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ATOMIZATION OF LIQUID JETS AND DROPLETS

Thomas Baron '
University of Illinois
Urbana, Illinois
Abstract

The object of this report is to make a critical review and, ir
possible, an extension of the literature concerning the atomization of
llquid jets by high veloc?t% gas streams., The subje
wnder three headings: (1 h

?t 1s considered
e 1n§tability of Jets;
of atomization of 1licuid jets; (3

2) the mechanism
atomization of drops.

The first part 1s based essentially on Rayleigh's analysis. Dimen-
€lonal analyeis is used to develop an equation for the breakup-length
¢t a jet. In the second part Castlemants analysls 1s closely followed.
*n the third part Littaye's work is reviewed and an alternative analysis
concerning the mechanism of drop atomization is presented. 1t is shown
that this is compatible with the conclusions of Lenard.

The Instabllitv of Jetg

The instability of 1iguid cylinders has considerable bearing on
atomization phenomena. It is apnarent that the continuous. part of a
~1quid Jet may be treated as g liguid cylinder,

Lord Rayleigh (1) in his classical paper on "The Instability of
Jets" recognizes two causes for the unstable condition of liquid Jets,
The first of these is due to the overation of surface tension, It isg
to be expected that o liouid cvlinder will be unstadble with resvect
to any deformation which results in a decrease in surface, l.e., sur-
face energy. Such instability is expected to develop, especialiy when
the Jet and 1ts environment differ significantly in their physical
properties. It should be noted that this type of instability is
statical in character, and is independent of the general translatory
motion of the jet.

The second type of instabllity has its cause in the translatOfy
motlon, and is therefore dynamical in character. Sir W. Thompson (2)
has shown the conditions under which a frictionless wind tends to render
the level surface of water unstable. Thus, an ailr stream may cause
deformations on a liouid Jet in a process similar to the formation of
waves on a liouid surface.

dore recently ?dditional causes for instability have been
suggested., Weber (3) examined the effect of alr friction, and found
that friction decrease

ses the wave length of the oscillations and also
ehortens the breskup distance, Weber also extended Raylelghts theory
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to viscous liquids and calculated the time of disintegration for
rationally symmetrical oscillations. Bird (4), Thiemann (5),

Coldthwaite (6), and Schweitzer (7) suggest that atomization of
the jet may be due to turbulence in the liguid as it issues from
the nozzle,

It 1s apparent that the causes of instability are rather comn-
plex. OQuantitative description has so far been attempted only on
pighly idealized models.

Congidering the fact that even the most.
involved hydrodynamical considerations are necessarily based on

oversimplifications such as thc assumptions of potential flow and
rotational symmotry, it should be realized that the quantitative
ults of such theoretical consideratiocns have no immediate
engineering value. Such considerations, ncvorthcloss, contribute
grecatly to the qualitative undcerstanding of atomization, and may
form thc basis

of attack by dimonsional analysis, whlch, coupled
with suitable cxperimonts, sccms to bhe tho bost approach to an
enginooring solution of etomization problecms., In view of the above,
it was docidecd to prcscnt tho cossontial featurcs of the most fund-

amcntal thceorics rollowcd by an iliugtration of their usce in dimen-
sional analysis.

Considor ipstability causcd by surfacs tcnsion (1l). Taking the
axis Z along the axis of the liguid cylindcr, supposo that at a
tine & the cylinder undorgocs an initial

, "accidcntaltdisturbvanco
of the form

J": o o Lo oz (l)

whore of is a small quantity variable with timoc and k is dofinod by

A (2)
whors )\, is the wave longth of the disturbance. Postulating
, -
X ex, e’ (3)
for the growth of the disturbancs (1) tho problam is Yo invostigate
under whot conditions such growth is possiblo and what conditions
rosult in tho most rapid dcoformation.

Instablllty duo to surfoce tension occurs wien tho deformation
results in a docroaso of gsurfacc. Donoting the surfaco corrcspond-
ing on tho average to a unit longth along tho z nxis by,q R
Raylcoigh finds




~ \ r 2 (47)
/=20 0 TN
dere a is sub

Ject to the condition that the volume, S
on the averag

» corroesponding
e to a unit length, is constant:
oAl e 2
‘_.! =@ ;:,', Vi

(5)

whence

oo 1 2
SRRy (6)
From 4 and 6 one obtains with “sufficient approximation"

/’ -2 "’h.—.: !: (’7)
;—}_(__.!')- AN S S )
T T Ey (et
Or if f}o is the surface for the undisturbed condition

N

4 .
= X, ) : (8)
To = Ry [ //

o = 270 s
| 3 >/ (9)
On the other hand, instability results if’
AN 2ia (10)
Thus, a deformation whose wave length is larger than the average
circumference of the jet causes instability.

