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1. Objective

In the initial phase of this work, a recently developed theory of electron transport for heavily 
doped, degenerate semiconductors was introduced.1 Since there is no previously existing 
equivalent theory with which to make comparisons in order to verify the accuracy of the new 
formulation, it is imperative to identify whatever other methods can be found by which such 
comparisons and verifications can be made.

Thus, the major objective of this work is to verify the accuracy of the newly developed analytical 
expressions for the electron mobility of degenerate semiconductors dominated by ionized 
impurities, including non-parabolic conduction bands and wave function admixtures. Three 
methods are to be used; i) ensure exact agreement with prior theory in the asymptotic limit of 
parabolic conduction bands, ii) numerical integration by quadrature of formulas and comparison 
to results from exact analytical expressions, and, iii) comparisons of computed numerical results 
using various formulas.
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2. Motivation

The classical theoretical treatment of the electron mobility of degenerate semiconductors is based 
on parabolic conduction bands and Thomas-Fermi screening. The corresponding results can be 
significantly in error (by about fifty to one-hundred percent) in comparison to experiments. In 
order to explain experimental results with accuracy within a few percent, it is necessary to 
incorporate non-parabolicity of the conduction band into the theory. However, when the 
conduction band is non-parabolic, the electron wave functions necessarily consist of a mixture of 
s and p wave functions, the so-called basis functions. Because the basis functions are orthogonal, 
the strength of electron scattering is consequently decreased. On the other hand, conduction band 
non- parabolicity causes increased electron scattering. To quantitatively characterize these 
variations, one must have recourse to the full theoretical treatment introduced earlier for electron 
transport and electron mobility.1

Therefore, it is the purpose of this work to verify the accuracy of the new theory to within a few 
percent.
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3. Fundamental Equations

3.1 Band Structure

Students of physics are familiar with the concept of kinetic energy, which varies parabolically 
with either velocity v or momentum p.

(1)

Of course, this concept usually assumes constancy of the quantity “m,” called mass. While this 
assumption may be accurate for the small velocities associated with celestial bodies such as the 
moons and planets of the Solar system, which were of concern to Newton, it is not true for 
relativistic velocities; and it certainly is not true for electrons in heavily doped (i.e. degenerate) 
semiconductors. These three cases are represented graphically in Figure 1.

Figure 1:  Classical, Semiconductor, and Relativistic Dispersion Relations Compared

The assumed mass is the same for all three cases: i) the Classical case of eq. (1), ii) the 
Relativistic case of Einstein where

(2)

and iii) the case of electrons in semiconductors where the conduction band is adapted from the 
work of Kane2 by Rode.3
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(3)

Here, Eg is the energy gap, m* is the effective mass given by the reciprocal of the curvature at 
the bottom of the conduction band, and the magnitude of the electron wave vector is k.

(4)

The free-electron energy is given in terms of the free-electron mass m. The distinction is made 
throughout this work between free electrons and conduction electrons; consequently, m is the rest 
mass of a free electron in vacuum whereas a conduction electron may possess an effective mass 
m*. Thus,

(5)

It can be clearly seen in Figure 1 that, except for “classical” particles, the kinetic energy varies 
sub-parabolically with momentum. This result is sometimes represented by the suggestion that 
the mass is not constant but, rather, increases with momentum (see Appendix A).

Instead, throughout the present work, the point of view will be taken that the proper way to 
describe the kinematics of electrons in semiconductors is by specifying their energy versus 
momentum relationship E(p) or E(k). Furthermore, this so-called dispersion relation E(k) for 
semiconductors will be taken to be given by eq. (3).

When the conduction band is non-parabolic, as it is for eq. (3), the electron wave function 
necessarily consists of an admixture of both s and p-type basis functions.3

(6)

For classical parabolic bands, c vanishes and the magnitude of a is equal to unity. In general,

(7)

(8)

Typical values of c2 are shown in Figure 2. For degenerate semiconductors of interest for the 
present work where 5% theoretical precision is required, wave function admixture is important 
when the electron concentration exceeds about 1020/cc.

Note that the effect of wave function admixture is to decrease the frequency of electron 
scattering because of the orthogonality of s and p-type basis functions and, hence, the electron 
mobility is increased. On the other hand, the effect of conduction band non- parabolicity is to 
decrease the electron mobility because of the increased effective mass. Typically, the admixture 
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effect is dominant (see Appendix B).

