red) of Og, deformation contours around those poles (blue)
and closure contours as R — co (cyan) in the complex A,-plane.
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Begin by analyzing the C’,j; o contribution, where the integrand is suppressed for

notational convenience.

yg .
AW

(1 4 e ]

()‘r + kmvl )2

Tv] )\z:kzvl
"o ]
= jﬂ' B —
(kxvl + kxm)Q
a
= T 5
4o
3
a
- (405)
It can be shown that under LHPC
3
a
= —— 406
b =& (406)
Next, analyze the Cjk,; contribution.
o [ (1+e)
75 AP 2
it o [ Oe = hao)" |,
HE—
= ]7]'
(_k$'U1 - kﬂwl)Q
a
3
a
== (407)

9§_ L (408)
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Combining all these residue contributions together implies that

a3
Og = 2mh {—} = 2ah
T
T 11 (1—0311) (1= 8y1) hkB2
@10: /@gzﬂ' : : : v d/\mzo
J 0 K2
Therefore
T kiv
1(,1171) = 87r21 (2a°h)
B _2a3h (5)4
812 \a
h? _
=T = A

Note that if region B is filled with air

=~

1,1 ~(1,1
1 ) = PBGg,l )

1,1 “1A(1,1
1(,1 ) = PBng,l :

(409)

(410)

(411)

(412)

(413)
(414)

(415)

Now, the matrix equation can be further simplified. If region B is filled with air,

the first and fourth rows can be divided by flgil). The second and third rows can be
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divided by Ggil). This simplifies the matrix equations to

1 -1 -1 0 RATE? -1
1 1 -1 0 TB,TE 1
. oL = (416)
0 Pp —Pg Ghln RBTE 0
0 Py Pyt 1| |T9™] |0
By Gauss-Jordan elimination, it can be shown that
RATE B _éff)féff)_
TB,TE? 1
saee| | p2 [Gh o] (417)
C,TE? ) Gy
(1,1)
- S(l) — RATE® _ 2 G +O
1 = - (1 1) (1 1)
Gy -0
% + (84;% |:w+“64 +w€t@5]>
. P2 4a<Zvl,wl ) a v],Wwq
= 1B
—r ] - L [ 04 + weO ]
|\ ) ~ s [2a®twads
— p2 263 hep; +  Zoran (O + k2Os) 18
P 2a3hw ZB TE* (0, + k2O (418)
Ht — v1,Ww1 ( 4t Ry 5)
L @11
O = ]Zﬁ ﬂ: (@4 + th@E))
T BA%, cos (\yd)
— 9r7BTE Q)= JIAze 26
Ty 3 sin (A%,d)
2 [e%s) (1 _ efj)\ygih) + k2 ( _ 67j)\ywih) d)\
d i=0 yOZ ()\2 + /\y01) )‘Zﬂr/” (>\2 + )‘yl/n) (1 + 61}0) Ty
(419)
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For a second measurement, it is impractical to reliably calibrate the system while
making ¢ = 0. Therefore, the reduced aperture section is replaced with a full aperture
section of length £. In this manner, the calibrated measurement location is the same.
Thus, the measurements are of identical form except the second measurement substi-
tutes h = b. A close inspection of the functional form shows the two measurements
are likely linearly independent due to the exponentials in the summation terms. The
measurements are linearly dependent only when Ay = A\yyi = Ayai == 79 = 7y
while h =0+ &% 2mm m € Z. For a non-magnetic, uniaxial material, 7y = 1 # 7, thus

linear mdependence is guaranteed.

5.6 Dominant Mode Analysis Grand Summary

Sﬁ) _ Pé [203hw#t+@11] : Sll _ S(l)

2a3hwpt—O11

h=b

T ocos? (A2) [ jhA%, cos (Ad)
o) _SWZI??UE/ COS( 2 { 20 20
S L (et mOnd)

2 m[ () (e ]}CM
) Ty ’

d y@z ()\2 + )\yez) >‘y¢z ()\2 + )\yz/n) (1 + 5i70
PB - 6_72111,1;;1[’ 72)171111 - (5)2 B kg’ Zqﬁ”};}?z - 72;‘:“31
o= Vki — 1AL, To =1L, Ty = ¢
im)2

k2 = w2y, %m:i¢mﬁ%—ﬂﬂ]—%,a€ww} (420)
1.. =0

kB = k07 5@',0 =
0.. i#0

Now that the process of determining the theoretical reflection coefficient has been
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established, it can be used to extract constitutive parameters from measurements by
finding the arguments that minimize the difference between the theory and measured
data. Namely, in the case of a nonmagnetic material, two least-squares objective func-
tions are simultaneously minimized to find the corresponding constitutive parameters.

Thus,

2
(st - s
argmin

2 (421)
ert,erz€C <S;111y (h=10) — S{’}z>

If the nonmagnetic assumption does not hold, additional measurements can be

added by using apertures of different height h.
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VI. RARWG Probe Technique Results

In an effort to characterize the likely effectiveness of the RARWG technique as
described above, CST Microwave Studio® simulations are used to qualitatively assess
the predicted performance of the technique in practice, assuming a stable MATLAB®
realization could be constructed. To accomplish this, similar to analysis performed
in Chapter IV, two families of curves are produced. In one set, depicted in fig. 14,
€, is kept constant, while a broad range of ¢, values are explored. In the other set,
depicted in fig. 15, ¢ is kept constant, while a broad range of €, values are explored.
To illustrate the role measurement uncertainty plays, a Monte Carlo simulation is
performed with 1000 samples taken. The total reflection parameter uncertainty is

estimated by

us,, =0g (422)

gn =S+ ASh (423)
9 2 )

AS| = ATa—TSH + (AST) (424)

where Aq; = @ — «; and q; is the ™ sample from a random distribution a. In this
case, AT is computed from 1000 samples of uniform distributions around the nominal
value of T' £ 0.004 inch. Simulated values of 8%511 are provided by CST Microwave
Studio®’s sensitivity analysis feature. AS]}® is computed from 1000 samples of a

normal distribution around the nominal value of S1; with g values for the Agilent

E8362B VNA provided by Agilent’s uncertainty calculator [1].
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CST S for e, =234, . —4, h = 7.17 mm
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Figure 14. Comparison of RARWG CST Microwave Studio® simulated data with
constant ¢, and varying ¢, values with A =7.17 mm.
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CcST S for ¢, = 2, . =456, h = 7.17 mm
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Figure 15. Comparison of RARWG CST Microwave Studio® simulated data with
constant ¢; and varying ¢, values with A =7.17 mm.

Ambiguity occurs at frequencies where it would be difficult to tell which value of a
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given constitutive parameter would have produced the observed reflection parameter
value in an inverse problem. This is relatively straightforward to determine visually,
as those areas occur where plot lines are very close together or cross over. If the
plot lines are close enough together, measurement uncertainty would likely make the

extraction impossible.

Figure 16. Comparison of CST Microwave Studio® electric field maximum values at
0.1 mm below MUT surface. Rows: E; (top), E, (middle), E, (bottom). Columns:
Full aperture (left), reduced aperture (right).
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Note that when €, is kept constant, the reflection parameter again changes dramat-
ically as €, changes, having limited areas of ambiguity mostly at higher frequencies.
However, when ¢, is kept constant, again the reflection parameter changes in only
minutely-detectable ways, especially when ¢, is small. Further, there are large regions
of potential ambiguity, though in slightly different areas than those occurring using
the TLM. To further substantiate this phenomenon, observe the field structure in the
MUT at a depth of 0.1 mm below the MUT surface, as depicted in fig. 16. Note that
in both cases ( full aperture and reduced aperture ), the maximum values for the
electric field in the ¢ direction are significantly higher than those in the Z direction.
Thus, €, = ¢ is much more strongly implicated in the resulting reflection parameter
measurements than e,. However, also observe that reducing the aperture size greatly
increases the maximum value of F, within the MUT. Thus, it can be concluded that
this technique would likely do reasonably well at extracting ¢, but would do a com-
paratively poor job of extracting €, in an inverse problem, especially for small values
of ¢;. However, this technique would likely outperform the TLM at extracting e,.
To empirically validate these performance predictions, laboratory measurements are

taken via the procedures outlined in the next section.

6.1 Experimental Setup and Results

The Agilent E8362B VNA is used to take two S1; measurements of a non-magnetic
uniaxial material: one with a full-aperture flange plate, the second with a reduced-
aperture flange plate. These measurements are then run through the algorithm de-
scribed in Chapter V to extract ¢; and €,. The setup is designed to characterize the
material in the X-band (8.2-12.4 GHz) at 201 frequencies. Thus the waveguide trans-
verse dimensions are the standard ¢ = 0.9 inch and b = 0.4 inch respectively. The

flange plate thicknesses are ¢ = 0.25 inch. Finally, the reduced-aperture dimension
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is h = 7.17 mm. Figure 17 depicts how a full-aperture and reduced-aperture flanged
rectangular waveguide probe are used to measure a MUT clamped in place with a

highly-conductive metal backing.

Figure 17. Full-aperture plate (top). Reduced-aperture plate (middle). Experimental
measurement setup with conductor-backed MUT clamped in place (bottom).
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The system is calibrated to the plane where the flange plate meets the rectangular
waveguide using the TRL calibration algorithm built into the VNA. To eliminate
reflection from the edges of the flange plate, thus approximating the infinite parallel-
plate measurement, a time gate window is applied using the function built into the
VNA. The cutoff for this window is 600 ps after the calibration plane. This cutoff
is determined empirically by taking the widest window possible where ringing effects
are no longer observed in the S;; measurement.

The uniaxial material used for experimental measurements is designed using crys-
talographic symmetry techniques using periodic tetragonal dielectric inclusions em-

bedded in a bulk dielectric medium, as described in [48]. In [48], Knisely shows

that
em(W—weT) €q€mlewerh
+ T e bt g < €Em
et _ w w[€a + Ly(e € )] (425)
h—hecy L Twhey c€qg > €y
€m le(emwtwez(eqg—em))
eml  hoewlzy (€, — €m)
L l.hw (426)

where z is the number of columns of inclusions in the & direction, y is the number rows
of inclusions in the g direction, ¢, is the relative permittivity of the bulk material, €,
is the relative permittivity of the inclusion material, {w,h,l} are the dimensions of
the overall material in {Z, g, 2} directions respectively, and {w., he, [} are dimensions
of the individual cell inclusions in {Z, 7, 2} directions respectively. In order for the
material to be uniaxial, w. = [, with the same density and distribution of cells in the
2 and g directions.

Two material samples are designed for measurement in this effort: a low-contrast
sample and a high-contrast sample. The samples are dimensionally identical. The low-

contrast material has ¢, = 1, i.e. cells filled with air. The high-contrast material has
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cells filled with ESD-PETG filament material, ¢, =~ 9 at 10 GHz. For both materials,
the bulk material is a nylon filament material, ¢,, ~ 2.8 at 10 GHz. These materials
are characterized isotropically in bulk by Knisely in [49]. The sample dimensions are
w = h = 6 inches, w. = h. = 0.0625 inch, [ = [. = 0.25 inch, x = y = 48. With these
parameters, the low-contrast sample is predicted to have ¢, &~ 2.1 and €, ~ 2.4. The
high-contrast material is predicted to have ¢, ~ 3.8 and €, ~ 4.3.

The samples are fabricated using a dual-nozzle Fused Deposition Modeling (FDM)
3-D printer. Due to imperfections inherent in the printing process itself, minuscule
air gaps are unintentionally introduced between printed layers, between parallel lines
in the materials, and at transitions from one material to another (i.e. around the
inclusions). Thus the resulting parameters are expected not to perfectly match the
theoretical effective performance predicted. This is shown by Knisely et al in [49],
who produced a sample material with the same crystallographic structure but smaller
bulk dimensions (w = h = [ = 0.9 inch) in order to characterize the cubic sample in a
rectangular-to-square waveguide structure. This allows a Nicolson-Ross-Weir (NRW)-
based extraction algorithm that provides a direct inverse solution without requiring a
root search algorithm. The extracted results from [49] for the high-contrast material
are presented in fig. 18 for reference.

The algorithm in the previous chapter is validated by taking measurements of a
6 x 6 x 0.25 inch slab using the same crystallographic structure as the cube measured
in [49] with error bars based solely on the gauge error associated with measuring the
MUT thickness d £ 0.004 inch. The inverse solutions are found using MATLAB®’s
1sqgnonlin function with the trust-region-reflective algorithm and root search
boundary constraints. The results are depicted in fig. 18. These results are in very
close agreement with the results obtained using the cube sample in [49]. It is im-

portant to note that the bounding constraints for initial guesses needed to be within
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~ 40.5 of the actual value in order to achieve adequate convergence of an inverse
solution. This is likely due to the ambiguities noted in the previous section. By
narrowing down the search area, it is more likely that the correct forward model pa-
rameters are found via the root search algorithm. Additionally, observe that there
are several locations (especially at higher frequencies) where €, solutions hit the root
search boundaries (denoted by dotted lines in fig. 18). These areas correlate well with
likely areas of ambiguity predicted in the previous section (i.e. at frequencies near
and above 11 GHz). Finally, there are large errors at the lowest few frequencies and
highest few frequencies. These are associated with artifacts introduced into the Si;

measurements due to the time gating algorithm built into the VNA.

RARWG Exctration of €,; and €,. for High Contrast Uniaxial Material
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Figure 18. Cube sample measurement results for high contrast material from [49] (top).
Extracted ¢; and ¢, using the RARWG method (bottom).
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It is possible that another root search algorithm or set of objective functions may
perform better at the inverse problem than 1sgqnonlin with the proposed set of objec-
tive functions. Also, applying some assumptions about continuity and smoothness of
solutions with respect to frequency may help mitigate divergent results. None of these

avenues of possible improvement are explored in this effort due to time constraints.
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VII. Conclusions

7.1 Conclusions

A bi-layered uniaxial parallel plate waveguide Green function has been developed
to support two proposed non-destructive measurement techniques and to gain phys-
ical insight so that the most promising avenues of future research can be identified.
The utility of both measurement techniques is initially explored based on sensitivity
analysis.

In the first technique, measurement diversity is achieved by varying the properties
of a known uniaxial layer applied to the MUT. It is determined that this technique
would likely have a difficult time extracting e, from the MUT due to ambiguity,
especially at high frequencies. Additionally, the technique is difficult implement due
to the complexity of the forward model. The potential benefits of this technique are
that it allows air gap analysis and may allow for non-destructive measurements using
a robotic probe that has highly-accurate positioning information.

In the second technique, measurement diversity is achieved by varying the size
of the rectangular waveguide aperture region leading into the parallel plate waveg-
uide. Laboratory measurments are taken to validate a dominant mode model for
the second technique, demonstrating its relative utility. It is determined that this
technique has a less difficult time extracting e, due to less ambiguity than the first
technique. This is likely a result of stronger E, fields induced in the MUT. How-
ever, ambiguity is still a large factor impacting the ability to extract e,. For the
sample tested in this effort, €, extraction performance is poor above 11 GHz. This
technique performs well in comparison to a destructive, NRW-based technique and
can be used to non-destructively characterize uniaxial materials that are permanently

affixed to highly-conductive surfaces. Also, this technique benefits from a relatively
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simple forward model. Furthermore, a dominant-mode analysis is sufficient to provide
results comparable to the NRW-based technique, which saves considerable computa-
tional resources. Ultimately, the forward model in this technique is significantly more
computationally efficient than using commercial software such as CST Microwave
Studio®. For example, in the models tested, the proposed technique running on a
consumer-class laptop only require a few minutes to produce what take over 12 hours
on a professional desktop-class machine running CST Microwave Studio®.
Ultimately, this research effort provides three main contributions to the scientific
community. The first contribution is a unique bi-layered uniaxial Green function
that is applicable far beyond the scope of this research. The second contribution
predicts challenges in performance of the first proposed measurement technique. It
is recommended that continued effort to produce a stable implementation of the
extraction algorithm would yield a practical, valuable technique because there is no
need to change the field applicator between measurements. The third contribution
demonstrates the simplicity, speed, and accuracy of the second proposed measurement
technique. The technique is viable for immediate real-world application, but would
likely benefit further from additional refinement of the root search algorithm. Finally,
this work demonstrates that non-destructive characterization of PEC-backed uniaxial
materials is not only possible, but can be achieved in an efficient, practical manner

with results on par with mature destructive techniques.

7.2 Future Work

Based on this research, in particular the Green functions developed, there are
multiple promising avenues for future research to improve the extraction performance
of ¢ and e, from non-magnetic, conductor backed uniaxial materials. The most

critical factor for improving e, extraction is to find a method that implicates an even
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stronger F, field within the MUT. As is noted in the physical interpretations listed in
Chapter 11, the best method for obtaining a strong F. in the parallel-plate region is to
have a rotating transverse magnetic current present. This can be achieved by Love’s
equivalence using either a flanged coaxial or circular waveguide probe. The purely
lamellar electric fields associated with the TM* modes in the waveguide aperture can
be replaced with purely rotational magnetic surface currents on a PEC surface in the
parallel plate waveguide structure.

There are many challenges associated with this approach. One challenge is the
comparably difficult problem of analyzing the closed-form theory of the circular/coax-
ial waveguide aperture-to-parallel plate region solutions compared with the rectangu-
lar waveguide solutions. Though complicated, this challenge is not insurmountable.
Another challenge, particularly with the circular waveguide, is isolating a TM* mode
for measurement. The dominant mode in a circular waveguide is the TE], mode. Bal-
anis suggests a method of coupling from the dominant TE], mode in a rectangular
waveguide to the TM§;, mode in a circular waveguide, depicted in fig. 19 [6]. While
this approach may ultimately prove of value, one of the main advantages of using
the circular waveguide compared to the rectangular waveguide, increased bandwidth,
would be lost. There is also the question whether, upon interacting with the MUT
at the circular waveguide aperture, would the dominant TE];, mode be excited in
the circular waveguide? If so, would the coupling interface back to the rectangular

waveguide effectively filter those spurious modal excitations out?

Figure 19. Suggested coupler to excite the TM{; mode in circular waveguide from the
TE;, mode in rectangular waveguide and vice versa [6].
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Another potential approach would be to use a free-space measurement system
(possibly a focused-beam setup) to bistatically interrogate the MUT from an angle
in order to induce both £, and Et components within the MUT. There are numerous
prcatical challenges with this approach, including elliptical beam errors. One major
challenge comes into play when measuring materials that have high €,. Due to Snell’s
Law, these materials have a tendency to “straighten” the interrogating wave toward
normal to the material surface. In effect, this could greatly reduce the E, component,
reducing the ability to extract e,.

Finally, another approach would be to explore a two port near-field measurement
apparatus where two rectangular waveguides meet the MUT at an angle. There are
numerous challenges to this approach, however. First, the optimum angle for such an
apparatus would likely be dependent on both the constitutive parameters and phys-
ical dimensions of the MUT. It would likely be challenging to devise an apparatus
that would allow the angle of this interface to be arbitrarily changed. Furthermore, it
would be very challenging to develop a closed-form mathematical theory to describe
such a structure. However, by adjusting the size of an air-gap layer between a fixed-
angle apparatus, similar to the one depicted in fig. 20, the system may be “tuned”
to maximize energy coupling from port 1 to port 2. Then, measuring the size of this
air gap along with the S7; and S5; parameters could provide the necessary model pa-
rameters to extract the MUT constitutive parameters. Realistically, however, there
would be little energy expected to be returned to port 1 after tuning in this angled
configuration. Likely, an additional measurement would be necessary for measure-
ment diversity, either by tuning the system so that all the energy returns to port 1 or
by taking another measurement with a standard flanged rectangular waveguide probe

like the one used in this effort.
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Figure 20. Two-port angled rectangular waveguide probe.
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NONDESTRUCTIVE ELECTROMAGNETIC CHARACTERIZATION OF
PERFECT-ELECTRIC-CONDUCTOR-BACKED UNIAXIAL MATERIALS

A. Generalized Cauchy’s Integral Formula (CIF)

Since it is possible for multiple poles to exist at the same location and not every
pole is of the simple form (z — z), it is useful to develop a generalized version of CIF.

First, recall the standard form of CIF

Z— 20

yﬁ LG e — jonf () (A1)
C

From here, derive the formula for two simple poles at z = zy. First, note that

0 1 1

— = A2
Dzoz—20 (22— 20)2 (8.2)
which implies that
f(z) 0 f(z) - 0 o0
— " _dr = — dz = j2m— = j21—
b it o e LR e
_ J27 0
=13 (2) . (A.3)
Next, look at the formula for three simple poles at z = z3. Note that
1 2
9 - (A.4)
020 (2 — z) (z — 20)
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which implies that

f(2) 1 0? f(z) _J2m 0? g2 92
%(z — z0)3dz T 2022 % (2 — Zo)dz 9 aZOQf (20) = 1292 (2) (A.5)
c

Next, look at the formula for four simple poles at z = zy. Note that

o _1 __ 3 (A.6)
020 (z — 20)° (2 — 20) .
which implies that
f(z) 1 0 yg f(z) _ j2n O 2
5[5(2 - 20)4(12 =53 P Zo>dz = 2.382031”(20) =1 35.393 .
c c ’
(A7)

Now a clear pattern can be seen with respect to simple poles of degree n, implying

by induction that

%#d LS (A.8)

z— 2p) (n— 1)1 0znt im0

This standard CIF generalized to simple poles of degree n is really only useful if
the denominator is easily factored into simple poles. However, it is now of interest to

determine a more generalized CIF that can handle an arbitrary rational function that

_ N
D(z)

is not necessarily able to be easily factored, F'(z) . Begin with a Taylor-series

expansion of D (z) at a point z = 2y where D (z5) =0

2 —z) 0 2 —2)? 82
D(Z) —D(Zo>+ ( 1| 0> a_ZD (Z) %@ (Z) + -
( ) z2=z0 ( ) — 2=20 (A9>
z—z)" [ O™ 2 —zy) O
* n! [82”1) (2) + n+1 8z”+1D =)+ } z=20
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Note that, since D (z) is of degree n, all derivatives of D (z) greater than order n will

be zero. If all the derivatives of D (zy) below degree n are coincidentally zero,

N, ol NG oo jem_ 0" N (z) (A.10)
TS T

D (z) 3.7 D (20) J z— 2p) 3.0+ D (20) (n—1)! 0z 1

N(), _ o gV (2) o B
%D@)dzj%m 7D (2) 1fasz(z) Z_ZO—O,kE{O,...,n—l}
c Z=Z0
(A.11)
%D B dz = jZW%D ) ... ifD (z9) = 0, . #0,n=1 (A.12)
c 2=2z0
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B. Full 1;5 Development

B.1 Computation of Qﬂf{{fi} Scattering Coefficients
Solving (120), (122), (124), and (125) for ¢{ 3 via (127) implies that

Vi Potn [(Phaa + Pion) = Co (Phan — Plad)]
Plag+ Ploy) (1= Phy) + Co (Pian — Plaa) (1+ Phyy)]
Vir [(Phaa + Pian) + Co (Pl — Piag)]
[(Ploa + Phon) (1= Pyy) + Cy (Phoy, — Plag) (1+ Pyy)]
N 2Vw'EC¢P¢1hP¢QdP¢2h + QVw_20¢P¢1hP£2h
[(Plaa + Phan) (1= Piin) + Co (Play, — Phag) (14 Pjyy)]
Q/j; _ VerlPWh [(Pizd + PiQh) —Cy (Pi% N PiZd)]
[(Plaa + Phan) (1= Piip) + Co (Play, — Pag) (14 Plyy)]
Via P [(Phaa + Pian) = Co (Plan — Plad)]
[(Plaa + Phan) (1= Piin) + Co (Play, — Plag) (14 Plyy)]
ZVwEC¢P¢1hP¢2dP¢2h + QVw_QC¢P¢1hP£2h
(Plag + Plar) (L= Piip) + Cy (Pl — Plag) (L+ Phyy)]
— 2V PuaaPyon + 2V PyinPysaPyon — Vi Plog [(1 = Py) — Cy (14 PPy ]
L [(Pl2a + Phan) (1= Piiy) + Co (Ploy, — Pag) (14 Plyy)]
—ViaPo2aPyon [(1 = Phiy) — Cy (1+ Ply)]

Ui = T

(B.2)

T

_|_
[(Play + Plo) (1= Ppip) + Cu (Pl — Plog) (L+ Ply)]
(B.3)
- QVJIP¢2dP¢2h + QVJIPM;LPWU{PQ/,% + V¢+2P£2h [(1 — leh) + C¢ (1 + leh)]

‘o [(P@%M + Pizh) (1 - Pim) + Cw (P£2h - P1§2d) (1 + Pqilh)]
o VoPRaPa (1= Phy) —Cu (15 P2)]
[(Pizd + Pj%) (1 - Pilh) +Cy (Pi% - Pde) (1 + ij)}
(B.4)
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B.2 Transverse Spectral Domain ¢* Scattered Solutions

First, determine ¢%. Substituting (B.1) and (B.2) into (109) implies that

i ( Vwﬁpwlh |:(P7,Z212d + Pj%) —Cy (P1/2)2h - P1,2212d)}
[(Ploa + Plon) (1= PJyy,) + Cy (Ploy — Plag) (L4 Pyy)]
Vi [(Phaa + Pion) + Cus (Pion — Plaa) ]
[(Ploa + Plon) (1= PJyy,) + Cy (Ploy — Pag) (L4 Ppyy)]
QVw';prwth¢2de2h + 2V¢50wpw1hP52h
[(quZd + Pi%) (1 - qulh) + CL/J (Pi% - P122d) (1 + Pz%lh)} ) v
. ( Vi Pon [(P1/212d + Pj%) - Cy (Pi% - Pz/%Qd)}
[(Piaa + Plon) (1= Piin) + Co (Pian — Phag) (1+ Piyy)]
Vi Pon [(Plag + Plan) — Cy (Pl — Piog)]

[(Ploa + Plon) (1= PJyy,) + Cy (Ploy — Pag) (L4 Ppyy)]
. 2V 5 Cy Pyin PyaaPyon + 2V, 5Cy Pyin Py, )
[(Ploa + Plon) (1= PJyy,) + Cy (Ploy — Plag) (L4 Ppyy)]

Vlewthzblz [(P1/2;2d + P@%Qh) - Cw (Pi% - P1/2;2d)]
[(Ploa+ Plan) (1= Ppyy) + Cy (Ploy — Plag) (14 Pyy)]
Vw—qulhpdjllz [(Pim + P¢2z2h) - Cw (Pi% - Pqud)]
[(Plaa+ Plon) (1= Pp1) + Cy (Plon — Plag) (14 Pyy)]
ViaPurz [(Phaa + Pion) + Cus (Phan — Piaa)]
[(Phaa+ Pian) (1= Piin) + Co (Pha, — Plaa) (14 Piyy)]
Vi PP [(Phoa + Plan) — Cu (Play — Plag)]
[(Phaa+ Pian) (1= Piin) + Co (Pha, — Plaa) (14 Piyy)]
2V 5Cy Pyan Py2a Pyon Pyi1- + QVJQCmethdethsz
[(Plag + Play) (1= Phiy) + Cy (Phyy, — Plog) (1+ Phyy)]
N 2V5Cy Ppin Py Por + 2V Co Puin Pl Py,
[(Phaa + Pian) (1= Phn) + Cu (Ploy = Phag) (1+ Phy)]
- Pw_lthw_ZldPJQIh VJLva/}lh (Pwlz + Pw_llz) [(Pizd + Pz§2h) - qu (P122h - P$2d)]
 PoinPiaaPion | [(Phaa + Plan) (1= Piin) + Co (Play — Phag) (14 Piy)]
Vi [(Py1s + quthJfZ) (quw + Ploy) + Cy (Pyrz — Pilhpdjllz) (Plon — PziQd)}

+

+

-1
P’L/)lz

+

_|_

[(Plag + Play) (1= P2yy,) + Cy (Play, — Plag) (14 Plyy)]
2V, 15Cy Pyin Pyoa Pyon (Pyrz + Ppi.) + 2V 5Cy Puan Ploy, (Pyaz + Pyyl)
[(Plag + Play) (1= P2y,) + Cy (Play, — Plag) (1+ Plyy)]
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= Dy Vi (Poss + Pyl [(PuaaPyan + PraPuon) = Coo (PragPoon = PuoaPyo,)]
Vi Pin [(Porz + PlinPyr) (PozaPyy + Py Puzn)]
Vi Py [Co (Pors = PhunPn.) (PoaaPuon — PuoaPy)]
+2V5C0 (Porz + Pjp.) + 2VCy PlogPuon (Pore + Pyi.) }
(B.5)
Dy = (PyaaP ), + PpayPuon) (P, — Pin)

+ Cy (PyagPyon — PyaaPyoy) (P + Pyan)

(B.6)

Breaking (B.5) into electric and magnetic components and substituting (120),

(122), and (124) into (B.5) implies that

h
Vleny = /Gwl{e wy (2 =1) Dyt (Pois + Py) [(Po2aPypy, + PiagPuzn)
0
~Cy (PyyyPuosn — PyoaPyyy)] - Jgenyd?'
h
/ G2 iom (2= 0) PAL DG [(Pase + PRy Pil) (PasaPih + Py Puon)
0

