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ABSTRACT

Final Report: Optical Physics and Imaging Science (12.5):  Nonlocal Plasmonic Metamaterials for Ultrafast and 
Nonlinear Optics

Report Title

The three-year program was focused on analysis of light interaction with complex multiscale plasmonic structures, nanorod metamaterials 
that offer unique platform to realize low-loss hyperbolic media, uniaxial materials with components of permittivity tensor of different sign, 
enabling sub-diffraction light manipulation. Over first two years of the program we have shown that the optical properties of nanorod 
metamaterials are strongly affected by optical nonlocality caused by collective excitation of plasmonic modes supported by individual 
nanorods, developed analytical description of the underlying physics, and verified it in experiments. Over the third year of the program the 
research was mostly focused on understanding emission in nonlocal nanorod arrays and on nonlinear response of these unique systems. 
Theoretically, the two groups have developed formalism to interaction of emitted light with complex plasmonic structures, and used the 
developed formalism to analyze emission inside bulk nanowire media as well as emission inside finite-sized nanorod composites. In terms of 
nonlinear response of metamaterials, we have numerically analyzed second- and third-order nonlinearities in plasmonic nanorod arrays. 
Experimentally, emission inside nanorod metamaterial was investigated. Nonlinear processes inside nanorod arrays were experimentally 
studied. The program resulted in 10 publications (with several more in preparation), one M.S. and one Ph.D. theses, and over 30 conference 
presentations, including over 20 invited talks.
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Nonlocal	plasmonic	metamaterials	for	ultrafastand	nonlinear	optics	

V.A. Podolskiy and A.V. Zayats 

Final report: Sep 15 2012 to Sep 14 2015 

Scientific	Progress	and	Accomplishments:		

Overview	of	projects	goals	and	objectives		
The main motivation of this project is to understand the counterintuitive optical properties of a unique 
member of metamaterials family, plasmonic nanorod assemblies, that is being rapidly developed into a 
flexible and extendable platform for a variety of optical applications in imaging, sensing, and nonlinear 
optics  [1‐4].  Over  the  past  decade,  several  important  novel  optical  phenomena,  including  negative 
refraction, sensing, and ultrafast optical nonlinearities have been demonstrated  in plasmonic nanorod 
systems [1,4]. Initial studies have shown that optical response of plasmonic nanorods resembles that of 
strongly  anisotropic  uniaxial  material,  a  material  with  (diagonal)  components  of  permittivity  tensor 
having  different  signs  [5].  The  materials  having  such  strong  anisotropy  are  often  called  hyperbolic 
materials since the components of the wavevector of plane waves propagating in these systems lie on 
the  surface  of  the  hyperboloid  (in  contrast  to  the  surface  of  ellipsoid  often  seen  in  conventional 
birefringent  materials).  The  topological  transition  between  (bounded)  ellipsoid  and  (unbounded) 
hyperboloid  virtually  eliminates  the  diffraction  limit,  and  introduces  a  number  of  peculiar  optical 
phenomena  that  stem  from dramatic  reduction of  the  lifetime of quantum emitters positioned  inside 
the  hyperbolic  system[2].  Our  previous  research  [6]  has  demonstrated  that  the  above  topological 
transition  that  takes  place  at  epsilon‐near‐zero  (ENZ)  frequency  is  accompanied  by  a  fundamental 
change in optical response of nanorod composites, accompanied optical nonlocalities and excitation of 
additional  waves.  The  goal  of  this  program  is  to  develop  an  understanding  of  optics  of  nonlocal 
nanorod arrays.  

Nonlocality,  also  known  as  spatial  dispersion,  is  a  result  of  collective  excitation  of  materials  when 
electric  field  at  one  point  in  space  excites  polarization  at  another  (distant)  point.  Since  real  and 
wavevector spaces are inter‐related through Fourier transformation, the nonlocal polarization formally 
yields wavevector‐dependent permittivity. In the limit of weak nonlocality, permittivity of the composite 

can ߳௡௟  be written as  

		 ߳௫௫௡௟ ≃ ߳௫௫ሺ߱ሻ ൅ ௫௫ߜ
௞ೣమ௖మ

ఠమ 		.............................................................	ሺ1ሻ	

with ߳௫௫ሺ߱ሻ being “conventional” (local) permittivity, given by  

   ߳௫௫ ൌ ௠߳	݌ ൅ ሺ1 െ 	(2)	.............................................................		ሻ߳ௗ݌