Tho sccond part of the problem is to find an expression for gq
as a function of the surfaco tensi

on ¢, the donsity fo y the averego
radius a, and the dimcnsionlcss quantity /7« . Rayloigh obtains
the solution by Lagrangc's method. It might bc pointoed out that

this mothod as uscd assumss the absonco of all frictional offocts.
Therofore, the effccts of viscosity must of nccessity bo nogloctod,

Asslgning arbitrarily to tho potential cnergy, V, the valus gero
in the undeformed stat

G ongy obtains
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(1)
and,from 8
ARV .
JER SN N (12)
£

Denoting the velocity potential by 5ﬁ one obtains for the kinetic
citergy, T, (either by partial intecgration of tho classical expreossion
of kinstic encrgy, or more dirsctly from Green's thoorem)

—y-

7 =L o [0 i de 22.) 4,
7/ ) L'//?f?v-')e_ 7.

(13)
Substituting into 13 tho oxprossion for @ obtainced from the
continuity osquation / #-., , .. A e it is scon that
| C PSR (mr) cdny ]
[ L] 7]
-—-.... / . :, A S PN }.af (14:)
/= Toita (2 Ha N

2w J'0Ome)

Putting 12, 14 and 3 into Lagrango's cquation of motion, Raylcigh

obtains

- 0 ottty g b

2 . . Y
97 = T (L @*)arq, filrma ) (15)
53 LTt
. 'l")m \//0 ( i /
It is worth noting that dimcnsional anal ysis alone would have
yiclded

ol T , (16)
Z ﬂa.”: FK"ZF%_’.'L/

From 15, Raylcigh shows that q 1s a maximum when

o
A=¢5:9L2a) (

Equation 1 is, of coursc, thc cxprcssion for o rathar special
tyoe of deformation. Howover, all rotationally symmctrical dcform-
ations may be cxpraessod as a sun of deformations by a suitablce expon-
sion in a Fouricr scries. Thus, thc abovec conclusions arc valid

for any rotationally synuactrical deformation. This, howcver, is o

serious limitation itsclf. Hacnlcint's (9) cxperiments show,for
instencoythat in many cascs the deformetion is of an entirely diffoer-
ent typo. In o rotationally symmctriocal deformationsa linc passing
through tho center of gravity of the jot will rcomein a straight line
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throughout the deformation, snd the disturbance manifests itself as

a change in cross-section. 1XIn the other type of disturbance, which
is referred to by Wever (3) as "Zerwellen", the cross-section remains
unchanged, and the deformation manifests itself in the wave-like
anpearance of the center line. While Weber attemptcd to treat

thlg case, the solution ls adnittedly unsatisfactory.

To summarize: Raylelgh (1) has shown that, given an initial
diszturbance or the type

_ 3 y
4- = 7 ‘% Col L
)\ L

the jet Dbhecomes unstable if

/I\ > 2na

the growth rate of disturbance being a maximum when

A = 450824

This type of instability is due to surface tension and is ‘indopendent
of the translatory motion of the jet.

The sccond type of instability dsscribed by Rayleigh (1) depcnds
upon this vory translatory motion and is dynamical in character. A
bricf outline of Raylcigh's analysis is given below. Tho cmphasis
is placed on a qualitative undcrstanding of the naturc of the ine-
stability rather than on any quantitative rogults, which, duc to the
improbable zgswptions wndc, &xs of littla value.