+Cy (Py1z — PonPyt) (PraaPuon — PioaPly)] - Jrenypd?’
d

+ /éZQ{e,h} (2 =d) Dll (QCzp (Pwlz + Pwlz)) : j{&h}d'z,

h
d

+ /ézﬁ(e,h) (Z = h) (2Cw wzdeJ?h (Pwlz + Pzplz)) ’ j{eﬁh}dz/
h
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1{e h} ) Pwlhpmz D (sz + P¢1z) [(wap on T szdpwh)

D\w

—Cy (PpygPyon — Pu2aPyoy)] - Jienyd’

+ [ Ghrgen (2= 0) oz Dyt Pryy [(Pore + Phin P ) (Po2aPoy + PpagPyon)

o\;:

+Cy (Py1z — P2nPyl) (PragPoon — Py2aPray)| - Jiemyd?’

d
+ /5 vageny (7 = d) PuoaPyy D120y, (P + Pl - Jrepyd?'
h
d
+ /g ¥2{e, h} =h) P¢2hpw2Z’D 20¢P¢2dpw2h (Pwlz + Pwlz) j{e’h}dzl
h

h
/D ' { Y1{eh} (z =h) (Pwlhpmngfz/ + Pwthwlszlz ) [(Pdez;th
0

+P i Puon) — Cy (PyayPuon — PusaPion)] + @1 geny (2= 0) [(Py Porz Poa
+Pyn Py Pyaer) (PooaPlon + PooyPoon)] + @01 gey (2= 0) [Cys (P Pz Pors

— PP Porzr) (PragPuon — PusaPoy) |} - Trenyd?’
P - Ty

h d
- /Gfbl{e,h}l : j{evh}d'zl + /Gfpue,h}z : j{e,h}dzl (B.7)
0 h
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Next, determine 5. Substituting (B.3) and (B.4) into (110) implies that

75 = ( 2V, PyoaPyan + 2V, Pyin Pyoa Pyon

[(Pyq + Pj%) (1= P2,) 4+ Cy (Ply, — P2y) (1+ P2,)]

i V5Pl [(1 = Ply) — Cy (1+ P1yy)]
[(Piz% + Pth) (1 Pilh) + Cw (P£2h PziQd) (1 + Pzilh)]

V3 Py2aPyon [(1 = P3y,) — Cy (14 P2y)] > R
[(P¢2’2d + Pj?h) (1 Pim) + Cw (Pizh - PjZd) (1 + Pim)] Vi yad
<2v ' PyoaPyon + 2V Pyin PysaPoon + Vi Pl [(1 = P2,) + Cy (14 P2y,)]

[(Plaq + Pm) (1= P2,) + Cy (P2 — PB) (1+ P2,,)]

+

—ViaPuraPyon [(1 = Phyy,) — Cy (14 Pyy,)] )P Pyaq
[(P22d+P$2h) (1= P2,) + Cy (Ploy — Phay) (14 P2y)] )7

2V 1 PyonPya. + 2V Pwdpwhpwz 2V P¢1hpw2dP¢2hP1;22

N [(Pzi?d + Ploy) (1= P2y) +Cy (Pizh Play) (1+ Ppyy)]
2V PyinPyonPyoz + Vi PuoaPlon Pra. [(1 = Plyy) + Cy (1+ Plyy) ]
[(Phoq + Plon) (1= Pii) + Cw (Plon = Phoa) (14 Plyy)]
N —ViaPy2aPyn: [(1 - —Cy (1+ Py)]
[(Ploa + Plon) (1= Piyy) + Cw (Pion = Pioa) (14 Plyy)]
bin) —
(

+

. Vo PuonPys. [(1 — P3y,) — Cy (1+ P2y)]
[(Phoa + Plon) (1= Piyy) + Cw Py, — Plag) (1+ Plyy)]
n V¢2P£2dpw2hpw2z [(1- P¢1h) Cy (1+ Pwlh)]
[(Plaa+ Plon) (1= PJ1y) + Cy (Phoy — Plag) (14 Py)]
P PraPion | 2Vl Poon (Pyaz + PlogPry.) + 2V PoinPuon (Pyaz + PlogPrs.)
- P¢1hpw2dp¢_2h [(P¢2)2d + Pqizh) (1 Pilh) + Cy (P£2h - szd) (1 + Pém)]
+V 5 Pysa [(Plon Py — Puoz) (1= Phy,) + Cy (Phoy Py + Pyaz) (14 Piyy) ]
[(Plaq + Plop) (1= P2y) + Cy (Phoy, — Plog) (1+ Py)]
—ViyaPyan [(Pyo: + PszdeQz) (1 Pz%lh) Cy (Pyo- + szdp¢2z) (1+ Pq/%m)}

[(Plaa+ Plan) (1= Piin) + Co (Phon = Plaa) (1+ Piiy)]
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= D, {2V Py (ProyPuo: + PuoaPy.) + 2V (PryyPro: + PyoaPy.)
Vi [(PoanPpa. = PionPuaz) (Pyay, — Puan)|
+V5 [Cy (Poan P, + Py Pyaz) (Pyiy + Poan) ] (B.8)
~Vi [(PraaPuz: + PunaPys.) (Pih, — Poin)]

Vo [=Cow (PayPu2z + PyaaPyy.) (P, + Poin)] }

Breaking (B.8) into electric and magnetic components and substituting (120),

(122),and (124) into (B.8) implies that

h
T;S{e,h} = /Gwl{e (2 ="h) Dy 2P, (P Praz + PuadPyy.) - Jrenyd?'

0

h
+ / ~31{6 h} (2 =0) D 12 (Pqudpwz + Pwdpwz) j{ah}d'zl
0
d
+ | Glapeny (2 =) Dyt [(PoanPyo. — Py Punz) (Pyay, — Pian)

+Cy (Pyon Py, + Py Punz) (P + Pyan)] - j{e,h}dzl
d
+ / G ooy (2= 1) D' (= [(PjagPusz + PuoaPl3.) (Pigy — Pon)
h

—Cy (Pw_zldpwz + P¢2dp¢2z) (Pz;llh + Pd)lh)D ’ j{ezh}dzl
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h
= /gil{@h} (2= h) PyunPy Dy 2P (PgPyze + PuaaPt) - Jgenyd?’
0
h
+/§i1{e,h}( = 0) Py1or D2 (Pjog Pyaz + PyoaPly.) - Jienyd?’
0

d
+ /552{e,h} (z=4d) sz?dpwz D [(Pwhpw_Qz P@z)_21hpw2Z) (dellh - Pwlh)
h
+O¢ (Pwhpwzz + Pzp_QIhPMZ) (PJllh + P¢1h)] ’ j{evh}dzl
d
+ /gzg{e,h} (Z = h) PlethZ/D;l <_ [(Pw_zldpw?z + P¢2dpw2z) (Pzp_m Pwlh)
h

~Cy (PelyPone + PoaaPt) (P + Pons)]) - Jieme
= [ D3 2 = 0 P (PP + PraaPi)
+230 1 e (2= 0) Pursr (PjoyPuoz + Pyoal 1/122)} Jgemyd?
+ /h d D, {gw{e ny (2 =) PuoaPpos [(Puon Py, — PioPinz) (P — Poan)
+Cy (Poon Py, + Py Pnz) (Ppiy + Poan) ]
~Fageny (2= 1) Py Pyor [(PiauPyo: + PuoaPl.) (P, — Puan)
—Cy (PypaPinz + Py2aP.) (Pyay + Poin)] } - JenydZ
- /O ' D {2 (@ oy (2 = 1) P+ By (2 = 0) Parar ) (PdyPoa
+PyoaPrl) } - Jpemde! + / ’ Dy [552 o (2= &) PuaaPp, [(Puon Py,
—PionPu2:) (Pyih — Poin) + Co (Poan P, + PpoyyPynz) (Pyy, + Pon) ]
~ 3 aieny (2= 1) Pioy Puser [(PlgPunz + Py2aPys.) (P, — Puan)

—Cy (P, 1;21dP v2: + PyoaPlas) (P + Poan)]] - Jienyd?’

:/éfw{e,h}l'j{e,h}dzlJr/é b2{eh}2 J{e nydz' (B.9)
h
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C. Full Development of Remaining Total Scalar Potential
Green Functions

Since only the magnetic field components due to magnetic currents in region 1 and
region 2 are needed for the proposed measurement technique, the full development of
electric field components, magnetic field components that arise from electric currents,
and magnetic field components that arise from magnetic currents outside the obser-
vation region is unnecessary in the main body of this research. For completeness, this

appendix presents their full development.

C.1 6. Development

Begin by analyzing the electric component 0. observed in region 1. The electric
component can be divided into two elements, one resulting from electric currents in
region 1 and the other resulting from electric currents in region 2. Begin by analyzing
the component observed in region 1 resulting from electric currents in region 1, O1e1.

From (87), there is no longitudinal component, implying that

2 X ApWihe(1,2)

gg{l,Z}e =-J (C.1)

229 \z001,2)

Substituting (C.1) and (138) into (136) implies that

o = (1% ) 31 {4 (0~ o) (P o)
2pAz01
+Co (PyogFoon + PooaPyan) (Por — Pon)]
+ (PoinPor. Py — PounPor=Pyre) [(PozaFoon — Fozalyay,)
—Co (PaoqPoon + PoeaPyan)] — (Poun Por=Porz + PoinFPyrs Porzr) (PoagPoon — PooaPyap,)

—Cy (P Por-Pors — PoinPyt Porzr) (PpguPoon + Po2aPigy)
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- () o3t o (B — Pt (P o)
+e =Gy (PpoyPoon + ProaPia) (Pous, — Pon)] + (Pon Pt Py
—PoinPor-Foie — ByinFor-FPorer — PounPyy. Poror) (PpagPoon — FooaPg,)

+Co (= PounFPor. Py + PoinPo- Pyt — PyuyPorzFPorer + Poun Py, Poizr) (PgagPoon

+Po2aPyyy) }
(C.2)

Due to the |z — 2/| term in the exponent of (C.2), two cases must be analyzed.

When z > 2/, that implies that

551+61 = <_j%> Dgl {P912P971i/ [(Pemdpfﬂh PGMP@ED (Pezi + P91h)}
20201
+Po12Pyi2 [Co (PoagPoon + PozaProy) (Pois — Poin)]| + (PornPyysPors
— Poin PPyt — Py Por=Pore — PounPoy s Por) (PogyPoon — PosaPay)
+Cy (= PPyt Porls + PonPor- Pyt — Poin Por=Por + Poin Py s Porar) (PogyPoon

+P92dp9_2}z)}
2 X Xpwﬂtl -1 -1 —1 =
= _j2A2—)\91 Dy [(PHQdPGQh — PpaaPpy1,) (Palhpglzpelz’ +M
+P91hP912P912 < P9 1z 912 Pglhpmzpmz/ - Pelhpglzpelz ) PegiPGQh
~PyaaPp) + Co <P91hP912P0_1z’ — PonnBorz Ty — Poun Py 9_lz’> (PyaaPozn

+PoaPysh) + Co (PouBarzPozty — Ponh Por:Povzr + Poun Pyt vz ) (PiahFoon

+Pp2aPpy,)]
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[ EX Xpw,uﬂ {sin (Mg2T) [sin (Mg1 (h— 2z — 2')) —sin (M1 (h— (2 — 2)))]
2029 \z01 sin (A.g2T") cos (Azg1h) + Cycos (Ag2T) sin (Azp1h)
Co cos (Azp2T") [cos (Azgr (h — (2 — 2))) — cos (A1 (h — 2z — 27))]
sin (A,g2T") cos (Azg1h) + Cycos (A.e2T') sin (A,g1h)

(C.3)

When z < 2/, that implies that
= _ Z X W _ _ _ - -
Gorer = _Jz—puﬂ D, ' [PeliPGR’ [(PGQ;PG% - PO?dPezi) (P91111 + Pth)]
2000201
+P91ZP012 [Ce ( egdPQZh + P@deggh) (P@il}1 - P@lh)} + (Pelhpg Pglz thszPgEL
~ Py, Poi=Porr — PonFai, Porr) (PaagFPoon — PoeaPyay) + Co (= FounPyiL Pyl

+P01hPGIzPQEi/ — PHE}ZPMZP(JM + P91hP971iP91z/) (PQE;PQQFL + Pew%}i)]

= <_j%) De_ [(P02dp92h PGZdPe_zi) (Pezkpez,lzpé’l% "‘m

+ Poun Pyt Piiks) + (= PowPorPorks = Posh Por:Porzs — PouPsi Pz ) (PiahFoon
P92dP62h +Co (%ﬁ%ﬁpﬂz/ _W_ PGthelz 012/ ) (P02dP92h
+PraPyst) + Co (PonPor= Pyt = Ph Pov-Porer + Poue Pz Fins ) (PoahFoon

+Po2aPyyy) |

A x Xwpn {sin (Asg2T) [sin (Msgr (b — 2 — 2')) — sin (Msgr (B + (2 — 2)))]
N 2/\/2)9/\Z91 sin (A,g2T") cos (Ag1h) + Cg cos (A,g2T) sin (X,e1h)
Cycos (A,02T) [cos (Azo1 (h+ (2 — 2'))) — cos (A1 (h — 2 — 27))]
sin (A,92T") cos (Ag1h) + Cycos (A,e2T') sin (A g1 h)

(C.4)
Analyzing (C.3) and (C.4) reveals that

= 2 X Aw . / . . /
flel = [—puﬂ [sin (Azg1 (h — |2 — 2/|)) — sin (A.p2T) [sin (A.e1 (B — 2 — 27))]

—Clycos (X027 [cos (Asgr (b — |z — 2'])) — cos (A\ogr (h — 2 — 2'))]]
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Zgasin (A,e2T) [sin (Aue1 (h — 2 — 2')) —sin (A.e1 (b — |2 — 2']))]
Ziga sin (A.g2T') cos (Aog1h) + Zp1 cos (A.g2T) sin (Ag1h)
+Z@1 oS (A.02T') [Zgo cos (Ayg1 (b — |2 — 2|)) — cos (A1 (h — 2z — 2))]

Zga sin (A,02T") cos (Aog1h) + Zpy cos (A.goT) sin (A g1h)

| Ex X2

(C.5)

Next, analyze the component observed in region 1 resulting from electric currents

in region 2, fy.5. Substituting (C.1) and (138) into (136) implies that

Clong = _jf X szm> _ 2Cy (PyzqPozzr — PooaPyys) (Piyy — Pﬁlz) ]
2>\/2)9 J4 [sin (A,g2T) cos (kog1h) + Cgcos (A.g2T') sin (A g1h)]
[ Ex Xp2921> [ sin (A2 (d — 2')) sin (g1 2) ]
/\/2]9292 sin (A,g2T") cos (Ag1h) + Cycos (A,e2T') sin (A ,p1h)
[z Xp2921> [ sin (g2 (d — 2')) sin (X,612) ]
)xf)e Zgo sin (A,g2T) cos (A.g1h) + Zg1 cos (A.e2T') sin (A ,g1h)

(C.6)

Now analyze the component observed from region 2 resulting from electric currents

in region 1, f.;. Substituting (C.1) and (138) into (146) implies that

G Ex A 2 Py = Porr) (PaiPoo: — ProaPpat)
P\ TN s ) | A Tsin (\agaT) cos (Aeanh) + Cg cos (MgeT) sin (Augrh)]
[ Ex Xngg sin (A.g12") sin (Ag2 (d — 2))
N /\/2)9 sin (A,g2T") cos (A.e1h) + Cycos (AgoT') sin (A1)
RS XpZ§2 sin (A.p12") sin (g2 (d — 2))
N /\29 Zgo sin (Ao T') cos (A.g1h) + Zg1 cos (AogoT') sin (A1 h)

(C.7)

Next, analyze the component observed in region 2 resulting from electric currents
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in region 2, fas. Substituting (C.1) and (138) into (146) implies that
e~ (‘f J—A“) D5 (67 [(ByghPron — PraaPysh) (Pt + Foun)]
+e =022 [Cp (Pt Poon + PosaPyy) (Pouy, — Pown)]
+ (Po2aPyyy, Po- Py — PooaPoon Py, Pross) (Foug, + Fon)
~Co (PooaPyan Poo- P + PoraFoon Py, Poolr) (Pyuy, — Poin)
+ (Po2aPyan Pyaz Poozr — PpogPyay Poo:Pinzr) (Pyyy + Porn)
+Co (Pyna Lot Por:Poz — Po2aPyy, Py Porr) Py, — Poun) |
(C.8)

Due to the |z — 2/| term in the exponent of (C.8), two cases must be considered.

When z > 2/, that implies that
Gt (1% ) 071 o, [~ ) (P o)
+Pys. Pyl [Co (PpagFoon + PazaPosy,) (Fos, — Poin)]
+ (Po2aPyn Poo-Posss — PoaaPoon Pz Pposs) (Poup, + Poin)
~Cy (Po2aPyoy, Por=Pols + PooaPoon Pyt Pos) (Pyuy, — Foun)
+ (P62dP9_2}LP9_2}2P62ZI - P9_2(1ipe_2}LP92zP92Z’) (Pe_li + P91h)

+Co (PyaqPoon Poz=Ponzr — Po2aPyy Poys Poor) (Pyyy, — Porn) }

Z X X ow _ P PR _
= <—J VR ’;\ Zﬂ) Dy [(Po2aPya, Py Poozr — Payy Py Po2=Poszr) (Poyp, + Pown)
po 7z

-1 -1 -1 = -1 =
+ (ngdPGQhPQQZPQQZI + PG 02z4 9o, — P9 02z4 g9,/

_P92dP92hP95,1zP05i') (PGE}L + PGlh) +Co (P9531P92hp92zpeaif -5 7 0221 g9
_P92dp92hpegipegi') (PeEi - P91h)

+Cy (PanaLystiPin= P + o Pt Poo=Ponzr — PosaPyot, Ppst Poozr) (Poi, — Poun)]
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| Ex Xp(x.)/l/tg cos (Azg1h) cos (Auge (T — (2 — 27)))
| 2>\/2)0)\z92 [sin (A.02T) cos (Ag1h) + Cycos (A,g2T) sin (X.p1h)
cos (Azg1h) [—cos (Asp2 (d+h — 2z — 2))] (C.9)
sin (A.p2T") cos (Azg1h) + Cycos (A.e2T') sin (A.g1h)
+Cg sin (A1) [—sin (A2 (T — (2 — 2))) —sin (Aup2 (d + h — 2z — 27))]
sin (A,g2T") cos (Ag1h) + Cy cos (A,g2T) sin (A,e1h)

When z < 2/, that implies that

= - _32 X Xpw,utg

) D;l {POE,IZPGQZ' [(Pea}ipmh - ngdpeai) (P&}l + P&lh)}
+ Py Pozer [Co (PpagPoon + Pozalyat,) (Pyip, — Poun) ]

+ (Po2aPyn Poo-Poges — PoaaPoon Pz Ppys) (Poup, + FPoin)

—Cy (PoaaPan Poo- Poosr + PasaFoonPog. Pootr) (Pyuy, — Poin)

+ (Po2aPyn Pogs ooz — PaagPoai Pos=Poszr) (Poup, + Poin)

+Co (PiiiPizh Pra-Prnst = PP, P Praw) (Pl — Powe)}

Z X X w _ _ _ 1 _
=[50 Ht2 Dy [(PaauPoonPogs Poor — P P Poa) (Pouy, + Poin)
222, \g

+ (Po2a By P Prar — Py Pogy Po2:Poozr + PoaaPyg) Paoz Pogs
—Pp2aPoon g Poasr) (Pouy, + Porn) + Co (—Po2aFPyot, Po2-Ppotr — PooaPaon Pt Pposs
+PyoaFoon Py Poo=r) (Pouy, — Porn)

+Co (PazaBrsifons Pz + PoniFPoot, Por: Poozr — PopaPsifiy Fia) (Puh, — Poun)]

2% NpWites cos (Azg1h) cos (Auge (T + (2 — 2')))
a 2X% A0 [sin (A202T) cos (Azg1h) + Cycos (Ag2T) sin (Azg1h)
cos (Azg1h) [—cos (A2 (d+h — 2z — 2))] (C.10)
sin (A,92T") cos (Ag1h) + Cgcos (A,92T) sin (A.p1h)
+Cg sin (Ag1h) [—sin (A2 (T + (2 — 2))) —sin (Ap2 (d+ h — 2z — 27))]
sin (A,02T") cos (Ag1h) + Cycos (A,e2T) sin (A,p1h)
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Analyzing (C.9) and (C.10) reveals that

= |Zx Xpw,utg cos (Azg1h) [cos (g2 (d+h — 2z — 2'))]
f2ez 2725\ 202 sin (A.02T) cos (A,g1h) + Cy cos (X,g2T) sin (Ag1h)
cos (A,01h) [— cos (Mg (T — |2 — 2'|))]
sin (A,p2T") cos (Azg1h) + Cycos (A.p2T') sin (Mg h)
+C@ sin (A,e1h) [sin (Asge (T — |2 — 2'])) +sin (A\yg2 (d + h — z — 2))]
sin (A,g2T") cos (A g1h) + Cycos (A,e2T) sin (A.g1h)
{ Zgo c0s (Azg1h) [cos (Mg (d+h — 2 — 2))]
Zgo sin (A,g2T) cos (A.g1h) + Zg1 cos (A,e2T') sin (A ,g1h)
Zga €08 (Azg1h) [— cos (Mg (T — |2 — 2']))] (C.11)
Zga sin (A,g2T') cos (Aog1h) + Zp1 cos (A.g2T) sin (Ag1h)
+Z91 sin (A,o1h) [sin (Auge (T — |2 — 2'])) +sin (A2 (d + h — 2z — 2))]
Zgo sin (A,g2T") cos (Azo1h) + Zg1 cos (A.goT) sin (A,g1h)

REERY

C.2 Remaining ), Development

First, analyze the component observed in region 1 due to transverse magnetic

currents in region 2, A1 Substituting (139) and (138) into (136) implies that

i B 1
o ] 2Cy (WQ—QQPQQZ, —~ Wm%;) (P! = Po.)
P

Gornez = 2/\/2)9 J4 [sin (A,g2T) cos (Aze1h) + Cp cos (Ag2T) sin (A1 h)]
. Xp —j8Cy cos (Ago (d — 2')) sin (N,912)
-/ 2)\/2)9 g4 [sin (A,g2T) cos (A.e1h) + Cp cos (Ag2T) sin (A1 h)]
| ,Xngl cos (Ag2 (d — 2')) sin (A,g12)
- )\ie Zga sin (A,02T) cos (Ag1h) + Zg1 cos (A.e2T') sin (A g1 h)

(C.12)

Next, analyze the component observed in region 1 resulting from longitudinal

magnetic currents in region 2, 6j.,,. From analysis of Gy, it can be shown that
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substituting (140) and (138) into (136) implies that

G ( A ) [ —8Cy sin (g2 (d — 2')) sin (Azp12) }
01h22 J 20010021 ) [ 4 [sin (A.02T") cos (Ag1h) + Cogcos (A,g2T) sin (A.e1h))

(245 sin (A2 (d — 2')) sin (A9 2)
N w1 ) | Zgasin (A,g2T) cos (A.e1h) + Zgi cos (A,e2T) sin (A.p1h)

(C.13)

Next, analyze the component observed in region 2 resulting from transverse mag-

netic currents in region 1, fps1. Substituting (139) and (138) into (146) implies that

1 —1
. ( 5\» ) 2 (Mg_li/ _Melz’) (Pg_g(];lPGZZ - P@QdPG_Q,];;)
= _ . Ap

J 74 [sin (Azp2T") cos (Azp1h) + Cp cos (A.p2T) sin (Az1h)]

B ,Xngg cos (A,012") sin (Azp2 (d — 2))
-\’ Zga sin (A,goT') cos (A.o1h) + Zg1 cos (A.goT) sin (A, g1h)

(C.14)

Next, analyze the component observed in region 2 resulting from transverse mag-
netic currents in region 2, fapp. By substituting (139) and (138) into (146), it can be

shown that

-

iX
Goone2 = £

2)2, D,

] {Sgn (z = 2) e [(PpouPoon — PoaaPoas,) (Por, + Fonn)]
+sgn (2 — ) e 0255 [Cy (ProyPoon + PonaPyoy) (Ppay, — Poun)]
+ (PGQdPQE}lPé)ZngEi/ — P92dP02hP9}iP95i/ - P@zdpgé}lpgéipezz') (Pgﬂ}l + P91h)
+ (PpauPoan P2z Poozr) (Poiy + Porn) + Co (—Po2aPyop Poz-Pas) (P — Poun)
+Cy (—P92dP92hP9_2iP9_2i/ — Ppoh Pt Paoz Paosr + P92dP9_2;1LP9_QiP92z’) (Pg_li — Pem)}

(C.15)

Due to the sgn (z — 2’) and |z — 2/| terms in (C.15), two cases must be investigated.
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When z > 2/ that implies that

C?z;m = [2)\2 D(,] {MQQZ o P92dP02h — P92dP92h) (P(;l,lz + Pelh)]
MQQZ 922 CG ggdPGQh + P@QdPQQh) (sz}l - P&lhﬂ

+ (Po2aPya Poo= Psts — PosaPoonPo Pty — PasaPys), oot Pooer) Py, + i)
+ (PpoqPoon Po2=Poo=r) (Pyrj, + Pown) + Co (—PazaPygp Poz=Pyarr) (Poiy — Poun)
+Ch (—PezdPethg’gingL — PyoiPooi Pos-Paszr + Po2a Py Poor Paszr) (Pyyy — Poun) }

2)\29D9 (/ZQ’JBSWTPGQ/Z}}@/?ZF Po2aPoon Py Prots) (Pors + Poin)
+ (P952P95}1P022P02z’ - P92dP93}LP95iP922’ _W) (Peik + th)

+ (Pyaq Poan P 02zPe_2,lzf) (Psp + Poun)

Co (PyoqFoonPos- Foots + P 02: F it Pgass) (Bop — Poin)
“1p-1 “1p-1 —1 p—1
( PooaPosnPys. Ppor — PgoqBponLo2: o2z + P92dP92hP02zP92Z’) (Pelh Pﬁlh)]
X cos (Azo1h) [sin (koe2 (T — (2 — 2'))) +sin (A\ygo (d + h — 2z — 27))]
2)\2 sin (A,g2T") cos (Ag1h) + Cy cos (A,g2T) sin (A1 h)

Cg sin (A,e1h) [cos (Aug2 (T — (2 — 2'))) — cos (Mgo (d+ h — z — 2'))]
sin (A,g2T") cos (Ag1h) + Cycos (A,e2T) sin (A.p1h)

(C.16)

When z > 2/, that implies that

~§§ht2 = (2)\2 Dg) {M 92ZP92z P923P92h — PQQdP(,_Q}L) (Pe_l}1 + Pelh)}
MQQ PGQZ CG ggdPGQh + P@QdPQQh) (sz}l - P&lh)}

+ (P92dP9;kP92zP972i/ - P92dP92hP95iP95i/ - P92dP9§}LP9§iP922f) (PQE}L + Pth)
+ (PpoqPoon Po2=Poo=r) (Pyrj, + Pown) + Co (—PazaPygy Poz=Pogrr) (Poip — Poun)

+Cy (—PezdPethg’gin’gil - P95§P952P92ZP925 + P92dP95}1P95iP922') (Palh P@1h)}
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X,
2)\2 Dg
+ (P Pos Poz=Poszr — PryyPoon Pyt Poor — Pona PPy Pror) (Poh, + Pon)
+ (Pa2aBygFiz: Pozzr) (Pou, + Porn)

+Cy (= PyouPoon Ppys Poszr — PysaPoi Py Przr — PooaPygyy Pooz Pyt ) (Poiy — Poun)
+Cy (—Po2aPoon s Poasr — Pooy Pt Poo-Po2r + PopaPrsi iy Poozr) (Poyy — Poun) ]

e Xp cos (Azp1h) [—sin (Aygo (T + (2 — 2'))) +sin (A\yg2 (d + h — z — 2))]
B 2)2% sin (Az021") cos (Aze1h) + Cg cos (A1) sin (A1 h)
+C’9 sin (Azg1h) [—cos (A2 (T + (2 — 2'))) — cos (g2 (d+ h — 2z — 2'))]
sin (A,g2T") cos (kog1h) + Cgcos (A.g2T') sin (A g1 h)

[(PGZdPQQhPQQzPQ_QZ - P@QdPHQhPOQzPQQZ ) (Pe_li + P@lh)

(C.17)

Analyzing (C.16) and (C.17) reveals that

2)\29 sin (A,921") cos (Ag1h) + Cp cos (A1) sin (A.p1h)
cos (Azg1h) [sin (g2 (d 4+ h — 2 — 27))]
sin (A,goT") cos (Ag1h) + Cp cos (AgoT) sin (A.g1h)
+C,9 sin (A,g1h) [sgn (z — 2") cos (M2 (T — |2 — 2'])) — cos Mgz (d+ h — 2 — z’))]}
sin (A,g2T") cos (Ag1h) + Cg cos (A,g2T) sin (A.e1h)

_ <j X > [ Zgo cos (Mugrh) [sgn (2 — 2') sin (Auga (T — |2 — 2']))]
2

éQthQ — (]Xp ) |: COS (Az91h) [sgn (Z — Z/) sin ()\z92 (T _ ‘Z - Z/D)]

