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1. SUMMARY

The effort described herein seeks to explore the near-resonant thermomechanics of energetic and 
mock energetic particulate composite materials.  The effort specifically focuses on: (i) 
characterizing the macroscale, elastic and plastic responses of these materials under various 
mechanical excitations at a range of ambient temperatures; and (ii) developing preliminary 
computational modeling tools which can be used to predict material response during energetic 
material formulation and munitions design.  Key topics described herein include: sample 
preparation; macroscale thermomechanical modeling and experimentation; dissipative modeling 
and system identification; and endochronic plasticity modeling and model validation. 

2. INTRODUCTION

The effort described herein seeks to explore the near-resonant thermomechanics of energetic and 
mock energetic particulate composite materials, building upon both the prior work of the PIs (see, 
for example, [1-6]) and prior, related work in the field pertaining to the periodic excitation of 
energetic materials (see, for example, [7-8]) and hot-spot formation (see, for example, [9]).  The 
effort specifically focuses on: (i) characterizing the macroscale, elastic and plastic responses of 
these materials under various mechanical excitations at a range of ambient temperatures; and (ii) 
developing preliminary computational modeling tools which can be used to predict material 
response during energetic material formulation and munitions design.  More specifically, Task 
Order 0002 spans three inter-related research tasks: 

• Task 1 – Macroscale Structural and Mechanical Modeling: This task emphasizes further
development of macroscale, distributed-parameter and lumped-mass, combined structural
and thermal models of mock energetic and energetic materials subjected to mechanical
vibration.  The models are designed to be amenable to a variety of particle/binder material
systems, a range of input excitations (including those leading to large elastic and plastic
deformations), and various ambient temperatures.  Particular emphasis has been placed on
systems with macroscopic geometric discontinuities/stress concentrations (e.g., cracks, steps
in geometry, and intentional holes), alternate sample geometries, and less traditional binder
systems (e.g., those with a high degree of compliance or the converse). These models are being
validated experimentally.

• Task 2 – Modeling of Damping and Dissipation:  This task emphasizes the development
of refined, macroscale dissipation/damping models for mock energetic and energetic
materials subjected to mechanical vibration.  Particular emphasis has been placed on less
traditional binder systems and on characterizing the ability of the damping models and system
identification procedure developed in a prior period of performance to predict experimentally-
observed phenomena.

• Task 3 – Computational Mechanics Tool Development:  This task emphasizes the
development of constitutive models for mock energetic and energetic materials that
account for nonlinear stress-strain dependencies due to damage, rate-dependent and rate-
independent dissipative properties, as well as temperature-dependent properties, and their
distillation into computational tools suitable for use in energetic material formulation or
munitions design. Particular emphasis has been placed on the continued development of an
endochronic material model, preliminary experimental validation of this model, and
exploring how this model can be mathematically coupled with the viscoelastic models
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being developed as part of Tasks 1 and 2. In addition, preliminary efforts were made to 
distill lessons learned from crystal-scale computational models into structural-scale models 
via "effective material properties" or an alternate multi-scale approach.  

This final report details the various advancements made by the principal investigators and their 
research assistants over the noted period of performance.  The reader should note that all of the 
research activities described herein are slated to continue in a big-picture sense, and thus the 
methodologies, results, and perspectives detailed herein represent only a snapshot of ongoing 
research. 

The subsequent sections are organized in a traditional sense with methodologies, key results, and 
discussion provided in turn.  Discussions of sample preparation; macroscale thermomechanical 
modeling and experimentation; dissipative modeling and parameter estimation; and endochronic 
plasticity modeling are provided in Sections 3 and 4.   

3. METHODS, ASSUMPTIONS, AND PROCEDURES

3.1  Sample Preparation 

Particulate composite mock energetic materials in a variety of geometries were fabricated with the 
goal of studying the bulk heating due to mechanical vibration. The samples prepared are variations 
based upon the PBXN-109 formulation given by Hamshere et al. [10], with sugar replacing the 
RDX unless otherwise noted. A summary of the formulation variation and fabrication process is 
presented in the previous annual report [11].  

The formulations were cast into various mold geometries. In addition to the cylinder and plate 
geometries detailed previously, two new molds were designed to produce larger batches of small 
cylinders, as well as plate samples with intentional stress concentrations. The sample sets of 1 in 
diameter, 1 in high cylinders were used both in the calibration of the endochronic plasticity model, 
as well as the uniaxial compression tests (Note: sample dimensions are often provided in standard 
units, as that is what the corresponding molds were fabricated using). The plate samples with a 
crack, step, and hole incorporated into the geometry were used in thermomechanical 
characterization to determine the effect of stress concentrations on the heating of mock energetic 
materials under periodic loading. The mold assemblies used are shown in Figures 1-2.  
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Figure 1. Mold assembly used to produce the 10-pack 1 in diameter, 1 in high cylindrical 
samples 

Figure 2. Mold assembly for the 7 in x 10 in x 0.5 in rectangular plate samples with intentional 
stress concentrations. The dimensioned drawing on right (note the dimensions are in inches) 
shows the location and size of the stress concentrations on the mold insert. The perimeter of 
the plate sample is represented by the brown dashed line.  
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3.2  Macroscale Thermomechanical Testing 

Over the past year, significant effort has been made to increase the understanding of particulate 
composite mock energetic plates excited by mechanical vibration. As part of this effort, 
experiments were conducted on newly-fabricated plate samples in order to investigate the effect 
of increased excitation amplitude and intentional stress concentrations on the thermal and 
mechanical response of representative samples. The plate samples tested consisted of hydroxyl-
terminated polybutadiene binder (HTPB) with varying ratios of spherical aluminum powder (with 
an approximate diameter of 25 µm) and sucrose crystals (sieved to be in the 106-355 µm diameter 
range), chosen as a rough mechanical mock to RDX. These samples were tested both with and 
without intentional stress concentrations.  

Experiments were conducted using three major pieces of equipment. The plate samples were 
mounted in a pre-existing fixture to approximate a clamped-free-clamped-free (CFCF) boundary 
configuration and placed upon a TIRA 59335/LS AIT-440 electrodynamic shaker. A Polytec PSV-
400 scanning laser Doppler vibrometer was then employed to record frequency responses and 
operational deflection shapes. Simultaneously, a FLIR A325 infrared camera was used to capture 
the temperature distribution of the top surface of the plate using infrared thermography. The 
experimental setup is depicted in Figure 3.  

Figure 3. A schematic of the experimental setup with the (a) FLIR thermal camera, (b) PSV-
400 laser Doppler vibrometer, and (c) electrodynamic shaker 
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3.3  Dissipative Modeling and Material Property Parameter Estimation 

The goal of this task was to observe and characterize the mechanical material behavior of the mock 
energetic materials. This was achieved by conducting low frequency random and swept sine base 
excitation tests on mass-material systems, and then using a parameter estimation methodology to 
extract those material parameters that characterize the stiffness, damping and viscoelastic 
properties of the materials.  

3.3.1  Experimental Work 

In this performance period we continued to conduct swept sine and random base excitation testing 
on the PBXN-109 formulated (mock) samples, which are shown in Figure 4.  A summary of the 
tests that have been completed in the period are shown in Table 1. 

Figure 4.  The different PBXN-109 formulated (mock) samples with different compositions 
and geometries that are subjected to sinusoidal and random base excitation testing 

For the swept sine tests, on each day of testing, three 60 s sinusoidal sweeps were conducted at a 
sweep rate of 1 Hz/s, with the start of each of the sweep staggered 30 min apart. The frequency 
range was selected such that the first resonance frequency of the mass-material system was 
captured during the sweep. The base excitation level was varied from 5 g to 1 g to minimize sample 
fracturing.   For the random base excitation tests, on each day of testing, three random base 
excitation tests were conducted, again with the tests conducted 30 min apart. Each random base 
excitation test lasted for 100 s. The power spectral density of the base excitation was flat from 10 
Hz to 1000 Hz at a 0.025 g2/Hz excitation level. The signals were passed through a Wavetek 852 
low pass filter set at 1,500 Hz prior to being acquired at 6,000 samples/s using a National 
Instruments 24-bit data acquisition system.  The geometry, composition, and cure date of the 
samples being tested, along with the testing status, are given in Table 1. The days highlighted in 
red denote tests that have been conducted after September 1st, 2016. Note that each day listed in 
the table represents three consecutive tests conducted 30 min apart.  



6 
Distribution A 

Table 1. A summary of experimental testing status of the PBXN-109 mock samples, where F 
denotes Fracture and Day 0 corresponds to the sample cure date. (*) Day 1 for this sample 
is the first day of testing and not the date cured, the first test was performed about 6 months 
after curing. The days highlighted in red indicate the tests conducted since September 1st, 
2016.  