Considcr two fluids moving in the x dircction with a plane
surface of scparation as recprescntcd by

Zo=e ' (18)

This implics that thce velocitics V and V' of tho twe fluids arg
parallel to tho x axis. Rayloigh assumcs that at any time aftor on
initial disturbance tho cquation of the surfaco of separation is
given by '

‘ ‘et
/{,://C “Q'-'tf\’ (19)

It is naturally understood that only the real parts of 19 have
physical significance. TFor the velocity potential of the fluid on
the positive side, Rayleigh writes

' XA -
P=rre ez (20)
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K may be obtained from the fact that for the normal cormponent of the
velocity (the positive direction of Z being downwards)

p .
(L] - b, (21)
e VXA C( & 7;@_ 7,\7

Putting 19 and 20 into 2L, solving for ¥ and substituting into 20

—- '\’, o’ ‘?.}l@ ’ - 4
VERY: /¢zf/1~k/f/e @’ K g2 L X (22)
Sinmilarly for the other fluid

Ay Py ARG ek kL)
FE ey e e e T 2 Lk (23)

Note that,so far,only geouetrical considerations have been used 'n
 conjunction with mass balanceg., An additional relation is obtained
by satisfying the condition O the squality of pressures. Denoting
the density by 2 the hydrodynamical equation of pressure for the
first fluid is :

- s / 2
7 — ) == LDl

/ K /",,\- 7, 7 /‘\ J ¥ !
LU 2l L e v i
S e {0 s sow I (23)

s

Similarly the pressure of the other fluid is

’ / o)
e vl ',/. d
SO 2,
. >/
l? g’ _;I

‘2 (26)

) 3 - , ! 1‘7 A ' .
L Ly A e ) O P ()

From the condition of cquality of bressures,Rayleigh obtains

2 ' 3
3 ,7 2 4",' K -) . . . Py 4 5
2t ) MO V) = o (28)

which is the cquation connecting % and A /—‘ g?/ . For any value
of the wave length A, there is a value 7  whieh detemines the ox-
boncntial growth of tho disturbanco. The results of the above
derivation may be qualitatively sw:marized as follows:
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A disturbed surface of separation of two fluids must change in
such a manner that the distwrbance increeses witnh a rate which is a
function of the velocities and densities of the two fluids, and the
wave length of the disturbance. This is a necessary consequence of
of the principle of conservation of mass, and the condition of
equality of pressures at the surface of separation.

Rayleigh shows a similar treatment for a cylindrical surface of
separation. It ls to e notecd that friction played no part in the
above derivatlion, The above congiderations show that rcasonable
oxplanations of the instablility of jets are possible,provided that
an initial disturbancs may be assumed, Bidone's ( 1) investigations
throw light on & possible cause of initial deformation., Bidone in-
vestigatced tho behavior of jots of wator issuing horizontally from
orifices in thin plates. It was found that, if the orifice is circu-
lar, the jet,though diminished in cross-sectional area, retains the
circular form. However, the experiments showed that for non-circu-
lar orifices the Jjet undergoes pecullar transformations. In the
case of an elliptical apperture, with the major axis horizontal, the
sections of the jet taken at increasing distances gradually loose
their ellipticlty until at a certaln digtance the section is circular.
Farther out thg section again becomes elliptical, but this time
the major axisyin a vertical position. Thug, it is scen that orifices
that are not perfectly round may give an initial deforimation to the
Jet. Initial deformations may also be caused by turbulent liquid
or gas cddles.

The break-up distance, 1, of the jet should be an important
design variable. It should influcnce the choice of the position of
the liquid nozzls in tho gas stream, as well as tho longth of the
throat producing the high velocity. It will now be shown how thoory
and dimensional analysis may be combincd to givo important quantitative
Information concerning the magnltude of tho broak-up distance, Lot
surface tcnsion be accepted as the main cause for the instability of
tlio jet., The break-up distancc then clearly deponds upon the rate
growth of the disturbance as measured by q in Equation 15. This
suggests & , © , and r,as variables that might affect the break-up
distance, 1. Furthermore, the thecry tells us that q is independent
of the velocity of the jet. This suggests that, since for large
velocities one may expect large initial deformations, the break-up
distance will also be a function of the velocity. Or, since the
fluid head, H, determines the velocity, one may use H rather than /
Accepting turbulence as the causo for initial deformation the vis-
cogity, <c , should also be considercd as a Tactor in determining
break-up distancc. Taus, a rclation of thas type

.

V. ,
F( L/ )0, ',-"//,)) ﬁ’/ l‘[(‘,/:.: _/.7 (29)’

-
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is desired. The variables with their dimensions (mass, length, time
system) are shown in Table I.