)\/2)9 Zga sin (A,g2T") cos (Ag1h) + Zg1 cos (A.e2T') sin (A ,g1h)
Zpa cos (Azg1h) [sin (Asp2 (d +h — 2 — 2))]
+ Zga sin (A,e2T') cos (Ag1h) + Zg1 cos (A.g2T') sin (Mg h)
+Zgl sin (Ag1h) [sgn (z — 2’) cos (M2 (T — |2 — 2'|)) — cos (ko (d+h — z — z’))]}
Zga sin (A1) cos (Ase1h) + Zgy cos (A.goT) sin (A.g1h)

(C.18)

Now analyze the component observed in region 2 resulting from longitudinal mag-

netic currents in region 1, fsy,,. Similar to the analysis for Gyoe1, it can be shown
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that substituting (140) and (138) into (146) implies that

éGQh 1= (j Sz ) [ —8sin (A912") sin (Azp2 (d — 2)) ]
z 2Xz001022 ) |74 [sin (Azp2T") cos (Azo1h) 4 Cp cos (Azg2T) sin (Azo1h)]

275 sin (A.912") sin (A.g2 (d — 2))
W2 ) | Zga sin (A,g2T) cos (A.a1h) + Zg1 cos (A,e2T) sin (A.p1h)

(C.19)

Finally, analyze the component observed in region 2 resulting from longitudinal
magnetic currents in region 2, éghzg. Similar to the analysis for 09262, it can be shown

that substituting (140) and (138) into (146) implies that

59211 - (_ 2o > [ cos (Ayg1h) [cos (Nog2 (d+ h — 2 — 2'))]
c 2X. 00050 ) | sin (A.goT) cos (A g1h) + Cp cos (A.goT) sin (A.g1h)
cos (Azo1h) [— cos (Mg (T — |2 — 2']))]
sin (A,g2T") cos (Ag1h) + Cgcos (AgoT) sin (Ag1h)
+C'9 sin (Azp1h) [sin (Mso2 (T — |2 — 2|)) +sin (A2 (d+ h — 2z — z’))]}
sin (A,p2T") cos (Azg1h) + Cycos (A,e2T') sin (Mg h)
B 2799 Zgo cos (A,e1h) [cos (Ao (d+ h — 2z — 2))]
n (_ 2w,u22) {Zgg sin (A,g2T") cos (Ag1h) + Zg1 cos (A.g2T) sin (A g1h)
N Zgo €08 (A,e1h) [— cos (g (T — |2 — 2']))]
Zga sin (A,02T') cos (Aog1h) + Zpy cos (A.goT) sin (A g1h)
+Z91 sin (Azg1h) [sin (Mg (T — |z — 2'|)) +sin (Ao (d+h — z — z’))]}
Zgo sin (A,goT') cos (Ase1h) + Zg1 cos (A.goT) sin (A.g1h)

(C.20)

C.3 ¢ Development

Determine t; and t,. Substituting (70) and (B.5) into (109) implies that

h

d
Vrgen) = / [Gil{evh} + Ghrenn | Jiemd? + / Gorfenyz - Jenyd?
0 h
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h
- /Dll {51!)1{67’1}6_%'“&1|Z_Z,| [(chzP on T szdpw%) (Pw_llh - Pwh)
0

+Cy (PaqPuan = Pu2aPyy) (P + Poin) ]
+ 31 temy (2= B) (Paan PPl + PunPy Pol) [(PoaaPyy + PyyyPuon)
~Cy (PpagPuon — PyaaPpy,)]
+ 1 1emy (2= 0) [(Poy PorzPorer + PuanP Purer) (PunaPy, + Py Puan)|
+351 ey (2 = 0) [Co (P PorsPorsr = Poin Py Poisr) (P Puon — Pdeleh)]}

. j{ejh}dz'
/D L2c, (gw{e w (2= d) PusaPlos + Fooey (2 = 1) Plecszbzz') (Por + Pyy2)

. <f{€7h}d2,
(C.21)

Note that D, can be rewritten in terms of sine and cosine functions such that

Dy = (wap on T szdpw%) (Pw_llh - P¢1h)
+Cy (Pzp_zldpwh - Pdeleh) (Pw_llh + Pyan)

= j4[cos (Azp2T) sin (A1 h) + Cysin (A1) cos (A1 h)] (C.22)

Beginning with the electric component of 1, note that from (81) there are both

transverse and longitudinal components of 5’561 such that

,Xpsgn (z —2')

gi{l,z}et = _]T o
oo feny ¢
9p{1,2}ez 2)\Z¢{1 2}€2{1,2} o

First, determine the component observed in region 1 resulting from transverse
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electric currents in region 1, ¥y4y. Substituting (C.23) and (C.22) into (C.21) implies

that
=4 X —4 z—z -
Gyrenn = _Z)éwdeJ] {sgn (z—=2")e Pevrlz== [(Pwdp on T szdpwzh) (Pwlh

—Pyin)] +sgn (z — 2) e 0l [Cy (PyuPoon — PunaPrgy,) (P + Poin) ]

1
"‘W(Pwlhpwlzpw_fz/ + Pwlhpwlzpzplz ) [(Pwmp on + szdpwh)]
1
+sgn th="72) (Pyin Por= Pyl + Poin PR Pl) [=Co (PrgyPuon — PunaPiyy)]

1
+M(Pﬁpw1zpw1z' + Ppan Py, Pyizr) (Pyaa Py, + PragPuan) ]

+Mcw (PyinPor=Ppiz — PyinPy, Poizr) (ProgPoon — P¢2dpw_21h)]}

A , /
(-t ) fonte <)o (Rt P (7 o)
p

+sgn (z — 2) e POy (P Pyon — PusaPay) (P, + Pun)]
+ (PwthwIzPJ1lz' + P¢1th1zP¢1z PJ1%1P¢12P¢1Z’) (Pde on t P¢2dpw2h)
+ (= Poin Py, Porr) (PuaaPiay, + PragPyon)
+Cy (—Pyin Py P — Pt Por=Poizr + Pyn Py, Pyrer) (PragPuon — PyaaPp)
+Cy (= PoinPor=Pyiyr) (PpaaPozh — Po2aPiay) §

(C.25)

Due to the sgn (z — 2’) and |z — 2’| terms in (C.25), two cases must be analyzed.
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When z > 2/ that implies that

:’Z+ -
Gzpletl = [ 2)\2 Dw] {Mmz ¢1z P¢2dp on T P¢2dp1/12h) (P¢1h

—Pyin)] +W¢1z et |Cv (PgaPuan — Pu2aPrgp) (Ppiy, + Pyan) |
+ (Py2a Py, + ProgPuon) (PoanPun=Ppi + PonPp Py — Py Pyrz Py
_Pwlhpwzpwlz ) + Cw ( w2dp¢2h - Pw2dpw2h) (_P¢1hpwlzpwlz Pwhpwlzpwlz

+P¢1hp L Pyiz — Pwlhpzﬁlzpwlz )}

—

JA
o %w] {W Pwlhpwlzpwlz) (Py2aPyp, + PyagPyon)
P
+ (PyaaPyoi, + PraaPyon) (Pwlhpi/)lzpwlz Pyin Py, Py —W>

+ (PdeP on T P¢2dP¢2h) (thpwlzpwlz )

+Cy (PyaaPyon — Pyoalys) (P win Paors Pyt + P PorsPyly — Py Pors Pl )

+Cy (= Ppn Py Py — Py PunePuner + Pon P Pyier) (PlgyPuon — PyoaPry,) |
. Xp €08 (Azy2T) [Sin (Azy1 (h — (2 — 2))) —sin (g1 (B — 2 — 27))]
-\ 2k2,, €08 (Azy2T') sin (Azy1h) + Cy sin (A1) cos (Azy1h)

Cy sin (Azy2T) [cos (Azypr (b — (2 — 2))) — cos (Azy1 (B — 2 — z’))]}
oS (Azy2T) sin (A1 h) + Cysin (A1) cos (Azy1h)

(C.26)

When z < 2/, that implies that

Gien = ( 2)2 Dw) LgDMMZPMZ (Po2aPyon + Pyaaloon) (Pt

—Py1p)] +W mzpwlz [Cy (PaqPusn — Pp2aPryp) (Ppis, + Pyn) ]

+ (Pw2dP on t P¢2dpw2h) (Piﬁlhpwlzpz;llz’ + Pwlhpwlzpwllz Pwlhpwlzpwlz
—Pyin Py Pore) + Co (PpaPoon — Py2aPiy) (—Pown Py Pyt — PpiyPorz Py

+P¢1hP¢12P¢)12’ - Pd)lhpwlzpwlz ):|
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X _ _
= (‘J 2 pr> [(PornPyr=Pyil — Py PyrzPyizr) (Pyaa Py, + Py Puon)
P

+ (PuaaPish + PigPoon) (~ Pun PP — Pit Pt Pure + Pun PPz )

+ (PdePJ P¢2dP¢2h) (P¢1hp¢1zp¢1z )
+Cy (PaqPyon — PuoaPyy,) ( PPy Py W— PwlhpwlzPsz/)

+Cy <_Pw1hpw1zpw_1z Pwlhpwlzpwlz +W> (PJ;szpzh B szdpq/’_;h)}

. Xp €08 (Azy2T') [—sin (Azy1 (b + (2 — 2'))) —sin (A\py1 (B — 2 — 27))]
-\ 2)2, €08 (Azyp2T) sin (A1 h) 4+ Cy sin (A2 T') cos (Azy1h)
+C’¢, sin (Ap2T") [— cos (Azy1 (h+ (2 — 2'))) — cos (Azy1 (R — 2z — 27))]
08 (Azy2T') sin (Azy1h) + Cy sin (A1) cos (Azy1h)

(C.27)

Analyzing (C.26) and (C.27) reveals that

T R cos (\y2T) [sgn (2 — 2) sin Aoy (B — |2 — 2/]))]
lett J 2X2, [cos (Azg2T) sin (A1 h) 4+ Cysin (Auy2T') cos (Azy1h)
N o8 (Azp2T) [—sin (Ayy1 (b — 2 — 2))]
08 (Azy2T') sin (Azy1h) + Cy sin (A1) cos (Azy1h)
+C¢ sin (A1) [sgn (z — 2”) cos (Azy1 (b — |2 — 2|)) — cos (Auy1 (B — 2z — z’))]}
08 (Azy2T') sin (A1 h) + Cysin (A,p2T") cos (A1 h)
_ (—j X, > [ Zy1 cOs (AZWT)' [sgn (z — 2’) sin (%‘zwl (h—|z=2))]
2)‘;%1/; Zy1 €08 (AzyaT) sin (A1 h) + Zya sin (A1) cos (Asyp1h)
Zy1 €08 (A1) [—sin (Ayn (b — 2 — 2))]
+Zw1 08 (Azy2T) sin (Azy1h) + Zypo sin (Ay2T) cos (Azy1h)
Zypasin (Ap2T) [sgn (2 — 2) cos (Azyr (h — |2 — 2|)) — cos (Asy1 (B — 2 — 2))]
* Zyp1 €08 (Azp2T') sin (A1 h) + Zya sin (A1) cos (Azy1h) }

(C.28)

Next, analyze the component observed in region 1 resulting from transverse electric
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currents in region 2, 11.0. Substituting (C.23) and (C.22) into (C.21) implies that

-1
W—ZPM ¢2z' "‘M@Ezpw?z’} [PWZ + Pwlz]

g4 [cos (A1) sin (A1 h) 4+ Cy sin (A1) cos (A1 h)]

20, X,

G:: let2 — .
v | 7200,

—J8Cy sin (Azy2 (d — 2')) cos (Azy12)
2/\i¢ g4 [cos (Azy2T) sin (A1 h) + Cy sin (Auy2T') cos (Asp1h)]

i
B 5pr2> {Zw . sin (Asya (d — 2')) cos (Asy12) ]
(

Z¢2T) sin (AZ¢1h) + sz sin ()\wQT COS zwlh

C.29)

Next, analyze the component observed in region 1 resulting from longitudinal

electric currents in region 1, ¥y.,;. Substituting (C.24) and (C.22) into (C.21) implies
that

261&1

Gyrea1 = (—j Doone 1) Dy {e_jwllz_zll [(Py2a Py, + PrgaPuan) (P — Pyan)

+Cy (PogPuan — Pu2aPpyy,) (Poiy + Pyan) |
+ (Py2a Py, + PrayPuon) (Pt Pon=Porzr + PoanPyy, Pz + Pyin Py P

+PuinP Pol) + Cy (ProgPuon — PuaaPyy) (= Puin Py, Py — PuinPua= P

_Pwlhpmzpmz Pwhpwlzpwlz )}

(C.30)

Due to the |z — 2/| term in (C.30), two cases must be analyzed. When z > 2/, that
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implies that

Giteo = (i ) D3 [P [(PusaPi + PibiPeo) (P~ Po)]
+Pp1: Py [Cp (PraaPozh — Puzalyyy) (P, + Pon)]
+ (P PorzPinz + Pon P Pz + PoinPpr=Ppls) (Po2aPoy + ProyPoon)
+ (PonPyioPyi) (PoraPpop, + PagPoon)
+Cy (= PuinPpy Porer — Pyan PPl — Pun Py Pryt) (PagPoon — PuoaPop)
+Cy (Pyiy Por=Porsr) (ProaPoon — PuoaP,)]

. JZ€n -1
N (_m> [(PusaPyan + PraaPuan) (PyinPur=Porz + Poan Py, P

"‘WEZ/"’ P¢1hpwlzp¢lz’ + Pwlhpwlzpmlz M)
+Cy (PyaaPuon — Pu2alyay) (P win Pttty + Pun Pl + PthPwlszplz’)

+Cy (—Pwthmszlz/ — Pun PPl — Pwlhpwlzpwlz) (Ppaaloon — P¢2dp¢2h)}
[ Zen €08 (Azp2T) [cos (Azy1 (B — (2 — 2))) 4 cos (Azy1 (h — 2 — 27))]
O\ 2\pi€a 08 (Azy2T') sin (Azy1h) + Cy sin (A2 T') cos (Azy1h)
+C'¢ sin (A2 T) [—sin (Azy1 (b — (2 — 2))) — sin (A\uy1 (B — 2 — 27))]
08 (Azyp2T') sin (Azy1h) + Cy sin (Ay2T') cos (Azy1h)

(C.31)

When z < 2/, that implies that

=z . Ze _
Giten1 = (—J mtlleﬁ) { ¢1sz1z [(Pde on T Pdepwzh) (Pmlh — P¢1h)]

+P L Py [Cy (PragPuon — PuoaProy) (Pppy + Pyan) ]
+ (Py2a Py, + PrayPuon) (Ppyy PorzPorz + Pyin Py, Pynzr + PyinPyi Py
+Pw1hP¢1sz1z ) + Od} ( w1hpw1zpwlz ) (Pwdpwh - Pw2dpw2h)

+Cy (=PpnPj, Py — PyinPpa=Pi — Ppin Py Pl (ProgPoon — Pu2aPlyy,) }
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. Zen _
= (—] Do 1) le [(ngdP on t Pwdpwh) (thpwlzpwlz "‘WM/Z

+Pw1th1zPJ11zf + Pwlhpwzpmz/ + Pwthmszlz P 7112 wlz")
+Cy (PoqPuon — Py2aPyy,) (Pwlhpwlzp¢1z +W+ PthPwlszlz')

+C (= PussBitsPin = PownPor=Pis = Pann PPk ) (PityPoon = PiaaPi)|
B Zen o8 (Azp2T") [cos (Azy1 (R4 (2 — 27))) + cos (Apyr (b — 2 — 2))]
B (_ 2)\zw1€z1) { 08 (Azp2T) sin (Azyp1h) + Cy sin (A2 T) cos (Azyp1h)
+C’¢ sin (A1) [—sin (Azyr (h+ (2 — 2))) —sin (Apy1 (b — 2 — z’))]}
oS (Azy2T) sin (Azy1h) + Cysin (A2 T) cos (Azy1h)

(C.32)

Analyzing (C.31) and (C.32) reveals that

G _ —Z€n o8 (Azp2T") [cos (Azyr (B — |z — 2']))]
lezl 2001621 | [ €08 (Apy2T) sin (Azy1h) + Cysin (A1) cos (Azy1h)
N 08 (Azyp2T) [cos (Asy1 (B — 2 — 27))]

oS (Azy2T) sin (Azy1h) + Cy sin (A2 T) cos (Azy1h)
-I—Cw sin (Azy2T) [—sin (Ay1 (b — |2 — 2'])) —sin (A1 (h — 2 — 2))]
oS (Azy2T) sin (Azy1h) + Cysin (A2 T) cos (Azy1h)
B -2 Zy1 €08 (A2 T) [cos (Azyr (B — |z — 2'])) + cos (Asyr (b — 2z — 2))]
N 22¢10J€zl Zzpl COS ()\ngT) sin ()\zwlh) + Zl/,z sin ()\zng) COS ()\zwlh)
+Z¢2 sin (Azy2T) [—sin (Ay1 (b — |2 — 2'])) —sin (A1 (h — 2 — 2))]
Z¢1 COS ()\ZwQT) sin (Azwlh) + Z¢,2 sin (k’zng) COS (AZ¢1h)

(C.33)

Next, analyze the component observed in region 1 resulting from longitudinal
electric currents in region 2, 11..0. Substituting (C.24) and (C.22) into (C.21) implies

that

Z2€n ) [ 201/) (Pw2dp¢2z' + Pw_zldptb?z/) (Pwlz + Pwlz)

G:: ez2 — | —
ez ( J 74 [cos (AuyoT) sin (A1 k) + Cy sin (AyoT) cos (Aupih)]

2)\z¢1€zl
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_ <_ 2y ) [ €08 (Asya (d = 2)) €08 (Asya 2)

Zpiwezr ) | Zypr €0 (Azyg2T) sin (Azy1h) + Zyo sin (Auy2T) cos (Azy1h)

] (C.34)

Now analyze the component observed in region 2 resulting from transverse electric

currents in region 1, 1. Substituting (C.23) and (C.22) into (C.48) implies that

! ~1
- ( 2N ) (ngz, + MW> (PoqPy2: + PpoaPyy.)
_ | _ p

g4 [cos (Ay2T) sin (A1 h) 4+ Cyp sin (A1) cos (A1 h)]

(. ,Xprl sin (Azyp12") €os (Azy2 (d — 2))
N J Zwl COS ()\ngT) sin (AZ¢1h) + Z¢2 sin (AZ¢2T) COS ()\zwlh)

(C.35)

Next, analyze the component observed in region 2 resulting from transverse electric

currents in region 2, thyerp. Substituting (C.23) and (C.22) into (C.48) implies that

Gzﬁ?etZ =

2;?:1\;1#] {Sgn(z — &) e P2 [(PyoaPygy, + PpgPuzn) (P,
—Pyn)] +sgn (z — 2) e P02 Cy (ProyPuan — PyaaPlay) (Poh + Pown)]
W¢2dpw2z’ [(PyonPya. — Ppop Po2z) (P, — Pon)]
Www w2z [Cy (PyanPpy. + Py Pu2z) (Pyyy, + Pon) ]

M szhPTZ’?Z Pszldez + P¢2dpw2z) (Pw_llh - Pwlh)]
W wthWz Cd) (PJQICIPWZ + P¢2dpw2z) (Pw_llh + Pwlh)} }
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_‘]X —j z—2z' _
- [2)\2¢5w] {sgn (z—2)e JAzyalz—7| [(PdeP on + PWdeQh) (Pmlh, — Pwlh)}
p
+sgn (z — 2') e 2l Oy (P Puon — PunaPya) (Pyy + Poin) ]
+ (P)oaPyon Poo= Puosr + PyoaP o, Py Pz + PyoaPyon Py, Py ) (P, — Pyan)
+ (_P¢2dP1;21hP¢22PJQIZ/) (P¢1h Pqplh) + C¢ ( wlh + Pwlh) (ngdPWthzszZ

+P¢2dp1/;_21hP¢22Pw2lz P¢2dpw2hpw2zpw2z’ - P¢2dP¢2hP¢2zP¢22 )}

(C.36)

Due to the sgn (z — 2’) and |z — 2’| terms in (C.36), two cases must be analyzed.

When z > 2/, that implies that

G’l/)2€t2

2/\2 Dd)] {Mﬁﬂz ¢22 Pq/;ZdP 2h + P¢2dpw2h) (sz}lh — Pwlh)}

1
+5g0(=="=") Pua- Pgs [Cy (PiayPoon = PusaPia) (Pih + Pon)]
+ (PhaaPanPorz Pooer + PusaP oy Py, Poser + PusaPuon Py, Ppyr) (Pyy, — Pon)
( Pwdpwzhpwzpwzz ) (Pzp_lh Pwlh) + Cw ( ¢1h + Pwlh) (Pwdpwhpwzpw_zz

+P¢2dP1;21hP¢2sz21z szdpwhpwzpw%’ - P¢2dp¢2hpw2zp¢2z )}

X
= <_J 2)\2 pr> [(Pmlh Pw1h> (Pwdpwhpwzpwz + P¢2dp¢2hp¢2zpw2z
P

+Py2aPyon Py, Pl — PusaPriPraz Py + PusaPyiPrs Py

+Pw2dp¢2hp¢2zp¢2z ) + C¢ ( wlh + Pwlh) (P1[J_21dP¢2hP¢22P1;212’

—PyoaPoi PP + PysaPuon P, Pios + PusaPryiPrsFra,

Pw2dP¢2hP¢2ZP¢2Z’ - P¢2dpw2hP¢2sz2z )]
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(X ) [sin(Aegnh) [cos (Ao (T = (2 = ) + cos (Mag (d+ b — 2 — 2'))]

J 22, 08 (Azp2T) sin (Azy1h) + Cysin (Ayyp2T) cos (Auy1h)

+C’¢, o8 (Azy1h) [sin (Asy2 (T — (2 — 2'))) —sin (Asya (d +h — 2 — 2'))]
€08 (Azy2T') sin (Azy1h) + Cy sin (A1) cos (Azyrh)

(C.37)
When z < 2/, that implies that
o —iX 1
Gloetr = 2/\2‘7751#] {Mw2zp’l/l22’ [(Pde on T+ PdePwh) (dellh — P¢1h)]
p
—1
+M¢QZP¢% [O¢ (P¢2dpw2h - Pwdpwzh) (Pw_llh + Pwlh)]

+ (PdeP¢2hP¢23P¢2Z + P¢2dpw2hp¢2zp¢22 + Pdethszwzz ) (Pw_llh - Pwlh)
+ (_sz?dPleth?sz_zlz') (szh Pwlh) + Cw ( mh + P?/th) (P¢2dpw2hpw2zpw212

+P¢2dp¢_21hp¢2zpwzlz/ PqudpzpthwZzPWZ’ - P¢2dP¢2th2sz2z )}
)‘p

= (ﬁm) [(Piih = Poin) (PjoaPyon Posz Pooer + PygaPrgiPr Proer
p
+PyoaPyon Py Pyo — PuoaPyon Pyoz Py — Puoa PPy Prowr

_Pqp_zldpzb?hpwzpwz ) + Cw ( wlh + Pwlh) (_Pzﬁ_QldPWthzzPWz
+Pyou PP Prar + PuoaPuon Py Py + PuoaPrgy Pro= Pl

— Py Py Puo Puozr — Pupa PPy P )|

p2d
N sin (Azy1h) [— cos (Auya (T + (2 — 2)))]
N (_‘] 2)‘12>¢> [cos (Azg2T) sin (A1 h) + Cyp sin (AT cos (Azy1h)
sin (Azy1h) [cos (Azy2 (d+h — 2 — 2))] (C.38)
08 (Azy2T) sin (A1 h) + Cysin (A1) cos (Azy1h)
+C¢ o8 (Azy1h) [—sin (Ao (T + (2 — 2'))) —sin (Aup2 (d+ h — 2 — 2'))]
€08 (Azy2T) sin (Azy1h) + Cysin (A1) cos (Azy1h)
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Analyzing (C.37) and (C.38) reveals that

éwaz _ [—j )\g ] { sin (Azy1h) ‘[sgn (z — 2') cos (‘)\ng (T — |z —2']))]
202, | Lcos (Azp2T) sin (Azyrh) + Cysin (A1) cos (Azyp1h)
sin (Azy1h) [cos (Azy2 (d+h — 2 — 2))]
08 (Azyg2T) sin (A1 h) + Cy sin (A1) cos (Azy1h)
+C¢ cos (Azy1h) [sgn (z — 2') sin (Ao (T — |2 — 2'|)) —sin (Apy2 (d + h — 2 — 2))]
08 (Azyp2T) sin (Azy1h) + Cysin (Ay2T) cos (Azy1h)
Zypr sin (Azp1h) [sgn (2 — 27) cos (Asye (T — |2 — 2']))]
lZwl 08 (Azy2T) sin (Azy1h) + Zyo sin (A,y2T) cos (Azy1h)
Zypr sin (Azp1h) [cos (Azpa (d+h — 2 — 2'))]
Zyp1 €08 (Azp2T) sin (Azy1h) + Zya sin (A,p2T") cos (Azp1h) (C.39)
Zyo cos (A1 h) [sgn (z — 2') sin (Ao (T — |2 — 2|))]
Zyp1 €08 (Azp2T) sin (A1) + Zypo sin (A1) cos (Azyah)
N Zypo €08 (Azyprh) [—sin (Ao (d+h — 2 — 2))]
Zyp1 €08 (Azp2T) sin (A1) + Zypo sin (A,p2T) cos (A h)

X
= |—j
[ 200,

Next, analyze the component observed in region 2 resulting from longitudinal

electric currents in region 1, 1y..1. Substituting (C.24) and (C.22) into (C.48) implies

that
é (. Z€1 2 (Pw_llz/ + Pp1r) (Pqp_zldpzb?z + Pw2sz;21z)
W2ezl J 2)\Z¢2622 ]4 [COS ()\zr[l}QT) sin (Azwlh) =+ Cll} sin ()\meT) COS ()\zwlh)]
[ EZn o8 (Azyp12") €os (Azye (d — 2))
N Zypowess ) | L1 €08 (Asy2T) sin (Ayp1h) 4+ Zyo sin (Ay2T) cos (Azy1h)
(C.40)

Next, analyze the component observed in region 2 resulting from longitudinal

electric currents in region 2, ¥a..o. Substituting (C.24) and (C.22) into (C.48) implies
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that

é¢2ez2 = (—j%;—et;m) {e_j/\zw‘z_Z/‘ [(P¢2dpw_21h + Pzp_zldpwh) (Plljllh - P¢1h)]
+e POy (P Pyon — PyaaPray) (P, + Pun)]
+ (Py2aPuon Py, Py — Puoa Py Puo=Pror — PioaPyon Poa=Puser) (P, — Puan)
+ (= Py2aP oy, P Punr) (Pyiy — Poin) + Cy (P, + Pyan) (Pu2aPyzn Py, P
+Pyaa P, Pz Py + Prpg Py Poo=Puazr + Puaa P, Py, Poozr) }

(C.41)

Due to the |z — 2| term in (C.41), two cases must be analyzed. When z > 2/,

that implies that

= . Ze _ _ _ _ _
Gfﬁ;eﬂ = (_-7 Wt;ﬁz) le {Pw2zpw21z' [(P¢2dpw21h + Pw2ldp¢2h) (Pwllh - Pwlh)]

+Py2: Py [Cy (PragPyon — PuoaProy) (Pppy + Pyan) ]
+ (Pu2aPyon Py Py — PyoaaP o, Puo= P — Prog Py Po2zPuazr) (Pry, — Pyan)
+ (= PyaaPyay Py Puo=r) (P — Puan) + Cy (P, + Pyan) (Py2aPuon P, Py
+Py2aP oy, Pyoz Plyr + ProgPion Poas Poazr + Py2aP oy, Py Poar) }
= (—j%g—;m) (P = Porn) (Pu2aPuonPy. Py — Puoa Py PPy,
— PP Puo= Puozr — Puoa Py Pl Puoer + Pusa PPy,
+P g PuonPua-Pry) + Cy (P, + Poan) (PagPuonPua- Py

~ PyaP ok PPl + PunaPon P Pt + Punt Pt Po

+P i P ooy Pu2=Pyozr + Puoa Py, Py, Pyawr ) |
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_ (_ Ze ) [ sin (Azy1h) [—sin (Asye (T — (2 — 27)))]
22622 ) | €08 (Apy2T) sin (Auy1h) + Cysin (A1) cos (Azy1h)
sin (A1 h) [sin (Azye (d 4+ h — 2 — 2'))]
08 (A2 1) sin (Azy1h) + Cysin (A1) cos (Azy1h)
+C¢ cos (Azp1h) [cos (Azye (T — (2 — 2))) + cos (Asya (d+ h — z — 2'))]
€08 (A1) sin (Azy1h) + Cysin (A1) cos (Azy1h)

(C.42)

When z < 2/, that implies that

2 ] Ze _ _ _ _
V2ez2 = (—J m) [P Puozr [(PuoaPyon, + ProaPuan) (P, — Pyin)]
+Py. Pyowr [Cy (PragPyan — PuaaPyoy) (Ppyy + Pyan) ]

+ (Pyyy — Pyin) (Po2aPuonP . Py — Puod Py Pooz Py — Py Py Pooz Pyaz

—Pyoa Py, Py Pyozr) + Cy (P, + Puan) (Py2aPyon Py Py
+Pyaa P, Pz P + Py Py Po2zPuazr + Pyaa Py, Py, Puor) |

) Ze _ o _ _
= (‘J m) [(Pyin — Poan) (PyaaPyon Py Py — PyoaP o, Pz Py

—PJQZPQ/TZthiﬁQZPT/J?Z’ - P 2 P_l 7721_22 V22! + P 2 P_l 7;22 V22!