Sample ID Random Base Excitation Harmonic Base Excitation 
Forcing Level Day # Forcing Level  Day # 

P00 Q000 Q00 C01 
(HTPB 100% Solids 0%) 

Diam: 1" Height: 1" 
Cure Date: 2/29/2016 

0.050 g2/Hz 77,86F 
2 g 77 

4 g 77 

P00 Q000 Q00 C02 
(HTPB 100% Solids 0%) 

Diam: 1" Height: 1" 
Cure Date: 2/29/2016 

0.025 g2/Hz 86,102 1 g 109 

0.050 g2/Hz 86,102 2 g 109F 

P00 Q000 Q00 C03 
(HTPB 100% Solids 0%) 

Diam: 3" Height: 3" 
Cure Date: 3/15/2016 

0.025 g2/Hz 84,123 2 g 62,85,92,99 

0.050 g2/Hz 62,84,123 
3 g 92 

5 g 62,85,99 

P00 Q000 Q00 C04 
(HTPB 100% Solids 0%) 

Diam: 3" Height: 3" 
Cure Date: 3/28/2016 

0.015 g2/Hz 78 2 g 79,86 

0.025 g2/Hz 64,78 3 g 79,86 

0.050 g2/Hz 78 5 g 64,79 
P00 Q000 Q00 C05 

(HTPB 100% Solids 0%) 
Diam: 1" Height: 1" 

Cure Date: 6/20/2016 

0.025 g2/Hz 4,25 

0.050 g2/Hz 4,25F 

P85 S070 A30 C02 
(HTPB 15% Solids 85%) 

Diam: 1" Height: 1" 
Cure Date: 8/9/2016 

0.010 g2/Hz 55 

0.005 g2/Hz 227 

P85 S070 A30 C03 
(HTPB 15% Solids 85%) 

Diam: 3" Height: 3" 
Cure Date: 6/13/2016 

0.025 g2/Hz 15,29,36,218,225 

0.050 g2/Hz 15,29,36 
P85 S085 A15 C02 

(HTPB 15% Solids 85%) 
Diam: 1" Height: 1" 

Cure Date: 6/13/2016 
0.005 g2/Hz 207,247 

P85 S100 Q00 C03 
(HTPB 15% Solids 85%) 

Diam: 3" Height: 3" 
Cure Date: 9/19/2016 

0.025 g2/Hz 15,211,218,228 

0.050 g2/Hz 15,255 
P85 S100 Q00 C01 

(HTPB 15% Solids 85%) 
Diam: 1" Height: 1" 

Cure Date: 9/28/2016 
0.025 g2/Hz 69F 

H00 Q000 Q00 C03* 
(HTPB 100% Solids 0%) 

Diam: 3” Height: 2.4” 
Cure Date: 2012 

0.025 g2/Hz 1681 5 g 1,2,19,24,71,109,138,1681 

L85 S100 Q00 C01 
(HTPB 15% Solids 85%) 

Diam: 3" Height: 3" 
Cure Date: 4/13/2017 

0.025 g2/Hz 71 
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The frequency response functions and the coherence functions relating the base acceleration and 
the acceleration of the top plate relative to the base were estimated from the measurements taken 
in the random tests (see [11] for additional details).  The power spectral density and cross spectral 
density estimates were calculated by using the Matlab pwelch and cpsd built in functions. The 
segment size was chosen to give a frequency resolution of 0.73 Hz and each data segment was 
windowed with a Hann window.   The frequency response function (H) and the coherence function 
were estimated. For the sweep tests, the envelope of the relative response during the sweep was 
plotted against the frequency of the base excitation signal.  When significant nonlinearity was 
present, the response at the excitation frequency was first extracted by using modulation and 
filtering, and the envelope of the resulting signal was plotted.  

3.3.2  Modeling Work 

In this performance period we have continued to improve the iterative parameter estimation 
approach that was previously outlined in [11]. Recall that the ten step process uses a continuous 
time system identification approach to estimate the stiffness and damping parameters and a Prony 
analysis approach to estimate the viscoelastic parameters. This past year we have worked on 
improving the model order selection process, the stability of the estimated viscoelastic filter, and 
the convergence criteria.  Lastly, in this report we present a formal derivation of the model about 
the settling point, and for the generic viscoelastic term, so that we can relate system parameters 
(stiffness, damping and viscoelastic terms relating relative velocity rate viscoelastic forces) to 
material parameters (e.g., Young’s Modulus and viscoelastic terms relating strain rate to pressure). 

Model Derivation Summary 

A detailed derivation of the model about the settling point was presented in the April 2017 monthly 
project report, the main conclusions are presented here. Consider the generic equation of motion 
of a base excitation mass-material system containing a damping term ( c ), polynomial stiffness 
( k ), and viscoelastic term ( v ), it is of the form: 

∑
=

−−=++++++
N

i

i
i mgymzzzvzzkzzzczm

1
000 )),(()(),(  (1) 

where m is the mass, z is the relative motion about the settling point, and z0 is the settling 
displacement. Defining  

00 ),(),( czzzczzc −+=   (2) 
00 )),((),( vzzzvzzv −+=  (3) 

and 

∑
=

−=++
N

i

i
i mgvzkc

1
000 )( (4) 

we can simplify and subtract like terms to yield the simplified equation of motion about the settling 
point; it is of the form: 
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∑
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N
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Furthermore, the polynomial stiffness terms about the settling point can be defined as: 

∑
=

−

−
=

N

pn
n

pn
p pnp

nkzk
)!(!

!)(
0 (6) 

where N is the polynomial order, and n are integers from 1 to N. For different nonlinear expressions 
of damping, stiffness, and the viscoelastic term, the expansion about the settling point may yield 
slightly different expressions of the final equation and these need to be derived on a case by case 
basis. 

Our current parameter estimation process uses the system model about the operating point 
(Equation 5) to estimate the system parameters (k1, k2, c, etc.). These estimated parameters may be 
related to its respective system material model (Equation 1) terms ( 1k , 2k , c , etc.). Using the

geometric properties, the system material model terms ( 1k , 2k , c , etc.) can be related to the
Young’s Modulus and one can write the basic constitutive material model in terms of stress and 
strain.   

3.4  Endochronic Plasticity Modeling 

Energetic composite materials have been found to exhibit a significant nonlinear elasto-plastic 
stress-strain response in the range of finite deformations under cyclic load, without a distinctive 
yield surface. Consequently, assumptions of small deformations and linear-elastic material, and 
plasticity modeling using classical plasticity theories that require a yield surface, may prove to be 
insufficient in predicting their mechanical response, necessitating the use of a finite-strain 
formulation that accounts for nonlinear elasticity and yield surface-free plasticity. 

This report summarizes our research efforts in the direction of modeling the cyclic loading 
behavior of energetic composite materials, with the goal of building a computational tool capable 
of predicting such behavior. A finite strain formulation that used Ogden's model [12,13] with a 
material incompressibility assumption to predict the elastic response, and a yield-surface free 
endochronic plasticity model proposed by Valanis [14] to account for irreversible deformations, 
was developed. A computationally efficient central difference method-based numerical algorithm 
proposed by Suchocki [15] was adapted to perform the necessary calculations at each load step. 
Calibration of the model parameters was performed using experimental data obtained from 
compressive cyclic tests of mock energetic material specimens.  
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3.4.1  A Finite Strain Formulation for Mock Energetic Materials 

For an initially virgin, isotropic material subjected to a general loading configuration, the Second 
Piola-Kirchhoff stress tensor is given by: 

𝑺𝑺 = 𝑺𝑺e + 𝑺𝑺i (7) 

where 𝑺𝑺e and 𝑺𝑺i are respectively the elastic and inelastic contributions to the total stress. The 
following sections elaborate on the formulation proposed to obtain the respective contributions. 

Elasticity Model Formulation 

Very recently, efforts in the direction of elasticity modeling of energetic composite materials have 
been made by Davies and Paripovic [6,16-18], who proposed the following equation to model the 
elastic stress-strain response of energetic materials under uniaxial compressive loading 

𝜎𝜎3
e =

1
𝜖𝜖3 + 1

�
2𝜇𝜇𝑘𝑘
𝛼𝛼𝑘𝑘2

[(𝜖𝜖3 + 1)𝛼𝛼𝑘𝑘 − 1]
𝑀𝑀

𝑘𝑘=1

 (8) 

for compressive loading in the 3-direction, 𝜎𝜎3𝑒𝑒 is the stress, 𝜖𝜖3 is the strain, and 𝜇𝜇𝑘𝑘 and 𝛼𝛼𝑘𝑘 are 
2𝑀𝑀 empirically determined material parameters. The ground state shear modulus 𝜇𝜇 can be related 
to the parameters 𝜇𝜇𝑘𝑘 by 

𝜇𝜇 = �𝜇𝜇𝑘𝑘

𝑀𝑀

𝑘𝑘=1

 (9) 

Equation 8 has proven to be very useful and efficient in predicting the uniaxial compressive elastic 
response of energetic materials, thanks to its simplicity and sufficient flexibility. However, it 
cannot be used for predicting material behavior in response to a general loading configuration. To 
alleviate this limitation, the stress-strain response can be described by a three-dimensional Ogden 
strain energy function 𝜓𝜓, given by 

𝜓𝜓 = 𝜓𝜓iso(𝜆̅𝜆1, 𝜆̅𝜆2, 𝜆̅𝜆3) + 𝜓𝜓vol(𝐽𝐽) 

= �
2𝜇𝜇𝑘𝑘
𝛼𝛼𝑘𝑘2

�𝜆̅𝜆1
𝛼𝛼𝑘𝑘 + 𝜆̅𝜆2

𝛼𝛼𝑘𝑘 + 𝜆̅𝜆3
𝛼𝛼𝑘𝑘 − 3�

𝑀𝑀

𝑘𝑘=1

+ 𝜓𝜓vol(𝐽𝐽)
(10) 

In the above equation, the strain energy function has been decoupled into isochoric (𝜓𝜓iso) and 
volumetric (𝜓𝜓vol) contributions. 𝜆̅𝜆1, 𝜆̅𝜆2 and 𝜆̅𝜆3 are the isochoric material stretches in three 
respective coordinate directions, and (𝜇𝜇𝑘𝑘, 𝛼𝛼𝑘𝑘) are the material parameters discussed before. The 
volumetric part 𝜓𝜓vol can be defined according to Netzker [9] by 