Figure 2: Wave Function Admixture is Significant for Degenerate Semiconductors with 
Conduction Electron Concentration in Excess of about 1020/cc

3.2 Parabolic Limits of Band Structure Equations

The major objective of the present Phase II work is to verify the accuracy of newly developed 
equations appearing in Phase I work.  Of the three methods of verification, one involves the use 
of parabolic limits to the equations so that direct comparisons can be made to pre-existing work 
found in textbooks and scientific journals.4,5 The second and third methods rely on numerical 
integration, and comparisons between numerical computations.

Eq. (1) is, of course, the classical parabolic expression for kinetic energy, but concern here is 
with eq. (3) for Kane bands, which will be used below for degenerate semiconductors.  From eq. 
(3), in the limit of large energy gap,

(9)
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Therefore, parabolic bands result in the limit of large energy gap. This limit will be used to test 
several equations in the work that follows.  For example, equations (7) and (8) show that the 
magnitude of a is equal to unity and c vanishes in the limit of large energy gap, i.e. for parabolic 
bands.

3.3 Electron Probability Distribution and Fermi Level

Because electrons are odd half-integer spin particles, they obey the Pauli Exclusion Principle and 
the Fermi-Dirac probability distribution function f where EF is the Fermi Level. (Alternatively, 
even half-integer spin particles such as photons obey the Bose-Einstein probability distribution 
function.)

(10)

The density-of-states function in k-space is             . Therefore, the concentration of conduction 
electrons is equal to the sum over occupied states ranging over k-space.

(11)

When non-degenerate conditions prevail, f is small in comparison to unity and the usual textbook 
result obtains where Nc is the thermal density-of-states, also known as the effective density of 
states. When the Fermi Level lies at the conduction band edge where EF equals zero, the electron 
concentration equals Nc.

(12)

This case is of no further concern here. On the other hand, for degenerate conditions where 
, the probability distribution function f is essentially equal to unity for k values 

ranging from zero up to the Fermi Level where .  Integration of eq. (11) gives

(13)

Combining equations (3) and (13) gives the Fermi Level in terms of the conduction electron 
concentration for non-parabolic bands, which expression is necessary for mobility calculations 
later on.

(14)
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3.4 Ionized-Impurity Screening

When sufficiently low temperatures and heavy doping conditions prevail, the bulk electron 
mobility is determined entirely by scattering from ionized impurities, which are described by the 
screened Coulomb potential energy function.

(15)

The charge on the ionized impurity is q and the screening length is 1/ . The static dielectric 
permittivity is s and r is the distance measured from the ionized impurity. In general, whether 
conditions are degenerate or non-degenerate, the screening length 1/ is calculated from 
where3

(16)

For non-degenerate conditions f<<1 and the reciprocal of is equal to the classical Debye 
length, which is used to describe screening of ions in liquid electrolytes and in gaseous plasmas, 
as well as ionized-impurity screening in low-doped semiconductors.

(17)

(18)

On the other hand, for degenerate conditions f is essentially equal to unity for energies less than 
the Fermi Level and a more sophisticated analysis must be carried out to derive the screening 
length for non-parabolic and degenerate conditions, which has been given by Rode and Cetnar.6

(19)

By way of comparison to classical work by Thomas and Fermi on this subject, who used 
degenerate and parabolic bands, their TF can be calculated from the formula7

(20)
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In the parabolic band limit of large energy gap, eq. (19) for Rode-Cetnar screening must give 
results identical to those for the Thomas-Fermi screening of eq. (20). To prove that this is so, in 
eq. (19) set

(21)

where

(22)

and

(23)

As the energy gap Eg approaches infinity,

(24)

and

(25)
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Therefore,

(26)

Thus, Rode-Cetnar screening is identical to Thomas-Fermi screening in the limit of parabolic
bands.