+ P ouPuon Py, Pyozr) + Cy (P, + Pyan) (PyagPuanPy. Pyaz
— PyouPryiPiy Prozr + PuoaPuon Py, Py + PuoaPyy Puo- Py

+ Py P Poo= Por + PuogPry P Praar) |
_ (_ Ze ) { sin (Azy1h) [—sin (Auye (T + (2 — 27)))]
2202622 ) | €08 (AT sin (Azy1h) + Cysin (A2 1) cos (Azy1h)
sin (Azy1h) [sin (Azye (d+h — 2 — 2))]
08 (Azyp2T) sin (A1 h) + Cysin (A1) cos (Azy1h)
_'_Cw oS (Azy1h) [cos (Azya (T + (2 — 2))) + cos Az (d+h — 2z — 2'))]
€08 (Azy2T) sin (Azy1h) + Cy sin (A1) cos (Azy1h)

(C.43)
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Analyzing (C.42) and (C.43) reveals that

G _ (_ Ze ) { sin (A1 h) [—sin (A2 (T — |2 — 2/|))]
$2ez2 2202622 ) | €08 (AT sin (Azy1h) + Cysin (A2 1) cos (Azy1h)
sin (Azy1h) [sin (Azy2 (d +h — 2 — 2))]
oS (Azy2T) sin (A1 h) + Cysin (A2 T) cos (Azy1h)
Cly cos (A1 h) [cos (Asya (T — |2 — 2'])) + cos (A2 (d +h — 2z — 2'))]
* 08 (Azy2T) sin (Ay1h) + Cysin (A2 T) cos (Azy1h) }
B (_ 2 ) [ Zy1sin (Azyprh) [—sin (Auye (T — |2 — 2')))]
2Zpowess ) | Zy1 cos (ApyeT) sin (Ay1h) + Zya sin (Auy2T) cos (Azy1h)
N Zyrsin (Ay1h) [sin (Ao (d+h — 2 — 2'))]
Zyp1 €08 (A2 T) sin (A1) + Zypo sin (A,p2T") cos (Azyah)
+Z¢2 08 (Azp1h) [cos (Azye (T — |2 — 2'[)) 4+ cos (Asya (d+h — 2 — z’))]}
Zyp1 €08 (Azp2T) sin (A1 h) + Zypo sin (A1) cos (Azyrh)

(C.44)

For the magnetic component, note that from (86) there is no longitudinal compo-
nent. This implies that

. Z X pret{m}

gi{l,Q}h = - (045)

J

Analyze the component observed in region 1 resulting from transverse magnetic
currents in region 1, 1;1;11- From the analysis of ?/;1%1, it can be shown that substituting

(C.45) and (C.22) into (C.21) implies that

B 21\l 08 (Azy2T) sin (Azy1h) + Cysin (A,p2T") cos (Azyp1h)
N o8 (Azp2T") [cos (Azyr (B — 2 — 2))]
08 (Azyp2T') sin (Azy1h) + Cy sin (A1) cos (Azy1h)
+C¢ sin (Ap2T") [—sin (Azyr (b — |2 — 2/|)) —sin (A\y1 (h — 2 — 27))]
08 (Azy2T") sin (A1 h) + Cysin (A,p2T") cos (A1 h)

- < 3 x Xpweﬂ> [ €08 (AsyaT) [c08 (Asp (b — |2 — 2/)))]
Gmm =
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o ExA, Zy1 €08 (AzyaT) [cos (A1 (B — |2 — 2/)))]
R 2A3¢Z¢1 {Zwl 08 (Azyg2T') sin (Azy1h) + Zyo sin (Auy2T) cos (A1 h)
Zyp1 €08 (Azp2T') [cos (Azy1 (B — 2z — 27))]
+Zw1 08 (Azyg2T) sin (Azy1h) + Zypa sin (A,y2T) cos (Azy1h)
Zyosin (A1) [—sin (Azy1 (b — |2 — 2'])) — sin (Ayy1 (b — 2 — 27))]
Zyp1 €08 (AzpaT') sin (A1 h) + Zya sin (A1) cos (A1 h)

(C.46)

From the analysis of 1..2, it can be shown that substituting (C.45) and (C.22)

into (C.21) implies that

5 _ | _ Z % XpWth Cy o8 (Azya (d — 2')) cos (Azyp12)
pin2 A1 A2, 08 (Azy2T') sin (Azy1h) + Cy sin (A2 T') cos (Azy1h)

[ Ex Xpr l o8 (Azya (d — 2')) cos (Ay12) ]
)‘szﬂil Zwl COS ()\zng) sin ()\zwlh> + Z¢2 sin (Azd)QT) COS (/\zd;lh)

(C.47)

Now that t; has been found, determine 5. Substituting (70) and (B.8) into (110)

implies that

h d
152{6,11} = /éfw{e,hp : j{e,h}dzl + [éiz{e,h} + éf/zZ{e,h}Q] : j{&h}d'z/
0 h
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h
- /Dll [2 <§Zl{e,h} (z=h) PJllz' + gil{e,h} (z2=0) P¢12’) (PJQIde?z + P¢2dpw_21z)]
0

d
) j{e’h}dzl + /Dll {giz{e,h}e_jkMIZ_z,l [(szclpw_zlh + P1/T21dpw2h> (Pw_llh - P¢1h)
h

+Cy (PpaaPoon — PinaPyy,) (Pyay, + Pian) |
"‘gZQ{e,h} (2 =4d) P¢2sz;21z/ [(Pw%PJQIZ - Pw_thPWz) (Pw_llh - Pwlh)
+Cy (Pyan Py, + PionPusz) (Pii, + Pon)]
~Tisgeny (2= 1) Pl Pz [ (PlaPu2: + PunaPys.) (Pial, = Pon)
~Cy (PRdyPose + PosaPt) (P + Ponn) ]} - T

(C.48)

First, analyze the component observed in region 2 resulting from magnetic currents
in region 1, 'l;ghl. Similar to the analysis of ’122621, it can be shown that substituting

(C.45) and (C.22) into (C.48) implies that

& [ _Ex Xpwm { cos (Azyp12") €os (Azye (d — 2)) }
w2hl — Azga A2y (cos (Asy2T) sin (A1 h) + Cy sin (A,y2T) cos (Asyp1h))

(. Z x Xprl cos (Azp12") €os (Azy2 (d — 2))
B Zyp1 cos (A

)\ind,Q zw2T) sin ()\zwlh> -+ ng sin ()\ZwQT) COS <)\z¢1h)

(C.49)

Next, analyze the component observed in region 2 resulting from magnetic currents

in region 2, tops. Similar to analysis of 1)se.2, it can be shown that substituting (C.45)

238



and (C.22) into (C.48) implies that

Goma = (_z x Xpwet2> [ sin (Aupih) [— sin (Auya (T = |2 — 2']))]
2)‘Z1/’2)‘;27w 08 (Azy2T) sin (A1 h) + Cy sin (A,y2T') cos (Auy1h)
sin (Azy1h) [sin (Auy2 (d+h — 2 — 2))]
oS (Azy2T) sin (Ay1h) + Cysin (Ay2T) cos (Azy1h)
+C¢ o8 (Azy1h) [cos (Aopa (T — |z — 2'|)) + cos Aoy (d+h — 2 — z’))]}
oS (Azy2T) sin (A1 h) + Cy sin (Ao T) cos (Azy1h)
2% X, Zy1sin (Azprh) [—sin (Asys (T — |2 — 2|))]
= (_ 2)\§¢Z¢2> [Zzbl oS (Azy2T) sin (Azy1h) + Zypa sin (A1) cos (Azy1h)
Zyr sin (A1 h) [sin (Asya (d+h — 2 — 2'))]
Zyp1 €08 (Azp2T) sin (Azy1h) + Zya sin (A1) cos (Azyp1h)
Z42 005 i) [605 Orags (T — |2 = 2[)) + c05 (Aug (d+ h — 2 = z'm]
Zy €08 (Azp2T) sin (Azy1h) + Zyg sin (A1) cos (Azyp1h)

(C.50)

C.4 TII. Development

Begin by analyzing the component observed in region 1 resulting from electric

currents in region 1, IT;.;. Substituting (C.5) into (147) implies that
=4 -1 0 Z X XPWMtl ) _ ,
el = T 7~ —— Mg T Aor (h— 2z —
Grriel oo D2 { [ 2)\29)\201170] [sin (Azg2T) [sin (Azo1 (h — 2 — 27))]
+sin (A,g2T) [—sin (Aogy (h — |2 — 2']))]
+Cy cos (A.02T) [cos (Augr (b — |2 — 2])) — cos (M1 (h — 2z — 2))]]}
B 2% )\ sin (A,g27) [ sin (k.91 (h — 2z — z’))}
N 2)\ o\ z01 sin (A,goT") cos (A,g1h) + Cycos (Ag2T) sin (Ag1h)
sin (A,p2T") [ 52 sin (Az1 (B — [z — z’]))]
sin (A,92T") cos ()\Zglh) + Cy cos (A,02T") sin (A.p1h)
+C’9 cos (Ap2T) [ cos (Nugr (B — |2 = 2/])) — £ cos (Aepr (h — 2 — 2))]
sin (Ag21") cos (A.e1h) + Cp cos (Ap2T") sin (A1)
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B 2 X Xp Zgasin (A,e2T') [sgn (z — 2) cos (A1 (B — |z — Z/|))]
-\ 2)\29 {Zgz sin (A,g2T") cos (Ag1h) + Zgy cos (A.g2T) sin (A g1h)
Zga sin (A,g2T') [— cos (A1 (b — 2 — 27))]
T 250 Qs T) €05 (gt ) + Zon 005 (hogaT) sin (Aagi 1)
Zg1 €08 (A.02T) [sgn (z — 2') sin (Mgy (b — |2 — 2'|)) — sin (A.p1 (h — 2 — 27))]
+ Zga sin (A,02T') cos (Ag1h) + Zp1 cos (A.g2T) sin (Ag1h)

(C.51)

Next, analyze the component observed in region 1 resulting from electric currents

in region 2, I11.5. Substituting (C.6) into (147) implies that

= 18 | [2x X224\ .. .
S N im0} Moo (d — 2)) sin (A,
GHleQ jw,uﬂ Oz (AiQZGQDG [Sln( 02 ( z )) Sln( 01Z>]
_(; Z X Xngl sin (A.g2 (d — 2)) £ sin (X.g12)
)\zHCUMtlZ@Q sin (A,92T") cos (Azg1h) + Cycos (A.g2T') sin (A g1 h)
[ .2 x Xngl sin (Mg (d — 2')) cos (A,g12)
—\/ )\29 Zga sin (A,g2T') cos (Aog1h) + Zp1 cos (AgoT) sin (A g1h)

(C.52)

Now analyze the component observed in region 2 resulting from electric currents

in region 1, Ily,;. Substituting (C.7) into (147) implies that

= 1 0 |[2xXZ , "
Grzer = —= - [( \2 lp) 92) [sin (Az12") sin (Azg2 (d — Z))]]
po "0
[ .2 Xngg sin (A.p12") £ sin (A.g2 (d — 2))
-/ )\iewutg sin (A.p2T") cos (Azg1h) + Cycos (A.p2T') sin (Azp1h)

B Z X Xngg sin (A,912") cos (Mg (d — 2))
J )\/2)9 Zgo sin (A,92T") cos (Ag1h) + Zg1 cos (A.p2T') sin (Mg h)

Il
Y

(C.53)

Next, analyze the component observed in region 2 resulting from electric currents
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in region 2, Ily. Substituting (C.11) into (147) implies that

1 0

G:;H2e2 =——"—
Jwhtee 0z

( Z X Xpwutg

cos (kg1h) [cos (Nsga (d+h — 2 — 2
2)\§0)\292D9>[ ( 01 )[ ( 02( ))]

+cos (Aza1h) [— cos (A\ugo (T — |2 — 2'|))]
+Cysin (Ao1h) [sin (N2 (T — |2 — 2'])) + sin (Mg (d +h — 2 — 2'))]]]
L Ex, cos (A.g1h) [ cos (A2 (d+ b — 2 — )]
Y 2X%Az02 ) | sin (Azp2T) cos (Azgih) + Gy cos (Aop2T) sin (Xzg17)
cos (Asg1h) [—£ cos (Aug2 (T — |2 — 2]))]
sin (A,g2T) cos (Ag1h) + Cycos (A1) sin (Ag1h)
+Ce sin (Aup1h) [ sin (Ao (T — |2 — 2/[)) + 2 sin (Auga (d+h — 2 — 2))]
sin (A,927") cos (Ag1h) + Cgcos (A1) sin (A.p1h)

o EX Xp Zpa cos (A.o1h) [sgn (z — 2') sin (A2 (T — |2 — Z/|))]
2,

Zga sin (A,02T") cos (Aogrh) + Zpy cos (A.g2T) sin (A g1h)
Zga cos (Azg1h) [—sin (Ao (d+h — 2z — 2'))]
Zga sin (A,92T") cos (Ag1h) + Zg1 cos (A.p2T') sin (Azg1h)
+Z@1 sin (A,e1h) [sgn (z — 2') cos (A2 (T — |z — 2'|)) + cos (Ag2 (d+ h — z — 2'))]
Zga sin (A,e2T') cos (Aog1h) + Zpy cos (A.g2T) sin (A g1h)

(C.54)

C.5 Remaining II, Development

First, analyze the component observed in region 1 resulting from transverse mag-

netic currents in region 2, Ily4. Substituting (C.12) into (147) implies that

= 1 9 X o
Griihee = jwuﬂ& [( jm> [Cy cos (A2 (d — 2")) sin (A,612)]

B Xp Cycos (g2 (d—2")) % sin (A.912)
N )\iow,utl sin (A,92T") cos (Ag1h) + Cycos (A.e2T') sin (A g1 h)

B & cos (Ag2 (d — 2')) cos (N,012)
B A2 ) [ Zoasin (M2T) cos (Azarh) + Zpy cos (Az2T) sin (Aa1h) |

(C.55)

Next, analyze the component observed in region 1 resulting from longitudinal
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magnetic currents in region 1, ITyj.;. Substituting (145) into (147) implies that

= 1 0 éuﬂ ) . . /
Griihe = — = — | =——————— ) [sin (A7) [sin (M1 (h — 2 — 2
et Jwp 0% [(”\zelulea [ ( ” ) [ ( o ( ))

—sin (Ag1 (b — |2z — 2]))] + Cy cos (M,92T) [cos (Aso1 (B — |2 — 2']))

—cos (Augr (h — 2 = 2))]]]

B Jz sin (AugeT) [2 sin (Augr (h — 2z — 2')) — 2 sin (Aspr (h — |2 — 2/]))]
20wt sin (A,g2T") cos (Ag1h) + Cycos (A,e2T) sin (A.p1h)

 Cocos (AT) [2 cos (Mg (h — |z — 2/])) — 2 cos (g1 (h — 2 — z’))]]

sin (A,02T") cos (Ag1h) + Cycos (A,e2T) sin (A.p1h)
R Zga sin (A,02T) [— cos (M1 (b — 2 — 27))]
- (‘7 2w,uz1> [Zgg sin (A,g2T") cos (Ag1h) + Zg1 cos (A.g2T) sin (A g1h)
Zga sin (A,02T) [— cos (A1 (b — 2 — 27))]
* Zga sin (A,e2T') cos (Aog1h) + Zp1 cos (A.goT) sin (Ag1h)
Zg1 €08 (A02T') [sgn (z — 2") sin (g1 (b — |2 — 2'|)) —sin (Mg (h — 2 — 27))]
+ Zga sin (A,92T") cos (Azg1h) + Zpy cos (A.p2T) sin (Ag1h) }

(C.56)

Next, analyze the component observed in region 1 resulting from longitudinal

magnetic currents in region 2, ITy;.o. Substituting (C.13) into (147) implies that

= 1 0 27?2
Grithee = — — [ -2 ) [sin (A.p2 (d — 2')) sin (.
MM1h22 i [( wuz1292D9> [sin (A,g2 (d — 2)) sin ( 912)]:|
B ( . 273 ) sin (A2 (d — 2)) % sin (A.12)
N J w2 i Zgo )| sin (AugeT) cos (Azg1h) + Cycos (A.g2T) sin (g1 h)

_( 27y sin (A2 (d — 2')) cos (A,012)
N J w1 ) | Zgzsin (A,g2T) cos (A.a1h) + Zg1 cos (A.e2T') sin (Azg1h)

(C.57)

Now that the components observed in region 1 have been determined, analyze
the components observed in region 2, II,. First, analyze the component observed in

region 2 resulting from transverse magnetic currents in region 1, Iyy. Substituting

242



(C.14) into (147) implies that

z 1 o |(. X, "
Gronn = —jwm 92 [(] )‘;2)0D9> [cos (As012") sin (Azge (d — Z))]]

B Xp cos (A.912") £ sin (A.g2 (d — 2))
N )\igwutg sin (A.02T) cos (A,g1h) + Cycos (X,e2T) sin (Ag1h)

_ & cos (A.012") cos (Ag2 (d — 2)) (C.58)
)\30 Zga sin (A,92T") cos (A g1h) + Zgy cos (Ag2T') sin (A,g1h) ’
Next, analyze the component observed in region 2 resulting from transverse mag-

netic currents in region 2, Iape. Substituting (C.18) into (147) implies that

= 1 a . X / . !
Grone = _jwMtQ % [(; QAE)QPDg) [cos (A.o1h) [sgn (2 — 2") sin (A2 (T — |2 — 2']))

+sin (A\yg2 (d+h — 2 — 2'))] + Cosin (A1) [sgn (2 — 2") cos (M2 (T — |2 — 2']))
—cos (Asg2 (d+h — 2z —2))]]]
_ ( Xp ) [cos (Asorh) [Zsgn (z — 2) sin (Aego (T — |2 — 2']))]

B 2)‘29“’/%2 sin (A,goT') cos (A.a1h) + Cycos (AgoT') sin (X1 h)
cos (A.o1h) [— A2 cos (M2 (d+ h — 2z — 2))]
sin (A,02T") cos (Azg1h) + Cycos (A,e2T") sin (A.p1h) (C.59)
Cysin (A.o1h) [£ sgn (z — 2) cos (Aeg2 (T — |2 — 2')))]
sin (A,927") cos (Azg1h) + Cycos (A.e2T) sin (A.p1h)
Cysin (Ag1h) [—A.e28in (Ago (d+h — 2 — 2'))]
sin (A,g2T") cos (Ag1h) + Cycos (A,e2T') sin (A,g1h)

Due to the sgn (z — 2’) in (C.59), two cases must be analyzed. When z > 2/, that
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implies that

. ( 5 ) cos (vanl) | s =7 Toin O (7 — (= = )|

B 2Ai9wut2 sin (A,927") cos (Ag1h) + Cycos (A,e2T") sin (A.p1h)
cos (A.o1h) [ A2 cos (Aug2 (d+ h — 2z — 2))]
sin (A,g2T") cos (ALg1h) + Cycos (A1) sin (Ag1h)

Cosin (Auorh) {%Mlos Ovagn (T — (2 — z’)))}
+ sin (A,92T") cos (Azg1h) + Cycos (A,e2T") sin (A.p1h)
Cosin (Ag1h) [—Asg2sin (Ago (d+h — 2 — 2'))] ]
sin (A.g2T") cos (A.g1h) + Cy cos (A.g2T) sin (A1 h)
B (_ XPAZQQ > [ cos (Azg1h) [—cos (Ng2 (T — (2 — 2')))]
2/\/2)9w,ut2 sin (A,g2T") cos (Ag1h) + Cycos (A,e2T') sin (A,g1h)
cos (Aso1h) [—cos (Augo (d+h — 2 — 2'))] (C.60)
sin (A,g2T") cos (A g1h) + Cy cos (A,e2T) sin (A.p1h)
+Cg sin (Azg1h) [sin (A.e2 (T — (2 — 2'))) —sin (Ao (d+h — z — z’))]}
sin (A,927") cos (Ag1h) + Cg cos (A,92T") sin (A.p1h)

When z < 2/, that implies that

-1

. ( Xp ) cos (Ag1h) {%Min (Mg (T + (2 — Z’)))]

sin (A,goT) cos (Ag1h) + Cygcos (AgoT) sin (Ag1h)

z —
I12ht2 —

B 22 ywitsa

cos (A.p1h) [— A2 cos (M2 (d+ h — 2z — 2))]
sin (A,e2T") cos (Ag1h) + Cycos (A,e2T') sin (A,g1h)

~1
Cysin (A.91h) {%Mos (Mg (T + (2 — z’)))}
+ sin (A,g2T) cos (ALg1h) + Cycos (AgoT) sin (Ag1h)
Cysin (Aa1h) [—Ase28in (g2 (d+h — 2 — 2'))]
sin (A,92T") cos (Azg1h) + Cycos (A,e2T') sin (A.p1h)
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2)\§0w,ut2 02T cos (Ag1h) + Cycos (A,g2T) sin (A,p1h)
cos (Ag1h) [—cos (Ao (d+h — 2z — 2))] (C.61)
sin (A,p2T") cos (Azg1h) + Cycos (A,e2T') sin (Mg h)
+O@ sin (Ag1h) [sin (g2 (T4 (2 — 2'))) —sin (Ao (d+h — 2z — 2'))]
sin (A,g2T") cos (Azg1h) + Cycos (A,e2T') sin (A g1 h)

_ (_ XpAs02 ) [ c0s (Asp1h) [— cos (g2 (T + (2 — 2)))]
sin (A

Analyzing (C.60) and (C.61) reveals that

G A cos (Asgrh) [ cos Aoz (T = |2 = 2'])]
H12ht2 2)\29wut2 sin (Ag2T") cos (A,e1h) + Cy cos (A.p2T) sin (X,g1h)

cos (Azg1h) [—cos (A2 (d+h — 2z — 2))]
sin (A,92T") cos (Azg1h) + Cycos (A.e2T') sin (Mg h)
+C’g sin (Azg1h) [sin (Asp2 (T — |2 — 2|)) —sin (A2 (d+h — 2z — z’))]]
sin (A,p2T") cos (A g1h) + Cycos (A,e2T) sin (A,g1h)

(. Xp Zga €08 (Azg1h) [— cos (Mg (T — |2 — 2']))]
n 2/\;2)9292 Zgo sin (A,goT') cos (Ag1h) + Zgy cos (X.g2T) sin (Ag1h)

N Zga €08 (Ag1h) [— cos (Aygo (d+ h — 2 — 2'))] (C.62)
Zga sin (A,e2T') cos (Ag1h) + Zp1 cos (A.goT) sin (Ag1h)
+Zm sin (Azg1h) [sin (Mog2 (T — |2 = 2'|)) —sin (Ao (d+h — z — z’))]}
Zga sin (A,92T") cos (Ag1h) + Zg1 cos (A.p2T') sin (Mg h)

Now analyze the component observed in region 2 resulting from longitudinal mag-

netic currents in region 1, Iy,,;. Substituting (C.19) into (147) implies that

- 1 0 2799 . N -
PR N A Ao (d —
Griohz1 Tt 0 K wuzzDe) [sin (A.g12") sin (A2 ( Z))]}

:(_ 22 ) sin (Ag12') 2 sin (Aagz (d — 2))
]W2Mt2ﬂz2 [sin (A.p2T") cos (Azp1h) + Co cos (Ag2T) sin (Azp1h)]
( z

_ 299 sin ( 2017 ) COos 02 ( )) (C 63)
J Whtzo ) | Zpa sin (Aze2T) cos (Azo1h) + Zg1 cos (Azp2T) sin (A1 h) '

Finally, analyze the component observed in region 2 resulting from longitudinal
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magnetic currents in region 2, ITy.o. Substituting (C.20) into (147) implies that

= 1 0 2o ) /
Griohze = —— — | —=—=——— ) [cos (Ap1h) [cos (Ao (d+h — 2 — 2
H2he2 Jwpir 0% [( 2021122 Dp [c0s (Asnf) [cos (Ausa )

+cos (Aza1h) [— cos (M\ogo (T — |2 — 2'))]
+Cysin (A.p1h) [sin Az (T — |2 — 2'])) +sin (Aup2 (d +h — 2z — 2))]]]

.2 cos (A.g1h) [ cos (Ao (d+ h — 2 — 2'))]
J 2)\Z92w,uzz2 sin ()\Z02T> COS (/\Zglh) + C@ COS ()\ZQQT) sin (/\Zglh)
cos (Ag1h) [—— cos (A2 (T — |2z — z’|))}
sin (A,goT") cos (k,o1h) + Cycos (A1) sin (Ag1h)
+Cg sin (A,01h) [— sin (Ao (T'— |2 — Z|)) + % sin (Ap2 (d+h — 2z — z’))}
sin (A,g2T") cos (Ag1h) + Cg cos (A,g2T) sin (A.p1h)
R Zga cos (A.e1h) [sgn (z — 2') sin (A2 (T — |2 — Z/]))]
- \/ 2wiiya ) | Zga sin (AgoT) cos (A,e1h) + Zg1 cos (A,g2T) sin (A.e1h)
Zga cos (Azg1h) [—sin (Ao (d+h — z — 2'))]
Zga sin (A,92T") cos (Ag1h) + Zg1 cos (A.g2T') sin (Mg h)
+Z@1 sin (A.o1h) [sgn (z — 2') cos (Au02 (T — |2 — 2'|)) + cos (Aup2 (d+ h — 2 — 27))]
Zga sin (A1) cos (Ase1h) + Zgy cos (A.g2T) sin (A.g1h)

(C.64)

C.6 & Development

Now determine transverse spectral domain total Green functions for ®. (39) and

the analysis from (100) imply that

h
5{1,2} = e / Gq/){l,Q}etl + é¢{1,2}ez1 + é¢{1,2}h1] - Jpdz!
d — — — —
/ 83 éw{l,Q}etQ + é¢{1,2}ez2 + Gw{m}m] - Jpdz!
h
= éqm 2}{et,ez,h}{1,2} = = ! géwg 2}{et,ez,h}{1,2} (C.65)
I Jwes(1,2) 0z R

Begin by analyzing the component observed in region 1 resulting from transverse
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electric currents in region 1, ®1.4. Substituting (C.28) into (C.65) implies that

= 1 a . Xp / . /
Ga1enn = ey 02 [(—] 2)‘,2npD¢> [cos (Azy2T) [sgn (2 — 2') sin (A\zy1 (B — |2 — 2']))

—sin (A1 (h — 2 — 2))]
+Cysin (AzyoT) [sgn (2 — 27) cos (Aeyn (B — |2 = 2')) — cos (kzyn (b — 2 = 2))]]]
_ (_ Xp ) [cos (Azgp2T) [ sgn (z — 2') sin (A1 (b — |2 — z’]))]

2)\§¢wet1 08 (Azp2T) sin (Azy1h) + Cy sin (A2 T) cos (Auy1h)

o8 (Azp2T") [Azyp1 oS (Azy1 (B — 2 — 27))]
08 (A2 1) sin (Azy1h) + Cysin (A2 T) cos (Azy1h)
Cyin (hagaT) [ 2 580 (2 — ) €03 (s (b — |2 — )]
08 (Azy2T) sin (Azy1h) + Cy sin (A1) cos (Azy1h)
Cw sin ()\ngT) [—/\Z¢1 sin ()\zwl (h —Z — Z,))]
08 (A1) sin (Azy1h) + Cy sin (A2 T') cos (Azy1h)

(C.66)

Due to the sgn (z — 2’) in (C.66), two cases must be analyzed. When z > 2/, that

implies that

. ( ‘ ) 03 (AgoT) {%Min O (h = (2 — z’)))}
Goren = .