𝜓𝜓vol = 𝜅𝜅(𝐽𝐽 − ln 𝐽𝐽 − 1) (11)
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where 𝐽𝐽 represents the change in volume, given by 𝐽𝐽 = 𝜆𝜆1𝜆𝜆2𝜆𝜆3, and 𝜅𝜅 is the bulk modulus. 
The elastic Cauchy stress tensor 𝑺𝑺e can be obtained from the strain energy function 𝜓𝜓 in Equation 
10 by using the relation 

𝑺𝑺e = 𝑺𝑺isoe + 𝑺𝑺vole

= 𝐽𝐽−2/3�
1
𝜆̅𝜆𝑝𝑝
�
𝜕𝜕𝜓𝜓iso
𝜕𝜕𝜆̅𝜆𝑝𝑝

−
1
3
�
𝜕𝜕𝜓𝜓iso
𝜕𝜕𝜆̅𝜆1

+
𝜕𝜕𝜓𝜓iso
𝜕𝜕𝜆̅𝜆2

+
𝜕𝜕𝜓𝜓iso
𝜕𝜕𝜆̅𝜆3

�� 𝐧𝐧𝐩𝐩⨂𝐧𝐧𝐩𝐩

3

𝑝𝑝=1

+ 𝐽𝐽
𝜕𝜕𝜓𝜓vol
𝜕𝜕𝜕𝜕

𝑪𝑪−𝟏𝟏 (12) 

where np (p = 1, 2, and 3) are unit vectors in the principal directions, and 𝑪𝑪 is the right Cauchy-
Green deformation tensor given by 

𝑪𝑪 = �𝜆𝜆𝑝𝑝2
3

𝑝𝑝=1

np⨂np (13) 

Plasticity Model Formulation 

Apart from elastic behavior, energetic materials have been found to exhibit significant plastic 
(irreversible) deformations, especially during cyclic loading. As already discussed, these materials 
may exhibit significant nonlinear stress-strain behavior in both the elastic and inelastic range, 
without a distinctive yield point. Classical plasticity theories require a yield surface for predicting 
material behavior, and hence may not be applicable to model these materials. 

The endochronic plasticity theory developed by Valanis [14] is a hereditary plasticity theory that 
assumes that the state of stress about an elasto-plastic material point is dependent on the strain or 
deformation history of that point. The strain history is represented by a variable called the intrinsic 
time, and the stress evolution is given by the convolution integral between the stress tensor and 
the memory kernel, which is a scalar function of intrinsic time. Since the theory does not 
distinguish between the elastic and plastic state of the material, and assumes elasto-plastic behavior 
at any given load step, a yield surface is not required.  

According to Suchocki [15], the endochronic constitutive equation for plastic stress 𝑺𝑺i = ∑ 𝑺𝑺𝑗𝑗i𝑁𝑁
𝑗𝑗=1

in the range of finite deformations is given by 

𝑺𝑺𝑗𝑗i (𝑡𝑡) = � 𝐶𝐶𝑗𝑗𝑒𝑒
−𝑧𝑧−𝜁𝜁𝛾𝛾𝑗𝑗

𝜕𝜕𝑺𝑺iso
e

𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑

𝑧𝑧(𝑡𝑡)

0
 (14) 

where 𝐶𝐶𝑗𝑗 and 𝛾𝛾𝑗𝑗 are the kernel parameters, 𝑺𝑺iso
e  is the isochoric part of elastic stress, and 𝑧𝑧 and 𝜁𝜁 

are the intrinsic time scale and intrinsic time measure respectively. The relationship between 𝑧𝑧 and 
𝜁𝜁 is given by 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑧𝑧) (15)
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where 𝑓𝑓(𝑧𝑧) is function that describes the material’s hardening or softening behavior as it deforms. 
Various forms of 𝑓𝑓(𝑧𝑧) have been reported in literature [13,19,20]. However, the one reported by 
Lin et al. [21] is the most flexible and best suited for cyclic loading. The function is given by 
 

𝑓𝑓(𝑧𝑧) = 𝐷𝐷(𝑧𝑧ref) − [𝐷𝐷(𝑧𝑧ref) − 1]𝑒𝑒−𝛽𝛽1(𝑧𝑧−𝑧𝑧ref) (16) 
 
where 
 

𝐷𝐷(𝑧𝑧ref) =
𝑐𝑐

𝑠𝑠 − (𝑠𝑠 − 1)𝑒𝑒−𝛽𝛽2𝑧𝑧ref
 (17) 

 
In Equations 16 and 17, 𝑐𝑐, 𝑠𝑠, 𝛽𝛽1 and 𝛽𝛽2 are positive material constants, where 𝑐𝑐 > 𝑠𝑠 > 1 signifies 
hardening and 𝑐𝑐 < 𝑠𝑠 < 1 signifies softening behavior [21]. Quantity 𝑧𝑧ref is the reference intrinsic 
time scale, that corresponds to the value of 𝑧𝑧 at which the last load reversal occurred. Lin et al. 
[21] have utilized this function to accurately model the mechanical response of OFHC copper and 
SAE 4340 steel. However, for modeling energetic composite materials, whose cyclic loading 
behavior has been found to be highly nonlinear, a more flexible and general form of 𝑓𝑓(𝑧𝑧) may be 
required. We thus propose a modified form of 𝑓𝑓(𝑧𝑧) given by  
 

𝑓𝑓(𝑧𝑧) = � 𝐷𝐷𝑚𝑚(𝑧𝑧ref) − [𝐷𝐷𝑚𝑚(𝑧𝑧ref)− 1]𝑒𝑒−𝛽𝛽1,𝑚𝑚(𝑧𝑧−𝑧𝑧ref)
𝐾𝐾

𝑚𝑚=1

 (18) 

 
where 
 

𝐷𝐷𝑚𝑚(𝑧𝑧ref) =
𝑐𝑐𝑚𝑚

𝑠𝑠𝑚𝑚 − (𝑠𝑠𝑚𝑚 − 1)𝑒𝑒−𝛽𝛽2,𝑚𝑚𝑧𝑧ref
 (19) 

 
The proposed function is an extended form of the material function proposed by Lin et al. [21], 
modified to be defined as the sum of a series of terms. The proposed function contains 4𝐾𝐾 unknown 
parameters as opposed to 4 unknown parameters in Lin's function [21]. On account of being more 
general, the proposed function is believed to serve as a better representative of the 
hardening/softening behavior of mock energetic materials. 
 
Numerical Procedure for Plastic Stress Calculation 
 
Discretization using the central difference method has been proposed by Suchocki [15] to calculate 
the inelastic stress at every load step. Using central differences in Equation 14 at load step (n+1)/2, 
one may obtain the inelastic stress at load step (n+1) equal to 
 

𝑺𝑺𝑛𝑛+1i = �𝑺𝑺𝑗𝑗,𝑛𝑛+1
i = �

�1 − 1
2𝛾𝛾𝑗𝑗

Δ𝑧𝑧𝑛𝑛+1� 𝑺𝑺𝑗𝑗,𝑛𝑛
i + 𝐶𝐶𝑗𝑗�𝑺𝑺iso, 𝑛𝑛+1 

e − 𝑺𝑺iso, 𝑛𝑛 
e �

�1 + 1
2𝛾𝛾𝑗𝑗

Δ𝑧𝑧𝑛𝑛+1�

𝑁𝑁

𝑗𝑗=1

𝑁𝑁

𝑗𝑗=1

 (20) 
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where Δ(∙)𝑛𝑛+1 = (∙)𝑛𝑛+1 − (∙)𝑛𝑛. The quantity Δ𝑧𝑧𝑛𝑛+1 in Equation 20 can be obtained by using 
central differences at load step (n+1)/2 in the relationship between 𝜁𝜁 and 𝑧𝑧 (Equation 15). The 
discretized relationship is given by  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≅
Δ𝜁𝜁𝑛𝑛+1
Δ𝑧𝑧𝑛𝑛+1

= � 𝐷𝐷𝑚𝑚 − (𝐷𝐷𝑚𝑚 − 1)𝑒𝑒−𝛽𝛽1,𝑚𝑚(𝑧𝑧𝑛𝑛+
Δ𝑧𝑧𝑛𝑛+1
2 −𝑧𝑧ref)

𝐾𝐾

𝑚𝑚=1

(21) 

In Equation 21 above, Δ𝜁𝜁𝑛𝑛+1 is given by 

Δ𝜁𝜁𝑛𝑛+1 = (Δ𝐶𝐶𝑛̅𝑛+1:Δ𝐶𝐶𝑛̅𝑛+1)1/2 (22) 

where 𝐶𝐶̅ is the isochoric part of right Cauchy-Green deformation tensor given by Equation 13. 

Substituting Equation 22 into Equation 21 and rearranging, we get 

�� 𝐷𝐷𝑚𝑚 − (𝐷𝐷𝑚𝑚 − 1)𝑒𝑒−𝛽𝛽1,𝑚𝑚(𝑧𝑧𝑛𝑛+
Δ𝑧𝑧𝑛𝑛+1
2 −𝑧𝑧ref)

𝐾𝐾

𝑚𝑚=1

� Δ𝑧𝑧𝑛𝑛+1 − (Δ𝑪𝑪�𝑛𝑛+1:Δ𝑪𝑪�𝑛𝑛+1)
1
2 = 𝑔𝑔(Δ𝑧𝑧𝑛𝑛+1)

= 0 

(23) 

Equation 23 above is a function of Δ𝑧𝑧𝑛𝑛+1 only, and can be numerically solved using Newton-
Raphson method. 

3.4.2  Experimental Setup 

(a) (b) 
Figure 5. (a) The experimental setup showing the MTS Criterion C43, the workstation 
controlling the machine and the test sample (the one shown is a 1 in × 1 in cylindrical sample 
composed of 100% HTPB) (b) The stress-strain response of a 100% HTPB sample to cyclic 
compressive loading.  

