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Major Goals:  The objective of the proposed research is to develop an active search

process that incorporates information measures into trajectory design

to estimate the state of continuous, and potentially time-varying

fields. Nonlinear optimal control theory plays a central role, and we

are developing the tools necessary to select continuous-time

trajectories for systems with nontrivial dynamics---for instance,

systems with nonholonomic constraints, significant inertial effects,

nonsmooth behavior---and often in high dimensions. The developed

techniques use measures of ergodicity and the associated ergodic

control to robustly explore for information while ensuring coverage of

the informative subset of the state space (as indicated by prior

measurements or even the lack thereof). The developed methods provide

a synthesis technique for active sensing so that autonomous systems

can optimize knowledge of continuous phenomena such as fluid or air

flow fields, chemical dispersion, magnetic fields, electric fields,

and other continuum phenomena. Further, by developing trajectories

that enable fast and accurate estimation of the state and evolution of

such fields in local regions, the research can support forecasting and

prediction. Lastly, the outcomes of this work were tested both in

computation and in experimental testbeds.

Accomplishments:  The major accomplishments of this research can be summed up as the following.

1. The ability to compute near-optimal ergodic control for high dimensional, nonlinear systems in real-time, 
including stability guarantees expressed directly in terms of the distributions and experimental validation;

2. the ability to use ergodic control and information maximization to active acquire data for Koopman operators—a 
spectral representation of a model that predicts a given set of data— including substantial real-time experimental 
validation.

3. alternative formulations of ergodic control that do not rely on spectral representations and instead use sample-
based representations for control.

These outcomes are detailed below.



Ergodic Control

The research started with basic explorations into what ergodic control can accomplish. We showed that ergodic 
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exploration with known measurement models successfully rejects distractions and provides global guarantees 
regarding discovery in a given region [6]. We demonstrated that the ergodic metric can be used for a wide variety of 
nonlinear sensors on automation with nonlinear dynamics [7]. Moreover, we demonstrated that these techniques 
can be used in hardware, illustrating the method using an underwater robot that uses electrosense to localize 
conductors. (This appli- cation of near-field sensing enabled by ergodic control is relevant to many Army needs, 
including detection and localization of improvised explosive devices using near-field electromagnetic sensors.) 
Lastly, we showed how the trajectory optimization techniques can be extended to stochastic dynamics [3].

Although the exploration capabilities afforded by ergodic control appear powerful in terms of robust active sensing, 
the computations are substantial. We extended the ergodic control results to the context of real-time ergodic control 
[5], where we use a form of model-predictive control techniques to compute control updates quickly. We show there 
that the key to such an approach is satisfying a stability requirement with respect to both the reference distribution 
and the dynamical system’s state. To generate a stability requirement that can be validated in real-time, we 
generalized sequential action control—a new method of approximate optimal control—so that it can use the ergodic 
metric as an objective function, leading to real- time control realizable for general nonlinear and hybrid systems. We 
used this control method to develop stability guarantees for ergodic control, where the stability guarantee uses the 
ergodic metric as a Lyapunov function on the distribution the trajectory generates, rather than the trajectory itself. 
As a result, we can provide analytical guarantees on long-time convergence of the controlled trajectory to the 
desired distribution (if the distribution is static). We have used this technique in a variety of simulated and 
experimental settings. These scenarios include simulated multi-agent tracking of an unknown number of targets 
with unknown dynamics, using a rotor vehicle dynamic model of each vehicle; this is a challenging and relevant 
problem to the army. Moreover, we applied the techniques experimentally to a single robot tracking multiple targets 
in our laboratory.



Spectral Representations of Dynamics

Exploration for localization and target identification/tracking is a useful application of ergodic control, but we also 
wanted to demonstrate that data-driven learning can also enable autonomy to adapt to its environment. Using the 
Koopman operator formalism, we showed that online learning of the nonparametric model of a robot is possible and 
substantially improves control performance [1]. In this paper, we developed a variation of model-based control for 
data-driven models, using sequential action control as the control methodology. The idea is very simple—we 
augment the state space with the control states, compute the Koopman operator that includes the model of the 
relationship between inputs and states, and then wrap model-based control around the result. Importantly, this all 
happens in real time. We used a simple robotic experiment of a robot on granular media to show that fast 
exploration yields an actionable control model that enables the robot to aggressively maneuver. Initially, with its 
nominal model, the robot was extremely ineffective at pursuing aggressive trajectories. After the Koopman model 
had been updated, the robot was able to execute much more aggressive trajectories, and did so while continuing to 
update its internal, data-driven model. In simulation, we showed that a rotorvehicle that has lost a rotor can arrest 
its fall in half the distance if it first takes one second to actively re-learn its own dynamics by maximizing information 
about the unknown model.

