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1.0 SUMMARY 

The research effort has focused on the problem formulations of the constrained attitude control 
and control allocation problems for spacecraft, and their incorporation into trajectory optimization. 
This has included the mathematical formulation of the constrained attitude control problem, 
mathematical formulation of control allocation methods, developing offline algorithms for numerical 
solutions, and developing custom interior point methods (IPMs) for solving second order cone 
programs (SOCPs).  To allow fast computations, the mathematical formulation of the constrained 
attitude control problem involves the convexification of state constraints due to pointing and unity 
quaternions, convexification of kinematics and dynamics, and trajectory refinement.  For the 
formulation of control allocation methods, we developed a single time-step allocation method via 
lexicographic goal programming formulations. We have developed cost metrics for Reaction Wheel 
Assembly (RWA) and Control Moment Gyro (CMG) power consumption. Also, we have developed a 
set of priorities for expected failure modes.   

With non-convex problems formulated, methods for solving these problems are required. We 
have developed general purpose algorithms for solving non-linear optimal control problems. Software 
has been developed to use these algorithms and solve SOCP problems for both attitude motion 
planning and control allocation problems. 

2.0 INTRODUCTION 

The main mathematical problem formulated is the so called constrained attitude guidance 
(CAG) problem. Natural constraints to include angular rate constraints and conic exclusion regions 
(i.e. pointing constraints). This allows, for example, preventing a sensitive instrument from being 
compromised by the sun. The CAG problem is solved by considering only the quaternion kinematics 
in the formulation and using constraints on quaternions and their time derivatives to indirectly apply 
bounds on the angular rates and accelerations [1]. The CAG formulation we introduce makes use of 
Mixed Integer Convex Programming (MICP) to impose, approximately, the unity constraint on the 
quaternion magnitude, where the approximation accuracy can be set to a desired accuracy. The 
solution complexity of the MICP formulation increases exponentially with the number of binary 
variables that are used to impose the unit norm constraint on the quaternion. Since this number is 
independent of the number of exclusion pointing constraints, the solution approach has favorable 
complexity in terms of the number of pointing constraints. Commercial MICP solvers, such as Gurobi, 
are used to test the viability of the formulation. 

For the control allocation problem, we considered the setting of optimally utilizing multiple 
actuators on a momentum control system while explicitly considering actuator constraints. The 
primary objective of the allocation is to minimize torque error and improve performance when the 
system saturates or becomes singular. As a secondary objective, internal bearing and gear friction are 
exploited to reduce power usage without the need for accurate friction models.  We formulated a 
greedy allocation problem (i.e., optimal allocation by using the current conditions and needs alone) as 
a convex optimization problem, specifically as a lexicographic Second Order Cone Programming 
problem (SOCP) [2]. The algorithm exploits the fact that redundant control moment gyroscopes 
(CMGs) and the rotors of reaction wheel assemblies (RWAs) have nonsingleton minimum torque error 
solutions.  Thus, friction in the rotors and gimbals of the CMGs and RWA can be used to find a 
minimum power solution among the set of minimum torque error solutions. The convex optimization 
framework enables real-time implementable algorithms, which fully utilize control authority without 
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requiring tuning for changes in the number or the configuration of actuators.  This formulation is 
shown to be highly effective in improving the robustness and performance of the CMGs operation in 
comparison to earlier algorithms in the literature.   

Work has also been towards developing general algorithms which solve the non-convex 
optimal control problems that arise from the above formulations. These algorithms fall into the 
category of Successive Convexification (SCVx). Work has been done on using different options in 
SCvx for different sources of non-convexities. For example, we have studied synthesizing virtual 
control inputs together with thrust regions [3] to ensure feasibility during SCvx iterations and 
considered a linearize-and-project approach to handle non-convex state constraints [4]. These 
approaches gave very good initial results, and we are now working on combining these methods.  

Many of these algorithms have been tested on quadrotors in our laboratory, Autonomous 
Control Laboratory (ACL), at University of Washington (UW). This is enabled by the development of 
custom IPMs. The following link has the videos of some the flight experiments (both single and 
multiple vehicle scenarios). 

https://www.youtube.com/channel/UCZwV0cPCR3QeGn4dSfXxkKw 
 
The single vehicle flight experiments are performed by using our in-house built custom quadrotor, and 
the trajectories used SCvx algorithm, particularly in collision avoidance scenarios [5].    

