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A SYSTEM AND METHOD FOR THE CALIBRATION OF A HYDROPHONE LINE 

ARRAY IN A QUASI-DIFFUSE AMBIENT SOUND FIELD 

 

STATEMENT OF GOVERNMENT INTEREST 

[0001] The invention described herein may be manufactured and 

used by or for the Government of the United States of America 

for governmental purposes without the payment of any royalties 

thereon or therefor. 

 

CROSS REFERENCE TO OTHER PATENT APPLICATIONS 

[0002] The present patent application is related to United 

States Patent No. 9,835,764 entitled “SYSTEM AND METHOD FOR THE 

CALIBRATION OF A HYDROPHONE LINE ARRAY” by the inventors, Steven 

E. Crocker et. al.  

 

BACKGROUND OF THE INVENTION 

(1) Field of the Invention 

[0003] The present invention is a method for calibration of a 

hydrophone line array in which the modulus of the complex 

sensitivity of the hydrophone data channels in a line array is 
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measured over a broad range of frequencies using a quasi-diffuse 

sound field in an open body of water.  

(2) Description of the Prior Art 

[0004] Secondary calibration of a hydrophone or a towed array 

is often performed using a free-field comparison method (See 

“American National Standard: Procedures for Calibration of 

Underwater Electroacoustic Transducers” (2012) ANSI/ASA S1.20).  

In the comparison method, a calibrated reference standard 

hydrophone with known free-field voltage sensitivity measures 

the acoustic field that is transmitted by an acoustic projector.  

The free-field voltage sensitivity of a hydrophone is defined as 

the ratio of the open circuit voltage of the hydrophone to sound 

pressure in the undisturbed free field in the position of the 

reference center of the hydrophone if the hydrophone were 

removed (see “International Electrotechnical Commission, 

Underwater Acoustics – Hydrophones – Calibration in the 

frequency range 0.01 Hz to 1 MHz” (2006) IEC 60565). 

[0005] The free-field voltage sensitivity is a complex 

quantity with a modulus and a phase.  The modulus is expressed 

as decibels relative to one volt per micro-pascal (e.g., dB re 

1V/uPa) and the phase is expressed in degrees relative to the 

phase of the acoustic field.    
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[0006] A fundamental requirement of the free-field comparison 

calibration method is using an acoustic projector to transmit an 

acoustic signal with an intensity that is sufficient to overcome 

measurement noise including ambient noise in the test 

environment as well as electronic self-noise of the test article 

and a reference hydrophone.   

[0007] This requirement is addressed in the prior art by 

using an acoustic projector to transmit acoustic signals 

observed by the device under test and the reference hydrophone, 

either sequentially with a comparison replacement calibration or 

simultaneously with a comparison side-by-side calibration.   

[0008] A requirement of comparison calibration is that the 

calibration measurements are performed in an acoustic free-

field.  Among the sources of measurement uncertainty are 

acoustic scattering from the hydrophone mount (or vibrations 

conducted by the mount) and interference from acoustic 

reflections which lead to a lack of free-field conditions. 

[0009] Calibration of hydrophone line arrays taught by Percy 

(United States Patent No. 3,859,620) do not satisfy these 

fundamental acoustic calibration requirements.  First, the 

desired range of frequencies for the calibrations include 

frequencies that are substantially less than the minimum 
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operating frequency of standard underwater acoustic projectors 

that transmit calibration signals into the water.  Second, the 

Percy reference presupposed the existence of a water filled 

anechoic chamber in which acoustic boundary reflections were 

absent.  The presupposed anechoic test environment does not 

exist.    

[0010] The cited reference also presupposed the existence of 

an acoustically transparent measurement apparatus.  The 

apparatus can be acoustically transparent over a range of 

frequencies; however, a measurement apparatus that can support a 

hydrophone line array and remain acoustically transparent at 

frequencies up to 10 kHz is unknown.  Therefore, the measurement 

environment and apparatus create interference from acoustic 

reflections which leads to a lack of free-field conditions that 

significantly increases measurement uncertainty (See “American 

National Standard: Procedures for Calibration of Underwater 

Electroacoustic Transducers” (2012) ANSI/ASA S1.20).   

[0011] Crocker (United States Patent No. 9,551,811) addresses 

inadequate signal intensity at a very low frequency.  In the 

reference, a calibration method is disclosed that uses sound in 

a natural environment as the calibration signal.  It was shown 

that the acoustic pressure observed at any two field locations 
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in the volume of water occupied by the measurement apparatus had 

equal intensity and were correlated for acoustic wavelengths 

that were large in relation to the distance between the 

observations.  While these features enabled calculation of the 

complex voltage sensitivity (i.e., modulus and phase) of the 

device under test; the requirement for correlated ambient sound 

measurements limited the maximum frequency at which the 

calibrations could be performed to approximately 60 Hz. 

[0012] Crocker et al. (United States Patent No. 9,385,764) 

addresses reflections and scattering from boundaries in a test 

environment and by a measurement apparatus.  The reference 

teaches a method in which calibrated reference hydrophones 

observe the sound field created by an acoustic projector in the 

volume of water occupied by the measurement apparatus.  Acoustic 

data collected by reference hydrophones is then used to estimate 

the complex acoustic pressure at all points on the hydrophone 

line array with the estimate based on an empirical model of the 

acoustic field.   

[0013] The invention of the cited reference reduces 

measurement uncertainty to a maximum frequency of approximately 

800 Hz when using eight calibrated reference hydrophones to 

observe the acoustic pressure field.  The upper frequency limit 
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may be improved by sampling the acoustic field with finer 

spatial resolution; thereby, increasing the number of calibrated 

reference hydrophones needed.  The lower frequency limit is 

approximately 30 Hz which is the minimum operating frequency of 

standard underwater acoustic projectors.   

[0014] Acoustic calibration techniques using diffuse sound 

fields are also known in the prior art.  Diffuse sound field 

calibration techniques may provide relief from some of the 

problems noted, particularly at higher frequencies.  A diffuse 

sound field (defined as the time average of the mean-square 

sound pressure) is the same everywhere and the flow of acoustic 

energy in all directions is equally probable (See “American 

National Standard: Acoustical Terminology” (2013) ANSI/ASA 

S1.1).    

[0015] Microphone calibration methods based on diffuse sound 

fields are well known (See Beranek, L.L. (1988) Acoustical 

Measurements, 2nd Ed., American Institute of Physics, pp. 633-

635).  The measured quantity is the diffuse field sensitivity 

defined as the quotient of the root-mean-square open circuit 

output voltage due to sound waves arriving almost simultaneously 

with equal probability from all directions, by the root-mean 

square sound pressure at that location due to the same sound 
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waves but in the absence of the electroacoustic transducer (See 

“American National Standard: Acoustical Terminology” (2013) 

ANSI/ASA S1.1).   

[0016] While a diffuse sound reciprocity calibration method 

for hydrophones is described by Bobber; a tank or other 

reverberant body of water would be too large to be useful for 

underwater diffuse-sound calibration measurements because of 

high sound speed and consequently long acoustic wavelengths (See 

Bobber, R.J., Underwater Electroacoustic Measurements (1988) 

Peninsula Publishing, Los Altos, pp. 41-43).  As a result, 

neither national nor international standards describe diffuse 

sound field calibration methods for hydrophones (See “American 

National Standard Procedures for Calibration of Underwater 

Electroacoustic Transducers” (2012) ANSI/ASA S1.20 and 

“International Electrotechnical Commission, Underwater Acoustics 

– Hydrophones – Calibration in the frequency range 0.01 Hz to 

1 MHz” (2006) IEC 60565). 

[0017] Practical hydrophone calibration methods employing 

diffuse sound fields are unknown.  However, the use of a diffuse 

sound field for calibration of a hydrophone line array using the 

prior art measurement apparatus has important advantages over 

those methods, particularly at higher frequencies. 
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SUMMARY OF THE INVENTION 

[0018] It is therefore a primary object and general object of 

the present invention to measure the modulus of the complex 

sensitivity of the hydrophone data channels in a line array over 

a broad range of frequencies using a quasi-diffuse sound field 

in an open body of water.  

[0019] To attain the object of the present invention, a 

method is provided using a test fixture to arrange a hydrophone 

line array into a cylindrical volume.  Once the test fixture is 

submerged; acoustic signals of a natural noise environment are 

received by calibrated reference hydrophones and transmitted to 

a data processor with a modulus of the free-field voltage 

sensitivity for hydrophone data channels in the array measured 

over a range of frequencies.  The hydrophones being calibrated 

are also referred to as the devices under test.   