TABIE I
I A Y’ H AL
L oL oM oM L®
2 L° #e @1,

Since there are 6 variables and 3 fundamental dimensions one can
conclude that 29 will take the form

-’/' » .a - .
/‘F/ Ve //,\" //. ] ==y (30)

2\
or the variables will occur in three d»mcnSLOnleos groups ( /' -5 ).
Constructing dimensionlcss groups around 1, q, and’/u one obtalns

FUTL) ok st ()
L4/ /"7;:- /) // ¢ ZLim/ = £
Altgernatively -
r///wo// ’ 70/7 f/ (52)
’70 7 / T [

This is as far as dimensional amalysis will take us. However, it is
now possible to make an assumption which is rcasonable and results
in transforming 32 into a morec useful relation.

Let it bc assumed that the initial deformation is proportional
to the size of the liquid oddies that causc it. Then, taking the
size of the eddy to be proportional to the initlal velocity, that
is to HY/2, it becomes reasonabl7 to expect that the break-up distance
should also be proportional to H'/®. Then 32 becomes

2 / Y
L ’Zw’ff/ /—”/”n‘f é/ (53)
ds \
Rearranging, and substituting' d7 for a H*/? (which we may do, since
the quantities are proportional)
A

7 7 AN P ‘ '
fs o L7 W . // (4]

T %
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This result is very reasonable in view of the observations of Savart
(10). TFor a given fluid and a given orifice the length is epirox-
1mate]y proportional to the square root of the hsad. When the

fluid is changed the length varies as,®)/7% Everything else being

the same, the length is proportional to the diameter of the orifice.

It is seen that 34 is consistent with Savartt's observation,
there bcing a slight discrepancy only in case of the last statement.
In view of the fact that some of Rayleigh's theoretical equations
also indicate thet foc 4 #*, Equation 34 may be expected to be
correct. Schweitzer, et al.(?\ have shown that the break-up length
depends upon the Reynolds nunber as shown by 34, Unfortunately,
they did not corrslate their results by means of an equation of the
type 34, Such correlation would serve to determine F'' =and thus
solve one of the important design problems in jet atomizatlon. It
seens probable that over a considerable range of /J¢ it is possible
to write y

; - 7 h// ” . 7
,fyx a 'ZLMAZT;Z” ’?eg ) ¢

o ‘ (55)

The Mechanism of the Atomization of Liquid Jets

In carrying the arguments of Rayleigh to their logical conclusion.

it would seem that atomization of o jet occurs whan the disturbance '
ol becomes squal to the radius, & , of the jet. It appears that
atomization by this meochanism aas been actually observed (9), and

some authors accept it and cecxclude all others (1l). However, it now
seems probable that thoe above meochanism is the exception rather than
the rule, and tho resulting "rcgular" break-up can be obsorved only
under carefully controlled condit ions.

It scoms rcasonablec to asswms that as the amplitude of tho
waves on & jet increase beyond a certain amount, the particles of
water on the top of the waves becoms less firmly attached to the
main body than other particles., These particles may then be torn
off by friction. As a matter of fact, Castleman proposed that these
particles are torn off in the form of extremely fine ligaments of a
very short life, which in turn break-up into droplets. Castleman (12)
presents photogrephs to support this thesis which clearly show the
existance of such filaments., Castleman also extends the theoretical
considerations of Rayleigh to thic case of these ligamcnts and shows
that their life period is extromoly short. In the following,
Casgtlemen's argumonts will be outlined bricfly.

Consider a ligamont {approximatcly cylindrical) of length, L,
and radius, a. Assuming a single swelling on suck a filament, ono
.0btains:
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/\ = 24 .-.7./7“9( oL = ’",/’,Z/~ .((-..

Then, from Equation 15

: _ ) |
/ /7(73/ /‘_( %/ 4‘75/) /:.(Z/ (37)

where q is defined by Equations 3 and 1,

Before proceedlnr furthsr with this analvulo, it night be of
interest to examine the ausumptlon on which 37 is based and which is
perhaps the weakest link in Castleman's chain of argument. Rayleight's
analysis, on which Equation 15 is based, concerns an infinite liquid
cylinder. Nevertheless, 1t seems permlssible to apply the conclusions
of the analysis to cylinders large enough that the disturbance is
distributed over several wave lengths. But is it allowabls to apply
the analysis to a filameat with only a S1nglu swelling, that is, a
half-wave disturbance? Castleman examineg the point rather super-
ficially and concludes that hls procedure is justified. His argu-
ment, however, is little more than a statement and thus he leaves
the question quite open. As far as the rest of the assumptlons are
concerned, Castleman's analysis involves every simplification in-
herent to Raylelgh's analysis. It might be polnted out that the
assumption concerning potential flow is to a considerable extent
more drastic when applied to ligaments that break up with extreme
speeds,: than in the case of its application to the considerably
larger jet.