		 ߳௬௭ ൌ
௣	ఢ೘	ா೘ାሺଵି௣ሻఢ೏ா೏

௣	ா೘ାሺଵି௣ሻா೏
		..............................................................	ሺ3ሻ	

with  ௠ܧ ൌ ௗ߳ௗ/ሺ߳௠ܧ2 ൅ ߳ௗሻ,  and  parameters   ,݌ ߳௠,  and  ߳ௗ  corresponding  to  the  (surface) 
concentration of the metallic nanorods in the dielectric matrix (filling fraction), and the permittivities of 
metallic  nanorods,  and  of  the  dielectric  matrix,  respectively.  The  remaining  parameter  |௫௫ߜ| ≪ 1 
describes the nonlocal correction. In such model, dispersion of the plane TM‐polarized waves is given by 
[6,7]  
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Note that in contrast to local materials that support two modes that differ by their polarization, nonlocal 
media  support  propagation  of  at  least  three  plane waves,  at  least  two  of  which  have  identical  (TM) 
polarization. In the limit ߜ௫௫ → 0, one of the roots of Eq.(4) converges to the prediction of local effective 
medium theory,  

	 ௞ೣమ

ఢ೤೥
൅

௞೤మା௞೥మ

ఢೣೣ
ൌ ఠమ

௖మ
		.....................................................................	ሺ5ሻ	

describing  the  propagation  of  what  is  known  as  main  wave,  while  another  root  yields  ݇௫ → ∞ 
[additional  wave].  Thus,  additional  wave  is  always  present  in  nonlocal  metamaterial,  but  huge 
index/impedance mismatch may prevent its coupling with free‐space plane waves.  

Although  the  general  formalism,  presented  above,  has  been  proven  successful  in  describing 
transmission  and  reflection  in  real  nanorod  arrays,  dependence  of  nonlocality  parameter   ௫௫ߜ on 
parameters  of  the  system  (loss,  geometry,  wavelength,  etc)  was  not  understood.  Understanding  the 
behavior of nonlocality parameter is the first goal of this program. The remaining goals of this program 
aim at understanding of implications of optical nonlocality on active and nonlinear behavior of nanorod 
composites. Table 1 summarizes the goals and initial projected timeline of the project.  

	
As of now, analytically and numerically, we have been successful in developing analytical properties of 
passive nonlocal systems, developed transfer matrix codes, and expanded and optimized these codes to 
incorporate  light  emission  and  density  of  states  calculations  in  nonlocal  structures  [8,9].  We  have 
analyzed  density  of  states  in  several  practical  nanorod  structures  and  compared  our  theoretical 
predictions  to  experimental  results[10].  In  a  separate  project,  we  have  experimentally  analyzed  field 

Goal  Yr1  Yr2  Yr3 

Goal 1 
(linear nonlocal 
response) 

(A) Additional boundary 
conditions 

(A) Properties of ߜ௫௫   

(N)  Behavior  of 
parameter ߜ௫௫ 

(N)  Nonlocal  mode 
matching code 

 

(E)  Dispersion  of  high‐
index modes 

(E)  Applications  of 
nonlocal  nanorod 
arrays  (sensing  with 
high‐index modes) 

(E)  Applications  of 
nonlocal  nanorod 
arrays (ENZ systems) 

Goal 2 
Emission, and ultrafast 
optics in nonlocal 
systems 

    (A)  Density  of  states 
calculations 

  (N)  Density  of 
optical  states  in 
nonlocal 
systems 

(N)  Incorporation  of 
gain  and  light 
emission  in  numerical 
codes 

(N)  Nonlinear  optics 
codes 

(E)Light  emission  in 
nonlocal systems 

(E) Optical gain  (E)  nonlinear  optics 
and  optical 
communications 

Key:   Completed   In progress  Not Started 

Table	 1.	 Projected	 timeline	 of	 the	 project;	 (A),	 (N),	 and	 (E)	 correspond	 to	 analytical,	 numerical,	 and	
experimental	sub‐tasks	respectively.	
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distribution across the unit cell of the system. [11]. We have also explored the applications of nonlocal 
nanowire arrays in sensing, selective absorption, and spectrum manipulations [12].  