[0020] More specifically, an ambient sound field is modeled 

by a uniform distribution of sound sources located at a shallow 

depth beneath a water surface with the sound field being the 

calibration signal.  Each sound source is created by wind, waves 

and bubbles operating on, or slightly beneath the water surface.  
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Due to the proximity of the water surface, the sound intensity 

radiated by the sound sources produces a directional radiation 

pattern; whereby, the sound intensity varies with the angle of 

the pattern.   

[0021] The sound from each source location propagates 

directly from the directional source to a location in the field 

where the sound may be received by either the device under test 

or the reference standard hydrophone.  This is a direct acoustic 

path.  The sound from each directional source also propagates to 

the location after reflection from the bottom of the body of 

water.  This is a reflected acoustic path.   

[0022] Sound emitted in a directional radiation pattern of 

the near surface directional source and reflected from the 

bottom is modeled as sound radiated directly from a fictitious 

image source beneath the bottom along a fictitious acoustic path 

that extends from the source to a receiver.   

[0023] Sound emitted in a directional radiation pattern of 

the near surface directional source may also be reflected in 

multiple directions from the bottom and the water surface.  In 

these instances, each reflected acoustic path is modeled as the 

sound radiated from a fictitious image source and propagated 

directly from the fictitious image source to a location occupied 
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by a receiver.  The total acoustic intensity at the receiver is 

the sum of the intensities due to sounds propagating along the 

direct acoustic path and the reflected acoustic paths.   

[0024] Assuming that the directional radiation pattern takes 

on the well-known dipole response pattern; the total sound 

intensity due to a distribution of near-surface dipoles and 

propagated to the submerged receiver is the same everywhere.  

However, these sounds do not arrive at the acoustic receiver 

with equal probability from all directions.   

[0025] The intensity of sound generated by a distribution of 

near surface dipole sources and observed at the receiver is a 

function of the zenith angle and intensity reflection 

coefficient of the bottom.  The differential intensity received 

over different reflected acoustic paths varies with the number 

of bottom reflections, where each reflection reduces the 

intensity of sound by a factor equal to an intensity reflection 

coefficient.   

[0026] The time averaged reflected intensity at the acoustic 

receiver is estimated as the sum of the intensities received by 

numerous reflected acoustic paths based on the number of bottom 

reflections, the number of surface reflections, the intensity 

reflection coefficient and the time averaged intensity radiated 
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vertically from a uniform distribution of near-surface dipoles.  

The time averaged intensity at the acoustic receiver results 

from the sum of these direct and reflected intensities.  The 

total intensity observed at the acoustic receiver is due to a 

uniform random distribution of dipole sources with a mean 

intensity at the water surface.   

[0027] The desired measurement is the modulus of the free-

field voltage sensitivity of the hydrophones in the line array, 

defined as the ratio of the open circuit voltage output by the 

hydrophone to the acoustic pressure at the hydrophone when 

excited by a progressive wave field in an unbounded medium 

absent any contribution from boundary reflections.     

[0028] However, the acoustical measurements employed are 

performed using an arbitrary sound field with quasi-diffuse 

properties.  As such, the actual measurement may be closer to 

the diffuse-field voltage sensitivity than the free-field 

sensitivity.  Subject to certain constraints; the two quantities 

will be equal. 

[0029] The diffuse-field voltage sensitivity of a hydrophone 

is defined as the ratio of the root-mean-squared open circuit 

voltage output by the hydrophone and the root-mean-squared 

acoustic pressure in the diffuse-sound field at the hydrophone.  



Attorney Docket No. 107398   
 

12 of 58 

 

If the hydrophone is not omnidirectional then the two 

sensitivities are different and are related by a directivity 

factor.   

[0030] If a hydrophone is omnidirectional, then the diffuse-

sound and free-field voltage sensitivities are the same and a 

diffuse-sound field can be used to measure the free-field 

voltage sensitivity of the hydrophone.  In particular, the free-

field voltage sensitivity of a device under test hydrophone may 

be determined from acoustical measurements performed in an 

arbitrary (e.g., quasi-diffuse) sound field if the device under 

test hydrophone and the reference hydrophone used for the 

comparison are both omnidirectional.   

[0031] Finally, the modulus of the free-field voltage 

sensitivity of the device under test hydrophone can be measured 

in an arbitrary sound field, to include a quasi-diffuse sound 

field in an open body of water, if the device under test 

hydrophone and the reference hydrophone used for the comparisons 

are small with respect to an acoustic wavelength over the 

calibration frequency band. 

[0032] The modulus of the frequency dependent sensitivity of 

a 𝑖𝑡ℎ hydrophone data channel in the towed sensor array is 
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computed from time dependent measurements of the voltage output 

by that hydrophone and by time dependent voltages observed by 

reference hydrophones as the ensemble average of acoustic 

comparisons between the calibrated reference standard 

hydrophones and the 𝑖𝑡ℎ array hydrophone.   

[0033] Measurement uncertainty is reduced by taking the 

ensemble average of the sensitivities computed from observations 

of the device under test and the reference hydrophones 

distributed over the test fixture.  Standard procedures for 

estimation of measurement uncertainty decompose the combined 

standard uncertainty into a Type A component that is determined 

by the statistical analysis of repeated measurements and a Type 

B component that is the product of scientific judgement. 

[0034] Significant contributors to the Type A uncertainty 

include a relatively low signal-to-noise ratio (SNR) 

characteristic of calibration methods that rely on the natural 

sound field for the calibration signal and variations in the 

sound field intensity with location due to differences between 

the assumed and actual sound generation mechanisms; the presence 

of the test fixture in the sound field; and local sources of 

sound that may exist near the test fixture.   
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[0035] The Type B uncertainty includes uncertainties in the 

reference sensitivities, uncertainties in the data processor 

signal conditioning and analog-to-digital conversion 

electronics, electrical losses when transmitting the electrical 

signals and any electromagnetic interference that may exist.  

Among these contributions, the uncertainty in sensitivity of the 

reference hydrophones is likely to dominate the Type B 

component.  The Type B uncertainty can thus be calculated by the 

uncertainty of the reference standard calibrations.  The 

combined standard uncertainty for the 𝑖𝑡ℎ device under test is 

then the root-sum-of-squares of the Type A and Type B 

components.   

[0036] The method can represent the measured sensitivities as 

a set of probability density functions for the sensitivity of 

each hydrophone expressed at each frequency or frequency band.  

Assuming normally distributed data, the probability density 

function for the true value of the sensitivity of the 𝑖𝑡ℎ 

hydrophone at a frequency or in a frequency band is given by a 

well-known Gaussian distribution. 

[0037] Since the true hydrophone sensitivity is represented 

as a probability density function; the sensitivity can be 
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integrated across the range of acceptable sensitivity defined by 

the manufacturing specification for a given frequency or 

frequency band using standard statistical methods.   

[0038] The diffuse sound field in the method of the prior art 

for microphone calibrations by a single acoustic source 

interacting with engineered boundaries designed to disrupt 

discrete room modes and to diffuse the sound energy evenly 

throughout the volume of the room in which the calibration 

measurements are performed. 

[0039] By dispensing with the acoustic projector, the present 

invention avoids the problems created by the interaction of a 

spherically divergent and coherent sound field with a 

cylindrically symmetric measurement apparatus.  Additional 

benefits derive from the calibrated reference hydrophones used 

to observe the sound field; provide an improved estimate of the 

temporal and spatial average of sound intensity throughout the 

measurement volume and to estimate the uncertainty in the 

calibration measurements for the hydrophones that are 

calibrated.  
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BRIEF DESCRIPTION OF THE DRAWINGS 

[0040] Other objects, features and advantages of the present 

invention will be better understood by means of a detailed 

description of the drawings that illustrate the principals of 

the present invention in which: 

[0041] FIG. 1 depicts a prior art measurement system used to 

collect acoustic data that is processed by the method of the 

present invention; 

[0042] FIG. 2 depicts a cross-section of an open body of 

water in which calibration measurements are performed with a 

direct acoustic path and a reflected acoustic path; 

[0043] FIG. 3 depicts a cross-section of an open body of 

water with multiple reflected acoustic paths; 

[0044] FIG. 4 depicts a region on the water surface that 

contributes to the time averaged acoustic intensity observed by 

a submerged receiver over a direct acoustic path; and 

[0045] FIG. 5 is a diagram showing the result of a 

calibration measurement performed using the method of the 

present invention. 
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DETAILED DESCRIPTION OF THE INVENTION 

[0046] Referring now to the drawings, and more particularly 

to FIG. 1, a prior art cylindrical test fixture 10 is shown.  

The test fixture 10 is disclosed by Percy (United States Patent 

No. 3,859,620) with improvements incorporated herein by 

reference to Crocker (United States Patent No. 9,551,811) and 

Crocker (United States Patent No. 9,835,764) to arrange an array 

into a cylindrical volume that is compact relative to an array 

aperture.  The method of the present invention also uses a 

floating test platform 20, a data processor 30 and a plurality 

of calibrated reference standard hydrophones 40 to acquire the 

acoustic data used to perform the acoustic calibrations. 