Figure 5a depicts the experimental setup utilized for data collection. The instrument is an MTS 
Criterion C43 universal testing machine available in the Particle Design and Formulation Lab at 
Purdue University. The machine can perform cyclic testing at rates up to 100 mm/min, with rated 
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force capacity up to 50 kN and data acquisition rate up to 1000 Hz, making it suitable for our 
purposes. It is controlled through a manufacturer-provided, user-friendly software TW Elite. 

3.5  Crystal-Binder Interface Modeling 

When discrete energetic particles, embedded in a polymer binder, are subjected to high-frequency 
periodic mechanical excitation, local temperature gains have been observed.  

Recent experiments by our team at Purdue University have identified several mechanisms that may 
affect heat generation.  Principally these experiments have indicated that the temperature rise 
strongly depends upon: 

1) The geometry and arrangement of the particles in the sample;
2) The initial interface damage at the particle/binder interface; and
3) The initial microcracks and defects in the particles.

Other hot-spot mechanisms considered in the literature include: the adiabatic compression of 
trapped gas spaces, void collapse, plastic deformation, heating at crack tips, heating at dislocation 
pile-ups, friction at crack surfaces, dissipation due to crack propagation, particle/polymer 
debonding, and viscous heating.  

Prior work has demonstrated that the adiabatic compression of gas spaces is a dominant 
mechanism for liquid explosives [22], but for solid explosives, shock waves are necessary to create 
sufficient adiabatic heating to increase the temperature sufficiently to initiate [23]. Similarly, to 
collapse a void in solid explosive requires forces that can likely be provided only by shock waves. 
Thus, these two mechanisms are not applicable for the regime of velocity and loading considered 
in this project and can be neglected.  

Unfortunately, it is not possible to independently investigate each of the aforementioned physical 
mechanisms experimentally. Therefore, models have been developed and 3D finite element 
simulations have been performed to elucidate their relative importance.   

3.5.1  The Effect of Particle Distribution 

Finite elements simulation of samples with different geometries were performed to investigate the 
local stresses and the effect of the heat source location on sample temperature. The simulation 
domain was selected with the same dimensions as the experimental specimen described in [24] 
and it is shown in Figure 6. It consisted of a Sylgard block of length 8.9 mm, width 6.6 mm, and 
height 4.5 mm. The three HMX particles had an approximate diameter of 0.8 mm and were placed 
at the center of the horizontal cross-section such that their distance to the top surface was 1 mm. 
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Figure 6. An image of the mesh used in the FEM simulations 

3D finite elements simulations were performed to predict the stress and strain fields in the 
specimen during mechanical excitation. Stress concentrations located at the corners of the particles 
are observed.  These stress concentrations are expected to lead to damage and heat generation. 
From the finite element simulations, it was clear that the damage will occur initially on the bottom 
and later on the top surfaces of the particles. To qualitatively understand the effect of the heat 
source location on the temperature distribution, the heat equation was solved in a 3D finite element 
mesh. Four cases with different heat source locations were studied: (i) when the source was located 
at the bottom of one of the particles, (ii) when the source was located at the top of one the particles, 
(iii) when the sources were located at the bottom of all particles, and (iv) when the sources were
located at the top of all particles. The heat source(s) in all of the cases were included such that they
cover the entire cross-section of the corresponding particle with a height of 40 𝜇𝜇m. An approximate
value of qv = 109 W/m3s was used.

3.5.2  The Effect of Initial Damage 

Due to the high computational cost of solving a dynamic problem with frequencies in the range of 
150 kHz to 210 kHz this portion of the current effort focused on the development of a coarse grain 
model to estimate the evolution of the temperature due to friction at the particle/polymer interface 
and pre-existing micorcracks in the particles. The temperature changes reported here are just an 
approximation to decide which mechanisms may be the most important when we run future 
simulations.  

The heating due to interfacial friction at a crack can be estimated from a 1D solution of heat flow 
equation [25] 

∆𝑇𝑇 = 2𝑞̇𝑞 �
𝑡𝑡

𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 (24) 

where 𝑞̇𝑞 = 𝜇𝜇⟦𝑣𝑣⟧ ∙ 𝜏𝜏 is the surface heating due to friction. Here, μ denotes the coefficient of friction, 
𝜏𝜏 denotes the traction at the crack surface and ⟦𝑣𝑣⟧ is the velocity jump in the crack or the sliding 
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velocity between the two crack surfaces. The other material parameters are listed in Table 2. 

The finite element simulations suggest that the stresses are of the order of 30 MPa for an excitation 
frequency of 210 kHz and amplitude of 2 μm. The sliding velocity can be approximated by 
multiplying the amplitude by the frequency of the applied mechanical excitation as v ∼ 2.645 m/s. 
Thus, the increase in temperature due to friction at a preexisting crack surface can be calculated to 
be, ∆T ∼62 K after 1 μs. The estimation of temperature rise due to debonding and the resulting 
friction at the interface can be calculated using the same equation given above for friction and 
gives similar results. The viscous dissipation can be roughly estimated by assuming the entire 
energy input is utilized in viscous dissipation. This calculation gives a temperature rise of less than 
1 μK in 1 μs.  

Table 2. Thermal properties of HMX 

Property Value 
ρ0 [kg/m3] 1903 
c [J/kg K] 1576 
k [J/m s K] 0.31 

3.5.3  Summary 

The outcome of the finite element simulations and the coarse grain model help to explore the 
relative importance of the heating mechanisms at different length and time scales. The most 
important heating mechanism appears to be friction at preexisting cracks and surface defects 
between the particle and the polymeric binder. Therefore, it is of key importance to incorporate 
initial defects as well as particle distribution in various models to assess the risk of initiation. 

4. RESULTS AND DISCUSSION

4.1  Macroscale Thermomechanical Testing Results 

4.1.1  The Effect of Increased Forcing Levels 

All of the transient thermal response results presented at this juncture have been in response to a 2 
g sinusoidal excitation at resonance; however, it has been hypothesized that the heat generation 
would increase significantly as this forcing level was increased. To this end, a set of increased 
amplitude experiments were performed on a representative plate sample of each 85% solids 
loading formulation (0%, 15%, and 30% additive content). Each experiment was performed at a 
sample age of 216 days. 

The transient temperature profile over a 60 min window in response to a sinusoidal excitation of 
2, 3, 4, and 5 g under convective boundary conditions was recorded using a FLIR thermal camera. 
Preceding each test, the laser Doppler vibrometer was used to record the mechanical response of 
the plate under random excitation to monitor resonant frequency shifts and potential structural 
damage to the sample. The H1 frequency response estimators for a representative plate sample in 
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response to broadband white noise at a forcing level of 2.44 g RMS are presented in Figures 7-9 
for the plates with 85% solids loading and 0%, 15%, and 30% additive content. The legend 
indicates the forcing level used in the thermal response test following the recording of the 
respective frequency response.  

(a)        (b) 
Figure 7. Experimental H1 mechanical frequency response estimator of a 85% solids loading 
– 0% additive content plate at 2.44 g RMS excitation from 10 to 1000 Hz. The solid lines
represent data obtained from the geometric center of the sample, and dashed lines represent
data obtained from an offset point. Data is presented for (a) the entire excited range and (b)
the 40 Hz span surrounding the first resonant frequency.
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(a)        (b) 
Figure 8. Experimental H1 mechanical frequency response estimator of a 85% solids loading 
– 15% additive content plate at 2.44 g RMS excitation from 10 to 1000 Hz. The solid lines
represent data obtained from the geometric center of the sample, and dashed lines represent
data obtained from an offset point. Data is presented for (a) the entire excited range and (b)
the 50 Hz span surrounding the first resonant frequency.

(a)      (b) 
Figure 9. Experimental H1 mechanical frequency response estimator of a 85% solids loading 
– 30% additive content plate at 2.44 g RMS excitation from 10 to 1000 Hz. The solid lines
represent data obtained from the geometric center of the sample, and dashed lines represent
data obtained from an offset point. Data is presented for (a) the entire excited range and (b)
the 50 Hz span surrounding the first resonant frequency.

The spatial average and maximum surface temperature for a representative plate sample of each 
of the three formulations over the 60 min window at the first resonant frequency under convective 
boundary conditions at 2, 3, 4, and 5 g forcing levels are presented in Figure 10, respectively. Note 
that the temperature rise observed in each subsequent test does increase with forcing level; 
however, the rise is quite gradual. Interestingly, a significant change was not observed in 
temperature rise between the 15% and 30% additive content samples.  
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(a) (b) 

(c) (d) 

(e)      (f) 
Figure 10. A comparison of the experimentally obtained plate surface temperature versus 
time in response to a 2, 3, 4, and 5 g harmonic excitation near the first resonant frequency 
for a representative plate of (a,b) 85% solids loading with 0% additive content, (c,d) 85% 
solids loading with 15% additive content, and (e,f) 85% solids loading with 30% additive 
content. The colored envelope indicates one standard deviation for each trial. Data are 
presented for the (a,c,e) mean and (b,d,f) maximum plate surface temperature versus time. 
The legend indicates the forcing level for each respective test. 
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4.1.2  The Effect of Macroscale Intentional Stress Concentrations 

The results of an initial investigation of the thermal and mechanical behavior of mock energetic 
plates with intentional stress concentrations under contact excitation are presented below. The 
transient temperature profile over a 60 min window in response to sinusoidal excitation of 2 g 
under convective boundary conditions was recorded using a FLIR thermal camera. Preceding each 
test, the laser Doppler vibrometer was used to record the mechanical response of the plate under 
random excitation to identify the resonant frequencies. The H1 frequency response estimators for 
a sample of 85% solids loading with 0% and 15% additive content in response to three levels of 
random excitation are presented in Figure 11. Note that the mechanical response of the plate with 
intentional stress concentrations does exhibit similar trends to the standard plate responses 
presented previously at the bulk scale explored in this experiment.  