The Koopman formalism also provides a mechanism for active identification. While developing the results in 2), we 
quickly learned that the data obtained while controlling the robot in sand was insufficient to compute the Koopman 
operator; how one controls the robot has a dramatic impact on the quality of the spectrum obtained during 
operation. As a result, as a practical matter, a student then manually controlled the robot to get meaningful data. To 
automate the active construction of the operator, we initially wanted to use ergodic control to maximize the 
likelihood of obtaining good data, but we found that the calculations were prohibitive. However, a reasonably 
natural alternative turned out to be feasible. Maximizing the Fisher Information with respect to the infinite-
dimensional spectrum is both computable as a trajectory optimization problem and has a natural interpretation in 
terms of the update to the operator itself [2]. Examples that we have completed include the robot operating in a 
granular environment, an aerial vehicle identifying its own dynamics due to an actuator failure, and a robot learning 
the dynamics of a pendulum inversion problem, for inversion and balance. All of these examples perform well only 
when active sensing, using the formal approaches developed as part of this work, are employed.

Future work should consider whether ergodic coverage can be used to generate reliable non- parametric models. 
Although we certainly see this in practice, we do not yet have a formal mathematical reason to believe that ergodic 
coverage should outperform information maximization with respect to the unknown operator.



Other Results may be found in our final written report.
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Final Report for Grant W911NF1410461
1.3.2: Ergodic Control for Optimal Information Acquisition

Todd D. Murphey
Northwestern University

1 Major Goals
The objective of the proposed research is to develop an active search process that incorporates in-
formation measures into trajectory design to estimate the state of continuous, and potentially time-
varying fields. Nonlinear optimal control theory plays a central role, and we are developing the
tools necessary to select continuous-time trajectories for systems with nontrivial dynamics—for in-
stance, systems with nonholonomic constraints, significant inertial effects, nonsmooth behavior—
and often in high dimensions. The developed techniques use measures of ergodicity and the associ-
ated ergodic control to robustly explore for information while ensuring coverage of the informative
subset of the state space (as indicated by prior measurements or even the lack thereof). The de-
veloped methods provide a synthesis technique for active sensing so that autonomous systems can
optimize knowledge of continuous phenomena such as fluid or air flow fields, chemical dispersion,
magnetic fields, electric fields, and other continuum phenomena. Further, by developing trajecto-
ries that enable fast and accurate estimation of the state and evolution of such fields in local regions,
the research can support forecasting and prediction. Lastly, the outcomes of this work were tested
both in computation and in experimental testbeds.

2 Accomplishments
The major accomplishments of this research can be summed up as the following.

1. The ability to compute near-optimal ergodic control for high dimensional, nonlinear systems
in real-time, including stability guarantees expressed directly in terms of the distributions
and experimental validation;

2. the ability to use ergodic control and information maximization to active acquire data for
Koopman operators—a spectral representation of a model that predicts a given set of data—
including substantial real-time experimental validation.

3. alternative formulations of ergodic control that do not rely on spectral representations and
instead use sample-based representations for control.

These outcomes are detailed below.

2.1 Ergodic Control
The research started with basic explorations into what ergodic control can accomplish. We showed
that ergodic exploration with known measurement models successfully rejects distractions and pro-
vides global guarantees regarding discovery in a given region [6]. We demonstrated that the ergodic

1



metric can be used for a wide variety of nonlinear sensors on automation with nonlinear dynamics
[7]. Moreover, we demonstrated that these techniques can be used in hardware, illustrating the
method using an underwater robot that uses electrosense to localize conductors. (This applica-
tion of near-field sensing enabled by ergodic control is relevant to many Army needs, including
detection and localization of improvised explosive devices using near-field electromagnetic sen-
sors.) Lastly, we showed how the trajectory optimization techniques can be extended to stochastic
dynamics [3].

Although the exploration capabilities afforded by ergodic control appear powerful in terms of
robust active sensing, the computations are substantial. We extended the ergodic control results
to the context of real-time ergodic control [5], where we use a form of model-predictive control
techniques to compute control updates quickly. We show there that the key to such an approach is
satisfying a stability requirement with respect to both the reference distribution and the dynamical
system’s state. To generate a stability requirement that can be validated in real-time, we gener-
alized sequential action control—a new method of approximate optimal control—so that it can
use the ergodic metric as an objective function, leading to real- time control realizable for gen-
eral nonlinear and hybrid systems. We used this control method to develop stability guarantees
for ergodic control, where the stability guarantee uses the ergodic metric as a Lyapunov function
on the distribution the trajectory generates, rather than the trajectory itself. As a result, we can
provide analytical guarantees on long-time convergence of the controlled trajectory to the desired
distribution (if the distribution is static). We have used this technique in a variety of simulated
and experimental settings. These scenarios include simulated multi-agent tracking of an unknown
number of targets with unknown dynamics, using a rotor vehicle dynamic model of each vehi-
cle; this is a challenging and relevant problem to the army. Moreover, we applied the techniques
experimentally to a single robot tracking multiple targets in our laboratory.

Although the student was not supported financially by this grant, we were able to show that
ergodic control is naturally distributable. That is, standard consensus algorithms are sufficient to
distribute ergodic control over an arbitrary number of agents. Although not of particular theoretical
interest, this is a result that likely has practical value.