[0047] As illustrated, a hydrophone line array 100 is 

helically fixed to the cylindrical test fixture 10.  The test 

fixture 10 comprises circular tubes 12 joined by supports and 

covered with a wire mesh 16 that is open to the passage of 

acoustic waves.  A plurality of brackets 18 are affixed at the 

bottom of the fixture 10 to support the line array 100.  The 

fixture 10 is raised and lowered using a cable 50. 

[0048] Once the cylindrical test fixture 10 is beneath a 

water surface 200; acoustic signals of the ambient noise 

environment are received by one or more calibrated reference 
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standard hydrophones 40.  Signals from the hydrophones 40 are 

transmitted over cables 60 to the data processor 30.  Signals 

from the hydrophone line array 100 are transmitted over a cable 

70 to the data processor 30.  Signals transmitted by the 

hydrophone line array 100 may be either analog or digital, and 

need not be accurately synchronized with signals provided by the 

reference hydrophones 40.  The measurement is typically 

performed from the floating test platform 20.   

[0049] The method measures a modulus of the free-field 

voltage sensitivity for hydrophone data channels in the 

hydrophone line array 100 over a broad range of frequencies.  

The hydrophones of the towed array 100 being calibrated are also 

referred to as the devices under test (DUT).  Ambient sound in 

the natural environment is the calibration signal.   

[0050] Due to electronic self-noise, this method is used 

where power output by the devices under test and the reference 

hydrophone 40 (due to electronic self-noise) are substantially 

less than the power output in response to the ambient sound 

field.  This limits use to low noise acoustic sensor systems 

where a calibration signal-to-noise ratio is the quotient of the 

power output of the devices under test when immersed in the 

water and the electronic self-noise power of the devices.  
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However, it is common for towed arrays designed for scientific, 

geophysical and naval applications to be designed with low 

electronic-noise levels.  It is also common to design calibrated 

reference hydrophones with low electronic self-noise levels. 

[0051] The prior method by Crocker for calibrating the 

acoustic data channels in a hydrophone line array using a 

naturally occurring sound field in a body of water stipulated 

that the sound field observed by a device under test at one 

location on the measurement apparatus was highly correlated with 

the sound field observed by a reference standard hydrophone at a 

different location on the cylindrical text fixture with a 

maximum separation distance of a few meters (e.g., three 

meters).  A significant factor is that the calibration method 

was limited to the measurement of complex free-field voltage 

sensitivity (i.e., modulus and phase) at a range of frequencies 

less than 60 Hz. 

[0052] The present method significantly extends the maximum 

frequency at which the hydrophones in the line array 100 can be 

calibrated using a naturally occurring sound field in an open 

body of water.  However, extending the upper limit of the 

frequency band violates the stipulation that the ambient sound 

field is correlated over the distances spanned by the test 
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fixture 10.  As a direct result of relying on uncorrelated sound 

observations between a device under test and the calibrated 

reference hydrophone 40; only the modulus of the complex free-

field voltage sensitivity of the device under test can be 

measured accurately. 

[0053] Referring to FIG. 2, the ambient sound field is 

modeled by a uniform random distribution of sound sources 300 

located at a relatively shallow depth beneath the water surface 

200.  It is assumed that the speed of sound is nearly constant 

throughout the body of water and that the effect of refraction 

is negligible over generated acoustic path lengths from the 

sound sources.   

[0054] Each sound source 300 is created by wind, waves and 

bubbles operating on, or slightly beneath the water surface 200.  

Sound is thus radiated into the water from acoustic sources such 

as slightly submerged splashes and bubbles.  In particular, the 

sound sources 300 are generally located within a quarter 

wavelength of the water surface 200 for the radiated sounds and 

used for calibration of the hydrophone line array 100 over the 

range of frequencies addressed by the method (i.e., up to 10 

kHz). 
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[0055] Due to the proximity of the water surface 200, the 

intensity of sound radiated by the sound sources 300 produces a 

directional radiation pattern 400.  The sound intensity of the 

radiation pattern 400 varies with the angle of the pattern.  

Modeling surface generated sound assumes an angular distribution 

of acoustic intensity that varies as cos𝑥 𝜃 where 𝜃 is the angle 

with respect to the zenith and 𝑥 is an arbitrary positive 

exponent (See Burdic, W.S. (1991) Underwater Acoustic Systems 

Analysis, Prentice Hall, Englewood Cliffs, NJ, pp. 292-294).   

[0056] The sound from each source location propagates 

directly from the directional source 400 to a location 402 in 

the field where the sound may be received by either the device 

under test or the reference standard hydrophone 40.  This 

acoustic path is a direct acoustic path 404.   

[0057] The sound from each directional source 400 also 

propagates to the location 402 after reflection from the bottom 

406 of the body of water.  This acoustic path is a reflected 

acoustic path 408.   

[0058] Analysis of acoustic propagation in bounded 

environments is often performed using a method of images (See 

Jensen, F.B., et.al. (2000) Computational Ocean Acoustics, 
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Springer-Verlag, New York, NY, pp. 100-103) where reflected 

acoustic paths are modeled as direct acoustic paths for sound 

radiating from fictitious image sources located opposite the 

last reflecting boundary at a predetermined distance from that 

boundary.    

[0059] Referring again to FIG. 2, sound emitted in a 

directional radiation pattern of the near surface directional 

source 400 and reflected from the bottom 406 is modeled as sound 

radiated directly from a fictitious image source 410 beneath the 

bottom along a fictitious acoustic path 412 that extends from 

the source to a receiver at the location 402.  The use of image 

sources simplifies geometric relations used to describe 

reflected acoustic paths; however, the use of image sources does 

not change the analysis result.  

[0060] Referring to FIG. 3, sound emitted in a directional 

radiation pattern of the near surface directional source 400 may 

also be reflected in multiple directions from the bottom 406 and 

the water surface 200.  In these instances, each multiply 

reflected acoustic path 420, 422, 424 is modeled as the result 

of sound radiated from a fictitious image source 426, 428, 430 

and propagated directly from the fictitious image sources to a 

receiver 432 at the field location 402. 
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[0061] The total acoustic intensity at the receiver 432 is 

the sum of the intensities due to sounds propagating along the 

direct acoustic path 404 and the reflected acoustic paths 408, 

420, 422 and 424.  The acoustic field intensity is controlled by 

contributions from the direct acoustic path 404 and the 

reflected acoustic paths 408, 420, 422 and 424. 

[0062] Radiation of sound directly from the water surface 200 

to the receiver 432 is depicted in FIG. 4.  In the figure, 

sounds are generated at the water surface 200 by the action of 

wind, waves and splashes on the surface.  The time averaged 

intensity of sound radiated directly from the water surface 200 

to the acoustic receiver 432 at some depth below the surface is 

𝐼𝐷 where 𝐼𝑜 is the acoustic intensity radiated in the vertical 

direction in watts per square meter and 𝜃 is the zenith angle as 

shown by Equation (1).  Since the acoustic receiver 432 is 

located beneath the water surface 200, the range of zenith 

angles that contribute to the direct acoustic path are limited 

to 0 to 𝜋 2⁄  radians (i.e., 0 to 90 degrees). 

   𝐼𝐷(𝜃) =  𝐼𝑜 cos𝑥 𝜃, {𝜃|0 ≤ 𝜃 <
𝜋
2} (1) 

 



Attorney Docket No. 107398   
 

24 of 58 

 

[0063] The differential intensity 𝑑𝐼𝐷 that radiates directly 

from the differential surface area 𝑑𝐴 to the acoustic receiver 

432 is given by Equation (2) where 𝑙 is the distance from the 

differential area 𝑑𝐴 to the receiver 432. 

 
  𝑑𝐼𝐷 =

𝐼𝑜  cos𝑥 𝜃

𝑙2
𝑑𝐴 (2) 

 

[0064] The differential area 𝑑𝐴 from which sounds are 

radiated is given by Equation (3) where 𝑟 is the horizontal 

distance from the acoustic receiver 432 to the source of sound 

𝑑𝐴, 𝑑𝑟 is the differential distance and 𝑑𝜙 is the differential 

azimuth angle in standard spherical coordinates. 

   𝑑𝐴 =  𝑟 𝑑𝑟 𝑑𝜙 (3) 

 

[0065] Substitution of Equation (3) into Equation (2) 

provides Equation (4) as a differential intensity 𝑑𝐼𝐷 that 

radiates directly from the surface area 𝑑𝐴 to the acoustic 

receiver 432. 