(a)       (b) 
Figure 11. Experimental H1 mechanical frequency response estimator of an (a) 85% solids 
loading – 0% additive content plate and an (b) 85% solids loading – 15% additive content 
plate with intentional stress concentrations at three levels of excitation. The red, green, and 
blue curves depict responses at 2.44, 1.86, and 1 g RMS, respectively. The solid lines 
represent data obtained from the geometric center, and the dashed lines represent data 
obtained from an offset point.  

In an effort to characterize the local heating near the intentional stress concentrations, the spatial 
average and maximum temperature increase of the 85% solids loading with 0% and 15% additive 
content plates over the 60 min window are presented in Figure 12a and 12b, respectively, at the 
tip of the crack, the circumference of the hole at the top surface, and the step in thickness. The 
samples were each excited at the respective first resonant frequency. The bulk scale average and 
maximum temperature increases for the entire surface of the plate are also presented for 
comparison. In regards to mean temperature, the crack tip exhibits the greatest temperature 
increase in each formulation. However, the bulk scale temperature increase appears to be greater 
when analyzing the maximum temperature across the surface of the plate.  
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(a)       (b) 
Figure 12. A comparison of the experimentally obtained plate surface temperature versus 
time in response to a 2 g harmonic excitation near the first resonant frequency for plates of 
85% solids loading with 0% additive content and 85% solids loading with 15% additive 
content. Data is presented for the (a) mean and (b) maximum plate surface temperature 
versus time. The legend indicates the plate sample tested for each profile, and the physical 
location on the top surface of the plate.  

4.1.3  The Effect of Insulated Boundary Condition 

In addition to the tests described above, the thermal behavior of representative samples in response 
to a 2 g sinusoidal excitation at resonance was recorded under insulated boundary conditions for 
the plate samples with minimum and maximum additive content of the new PBXN-109 
formulation. These plates were comprised of 85% solids loading (15% HTPB binder), with 0% 
and 30% spherical aluminum powder relative to the weight percent of sucrose. The spatial average 
and maximum surface temperature increases are given below in Table 3. Ambient temperature 
increases from previous experiments are included for comparison. The insulated boundary 
condition exhibited greater heat generation as expected. 

Table 3: A comparison of the mean and maximum temperature increase under ambient and 
insulated thermal boundary conditions for the minimum and maximum additive content 
samples. 

Solids Loading- 
Additive Content- 

Sample 

Mean Surface  
Temperature Increase 

(°C) 

Maximum Surface 
Temperature Increase 

(°C) 
Convective Insulated Convective Insulated 

85-00-01 0.52 1.26 0.90 1.51 

85-30-01 0.81 1.60 0.97 1.77 

In order to model the experimental temperature responses outlined above, a thermal simulation 
was performed with a commercial finite element package using convective and insulated 
conditions. The theory and assumptions used to model the simulation are outlined in Miller et al. 
[3] in which the heat source is given by
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𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎 =
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2𝜋𝜋
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𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑 = 𝜋𝜋0(𝜂𝜂𝜂𝜂)

𝑡𝑡0+
2𝜋𝜋
𝜔𝜔

𝑡𝑡0
 (25) 

where 𝜂𝜂 is the loss factor, 𝜔𝜔 is the frequency of excitation, and 𝜋𝜋0 is the strain energy density 
given by 

𝜋𝜋0 =
𝐸𝐸′𝜖𝜖02

2(1 − 𝜈𝜈2)
(26) 

where 𝐸𝐸′ is the real part of the dynamic modulus of the plate, 𝜈𝜈 is Poisson’s ratio, and 𝜖𝜖0 is the 
strain magnitude. The dynamic modulus was obtained using a system identification approach 
developed by Paripovic [18]. Specifically, the technique used acceleration data from uniaxial 
compression tests to estimate the stiffness and damping coefficients, which are then used to 
identify dynamic mechanical properties. Transient thermal properties for each representative plate 
were determined using the transient plane source technique [26]. The dynamic modulus (𝐸𝐸′), 
thermal conductivity (𝑘𝑘), and thermal diffusivity (𝛼𝛼) were measured as 3.02 MPa, 0.35 W/(m-K), 
and 2.84 × 10-7 m2/s, respectively, for a representative plate of 85% solids loading with 0% additive 
content. The density of 1250 kg/m3 was taken as the average of the two 85-00 plate sample 
densities, and the structural loss factor of 0.41 was estimated as the inverse of the experimental 
quality factors for the two 85-00 plate samples.  

The thermal behavior for a representative plate of the minimum additive content formulation was 
simulated in response to the heat source in Equation 25. Convective simulations assumed insulated 
clamped ends with convective boundary conditions on all of the other surfaces. Insulated boundary 
condition simulations assumed all of the surfaces to be perfectly insulated. The transient average 
and maximum temperature response for a representative plate of 85% solids loading with 0% 
additive content over the 60 min time period is presented as Figure 13a and 13b. Note that the 
assumption of perfectly insulated plate boundaries provides an upper bound of temperature 
increase for the experimental results presented above. As expected, the insulated surface 
assumption results in significantly greater temperature rise than the convective condition.  

Interestingly, the thermal simulation under-predicts the temperature increase in both mean and 
maximum surface temperature for the simulated 85-00 plate, evident by the comparison of the first 
row of Table 3 with the final magnitude of the curves in Figure 13. This suggests the potential 
presence of particle-scale interactions that are not accounted for in the derivation of the simulation, 
such as friction between particles or de-bonding of the particle-binder interface [24,27].  
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   (a)       (b) 
Figure 13. Numerically simulated plate surface temperatures versus time in response to a       
2 g excitation near the first resonant frequency for a representative plate of 85% solids 
loading with 0% additive content. Data are presented for the (a) mean and (b) maximum 
plate surface temperatures versus time. 
 
4.2  Dissipative Modeling and Material Property Parameter Estimation 

4.2.1  An Exploration of Repeatability 

Both same-day and day-to-day repeatability studies on the current PBXN-109 (mock) sample set 
are of interest. Sample repeatability results obtained under both the random and swept sine base 
excitation are shown in Figures 14 and 15 respectively. 

 
Figure 14. The magnitude of the frequency responses estimates generated from random base 
excitation tests on P85 S100 A00. The excitation power spectral density was set at 0.025 g2/Hz. 
The spectral resolution is 0.73 Hz. A Hann window with 50% overlap was used in estimation 
with 143 segments averaged.  Each color represents results from a different day of testing. 
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Figure 15. The relative acceleration envelope results obtained from P00 Q000 Q00 C03. The 
sample was excited at 5 g base excitation from 8 Hz to 68 Hz for 60 s at 1 Hz/s. Each color 
represents results from a different day of testing. The shading are different tests on the same 
day from dark to light. 

The results obtained from random base excitation tests conducted on the same day on the P85 S100 
A00 sample (Figure 14) are very close to one another. There is a change in results between the 
first and second test on day 15, but for the tests on all of the other days the estimated frequency 
response magnitudes are very close to each another. The peak in the frequency response magnitude 
shifts from 118 Hz to 105 Hz, a 13 Hz shift to a lower frequency location. This could be attributable 
to an increase in damping, softening behavior, or a combination of both.  

Similarly, the results of the swept sine base excitation tests conducted on the same day on P00 
Q000 Q00 C03 (Figure 15) are very close to one another. There is a change in results between the 
first and second test on day 62 and on day 92. The resonance frequency remains near 16 Hz; 
however, the amplitude of the response increases from 6.5 g to 9.1 g.  

For both of these samples, and for several of the other samples that have been tested, occasionally 
the results of the first test on a day are different for results from the second and third test on the 
same day. 

4.2.2  The Effects of Additives 

We have also investigated the effects of having the aluminum additive in the sample composition, 
as well as the geometry of the sample. Random base excitation tests were conducted on P00 Q000 
Q00 (pure binder), P85 S100 Q00 (85% sugar solids), and P85 S070 A30 (59.5% sugar solids and 
25.5% aluminum additive solids) for both 3 in tall/diameter and 1 in tall/diameter samples. The 
estimates of the coherence and the magnitude of the frequency response function (|H|) for the 6 
different samples are shown in Figure 16. Note that only the last trial for each test is shown for 
clarity, the same day trials for the samples are very similar, indicative of good same day 
repeatability. The binder only samples are much softer than the binder-crystal combinations, hence 
the much lower resonance frequency for the binder (red curves in Figure 16).  The added mass for 
the large samples is 2.73 kg (mass/unit area = 598 kg/m2) and for the smaller samples is 1.07 kg 
(mass/unit area = 1939 kg/m2).   
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For the larger cylinders [Figure 16a] the coherence remains near unity for all three sample 
compositions with small dips near resonance and twice the resonance. However, for the smaller 
samples, the results for the high solids loading with only sugar sample (green - P85 S100 Q00) 
show a very low coherence from 10 Hz to 300 Hz particularly close to twice the resonance 
frequency, which is indicative of high degrees of quadratic nonlinearity, but this is not observed 
with the other small sample where the solids are 70% sugar and 30% aluminum. However, the 
frequency response magnitudes for samples with the high solid loading with aluminum additive 
content (blue) exhibit two peaks and there is evidence of some nonlinearity, but it is much weaker 
than for the sugar only samples.  The cause of the double peak is under investigation.  The peaks 
are closer together in the larger sample frequency response [Figure 16a] than seen in the smaller 
sample frequency response [Figure 16b]. All of these features suggest that it is important to include 
nonlinear terms in the models for these samples with high solids loading.  The behavior of the 
binder indicates that at these excitation levels, the behavior is close to being linear.  We are 
continuing testing on these samples, as well as new samples of the same composition, to continue 
to build our understanding of the repeatability of tests on these materials and how the samples’ 
behaviors may change as the materials age. Due to fracturing of the sample, we are yet to repeat 
the test on a 1 in tall/diameter P85 S100 Q00 sample. In the near future, we will conduct the test 
on a sample of the same geometry and composition to investigate how the response changes with 
testing duration. 