2.2 Spectral Representations of Dynamics
Exploration for localization and target identification/tracking is a useful application of ergodic
control, but we also wanted to demonstrate that data-driven learning can also enable autonomy to
adapt to its environment. Using the Koopman operator formalism, we showed that online learning
of the nonparametric model of a robot is possible and substantially improves control performance
[1]. In this paper, we developed a variation of model-based control for data-driven models, using
sequential action control as the control methodology. The idea is very simple—we augment the
state space with the control states, compute the Koopman operator that includes the model of the
relationship between inputs and states, and then wrap model-based control around the result. Im-
portantly, this all happens in real time. We used a simple robotic experiment of a robot on granular
media to show that fast exploration yields an actionable control model that enables the robot to
aggressively maneuver. Initially, with its nominal model, the robot was extremely ineffective at
pursuing aggressive trajectories. After the Koopman model had been updated, the robot was able
to execute much more aggressive trajectories, and did so while continuing to update its internal,
data-driven model. In simulation, we showed that a rotorvehicle that has lost a rotor can arrest
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its fall in half the distance if it first takes one second to actively re-learn its own dynamics by
maximizing information about the unknown model.

The Koopman formalism also provides a mechanism for active identification. While develop-
ing the results in 2), we quickly learned that the data obtained while controlling the robot in sand
was insufficient to compute the Koopman operator; how one controls the robot has a dramatic im-
pact on the quality of the spectrum obtained during operation. As a result, as a practical matter,
a student then manually controlled the robot to get meaningful data. To automate the active con-
struction of the operator, we initially wanted to use ergodic control to maximize the likelihood of
obtaining good data, but we found that the calculations were prohibitive. However, a reasonably
natural alternative turned out to be feasible. Maximizing the Fisher Information with respect to the
infinite-dimensional spectrum is both computable as a trajectory optimization problem and has a
natural interpretation in terms of the update to the operator itself [2]. Examples that we have com-
pleted include the robot operating in a granular environment, an aerial vehicle identifying its own
dynamics due to an actuator failure, and a robot learning the dynamics of a pendulum inversion
problem, for inversion and balance. All of these examples perform well only when active sensing,
using the formal approaches developed as part of this work, are employed.

Future work should consider whether ergodic coverage can be used to generate reliable non-
parametric models. Although we certainly see this in practice, we do not yet have a formal mathe-
matical reason to believe that ergodic coverage should outperform information maximization with
respect to the unknown operator.

2.3 Other Results
Two other subjects were actively pursued near the end of this work: alternative metrics for ergodic
control and the connection between information-based control and “algorithmic” materials.

Ergodic Control, Occupation Measures, and Kullback-Leibler Divergence: One of the prob-
lems with ergodic control, particularly with respect to computation, is that it relies on the Fourier
decomposition of both a reference density function as well as the trajectory itself. This is very com-
putationally intensive, particularly as the dimension of space over which the density function takes
values grows. In robotics, this is exactly where sample-based methods have come to dominate
practical implementation.

Initially, we looked at the occupation-measure formulation of ergodic control, since it has been
used in other areas of spectral approaches to control. We were able to compute ergodic trajectories
this way, but the computations were not particularly faster and were substantially more brittle than
those that use the Fourier decomposition.

However, an idea close in spirit to occupation measures was to treat ergodic control as a require-
ment on the Kullback-Leibler divergence between two distributions. Ergodicity can be interpreted
as the Kullback-Leibler distance as evaluated for a trajectory, rather than a distribution that has
full support over the same space as the reference distribution; the Kullback-Leibler divergence will
always be infinite between a distribution and a trajectory. If we replace a point in the trajectory
with a volume—like a time-varying occupation measure—the K-L divergence is finite and can be
approximated using sample-based methods. We find that this is easily executable so long as the
ergodic trajectory does not need to reproduce fine-scale detail in the original reference distribution.
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(This work has not yet been published, but the PI is supporting it on another grant where the results
can be used.)

Algorithmic Materials: Lastly, the end of this grant included investigation into the development
of algorithmic materials. Our initial work can be found [8], where we include preliminary results
on the relationship between control and estimation theory and the physical algorithmic capabilities
that materials may provide.

First, it is worth noting that at very small scales, traditional computation will often be impos-
sible. Nevertheless, sensing, actuation, memory, and operations on these signals may be available.
The question we were interested in is whether one can translate control techniques to the design
of these materials and their interconnections. To do so, we looked at a process that starts with
a task description in the form of an objective function, approximates an in-principle control pol-
icy that accomplishes the task, and then projects that policy onto feasible physical designs. We
showed in an example of a Micro State Machine—a model motivated by a graphene body with
simple chemical components such as chemical comparators for sensing and potential poisoning
for actuation—that a finite-state machine that involves only feasible components leads to a phys-
ical design that can move the body to a desired location. Moreover, we also showed that some
tasks cannot be achieved this way; specifically, ergodic coverage cannot be achieved unless one
has access to some form of memory. Regardless, this work represents our first steps towards a
theory of cyber-free autonomy, specifically at microscales.
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