 
𝑑𝐼𝐷   =  

𝐼𝑜  cos𝑥 𝜃

𝑙2
𝑟 𝑑𝑟 𝑑𝜙  (4) 
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[0066] The horizontal distance 𝑟 is given by Equation (5) 

where ℎ is the depth below the water surface 200 of the acoustic 

receiver 432.  The differential distance 𝑑𝑟 is given by Equation 

(6) as the differential of Equation (5).  The distance 𝑙 from 𝑑𝐴 

to the receiver 432 below the surface is given by Equation (7). 

   𝑟 = ℎ tan 𝜃 (5) 

   𝑑𝑟 = ℎ sec2 𝜃  𝑑𝜃 (6) 

   𝑙 = ℎ  sec 𝜃 (7) 

 

[0067] It is now assumed that the directional radiation 

pattern 400 of the near-surface sources 300 takes on the well-

known dipole response pattern such that the exponent 𝑥 = 2  (See 

Cron, B.F. and Sherman, C.H. (1962) “Spatial Correlation 

Functions for Various Noise Models,” J. Acoust. Soc. Am., vol. 

34, pp. 1732-1736) and the differential intensity 𝑑𝐼𝐷 at the 

acoustic receiver 432 due to the direct radiation of sound from 

a distribution of near-surface dipole sources (such as waves and 

wind) is given by substitution of Equations (5), (6) and (7) 

into Equation (4).  The result is given by Equation (8).   

   𝑑𝐼𝐷 =  𝐼𝑜  sin 𝜃 cos 𝜃  𝑑𝜃 𝑑𝜙 (8) 
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[0068] A solid angle 𝜓 and its differential as 𝜓 = sin 𝜃 𝑑𝜃 𝑑𝜙 

are defined (see Weisstein, E.W., "Solid Angle" from MathWorld--

A Wolfram Web Resource.  

http://mathworld.wolfram.com/SolidAngle.html [Online: 

11/13/2017]).  The sound intensity per unit solid angle 𝑑𝐼𝐷 𝑑𝜓⁄  

received as a function of the angle 𝜃 is then given by Equation 

(9) where it is seen that the intensity of sound generated by a 

distribution of near-surface dipole sources and observed at the  

submerged receiver 432 varies as the cosine of the zenith angle.   

 

[0069] The total intensity 𝐼𝐷 at the acoustic receiver 432 due 

to the direct radiation of sound from the water surface 200 is 

calculated by a rearrangement of Equation (8) to yield equation 

(10). 

 

  𝐼𝐷 =  
𝐼𝑜

2
∫ ∫ sin 2𝜃  𝑑𝜃 𝑑𝜙 = 𝜋 𝐼𝑜

𝜋
2

0

2𝜋

0

 
(10) 

 

 
  

𝑑𝐼𝐷

𝑑𝜓
=  𝐼𝑜 cos 𝜃 (9) 
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[0070] Equation (10) shows that the total sound intensity due 

to a distribution of near-surface dipoles and propagated 

directly to the submerged receiver 432 (i.e., absent bottom 

reflections) is the same everywhere.  However, Equation (9) 

shows that these sounds do not arrive at the acoustic receiver 

432 with equal probability from all directions but instead have 

a distribution in angle from the zenith that varies with the 

cosine of that angle.  Thus, the natural sound field in an open 

body of water satisfies one, but not both, of the criteria used 

to define a diffuse sound field (see American National Standard: 

Acoustical Terminology (2013) ANSI/ASA S1.1). 

[0071] The contribution from the reflected acoustic paths 

420, 422, 424 is now considered.  The time averaged intensity of 

sound reflected from the bottom 406 is 𝐼′ where 𝐼𝑜 is the time 

averaged acoustic intensity at the water surface 200 in watts 

per square meter, 𝑅(𝜃) is the intensity reflection coefficient of 

the bottom and 𝜃 is the zenith angle.   

   𝐼′(𝜃) = 𝐼𝑜 𝑅(𝜃) cos2 𝜃, {𝜃|0 ≤ 𝜃 ≤ 𝜋} (11) 

 

[0072] It is a well-known physical principal that the value 

of the intensity reflection coefficient varies from 0 for a 
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perfectly absorptive material to 1 for a perfectly reflective 

material such that 0 ≤ 𝑅(𝜃) ≤ 1 for all 𝜃 (See Kinsler, et.al. 

(1982) Fundamental of Acoustics, J. Wiley, New York, Chapter 6).   

[0073] Referring again to FIG. 3, the reflected acoustic 

paths 420, 422, 424 contribute to the total acoustic intensity 

observed at the acoustic receiver 432.  The first acoustic path 

420 is identified by one bottom reflection 𝑚 and zero surface 

reflections 𝑛.  The indices 𝑚, 𝑛 identify the number of bottom 

and surface reflections, respectively.   

[0074] The second acoustic path 422 is identified by one 

bottom reflection and one surface reflection such that 𝑚 = 1 and 

𝑛 = 1.  The third acoustic path 424 is identified by two bottom 

reflections and one surface reflection such that 𝑚 = 2 and 𝑛 = 1. 

[0075] Allowable ranges for the indices 𝑚, 𝑛 are given by 

Equations (12) and (13).  As these constraints show, the number 

of bottom reflections may vary from one to infinity.  The number 

of surface reflections can be equal to, or one less than, the 

number of bottom reflections for any reflected acoustic path. 

   1 ≤ 𝑚 ≤ ∞ (12) 

   𝑚 − 1 ≤ 𝑛 ≤ 𝑚 (13) 
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[0076] The intensity contributed by each indexed acoustic 

path (𝑚, 𝑛) is estimated as the differential intensity 𝑑𝐼′𝑚,𝑛 due to 

sound arriving on the acoustic path index (𝑚, 𝑛) is given by 

Equation (14) where it is again assumed the well-known dipole 

radiation pattern for the near surface sources 300.   

 
  𝑑𝐼′𝑚,𝑛 =

𝐼𝑜  𝑅(𝜃)𝑚  cos2 𝜃

𝑙′𝑚,𝑛
2

𝑑𝐴′𝑚,𝑛 (14) 

 

[0077] The range of zenith angles over which the acoustic 

intensity is received varies according to the last boundary 

reflection before arriving at the acoustic receiver 432.  In 

cases where the last reflecting boundary is the bottom 406 such 

that 𝑛 = 𝑚 − 1, the sound arrives from angles between 𝜋 2⁄  and 𝜋 

(i.e., 90o and 180o).  In cases where the last reflecting 

boundary is the water surface 200 such that 𝑛 = 𝑚, the sound 

arrives from angles between 0 and 𝜋 2⁄  (i.e., 0o and 90o) as shown 

in FIG. 3 and by Equation (15). 

 

  
0 ≤ 𝜃 <

𝜋

2
;  𝑛 = 𝑚     

 
𝜋

2
< 𝜃 ≤ 𝜋;  𝑛 = 𝑚 − 1

 (15) 
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[0078] The differential area 𝑑𝐴′𝑚,𝑛 from which sounds are 

radiated is determined in Equation (16) where 𝑟′𝑚,𝑛 is the 

horizontal distance from the acoustic receiver 432 to the source 

of sound, 𝑑𝑟′𝑚,𝑛 is the differential distance and 𝑑𝜙 is the 

azimuth angle in standard spherical coordinates. 

 
  𝑑𝐼′𝑚,𝑛 =

𝐼𝑜  𝑅(𝜃)𝑚 cos2 𝜃

𝑙′𝑚,𝑛
2

𝑟′𝑚,𝑛 𝑑𝑟′𝑚,𝑛 𝑑𝜙  (16) 

 

[0079] The horizontal distance 𝑟′𝑚,𝑛 for sound having undergone 

𝑚 bottom reflections is given by Equation (17).  Note that two 

acoustic transmission paths are associated with a path having 𝑚 

bottom reflections; a shorter reflected acoustic path 420 that 

has undergone 𝑛 = 𝑚 − 1 surface reflections, and a longer acoustic 

path 422 that has undergone 𝑛 = 𝑚 surface reflections. 

[0080] The differential distances 𝑑𝑟′𝑚,𝑛 are given by Equation 

(18) as the differential of Equation (17).  The distances 𝑙′𝑚,𝑛 

from the image source 410 of FIG. 2 to the acoustic receiver 432 

are given by Equation (19). 