Some typical results for Thomas-Fermi and Rode-Cetnar screening lengths squared are shown in 
Figure 3 for degenerate ZnO. (Screening length is squared because only the reciprocal of the 
screening length squared appears in the formulas of Ref. 1.)  Clearly, over the range of electron 
concentrations shown, the Rode-Cetnar theory is preferred over the Thomas-Fermi theory in 
order to achieve precision better than 5%.  Obviously, for metals and metal alloys where electron 
concentrations are in the neighborhood of 1023/cc it is essential to use Rode-Cetnar screening 
because the squared screening lengths differ by a factor of two.8

Figure 3: Squared Screening Lengths Calculated for Degenerately Doped ZnO at Low 
Temperature

Deviations between Thomas-Fermi theory and Rode-Cetnar theory in excess of 5% appear for 
electron concentrations greater than 1020/cc, reaching more than 100% at 1023/cc.
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So, in conclusion, it is shown that eq. (19) exhibits correct behavior in the parabolic-band limit. 
However, this does not prove that eq. (19) is correct when the bands are not parabolic. To do 
this, the general equation (16) can be integrated numerically and compared to results calculated 
from eq. (19). This constitutes the last method of verification of eq. (19).  Results are shown in 
Table 1.

Results for numerical integration of eq. (16) are compared to the Rode-Cetnar results from 
eq. (19) in the second and third columns of Table 1. The last column shows agreement between 
these two methods of calculation to lie within 100 ppm, or 0.01%. This result is consistent with 
the use of 500 integration intervals for the numerical calculation shown in Figure 4.

Table 1. Numerical Integration compared to Rode-Cetnar Results

Electron 
Concentration 

n[1/cc]

Numerical 
Integration 

BetaF^2[1/m^2]

R-C Formula 
BetaF^2[1/m^2] Error (ppm)

1.00E+20 1.5257E+18 1.5258E+18 -7.038E+01
1.00E+21 3.7618E+18 3.7620E+18 -5.245E+01
1.00E+22 1.0487E+19 1.0488E+19 -5.195E+01
1.00E+23 2.9386E+19 2.9387E+19 -5.192E+01

Figure 4:  Numerical Integration of eq. (16) using 500 Equal Integration Intervals to 
Represent the Integrand f(1-f)

The integrand is plotted versus momentum k centered about the Fermi momentum (kF = 14.9 per 
100 Angstroms) spanning energy from the Fermi level EF ±13 T.  For this case EF/ T = 140, T 

= 20K, and n = 1.11x1020/cc.
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Therefore, in conclusion, it is demonstrated that eq. (19) accurately describes ionized- impurity 
screening in degenerate semiconductors with non-parabolic bands.

3.5 Electron Mobility Due To Ionized-Impurity Scattering

The objective of this section is to verify the accuracy of the equation for electron mobility for 
degenerate conditions, in the limit of parabolic bands. When sufficiently low temperatures and 
heavy doping conditions prevail, the bulk electron mobility is determined practically entirely by 
scattering from ionized impurities.

In general, whether or not degeneracy prevails, electron drift mobility d is given by the 
perturbation function g of the electron probability distribution under the influence of a weak 
electric field of strength F, generally less than about 100 V/cm at room temperature. Electron 
mobility is denoted by ii to signify the ionized-impurity mechanism when it is dominant. 
Including a non-parabolic conduction band, the electron drift mobility is given by3

(27)

The reduced Planck constant is If only ionized-impurity scattering is considered, the 
perturbation g is given by

(28)

Conduction band non-parabolicity is accounted for by the Jacobian quantity d.

(29)

The electron scattering rate due to ionized impurities is ii. The electron drift mobility due to 
ionized-impurity scattering is thus given as

(30)

In order to carry out the integral, note that the integrand takes on the behavior of a Dirac Delta 
function under highly degenerate conditions, as shown in Figure 5.
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Figure 5:  Data of Figure 4 is Plotted without using a Suppressed Zero for the Momentum

When the integrand f(1-f) of eq.(16) is plotted versus momentum without a suppressed zero for 
momentum, it is evident that f(1-f) approaches the behavior of a Dirac Delta function. In this case 
of high degeneracy, the electron scattering rate and the Jacobian d, set equal to dF, can be 
removed from the integral, and the drift mobility is written as

(31)

The integral can be carried out using integration by parts.

(32)

The first term on the right vanishes due to the upper and lower limits where f or k vanish, and 
eq. (11) is used to cancel the remaining integral term. Thus,

(33)

The electron scattering rate due to ionized-impurities is evaluated at the Fermi level, denoted by 
subscript F.

(34)
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The concentration of ionized scattering centers (impurities) is N, properly weighted for singly 
ionized and multiply ionized impurities.  The DF and BF coefficients are given by

(35)

and

(36)

Wave function admixture and conduction band non-parabolicity are accounted for by the c and d
quantities.  See eqs. (8) and (29).