2)\2wweﬂ €08 (Azy2T') sin (A1 h) 4+ Cysin (A2 T') cos (Azy1h)

08 (Azp2T") [kop1 cos (Asyn (b — 2 — 2'))]
08 (Azyg2T) sin (Azy1h) + Cysin (A2 T) cos (Azy1h)
(

Cosin () | fsgnle=2To0s O (= (2 = )
.

oS (Azy2T) sin (Ay1h) + Cysin (A1) cos (Azyah)
Cysin (A2 T) [=Aspr sin (Auyn (R — 2 — 27))]
oS (Azy2T) sin (Ay1h) + Cy sin (A1) cos (Azy1h)
| Xp/\zwl €08 (Ap2T') [— cos (Azy1 (b — (2 — 2'))) + cos (A1 (R — 2 — 2))]
202 wen 08 (Azy2T') sin (Azy1h) + Cysin (A1) cos (Azy1h)
+C¢ sin (A,p2T) [sin (Azy1 (B — (2 — 27))) — sin (Azya (b — 2 — 27))]
08 (Azyg2T') sin (Azy1h) + Cy sin (A2 T') cos (Azy1h)
(C.67)
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When z < 2/ that implies that

-1

. ( by ) c0s (A1) {%Min (Azp1 (h+ (2 — z’)))}
Goren = .

oS (Azy2T) sin (Azy1h) + Cysin (Ay2T) cos (zy1h)

B 2)\%&0@1

€08 (Azy2T) [Asyr cos (Azy1 (b — 2 — 2'))]
08 (Azy2T) sin (Azy1h) + Cy sin (A1) cos (Azy1h)

Cw sin ()\qu/)QT) {%MOS( 2yl (h + (Z -z ))):|
+

08 (Azy2T') sin (Azy1h) + Cy sin (A2 T') cos (Azy1h)
Cw sin (/\zd;QT) [_/\wl sin ()‘zwl (h —Z — Z/))]
08 (Azy2T") sin (Azy1h) + Cy sin (A2 T') cos (Azy1h)
N MoAepr | [€0s AuyaT) [= cos (Aayy (h+ (2 = 2))) 4 cos (Asyy (h — 2 — 2))]
n 2)\§¢wet1 08 (Azp2T") sin (A1 h) + Cysin (A,p2T") cos (Azyp1h)
+C¢ sin (A2 1) [sin (Azy1 (B + (2 — 27))) — sin (A1 (b — 2 — 2))]
08 (Azyp2T') sin (Azy1h) 4+ Cy sin (A2 T') cos (Azy1h)
(C.68)

Analyzing (C.67) and (C.68) reveals that

i XAzt 08 (Aay2T) [cos Aoy (h — 2 — 2'))]
bletl = 2/\/2)¢weﬂ 08 (Azp2T) sin (A1 h) + Cysin (A1) cos (A1 h)
08 (Azp2T") [— cos (Azy1 (b — |2 — 2|))]
08 (Azyp2T') sin (Azy1h) + Cy sin (A1) cos (Azy1h)
Cysin (A2 T) [sin (Azy1 (B — |2 — 2'|)) —sin (A1 (b — 2 — 2))]
08 (Azp2T) sin (Azy1h) + Cy sin (A1) cos (Azy1h)
_ _X,,Zwl [Zw 08 (Azy2T’) [cos (Asy1 (b — 2 — 2")) — cos (Ayn (b — |z — 2']))]
2>‘p2?¢ Zy1 €08 (Azy2T) sin (Azyp1h) + Zyo sin (Azy2T) cos (Azy1h)
+ng sin (A2 1) [sin (Azy1 (B — |2 — 2'])) —sin (A1 (b — 2 — 2))]
Zy1 €08 (Azp2T) sin (A1) + Zypo sin (A,p2T) cos (A h)

(C.69)

Next, analyze the component observed in region 1 resulting from transverse electric
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currents in region 2, ®.. Substituting (C.29) into (C.65) implies that

G L0 [(‘7 X ){ Cy sin (A zw2)( #)) 08 (Auy12) H

jwey 0z )‘;an 08 (A1) sin (Azy1h) + Cysin (A1) cos (Azy1h)

3 Azy2€tl
_ )‘P /\zZﬁm Sln( Z’m( Z,)) 2 COS( Zwlz)
A cos (A

iwweﬂ ap2T) sin (A1 h) + Cy sin (A2 T) cos (Ayp1h)
B _Xprlng sin (Azp2 (d — 2')) sin (A1 2)
B A2, Zp1 €08 (Apy2T) sin (A1 h) + Zyo sin (A, T) cos (A1 h)

(C.70)

Now analyze the component observed in region 1 resulting from longitudinal elec-

tric currents in region 1, ®y..;. Substituting (C.33) into (C.65) implies that

=z 1 0 Z€en /
pu— —_— _—— T —_— —_—
Gpiez1 e 0 K 2)\21#16211%) [cos (Azy2T") [cos (Azya (b — |2 = 2'|))]

+ cos (Azy2T) [cos (Azy1 (b — 2z — 2'))]
+Cy sin (Azy2T) [=sin Aoy (b — [z = 2'])) = sin (Asy (B — 2z — 2))]]]
_ ( 3 ) [ cos (o2 T) [ 2 cos (Auy1 (h — |z = 2/]))]
cos (A

J 2 1WeL 2T sin (Azyp1h) + Cypsin (A2 1) cos (Aup1h)

cos (Azy2T) [£ cos Aoyt (h — 2 — 2'))]
Ccos (/\ng) sin (Azyp1h) + Cysin (A1) cos (A1 h)

| Cysin (A w2 T) [ 2 sin (A1 (B — |2 = 2'])) — 2 sin (Ao (h—z—z'))}]

cos ()\szT) sin (Azyp1h) + Cysin (A1) cos (A1 h)
. 2 Zyp1 €08 (A2 T) [sgn (z — 2) sin (Ayr (b — |2 — 2/]))]
(‘7 2wezl) {ZM o8 (Azp2T) sin (A1 h) + Zypa sin (A,p2T) cos (Azyp1h)
Zyp1 €08 (A2 T) [sin (Azy1 (B — 2 — 27))]
+Z¢1 o8 (Azp2T") sin (A1 h) + Zypo sin (A,p2T") cos (Azyp1h)
Zyosin (AyypoT) [sgn (2 — 2") cos (Asy1 (B — |z — 2'])) + cos (Azy1 (h — 2 — 27))]
* Zy1 €08 (Azp2T) sin (A1 h) + Zypo sin (A1) cos (Azyah) }

(C.71)

Next, analyze the component observed in region 1 resulting from longitudinal
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electric currents in region 2, ®1..o. Substituting (C.34) into (C.65) implies that

§¢1622 _ jwletl % {(_m) [Cy cos (Mg (d — 2')) cos (/\wlz)]]
. 5 g—zf cos (Auyo (d — 7)) £ cos (Ay12)
- (j wQthelew) oS (Azy2T) sin (Ay1h) + Cy sin (A2 T) cos (Azya1h)
R oS (Azy2 (d — 2')) sin (Azy12)
- (_‘7 WE,1 > [Zw €08 (Azy2T) sin (Azy1h) + Zypa sin (A1) cos ()\zwh)]
(C.72)

Now analyze the component observed in region 1 resulting from magnetic currents

in region 1, ®15;,. Substituting (C.46) into (C.65) implies that

2 1 9 2 X N wer
Goip = oen e [<—m> [cos (Asyp2T) [cos (Asyr (B — |z — 2|))]

+ cos (2T [cos (Asyr (h — z — 2'))]

+Cy sin (Ao T') [—sin (A1 (h — |z = 2'])) — sin (Apyr (b — 2 — 27))]]]
[ Ex, c0s (A\sy2T) [ 2 cos (N1 (h — [z — 2']))]
-\ 2)\z¢1)\§¢ COS ()\m/,gT) sin (>\Z¢1h) + 01/1 sin (>\z¢2T) COS ()\zwlh)
cos (Aoy2T) [Z cos (Asy1 (h — 2 — 2'))]
08 (Azp2T") sin (A1 h) + Cysin (A,p2T) cos (A h)

+Cw sin (Aoy2T) [— 2 sin (Auyr (b — [z = 2/[)) = 2 sin (Asy1 (h — 2 — 2'))]
08 (Azy2T) sin (Ay1h) + Cysin (A2 T) cos (Azy1h)

[ Ex Xp Zyp1 cos (A1) [sgn (2 — 2) sin (Apyr (b — |2 — 2/|))]
-\ 2)\31/) [Zwl €08 (Azyg2T) sin (Azy1h) + Zya sin (A2 T) cos (Asp1h)
Zyp1 cos (A2 T) [sin (Azy1 (B — 2 — 27))]
+Zw1 08 (Azy2T) sin (Azy1h) + Zypa sin (A,y2T) cos (Azy1h)
Zyosin (AypoT) [sgn (2 — 2') cos (Azy1 (B — |2 — 2'])) + cos (Azy1 (h — 2 — 27))]
* Zyp1 €08 (Azp2T') sin (A1 h) + Zya sin (A1) cos (Azy1h) }

(C.73)

Next, analyze the component observed in region 1 resulting from magnetic currents
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in region 2, ®4,. Substituting (C.47) into (C.65) implies that

Jwe %

= 1 9 Zx A )
Goine = [<_WTIPD¢> [Cy cos (Azp2 (d — 2')) cos (>\z¢12)]]

- Zwo
_(; Ex N, 722 c08 (Ao (d — ') 5% cos (Ao 2)
)‘fnpwetlzd)l 08 (Azy2T) sin (Azy1h) + Cy sin (A2 T) cos (Azy1h)

_ (_ X X,,zw) [ €08 (Asyz (d — 2')) sin (A1 2) }

e, Z 1 €08 (NogaT) 810 Moy h) + Zyz sint (AayaT) €08 (Aogrh)

(C.74)

Now that the components observed in region 1 have been determined, analyze the
components observed in region 2, ®,. Begin by analyzing the component observed

in region 2 resulting from transverse electric currents in region 1, Ci>2m. Substituting

(C.35) into (C.65) implies that

JWer2 &

_ (_ Xp > [ sin (Azy12”) % o8 (Azy2 (d — 2)) ]

A2 pwera || cos (AzygaT) sin (Asyih) 4+ Cy sin (Mg T) cos (Azy1h)

N Xprlz¢2 sin ()\Zq/,lz') sin ()‘sz (d — Z))
B Zyp1 cos (A

= 1 9 D . )
Goaen = [(—j e )[ Orein) €05 (Aui (d—zm]
pp Y

>\/2np ngT) sin (Azwlh) + Z¢2 sin ()\ngT) COS ()\zwlh)
(C.75)

Next, analyze the component observed in region 2 resulting from transverse electric

currents in region 2, ®oy0. Substituting (C.39) into (C.65) implies that

z 1 0 , X )
Gasoa = — " [(—j ZAi:D) sin (Auya ) [sn (= — /) cos (Auya (T — |2 = 2]))

+co8 (Azyga (d+h — 2z = 2")] + Cy cos (Ay1h) [sgn (z — 2") sin (A2 (T — |2 — 2|))

—sin (Aupo (d+h — 2z —2))]]]
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(. X, sin (Auyp1h) [2 sgn (z — 2') cos (Auye (T — |2 — 2|))]
2X2 werg || €08 (Auy2T) sin (Azy1h) + Cy sin (Mg T) cos (Azyih)
sin (Azy1h) [Aspe sin (Azye (d +h — 2 — 2'))]
08 (Azy2T) sin (Azy1h) + Cysin (A1) cos (Azy1h)
Cy cos (Auprh) [Zsgn (z — 2') sin (Auya (T — |2 = 2/]))]
08 (Azyp2T) sin (Azy1h) + Cy sin (A1) cos (Azy1h)
Cy cos (Azyp1h) [Meya cos (Asp2 (d+h — 2z — 2))]
08 (Azp2T") sin (A1 h) + Cysin (A,p2T) cos (A h)

(C.76)

Due to the sgn (z — 2’) term in (C.76), two cases must be analyzed. When z > 2/,

that implies that

1
o (g, [ [famesTas - )
b2et2 2)\2wwet2 08 (Azp2T) sin (Azy1h) + Cy sin (A2 T) cos (Auy1h)
sin (Ayp1h) [Aspasin (Aupo (d+h — 2 — 2'))]
oS (Azy2T) sin (Ay1h) + Cysin (A1) cos (Azy1h)

Cy cos (Azy1h) {%Min (Aog2 (T — (2 — Z/)))]
+

oS (Azy2T) sin (A1 h) + Cy sin (A1) cos (Azyr1h)
Cy cos (A1 h) Aoz cos (Auyo (d+h — 2 — 2'))]
08 (Azy2T') sin (Azy1h) + Cy sin (A1) cos (Azy1h)
[ XA sin (M) [sin (Aeys (T — (2 = 2)))]
2/\/2]¢wet2 08 (Azp2T) sin (A1 h) + Cy sin (A2 T) cos (Azyp1h)
sin (Azp1h) [sin (Aye (d+h — 2 — 2'))]
08 (Azyp2T') sin (Azy1h) + Cy sin (A2 T') cos (Azy1h)
+C¢, o8 (Azy1h) [— cos (Azya (T — (2 — 27))) + cos (Asya (d + h — 2 — 2'))]
08 (A1) sin (Azy1h) + Cy sin (A2 T') cos (Azy1h)

(C.77)
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When z < 2/ that implies that

~1
527 N Xp sin (Ay1h) [%Mos (Aap2 (T + (2 — z’)))}
N W€ coS (A1) sin (A,yp1h) + sin (A,y2T) cos (AL
P2etz 202, Aoy T Aepih) + Oy sin (A.yoT Aoy h
sin (A1 h) [Aspzsin (Agpo (d+h — 2z — 2'))]
€08 (Azy2T) sin (Ay1h) + Cy sin (A2 T) cos (Azy1h)

Cy cos Aoy h) {%Miﬁ Aop (T + (2 — Z’)))]
+

08 (Azy2T') sin (Azy1h) + Cysin (A,p2T") cos (Azyp1h)
Cy cos (Azyp1h) [Aap2 08 (Aspo (d+h — 2z — 2'))]
08 (Azy2T) sin (Azy1h) + Cy sin (A1) cos (Azy1h)
[ M sin (Azy1 ) [sin (Auyo (T + (2 — 2)))]
2)\i¢wet2 08 (Azp2T") sin (A1 h) + Cysin (A,p2T") cos (Azyah)
sin (Azp1h) [sin (Asye (d+h — 2 — 2'))]
o8 (Azp2T) sin (A1 h) + Cysin (A2 1) cos (Azyp1h)
+C’¢ c0s (Azy1h) [— cos Az (T + (2 — 2))) + cos (Azya (d + h — 2 — 2'))]
o8 (Azp2T") sin (A1 h) + Cysin (A,p2T) cos (Azyp1h)

(C.78)

Analyzing (C.77) and (C.78) reveals that

G — (_ A ) P
2)\i¢wet2 o8 (Azp2T") sin (Azyp1h) + Cy sin (A2 T) cos (Azp1h)
sin (Azyp1h) [sin (Azye (d 4+ h — 2 — 2'))]
08 (Azp2T') sin (A1 h) + Cysin (A1) cos (Azyp1h)
+C¢ 08 (Azyp1h) [— cos (Asy2 (T — |2 — 2'])) 4+ cos (Apyo (d+ h — z — z’))]}
oS (Azy2T) sin (Azy1h) + Cysin (A2 T) cos (Azy1h)
[ XNZys Zy1sin (Asy1h) [sin (Auyo (T — |2 — 2'|))]
B (‘ 2)2, ) [Zm €08 (Aoy2T) 8in (Azyi1h) + Zyo sin (Ao T) cos (Azy1h)
Zyr sin (A1 h) [sin (kuye (d+h — 2 — 2))]
Zy1 €08 (A1) sin (Azy1h) + Zya sin (A,p2T") cos (Azyp1h)
Zyo €08 (Azyp1h) [— cos (Apy2 (T — |2 — 2|)) + cos (Apy2 (d+ h — 2 — 2))]
Zy €08 (Azp2T) sin (Azy1h) + Zya sin (A,p2T") cos (Azp1h) }

(C.79)

253



Now analyze the component observed in region 2 resulting from longitudinal elec-

tric currents in region 1, ®,,.;. Substituting (C.40) into (C.65) implies that

z

L0 (i) s Oy O 0 2]

JWer 0z _wezQngl%
cos (Azy12’) % o8 (Azp2 (d — 2)) ]

G<I>2ez1 =

) z
n (‘7 w2€t26222¢2> (cos (Azy2T") sin (Azy1h) 4+ Cy sin (Ay2T") cos (Azy1h))

[ 2Zy €08 (Azy12") sin (Azye (d — 2))
-\ wen Zyp1 €08 (Azp2T) sin (A1 h) + Zypa sin (A1) cos (A1 h)

(C.80)

Next, analyze the component observed in region 2 resulting from longitudinal

electric currents in region 2, ®s..o. Substituting (C.44) into (C.65) implies that

~ 1 9 Z€to . .
Ganern = —— == | ( =57 ) [sin (Auya) [ sin (Auya (T = |2 = &
2= T | (T ) B0 Qo) [0 O 7 — 2 =)

+sin (A1 h) [sin (Ao (d+h — 2 — 2'))]
+Cy cos (Azy1h) [cos (Azye (T — [2 — 2'])) + cos (Auy2 (d +h — 2 — 2'))]]]

, z sin (Auyp1h) [— 2 sin (Ao (T — |2 — 2/|))]
(‘7 2>\Z¢2W6Z2> 08 (Azy2T') sin (Azy1h) + Cy sin (A,p2T) cos (Azy1h)
sin (Azp1h) [ sin (Auye (d+h — z — 2'))]
oS (Azy2T) sin (Ay1h) + Cy sin (A1) cos (Azy1h)
Cy cos (Asy1h) [ cos (Ao (T — |2 = 2/])) + £ cos (Aayz (d+ h — 2 — 2'))]
* 08 (Azy2T) sin (Ay1h) + Cy sin (A,y2T') cos (Azy1h)
. 2 Zyrsin (A1 h) [sgn (2 — 27) cos (Asye (T — |2 — 2']))]
(j Qwezg) [Zw oS (Azy2T) sin (Azy1h) + Zypo sin (Ay2T) cos (Azy1h)
Zyp1sin (A1 h) [— cos (Ao (d+h — 2 — 2))]
Zyp1 €08 (A2 T) sin (A1 h) + Zypo sin (A1) cos (Azy1h)
Zyo cos (Azprh) [sgn (2 — 2') sin (Ao (T — |2 — 2|))]
Zyp1 €08 (Azp2T) sin (A1 h) + Zypo sin (A1) cos (Azyah)
Zypo €08 (Azpah) [sin (Apye (d 4+ h — 2z — 2'))]
Zyp1 €08 (Azp2T) sin (A1) + Zypo sin (A,p2T") cos (Ayah)

(C.81)

Next, analyze the component observed in region 2 resulting from magnetic currents
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in region 1, ®g,;. Substituting (C.49) into (C.65) implies that

z 1 9 Ex A,
= — _ A1 2 Ao (d —
Gaoom Jwer 07 [( )\inwa) [COS ( P1Z ) cos ( 2 ( Z))]

. EZX Xp
—= j 2
)\pwwetQZ"/’Q

,,§><XZl c0S (A1 2) sin (Ao (d — 2
_(; pZa v ¥
Zy cos (A

cos (Aup12') £ cos (A2 (d — 2))
(cos (Azp2T") sin (A1 h) + Cysin (A1) cos (Azyp1h))

)\12?1/1 zz[)QT) sin ()\Z¢1h) + ng sin ()\ngT) COS ()\zwlh)
(C.82)

Finally, analyze the component observed in region 2 resulting from magnetic cur-

rents in region 2, ®gpe. Substituting (C.50) into (C.65) implies that

= 1 0

G<I>2h2 =

JWe2 5

2% X
_”—Pw;t? [sin (Azp1h) [—sin (Moo (T = |2 = 2'|))]
2)\Z¢2>\p¢

+sin (A,p1h) [sin (Mg (d+ h — 2 — 27))]
+Cy o8 (Asyrh) [cos (Auya (T — |2 — 2'[) + cos (Asya (d + h — 2 — 2'))]]]
_ < Ex N, > [ sin (Auyp1h) [— £ sin (Ao (T — |2 = 2/]))]

TN N ) 05 ey T) sin (Mg ) + Cypsin (M2 T) 05 (Ao )

sin (Asyp1h) [ sin (Auye (d+h — z — 2'))]
oS (Azy2T) sin (Ay1h) + Cy sin (A1) cos (Azy1h)
+C’¢ cos (Azyrh) [Z cos (Auya (T — |z — 2'])) + £ cos (Auyo (d+ h — 2 = 2'))]
08 (Azp2T) sin (A1 h) + Cysin (A1) cos (A1 h)

[ .2 Xp Zyprsin (Azg1h) [sgn (z — 2') cos (Auye (T — |2 — 2']))]
-\ 2X2, [Zw 08 (Azy2T') sin (Asy1h) + Zya sin (A,y2T) cos (A1 h)
Zyp1sin (A1 h) [— cos (Ao (d+h — 2 — 2))]
Zyp1 €08 (Mg T) sin (Azy1h) + Zya sin (A1) cos (Azp1h) (C.83)
Zyo cos (A1 h) [sgn (2 — 2') sin (A2 (T — |2 — 2/|))]
Zyp1 €08 (Azp2T) sin (A1 h) + Zypo sin (A1) cos (Azy1h)
Zypo €08 (Azyprh) [sin (Apye (d 4+ h — 2 — 2'))]
Zyp1 €08 (Azp2T) sin (A1 h) + Zypo sin (A1) cos (A1 h)

255



D. Full Development of Unused Electromagnetic Field Total
Green Functions

Since only the magnetic field components due to magnetic currents in region 1 and
region 2 are needed for the proposed measurement technique, the full development
of electric field components and magnetic field components that arise from electric
currents is unnecessary in the main body of this research. For completeness, this
appendix presents their full development. Additionally, since this research does not
leverage field observations in regions other that the source region. Therefore, magnetic
observation terms resulting from currents in regions other than the observation region
are presented here in case they are needed for future work.

This research does not leverage field observations in regions other that the source
region. Therefore, magnetic observation terms resulting from currents in regions other

than the observation region are presented here in case they are needed for future work.

D.1 F Development

Analyze the component observed in region 1 resulting from electric currents in
region 1, Ey.;. Substituting (C.5), (C.28), (C.33), (C.69), and (C.71) into (157)

implies that

g 4 /2 - L o 22 - -
Geter = JA, (Gfbletl + anezl) —J2 x X\Gorer — J " P (Gwletl + Gwlezl)

€21
- N7 2
— X _ N\pLyl Td) . 'Iﬂl)
o [( 2A§w> 1+ Twea)

412
.z)\pw

WE41

256



P Gelel
5\ 1 TV 453 (4 /\/2J¢ TY
+ 2A, | — et g +22 (2 2Z¢1w2631 11 (D)
Y N - Zo1 L .0(z=2)
%) (5% %) [ —ios ) 1
+ (z XA |2 XA, < 2)\/2)9> 1+2z2 17 e

3
TY (D.2)

X =Nk, O ;
_ | 9 ! Te D
AN, A2 0 ( _2A§0> i (D.3)
0 0 0
00 0
Zd O(z—2)
e _— D-4
G =10 0 0 (J e > (D.4)
00 1

Next, analyze the electric field component observed in region 1 resulting from

electric currents in region 2, Ei.. Substituting (C.6),(C.29), (C.34), (C.70), and
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(C.72) into (157) implies that

bng ooz - oo 2 _2)\2 - -
Geie2 = JA, (anetQ + G@lezz) — 72X XNGoie2 — J w:w (GwletQ + Gwlez2>
z1
2z
+J d(z—2")
WE,1

pY ) Wez1
_ Z)‘zw -XPZ¢2 TY + 2Z¢2 TY 4 22 §(z—z/)
j Wey j )\/Q)w 10 W€Z12¢1 12 j €.1
- = Zwlsz NN Z’tj)Q 2 Zlﬁ?
() e (s (22
Ao \ ) 6(z=7)
A A P2 “ ~ . A z ¥4
+ 22 <jw2p621Z > TV, + (z X )\p> (z X p> (— /\g;) TS+ 22 <] e )
(D.5)
Breaking (D.5) into TM?, TE® and depolarizing components implies that
STMF o o Zp1Zpa \ wb | v o [ L2 RS Zy2 0
G190 = A\ Ty + A T A T
ele2 P\ ( )‘/ZW 2 p= e 4 T2 we, 10
X2 7
52 pyp o2 P
T
LT ()T (2
= Zur |\, (55 ) T8 X (=) (k) T (D.6)
)\x (wsl 1> TleO )\y <w5121> Tzlpo <j w2e2 Z,M) 111)2
CTE? - - 7
Gore = (2% %,) (2% %) (-jk—§1> ¢
PO
Ao =Ny 0
Zj1 \ o
= |-NA A2 of | i | T (D.7)
pO
0 0 0
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5fflea= 000 (QM) (D.8)

Now analyze the electric field component observed in region 2 resulting from
electric currents in region 1, Fy.. Substituting (C.7),(C.35),(C.40),(C.75), and (C.80)

into (157) implies that

< N /2 - L o2 202 - -
Gezer = JAp <G<I>26t1 + G@ezl) —J2 X XNGoger — J w:w (Gq,/;2et1 + G¢2ez1>
22
+j Sallp) (z —2")
WeEzo
- XNy Zi Z 27 e (2xNZ
=JA\ L )\d;l 2 T? + ( wl) T? —JEX A, )\2’) 02 Tg
pY 22 0
ZN2 X, Z 27 25
oY eyl TUJ . Pl T¢ . Sy — 2
J We o [ < J )\iw ) 13 ( w€z22¢2) 15 + J = (Z z )




)\32/ Az, O
Zf \ o
=N A 0| i | Ts (D-11)
PO
0 0 0
0 0O
2d O(z— 27
Geer = [0 0 0 (J—(WCQ >> (D.12)
0 01

Next, analyze the electric field component observed in region 2 resulting from elec-
tric currents in region 2, Fae. Substituting (C.11),(C.39),(C.44),(C.79), and (C.81)

into (157) implies that

b~y L o2 - Lz 22 - -
Gezez = 7N <G¢'26t2 + G(I)2€Z2> — 72X XNGoaea — J Epw (Gz[)QetZ + Gw2ez2>
22
+3J =5 (z —2)
Wez2
- XoZg \ e 2 ol o (2 X N
= — T TV —j2 x P 1o
7% [( o2 ) o Ve, JE A\ T, ) e
22 X 2 33
2 14 TV TY S (s —
J WE o ( J 2/\/2)w> 14 < 2Z¢2wez2) 16| jweg (2=2)

(D.13)
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Breaking (D.13) into TM?, TE?, and depolarizing components implies that

STM: o o A o 1 o 1
Gerer = X <_‘7 2)\zg ) Tg A2 (_ 2we 2) Tg} T <_2w6 2) i

A A . p T
i <] Qszw%Ez) 0
Ai <_j22/\22 ) Tg Am)\ ( j2Z)\1g2 ) Tg) /\17 ( 2we 2) Tw
P
. Z Z.
Az dy <—J 2A§1> T§ A ( i ) TS N, (—;) Y (D.14)

2wez2

)\2
)\z (_2w1:22) T%‘l >\y (_2w{~:22) T%‘l (j 2Z¢2(j} EE > Tzfﬁ

A2 AzAy 0 ,
. Zp
= [=AA, A0 <_ 2)\22>Tg (D.15)
0
0 0 0
0 00
Zd 0 (z—2
Gee2= [0 0 0 <j—< )) (D.16)
Wez2
0 0 1

Now that the electric field resulting from electric currents has been determined,
the electric field resulting from magnetic currents must be analyzed. Begin with
the electric field component observed in region 1 resulting from magnetic currents in

region 1, EihL Substituting (144),(145),(C.46), and (C.73) into (157) implies that

2)\2

Gwlhl
ZZé)l
2wlu/z1

ZX A\,
Td)
wezl ( Z¢1> H

Gen = jNGan — j2 X X, <é91ht1 + Geum) - J

- ZX)\ " N -
A ( 2/\/2]¢>T3—]z><)\p[< 2)\2>
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o [ = 1 U _ 1
5 (0) (g ) £ (64 8) () T
p z

(D.17)
+<2><X)X 1 T9+(2xX>sz"1 1
P P 2/\/2)0 3 4 2(&.)/,llzl 1
Breaking (D.17) in TM?® and TE® terms implies that
STM* o (. @ 1 NYOUNE 1
fm =X (2 %,) (—2 A/Qﬂp) T+ 5 (2% X, ) ( 2wa€d) v
Ay (=) T8 R (=) T 0
— Y Y
= | X (- ) T A (5 TE 0 (D.18)
_>\y (] 2Zw11w621> qul}l )‘x (] szllel) qul}l 0
S TE? Y . 2\ Zn
Gap = (z X )\p) Ap <2)\2 > T4+ (,z X )\p> z (j 2wuﬁ) Y
. Zo1
—Azdy <2A2 ) 5 _)‘12/ (2,\2 > 5 =Ny (3 2wZ 1> 19
—| x (w )18 (5) 08 A () (D.19)

0 0 0

Next, analyze the electric field component observed in region 1 resulting from
magnetic currents in region 2, Eyp. Substituting (C.12),(C.13),(C.47), and (C.74)
into (157) implies that

/\AQ

éelh2 = jXpG¢1h2 —JZ X )\ (Galth + Gelhz2) - ] G¢1h2

€21

. Sx N7 - W/ 572
=% | 52" 2y X =5 izgl Ti+(——91)Tg

_ﬂiw _2x A2y v
WE,1 )\2 Z¢1 12
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(5 %,) (%) riee (3 (122 )
+(gxxp)xp< fg;>rz+(zm) (.28
p

W21

(D.20)

Breaking (D.20) into TM* and TE® components implies that

G =3, (¢ 3) (fw> vivs(sx8) (im0 ) i
Xy (ZW)W A2 (fL) Y 0

_ _/\y<Z¢2>Tw Y (ij) TV 0 (D.21)
(22 ) T A (i52%) Th 0

G = (2 3) %, (_f_> vis (sx3) (32 ) v

7
“aad (<2) T8 - (<2) T8 - (2 ) v
)

= 2 (- Z‘“)TG My (<2) 18 A (528 ) v (D.22)