 
  𝑟′𝑚,𝑛 = {

(2𝑚𝑍 + ℎ) tan 𝜃;  𝑛 = 𝑚       
(2𝑚𝑍 − ℎ) tan(𝜋 − 𝜃); 𝑛 = 𝑚 − 1 

 (17) 
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  𝑑𝑟′𝑚,𝑛 = {

(2𝑚𝑍 + ℎ) sec2 𝜃 𝑑𝜃; 𝑛 = 𝑚       

(2𝑚𝑍 − ℎ) sec2(𝜋 − 𝜃) 𝑑𝜃; 𝑛 = 𝑚 − 1
 (18) 

 
𝑙′

𝑚,𝑛 = {
(2𝑚𝑍 + ℎ) sec 𝜃;  𝑛 = 𝑚       

(2𝑚𝑍 − ℎ) sec(𝜋 − 𝜃);  𝑛 = 𝑚 − 1
 (19) 

   

 

[0081] The differential intensity 𝑑𝐼′𝑚,𝑛 at the acoustic 

receiver 432 due to multiply reflected sound received over path 

index (𝑚, 𝑛) is given by Equation (20) following the substitution 

of Equations (17), (18) and (19) into Equation (16).  Note that 

the leading term on the right hand side of Equation (20) 

accounts for the sign of the trigonometric functions over the 

range of zenith angles 0 ≤ 𝜃 ≤ 𝜋 for reflected acoustic paths 

arriving from above (i.e., 𝑛 = 𝑚) and from below (i.e., 𝑛 = 𝑚 − 1) 

the receiver 432. 

 

[0082] Similar to the case for sound propagating on a direct 

acoustic path; the sound propagating on a reflected acoustic 

path generates an intensity per unit solid angle 𝑑𝐼′𝑚,𝑛 𝑑𝜓⁄  

received as a function of the angle 𝜃 given by Equation (21) 

   𝑑𝐼′𝑚,𝑛 = (−1)(𝑚−𝑛) 𝐼𝑜  𝑅(𝜃)𝑚  sin 𝜃 cos 𝜃  𝑑𝜃 𝑑𝜙 (20) 
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where it is seen that the intensity of sound generated by a 

distribution of near surface dipole sources and observed at the  

receiver 432 is a function of the zenith angle and intensity 

reflection coefficient of the bottom 406.   

 

[0083] Equation (21) shows that the differential intensity 

received over different reflected acoustic paths varies with the 

number of bottom reflections, where each reflection reduces the 

intensity of sound by a factor equal to the intensity reflection 

coefficient 𝑅(𝜃).  Thus, sound having undergone one, two or three 

bottom reflections is reduced respectively by the factor 

𝑅(𝜃), 𝑅(𝜃)2 or 𝑅(𝜃)3.   

[0084] If the intensity reflection coefficient of the bottom 

406 is assumed to be constant, as described by Equation (22), 

then 𝑅(𝜃) = 𝑅 is a constant.  Here, it is also assumed without 

loss of generality that the maximum intensity reflection 

coefficient is assumed to be arbitrarily close to, but less than 

unity=1 such that 0 ≤ 𝑅 < 1. 

 
  

𝑑𝐼′𝑚,𝑛

𝑑𝜓
=  (−1)(𝑚−𝑛)𝐼𝑜  𝑅(𝜃)𝑚 cos 𝜃 (21) 
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[0085] The intensity received for a reflected acoustic path 

index (𝑚, 𝑛) is then calculated by the integration of Equation 

(20).  The approximation of Equation (22) with Equation (23) is 

used as the result.  Consideration of the problem symmetry 

results in a change to the limits of integration for the zenith 

angle to 0 ≤ 𝜃 ≤ 𝜋/2 for all reflected acoustic paths.  

 

  𝐼′𝑚,𝑛 ≅  
 𝑅𝑚 𝐼𝑜

2
∫ ∫ sin 2𝜃  𝑑𝜃 𝑑𝜙

𝜋
2

0

 =

2𝜋

0

 𝜋 𝑅𝑚 𝐼𝑜 
(23) 

 

[0086] The time averaged reflected intensity 𝐼′ at the 

acoustic receiver 432 is approximated as the sum of the 

intensities received on numerous reflected acoustic paths 

indexed as (𝑚, 𝑛) where 𝑚 is the number of bottom reflections, 𝑛 

is the number of surface reflections, 𝑅 is the intensity 

reflection coefficient and 𝐼𝑜 is the time averaged intensity 

radiated vertically from a uniform distribution of near-surface 

dipoles. 

 𝜕𝑅

𝜕𝜃
 ~ 0 (22) 
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  𝐼′ ≅  𝜋 𝐼𝑜  ∑   ∑  𝑅𝑚

𝑚

𝑛=𝑚−1

=  2 𝜋 𝐼𝑜 ∑ 𝑅𝑚

∞

𝑚=1

∞

𝑚=1

 (24) 

 

[0087] The time averaged intensity at the acoustic receiver 

432 is then the sum of the direct (See Equation (10)) and 

reflected intensities 𝐼 = 𝐼𝐷 + 𝐼′.  Using Equation (24), the time 

averaged intensity is given by Equation (25). 

 

  𝐼 ≅  𝜋 𝐼𝑜 (1 + 2 ∑ 𝑅𝑚

∞

𝑚=1

) = 𝜋 𝐼𝑜  (1 +
2𝑅

1 − 𝑅
)  (25) 

 

[0088] Equation (25) is simplified to yield equation (26) as 

the total intensity observed at the acoustic receiver 432 due to 

a uniform random distribution of dipole sources with a mean 

intensity 𝐼𝑜 at the water surface 200, where the intensity 

reflection coefficient 𝑅 of the bottom is independent of a 

grazing angle and is less than unity such that 0 ≤ 𝑅 < 1. 

 
  𝐼 ≅  𝜋 𝐼𝑜 (

1 + 𝑅

1 − 𝑅
) (26) 

 

[0089] Important properties of the natural sound field in an 

open body of water due to the actions of wind and waves on the 

water surface 200 are indicated by the following analysis.   
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[0090] First, Equation (25) shows that the total sound field 

intensity does not vary with distance from the water surface 200 

or the bottom 406.  This means that the sound field intensity 

observed by the device under test hydrophones of the hydrophone 

line array 100 affixed to the text fixture 10 shown in FIG. 1 

does not vary with location on the text fixture (which can 

differ by a few meters).  This is also true for the reference 

hydrophones 40 that are affixed to the text fixture 10. 

[0091] Therefore, neglecting acoustic reflections and 

scattering from the text fixture 10 itself, the devices under 

test hydrophones of the hydrophone line array 100 and calibrated 

reference hydrophones 40 that are distributed over the spatial 

extent of the text fixture observe the same acoustic intensity.  

The issue of scattering and reflections from the text fixture 10 

are discussed when considering the uncertainties in the free-

field voltage sensitivity moduli returned by this calibration 

method. 

[0092] Second, the analysis invoked simplifying 

approximations to facilitate consideration of sound field 

properties that are important to the calibration of the 

hydrophone line array 100.  The extent to which these 

approximations are not represented in the natural environment 
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influence the measurement and possibly introduce measurement 

errors.  The potential for measurement errors due to differences 

between the environment assumed by the analysis and the real 

environment are discussed when considering uncertainties in the 

free-field voltage sensitivity moduli returned by the 

calibration method. 

[0093] Lastly, consideration of Equations (9) and (21) shows 

that the acoustic intensity does not arrive from all directions 

with equal probability.  Instead, the greatest sound intensity 

is received at zenith angles near vertical due to the 

directional radiation pattern of the assumed dipole source 

distribution.  Therefore, the sound field is not diffuse as 

defined by national standards (See “American National Standard: 

Acoustical Terminology” (2013) ANSI/ASA S1.1) and does not 

satisfy the sound field requirement stipulated in diffuse sound 

field microphone calibration methods known in the prior art (See 

Beranek, L.L. (1988) Acoustical Measurements, 2nd Ed., American 

Institute of Physics, pp. 633-635).  This aspect of the natural 

sound field results in a constraint to the field of 

applicability. 
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[0094] As stated throughout, the desired measurement is the 

modulus of the free-field voltage sensitivity 𝑀𝑓𝑓 of the 

hydrophones in the hydrophone line array 100, defined as the 

ratio of the open circuit voltage output by the hydrophone to 

the acoustic pressure at the hydrophone when excited by a 

progressive wave field in an unbounded medium.  That is, absent 

any contribution from boundary reflections.     

[0095] However, the acoustical measurements employed herein 

are performed using an arbitrary sound field with quasi-diffuse 

properties; thus the actual measurement may be closer to the 

diffuse-field voltage sensitivity 𝑀𝑑𝑓 rather than the free-field 

sensitivity 𝑀𝑓𝑓.  It will now be shown that subject to certain 

constraints; the two quantities will be equal. 

[0096] The directivity factor 𝐷 of a directional hydrophone 

is defined as the ratio of the power output by an 

omnidirectional hydrophone and the power output by the 

directional hydrophone when both hydrophones are ensonified by 

an isotropic (i.e., diffuse) noise field and defined by Equation 

(27) as 

 
  𝐷 =  

4𝜋

∫ 𝑏2(𝜃, 𝜙)
4𝜋

𝑑Ω
 (27) 
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where 𝑏 is the directional response of the hydrophone which is 

less than or equal to unity, 𝜃 and 𝜙 are the zenith and azimuth 

angles, and 𝑑Ω is the differential solid angle 𝑑Ω = sin 𝜃 𝑑𝜃𝑑𝜙 (See 

Kinsler, et.al., Fundamentals of Acoustics 4th Ed. (2000) J. 