 
Figure 16. Results from random base excitation for the PBXN-109 formulated (mock) 
samples excited for 100 s from 10 Hz to 1000 Hz at 0.025 g2/Hz. Solid lines denote the 
estimated magnitude of H and the dashed line denotes its respective coherence. Red denotes 
results for sample P00 Q000 Q00 C0#, green is for P85 S100 Q00 C0#, and blue is for P85 
S070 A30 C0# for (a) large cylinders (3 in tall/diameter) and (b) small cylinders (1 in 
tall/diameter).  
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4.2.3  Model Order, Stability, and Convergence Improvement 

The parameter estimation code has been improved over previous versions by adjusting the 
convergence criteria so that now it converges faster to the viscoelastic parameter estimates. 
Parameters estimates for the P85 S070 A30 sample were generated using a model with a linear 
viscous damping term, a fifth order polynomial stiffness, and various viscoelastic kernel orders. In 
this model the viscoelastic term is a convolution of the relaxation kernel and the relative velocity 
response . Thus, the model is of the form: 

(27) 

The viscoelastic kernel order M was varied from 10 to 60 in steps of 10. The viscoelastic kernel is 
denoted by g(t) and the corresponding viscoelastic term frequency response is denoted by G(f). 
The estimates of G(f) for various model orders are shown in Figure 17. The threshold where there 
appears to be a sufficient number of terms in the kernel to model the viscoelastic behavior 
accurately is M = 40. The blue line in the plot is the estimate of |G(f)| derived after the first part of 
the iterative estimation procedure where the estimates of c and ki; i = 1, 2, ... 5 are updated. Note 
that the blue line is the converged estimated of |G(f)| from the model where M = 60. 

Figure 17. The magnitude of the viscoelastic kernel frequency response derived by fitting the 
nonlinear viscoelastic model to data from the random base excitation test on P85 S070 A30. 
The blue line is the G response of the viscoelastic term. The black and gray lines are of the 
different fits for M varying from 10 to 60 in 10 step increments. 

When fitting a higher order viscoelastic model (model order is greater than 20) to the frequency 
response of a randomly excited mock energetic sample, an unstable model is often estimated. In 
the estimation the viscoelastic transfer function is modeled as a digital filter, and it being unstable 
means that at least one pole is outside the unit circle in the z-plane. This is problematic because 
the filter is used to predict the viscoelastic term for use in the next stage of the algorithm. To deal 
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with this problem, the terms associated with the unstable poles are removed and a reduced order 
viscoelastic transfer function is calculated before continuing with the next step in the iterative 
estimation process. 
 
An example result from a base excitation test on a pure binder sample (P00 Q000 Q00) with 
random excitation applied in the 10 to 1000 Hz frequency range at 0.025 g2/Hz is shown in Figure 
18. The estimated viscoelastic frequency response generated by using the relative velocity and the 
viscoelastic fit from the previous step in the algorithm (red line) and the estimated digital filter 
frequency response at the end of this step (green line) for iterations 1, 20, 60, 120, and 180 are 
shown. After 60 iterations the estimated digital filter's frequency response function is a good fit to 
the frequency response function estimated from the time histories generated in the previous step. 
After 180 iterations the fit is very good.  
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Figure 18. The magnitude of the viscoelastic frequency response estimates of sample P00 
Q000 Q00 at various stages in the iterative system identification process. The results of H1 
estimation from the time histories generated in the previous step in the algorithm are shown 
by the red line, and the estimated digital filter's frequency response is the green line. Results 
are shown for iterations: 1, 20, 60, 120, and 180. The blue line defines which portion of the 
H1 estimate of the frequency response function (red) was used in the estimation process [
f z=  , M1 = 40, M = 20]. 
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Currently, we are still working on the modeling component of this task. When applying the 
iterative estimation technique to experimental data (high solids loading) when λ > 0 we observe 
convergence issues for higher order models (M > 20). The parameter estimation method was 
applied to the response of a randomly excited high solids loading sample, P85 S085 A15 (85% 
solids, where 85% of the solids are sugar and 15% are aluminum additive). This time the c estimate 
did not converge, rather the c estimate continued to decrease with each iteration number. This was 
balanced by the viscoelastic frequency response fit level continually increasing with each iteration. 
The damping term may be competing with the viscoelastic components and as one increases the 
other decreases to compensate. This may mean that a viscoelastic term may not be needed at all, 
or that for materials with very high solids loading it may need to take a different form.  

Further clarification of the stability challenges that arise, the iterative approach, and how the 
instability is handled is described below. Recall that the parameter estimation approach may be 
described by the flowchart shown in Figure 19 (Please refer to [11] for additional details). 

Figure 19. The steps in the iterative parameter estimation approach 

When the viscoelastic kernel is estimated for a second time in the iterative loop, some of the 
estimated terms may be unstable. To avoid this, steps are taken to ensure that stable filters are 
created. Recall that the relaxation kernel within the viscoelastic term is of the form: 
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We can rewrite Equation 28 in the discrete time domain (where t=nΔ), 
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The model of the sampled system transfer function that relates the sampled forcing function to the 
sampled viscoelastic term ( ( ))nv v n= ∆  is determined by taking the z-transform of ( ( ))ng g n= ∆ . 
The transfer function is of the form: 

1
1

1
( )

1

M
i

n n
i

G z g z
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− ∆ −

=

= =
−∑ ∑  (30) 

where Δβi is the residue and ine α− ∆ is the pole position. We can combine and rewrite Equation 30, 
it is of the form: 
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If we substitute 2jz e π∆= into Equation 31 we can calculate the frequency response of the discrete 
system. We then use that equation and the frequency response estimate from stage 6 (in the 
flowchart) to estimate bi and ai, (Please refer to [11] for additional details). If we wish to estimate 
a model of order M, we typically start with an order M1 >> M and then select the M strongest 
contributors to the impulse response. So at this stage we take Equation 31 with M = M1 and the 
estimates of ai and bi and decompose it to be in the form of Equation 30. In the z-plane if the 
estimated pole is outside of the unit circle, i.e. | | 1ne α− ∆ > , the filter is unstable. The user has a choice 
to either remove the unstable pole or reflect the unstable pole back inside the unit circle. These are 
combined in the form of Equation 31 and the response v3 is estimated by using the difference 
equation, which is of the form: 

11 3 3 0 1 ( 1)
ˆ ˆˆ ˆ.... ... ,

n n Mn M n M n Mv a v a v b f b f
− − − − −= − − + + +  (32) 

where ^ denotes an estimated parameter. This stabilization works well when λ = 0. 

Recently, we have explored the effects of hysteretic damping and found that a refined stabilization 
method and different filtering approach are needed. This need arose because when calculating 
ˆ ˆ and i ib a numerical rounding would cause the viscoelastic poles to drift outside the unit circle 

creating an unstable filter. The details of the new approach may be found in the August 2017 
monthly report. The results shown in this report are for models with λ = 0, and using the method 
described above. We are also working on developing an automatic way for the system 
identification code to determine the model order, including the case of no viscoelastic term, and 
also investigating the use of different types of damping terms and different viscoelastic forcing 
terms. 
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4.2.4  Code Sharing and Other Updates 

In this performance period we have compiled a set of 11 standardized user guides and computer 
codes.  The user guides for the programs and function codes includes an example input along with 
an expected output and how to implement and run the code. In the preamble to the code for a 
particular function, descriptions of what the function does, the input and output variables, the 
version number of the code, and, if applicable, a list of what updates have been incorporated since 
the last version was given. These 11 MATLAB functions feed into each other to allow the user to 
investigate the different experimental data and create and save a pdf of the data. The flowchart of 
how these functions are connected is shown in Figure 20. 

Figure 20. A flow chart of how the 11 functions submitted as part of this report feed into 
each other to allow the user to investigate the repeatability and experimental set up of the 
samples 

Also, in this performance period we compiled an EXCEL-based user guide to help people navigate 
and find specific test data in the database that we have developed to store the data from the random 
and swept sine base excitation tests on the different material samples. The 176 tests conducted on 
the PBXN-109 (mock) samples are tabulated in a Microsoft Excel spreadsheet that contains the 
following columns: (A) sample identification number, (B) date name, (C) test date, (D) cure date, 
(E) age at time of test, (F) diameter (in), (G) height (in), (H) test type, (I) forcing, (J) frequency
range, (K) filename. Each column in the spreadsheet may be sorted or down-selected by using the
drop down menu in row 1.

As part of this activity we are also updating our codes to make them more user friendly. We are 
currently still working on improving our parameter estimation code. Once it has been further tested 
and ready to share, we will generate user guides for all the functions used to estimate the system 
parameters along with a flowchart similar to Figure 20. We will then share this completed 
documentation.  
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4.3  Endochronic Plasticity Model Results 

4.3.1  Experimental Results 

Compressive cyclic loading experiments were performed on cylindrical specimens of mock 
energetic materials. Two types of cyclic tests were performed, namely 

1) Cycling between two predetermined strain levels; and
2) Cycling between two force levels, with the lower force being close to zero.