Now analyze the electric field component observed in region 2 resulting from

magnetic currents in region 1, Eghl. Substituting (C.14), (C.19), (C.49), and (C.82)
into (157) implies that

bog ooz - = 2k2
Geont = JAGaon1 — J2 X A, <G92ht1 + G92hzl> - J

- 2xNZ L
=J\ <jk+¢l> T‘f—jzx)\p

G¢2hl

-XpZ% 0 ( ZZ@z) 0

——— |14+ {({——=)7

(] )\/2)9 > 7 Wit 5
2
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WEZ2Z¢2
o v Ny [ 262 o v\ o [ 2 0
+(2x %)% (3 T+(z><)\>z< T
p) e <>‘,2)9> 7 p jUJMzQ 5
(D.23)
Breaking (D.23) into TM* and TE® components implies that
ZTM* N “ N Z 1 N Zl/’l "
Glam =X (2% %) (=554 14 x %) T
c2hl 2 ( A2 +Z wezszz 1
-y ()T (-3
=\ ( Z‘“) i m Zwl Tw 0 (D.24)
. Zup - Zy
_)\y (j wezngw2> Tilpg) )\I ( we ;Zd@ T,lfS 0
o TR - (Z
GeT2Ehl:<2X)‘p)/\ 32 T(;—I— ZX/\ 13
kp@ M
() () < : >
el 2 2 Z
= x (Zﬂ JRE Y (r"&) T ), (;wzz ¢ (D.25)
0 0 0

Finally, analyze the electric field component observed in region 2 resulting from

magnetic currents in region 2, Eyy,. Substituting (C.18), (C.20), (C.50), and (C.83)
into (157) implies that

G62h2 -

R N oz - z/\2
Jk,Gaznz — j2 X A, (GGth2 + Gezmz) - J Gw2h2
€22

- [ ExX, o DY 2700
2y TY — by AN o N ¢
( 2)‘,2)7,0 ) ST [( 2)‘,2)9> o ( QWMzz) °

A\ 2 N -
_ jZ)‘pw & X Ap TY
WE 2 2k§¢Zw2 16
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(D.26)

_ p P
|G ) o
_>\y (-7 2Z¢,21wezg> quz}G )\x (j 2Z¢jwezg> TQfG 0
bads i ne N N 7
G = (z x A,,) X, <2A2 > 104 (z X Ap) 5 (jzw/i:) 1
- 7
—AaAy <2A2 ) 13 = (2,\2 > TE —X (3 2w222> 1§

= | R (5) T8 A (F) T8 () T (D.28)

0 0 0

D.2 H. Development

Begin with the magnetic field component observed in region 1 resulting from

electric currents in region 1, ;Im- Substituting (C.5), (C.28), (C.33), and (C.51) into
(159) implies that

beg ooz - - .73)‘26 -
Ghiet = jAGriier — J2 X A, <Gwletl + Gwlez1> +‘7w = Gorer
z1

- z><)\ - X z
i Y0 iz x X T+ ——— ) T
( 2A§9> 9 I X ”[( 2)\2) +< 2Z¢1wezl) &

,2A29 Z X X Zg
i e )
W21 o0
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(D.29)
N (3 1 s (2 Zop1
N (2% %) o+ 2 (2% %) 0
T Ap |2 X Ay (2/\29> g T 22X A, jQWle 1
Breaking (D.29) into TM* and TE® components implies that
G = (5 XY 5 [ gnr ) 10+ (25 X) 2 (G ) T
== Z R Z Z -
hlel p) o 2)‘2111 9 P J 27 j1wean 11
WY (—ﬁ) Ty A2 (—Q;?}w) T -, (j—ﬂ;wﬂ) Y
| <_2;§w> TV A, <_2)‘1§w) T A (i) TH (D.30)
0 0 0

_My(ﬁ)rg Ag,(Q;ig)rg 0
= =2 () T8 (F) 18 0 (D.31)

(72 ) T8 2 () 18 o
Next, analyze the magnetic field component observed in region 1 resulting from

electric currents in region 2, ffleg. Substituting (C.6), (C.29), (C.34), and (C.52) into

(159) implies that

222 .,
ZX% =

éhleQ = jApéHIEQ —JEX A, <éwlet2 + éwlez2> +7

o ,ZA’XXZQ a —
=j\, (J—pl> T — 2 x A,

W21

N Zys \ s ( 27y ) ’
TV 4+ (=22 )1
(J )\?)w 10 WGZ12¢1 12

266



(D.32)
+5,(2x %) L T+ 2 (2% X)) ( i )Tg
Breaking (D.32) into TM* and TE® components implies that
= TM= S\ = [ Zyo 2N . Zyo
G€:< A))\ Zv2 T¢+<zxA)z( )W
hle2 (/\/gw 10 P J werZyt 12
z 7,
()T ()T )
J— Z, 2 Z, 2 . Z. 2
- A2 (%) T%o AzAy ( > ) Tlfo Az (J wezlwzw> T% (D.33)
0 0 0

STRF o - Z, - 72
G =%, (z X Ap> ( Ag) T0 42 (z % X ) ( wfll) ¢
e G Y e R
= | -2 ( Z@l) T A, ( Zj;) 0, 0 (D.34)
. . Z
(G2 A (i) 1y o
Now analyze the magnetic component observed in region 2 resulting from electric

currents in region 1, ﬁgel. Substituting (C.7), (C.35), (C.40), and (C.53) into (159)

implies that

2\2

= 2% X, Zg .o
()
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o (D.35)
+ 5, (2% %) Zon T9+2<2xi)(jz—32)re
P AU Rat )\ Vops) 3
Breaking (D.35) into TM* and TE® components implies that
~zMZ—<2><X>>\ _Zn T¢+(,»2~><A)2 2o\ v
21 o) e\ T ) p wenlys)
z z y
P (5) T (R T A (ki) T
— Z1 Zu1 . Zu1
- A2 (‘%) Tlfa A2 < A%:)) T%:a Az <] weszW) Tllp5 (D.36)
0 0 0
CTE? N Zp2 0 NS 2022 0
=X, (2% %) T+ 2 (5% %) T
h2el = Ap (2 X Ap (A?,(;) 13T 22X A Wi )
“ Aoy (rl) 1o, N2 (ﬁ) 10, 0
— | —x (A_e&) T0 AN, Ze2> T4, 0 (D.37)

Next, analyze the magnetic field component observed in region 2 resulting from
electric currents in region 2, Hae. Substituting (C.11), (C.39), (C.44), and (C.54)

into (159) implies that

AW

< - = =2 = R4
Ghae2 = JA,Gize2 — j2 X )\ (Gw2et2+Gw2ez2> +‘7w 20
22
3 QXX 0 N N
=Jj\ (—j 2)\/2)9’)) T —Jjzx A,

X, 2
Td) _ Td}
( 2/\2 > 14 * ( 22¢2W€22) 16

N SO
. po 02 T@
+ ,] (,dluzz ( 2)\2 6

0

GQQEQ
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- 1 . 1 Y
08 () 8 )

(D.38)
5 (25 %) (555 ) 18 %) (5522 1
A (Z % p) 2)\2 14t <z % ) 2w,u22 6
Breaking (D.38) into TM* and TE® components implies that
ZTM= >\ o 1 - 1
Crace = (2% %) X | =5 | Th+ (2% %) 2 (G5 —— ) T
h2e2 2 X FEp | Ap ( 2)\/2)¢> 1t (ZXA)2 JQwaezg 16
_)‘:r)‘y <_ﬁ> Tllp4 _)‘32/ <_2’\§w) Tllz}4 _>‘y <]m> Tllpﬁ
T ()T ()T | O
0 0 0

STE* o (. v 1 Y . Ly
Craea = %o (2% X, ) (2 = ) T+ 2 (2% %) (J QWM) T
“Ady (W JREARDY (w )xe 0

Y (ij;22> T A, (ij;fz)Tg 0
D.3 H Cross-Term Development

First, analyze the magnetic field component observed in region 1 resulting from
magnetic currents in region 2, Hyjs. Substituting (C.12), (C.13), (C.47), (C.55), and
(C.57) into (159) implies that

< oz = I 2)\2
Ghinz = jA, (Gnlhtz + GHIth) — J2 X X Gyinz + jwu (Gelht2 + G01hzz>
z1
.22
+7 d(z—2")
Wzl
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N 7 ZZ /\2 5 )
+2Ap< 91)TZ+22(—j o p9>T§+22<j—(Z Z))

2
W2:U’z1 Wit 21

(D.41)

Breaking (D.41) into TM?, TE?, and depolarizing components implies that

STM? R N R N . Z¢2 W
Ghine = (Z X Ap) (Z X )‘p> (] 2 Z@) Ty

oY
Ao =Ny 0 ,
| ) _Zv2 v D.42
ANy A0 J)\/Q)wa) 12 ( )
0 0 0

(i) T, () T A (225) T4
=y, <j;;> Y, X (jj) T4, A, (WZ;;)T% (D.43)
(2 g (2 xg (B
000
éimz 000 (J%) (D.44)
00 1

Finally, analyze the magnetic field component observed in region 2 resulting from

magnetic currents in region 1, ffghl. Substituting (C.14), (C.19), (C.49), (C.58), and
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(C.63) into (159) implies that

bnd ooz > - ‘2)\2 > -
Gham = jA, (GHthl + Gmhz1> —J2 X XNGyopt +J 7 <G92htl + G92hzl>
22
+J =5 (2 —2")
22
= (X 2792\ o ~ X XpZyt \ e
=0 || = | Y05+ j—)T —g2x N | = £ T
P [()\i@) 1o W22 s P A?’¢Z¢2 15
ENZ, X, Zos 272 23
+ . 4 L 7\p TG + <__92) TQ + . (S oy — Z/
/ W22 [ (j )\ig ! Witz2 > J 22 ( )

- - 7 - 1 . 7
= (2% 2% N L 'S W W i ' +>\2(— 92)T9
( p) ( p) (9 2 sz) 15 pA\p ]Age 15 0 Wl 13

o A . T\ 0(z—2
(s () ()
z 22 z

—

2
P
\2 AA, O ,
_ : Pl P
==X, A2 of [J T (D.46)
Y A§¢Zw2> 15
0 0 0

2/@2
ST ()T A ()T
Y (yée)m A2 <j%/2]9)T‘f5 A (=) 1, (D.47)
W ()T (S5
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E. TE® and TM* X-Band Rectangular Waveguide Modes

The index ¢ in table 2 selects from the first 20 TE; ~and TM; = modes in order
of increasing cutoff frequency for an X-band rectangular waveguide. Note that, due
to physical symmetry, only odd values of m and even values of n are allowed to be
excited at the aperture.

Table 2. First 20 X-Band Rectangular Waveguide Modes

H q ‘ Mode ‘ feq (GHz) H q ‘ Mode ‘ feq (GHz) H
1 | TE, | 656 | 11| TE:, | 54.56
o | TE:, | 19.67 | 12| TMZ, | 5456
3 | TE; | 3022 | 13| TEZ, | 59.01
4| TMZ, | 3022 | 14| TE: | 59.37
5 | TEZ | 3278 | 15| TMZ, | 59.37
6 | TE:, | 3546 | 16| TEZ, | 62.20
7 | TMZ, | 3546 | 17| TMZ, | 62.20
8 | TE: | 4410 | 18| TEZ, | 6597
0 | TMZ, | 4410 | 19| TMZ, | 65.97
10 | TEZ, | 4589 || 20| TEZ | 67.50
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F. Evaluation of A\, and )\, Integrals

This appendix presents details of evaluating infinite integrals with respect to A,

and A\, when possible.

F.1 )\, Integrals for Two-Layer Method

Focusing on the inner integral with respect to A, from (221), an attempt will be

made to evaluate and simplify the following:

T (1 = oMb (1 — e=ind)] T —eint)]

/[( e )/\(2 € ) Ghlhl,zxd)\y:/ [% Ghint zzd\,

—oo 4 —0 Y
< 1 — =it ]

+/ % GhinzadXy (F.1)
—00 Y

Recall that Gpip has both TE? and TM? components that can be analyzed sep-

arately. Taking advantage of that fact will simplify the analysis a bit.

TE? Contribution.

From Chapter II, it was determined that

Grin e = A (j ﬁ) oef (F.2)
Zg1 €08 (A,92T) [cos (A g1h) + cos (A.e1h)]
[Zel cos (A.02T') sin (A g1h) + Zga sin (A.g2T') cos (Ag1h)
Zpa sin (A.p2T') [—sin (A,91h) — sin (A.g1h)]
Zg1 €08 (A,02T) sin (ALo1h) + Zgo sin (A,g2T") cos (A.g1h)
Zg1 — Zgo tan ()\ZQQT) tan ()\Zglh)

—9 F.3
ZOl tan ()\Zglh) + ZQQ tan (/\292T> ( )

T (29 =
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Substituting (F.3) into (F.2) implies that

~TE? oy 2 [ 1 Zg1 — Zpa tan (X,poT') tan (g1 h)
hlhl,xzx (z’:O) - >\x I3 <F4)
)\pQZm Zg1 tan ()\Zglh) + Zgo tan ()\ZQQT)

Substituting (F.4) into (F.1) implies that

[e.9]

/=

[e.9]

éhlhl,mz dk'y + /

N 70 (1 — ej’\yb) )\2 . 1 Zg1 — ZLgo tan ()\ZQQT> tan (/\Zglh) d\
- a2 "\I32, 751 | | Zor tan (\agih) + Zao tan (Ao T) v

(1 - e‘j’\yb) 2 1 Zg1 — Zgo tan (AgoT) tan (A1 h) )
\2 " \I32, 71 | | Zor tan (Mg h) + Zas tan (\agnT) v

(1 — emMb)
\2

Y

éhlhl,m:d)\y

o/

- 7’ A2 (1= €™) [Zgy — Zgg tan (AugaT) tan (Aagi )]
B W A2 (A2 + )‘32,) [Zo1 tan (g1 h) + Zpo tan (N,goT)]

d\,

+ 7 -)‘925)‘291 (1 — ij)‘yb) [Zgl — Z@Q tan ()\ZGZT) tan ()\Zglh)] d)\
w/ubtl)\z (/\g + )\5) [Zgl tan (/\zglh) + Zgg tan (/\zggT)] Y

In order to employ complex plane analysis, it must be shown that the integrands

of the integrals in (F.5) vanishes on the A\, controur — oo in modulus. First, note

that A.pp12y = \/(.U2€t{172}/l/t{172} — % (A2 + )\12/) That implies that

, : H{1,2}
1 =1 2 - 24+ N2
i Aspq1) = lim \/ WEL{1,21He{1,2) (A2 A7)

Hz{1,2}
0 0
— | \2 w2€t{172wﬂ{2}' g2y | A2 .
T oo | 2 - 5+
Y y pe{12r | Ay

R 2070 15
= /—,Uz{LQ} ,\},linoo Ay — 00 (F.6)
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Next, note that Zyg 9y = w“t{”} (F.6) implies that

Azo{1,2}

Aigﬂoo Zopi2y =0 (F.7)
Next, the behavior of A,y Zp2 must be analyzed as A\, — 00.

. . Wit Azo1
lim M9 Zpp = lim Wi Az01
Ay—00 Ay—r00 )\292

J)/ Jlian
Hz1
= Wl lIm ———
y—>oo}A/ [ B2
Hz2

— (A)/,[,tQ Mtlﬂzz (Fg)
M2 21

Next, the behavior of A\, Zp(1 2y must be analyzed as A\, — oo.

| AyWhi(1,2}
WD =

gy 2R
Ay —00 ¢ Ht{1,2}
! J% \/ Hz{1,2}

= —Jw/Ile{1,2) {12} (F.9)

Finally, the behavior of tan (/\Zg{m}C) behaves as A\, — oo, where C' € R.

. ) , Hi{1,2}
lim tan (A = lim t AyCy
€)= Ji tan (10,02
1
~ tim W
Ay —00 Hz{1,2}

= j (F.10)
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Studying the first integrand,

i GA2 N0 (1 — e0) [Zgy — Zgo tan (MsgoT) tan (A.p1h)]
Ay=00 Wit A2 ()\3: + /\5) [Zg1 tan (g1 h) + Zgo tan (Ao T)]
o JA2 (1 — ej’\yb) [A201Z01 — Mog1 Zgo tan (X,goT') tan (X, h)]
Ay=00 Wl Ay ()\% + )\12/) Ay Zo1 tan (A.g1h) + Ay Zgo tan (A.p2T)]
| GAZ (1 — e?M) [wuﬂ - jZWMtQ\/%}
o Gy (0 1 0) [(jio i) 3 + (~doo/iaiis) ]
i1 pz2

N2 | Ha R (1 — )
j—= im ———_
wita | /e y/Haftzz | Ao Ay (A2 4 A2)

=0 < S{\} >0= UHPC (F.11)

Similarly for the second integrand, it can be shown that the integrand decays to
zero if and only if the imaginary part of A\, < 0. Thus LHPC is required to evaluate
the second integral in (F.5). Examining (F.5), it can be seen that there are several
sets of poles that must be accounted for when evaluating each integral using CIT and
CIF. As depicted in fig. 21, there is a second-order pole C’SE at A\, = 0, simple poles
C’jjf\m at Ay, = £j;, and an infinite number of poles C’f satisfying the transcendental

equation

Zgy tan (Ag1h) + Zga tan (A.p2T) =0 (F.12)
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A
S{Ay}

Figure 21. Complex poles (red) of the transverse spatial frequency domain principal
scalar potential Green functions, deformation contours around those poles (blue) and
closure contours as R — co (cyan) in the complex )\, -plane.

Recall from Chapter II that for UHPC

R 0
}@/4¢+¢+¢t%@
+
R

R cf Cjﬁz sof

if:¢+¢+g¢ F.13

—0o0 + +
Cy Ci\e

278



Also, recall from Chapter II that for LHPC

i [ fe o

-R oy Cl,., XC; P

-J-f b

Cy 6'7

To evaluate the full integral with respect to A, represented in (F.5), add the UHPC

and LHPC components together such that

/ P fi%% fxf ®19

Cy C’:])\z

It is important to note that the deformation contour C; around the pole at
Ay = 0 (or any purely-real pole, for that matter) only requires a semi-circular path
in UHPC, thus the usual value obtained from CIF is halved. The other half of the
deformation contour will be accounted for in LHPC since all poles residing on the
real axis will be included in both UHPC and LHPC. Let us study each of these
components’ contributions, beginning with Cj .

The value of the second-order pole contribution at A\, = 0 must be divided in half

since the contour around the pole is semi-circular. Thus, from Appendix A,

N .0
y ﬂ—aTN ()\ ) - (F16)
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where

(F.17)

. { A2 } Aot (1= ") [1 B 2_2? tan (A.g27") tan ()‘zﬁlhﬂ
Wt ()\926 + )\Z) [tan (Ao1h) + g—Zf tan ()\ZQQT)}

D(\y) =X (F.18)

‘¢—jWMng-'{Ai}Awdl_é&%[L_%ﬂmﬂ&%Tﬁmﬂ&MM]
Wkt (A2+X22) [tan (Az01h) + g—Zf tan ()\ZQQT)]

Co
o 2 - % {)\261 (1 — o) [1 — g—:?tan (X202T) tan ()\Zglh)]}
[ WHt1 | Ay—0 A2 [tan (Azo1h) + g—Zf tan (>\292T)i|
L A2 ] . )\291% {(1 — eIMP) [1 - ﬁ—gj tan (A.p27") tan (/\zé’lh)]}
| WHkt1 | Ay—0 A2 [tan (Ao1h) + g—Zf tan ()\292T)}

. 1?1 — 22 tan (/\z92T)tan()\291h)} o2 Nor

A2 [tan (Aaorh) + 22 tan (AueaT)|

_ { A2 1 - Azo1 [1 - g—zftan (Az027) tan()\zelh)] % (1 — ei?)
W1 | Ay—0 )\g [tan ()\Zelh) + g—zf tan (AZQQT)}

Azglw% [1 — g—gf tan (A.p2T) tan ()\Zglh)]
+

)\% [tan (Ag1h) + g—Zf tan ()\z92T)]

)2 01 [1 - g—gf tan (X927 tan ()\Zglh)] (—jbeit)
= -7 [ £ } lim
Wit | Ay—0 A2 [tan (Azg1h) + g—zj tan ()\ZQQT)i|
— jbr [ )(5 } Noor [Zg1 — Zgy tan (A, T') tan (A, h)]
Wit ] X2 [Zg tan (Xig h) + Zj, tan (N, T)]

— jm [ b } |:Zgl — Zy tan (A T) tan(kiolh)} (F.19)
Zo1 | | Zg tan (Nspy h) + Zg, tan (X5, T)
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where

L _wmpey [ Faf12}
Zo0 = m7 o \/kt{l’2} - Hz{1 2}/\$ (F.20)

Note that the only difference for LHPC around the pole at A\, = 0 is that the
exponential term becomes (1 — e‘p‘yb). Due to the derivative step, the sign change

in the exponent causes a sign change in the final value, thus

$--¢ (F.21)

Next, analyzing the contribution of the deformation contour C’;;\I around the

simple pole at k, = j\, implies that

ky—jAe

% . j271' lim j |: /\i :| )\zel (1 — ejkyb) [Zgl - Z@Q tan ()\ZQQT) tan ()\Zglh)]
W1 >\§ ()\y + j)\x) [Z@l tan ()\Zglh) -+ Z@Q tan ()\ZQQT)]

+
Cj/\:c

(F.22)

To aid in evaluating the limit as A, — jA;, analyze how A.gf12; behaves in the

limit.

. _ 9 O H{12} 4, 9
h_}m ) Az0{1,2) \/kt{l,Q} (Aw + )‘y)

Ay—=jA Hz{1,2}
Hif1,2} 0
- \/kf{m} - M
Hz{1,2}
= dki1,2y (F.23)

The sign of k(1 2y is unimportant because (F.22) is even with respect to ki o}
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Substituting A.oq1,9) = kig1,2) into (F.22) implies that

% o ) |: )\i :| ktl (1 — 67)‘11)) [% — % tan (thT) tan (kt1h>i|
= j2r S
win ] )2 (ja, + A.) [ka tan (ki h) + 42 tan (kth)]

. . ktl (1 — e_)\mb) %ﬁl — % tan (k}tQT) tan (ktlh)
T Wik A % tan (kph) + %t; tan (k1)

(F.24)

For LHPC around the pole at A\, = —j\;, the sign of the exponent changes twice
in comparison to the UHPC case due to the additional sign change of the pole, so the
numerators are identical. Additionally, the A.¢f1 9y, and subsequently ki 9y, terms

are identical. However, one denominator term changes such that

Thus,

f-

Finally, analyzing the contribution of the deformation contours C; around the
Ay = —Ay values that satisfy Zy; tan (Ag1h) + Zpo tan (A,p27) = 0. Due to the
periodic nature of the tangent function, only one pole should exist at each Ay, value,
and thus each A, pole is first-order. Since these poles are not in the familiar (A, — Ay0)

form, the generalized CIF derived in Appendix A will be used, which states that

A N (A
g (Ay;dxy = jor ) (F.27)
o ( Y 2 ( y) Ay==Ay0s

4
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From (F.5), it can be seen that in the neighborhood of A\, = — A

A2 7 Mgt (1 — M) [ Zpy — Zyotan (Mo T) tan (Ase1h
N(Ay):j{ ’”} n (1=l . ar;( eel)tan Aeorh)] -y o
whis1 A2 (A2 + A2)
D (X)) = Zgi tan (A.g1h) + Zgo tan (X.g2T) (F.29)

In order to simplify the derivative, it is helpful to express the denominator in

terms sines and cosines versus tangent functions. Thus

i sin(A,g2T) sin(A,g1h
N ()\ ) . |: )\920 :| >\z91 (1 - ej)\yb) [291 o Z92 cosgkzngg cos((Aj;lh))]
7 Lo 3 (0 + %)
Z@l sin (/\Zglh) Zgg sin ()\ZQQT)
D ()‘y) =
cos (A.a1h) cos (A,927T)
A2 Aot (1 — €78 [Zgy cos (M.g1h) cos (A.goT)]
:>N(/\y):j[w ] ( )2 2 2
i1 A2 (X2 4 X2)
4 (F.30)
+)\291 (1 — e?P) [~ Zpy sin (Azp1h) sin (Xzg2T)]
A2 (A% + )\;j)
D (X)) = Zp sin (Azp1h) cos (A.g2T") + Zpa cos (Azp1h) sin (Ap2T) (F.31)

Recalling that

Hef1,2}
Azo{1,2} = i\/ktz{l,z} - >‘/290

Hz{1,2}
Hif1,2}
=4, k2 — A2 4 )2
N )
and that
WHt{1,2}
Zo{1,2) = Neoira)
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implies that

0

0 0 )
8_)\yD (A\y) = 8)\ [Zg1 sin (A.g1h) cos (A.e2T')] + W [Zga cos (Ag1h) sin (A ,g2T)]
0

) 0
= sin (Ag1h) cos (A.g2T) 87291 + Zpy cos (AgoT) —— A, sin (A,01h)
0

cos (A.g2T') + cos (Ag1h) sin (A,e2T) —— Zpo

+ Z@l sin (/\Zglh) a/\

A

0 0
+ Zyo sin (A.92T) W cos (Ag1h) + Zpa cos (M,o1h) —— A, sin (A,g2T)
Y

0

a/\ [)\291 h]

0
= sin (A.g1h) cos (A\,g2T) —— o {O;\/ZH} + Zy1 cos (A.goT) cos (A g1h) ——
201

— Zgrsin (A,e1h) sin (g2 T') ——

0 ) 0 |w
o, (A.02T] + cos (Asg1h) sin (A1) —— o, {Aij

0

— Zgosin (A,e2T) sin (g1 h) —— [M.o1h] + Zga cos (Ase1h) cos (Mg T) —— o, (X027

0
oAy

0
Azo1 + hZgy cos (Azp1h) cos (Azp2T) =Nz

W | .
= |— Ao1h Aooo T
[ ]sm( o1h) cos (A.p2 )8)\

Mo
— T Zyy sin (Azp1h) sin (A T)i)\ + |2t cos (Azg1h) sin (A T)i)\

01 z01 262 a)\y 202 )\392 201 262 a)\y 262
0
aT/\zEQ

Y

— ]’LZ@Q sin (/\zglh) sin ()\ZQQT) ai

Ao1h
- {291 cos (A.p27) {h cos (Azo1h) — SlIlE\—zm)]
201
0

O\

201 + T Zgo cos (Ag1h) cos (AgoT)

—hZpasin (Ag1h) sin (AugoT) } =——Nog1 + {Zo2 cos (Mug1h) [T cos (A.g2T') (F.32)

. ) 0
} — TZ@l S1n ()\Zglh) S1n ()\ZQQT)} WAZHQ

_ sin ()\zggT)

)\z92

In order to find %D (Ay), it will first be helpful to find 5 )\29{1 2.