In a separate project we have developed numerical codes  for analysis of nonlinear optics  in nanowire 
arrays.  In  this  regard,  we  have  analyzed  pump‐probe  spectrum  manipulation  and  second  harmonic 
generation  in  nanowire  media.  [13,14]  The  sample  for  analysis  of  second  harmonic  generation  in 
nanorod  arrays,  based  on  the  results  of  our  numerical  modelling  has  been  fabricated  and  is  being 
currently analyzed.  

We therefore successfully completed the program.  

Research	progress	over	the	period	

Completed	research:		

1. Analytical	description	of	optical	nonlocalities	in	wire	media		
As described  in our previous  report, we have completed  the development of analytical description of 
optics of passive nonlocal nanowire systems. We have finalized the manuscript detailing these findings, 
which  was  published  in  Phys.Rev.B  in  2014  [8].  The  numerial  techniques  have  been  validated  to 
adequately predict the optical response of a layer of nanowire metamaterial sandwiched between local 
homogeneous dielectrics. (Fig.1) 

 

Fig.1	Transmission	and	 reflection	of	 light	 through	a	parallel	 slab	of	nanowire	media,	 suspended	 in	air	with	
imaginary	part	of	nanowire	permittivity	݉ܫ	߳௜ ൌ 0.1	(a,b)	and	݉ܫ	߳௜ ൌ 0.25	(c,d).	(a,c):	local	TMM	calculations,	
(b,d):	 nonlocal	 EMT	 developed	 here	 (lines)	 and	 numerical	 solutions	 of	Maxwell	 equations	 (symbols);	 Solid	
lines	and	filled	symbols	represent	reflection,	dashed	lines	and	empty	symbols	‐	transmission	

We have demonstrated, that in contrast to conventional belief, nonlocality affects optical properties of 
nanowires across the majority of optical spectrum, not  just  in vicinity to ENZ frequency. The strongest 
effect of nonlocality can be seen above the ENZ frequency, where optical response of the composite is 
affected  by  the  existence  of  propagating  additional  electromagnetic  wave  with  hyperbolic‐like 
dispersion. Our ongoing research shows that this wave dramatically affects density of optical states  in 
the system.  
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2. Applications	of	nanowire	composites	for	reducing	sensitivity	of	Salisbury	screens	
Salisbury screen  is one of  the basic designs of perfect absorber structures. Due to their simplicity and 
versatility,  Salisbury  screens,  and other  absorber designs  that  stem  from Salisbury  screens  are widely 
used  in microwave  and  THz  communities. Unfortunately,  the  absorption of  Salisbury  screens  strongly 
depends on incident angle of incoming radiation. We have shown that nanowire metamaterials offer a 
solution to this problem.  

Salisbury screen is essentially a three‐layer structure, consisting of perfect electric conductor reflector, 
covered by a dielectric quarter‐wavelength‐plate, which in turn covered by a thin impedance matching 
layer (Fig.2). Perfect absorption results from destructive interference of two beams, the one reflected by 
the impedance layer, and the one reflected by the PEC ground plane. The angular dependence results 
from the dependence of optical path of light propagating inside the quarter‐wavelength‐plate.  

 

FIG.	2.		(a)		Schematic	of	a	basic	three	layered	Salisbury	screen	absorber	which	consists	of	a	bottom	perfectly	
conducting	 substrate,	 a	 middle	 quarter‐wavelength‐thick	 layer	 of	 dielectric	 and	 thin	 impedance‐matching	
coupling	top	layer.		(b)	Schematic	geometry	of	Salisbury	screen	with	wire	metamaterial	replacing	the	quarter‐
wavelength‐thick	layer	of	dielectric	that	is	found	in	traditional	Salisbury	screens	

We  have  demonstrated  that  introduction  of  nanowire  metamaterials  into  the  dielectric  quarter 
wavelength plate dramatically  reduces angular dependence of Salisbury screens on angle of  incidence 
for  TM‐polarized  light.  The  nonlocal  effective  medium  theory,  developed  in  this  project,  has  been 
demonstrated to adequately describe the observed behavior (see Fig.3). Our results are summarized in a 
manuscript that is published in Appl.Phys.Lett[12].  