Since the objective of this section is to verify the accuracy of the equation for electron mobility 
for degenerate conditions in the limit of parabolic bands, let the energy gap approach infinity so 
cF vanishes, dF = m*/m, F = TF becomes the Thomas-Fermi value, and

(37)

and

(38)

The electron scattering rate due to ionized impurities becomes

(39)

and the electron mobility becomes

(40)

Therefore, the degenerate electron mobility due to ionized impurities in the parabolic limit 
becomes

(41)

This can be expressed more simply as

(42)
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In the limit of parabolic bands, the electron mobility due to ionized impurities as given by 
eqs. (41) and (42) must agree with the expression given by Look et al. in their eq. (1), which, 
when adapted to the present notation is4

(43)

However, the pre-factor and, hence, eqs. (41) and (42) are identical with eq. (43):
Q.E.D.

Therefore, in every case examined, the earlier formulas,1 which were developed for degenerate
non-parabolic bands, converge properly in the parabolic limit to the exact same results as are 
known for parabolic bands. This successfully completes the major objective of this work.
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Appendix A: Effective Mass

The concept of mass can be problematical, especially for considerations in solid-state physics. 
Classically, there are two kinds of mass: what Einstein called inertial mass and ponderable mass. 
He demonstrated in his discussions of Relativity Theory that these two masses are necessarily 
equal to one another for Galilean systems. Their defining equations are

(A1)

(A2)

In these cases W is weight, F is force, and m is mass, the same in either case according to 
Einstein; g and a are the gravitational acceleration and the inertial acceleration. Eq. (A2) 
naturally leads to the mass used in the kinetic energy formula, eq. (1).

(A3)

In the case of semiconductor problems of present interest, we may speak of a mass associated 
with kinetic energy, so that

(A4)

But, it must be kept in mind that this is meaningful only for parabolic bands, in which case the 
effective mass m* is constant for all energies.

Of course, it is not true that the bands are parabolic for all energies (and that the effective mass 
m* is constant) (see Figure 1). Instead, it is wiser to use the actual dispersion relation E(k), which 
relates energy and momentum as given by eq. (3), for electron transport theory.  Indeed, 
Heisenberg showed that energy and momentum, along with time and distance coordinates are 
canonical variables, and therefore it makes sense to use the dispersion relation E(k) and to 
dispense with the idea of “mass” altogether.

Nevertheless, it is a great temptation to “simplify” and so the questionable idea of “effective 
mass” has been popularized. However, it is unclear how to define “effective mass” – should it be 
in terms of the kinetic energy, or should it relate to the density-of-states [involving the second 
derivative of E(k)], or should it signify the group velocity [involving the first derivative of E(k)], 
or perhaps the mass related to Newton’s Law in eq. (A2)?

Although it is not a strictly proper answer to the above objections, consider the quantity 1/dF of 
eq. (29), which in the limit of parabolic bands equals m*/m = 0.34 for the present work relating 
to ZnO.  We may compare 1/dF to the effective mass m*(n) formula proposed by Look and 
Leedy.4
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(A5)

By direct calculation, when the electron concentration is below 5x1020/cc, eq. (A5) agrees with 
1/dF to within 5%, but when n = 5x1021/cc, eq.(A5) disagrees with 1/dF by 16%. For larger 
values of n, eq. (A5) fails insofar as it yields negative effective mass values for n somewhat 
greater than 2x1022/cc.  Therefore, for the range of electron concentration considered by Look 
and Leedy, i.e. 1x1020 to 2x1021/cc, their eq. (A5) is accurate to within about 10%.
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Appendix B:  Effects of Non-Parabolicity and Wave Function Admixture

Band non-parabolicity and wave function admixture exhibit opposite effects on electron 
mobility. Non-parabolicity causes the calculated mobility to decrease due to increased apparent 
density-of-states effective mass and increased electron scattering rate. Wave function admixture 
causes it to increase due to reduced scattering rate because the s and p basis functions are 
orthogonal. The effects are shown quantitatively in the following table.

Table B-1. Effects of Non-parabolicity and Wave Function Admixture

In the table, parabolic mobility is calculated by assuming the energy gap equals infinity.  The s-
function mobility is calculated by setting c2 equal to zero. Therefore, since c2 equals zero for 
parabolic bands, the parabolic mobility includes both non- parabolicity corrections and 
admixture corrections.