While (1) has the advantage of being a well-controlled and repeatable experiment, it may be 
difficult to utilize it for model calibration. On the other hand, (2) appears to be much more 
calibration-friendly; however, it is more difficult to control since it is not possible to measure zero 
force accurately when the loading is unidirectional. To alleviate this problem, data acquisition 
began after the specimen was subjected to a small preload, and cycling was performed between 
the preload and the higher force level. 

Apart from cyclic loading tests, simple compression tests were also performed to determine the 
initial loading behavior of the materials. 

Table 4 summarizes the details of experiments performed on three different compositions of 
PBXN-109 (mock) specimens. 
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Table 4. A summary of the experiments performed on three different PBXN-109 (mock) 
specimens (# denotes the number of cycles) 

Experiment 
Detail P85 S100 Q00 CXX P85 S085 A15 CXX P85 S070 A30 CXX 

Composition 
15% HTPB 
85 % Sucrose 
0% Aluminum 

15% HTPB 
72.25% Sucrose 
12.75% Aluminum 

15% HTPB 
59.5% Sucrose 
25.5% Aluminum 

Image 

Dimensions 1 in × 1 in 1 in × 1 in 1 in × 1 in 

Type of 
cyclic force 

loading 

- Sample C05: 1 N – 50 N
(#30)
- Sample C06: 1 N – 75 N
(#30)
- Sample C03: 1 N – 125 N
(#30)
- Sample C04: 1 N – 175 N
(#30)

- Sample C03: 1 N – 175 N
(#30)
- Sample C06: 1 N – 175 N
(#35)

- Sample C02: 1 N – 75 N
(#40)

Type of 
cyclic strain 

loading 
N/A - Sample C00: 10 - 20% (#20)

- Sample C01: 1 - 2% (#20) N/A 

Simple 
compression 

- Samples C00, C01 and C08:
loaded until an instability was
observed

- Sample C02, C04 and C05:
0 - 30% - Sample C01: 0 - 30%

Strain Rate 0.001 s-1 for all tests 0.001 s-1 for all tests 0.001 s-1 for all tests 
Sampling 

Rate 100 Hz 100 Hz 100 Hz 

The energetic material response may be characterized based on the following properties: 
• Specimen Composition
• Specimen Age
• Specimen-to-specimen variability

The following sections provide an analysis of the experimental observations based on the above 
characteristics. 

Effect of Age and Variability among Specimens 

Figure 21 shows the simple compression results for P85 S100 Q00 CXX samples. Figure 21a 
provides the simple compression stress-strain responses for samples aged 10, 19 and 26 days 
respectively. The trend of stress-strain evolution was consistent among the three samples, each of 
them showing a nonlinear increase in stiffness until about 4% deformation, followed by a decrease 
in stiffness until an instability (near zero stiffness) was observed. In addition, an apparent trend of 
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increasing stiffness is observed with aging. Figure 21b shows the configuration of sample P85 
S100 Q00 C00 at about 7% deformation, whereat an instability was observed in the response. 

(a) (b) 

Figure 21. (a) Simple compression stress-strain responses of P85 S100 Q00 C00 (green curve, 
aged 10 days), P85 S100 Q00 C01 (blue curve, aged 19 days) and P85 S100 Q00 C08 (red 
curve, aged 26 days). (b) Configuration of P85 S100 Q00 C00 specimen at 7% deformation. 

Figure 22 provides the cyclic loading responses for P85 S100 Q00 CXX specimens, compared 
with the simple compression curves in Figure 21a. In this and all subsequent figures, the cycles 
are represented by a spectral color map ranging from red (1st Cycle) to blue (Stabilized Cycle). 
Ideally, coeval specimens should have similar stress-strain responses, meaning that the initial 
loading curve of the cyclic response of a specimen must be close to the simple compression curve 
of a coeval specimen. For all of the specimens presented in Figure 22, the coeval specimen from 
Figure 21 is P85 S100 Q00 C01. 

The plots in Figure 22 show that although the initial loading curves of specimens P85 S100 Q00 
C03 and P85 S100 Q00 C04 are somewhat close to the compression curve of P85 S100 Q00 C01, 
the same is not true for specimens P85 S100 Q00 C05 and P85 S100 Q00 C06. This observation 
may be attributed to the presence of specimen-to-specimen variations in the form of micro-defects, 
surface texture, pore density etc. 
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(a) (b) 

(c) (d) 

Figure 22. Cyclic compressive stress-strain responses of (a) P85 S100 Q00 C05 (peak load 50 
N, aged 19 days), (b) P85 S100 Q00 C06 (peak load 75 N, aged 21 days), (c) P85 S100 Q00 
C03 (peak load 125 N, aged 19 days), and (d) P85 S100 Q00 C04 (peak load 17 5N, aged 19 
days), compared with the three simple compression curves from Figure 21a. 
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(a) (b) 

Figure 23. (a) Simple compression stress-strain responses of P85 S085 A15 C02 (red curve, 
aged 1 day), P85 S085 A15 C04 (blue curve, aged 6 days) and P85 S085 A15 C05 (green curve, 
aged 6 days). (b) Configurations of the three tested specimens at 30% deformation. 

Figure 23a shows the simple compression plots of aged P85 S085 A15 CXX specimens. 
Interestingly, an opposite trend of decreasing stiffness with age is observed for these specimens as 
compared to P85 S100 Q00 CXX specimens. Another interesting observation is regarding the 
behavior of two specimens, P85 S085 A15 C04 and P85 S085 A15 C05. Despite being coeval, 
C05 has a much smaller stiffness and visibly different stress evolution as compared to C04, 
suggesting the presence of significant specimen-to-specimen variations.   

(a) (b) 

Figure 24. Cyclic compressive stress-strain responses of (a) P85 S085 A15 C00 (strain cycling 
between 10% - 20%, aged 15 days) and (b) P85 S085 A15 C01 (strain cycling between 1% - 
2%, aged 9 days), compared with the three simple compression curves from Figure 23a. 

Figure 24 shows the stress-strain responses of cycling between two strain levels for P85 S085 A15 
CXX specimens compared with the simple compression curves, with Figure 24a showing the 
results for C00 specimen, aged 15 days, cycled between 10% and 20% strain, and Figure 24b 
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showing the same for C01 specimen, aged 9 days, cycled between 1% and 2% strain. In both the 
figures, the initial loading curve is closer to the compression curve for C02 sample, aged 1 day. 
From these observations, it may be concluded that the specimen-to-specimen variations are 
equally, if not more, influential compared to age in characterizing the energetic material response. 

(a) (b) 

(c) (d) 

Figure 25. Cyclic compressive stress-strain responses of (a) P85 S085 A15 C03 (peak load 
175 N, aged 1 day) and (c) P85 S085 A15 C06 (peak load 175 N, aged 6 days), compared with 
the three simple compression curves from Figure 21a. Subfigures (b) and (d) represent the 
final configuration of the samples after completing the tests shown by (a) and (c) respectively. 

Observations supporting the above conclusion were also made in Figures 25a and 25c, depicting 
the cyclic stress-strain responses for two samples P85 S085 A15 C03 and P85 S085 A15 C06, 
aged 1 day and 6 days respectively. Both samples were cycled between 1 N (Preload) and 175 N 
force levels, for 35 cycles. However, a significant difference in the stress-strain response of the 
two specimens was observed. The initial loading response of specimen C03 was very close to the 
simple compression curve of coeval specimen C02, with stiffness almost the same. On the other 
hand, the initial loading response of specimen C06 was close to coeval specimen C05 but with 
much higher stiffness. In addition, specimen C03 underwent significant plastic deformation as 
compared to specimen C06, which is evident from their configurations after the test, depicted in 
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Figures 25b and 25d respectively. Irreversible deformations and cracks can be easily observed in 
C03, while C06 shows almost no signs of visible plastic deformation. 

(a) (b) 
Figure 26. (a) Simple compression stress-strain response of P85 S070 A30 C01 (red curve, 
aged 6 days). (b) Configuration of the specimen at 30% deformation. 

(a) (b) 

Figure 27. Cyclic compressive stress-strain response of (a) P85 S070 A30 C02 (peak load 75 
N, aged 6 days, compared with the simple compression curve of P85 S070 A30 C01 from 
Figure 26a. Subfigure (b) represents the final configuration of the sample after completing 
the test. 

Figures 26 and 27 present the experimental results of compressive tests performed on P85 S070 
A30 CXX specimens. The simple compression response of P85 S070 A30 C01 sample depicted in 
Figure 26a looks similar to the responses of specimens P85 S085 A15 C02 and P85 S085 A15 C04 
in Figure 23a, although with much smaller slope (stiffness) and strength. The initial loading 
response of the cyclic curve for specimen P85 S070 A30 C02 presented in Figure 27a is roughly 
similar to the compression curve of coeval specimen P85 S070 A30 C01, however smaller stiffness 
indicates the presence of specimen-to-specimen variations. 
Effect of Specimen Composition 
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The simple compression plots of mock energetic specimens provided in the previous section show 
a noticeable variability in the range of stress at the occurrence of instability, marked by sudden 
significant loss of stiffness, amongst specimens of different composition. For better clarity, the 
approximate effective stress at instability is plotted against specimen aluminum content in Figure 
28. From the figure, it can be easily concluded that the strength of mock energetic material
decreases with increase in aluminum content.