 

FIG.	3.		Reflection	minimum	shift	of	Salisbury	screens	at	three	different	frequency	ranges,	near‐IR	[operating	
wavelength	ߣ௠௜௡బ ൌ 	[݉ߤ1 (a),	mid‐IR	ߣ௠௜௡బ ൌ 	݉ߤ10 (b)	 and	GHz	 ௠݂௜௡బ ൌ 	ݖܪܩ	10 (c)	 frequencies.	 	 The	blue	
and	red	solid	lines	represent	the	nonlocal	and	local	EMT	that	takes	into	account	material	dispersion	of	noble‐
metal	wires	while	the	green	represents	the	shift	seen	for	the	isotropic	dielectric	layer.		The	circle	and	square	
symbols	represent	3D‐	FEM	and	RCWA	‐based	solutions	respectively[12].			
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3. Understanding	of	light	distribution	across	the	“meta‐atom”	in	metamaterial	
Light interaction with metamaterials is often explained in terms of effective medium theories where the 
collective optical response of the composite structure is related to the averaged response of an isolated 
inclusion  in metamaterial, meta‐atom. The effective medium theory developed as part of  this work  is 
one  such  approach.  However,  the  validity  of  effective  medium  theories  is  often  assessed  through 
comparing their predictions to far‐field, whole‐metamaterial optical response.  

In  contrast  to  the  majority  of  previous  studies,  we  have  aimed  to  analyze  the  optical  properties  of 
metamaterial  at  the  meta‐atom  scale.  With  this  goal  in  mind,  we  have  fabricated  nanowire 
metamaterial  structure  and  analyzed  the  field  distribution  above  such  structure  with  phase‐  and 
amplitude‐resolved  near  field  microscopy.  Our  results,  shown  in  Fig.4  clearly  demonstrate  that  the 
component of electric field aligned with nanowire  is mainly concentrated in the vicinity of wire‐matrix 
border,  forming characteristic crescent‐like shapes. Similar  field distribution  is reproduced  in full‐wave 
numerical solutions of Maxwell equations. Finally, the nonlocal effective medium theory, developed in 
Ref.[8]  can be used  to  relate  these  field distributions  to  the  interplay between  the  two  TM‐polarized 
waves  propagating  inside  the  nanowire  system.  We  therefore,  for  the  first  time,  demonstrated  the 
validity of effective medium theory at the level of single meta‐atom response. Results of this study are 
detailed in publication in NanoLett [11].  

 

Fig.4.	 Measured	 (left	 an	 center)	 and	 simulated	 (right)	 distribution	 of	 amplitude	 (top)	 and	 phase	 (bottom)	
electric	field	across	the	nanowire	metamaterial.	Crescent‐shape	field	distribution	reflects	the	superposition	of	
longitudinal	 and	 transverse	 waves.	 The	 former	 has	 circular	 profile	 of	 electric	 field,	 maximized	 around	
nanowire	edge;	while	the	latter	has	constant	amplitude	and	linearly	changing	phase	across	the	unit	cell	[11]	

4. Understanding	light	emission	in	metamaterials	
We have shown, theoretically, that the presence of additional electromagnetic wave, caused by optical 
nonlocality,  dramatically  affects  lifetime modulation  in nanorod arrays.  In particular,  it  has previously 
suggested  that  nanorod  arrays  operating  in  elliptic  regime,  would  have  reasonably  small  deray  rate 
enhancement;  substantial  enhancement,  limited  mostly  by  composite  nature  of  metamaterial  was 
expected  in  ENZ  and  in  hyperbolic  regimes.  In  contrast  to  this  behavior,  our  theoretical  calculations 
suggest  that  maximal  decay  rate  enhancement  in  nonlocal  nanorod  arrays  is  maximized  when 
metamaterial operates in elliptic regime; (see Fig.5). The manuscript detailing this study is published in 
Faraday discussions [9].  
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In  a  separate  study,  emission  of  point  dipoles  in  finite  nanorod  arrays was  analyzed  numerically. We 
have  shown  that  size  (thickness)  of  nanorod  arrays  plays  crucial  role  in modulation  of  decay  rate.  In 
particular, we have  shown  that  in  finite‐size arrays emission can be dominated by well‐defined Fabri‐
Perot type resonances. The manuscript detailing this study is accepted to Phys.Rev.B.[9] 

 

 