Wiley, pp. 188-190).  

[0097] The diffuse-field voltage sensitivity 𝑀𝑑𝑓 of a 

hydrophone is defined as the ratio of the root-mean-squared 

(rms) open circuit voltage output by the hydrophone 432 and the 

rms acoustic pressure in the diffuse-sound field at the 

hydrophone.  If the hydrophone 432 is not omnidirectional (i.e., 

𝑏 = 𝑏(𝜃, 𝜙) and 𝐷 > 1) then the two sensitivities are different and 

are related by the directivity factor 𝐷 as shown in Equation 

(28).   

   𝑀𝑑𝑓 =  𝐷 𝑀𝑓𝑓 (28) 

 

[0098] If a hydrophone is omnidirectional (i.e., 𝑏(𝜃, 𝜙) = 1 and 

𝐷 = 1), then the diffuse-sound and free-field voltage 

sensitivities are the same and a diffuse-sound field can measure 

the free-field voltage sensitivity of the hydrophone (See 

Bobber, R.J., Underwater Electroacoustic Measurements (1988) 

Peninsula Publishing, Los Altos, pp. 41). 
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[0099] Equation (27) can be modified to define a parameter 

that is similar to the directivity factor 𝐷 of Equation (28), 

but defined for a sound field with an arbitrary angular 

distribution 𝐼 = 𝐼(𝜃, 𝜙).  Thus, a factor 𝐹𝑎𝑓 is defined relating 

the power output by an omnidirectional hydrophone ensonified by 

an arbitrary sound field 𝐼(𝜃, 𝜙) to the power output by the 

directional hydrophone when ensonified by the same arbitrary 

sound field and given as Equation (29). 

[0100]     Equation (29) shows that if the sound field intensity 

is independent of angle such that 𝐼(𝜃, 𝜙), = constant then Equation 

(29) reduces to Equation (27), the case for an isotropic noise 

field referenced in the definition of directivity factor 𝐷. 

 

  𝐹𝑎𝑓 =
∫ 𝐼(𝜃, 𝜙) 𝑑

4𝜋
Ω

∫ 𝐼(𝜃, 𝜙) 𝑏2(𝜃, 𝜙)
4𝜋

𝑑Ω
  (29) 

 

[0101]     The free-field 𝑀𝑓𝑓 and arbitrary field 𝑀𝑎𝑓 

sensitivities for a directional device are related by the factor 

𝐹𝑎𝑓 for an arbitrary noise field to arrive at Equation (30). 

   𝑀𝑎𝑓 =  𝐹𝑎𝑓 𝑀𝑓𝑓 (30) 
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[0102]     In the case of an omnidirectional hydrophone where 

𝑏(𝜃, 𝜙) = 1 for all angles 𝜃 and 𝜙, the factor 𝐹𝑎𝑓 = 1 and the free-

field 𝑀𝑓𝑓 and arbitrary field 𝑀𝑎𝑓 sensitivities are equal as 

shown by Equation (31). 

   𝑀𝑎𝑓 =  𝑀𝑓𝑓;  𝑏(𝜃, 𝜙) = 1 for all 𝜃, 𝜙  (31) 

 

[0103]     Equation (31) represents a constraint on the field of 

applicability.  In particular, the free-field voltage 

sensitivity 𝑀𝑓𝑓 of a device under test hydrophone may be 

determined from acoustical measurements performed in an 

arbitrary (e.g., quasi-diffuse) sound field if the device under 

test hydrophone and the reference hydrophone 40 used for the 

comparison are both omnidirectional.   

[0104]     A sufficient condition to ensure that a hydrophone is 

omnidirectional is illustrated by consideration of the open-

circuit voltage sensitivity 𝑀 

 
  𝑀 =  

𝑣𝑜𝑐

〈𝑝〉
=  

𝑣𝑜𝑐

1
𝐴 ∫ 𝑝(𝐴) 𝑑𝐴

𝐴

 (32) 

where 𝑣𝑜𝑐 is the open-circuit voltage output by the hydrophone, 𝐴 

is the surface area of the hydrophone, and 𝑝 is the acoustic 

pressure.  Thus, the hydrophone sensitivity 𝑀 is simply the 
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ratio of the open-circuit voltage output 𝑣𝑜𝑐 of the hydrophone to 

the average pressure 〈𝑝〉 operating on the sensitive surface of 

the hydrophone. 

[0105]     For the purpose of this description, the device under 

test hydrophone of the hydrophone line array 100 is constrained 

to be small with respect to an acoustic wavelength, such that 

𝑘𝑎 ≪ 1 where 𝑘 = 2𝜋/𝜆 is the acoustic wavenumber, 𝜆 is the acoustic 

wavelength and 𝑎 is a characteristic dimension of the hydrophone 

(e.g., radius).  When applied, this constraint results in a 

uniform pressure 𝑝 on the hydrophone surface 𝐴 and Equation (32) 

is simplified to yield 

 
  𝑀 =  

𝑣𝑜𝑐

𝑝
;  𝑘𝑎 ≪ 1 (33) 

   

 

as the sensitivity irrespective of an angular dependence of the 

incident sound field. 

[0106]     Properties of the natural sound field in an open body 

of water that are relevant and shown in the preceding analysis, 

are summarized in that the natural sound field in an open body 

of water is generated by a uniform random distribution of near 

surface sources due to wind and waves.  Each source radiates 
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sound into the water with a directional dependence that varies 

approximately with the cosine of the zenith angle.  The 

intensity of sound arriving at the test fixture 10 includes 

contributions from a direct acoustic path between the 

distribution of near surface sources and receiver(s) and 

multiple reflected acoustic paths with a varying number of 

bottom and surface reflections. 

[0107]     The total intensity of sound in the water does not 

vary with location in the body of water, most importantly 

throughout the volume of the submerged test fixture; the 

intensity of sound received includes an angular dependence 

whereby the greatest sound intensity is received from angles 

near vertical; and the sound field satisfies neither the free-

field conditions required by most hydrophone calibration 

methods, nor the diffuse-field conditions required by microphone 

calibration methods known in the prior art. 

[0108]     Finally, the modulus of the free-field voltage 

sensitivity of the device under test hydrophone can be measured 

in an arbitrary sound field, to include a quasi-diffuse sound 

field in an open body of water, if the device under test 

hydrophone and the reference hydrophone 40 used for the 

comparisons are small with respect to an acoustic wavelength 
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over the calibration frequency band. 

[0109]     The following discussion adopts a notational 

convention where subscripts identify the hydrophone associated 

with a given parameter and parenthetical superscripts indicate 

the individual observations that constitute an ensemble.  All 

description prior to this paragraph is proof that the physics of 

the present invention is valid.  Everything that follows this 

paragraph is practical implementation of the present invention. 

[0110]     The modulus of the frequency dependent sensitivity 

|𝑴𝑖(𝑓)| of the 𝑖𝑡ℎ hydrophone data channel in the towed sensor 

array 100 is computed from time dependent measurements of the 

voltage output by that hydrophone 𝑣𝑖
(𝑘)(𝑡) and by the time dependent 

voltages observed by a plurality 𝐽 of reference hydrophones 40 

𝑣1
(𝑘)(𝑡),  𝑣2

(𝑘)(𝑡), ⋯ , 𝑣𝐽
(𝑘)(𝑡) as the ensemble average of 𝐾 acoustic 

comparisons between the 𝐽 calibrated reference standard 

hydrophones and the 𝑖𝑡ℎ array hydrophone.  It is computed as 

where 𝑽𝑖
(𝑘)(𝑓) is the 𝑘𝑡ℎ voltage spectrum observed by the 𝑖𝑡ℎ array 

hydrophone and is computed as the Fourier Transform of the 

 

|𝑴𝑖(𝑓)| =  
1

𝐽 𝐾
 ∑ ∑

|𝑽𝑖
(𝑘)(𝑓)|

|𝑽𝑗
(𝑘)

(𝑓)|

𝐽

𝑗=1

 |𝑴𝑗(𝑓)|

𝐾

𝑘=1

 (34) 
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voltage time history 𝑣𝑖
(𝑘)(𝑡).  The voltage spectrum 𝑽𝑗

(𝑘)(𝑓) observed 

by the 𝑗𝑡ℎ calibrated reference is likewise computed as the 

Fourier Transform of the 𝑘𝑡ℎ voltage time history 𝑣𝑗
(𝑘)(𝑡).  The 

voltage sensitivity of the 𝑗𝑡ℎ calibrated reference is 𝑴𝑗(𝑓) and 𝑓 

is frequency.  Vertical brackets represent the modulus of a 

complex quantity.   