Figure 28. Effective stress at instability vs. aluminum content for the mock energetic 
specimens 

4.3.2 Calibration Procedure, Preliminary Results, Discussion and Future Work 

In the Section 3.4.1, we have seen that the finite-strain formulation consists of various material 
parameters that need to be determined empirically. These parameters are: 

• Ogden’s model parameters: 𝜇𝜇𝑘𝑘 and 𝛼𝛼𝑘𝑘 (𝑘𝑘 = 1, 2 …𝑀𝑀)
• Kernel function parameters: 𝐶𝐶𝑗𝑗 and 𝛾𝛾𝑗𝑗 (𝑗𝑗 = 1, 2 …𝑁𝑁)
• Material function parameters: 𝑐𝑐𝑚𝑚, 𝑠𝑠𝑚𝑚, 𝛽𝛽1,𝑚𝑚 and 𝛽𝛽2,𝑚𝑚 (𝑚𝑚 = 1, 2 …𝐾𝐾)

Thus, we have (2𝑀𝑀 + 2𝑁𝑁 + 4𝐾𝐾) empirically determined material parameters. An efficient 
calibration strategy is essential for the determination of these parameters.  

Calibration Procedure 

An optimization problem based on the least squares method, similar to the one presented for the 
small-strain formulation [11], is proposed for model calibration. The problem aims to minimize 
two objective functions 𝐹𝐹1(𝜽𝜽𝟏𝟏) and 𝐹𝐹2(𝜽𝜽𝟐𝟐), defined as 

𝐹𝐹1(𝜽𝜽𝟏𝟏) = �𝑤𝑤𝑟𝑟1
𝑃𝑃

𝑟𝑟=1

�𝜎𝜎(𝜽𝜽𝟏𝟏, 𝜖𝜖𝑒𝑒𝑒𝑒𝑒𝑒,𝑟𝑟
1 ) − 𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒,𝑟𝑟

1 �
2 (33) 

and 
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 𝐹𝐹2(𝜽𝜽𝟐𝟐) = �𝑤𝑤𝑞𝑞2
𝑅𝑅

𝑞𝑞=1

�𝜎𝜎(𝜽𝜽𝟐𝟐, 𝜖𝜖𝑒𝑒𝑒𝑒𝑒𝑒,𝑞𝑞
1 ) − 𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒,𝑞𝑞

1 �
2
 (34) 

 
where 𝜽𝜽𝟏𝟏 = [𝜇𝜇𝑘𝑘,𝛼𝛼𝑘𝑘,𝐶𝐶𝑗𝑗 , 𝛾𝛾𝑗𝑗]𝑇𝑇 and 𝜽𝜽𝟐𝟐 =  [𝑐𝑐𝑚𝑚, 𝑠𝑠𝑚𝑚,𝛽𝛽1,𝑚𝑚,𝛽𝛽2,𝑚𝑚]𝑻𝑻 are the two vectors comprising of the 
unknown parameters, with 𝜽𝜽𝟏𝟏 holding the Ogden and kernel parameters and 𝜽𝜽𝟐𝟐 holding the 
material function parameters, [𝜖𝜖𝑒𝑒𝑒𝑒𝑒𝑒1 ,𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒1 ] and [𝜖𝜖𝑒𝑒𝑒𝑒𝑒𝑒2 ,𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒2 ] are the experimental datasets 
corresponding to 𝜽𝜽𝟏𝟏 and 𝜽𝜽𝟐𝟐 respectively, and 𝑤𝑤𝑟𝑟1 and 𝑤𝑤𝑞𝑞2 are the respective weights.  
 
To make the optimization problem more efficient, data set 1, i.e. [𝜖𝜖𝑒𝑒𝑒𝑒𝑒𝑒1 ,𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒1 ] comprises of data 
points for only the first load-unload curve, which is sufficient enough to calibrate the elasticity and 
kernel parameters. However, data set 2, i.e. [𝜖𝜖𝑒𝑒𝑒𝑒𝑒𝑒2 ,𝜎𝜎𝑒𝑒𝑒𝑒𝑒𝑒2 ] comprises of the complete stress-strain 
curve to capture the evolution of 𝑓𝑓(𝑧𝑧). 
 
The two objective functions are minimized simultaneously using a stagger algorithm [11] 
presented in Figure 29. 
 

 
 

Figure 29. Stagger algorithm for finite-strain model calibration 
 

The complete optimization problem is solved using an in-house MATLAB code based on the in-
built minimization function fmincon.  
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Preliminary Results 

The calibration procedure was used to calibrate the strain cycling experiment performed on the 
Pure HTPB Binder (see Figure 5) and P85 S085 A15 C00 (see Figure 24a) specimens. Figure 30 
provides the calibration results, and the calibrated parameter values are provided in Table 5. The 
results show that the model is capable of fairly representing the experimental data. 

(a) (b) 

Figure 30. Calibration results for Pure Binder and P85 S085 A15 C00 specimens. The black 
dots indicate experimental data while red curve indicates calibrated model curve. 

Table 5. Calibrated parameter values for the Pure Binder and P85 S085 A15 C00 specimens 

Pure Binder P85 S085 A15 C00 
1 2 1 2 3 

𝝁𝝁𝒌𝒌 7.8435 0.1751 1.7442 0.1693 0.1522 
𝜶𝜶𝒌𝒌 1.0111 0.9037 9.5203 0.1296 1.4207 
𝑪𝑪𝒋𝒋 0.1488 0.0868 5.5029 0.6914 0.4216 
𝜸𝜸𝒋𝒋 0.0012 37.2758 0.0021 0.0179 0.2244 
𝒄𝒄𝒎𝒎 722.988 1239.1341 370.6851 545.5946 219.2040 
𝒔𝒔𝒎𝒎 1.084 838.1424 61.2716 72.0798 215.0516 
𝜷𝜷𝟏𝟏,𝒎𝒎 2741.9389 606.3938 5169.2 4.4 27.9 
𝜷𝜷𝟐𝟐,𝒎𝒎 6740.8164 610.2029 601.1717 0.108 0.0227 

Summary and Future Work 

A finite-strain formulation for energetic composite materials, based on non-linear elasticity and 
yield surface-free endochronic plasticity, was presented, followed by an extensive experimental 
analysis of surrogate energetic material specimens. The analysis not only confirmed the existence 
of presumed properties, such as nonlinear behavior, permanent deformations and damage, cyclic 
hardening until stability, and loss of stiffness (instability) under monotonic loading, but was also 
successful in characterizing the material response based on sample composition, age and 
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specimen-to-specimen variability. Finally, a least squares-based minimization scheme was 
proposed to calibrate the model parameters using cyclic experimental data. 

Our future tasks include 
• Using the optimization algorithm to calibrate the parameters for various compositions using

the complete cyclic data.
• Keep building the experimental database by performing compressive cyclic tests on the

different surrogate material compositions at regular intervals.
• Characterizing the ageing behavior and sample-to-sample variability using the calibrated

material parameters.

4.4  Crystal-Binder Interface Results 

Figure 31 shows the temporal evolution of the maximum temperature on the surface of the polymer 
and the contour plots of temperature on the top surface of the specimen for cases (i) and (ii) 
(delineated in Section 3.5.1). Figure 32 shows the same results for cases (iii) and (iv). After 10 s 
there is a temperature increase of two degrees for case (i) and six degrees for case (ii) due to the 
change in the location of the heat source. The difference in temperature increases to 16 K when 
heat sources are placed on all of the particles, see Figure 32c. Therefore, uncertainty in the location 
of the heat source and on the source volume results in a large uncertainty on the temperature 
measured on the surface of the specimen (as is typically done in experiments). Due to the diffusive 
character of the heat equation, the fact that the temperature is measured on the top surface and that 
the particles are small compared with the sample size, the temperature contour plots on the surface 
have a circular shape. However, the value of the temperature and location changes with the location 
of the heat source, see Figures 31c and 32c. Therefore, the location and evolution of the heat 
sources in terms of the time dependent damage, geometry and loading conditions should be 
obtained.  

Figure 31. The simulated temperature on the top surface of the Sylgard block at t = 10 s for 
cases (i) and (ii) 
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Figure 32. The simulated temperature on the top surface of the Sylgard block at t = 10 s for 
cases (iii) and (iv) 

Note that the von Mises stress observed in the simulations remain below 30 MPa at any point in 
the domain. A value close to 30 MPa is only observed in the HMX particles close the interface 
between with the matrix. This value is much less than the yield strength of an HMX particle or the 
polymer considered. Thus, the plastic deformation and consequent heating can be neglected for 
the experiment modeled here. Although the dislocation pile-up mechanism has been proposed, 
they have been shown to be insufficient to generate meaningful heat. Dislocation pile-ups are 
configurations with several dislocations pinned at interfaces (grain boundaries) that suddenly move 
through plastic deformation avalanches. The work of Armstrong et al. [28] suggests that this is an 
important mechanism for hot spot formation. Others suggest that due to localization, pile-ups 
remain on a few adjacent atomic planes and therefore, this mechanism is insufficient to produce 
critical hot spot of sufficient size [27]. 

5. CONCLUSIONS

The research described herein has advanced the understanding of the near-resonant response of 
energetic materials to periodic loading through a joint analytical, numerical, and experimental 
investigation.  The refined modeling tools developed with this improvement in basic understanding 
are currently being distilled and transferred to the Air Force Research Laboratory for Department 
of Defense use.  Despite what are believed to be positive advancements, considerable work 
remains.  In particular, additional research focus is warranted for systems excited at comparatively 
higher frequencies and those that utilize less traditional binder systems (e.g., those with a high 
degree of compliance or the converse) than those considered here. In addition, there is a need for 
continued development of the endochronic material model, further experimental validation of this 
model, and an exploration of how this model can be mathematically coupled with viscoelastic 
models.  Finally, efforts should be made to distill lessons learned from crystal-scale computational 
models into structural-scale models via "effective material properties" or an alternate multi-scale 
approach.   
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