Fig.5	 Emission	 in	 nonlocal	 nanowire	metamaterials	 (a)	 that	 behave	 as	 uniaxial	 dielectrics	with	 optical	 axis	
parallel	along	ݖ	axis;	ܽ ൌ 	,߳௜	wire	of	permittivity	of	function	a	as	tensor	permittivity	of	components	(b)	଴/15;ߣ
calculated	with	local	effective	medium	theory;	(c,d)	predictions	of	lifetime	decay	rate	enhancement	according	
to	 local	 (c)	 and	 nonlocal	 (d)	 effective	medium	 theory;	 the	 latter	 takes	 into	 account	 existence	 of	 additional	
electromagnetic	mode	related	to	collective	excitation	of	SPPs	along	nanowires	[9]	

To  test  our  theoretical  predictions,  we  have  prepared  nanorod  array  where  the  matrix  between 
nanorods  was  removed.  While  general  fabrication  procedures  for  plasmonic  nanorod  metamaterials 
were  in  place  before  this  project,  the  requirements  of  the  project  on  the  studies  of  active  emitters 
incorporated in metamaterials required to design suitable nanostructures in order to prevent molecules 
to stick to the nanorod surface and thus experience strong nonradiative quenching. In order to achieve 
this, the following procedure has been developed.  
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Fig.	6.	Fabrication	procedure	 for	 the	metamaterial	consisting	of	Au	nanorod	covered	with	dielectric	shell	 to	
prevent	photoluminescence	quenching	by	avoiding	direct	contact	of	molecules	and	Au	rods.	

 

                   

Fig.7. SEM image of the representative metamaterial	and	schematics	of	the	sample	for	PL	measurements	(dye	in	
polymer	deposited	between	the	core‐shell	nanorods).	

This study allows us to test modulation of decay rate in the same metamaterial as a function of emission 
wavelength. In our experimental study we do not see substantial variation of decay rate enhancement 
when  metamaterial  transitions  from  elliptical  to  ENZ  to  hyperbolic  regime;  the  behavior  which  is 
consistent  with  our  nonlocal  effective  medium  theory,  and  that  fully  agrees  with  results  of  our  3D 
numerical solutions of Maxwell equations.  
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Fig.8	Enhancement	of	emission	decay	rate	 in	nonlocal	nanorod	metamaterials;	 (left)	 local	effective	medium	
parameters	 of	 the	 composite;	 (right)	 enhancement	 of	 emission	 decay	 rate	 obtained	 in	 experiments	 (blue	
circles),	calculated	using	local	(red	squares)	and	nonlocal	(black	triangles)	EMTs,	and	calculated	with	full	3D	
numerical	solutions	of	Maxwell	equations	(dashed	black	line)	[10]	

5. Nonlocal	guided	modes	and	cubic	nonlinearities	in	nanorod	composites	
A planar slab of high‐index dielectric may support a set of guided modes that can be used for photonics 
circuitry  or  as  a  basis  for  sensing  and  nonlinear  optics  applications  where  variation  in  material 
parameters (due to additives or nonlinear processes) result in variation in dispersion of the modes, that 
is detected by the optical means. Often, optical sensing and nonlinearities are analyzed by coupling light 
into  guided modes  through  a  high‐index  prism  in  attenuated  total  internal  reflection  geometry  (also 
commonly known as Kretchman geometry)[15], where a minimum of reflectivity can be related to the 
excitation of the mode. Spectral dependence of this minimum is primarily governed by the dispersion of 
the underlying guided waves.  

Here, we  studied  the modes  supported  by  the waveguide  formed  by  gold  nanorod  arrays. Modes  of 
planar waveguides with  uniaxial  cores with  optical  axis  perpendicular  to  the waveguide walls  can  be 
characterized by their polarization, TE or TM. When the waveguide core operates in hyperbolic regime, 
local  effective  medium  theory  suggest  excitation  of  negative  –index  TM  polarized  modes[1].  Three‐
dimensional solutions of Maxwell equations confirm these predictions. However, detailed analysis of the 
modes supported by a planar nanorod layer revealed that negative‐refraction modes are also supported 
when the waveguide operates in elliptic regime. These modes appear to originate from coupling of light 
to  additional  electromagnetic  wave.  Nonlocal  effective  medium  theory,  developed  in  this  project, 
perfectly describes such coupling (Figs.8,9).  