The SCvx algorithm is executed onboard in real-time, by using our in-house developed custom 
IPM numerical solvers [6] to compute optimal solutions of the resulting Second-Order-Cone-
Programming (SOCP) problems.   

Experiments have demonstrated multi-obstacle avoidance for both static and dynamic 
obstacles. The lab now has the capabilities to test multivehicle algorithms. Such tests will be 
conducted in the near future. 
 
3.0 METHODS, ASSUMPTIONS AND PROCEDURES 

3.1 CONSTRAINED ATTITUDE GUIDANCE PROBLEM 
The objective of the specific Constrained Attitude Guidance problem we considered is to find 

a quaternion time history, q(t), over a time interval [t0; tf ] that is subject to initial/ final state 
conditions, pointing constraints, and angular rate constraints. The quaternion and angular velocity 
vectors are partitioned into components as follows, 
 

  
Here, µ(t) in R3 represents the vector part of the quaternion while ε(t) stands for the scalar component. 
When the body coordinate system for the vehicle is aligned with the principal axes of inertia, the 
attitude dynamics can be expressed as 

   

https://www.youtube.com/channel/UCZwV0cPCR3QeGn4dSfXxkKw
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where Ji , i = 1,2,3 are the principle moments of inertia of the vehicle, ωi are the components of the 
angular velocity vector about the principal axes and µ i are the control torques. The following is the 
expression for the quaternion rate, where we note that its associated dynamics are norm preserving, 
i.e., ||q(t)||= 1:

Here, (Ω(t)) is a skew-symmetric matrix that is a function of the angular velocity vector: 

Along with these dynamics, we must also ensure that the angular velocity and acceleration vectors are 
sufficiently bounded in order to impose the control authority constraints, as well as the state 
constraints due to mission considerations: 

Finally, pointing constraints are enforced to protect sensitive on-board instruments by avoiding 
predefined conic regions, see [7] for the details of the formulation. This type of conic exclusion zone 
can be defined with the following non-convex quadratic constraint: 

where the inequality given in (6) defines m number of conic exclusion zones by expressing them as 
m number of non-convex quadratic constraints, and, 

where xi defines the direction of the ith sensitive instrument in the body frame, yi defines the center 
of the ith conic exclusion zone, and θi represents the half cone angle about yi. Now the CAG problem 
can be written as: 

Compute q(t), !(t), and u(t) over t  in [t0; tf] such that 
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and 
the conditions (2, 3, 5, 6) hold for all [t0; tf ]. This problem has both non-linear dynamics as well as a 
non-convex quadratic pointing constraint. Therefore, relaxations are required to solve the problem in a 
convex optimization framework. since attitude quaternions are unit vectors (that is, ||q(t)|| = 1 for all t 
in [t0; tf ]), the inequalities in (6) can be converted into the form given below: 

where li is any positive real number which is greater than the smallest (most negative) eigenvalue of 
Pi. Essentially, the pointing constraints are converted into semi-definite constraints by shifting the 
spectrum of the Pi matrices. The full non-linear dynamics are also not imposed and instead we impose 
constraints on the first and second time derivatives of the quaternions. Bounding these rates implies 
bounds on the control authority, and hence the resulting trajectories are still dynamically feasible. To 
that end, we first discretize the quaternion time derivatives and impose all the constraints on the 
discretized variables. Then we solve a convex optimization problem to obtain a feasible quaternion 
history sampled at finite number of time instances. The quaternions between consecutive samples are 
used to compute the actual angular velocity vector by assuming constant acceleration between the 
time samples, see [1] for details. Another non-convexity is the bounds on angular velocity and 
acceleration which are handled by the following lemmas. 

Lemma 1: The magnitude of angular velocity vector || ω(t) || can be bounded by bounding the 

magnitude of the quaternion rates ||q̇(t)|| as: 

Lemma 2: The magnitude of angular acceleration vector ||ω̇(t) || can be bounded by bounding the 
magnitude of the quaternion rates ||q̈(t)|| as: 

Both results can be proved by manipulating (3). Finally, the constraint of quaternion unity is 
itself non-convex and therefore must be convexified. This is accomplished with a set bounding 
hyperplanes. An arbitrary number of such hyperplanes can be used to approximate the quaternion 
space to an arbitrary degree. Introducing hyperplane constraints and performing a time discretization 
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on the dynamics requires the introduction of binary variables in order to satisfy the constraints. See 
[1] for specific details, but the overall problem can be expressed as:

This formulation can be solved to global optimality using commercial solvers. 