Assuning that a ligament of radlus, a, and length, 7.2, becomes
a drop of radius, r, Castleman obtains

tla . pores i - (38)
whence
, £
A =(/j%/ s (39)

so that, for the same final value of /;',
7 / '
L F(z)%
R VT (40)
Za F’(z)ﬁ |
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Limiting the discussion to that shape which will break-up with the
greatest apeed - that is, that for which q is the largest - Castleman
obtains (from 15) F = 0.343 and 2z = 4.5, Taking for -  the value

5 x 104 cm., Castleman calculates 2.65 x 10-4 cm, for a and 6.8 x 10°
sec.~t for .

Equation & may be written

7 Ao (41)

Mot ing that the ligament breaks when «/ grows to 2.65 x 10~* cnm.,

while ¢¢ o cannot be much less than 1078 cm., since the molscular di-

ameter 1s around 1077 cm,, Castleman obtains for tie tiiue of collapse
@ = 1.5 x 10-5 sec,

.
w4
oD / / P
R ST P & |

Castleman's views on atonization may be suumarized in his own
viords: .

"The actual process of atoamizabion in an alr stream seems rather
simple. A portion of the large mass is caught up (say at a point
where its surface is ruffled) by the airstream and, being anchored
at the other ond, is drawn out into a fine ligament. This ligament
is quickly cut off by the rapid growth of a dent in its surface, and
the detached mass, being quite small, is swiftly drawn up into a
spherical drop, (A quite similcr phsnomenon occurs when & largs drop
is datachod from a tube. The chief differcnce is that the ligament
connecting tho small drop to the main mass is ruch finer than that
connecting thc large drop to tih: liquid in the tube, and, honce, the
timo of dotachment is cnormously lees.) The highor the air spoced,
the finer the ligaments, the shortor their livaes, and the smaller
the drops formed, within the limits digcugsed above™ (12).

\

Atomization of Drops

According to Sicstrunck (1l1), the liguid jot bofore break-up
consigts of a scrics of constrictions cnd swellings. Thesce distur-
bances are sald to be due to "tho amplification of tho natural
ogcillations of the jot by tho drag". Tho awplitudes of thc dis-
turbances incrcasc until tho constrictions disappecar , &nd ths contin-
uous jct breaks up into droplcts which shoot off at rogular intorvals
from the jot.

Tho droplets arc seid to bc subjoctod to two typss of pressures
that tond to ocxplodec thom. Tho first of theso, Ap 5, 1s duc to the
drag force., This forcc and tho cqual end opposite inortia foreco tond
to squoczc the drop into an slongatcd form.
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The second type of presswrs, &, is due to centrifugal effects.
Presumably while colliding with the’eddies in the &as strean, the
droplets acquire an angular veloc ity proportional to the veloc ity of
tha gas stream! '

Ll _.._.'/(L/ (42)
The centrifugal forces walch are due to this rotation are then re-
sponsible for the second type of pressure, /% , which tends ©O

explode the drop.

The pressure equivalent, for 5 Of the surface tension, on the
other hand, tends to restore the drop to its original shaps. éccord—
ing to Siestrunck the drop explodes if  p * o exceeds /[

by a fraction X . FYrol suca a force balance Siecstrunck obtains

density of the liquid
constant

. ——— b O — ¢ o ——— S & & .—--———-"“—"—""’
PR 4 T TN A (43)
/() 7._60 5 _.,-9 C'p ; .
where