9 3 He{1,2}
Az k? = (A2 + A2
oAy 6{12 = 8>\ \/ "2y Hz(1,2) ( e y)

1 0 [ 2 _ H{12y 4o 2 }
ki A2+ A
B GE O [0 iy 054

#z{l 2}

1 [ He{1,2} (22, )}
2\/kt{l 2} — P (Ai +)‘12/) H=(1,2}

Hz{1,2}
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Ayhie(1,2}
{1,
Fz{1,2} \/k}?{l,z} - #Z{{llz (A:%: + )‘12/)
_ Aypit{1,2)
H={1,2) A26{1,2}
Moy
Whz{1,2}

=7F

(F.33)

Therefore, substituting (F.33) into (F.32) implies that

0

Ay Zo1
D) = |-
a)\y ()‘y) |:

W21

} {Zgl cos (A.g27) {h cos (\sgrh) — M}

)\zﬁl
Ay L2

—hZgy sin (/\Zglh) sin ()\ZQZT)} + |:—

sin (A,g2T")
Y
sin (A,1h)
Az01
AyZo2

Witz2

} {Zpa cos (A1) [T cos (A.02T)

22
1 — T Zg sin (A1) sin ()\ZQQT)}
Ay Zi

=280 { oy cos ) |

WHz1

— hcos ()\th):|

sin (A,g2T)

(F.34)
>\z02

—|—th2 sin ()\Zglh) sin (/\ZQQT)} + {Z@Q COS ()\Zglh> |:
=T cos (Ag2T)| + T Zpy sin (A.e1h) sin (A,92T) }

which implies that

N 2770#%1#22)\3; (1 - ej/\yb) Zg2
—d\, = — 1 — == tan (A1 h) tan (X,p2T
f ot [ S 0a TR D | |1z e Ot tan (s
c

Ay=—Ay0¢

(F.35)

where

- tan (Aze1h tan (k,g21
D™ = Zji e {—i - )—h} + Ziaptr {—i = )—T}
201 202 (F36)

+ Zg1 Zgo tan (Ao h) tan (A ,e2T) [hpese + T'hiz]

For LHPC, note that A, — —A,. Recall that .41 2), and therefore Zy(; 2y, are even

with respect to A\,. Therefore, all but the exponential term of the numerator and all
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but the /\2 term of the denominator remain identical. The sign of the exponential
term changes twice, thus the entire numerator term is identical to that in UHPC.
However, due to the )\2 term in the denominator, there is a sign change in LHPC

versus UHPC. Thus,

i%:-i% (F.37)

o Cy
Thus, it has been shown that
2 L
/:2 §1§+§1§+Z§1§ (F.38)
=\ o o

Substituting the TE* components above into (221) implies that

AL =0 () OL2,)

ZnMﬁmenkmkm 7’ (1 _ (_1)1;,” esza) (1 . (_1)vn e—sza) OTE*
(F.39)
OTE — [ b } |:Zgl — Zy tan (A T) tan(Aielh)}
Zg1 | | Zg tan (Mg  h) + Zg, tan (N5, T)
k(L= e0) | [ 5t — E2 tan (ki T) tan (ko h)
Wit kg < tan (knh) + <22 tan (ke T)
L
200,%1#22)\2 ] ( i\, b [ Zp2
- Z 2| (1—e™") |1 — == tan (A.g1h) tan (A7)
— [Ag (A2 +X2) DTE Zn N
(F.40)
N W12} |\ 4 9 M{1,2}
iy = 02D yepy = \/k IS (F.A1)
2 Aoy 2 L T
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- tan (A.g1h tan (AT
D™ — 22 1, { an (\.o1h) —h} - { an (A.g2T) —T}
)\291 )\292 (F42)
+ Zo1 Zgo tan (X.p1h) tan (k.o T) [hpizo 4 Tpiz]
TM?* Contribution.
From Chapter II, it was determined that
~TM> 1
Ghlhl,rz = )\2 < 2)\ Zw1> Twl (F43)

T4 (320) = {Zwl 08 (Asp2T) [cos ()'\21/,1 (h—1z — z'|)) +cos (Asy1 (h— 2z — 2))]
& Zyp1 €08 (Azp2T) sin (A1 h) + Zypo sin (A1) cos (Azyah)
+Z¢,2 sin (A1) [—sin (Azyr (h — |2 — 2|)) — sin (Auy1 (B — 2 — 27))]
Zyp1 €08 (Azp2T) sin (A1 h) + Zypo sin (A1) cos (A h)
B Zy1 €08 (Azy2T) [cos (Azy1h) + cos (A1 h)]
N [Zwl o8 (Azp2T") sin (A1 h) + Zypo sin (A,p2T") cos (A h)
Zypo sin (A1) [—sin (Azyp1h) — sin (A1 h)]
* Zy1 €08 (Azp2T) sin (A1) + Zypo sin (A1) cos (Azyah)
Zy €08 (A1) cos (Azy1h) — Zya sin (A1) sin (Azy1h)
Zyp1 €08 (AzpaT) sin (A1 h) + Zya sin (A1) cos (A1 h)
Zy — Zyatan (A1) tan (A1 h)
Zy tan (A1 h) + Zys tan (A1)

(F.44)

Substituting (F.44) into (F.43) implies that

G~TMZ (z 0) o )\2 . 1 |:2 Z¢1 — ZTZ}Q tan ()\ZwQT) tan <)\z¢1h):|
hihlzz 12'=0 2)\sz¢1 Zwl tan ()\zwlh) + Z¢2 tan ()\ZI[,QT)

- )\2 . 1 Zzﬁl — ng tan ()\ngT) tan ()\m/,lh) F 45
)\pdelpl Zwl tan ()\zwlh) + Z¢2 tan ()\ZwQT)

Substituting (F.45) into (F.1) implies that

[

—00

o0

éhlhl,zgv d)\y + /

—00

(1 — e

/\2

Y

Ghlhl,x:ﬁ d)\y
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_ 70 (1 — 6j>\yb) )\2 ] 1 Zwl — Z¢2 tan ()\ZerQT) tan (Azwlh) d\
A2 Y )\wad,l Zd)l tan ()\zwlh) + ng tan (AZ¢2T) Y

. / (1 — 6_j)\yb) )\2 . 1 Zd)l — Z1/12 tan ()\ngT) tan ()\zwlh) d\
)\Z ¥ J )\id]Z¢,1 Zwl tan ()\Zwlh) + Z¢2 tan ()\szT) v

. / jwetl (1 — ej)‘yb) [Z¢1 — Z¢2 tan ()\zszT) tan (AZ¢1h)]d/\
- Y

)\zwl ()\% + )\Z) [27/11 tan (Azwlh) + Z¢2 tan ()\Zqz,QT)]
(F.46)

7 jwen (1 — e M0) [Zy1 — Zyo tan (Ao T) tan (Asy1h)] I\
v

>\Z¢,1 ()\:% + /\5) [Zwl tan (Azwlh) + sz tan (/\ngT)]

As with the TE® analysis, the first integral can be evaluated via UHPC and the

second integral can be evaluated via LHPC. Through similar analyses, it can be shown

that
Z =2 <§1§C+A + ;i; 5@) (F.47)

Note that since the )\Z term in the denominator was canceled with a )\2 term in
the numerator, there is no longer a pole at A\, = 0.

First, looking at the C’;\x pole implies that

Ay—jAz

. . jw€t1 (1 — Gj)‘yb) [Zd)l — Z¢2 tan ()\ZwQT) tan (/\zdzlh)]
= j27 lim , (F.48)
ct /\zd)l (])\z + /\y) [Zdzl tan (Azd)lh) + ng tan (/\z¢2T)]

JAw

Analyzing how A,y 2y behaves as A, — jA, implies that

. €t{1,2} 0
- Aw{l,z}z\/ks{l,z}— 02—y

Ay—JAa €2{1,2}

— ikt{l,Q} (F49)
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This implies that

(1 —eb) [’““ — b2 tan (kT tan (kﬂh)]

= J2m  jwen ) ) wet; = -
ch, kn (G + 5 A) [w;tll tan (ki h) + 22 tan (k:tzT)}

wey (1 —e?) [& - U%Ztan (ki2T') tan (ktlh)]

WEL]

= jm (F.50)
Fnde | 225 tan (kuh) + 222 tan (ki T)|
Noting that
L)) _ WV {12
WEe{1,2} WeE{1,2}
_ WetprarHi{1,2}
WEeLIT/€t{1,2} Ht{1,2}
_ W12y (F.51)
ki1,2y
implies that
ki (1 — eb) [% — 2 gan (i T) tan (ktlh)]
Cj&z (A)[,Ltl)\m |:wk;:il tan (k;tlh) —+ % tan (thT)i|
Next, looking at the C; poles,
N N
C’Z’ W Ay=—Ayyt
where
' 1 — &) [Zy1 — Zyo tan (N.yoT) tan (Ay1h

N:jwm( M) (Zy “ aDQ( p2T) tan (Azy1h)] (F 54)
Azt (A2 +22)

D = Zwl tan (Azwlh) + Z¢2 tan (Azng) (F55)

In order to simplify the derivative, it is helpful to express the denominator in terms
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sines and cosines versus tangent functions. Thus

N Jwen (1 — ejkyb) [Zy1 €08 (Azp1h) cos (AzyoT) — Zyasin (Azy1h) sin (A1)
Azl ()\3j + /\5)

(F.56)
D = Zyy sin (Azy1h) cos (Asy2T') + Zya cos (Azp1h) sin (Ay2T') (F.57)
which implies that
0 0 [As . 0 [y :
—D=— Asp1rh AT — Asp1h AT
o, o, |wen sin (Azp1h) cos (Azy2 )} + o, L}eﬂ cos (Azp1h) sin (A2 T)
= Lsin()\ h) cos (A T)i)\ —1—@003 (A T)isin()\ h)
- W zl 212 a)\y 2Pl wen 212 a)\y zl
+ Azt sin (A,y1h) i cos (Moo + 1 cos (Aoy1h) sin (A1) i)\
wep 2l a)\y 212 Weps 2l 22 a)\y 212

+

Asy2 sin (Azy2T) % cos (Azy1h) + Az cos (Azy1h) % sin (Ay2T)

WE y WE2 Y

1 0 0
= —sin (M\.yih AooT) =Nyt + hZ Asp1 D Azp2T) 2
weﬂsm( p1h) cos (Azpe )my w1+ hZy1 cos (Azy1h) cos (Azye )8)\y ¥1

: : 0 1 . 0
_ TZz/;l S1n (Azwlh) S1n (/\szT) aT)\ZQ/,Q + E COS (/\zwlh) Sin ()\ngT) WAZQM
Yy Yy

. . 0 0
— thQ S1n (>\z¢1h) S1n ()\ngT) W)\lel + Tng COS ()\zwlh) COS ()\ZwQT) a)\mpg
Yy Y

0 1 .
= {8—>\y)\z¢1} {COS (Asp2T) |:It1 sin (Azy1h) + hZy cos ()\th)}
0

1
—hZygsin (Agrh) sin (AsyoT)} + | =—Asga |  cos (Aoyih) | ——sin (A, T)  (F-58)
5)\y WEo

+TZ,¢,2 COS ()\ZwQT)] — TZ¢1 sin (Azwlh) sin ()\Z,[pQT)}

It can be shown that

0 )\yet{l,2}

— = — F.
o, 26{1,2} (F.59)

€2{1,2} >\z¢{1,2}
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which implies that

iD: { )\yetl

: , 1
o, €z1)\z¢11 {th sin (Azy1h) sin (A1) — cos (A1) |:Iﬂ sin (Azy1h)

)‘y €12

+hZ1/,1 COS ()\zwlh>]} + |: :| {TZ¢1 sin ()\zwlh) sin ()\zw2T)

€22\ 202
1
— COS ()\zwlh) [Iﬁ sin ()\ZwQT) + TZwQ COS ()\zw2T):| }

A 1
= L {th,Q sin (Azyp1h) sin (Auy2T) — cos (Aup2T) {— sin (Azy1h)

WE212¢1 WE
)\y

hZz Ao1h
+hZy1 cos (A )]}+wez22¢2

1
— cos (Azy1h) {— sin (Ay2T") + T'Zys cos (AZWT)} }

WE

{TZ,M sin ()\z¢1h) sin ()\ngT) (F60)

Therefore

N 2 z1Cz 1 — eIMvb Z
35 d\, = — 12 ( ¢ ) [ — 2% tan (Azp1h) tan ()\zsz)]
C

O Y T ¥ Ll R
(F.61)
P 1
D™ = [he2Z3y + Tea Z3, ] tan (Aupih) tan (Mg T)
212y (F.62)
tan (k1 h tan (AT '
e {MM} e [M+T]
)\zwl >\zw2
Substituting the TM* components above into (221) implies that
™ ab b ho\2
Am,n - 57”,” (5) (M:Em + Mym)
_ ZnMgmMa]clnkﬂcmkm 70 (1 — (=™ ejkza) (1 - (=™ e_jkza) O™ 1k
(F.63)
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where

iy (1 — <) [% — 2 gan (k) tan (k;ﬂh)}

ki1

QTMZ —
e [ tam (k) + 52 ton (k)| P
2&1621622 1 — €]>\ b) Z¢2
Z )\2 + )\2 DTMz 1 - Zwl tan ()\zwlh) tan (AZQZJQT)
- Ay==Ayye
DTV _ — [henZ}y + Te. Z3, ] tan (A1 h) tan (A2 T)
e (F.65)

tan (A1 h tan (A.y2T'
e {MM] e {MM]
)\zwl >\z1/12
It is interesting to note that when the TE® and TM?® components are added to-

gether, the contributions due to A, = jA, perfectly cancel one another. Thus,

B ab ho\2

/ C (Q™ + Q™) d),

(1= (=1)"m ea) (1 — (—1)" e72a0) ]

ZnMﬁmMﬁnkxmkm
2

Cre =

QTE* _ - [i] |:Zgl — Zg tan (N, T) tan(Aielh)}
Zg1 | | Zgy tan (Mg h) + Zg, tan (N, T)

L 2W 1 fhoo A Z
z1M2z2 i\ b 92
1 —e?) |1 — == tan (A,01h)t I
2; [)\3 A2 )\3) DTEZ] (1—e™?) [ Zo1 an (Azp1h) tan (Azp; )]

Ay=—Ay0e

; 2WE,1€,9 (1 — ej)‘yb) Lo
Q™ = _ — 222 tan (Aspr h) tan (AsyeT
% A\ ()\%4_)\32/) DTM? Zon an (Azy1h) tan (A1)

Ay=—Aype

_ WH(12) . Hi(1,2)
Ze(l 2) T » N260(1,2) \/k2 (1,2) — A2

20(1,2) Hz(1,2)
tan (/\ZQQT) _ T:|

)\z92

tan ()\291 h)

D™ = 2921/”2 { A
2601

+ Zg1Zgo tan (A g1 h) tan (A,eoT) [Apisn + T ]
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. 1
D™ — [he2Z3y + Tea Z3, ] tan (Aupih) tan (Mg T)

Z¢12¢2
(F.66)
t h t T
e [ an (Asy1h) h] L [ an (Azy2T) +T}
Azl Azy2
Allowing the constant § = : % implies that the unknown coefficients C' can be
found by
C=A"B
A = b — ZoMemManKamian 7 O™ (™ + Q™) dA
m,n — Ymmn ZmZn o T
Cr =

(1= (=1)" ) (1= (=1)" —Wl)

QTE? — [i] {Zgl — Zgo tan (kg 1) tan(kimh)}
Zo1 | [ Zg tan (Nsgih) + Zgy tan (Mg, T)

53 F%“M (L)

A3 (A2 + A2) DTE®

Z,
{1 — 2% tan (A1 h) tan (AZQQT):|
Zo1

(=0 Ay=—Ayor

. 2we, 1€ (1 — e?MP) Zyo
Q™ — _ — 292 tan (Mpr h) tan (AuyeT
; N (2 + 22) DIV Zon an (A,p1h) tan (A1)

Ay :_)‘ywl

_ WHi(1,2) Hi(1,2)
Ze(l 2) — A\ » N20(1,2) \/k2 (1,2) )‘:25

29(12 Mz(1>2)
2 t Ao1h t Moo
D = Z2 1. fan(Anh) 220 tan (A7) _ .
)\291 )\292
+ Zo1 Zga tan (A.g1h) tan (AgoT') [Rpizo + T'piz]
2 1
D™ — he.n 22, + Te Z2,] tan (A1 h) tan (AT
ZonZom [he.2Zyy + T Zg, ] tan Aoy h) tan (AuyeT)
e [tan()\mplh) N h} e [tan (Azg2T) N T]
)\zwl /\zw2
2
Bm = Z_fn(sm,l

where the Zy,, ,,; and Mh

w{mn} terms are determined via Table 1 and the A, gy, terms
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are determined numerically via the techniques described by Hsu in [41].

Special Case: h — 0.

Finally, exploring the special case where h — 0, the first integrand of (F.5) sim-

plifies to
. 0
A2X.01 (1 — efMb) [Zel — Zgy tan (921" tanan
j . (F.67)
win N (32 + X2) | Zortan o) + Zoa tan (o T)|
_j e (L o) ot (F.68)
T opeeN2 (N2 + 22) Zgg tan (\ugaT) ‘
‘ )\2 o ej)xyb
= s (2 ) (F.69)
>‘y ()\ + A ) Zgg tan ()\ZQQT)
A2 eI cos (A9 T)
=J (2 5 ) (F.70)
A2 (X2 4 N2) Zgysin (Xzp27T)

Therefore, when analyzing the C/ component when h = 0, it is noted that

A2 (1 — e?b) cos (N.p2T)

N (A\y) =
) A2 (A2 4 )2) Zy,

(F.71)

D (\,) = sin (\.gsT) (F.72)

It is now evident that when h = 0, the C;" poles occur everywhere that \,g T = 7/.

Therefore,

MogoT = 7l (F.73)

Aagy = %E (F.74)

=t Z L (.75)
e = (7) 10
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2
1 7l
Mz ye =2 — B2y (—) (F.77)

Hz2 Hz2 T
2
Hz2 5 9 o Ma2 (Tl
Ny = "k — A2 — (—) F.78
YO pe2 \ T ( )
Myge = 4 [ H22g2, o Kz (T 2 (F.79)
Y 2 pee \ T

Similarly, it can be shown that

194

)\z¢2 = =

. (F.80)

2
Apoe = 1| 2k — 22— 2 (W—E> (F.81)
€2 T

€12

Analyzing the TE® results from the previous section in the limit as h — 0,

lim QTE — hmj[ b } {251 Zgo taH§A292 )tan()\*elh)}

h—0 h—0" | Zg, | | Zgy tan (A5, h) + Zg2 tan (A5p,T)
L
. QWI'LZIMZZ)\ 1 - ej)\ b
_ > ]lllil(l) [ )\3 ()\2 n )\2 DTE" 1-— tan zelh) tan ()\ZQQT) X X
y= " \yor
| 72 tam (A2, T) limy “h)
— ]b 01 5

Zj limy, Touh) + Zgy tan (M, T)
L .
20,1 oo N2 (1 — 63)‘91’) Zya .. 0
_ 1— Z%21im tan Oogh)tan (AugsT
Z [)\3 A2 )\2) limy,_,o DTE’ Zon lim ta gih) tan (X,goT)

Ay=—Ayor
| jbA%gy cos (A2, T) i 20t f12o N2 (1 — 200 F 8
Wiz sin (A%, T') - A3 )\2 + )\2) lim;,_,o DTE” N '
y= " \yor
. TE* _ M . 9 tan (A.g27)
}lllg(l) D }AyZ—/\yez o Zal’uzz hm .01 %‘ + ilzlg(l) Ziata1 { A292
0
—T]+ lim Zp, Zgstan ezgih) tan (2T [hyese + Tuzl]}
>\y:_>\y02
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2
(U;'::; > Kz
= lim [tan ()\ZQQT) T)\ZGZ]
h—0 202
Ay=—Ay0¢
w2 T
_ ( wl/\ ) Hz1 WQ T]{;zw}
202 )\y—f)\yGZ
— (”“ﬂ) TP (F.83)
7T€ )\y—*)\yel
which implies that
. .
lim OTE* — JbNZgs cos (NigyT) Z 2wpizpiz Ay (1 — ej:yb)
h—0 Witz sin (N, T') = | A (2 )\2) [_ (2Le) ,ule?’}
Tr Ay=—Ayor
bALgy €08 (NigoT) 2412002 — e b (wf)?
_ JbAZg5 008 (Al 2 Z T (F.84)
W ko SIN (>‘§92T> Wﬂtz )‘2(% (>‘2 + )‘yee)

Similarly, analyzing the TM? results from the previous section in the limit as

h — 0,

L iAyb
z 2 z1Cz 1 — el

lim Q™" = — lim e ( ‘ z)
h—0 h=0 4= ), (A2+A2) D™

Z
_Zv2? tan (Azwlh) tan ()\zw2T):|
Z¢1

Ay=—Ayye

~_ e (=) [ Zi tan AT am (g T
Z )\2+)\2) hmh ODTMZ Zd’l hlE)I[l) a an( 292 )

=0 Ay=—Ayype
ZL: s (1) (F.85)
- )\y )\2 + )\2) lim;,_,o D™ N
1 0
o TME 2 2 71
}ILE%D = {ZMZW [henZly + Ten 2}, ] }L%Wan (Azp2T)
0
t z tan (AT
—enp lim [ e lim {—an( v21) +T]
h—0 )\Zwl h—0 2p2
Ay=—Ayype
t l
_ —ele{ an (mf) +1]
71'@ /\y:_)‘ywl
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= — Ele 1

sinc (m{) N 1]

¢ Ay=—Ayype

= - ele (60,l + 1)|>\y:_)\ (F86)

yyl

which implies that

L

' ; 2(A)Ezlez2 (1 - ej)\yb)
lim Q™ = — E ﬁ
w0 = M ()‘3 + )‘12/) [=eaT (dog + 1))

L 2wen (1 — e
=-> wzz( ¢ Tt) (F.87)
= Ayue (A2 A0) T (004 + 1)

Ay=—Ayype

F.2 )\, Integrals for Reduced Aperture Waveguide Probe Method

In an effort to reduce duplication of effort, it is helpful to develop generalized

solutions to the A, integrals. There are two major cases that must be explored: h = b

and h # b.

F.3 Assuming h=b= k), =k) ki, =k,

ywp? Mywq

There are two general forms of these integrals that must be explored, one stemming

from Gy, and the other from G.y,. Beginning with @g‘”éhh (729)

o0

/ 4sin® (A, %) 2ON AL €08 (Asad)
LR (e TR T T | B
_ 7 ACNEN?, sin® (3,4 cos (Aead) "
S (B, (w—k8,) (w k) (W= E,) (24 42) sin (ad)
(F.88)

In order to evaluate the above integral using complex plane analysis, the integrand
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must decay to zero as A\, — oo. First, examine

lim A, = lim \/kz Bz 4

Ay—+00 Ay—+00 >
0 0
k> A\
= lim A, 5 — ol >+ 1
Ay—>00 v Joe v
R VT
=j " /\115100 Ay — 00 (F.89)
Therefore,
cos (A.qd)

Ay—oo sin (A ) d - )\Zlgnoo tan (A:ad)

. .Mt
— 1 a2
)\ylinoo tan < J . )\yd>
7 1
= lim jtanh [

=7 (F.90)
Next analyze
Y 4C AL, j
im =
Ay =00 ()\y + /gpr> </\y - kpr> (/\y + kqu) (Ay - kﬁ,q) (A2 +22) oo(6—u—v)
(F.91)

In this work, u < 4 and v € {—1,1}, therefore the above term always decays.
However, the sin? ()\y%) component is neither guaranteed to decay nor bounded as
S {k,} — oco. Thus, the sin® (A\,2) term must be broken into its exponential form

and the integral split to guarantee the proper decay of the integrands as & {k,} — oc.
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Therefore,

o\ D ety — eI\ [ — emiMy
S1n - =
v 72 72

Ml 1 — 1 4 77N

—4
1 —eMh 1 —emiMh
= F.92
Tt (F.92)
Thus the above integral becomes
/ 40N A7, sin ()\y%) cos (A.qd) "
- Yy
J ()\y + kpr> ()\y - kpr) ( ) <>\ — kB, ) (A2 + 22) sin (Ao d)

CAUNL, (1 — €M) cos (Azad)

Yyt za

__Z (v, ) (0= k2, ) (A + k2, ) (A= 8, ) (02 22) sin (Azad)

d\,

N 7 CXUXY, (1 — e7M) cos (Azqd) "
S g,) (w =k, ) (W kE,) (A = k8, ) (024 X2) sin (Aead) !
(F.93)

There are five cases that must be explored when evaluating the above integral.

Case 1: p=q=1

Case 2: p=1,q#1

Case 3: p#£1,q=1

Case 4: p=q#1

Case b: p#q,p# 1,9 # 1
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Case 1: p=g=1.

. B _ B _ .
In this case, k,,, = k,,, =0, reducing (F.93) to

[ COPAN, T [ ONA, (1= e0) o8 (Asad) "
/ 2)2 Y / AL (A2 + A2) sin (A.qd) Y
- e (F.94)
CXUNY, (1 — e M) cos (A.qd)
/ A (A2 4+ A2) sin (A.ad) Wy
y \"w Y Fo

On close inspection it can be seen that for each integral above there are possibly an
order 4 — u pole at A\, = 0, and simple poles at A\, = jA, and A\Y, sin (A,od) = 0. The
first integral requires UHPC and the second integral requires LHPC when employing
CIT and CIF to solve the integrals. Fig. 22 depicts the contours required to account
for each of these poles. There is a contour COi around the 4 — u-order pole at A\, = 0,
07—;1 around simple poles at A\, = £j);, and C’ijE around an infinite number of poles

J

satisfying sin (A.od) = 0.

~
S{Ay}

Figure 22. Complex poles (red) of the transverse spatial frequency domain principal
scalar potential Green functions, deformation contours around those poles (blue) and
closure contours as R — oo (cyan) in the complex ), -plane.
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Recall from Chapter II that for UHPC

i [ g g

B VIR DL
;»/:51§+§1§+Z§1§ (F.95)
-0 of =0

Also, recall from Chapter II that for LHPC

o e g d f

-R oy Cl,, XCf

[ f 54

7,700
*JAz

To evaluate the full integral with respect to \,, add the UHPC and LHPC com-

ponents together such that

[4

It is important to note that the deformation contour C; around the pole at

Zygﬁé §1§ Z% (F.97)

1=—00 "4 _ _
ot ¢y Coj,,

Ay = 0 (or any purely-real pole, for that matter) only requires a semi-circular path
in UHPC, thus the usual value obtained from CIF is halved. The other half of the
deformation contour will be accounted for in LHPC since all poles residing on the
real axis will be included in both UHPC and LHPC. Let us study each of these
components’ contributions, beginning with Cj .

Noting that (1 — eﬁ‘yh) is a zero of order 1 at A\, = 0, this means that up to u+1

poles are ultimately removable. The value of the (4 — u)-order pole contribution at
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Ay = 0 must be divided in half since the contour around the pole is semi-circular

Thus, from Appendix A,

CXUNY, (1 — PP cos (A.qd)
yg 4 ()2 2) «j dX,
J. AL (A2 + A2) sin (A.ad)
i | (F.98)
o gm 98T | O, (1 — €M) cos (Azad)
T (3-u) ox, (A2 + X2) sin (A.ad) A0
%)\ZQ

To evaluate these derivatives, it is useful to first find the value of

0 1 e
>\ZO!
o\, e |
J— ;: )\y a = w
AyTa
= — F.
L (F.99)
L a=40
Ta=1¢"" (F.100)
“ o=

Now let us explore the cases where u = {0, 1,2, 3}. First, note that when u = 3

the (1 — e ) term goes to zero. Thus there is no contribution from C;~ when u > 3
When u = 2, it can be shown that

o
~ "o,

Co

CA2, (1 — €M) cos (Azad)
()\Z + )\5) sin (A, d)

Ay=0

. —jhAY cos ()\* d)
_]WC[ A2 sin (A\f,d
ALY cos (Af,d
32 sin (O d } (F.101)

_wc[

where Al = &, /kf — L2 and AL, = =&, [k} — £k,
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When u = 1, it can be shown that

T
200}

Co

CAZ, (1 — eih) cos (Azad)
(02 £ 22) sin (Aoad)

Ay=0

_jnC {h%’;g cos (Aiad)l (F.102)

2 A2 sin (Af,d)

Finally, when u = 0, it can be shown that

yg gm0 | ONY, (1 — M) cos (M.ad)
6 0),° (A2 4+ A2) sin (Azad)

C(;r Ay=0

: GHAN cos (A%, d) Jj3h [v)\ig]_z) cos (A, d) — dAEY ™Y ese (A;a)} Ta

=59 snpnd) N2 sin (v d)
JOhAEL cos (A:,d)
Adsin (Ax,d)
. {—h3\28 cos (A, d) — 3h [vAL ™ cos (A}, d)
6)\% SlIl (A;ad> 0% zZQ zZQ zZQ
6hAY cos (A%,d) (F.103)
—d)\zg”_l) cse ()\Za)] Ta — 2 2 2 }

Upon close inspection of the u € {0, 1,2} cases, it can be shown that

yg ~ —jTIThETONE cos (Mr,d)  whCoug 2\ cos (A¥,d)
B A2sin (Af,d) (3 — u)! 2X2sin (A5,d) A2
cf (F.104)

+ [UAZ&”_Z) cos (AI, d) — d)\jg’_l) cse (/\Za)] Ta)

Similarly, it can be shown that under LHPC

A2sin (Af,d) (3 — u)! 2X2 sin (Af,d) A2

yg _ JUrhBTION cos (AL, d) ThCdy (2/\23 cos (A5, d)
bs (F.105)

+ [m;g’”) cos (Af,d) — dX:Y ese (Nio)] 7a)
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Next, analyze the C’;’AI contribution.

$ o=

Yy zo

b (Ay + JAg) sin (Ao d)

CAUNY, (1 — €M) cos ()\md)] D
y

C.;‘—A.’IJ
_ on [P (L= ) o <§lzad>]
O A Owd) ||
, _C’k:“ (1 — e} cos (ktd)-
=j27 y—”
| (GA)" " (72):) sin (ked )_
[ Oy (1 — eHeh
_ jup |G — ) cos (k (F.106)
i Az sin (kyd) |
Similarly for the C
yg _ ion C’X;)fa ( fffj’\yfl) cos (A ad)
A (Ay — JAg) sin (Azad) o
C:jkz y=—"JAzx
9 C(—jA)" kY (1 — e 932 cos (kyd)
=T . . . .
(=5Aa)* (—je = jAs) sin (ked)
'Bukv 1— —Azh kd
— g0 |l ((5_)6 ) cos (kud) (F.107)
A8 sin (k;d)

Finally, analyze the Y C;" contribution at \., = %,z’ € Z. First, find the value

of )\yai

(
VE -2+ N) a=6

\/kf e (242 La=v

:>(i_7r)2: kf—ﬁ:)@ “Z/\z a=~0

2 €t )\2 _ €t )\2 —
B2—aX2 -2\ o=y

\
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= Ayai = (F.108)

Note that while technically ¢ ranges in integer values from —oo to oo, A_; = \;, 1 #
0. Therefore, if only the values of ¢+ = 0,1, ..., 00 are selected, all the unique values
of A\yai are covered. There are two cases that need to be studied for this set of poles:
ve{-1,1}.