 

Fig.8	Reflection	spectrum	of	a	finite‐thickness	nanorod	array,	calculated	with	local	(left)	and	nonlocal	(right)	
effective	medium	theories;	 solid	 red	 line	 represents	 light	 line;	dashed	green	 line	 represents	ENZ	 frequency;	
reflectivity	minima	to	the	right	of	the	light	line	correspond	to	guided	modes;	results	of	full‐wave	3D	numerical	
solutions	of	Maxwell	equations	are	shown	in	Fig.9	
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Ultrafast  excitations  of  nanorod materials  primarily  deposit  energy  into  electronic  subsystem  of  gold 
nanorods.  As  result  of  excitation,  permittivity  of  gold  nanorods  changes,  in  turn  changing  reflectivity 
profile of  the nanorod composite. Mathematically, such modulation of optical properties at  the probe 
frequency ߱  as  result  optical  excitation  at  pump  frequency Ω  is  described  by  cubic  nonlinearity  of 
permittivity  with  energy  conservation  give  by  ߱ ൅ Ω െ Ω → ߱.  The  predicted  nonlocality‐enhanced 
modulation  of  optical  response  of  the  planar  nanorod  composite  is  shown  in  Fig.9.  The  manuscript 
detailing this study is currently prepared for submission.  

 

Fig.9	Dispersions	of	the	linear	(a)	extinction	and	(b)	reflection	of	the	metamaterial	slab	and	the	dispersions	of	
the	 differential	 (c)	 extinction	 and	 (d)	 reflection	 calculated	 at	 200	 fs	 after	 the	 excitation	 with	 50	 fs	 pulse	
centered	at	a	wavelength	of	820	nm	at	the	angle	of	incidence	of	20o	in	a	substrate.	Control	and	signal	light	are	
p‐polarised.	The	light	line	in	air	and	the	substrate	are	indicated.	The	effective	plasma	frequency	is	shown	with	
a	horizontal	solid	line.	The	waveguided	modes	are	identified		

6. Second	harmonic	generation	in	nonlocal	nanorod	composites	
In  a  separate  study,  we  analyzed  second  harmonic  generation  (SHG)  by  nanowire  metamaterials. 
Although  gold  and  other  nobel  metals,  due  to  their  cubic  symmetry,  do  not  generate  SHG  signal  in 
dipolar approximation, gold  films are known to produce second harmonic  light  [16]. The origin of  this 
generation  is  two‐fold. First,  inhomogeneity of electromagnetic  field  (and electron distribution)  in  the 
bulk  of  metal  produces  SHG  signal  due  to  quandrupolar  term.  Second,  the  surface  of  finite  metal 
structure breaks  the  symmetry of  the underlying material,  producing SGH  light. Within hydrodynamic 
model in non‐depleted pump approximation, both processes can be treated within the same three‐stage 
process.  First,  the  field  distribution  across  the  system  at  the  pump  frequency  is  calculated.  Second, 
nonlinear polarization is calculated across the system, according to  

ሺ૛࣓ሻࡼ ൌ െ߱ଶ෍
߲
௞ݎ߲

൭
ሺ૚࣓ሻ݆௞࢐
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݁ܰ
൱

௞

൅
݁߱ଶ

݉௘
ൣ߳଴൫સ ⋅ ሺ૚࣓ሻࡱሺ૚࣓ሻ൯ࡱ ൅ ሺ૚࣓ሻ࢐ ൈ  ሺ૚࣓ሻ൧࡮

Finally, nonlinear polarization is used as a source of second harmonic light, resulting in the out‐coupled 
SHG signal.  
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During the third year of the program, we have implemented the above formalism into commercial finite‐
element solver, COMOSL Multiphysics, and used the resulting framework to understand the generation 
of  SHG  light  by  nanowire  composites  and  compare  SHG  light  in  nanorod metamaterials  to  SHG  from 
smooth and patterned metal films. The results of these calculations are summarized in Fig.10. It is seen 
that the SHG in nanowire composites is dramatically enhanced as compared to SHG in the comparable 
nanolayer structures. More importantly, analysis of the dependence of SHG on wire length suggests that 
nanowire metamaterial exhibits bulk nonlinear susceptibility. We are currently working on development 
of analytical description of this phenomenon, and are planning to submit the summary of our analysis to 
peer‐review journal in the nearest future[14].  