3.2   CONTROL ALLOCATION PROBLEM 

For the control allocation problem, we developed a technique called Minimum Error Dissipative 
Power Reduction Control (ME-DPRC). We have considered a spacecraft with n CMGs and n RWA is 
summarized; details can be found in [8]. As in [8], we assume that (i) the carrier body, and the gimbal 
and rotor Center-of-Masses (CMs) are fixed in the spacecraft body frame; (ii) the gimbal and rotor 
CMs coincide at the origin of their corresponding CMG frame, which is also assumed to have its 
origin along the gimbal axes where the rotor and gimbal axes intersect; (iii) the rotor spin axis is 
orthogonal to the gimbal axis; (iv) the rotor angular momentum is uniform across all CMGs; (v) the 
rotor and gimbal wheel assembly inertias are uniform across all CMGs and RWA. Therefore, the 
approximate equations of motion for the spacecraft-CMG system are given by, 

where IS is the spacecraft inertia matrix about the CM and ω is the spacecraft angular velocity matrix 
in body coordinates, h is the sum of actuator angular momenta (e.g., due to CMGs) in body 
coordinates, h_ is the angular velocity provided by the actuator, e.g., h ̇ = h0Atδ̇ is the internal torque 
contribution of the CMGs, h0 = IW s is the nominal rotor angular momentum, and ext are external 
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torques. For spacecraft equipped with an array of n RWAs, the gimbals are stationary, but the rotors 
do not have constant rates, so ḣ = IWs As Ω̇. In the above formulations, is the vector of rotor rotational 
rates, and δ̇ is the vector of gimbal rates. 

Assuming that the rotor and gimbal motors are stiff, the equations of motion for the rotor and 
gimbal angles can be found by taking the spin and gimbal axes projection as in [8], including the 
friction torque, τf , and the commanded torque, τc: For i = ,…, n, where n is the number of CMGs or 
RWAs, 

Combining the equations above, the equations of motion for a spacecraft with n CMGs are given by 
equations (27) and (29), and with RWAs the equations are given by (27) and (28). A friction torque 
model was used which exhibits the so-called “bathtub curve" behavior where friction is lowest in the 
middle of the operating velocity range. See [2] for the model used, or [9] for high fidelity friction 
models. Control allocation typically lies below a higher tier spacecraft controller that generates torque 
commands, but above inner loop controllers that regulate gimbal and rotor rates. 

Following the results in [2], we find that the minimum torque errors found using a Moore-Penrose 
(MP) pseudo inverse method for CMGs and RWAs respectively can be expressed as: 

the analytic solution shown above, the allocation can be done using optimization. Both the allocation 
for the RWAs and CMGs t into a Lexicographical Goal Programming (LGP) framework. LGP is a 
setting where multiple optimization objectives are sorted such that one can first solve the optimization 
problem involving the most important cost function. Then that optimal cost is used as a constraint for 
the remainder of the optimizations. This is repeated for all remaining costs. For our setting the 
primary objective is to minimize the torque error and the secondary objective is to minimize the 
power consumption subject to enforcing a minimum torque. The specific optimization problems 
obtained are: 

where 

For the minimum RWA error and, 
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For the RWA power consumption. Similarly, for the CMGs, 

 
with 
 

 
Is the problem for the minimum torque error and, 

 
Is the minimum power problem. See [2] for specifics, especially for notation and additional 
assumptions imposed for the problems. 