q = surface tension of liguid

V = critical velocity of gas

€ = critical velocity of liquid drops

Cp < drag coefficlent

7= radius of theé drop

~,- density of the gas

=

Let us examine at this polnt tie reasoning that led to Zquation
4%, TFirst of all it is obvious that if the only forces opposing
gurface tension were the centrifugal forces and forces due to drag
effects, the drop would collapse in the absence of these forces,
since thers would be nothing to oppose the coilpressive affect of
surface tension. That such is not the case is wcll known to anyonoc
who has observed a stationary droplot. To the contrary, in a station-
ary droplet, the compressive effecct of the surfaco tension is exact}y
balanccd by thc static prossure which is the rasult of the compression.
Thus a stationary drop 1is already in a force balance and any additional
forces will only tend to destroy the equilibrium resulting in deform-
ation of the droplets. This deformation, however, starts imnediately
as the drop is given an initial acceleration. The deformation may
oceur in such a way as to restore tihe balance.
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There 1s thus little reason to belleve that Equation 43 repre-
seats.the true conditions at tihhe break-up. Furthermore, the relative
velocity at break-up could be calculated only if the {inal shape of
the drop and the corresponding. drag force were known exactly., TFrom
the following it will be seen that there are good reasons to believe
that for water droplets, at least, the final shape is similar to an
inverted cup, and@ is thus very far from the spherical shape on which
Iquation 43 is based. There also we shall see that theoratical
considerations concerning the formation of rain storms indicete that
atomization of droplets is probably not dua to drag forcesi

Littaye {(13) uses ths analysis of Slestrunck to devalop an
cquation rclating drop size to the rclative velocity, the surface
tension of the liquid and ths Gensity of tho gas. He assumes that
the rotationel cfficts ar: nsgligible and thercfors

2 B Ay, « Fra (44)
2 p "':.7) /9 ?S.Cb
Then from 43
LL7/p
Tt = o (45)

The assuuption that rotatlonal »ffscts ars nogligibls requires
Justification. Littays proccsds us vollows: From Newton's second law:

m L P rpc)ry (46)

L6 F 2
where S 1z the area of a grezt circie of the drop, 2nd m is its mass.
Integrating 46 with the boundary condition

C=n AQ‘KE;L €3==CQ

one obtains for C

/ ) I / C, .0 <
V=C = —— . L@2% (47)
/eb ey T 2577

Let V be the gas velocity at which break-~up occurs, and let £ = A
be the duration of the ex»nlosion. Then from 47

-
-~ ]

C. L REVT
A€ /rRey (48)
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from which

(49)

hence

(50)

gives the distence, 1, over which the break-up occurs. For the case
of water droplets in air

/ C' Ke) ~
& - =2t o 7 A 7
2 2n 2000135 (51)
Also V cen be obtained from 45 experimentally:
£
: 2.4

Littaye assumes that ths period of explosion ecuals the period of
vibration of the droplet:

‘ &7 (53)

Substituting 51, 52, 53 into 50 he obtains

L= 5¢p (54)

From this he concludes that the distance, 1, over waich the break-up
occurs is too short for the drop to acquire a sufficient angular
velocity, and therefore the use of Touation 45 is considered justified.

At this point we would like to point out that there is no
theoratical justification of the assumption involved in 53. The break-
up might occur only after quite a large number.of vibrations,and below
we shall endeavor to show that this is actually the case. If it is
assumed that, say, 5 vibrations take place during break-up,

= rp (55)

is obtained for the break-up length, an anpls distance for the drop
to acquire a significant amount of rotation.
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We shall now attempt to pive an enalysis of the actual mochanisn
of drop atomization frec from the objections enumsratod abovao.

Consider an initiaily spherical droplet placod in an air strocam.
Dus to drag, tho air will mocolorato the droplcts, Figure 1 shows
the two oxtecrnal forcces acting on the slightly dofornmod drop:

40 WY £«
Ip ¢ /)4-)-—« dd
\6.., s * -

Tigurc 1

The two zqual end opposite forces cause at initial deformation
indicated in the rigure. Such deformation is accompanied by an in-
craase in surface. As a result the surface tension will tend to Te-
gstore the drop to its initial spherical shape just as the spring
forces tend to restore a spring mass system to its equilibrium
position. Also in analogy to the spring mass system, there will be
a tendency toward oscillations avout the gequilibrium configuration
which in this case ls spherical. Thus the drop, when in the position
indicated by the full line in Figure 1 has a natural tendency to
agsume the shape indicated by the dotted line. Such oscillatlion,
however, cannot ocour oxactly this way since the change in shape
(from the one indicatod by tho full line to tho one indicated by the
dotted linc) is opposed by the forces which caused the deformation in
the first place. :

In order to be able to oscillcte and still not oppose the drag
and inertia forces,the drop must execute a quarter turn for every
half period of oscillation. This .otion will result in a combination
of rotation and oscillation which are so synchronized that for a
stationary {non-rotating) observer the drop will always be in a
position shown in Figure l.