When v = —1, we find from Appendix A that for UHPC

7§ [)\m sinl()\zad)}

O (1 — €M) cos (Azad)
ETEST) Wy
Y €z Y

o
. glo—1) CAy (l—ej)‘yh) cos(Azad)
°° jQWaAyW—U { AL (A2+22)
= 7\ an(hd (F.109)
i=0 I, Nz Sm( zZa )

)\y:_Ayai

where o is the order of the pole A,, sin (A,od). When ¢ >0, 0 = 1. When i =0

Az Sin (A,0d) =0

0 . : 0 0
o, Aza Sin (Azqd) = sin (A,0d) o, Aza + Aza €0s (Azad) o, Azad
=—\ {M + d cos (m)} Ta
im

:—MdM4Y+@4m

£0=0=1 (F.110)
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Therefore, no matter the value of i, A,, sin (A,,d) is always a simple pole. Hence,

Yg [Aw smlumdﬂ

O cos (Azod) (1 — e?Mh)
4 (2 1 )2 dA
)\y (Ax + )\y)

st
. CXy cos()\zad)(lfejxyh)
0o J2 [ AL (A2+2) }
S e dasin(Aud)
Ay=—Ayai
ad O cos (Ayod) (1 — e?Mvh
= P e PR [ L | N
00 1 i —jAyaih
- —mz CeLy o)
=0 yaz ()‘% + Agon) [(_1) + 6i70:| To
20 & (1 — e Phueih)
=0 (_)‘ym) ()\ + Ayaz) [1 + 6i70] Ta
In a similar way, it can be shown that the ) C; contribution when v = —1 is

§’§ [Am sinluzad)]

O cos (Azod) (1 — e M)
4 (N2 1L \2 dA
Ay (A2 + X))

>Cr
- _C f: (1 =) (F.112)
d =0 )\3(/50”” (/\2 + )\321011) (]‘ + 35i,0) Ta
Next, if v =1
9§ [ 1 } CA)zq (1 — e*") cos ()\md)] o
i y
ser O ey

) CN Az (17" ) cos(Azad)
o J27 [ A (A2+22)

— W sin (A.ad)

Ay=—Ayai
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00 C«)\u o (1 — ej)‘yh> CcOSs (Azad)
;0 )\4 ()\2 + )\2) d cos ()\zad> )\ y=—Ayai
2rC & A (1= e7het) ]
. u (F.113)
d ; [(_Ayaz)(g) : (AQ + )\zal) Tor

In a similar way, it can be shown that when v = 1, the > C; contribution is
O\ (1 — e772P) cos (N ,ad
e (1~ €8) cos >] N

56_ [sin(iwon] Ay (2 )
pafes (F.114)

=—j¥i(%)2 (1_€jw)) ]

Aym (A2 + 22

yai

By inspecting both cases of v € {—1, 1}, it can be more generally shown that

00 . (v+1) T 1 — e~ JMyaih
75 _ ;¢ ("_”) (L= e (F.115)
d =0 d _(_/\yaz) (/\2 + A2 ) (1 + 6,000,—1) Ta

= yai

20 N (i \ Y [ 1 — ¢ Aok
51§ S (Z—”) — ( ) (F.116)
d == \d B (A2+A2) (1+6i000-1) Ta

yai yai

Finally, it can be shown that when p = ¢ = 1, the integral with respect to A\,

evaluates to

y\za
22 Y A2sin (A%, d) (3 — u)!
_ mhCéyup 2\ cos (A%,d)
X2 sin (A%, d) 22
5UkY (1 — e ") cos (ktd)] { o [j3“kf (1 —e ") cos (ktd)] }
——7

AT in (kyd) AP sin (kyd)

_z() o
’ d 0 d (_)\yaz> ()\2 + )\2 ) (1 -+ 51‘,0(51,7,1) Ta

/ COPNENY, TS 6y _ [0 = ] ThETICAT, cos (Mad)

+ [UAZ&”’Q) cos (Af,d) — dA: Y ese (Aso)] Ta>

+ 7C

i= yai
C [e] > 'u—i—l) (1 _ e—jkyaih)
d ;) ( )\ym (>\2 + )\zm) (14 0i00p-1) Ta
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CO NN TS o

/ 2)2 Y

_ o LU ) Buo + 0un + up) hO~ING, cos (A d)

B A2 sin (Ax,d) (3 —u)!
héw0 250 cos (Af,d)

)\2 sin (Af,d) A2
+74 [v)\* Vcos (A5,d) — dA:7Y esc (X))}
4 53 kP (1 — e Ah) cos (kid
e | U )(;_(u) ) cos (kd)
Az sin (kid)
27‘1’0 Z (U+1) (1 e—j)\y&ih) [1 + (_1)“]
=0 ym (/\2 + )\324041) (1 + 6i70611,—1) Ta
L a=0
p=qg=171,=(" (F.117)
Loa=y
Case 2: p=1,q # 1.
In this case, k., =0, reducing (F.93) to
Ay yu v a < U\ v j
/ C@ )‘y)‘zaTIG d>\ o / CAyAza (1 — 6])‘yh) COS ()\zad) d)\y
2 .
e 2)2 EapY ()\y + kqu> </\y — kqu> ()\g + /\3) sin (Ao d)
N / CAZNZ, (1 —e7h) cos (A.qd) i,
2 (Ay + k:qu> ()\y - kqu) (A2 + 22) sin (Ao d)
(F.118)

This analysis is very similar to Case 1, except there are now an order 2 — u pole

at A, = 0, and simple poles at \, = £kZ

g Ay = £JA;, and A, = %r. Since one of
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the poles will ultimately be removable, it can be shown that when u = 0

CXUN, (1= 7P cos (Nzad)
7§ d,
PARY </\y + kqu) ()\y - k;waq> (A2 + 22) sin (Ao d)
] . _
v _i\h N
_ inC 0 A2y (1= €") cos (Azad) (F.119)
X, <)\y + kqu> ()\y - kqu> (A2 + 22) sin (Ao d)

It is important to note that as A, — 0, the only surviving term in %N is the term

involving a% (1 — ej)‘yh). Furthermore, it can be shown that as A\, — 0 9D = 0.
Yy

" DXy
Thus, from the quotient rule
—jhA cos (Ni,d) kD, (kb A2 sm (N, d)
% = jnC 7
o [(k5,,) (—#E,, ) X2 sin (xz,0)|
XY cos (Af,d)
= —nC | 2z 2l |5 F.120
" kB2 N2 sin ()\;ad)] 0 (F.120)
Similarly, it can be shown that under LHPC
GhAsy cos (Ni,d) kp, | —ki A2 sm (AL, d)
yg = jnC 7
& (k5,,) (=2, ) X2 sin (xz,0)|
hAZ cos (Af,d)
— za 20 |5 F.121
e 2 ()\;ad)] ’ (F.121)

Next, analyze the CL:B contribution. It is important to note that j:kqu are
Ywq

purely real. Therefore these poles lie on the real axis and should be treated in a

similar fashion to the A, = 0 poles. Beginning with the pole at \, = kqu, it can be
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shown that

AL (1= e9h) cos (Asad
yg _ jme | M (=) cos (Auad) (F.122)
- (k) Q8+ ) sin e |-

Again, the (1 —e/*") term is zero when \, = kp,,- However, the denominator is

non-zero when A\, = kqu. Therefore, there is no C’;B contribution. Similarly, it
Ywq

can be shown that there is also no Ck

Ywqg

contribution. Furthermore, it can be shown

there are no C’ka contributions.
Ywqg

Next, analyze the C;\z contribution. It can be shown that

. CXUXY, (1 — e?h) cos (A.qd)
§1§ =527
N2 (A k) (D= ki, ) Oy + 500) si (Asad)
Cky (1 — e9%h) cos (kyd)
(jAg) 2™ (ij + kqu> (m _ kqu) (e + jAo) sin (ked)
7 Cky (1 — e cos (kid)

- (F.123)
= (Ag n kfgq) sin (ksd)

C+

JAx /\y:j)\x

=j27

Similarly,
56 o CXUXY, (1 — e cos (Azqd)
= ] s
c )‘32/ <)‘y + kz]qu> <>‘y - kqu> (Ay = JAz) sin (A.ad) N
_ o Cky (1 — e 12 cos (kid)

(=A% (=370 + K8, ) (2370 = KB, ) (=32e) = 72) sin (Fkud)
73ky (1 — e™h) cos (kyd)
=T <)\920 n kyng) sin (kzd)

— xC (F.124)
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Finally, analyze the > C;" contribution. Similar to Case 1, it can be shown that

[ele} (s (”L)—l—l) _ —‘)\yaih
7§ 2 (3)" (=) (F.125)

=—J
o I (M) <)\12/ai - kﬁ) (A2 +22,,) (14 8000, -1) Ta

75 e () (1 — emdhueh)

J —u
BT AR (et + K0, ) (Vi = B0, ) 24+ 22,) (14 6100, 1) 7o

palen
(F.126)
Combining all these residue contributions
© 0O NN TS hATY cos (A%, d)
22" 100N, = —2 za 216,
/_ N 2\2 y = —2mC kP2 \2sin (Aod) |
o (7" + 73 kY (1 — e=") cos (kid)
— T
N <)\§ n kyng) sin (kzd)
e (R G [ N e
BT (W = kB2 ) (24 22,.) (14 8000 1) T
.p=1lqg#1 (F.127)
Case 3: p#1,q=1.
By inspection from the previous case, it can be seen that
© 0O NN TS hATY cos (A%, d)
22 10N, = =2 za 21§,
/_ . 2X2 y = —2mC kB2 N2sin (A d) |
o (" + 7% kY (1 — e=") cos (kd)
— T
NEEE ()\% n kyng) sin (kzd)
SO () (e
BT (R = kB2 ) (24 22,) (1 G0 1) Ta
p#£lg=1 (F.128)
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Case 4: p=q # 1.

In this case, k), =k, # 0, reducing (F.93) to

7 co) )\Zi\gaT?ﬁ o 7 C)Jy;)\ga (1- em/;) c08 (Asad) o,
J 22 . </\y + kpr> (Ay - kpr) (A2 + 22) sin (Ao d)
N / C)\ZQ/\ZQ (1- e—jxy;) cos (Azqd) i,
Lo (k) (=K, (24 22) sin (ad)
(F.129)

In this case, it is apparent that no poles exist at A\, = 0, an order-2 pole exists at

Ay = +k2  and the familiar simple poles exist at Ay = £jA; and A, = %’. Begin

Ywp?

by exploring the C,jB contribution. Since this represents an order-2 pole on the real
Ywp

axis,
CNENZ, (1= eMh) cos (Aud
§1§ — jr a(i Ao (1= ™) €05 (Auad) (F.130)
i oL (v k) (A= kD) (24 22) sin (Aead) —

Again, noting that the numerator term (1 — ejkyh) is a zero at A\, = kpr implies that
the only term that survives differentiation of the numerator is the chain rule term
where the derivative of (1 — ej’\yh) is taken. Thus,

O N Z LIRONAY cos (and) + A0 (F.131)

Yy \za
O\ Ay=kB,.

While there are no terms in the derivative of the denominator that go to zero after

the substitution, multiplication with the zero in the numerator ultimately destroys
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the NV %D term from the quotient rule. Therefore, from the quotient rule
Y

yg _irC —jh)\Z)\;;aej’\yh cos (A,ad)
o (A + K8, ) (2 +22) sin (Auad) —
. KB Xy €08 (Asapd)
! (k2 +£8,) i (22 + 522 ) sin (Aapd)
= 1C ki Mo €05 (Aop) (F.132)

4kB2 (Ag + kggp) i (Asapd)

where A, = \/ k2 — 7, </\§, + kﬁgp). Similarly, it can be shown that under LHPC

hEBE XY cos (Aapd
55 = —nC A el i (F.133)
! 4kB2 (Ag n kggp) it (Asapd)
Next, analyze the C’ka contribution.
0 CAUN, (1 — ") cos (Azad)
§'§ BRI 2 2 .
o y ()\y - kpr) ()\y - kpr> (24X sin (ad) ||
_kywp y— Yywp
—FRAENY eIMh cos (N, d
_incC 34y e (Azad)
(b= k,) e sinOuad) ||
—ihkBY X\ cos (Aapd
:]WC J ng zap ( p )
(k2 = kE,) " (22 + K2, ) sin (huapd)
hEBE X0 cos (Nand
= 71C T Rl i (F.134)

4kB2. (Ag + k53p> i (Asapd)
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Similarly, it can be shown that under LHPC

hEBY XY cos (Asapd
§1§ = —nC iy Neap €05 (Asopd) (F.135)
B2 (\2 4 1.B2 ) g
= 4kB2 ()\x + k:ywp> it (Asapd)
Next, analyze the C’;C\z contribution. It can be shown that
§1§ 9 CXUN, (1= 7™M cos (Nzad)
= Jem 2 2
B _ 1B ; -
4 (Vo 52,) (= k8, ) O+ A sin (Auad) -
9 C (jAa)" k(1 — e27%m) cos (k,d)
=Jem 2 2
(30 k2, ) (A = kE,) A+ Ae) sin (kud)
kY (1 — e cos (kyd
N N G )Czos(t) (F.136)
= <)\§ n kyng) sin (kzd)
Analyzing the C”, = contribution, it can be shown that
yg 9 CXuNY, (1 — e MM cos (Xzad)
= Jem 2 2
e (Ay + kpr) (Ay B kfwﬁ) Ay = 7Aa) sin (Azadl) Ay=—jAe
9 C(—jra)" Ky (1 — e7IE20h) cos (kyd)
= J4m 2 2
<_j)\x + kwap> (_])\x - kpr> (_j)\x - j)\x) sin (ktd)
-3ukv 1— —Azh k.d
_ _p | LR ) cos () (F.137)

) (y2 4 B2 ) g
Py AL+ kps ) sin (kd)

Finally, analyze the ZCf contributions. By inspection from previous cases, it
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can be shown that

(=5358) (5)"" (1= e-wt)

X 1—u) 2 2

=0 (=Mo" (N + K8, ) (Ayei = kwap> (24 22) (14 6,06, 1) Ta

(F.138)

2
=0 At (Mg 88, ) (At = kpr> (A2 4+ A2,.) (14 61000, 1) Ta

(F.139)
Combining all the residue contributions
/ Cco yAgAgaTa _— kit A2 €08 (Azapd)
Yy
J 2)7 kB2 (Ag + kyng) i (Asapd)
O (" + %) ky (1 — e)‘;”h) cos (kd)
AL (A§ + kggp) sin (k)
27rC Z +(=1)"] (z’;r)(”'f‘l) (1 e*j)\yaih)
=0 AU (Agm kBQ) (A2 +22,) (14 6,060, -1) Ta
p=q#1 (F.140)

Case 5: p#q,p#1,q# 1.

In this case, (F.93) does not simplify at all. Therefore, there are no poles at
Ay = 0, as with Case 4. There are only simple poles at \, = ﬂ:kfw , Ay = ikfw ,

Ay = £jX;, and A, = . Begin by analyzing the C',  contribution.
Ywp

% , CXUN, (1= e?h) cos (Nzad)
=7
B _ B 2 2) o3
C;’pr (>‘y + kywp> ()‘y + kywq> ()‘y kywq> ()‘z + )‘y) Sin ()‘Zad) )\y:kpr
(F.141)
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Note that <1 —é ikfwzﬁ) = 0. Therefore, it can be shown that there are no contribu-

tions from C:::::kB . Furthermore, it is a trivial matter to show that the same is true
Ywp

for CT , contributions.
+kB,

Next, analyze the C’;&z contribution.

yg ,2 CXUNY, (1 — e?h) cos (A.qd)
= j T
e (% - k) (% - #2,) Oy +A)sin O ||
_ jor C ()" kY (1 — ejj’\zh) cos (kyd)
(=22 —k2)) (=22 = kE2) (G2 + ) sin (kud)
jufo (1 — —Azh k.d
—7C Jk (1~ e ") cos Uad) (F.142)
N7 (2 k2 ) (32 + k22 ) sin (kud)
Similarly, for the C’:j A contribution it can be shown that
yg _ ion CAGAL, (1 — e*ﬁ‘yh) 08 (A.qd)
o </\?2; - kf£p> ()\221 - kyB£q> (/\y — JAz) sin ()‘zad)_ Ay=—ihe
9 C(—jr\)" kY (1 — e‘j(_jAI)h) cos (kd)
= j s
(=22 = k2 ) (=22 = k2 ) (A = 20) sin (kid) |
I T T 1

N7 (2 4+ k2 ) (02 + kB2 ) sin (Jd)

Finally, analyze the Y~ C;" contribution. By inspection from previous cases, it can
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be shown that

v+1) (1 _ e*j)\yaih)

o A" (= 2 ) (N = ) 02 4+ 2500) (14 i) e

(F.144)

PRt ()" (1 e
DTN (Vs =582 ) (Noas = B82) (02 + Xs) (1 G100 1) 76

(F.145)

Combining all the residue contributions together

[ COMAN, TS,
/ 5 d),

5+ ) (L 4 o
A (4 kg ) (N k2 ) sin (k)

5> (220) () (1= ehert)
= ) (Wi = K2 ) (Mo = K2, ) (32 4 0300) (L 800, 0)

pFqpFLg#1l (F.146)

=aC

Analyzing all five cases, one can see that the S CF contributions developed in
Case 5 generalize down to all the other cases. This is intuitive since the configuration
of these poles never changes. Therefore, a generalized solution to the )\, integral can

be formulated by switching different components on and off using delta functions for
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the different cases. Therefore

Yy zo

0O NN, T
[ =%

d\,

(5u (5u 5u U -3u h(3—u)/\*v N d
:—Wcapq(spl ( ,0+ ,1+ ,2).((7 +.] ) ZaCOS( za )
o AZsin (A%, d) (3 — u)!
hau,O 2/\22 COS ()‘zad) *(v—2 *

v

A2 sin (A%, d)

B2
kywq

g1 (1 —0p1)

zap
B2

+ 5p,q (1 - 517,1) (1 - 5q,1)

—dNY ese (ML,)]) } = 2wC g {h/\m - (/\md)} [(5;;,1 U~ o)

TCOhkpt XY, €08 (Azapd)

Yywp

+7C (_1)(1_5”1)(5’)’14_5%1) (" + %) kY (1 - e_)\wh) cos (kd)
T
A <A§ + kfui) (A% + k;ﬁi) sin (k¢d)

00 - 2nC uy (ix ) (v+1) —iAyaih) -1
s ) L+ (D) (A= ) 7

k2 (Ag n kfgp) i (Aoapd)

{u e Nlu<4}, ve{-1,1}, N, = k2 — TaA2

0 o)™ (Mas = 2 ) (s = P2, ) (2 4 X2) (14 6100, 1)

£ La=40 (F.147)
a€{0,9}, Arap = \/kf — T (Ag + kfgp>7 ="
:—Z =1
Next, analyze the ), integral stemming from @Qyéeh (729)
70 4sin® (A, 4) CONysin ]
S (e m,) (u =k, ) (W k) (A -k, ) | 2N
- 7’ ACN" sin? (A, %) I
L Oy ke ) (0 = kB ) (A k) (A, —kE YAz
—00 ( Y ywp) ( Y ywp) ( Y ywq) ( Y ywq) P
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[e.9]

_ / O (1 — ehh)

S (g, =k, ) (WK, (W= kB, 02+ 2) o
s O (1 - (F.148)
+ / Y dX,

S (wki,) (k) (w k) (v — KR ) 24+ 32)

Again, there are five cases that must be explored to find solutions to (F.148).

Case 1: p=qg=1.
When p=q =1, k}, =k}, =0. Thus, (F.148) reduces to

/ O (1 — ey i+ / O (1 — e 7Mh)

A2+ ) A (A2 +22)

Y Y

d\, (F.149)

— 00

From this, it can be seen there are up to 4 poles at A\, = 0 and poles at A\, = £jA,.

First, analyze the C; contribution.

g 9B—uw) | C (1 _ ejAyh)
75_ (3—u)l o), B (>\2 +)\2) (F.150)
cf Y T y Ay=0
When v = 3
C (1 — eirh
55 =T %1 =0 (F.151)
ot ( 2t y) Ay=0

Thus, there is no C; contribution when v > 3. When u = 2

st
~— TN,

C(1- ej’\yh)]

A (A2 +22) -
, —jheirvh
= jnC
e )|,
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= 1C— (F.152)

When v =1

b=
2007

C(1- ej’\yh)]

2 2
2 (A2 +22) -
gnC | h2elhty
2 | (R2+ )\5) -
N
= jﬂ'CQ)\% (F.153)
Finally, when v =0
¢_ jr O [C (1- ej’\yh)]
ICNE 2 | )2
g 6 0x° | (24 22) -
_jmC [t joh
6 A2 M
7C [—h3  6h
_ ¢ [A_g _ A_i] (F.154)
By inspection, it can be shown that
3u 7, (3—u)
J h héuO
= —7C (6, Sy, b : F.155
55 TC (G0 + 0wt + 72){)\925(3—U)!+ )\i} ( )
Co
Now analyze the Cj; contribution. When v = 2
. ) C (1 _ e—j)\yh)
b= | i
o Y T Y Ay=0
jh
gadr
h
= —ﬂCﬁ (F.156)

320



When v =1

T
2007

Co

=

(A2 +22)

h2
222

= jnC

When v =0

f )

g 69N | (A2+N2) -
jrC [ jh®  j6h

G [_Tz B A_}

7C [h®  G6h

6 {r ’ r}

Therefore, by inspection

~uh(3—u) h(su
% = 7TC (5u,0 + 5u,1 + 5’&,2) |:/\g (3 _ U)' + )\470:|

Co

Next, analyze the C’;&z contribution.

§l§:j27r

A (1 - ej)‘yh)]

; .
C+ )\y (>‘y + j>\l‘) y:j>\x
Iz
_ jorc |G (=€)
(A (GAe + 5
_ o=
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Finally, analyze the C'”;, = contribution.

Y

)\3 (>‘y - ]AZ‘)

)\ (1 — ej)‘yh)]

CTin Ay==Jhe
C(—jix)" (1 — ¢=i(=iAa)h
= Jj2m ( j. )4 ( ; - ; )
(_j)‘l"> (_j)‘m - j/\m)
-3u 1— —Azh
_ |0 )] (F.161)
)\:(E5fu)

Combining all the residue contributions together implies that

P copas (G + )
/ )\—/%d)\y = —7C ((Su,o + 5u,1 + 5u,2) |: )\926 (3 _ u)l
206, (" + %) (L —e")
5t e A
.p=q=1 (F.162)

Case 2: p=1,q # 1.

In this case, (F.148) reduces to

7’ ONY (1 — eihvh) "

S (k) (k) G2
. 7° CAr (1= e=iMh)

(A + k8, ) (d =k, ) (24 22)

—00 Ywq

(F.163)

X,

Now it is evident that there are up to 2 poles at A\, = 0, and simple poles at
Ay = ikqu and A\, = +j),. First, analyze the Cj contribution. Note that if u > 1

there is no contribution due to the zeros in the numerator canceling them out. Thus,
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when v =0

% 0 C’l—ej)‘h)
— g

P | (A + k8, ) (Ao = kB, ) (2 +22)

Co Ay=0

= jnC —Jh

(k) () 22
h
— i )\926] (F.164)
Similarly, it can be shown that

yg 0 C’ 1 — e Mwh )

=7

oA

g Ay </\ + kB, )(A — kB, ) (A2 + A2) -

jh
(k) (—ht,) X2

h
=nC [ 5 >\2] (F.165)

ywqg \x

= jnC

Next, analyze the C’Jr contribution.
ywq

_ Cy (1 — eirh)
55 — jr -0 (F.166)
B 2 2
ot X (h kB, (2 +X2) _—

This implies that there is no contribution due to C’Jr . In similar fashion, it can be
ywq

shown that there are no C7, ,

contributions. Next, analyze the C';C\ contribution.
Yywq x

§1§ o CAZ (1 — eh)
32 (A + 58, ) (= K8, ) Oy +A)

C+

JAz Ay=JAz
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C (ij)u (1 _ ejj)\;ch)

= j2m
A (320 + K8, ) (32e = KB, ) GAe + 3A0)
v (1 — —Azh
N B A ) (F.167)
AT (24 k22, )
Finally, analyze the C”;, = contribution.
CA (1 — e~ 7Mwh
% — j27T y( )
C:j>\:1; A??/ <)\y + kwaq> <)\y - kfuﬂ;) ()‘y - ])\f) )\yZ*j/\z
C(—jd)" (1 — e7i(=iAa)h
= j27 5 (i) ( ¢ )
(=2)” (= + K, ) (=30 = B8, ) (=X = 52)
3u 1— —Azh
| (1) (F.168)
AT (2 + kg2
Combining all the residue contributions implies that
x C@Ay)\u'ra U + -3u 1 — efAzh
/ CONTE g, = —2nCg || — e |V ( )
J% Kz AP (22 + k82 )
.p=1lqg#1 (F.169)
Case 3: p#1,q=1.
By inspection from Case 2
* C@Ay)\u’roc u+ -3u 1— —Azh
/—329 Sy = 200000 || —ae | U (L)
Jox TR AT (22 + k2 )
pFElLg=1 (F.170)
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Case 4: p=q # 1.

In this case, (F.148) reduces to

[e.e]

CAy (1 — ej’\yh)
_/ (A + K2, )2 (A — KB, )2 (A2 + 22) ™
N Ywp Ywp Y (Fl?]_)
O (1 — emIMh)
+ / d,

Lo k:wap>2 (n - kpr>2 (A2 +A2)

Now it is evident there are order-2 real poles at \, = j:kpr and simple poles at

Ay = £jA;. First, analyze the C,:“B contribution.

Ywp

¢ —in 0 |__Cx{-em)
o\ 2
. L) 02 ||
= jnC —jhkfﬂp
)
(K, + k5, ) (2 +052)
h
=0 | — (F.172)
ke (R + k2
Similarly, it can be shown that under LHPC
h
— 7C (F.173)
i 4k (Az + kywp>
ks
Next, analyze the C* , contribution.
R
8)\y < )2
Ay — kB A2+ \2
Cjkwap Y vt ( z+ y) )\y:—kpr
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—jh (=k0,)

= jnC 5
(ko — k) (22 +hE2)
h(—1)"
= 7C T (A; N kfgp) (F.174)

Similarly, it can be shown that under LHPC

—1)*
% = —7nC = h(=1) (F.175)
s (2 + k02

Next, analyze the C’;&x contribution.

_ O (1 — efh)
yg = j2m 2 2
cH, ()‘y + kf%) <)‘y - kpr) ()‘y + j)\w>

JAz Ay=jAz

(j)\x)“ (1 _ ejjAzh)

= j27C 5 5
(39a 88 ) (G2e = KL, ) (e 5A0)

v (1 — —Azh
— xC (1]_ u)( ") . (F.176)
N (N2 + k02 )

Finally, analyze the C”;, = contribution.

o] o
- <>\y + kpr) ()\y - kpr) (A — )

C—J‘Aaz Ay=—JjAz

¢ (—j%)u (1 — e*j(fj/\z)h)
<—]')\a; + k:pr>2 (‘j/\x B k:pr>2 o

= J27
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j3u (1 _ e—)\xh)

= —nC - 5 (F.177)
1—u
N7 (2 + k2
Combining all the residue contributions implies that
[ COMATS 1+ (1)) A
/#%:Wc B(2+( )")
g 22 (22 + h2)
L 3u 1 — —Azh
+7nC G+ (L—e 2)
AT (N2 + k52 )
p=q#1 (F.178)

Case 5: p#q,p#1,q# 1.

In this case, (F.148) does not simplify at all. Thus, it is evident that only simple

poles exist at A, = +kB Ay = +kB  and Ay = E£JA,. First, analyze the C,jB

Yywp? Yywq? ywp
contribution.
CI (1 — edrh
§1§ =g y< ) =0 (F.179)
. ()\y + kpr) </\y + kf’wq) ()\y . kqu) (2+x) ]|
kywp Y Yywp

Therefore, there is no contribution from C,:“B . In a similar fashion, it can be shown
Yywp

that there are no contributions from C’IkB or Ci[kB

. Next, analyze the Cf, con-
. . JAa

tribution.

§'§ _ jon O (1 — e??vh)
(Vo 58,) (o= kE,) (A + k2, ) (W= K8, ) Qu +52)

C(jAs)" (1 — elirah)
(7ha k8, ) (30— k8, ) (320 + K8, ) (20 = K8, ) Ghe + A0)

+ .
Cira Ay=ide

=7j27
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ju (1 _ e—)\xh)

— 1C T (F.180)
N7 (24 ) (B2 k2
Finally, analyze the C”;, = contribution.
O (1 — e 9Mh
% — ]271. y( )
o ()‘y + kpr> ()‘y - kpr> <>‘y + kqu) ()‘y . kqu> (Ay = JAa) Ay
—JAx y= x
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Combining all the residue contributions implies that
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Inspecting all the cases, it can be seen that in general
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F.4 Evaluation of )\, Integrals

The A, integrals involving T¢ have no multivalued terms. Thus, no branch cuts
arise, making it possible to evaluate the A\, integrals using complex analysis. Thus,
begin by analyzing the most general form of the A\, integrals. It is noted in the main
body of the text that the terms from the ), integral resulting from poles at A\, = +j\,

ultimately cancel out when TM?* and TE® terms are added together. Thus,
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It is important to note that in this work v 4+ v = 4 and u,v € 2N. Knowing this,
it can be shown that there will be no simple poles at A\, = 0 and the above simplifies

to
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There are three cases that must be studied where v € {0,2,4}. If v = 0, that

implies u = 4, which results in zero contribution. If v = 2, that implies u = 2,

therefore
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In this case, there are poles at A\, = +k,,,, and A\, = £k, . I[f m # n, it can be
shown that there is only a simple pole at each of those locations. Thus, under UHPC,
the (1 + el A”ca) evaluates to zero. However, when m = n, there is a secnd-order pole
at A\, = £ky,,,. Studying the contribution from the pole at A\, = k., ,
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Under LHPC, it can be shown that
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Further, it can be shown that the contributions for A\, = —k,,,  are
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Combining all these contribution, we find that for v = 2
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Finally, when v = 4, that implies u = 0. Therefore
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