 
3.3   SUCCESSIVE CONVEXIFICATION 

In addition to working on specific attitude control and control allocation problems, we have worked 
on developing algorithms that solve general nonlinear control problems. We call this family of 
methods successive convexification. The main results can be found in [3][4]. We can consider the 
general discrete time optimal control problem: 

 
subject to 
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Where xi, ui represent discrete states and controls at each time point, T denotes the final time and Xi, 
Ui are assumed to be convex and compact sets. We also assume that the objective function is  
continuous and convex. For convergence of the algorithms it is assumed that the dynamics function 

 f(xi; ui) is convex over its arguments. In addition, it is assumed that each component of h(xi) is convex. 
The main idea behind successive convexification algorithms is to iteratively solve a relaxed 

version of the true problem around an existing trajectory. The relaxed problem is generally a 
linearization of the non-convex constraints in the original problem. This linearization can be done 
either directly around a trajectory (potentially infeasible) using the results in [3]. Or the linearization 
can be done about a projection onto the infeasible space using the results in [4]. Variations on the 
algorithm have been explored, particularly investigating convergence properties and means to deal 
with a variety of constraints [10], [11]. 

4.0 RESULTS AND DISCUSSION 

All of the results of the work have been demonstrated with numerical simulations. In addition, many 
results have been tested on our laboratory on quadrotors. The results for the constrained attitude 
control problem were demonstrated for a spacecraft with inertia matrix along the principle axes. 
Parameter values can be found in [1]. An example of a trajectory which satisfies the given constraints 
is shown in figure 1. This depicts two avoidance cone regions in blue and green as well as the motion 
of the body vectors x1 = [0; 0; 1]T and x2 = [1; 0; 0]T in the inertial frame and the motion of the body 
vector e2 = [0; 1; 0]T in dotted blue, green, and black lines respectively. With this mixed integer 
approach, there is an exponential increase in complexity with the number of binary variables. 
However, since the binary variables are solely used to impose the unity quaternion constraint, adding 
more attitude exclusion cone constraints does not introduce any new binary variables, hence the 
solution complexity does not increase exponentially with the number of exclusion constraints. 



Approved for public release; distribution is unlimited. 
9 

Figure 1. Path That Directions of Sensitive Instruments in Body Frame Follow 

The control allocation results were also demonstrated for an allocation given feed-forward open 
loop control torques. Both linear and sinusoidal torque tracking were tested for the RWA, and a single 
axis slew as well as high-amplitude sinusoidal torque tracking were tested for the CMGs. The analytic 
Moore-Penrose (MP) pseudo-inverse solutions are compared to our optimization-based solutions. 
The optimization-based solution is able to continue tracking desired torques after the MP solution 
starts degrading because of its ability to explicitly handle constraints. In addition, it is able to save 
power. 
The real-time implementation of ME-DPRC is important to note. The custom solvers are used for 
both RWA and CMG examples, which show 0.2 ms (5000 Hz update rate) computation time per 
allocation on a laptop with 2.1 GHz Intel i7 processor and 8 GB of RAM. - making ME-DPRC real-
time implementable. Customized solvers were recently demonstrated on a NASA test flight, where 
optimal landing trajectories were generated in real-time onboard the rocket's flight computer [12, 13]. 
These show a considerable level of flight readiness of the custom IPMs. We have also formalized 
convergence proofs for the various successive convexification methods. In particular proofs of 
properties such as local optimality, global convergence, and superlinear convergence have been 

 developed [3][4][10]. 

The successive convexification algorithms have successfully been tested on the quadrotors in 
our laboratory. The algorithms have been implemented on board embedded processors and are 
able to solve motion planning problems in real time thanks to custom interior point method solvers. 
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The most recent result comes from [5]. This paper demonstrated that numerical optimization 
techniques based on convex optimization are well-suited for applications that require real-time 
on-board motion planning in the presence of non-convexities. An agile flip maneuver that 
required the use of non-convex control constraints was planned on-board the vehicle in real-time via 
lossless convexification. Also, it was demonstrated that a quad-rotor could compute trajectories that 
avoid cylindrical obstacles by utilizing successive convexification techniques. 

5.0  CONCLUSIONS 
Successful results have been obtained on a variety of problems, primarily including the 

constrained attitude control and control allocation problems for spacecraft, and their incorporation 
into trajectory optimization. The mathematical formulations were developed as well as algorithms 
for numerical solutions. This includes developing custom methods intended for real-time 
implementation. Techniques were developed for convexifying non-convex constraints such that 
problems could be solved to global optimality with guarantees. Many of the ideas and algorithms 
developed have been implemented on quadrotors in our laboratory. 
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