We are now in a position to meke a-quantitative estimate for ths
speed of rotation and also to sstimate the effects of the centrifugal

forces. The period of oscillation is glven by
7 -—-/..@m
ra (56)
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The synchronization condit ion requires that there be one revolution
¢f the droplet for every two periods of vibration. Thus, if f denotes
tha number of revolutions per sccond, we have from 56:

et

AN fo- ‘ |
]ﬁ IR £y (57)
()
For watar ot 30°C. 0"'::72-6"'%%—.—— and /0’ = 1 gm./cm.®. Then for

a 4/(1. dlamctor drop

Th3x/xenio = O.67x fo = 2o (58)
2Cc

Ths proessurc duc to centrifugal coffcets is (11)

. /(?' = ,Z':Q..,C’-)i'zﬂ)h )

7 (59)
From 57
wf:/zﬂ,f/ f_/& 2 a (60)
' gt .7-'—/ ) Py s | =~ Ra—
, i X7 073
Futting 60 into 59° da / '
A .2
/e = ELTTT 4 o | (61)
'3 T 3
which thus turng out to Do indeopondont of the donsity. Tor a tl/u,
diamctor water drop at 30°C. ‘
=272 _g4x0% &
/% S 4xrt M% © ‘;%&1 (62)

The pressure duo to surface tension is

20~ 272
2okl - P & ey
7 Zx sp “X10 o R (63)
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Comparing 62 and 63,it is seen that, according to this analysis,
centrifugal sffects play an important role in the atomization of the
drop,being able to overcome approximately 33% of the resistance of

surface tension. This result is not limited to a 4/u. diameter drop
since for any drop '

£ _SFE 233
/e Az T IO (64)

‘The analysis thus shows that 3%.3% of the resistance to explosion is
overcone by the centrifugal forces, irrespective of the size or
material of the droplet. In the above considerations, the effects of
viscosity have not been taken into consideration. However, it is
waell known (18) that as long az the viscosity (demping) is not excess-
ive, viscosity will not affect the period of vibration materially.

For oxtrencly viscous liquids the period of vibration waild be

smaller then that predicted by 56 and thus the effect of centrifugal
forces would be correspondingly less.

Due to thhe synchronism referred to above, the action of the drag
and inertia forces is always in phase with the action of the surface
forces. Thus we are dealing with a case of forced vibrations with

viscous damping. For such cases, to the approximation that harmonic
vibrations are assumed,

y _ R

o

P T e (65)

holds (18). Here X, 1s the resonant amplitude, P, the amplitude of
the applied force, ¢ the coefficient of viscous dauping, and &, the
circular frequency. Since Wy is‘ﬁZﬁ(},we have from %6

P ;
X =00 e,r) ) 66
/] ZC .20_ ( )

where ¢ is some function of the viscosity. Rearranging,

Yo _ R
= 2 6”/7"'
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Equation 67 states thet the fractional increase in amplltude
is proportional to the drag force, G4V~ C/°% . There is

now
a strong temptation to assums that vhen the fractional increase in
the radius exceeds a certain critical value,

___/ _ ,the process
will lead to atomization. Thus fron 67, when ' r cre ¥

fr*’i’-// ¢l 27
T 2y Sl

atomization will result as a function
of viscosity. is the danping force per unit
velocity. To the approximation that the deformed shape 1s disc like
rather than spherical, we have from »oiscuilleslaw

(68)

1t remains to express ¢
By definition C

¢
OC/QI 7" (69)
. . /) 2. -
Since Q,=i“4‘, we have from 69 and 68
C’27/3 6'/—-(?/24’" /'F/O'o‘s.
= Coud?
/,(' 0»0.5—

(70)

It is of course realized that 7C breaks down if (x
than ysay, 15%

it is larger
since then tie assumption of harmonic Yors
comes untenable.