[0111]     In certain cases, such as for towed sensor arrays 

designed to measure broadband noise processes, it is 

advantageous to express the sensitivity of the device under test 

hydrophone as the average value across a frequency band 𝑊 = 𝑓2 − 𝑓1 

such that 𝑓1 < 𝑓2.  Commonly used frequency bands include a fixed 

bandwidth of one Hz for the measurement of spectrum level and 

proportional bandwidths based on a set of preferred frequencies 

for acoustical measurements (see Preferred Frequencies and 

Filter Band Center Frequencies for Acoustical Measurements 

(2016) ANSI/ASA S1.6).    

[0112]     The modulus of the band averaged sensitivity |𝑴𝑖| of 

the 𝑖𝑡ℎ hydrophone across a finite bandwidth 𝑊 that spans the 

range of frequencies 𝑓1, 𝑓2 is given by Equation (34) where the 

frequency dependence 𝑓 is suppressed for notational convenience. 
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[0113]     Hydrophone sensitivities computed by using Equation 

(34) or Equation (35) include not only the ordinary measurement 

uncertainty associated with any measurement process, but may 

include uncertainties due to differences between the statistical 

properties of the sound field as expressed by Equation (25) and 

the actual properties of the sound field in which the 

calibration measurements are performed.   

[0114]     In particular, Equation (26) describes a total sound 

field intensity that does not vary with location in the water 

column.  The extent to which the actual acoustic field intensity 

does vary with location contributes to the uncertainties in 

sensitivities computed using Equation (34) or (35).  While 

measurement uncertainty is reduced by taking the ensemble 

average of the sensitivities computed from the device under test 

and the reference hydrophones 40 distributed over the test 

fixture 10, an estimate of the measurement uncertainty is still 

required. 

 

 

|𝑴𝑖(𝑊)| =  
1

𝐽 𝐾 𝑊
 ∑ ∑ ∫

|𝑽𝑖
(𝑘)

|

|𝑽𝑗
(𝑘)

|

𝑓2

𝑓1

𝐽

𝑗=1

 |𝑴𝑗| 𝑑𝑓

𝐾

𝑘=1

 (35) 



Attorney Docket No. 107398   
 

46 of 58 

 

[0115]     Standard procedures for estimation of measurement 

uncertainty decompose the combined standard uncertainty into a 

Type A component that is determined by the statistical analysis 

of repeated measurements and a Type B component that is the 

product of “scientific judgement based on all available 

information” (see Evaluation of Measurement Data — Guide to the 

Expression of Uncertainty in Measurement (2008) JCGM 100:2008, 

Bureau International des Poids et Mesures, Paris, France). 

[0116]     Significant contributors to the Type A uncertainty 

include a relatively low signal-to-noise ratio (SNR) and 

variations in the sound field intensity with locations due to 

differences between the assumed and actual sound generation 

mechanisms; the presence of the test fixture 10 in the sound 

field; and any local sources of sound that may exist near the 

test fixture.   

[0117]     The Type B uncertainty includes contributions from 

uncertainties in the reference sensitivities, uncertainties in 

the data processor signal conditioning and analog-to-digital 

conversion electronics, electrical losses in cables used to 

transmit the electrical signals and any electromagnetic 

interference that may exist.  Among these contributions, the 

uncertainty in sensitivity of the reference hydrophones is 
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likely to dominate the Type B component of the combined standard 

uncertainty. 

[0118]     The Type B uncertainty can thus be approximated by 

the uncertainty of the reference standard calibrations.  The 

standard uncertainty (i.e., ±1σ) of the calibration provided 

with the reference standard hydrophone 40 is approximately three 

percent when the calibration is performed by a highly qualified 

laboratory, such as a national metrology institute (NMI).  This 

corresponds to an expanded uncertainty for the reference of ±0.5 

dB when expressed at a 95% confidence level (See Robinson, S.P., 

et.al. (2006) “An International Key Comparison of Free-Field 

Hydrophone Calibrations in the Frequency Range 1 to 500 kHz,” J. 

Acoust. Soc. Am., vol. 120, pp. 1366-1373).   

[0119]     The combined standard uncertainty 𝑢𝑖 for the 𝑖𝑡ℎ device 

under test is then the root-sum-squares of the Type A and Type B 

components as given by Equation (36). 

 

[0120]     An unbiased estimate of the total measurement 

variance 𝜎𝑖
2 for the 𝑖𝑡ℎ device under test is provided by the 

 
𝑢𝑖 =  √𝑢𝑖𝐴

2 + 𝑢𝑖𝐵
2   (36) 
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sample variance 𝑠𝑖
2 of the measured data as 

 

where 𝑴𝑖𝑗𝑘 is the 𝑘𝑡ℎ sensitivity computed for the 𝑖𝑡ℎ device under 

test hydrophone by comparison with the 𝑗𝑡ℎ reference hydrophone 

and the estimated combined standard uncertainty is 𝑢𝑖 = √𝑠𝑖
2.  Note 

that Equation (37) treats the uncertainty in the calibrated 

reference sensitivity as a Type A component since the 

uncertainty is included in the sample variance of the 

measurements. 

[0121]     The sample variance for the sensitivity modulus |𝑴𝑖| 

of the 𝑖𝑡ℎ device under test based only on comparisons with the 𝑗𝑡ℎ 

calibrated reference is given by Equation (38).  It is expressed 

for a given pair of sensors as 𝑠𝑖𝑗
2 and computed across an ensemble 

of 𝐾 sensitivity measurements |𝑴𝑖𝑗𝑘| for the 𝑖𝑡ℎ device under test  

by comparison with the 𝑗𝑡ℎ reference.  Thus, a total of 𝐽 sample 

variances are computed for each device under test hydrophone and 

one for each device under test hydrophone reference standard 

pairing by the equation 

 

𝑠𝑖
2 =

1

𝐽 𝐾 − 1
∑ ∑(|𝑴𝑖𝑗𝑘| − |𝑴𝑖|)

2

𝐽

𝑗=1

𝐾

𝑘=1

 (37) 
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where 𝑢𝑅𝑒𝑓 is the combined standard uncertainty in the reference 

hydrophone calibrations, and is treated here as a Type B 

component in the calibration measurement process.  

[0122]     Using Equation (38) to compute sample variances 𝑠𝑖𝑗
2 

from 𝐾  observations between pairs of sensors 𝑖, 𝑗 provides for 

identification and isolation of problems with the measurement 

process, such as might result from significant variations in the 

sound field intensity within the spatial domain of the test 

fixture 10 or elevated electronic noise levels in the device 

under test hydrophone and/or the reference hydrophones 40.  

Thus, a consistent measurement process will yield variances 

computed using Equations (37) and (38) that are approximately 

equal such that 𝑠𝑖
2 ≅ 𝑠𝑖𝑗

2 + 𝑢𝑅𝑒𝑓
2  for all cases. 

[0123]     An important reason for calibrating a hydrophone line 

array is to verify that the hydrophone sensitivities are equal 

to the specified value within a manufacturing tolerance, usually 

expressed as 𝑀 ± Δ𝑀 where 𝑀 is the specified sensitivity and Δ𝑀 

 

𝑠𝑖𝑗
2 =

1

𝐾 − 1
∑(|𝑴𝑖𝑗𝑘| − |𝑴𝑖|)

2
+ 𝑢𝑅𝑒𝑓

2

𝐾

𝑘=1

 (38) 
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is the manufacturing tolerance, or an allowable deviation from 

the specified value which is typically expressed as decibels 

(i.e., dB re 1V/uPa).  An example of a calibration result for a 

hydrophone data channel is provided in FIG. 5 in which the 

specified free-field voltage sensitivity is -160 dB re 1V/uPa, 

the manufacturing tolerance is ±1 dB, and the passband is 20 Hz 

to 8 kHz.   