* notion be-

Tquation 70 glves the relutive velocity necessary for the break-
up of a drop of given size as a function of the densities of both the
gas and the liquid, the drag coefficient, the viscosity and the surfacs
tension of the llquld Comparison of bquatlons 70 and 45 shows that
the cquation doveloped above 1s in meny respects similar to Littaye's
equation, but differs from it by the fact that it contains the density
and viscosity of the liquid. ZEquation 70 also shows that large vis-
cosities make large relative speeds necessary if atomization is desired

Let us now consider what happens to the drop after the fractional
~increase in radius excesds the critical value.

It is to be noted that
the centrifugal effects, being non-periodic, have no effect on the
amplitude of the oscillation, but rather affect the shape of the
equilibrium configuration. It is to be expected that the centrifugal

forces will drive the liquid toward the periphery of th: drop causing
it to take a shape similar tq that shown in Filgure 2.



Figure 2.

Thig results in a gradual thinning of the liguid near the center.
Eventually most of the liquid concentrates at the periphery and the
thin center membrane is then blown cut into a shape somewhat like
that shown in Figure 3.

Figure 3.

The results of this analysis are identical with the conclusions reached
by Lenard (l4) who, however, approaches the problem from an entirely
different point of view., ZLenard's interest is focused on the production
of static electricity in clouds, He shows (15) that the formation of
static electricity in clouds cannot be explained by the collision or
tearing apart of the droplets. Howavoer, a consideration of the theo-
rotically prcdicted end oxpcrimontally confirmcd double layer on
droplcets loads him to tho conclusion that tho production of static
clectricity can bc cxplained if it 1s assumed that, instoad of being
torn apart, the droplots arc actually "blown" apart, as suggostod

by tho shapc of tho drop in Figure 3.

Lenard (18) shows that thc double layer on a drop consists of
a nogative laycr on tho surfacc of ths drop parallcled by a positive
layer slightly farther inward. Thus, splitting the drop into, say,
two parts (or soveral parts) would not result in the production of
static clocetricity sincc tho drop is clectrically ncutral to start
with, However, if tho drop atonizos by being "blown" apart, then,
as suggestod in Figurc 2, thc positive clectricity is forcod toward
the pcriphcry, thus lcaving tho conter bulge negative, and tho cxplo-
sion results in finc ncgatively charged droplets formed out of tho
bulge and larger, pOSLthCly charged, droplots formed from the liquid
at tho pcriphcry. Lenard actually succccded in obscrving the blowing
apart of liquid droplcts.
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Schweitzer, et al., (7) attempted to observe electrical charges
sn oll sprays by catehing the spray on an electroscope. These experi-
nents showed negative results. The arrangement of thelr apparatus
wndicates a possible reason for the fallure, The electroscope was so
arranged that 1t caught the total spray and thus the charges, 1if any,
neutralized each other. We suggest that experiments be conducted in
such a manner that the smaller droplets may be tested by the electro-
scope in the absence of the larger ones., Rather interesting experi-~
ments might consist in subjecting the spray to a_strong electric field,
This should result in the collection of the small droplets on the
positive plate and in the collection of the large droplets on the

negative plate.
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* TABLE OF NOMENCIATURE

radius of jet,or ligament, about which oscillations occur,
a function of the amplitude of oscillations.

surface area corresponding (on the average) to a unit
length of jet.

coefficlent of viscous damping.

velocity of liquid drop.

drag coefficient.

a constant,

diameter of drop.

base of natural logarithm,

rotational frequency.

function of

drag force.

position of surface of separation of two fluids
total fluid lead

amplitude of waves on surface of separation of two fluids,
zero order 3essel Yunction of the Tirst kind

constant

‘constant

length of the continuous part of the jet.

length of a filament, also denotes the dimension of length.
mass of liquid drop.

dimension of mass.

dynamic growth coefficient.

static pressure.
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pressure cauysed by centrifugal forces.

pressure caused by surface tension.

pressure causec by drag forces.

amplitude of periodic force causing forced vibratiqn.
statlc growth coefficient. '

cylindrical coordinate; radius of drop:

A radius of nozzle.
Reynolds number,

volume corresponding (on the average) to a unit length of jet.

area of a great circle of a drop.
kinetic energy.
velocity

cylindrical or Cartesian coordinate
L

t—

2 a
amnplitude of disturbancs.

magnitude of initial disturbance.

2f
A

wave length

circular frequency of rotation.

= circular frequency of vibration.

density of gas.
density of liquid.

surface tension.

périod of vibration.

coefficient of viscosity.
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