[0124]     The figure provides a vertical axis depicting the 

value of the free-field voltage sensitivity and a horizontal 

axis depicting the frequency value.  The specified sensitivity 

of the hydrophone channel is shown as a solid line 500.  The 

upper and lower bounds for sensitivities that satisfy the 

specification are respectively shown as dotted lines 502 and 

504.  Individual device under test sensitivities calculated from 

measured data with Equation (35) and converted to decibels with 

standard engineering practice (i.e., 𝑀dB = 20 log10(|𝑴|)) are shown 

with circular markers 506 where the band averaged sensitivities 

are provided across the standard one third octave band frequency 

set (see Preferred Frequencies and Filter Band Center 

Frequencies for Acoustical Measurements (2016) ANSI/ASA S1.6).   
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[0125]     Combined expanded measurement uncertainties 𝑈𝑖 are 

shown by error bars 508 such that the true value of the free-

field voltage sensitivity is in the range of sensitivities 

spanned by the error bars with a ninety-five percent level of 

confidence.  The true value of the free-field voltage 

sensitivity is calculated using standard methods for the 

expression of measurement uncertainty (See Evaluation of 

Measurement Data — Guide to the Expression of Uncertainty in 

Measurement (2008) JCGM 100:2008, Bureau International des Poids 

et Mesures, Paris, France) where the combined standard 

uncertainty 𝑢𝑖 is computed as the square root of the combined 

sample variance 𝑠𝑖
2 given by Equation (37).  The combined standard 

uncertainty is then given as 𝑢𝑖 = √𝑠𝑖
2  for each measured 

sensitivity |𝑴𝑖|.   

[0126]     The combined expanded uncertainty 𝑈𝑖 is then computed 

by application of an expansion factor of two for a confidence 

interval of ninety-five percent.  Thus, the true value of the 

measured sensitivities lay in the range |𝑴𝑖| ± 𝑈𝑖 with a ninety-

five percent probability.  The result, when converted to 

decibels, is Equation (39).   
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[0127]     The calibration approach whereby the measured 

sensitivities may be expressed with a mean value |𝑴𝑖| and a 

sample variance 𝑠𝑖
2 based on statistical analysis facilitates a 

risk based approach when assessing pass/fail criteria for a 

hydrophone line array.  Since the cost of a hydrophone line 

array can be quite high, the risk of rejecting an array that 

actually satisfies the manufacturing tolerance is to be avoided. 

[0128]     For example, data illustrated in FIG. 5 indicates 

that the measured sensitivity |𝑴𝑖| at 40 Hz is a relatively small 

distance outside the defined acceptance criteria.  However, when 

the expanded measurement uncertainty 𝑈𝑖 as indicated by the error 

bar is also considered; the probability that the true value of 

the free-field voltage sensitivity actually failed the defined 

acceptance criteria is slightly greater than fifty percent.  

Given the potentially high cost associated with rejecting a 

manufactured array; it may be preferable to accept this out-of-

tolerance measurement if the risk can be quantified. 

 

 
20 log10(|𝑴𝑖|)  ± 20 log10 (1 +

2𝑢𝑖

|𝑴𝑖|
)  dB re 1V/uPa (39) 
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[0129]     The method can represent the measured sensitivities 

|𝑴𝑖| not as discrete values, but as a set of probability density 

functions 𝑃𝑖 for the sensitivity of each hydrophone expressed at 

each frequency 𝑓 or frequency band 𝑊.  Assuming normally 

distributed data, the probability density function 𝑃𝑖 for the 

true value |𝑴𝑇| of the sensitivity of the 𝑖𝑡ℎ hydrophone at 

frequency 𝑓 (or in frequency band 𝑊) is given by the well-known 

Gaussian distribution as shown in Equation (40). 

 

[0130]     Since the true hydrophone sensitivity is represented 

as a probability density function, the sensitivity can be 

integrated across the range of acceptable sensitivity defined by 

the manufacturing specification 𝑀 ± Δ𝑀 for a given frequency 𝑓 or 

band 𝑊 using standard statistical methods (see Bendat, J.S. and 

Piersol, A.G. (2000) Random Data Analysis and Measurement 

Procedures, 3rd Ed., J. Wiley & Sons, pp. 48-53 ).  Thus, the 

cumulative probability 𝐶𝑖 that the true sensitivity |𝑴𝑇| of the 𝑖𝑡ℎ  

hydrophone lay on the interval 𝑀 ± Δ𝑀 (expressed in linear 

engineering units as V/uPa) is provided by Equation (41).  The 

 

𝑃𝑖(|𝑴𝑇|) =
1

𝑠𝑖 √2𝜋
 𝑒

−(|𝑴𝑇|−|𝑴𝑖|)2

2 𝑠𝑖
2

 (40) 
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probability that the hydrophone does not satisfy the 

specification is 1 − 𝐶𝑖. 

 

[0131]     The method can measure the modulus of the complex 

sensitivity of the data channels in a hydrophone line array 

across a broad range of frequencies using a natural sound field 

in an open body of water as the calibration signal.  One 

significant aspect of this invention is the contrast between the 

carefully engineered (and expensive) diffuse sound field of 

prior art calibrations and the naturally occurring quasi-diffuse 

sound field taught by the invention.    

[0132]     The diffuse sound field in the prior art microphone 

calibration method results from signals transmitted by a single 

acoustic source interacting with carefully engineered boundaries 

designed to disrupt discrete room modes and to diffuse the sound 

energy evenly throughout the volume of the room where the 

calibration measurements are performed.   

[0133]     Contrast this with the quasi-diffuse sound field 

recognized by this invention whereby the sound field is created 

 

𝐶𝑖 =
1

𝑠𝑖 √2𝜋
∫  𝑒

−(|𝑴𝑇|−|𝑴𝑖|)2

2 𝑠𝑖
2

𝑀+Δ𝑀

𝑀−Δ𝑀

 𝑑|𝑴𝑇| (41) 
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naturally by a random distribution of acoustic sources operating 

at, or near, the surface of an open body of water by the action 

of wind and waves.  Generated sounds then interact with a pair 

of parallel boundaries (bottom and surface) to create a quasi-

diffuse sound field despite the symmetry of the acoustic volume 

in which the calibration measurements are performed.  

[0134]     By dispensing with the acoustic projector, the 

invention avoids the problems of the interaction of a 

spherically divergent and coherent sound field with a 

cylindrically symmetric measurement apparatus.  Because the 

sound field that is incident on the test fixture 10 is quasi-

diffuse, the sound field lacks the well-defined symmetry and 

coherence that characterizes calibration signals transmitted by 

the acoustic projectors required by traditional calibration 

methods.   

[0135]     As a result, the scattered/reflected sound field is 

similarly diffuse and incoherent; thereby, resulting in a more 

uniform time averaged intensity throughout the volume occupied 

by the test fixture 10.  Additional benefits derive from the 

calibrated reference hydrophones used to observe the sound field 

include providing an improved estimate of the temporal and 

spatial average of sound intensity throughout the measurement 
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volume and estimating uncertainty in the calibration 

measurements for the hydrophones that are calibrated.   

[0136]     While this method is suitable for calibrations over a 

broad and high span of frequencies ranging up to 10 kHz; the 

greatest known advantage is at higher frequencies where the 

methods taught by the prior art have significant disadvantages 

due to scattering and reflection of acoustic signals transmitted 

by an acoustic projector.   

[0137]     An alternative to the method is to separately 

calibrate each hydrophone in an array using a measurement 

apparatus or a test fixture that does not introduce unwanted 

acoustic scattering and reflections of calibration signals 

transmitted by an acoustic projector.  While such methods are 

effective, the methods do not retain the efficiency associated 

with the simultaneous calibration of towed array hydrophones 

numbering in the hundreds.  As such, the methods take 

significantly more time, with commensurately increased cost, to 

calibrate a towed line array. 

[0138]     It will be understood that many additional changes in 

the details, materials, steps and arrangement of parts, which 

have been herein described and illustrated in order to explain 

the nature of the invention, may be made by those skilled in the 
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art within the principle and scope of the invention as expressed 

in the appended claims. 

[0139]     The foregoing description of the preferred 

embodiments of the invention has been presented for purposes of 

illustration and description only.  It is not intended to be 

exhaustive nor to limit the invention to the precise form 

disclosed; and obviously many modifications and variations are 

possible in light of the above teaching.  Such modifications and 

variations that may be apparent to a person skilled in the art 

are intended to be included within the scope of this invention 

as defined by the accompanying claims. 
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A SYSTEM AND METHOD FOR THE CALIBRATION OF A HYDROPHONE LINE 

ARRAY IN A QUASI-DIFFUSE AMBIENT SOUND FIELD 

 

ABSTRACT OF THE DISCLOSURE 

A method is provided to measure a modulus of complex 

sensitivity of hydrophone data channels using a quasi-diffuse 

sound field.  In the method, a radiation pattern representing 

shallow water sources directs to a location as a direct acoustic 

path and sound reflects to the location from the water bottom as 

a reflected acoustic path.  At least one hydrophone receives the 

sounds at the location as acoustic signals with an acoustic 

intensity being the sound intensities along the acoustic paths.  

The sound intensity at the hydrophones also relates to a zenith 

angle and a bottom intensity reflection coefficient.  The 

modulus of the frequency dependent sensitivity of the hydrophone 

is computed from measurements of the voltage output and voltages 

of reference hydrophones with the sound intensity as factor and 

with uncertainty reduced by averaging hydrophone sensitivities.   

 