 

Fig.10	SHG	in	gold	nanorod	structures;	(a)	effective	medium	response	of	gold	nanorods	used	in	the	analysis;	
(b)	 SHG	 from	 300‐nm‐thick	 gold	 nanorod	 metamaterial	 excited	 at	 oblique	 incidence	 (20௢);	 note	 that	 the	
spectral	range	of	maximum	SHG	signal	coincides	with	spectral	range	when	metamaterial	operates	in	nonlocal	
elliptical	 regime;	 	 (c)	 dependence	 of	 SHG	 signal	 (calculated	 at	 pump	wavelength	 of	 1230	 nm)	 on	 the	wire	
length;	note	that	oscillation	in	SHG	response,	 indicating	presence	of	bulk	߯ሺଶሻ	response;	(d)	SHG	signal	 from	
multilayer	gold‐dielectric	metamaterial	with	ENZ	frequency	of	0.7݉ߤ;	note	that	nonlocal	nanowire	structure	
provides	orders‐of	magnitude	stronger	response	than	its	nanolayer	counterpart	

7. Related	research	activities	

Field	enhancement	in	nonlocal	nanowire	composites		
[collaboration with group of N.Litchinitser, U.Buffalo] 

Materials  with  gradually  changing  refractive  index  (also  known  as  transition  materials)  have  been 
suggested to have applications in sensing and nonlinear optics [17]. One of the most exciting transition 
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material  designs  calls  for  gradual  change  of  permittivity  from  positive  to  negative  values.  Nanowire 
structures  with  spatially  dependent  wire  radius  offer  a  realization  of  such  structures.  Local  effective 
medium  predicts  strong,  order  of  magnitude,  enhancement  of  local  electric  field.  We  have 
demonstrated that nonlocal effective medium theory accurately predicts  field enhancement  in conical 
arrays of conical wires (Fig.11). We are finalizing manuscript that summarizes these results.  

 

Fig.11	 Field	 enhancement	 in	 transitional	 metamaterials;	 (a…c)	 schematic	 geometry	 of	 the	 composite,	 and	
profile	 of	 radius	 and	 local	 effective	 medium	 parameters	 along	 	ݖ coordinate;	 (d…f)	 field	 enhancement	 in	
metamaterial	as	predicted	by	(d)	local	EMT,	(e)	nonlocal	EMT	and	(f)	full‐wave	numerical	solutions	of	Maxwell	
equations;	 field	 oscillations	 predicted	 by	 nonlocal	 EMT	 at	 ݖ ≃ 	݉ߤ	3.25 are	 related	 to	 numerical	 artifacts	
stemming	 from	 discretization	 of	 smooth	 conical	 wires	 into	 array	 of	 thin	 cylindrical	 segments	 with	 sharp	
conners	

Inter‐group	communication	
No productive  research  is possible without efficient  communication. Over  the course of  the program, 
the team members have extensively collaborated with each other; the following list summarizes some 
of these activities  

 We regularly communicated via e‐mail, and exchanged data via dropbox and OneDrive services 

 We held regular (approximately weekly) telecom conferences via Skype and/or phone 

 Dr. P. Ginzburg, member of A. Zayats’ team visited U Mass Lowell in Sep. 2013  

 V. Podolskiy’s team visited UK in May 2014 and in Feb 2015 

 Prof. A. Zayats will visit UML in December 2015 
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Student	training	and	education	
The  presented  computational  and  analytical  research  forms  the  basis  for  M.S.&Ph.D  thesis  of  Brian 
Wells, a graduate student  in V. Podolskiy’s group. Brian Wells has defended his M.S.  thesis on Dec.12 
2013 and defended his Ph.D in summer of 2015. He is currently an Assistant Professor at U Hartford.   
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Abstract: Metamaterials with hyperbolic dispersion based on metallic 
nanorod arrays provide a flexible platform for the design of bio- and 
chemical sensors and nonlinear devices, allowing the incorporation of 
functional materials into and onto the plasmonic metamaterial. Here, we 
have investigated, both analytically and numerically, the dependence of the 
optical response of these metamaterials on refractive index variations in 
commonly used experimental sensing configurations, including 
transmission, reflection, and total internal reflection. The strategy for 
maximising refractive index sensitivity for different configurations has been 
considered, taking into account contributions from the superstrate, 
embedding matrix, and the metal itself. It is shown that the sensitivity to the 
refractive index variations of the host medium is at least 2 orders of 
magnitude higher than to the ones originating from the superstrate. It is also 
shown that the refractive index sensitivity increases for higher-order 
unbound and leaky modes of the metamaterial sensor. The impact of the 
transducer’s thickness was also analysed showing significant increase of the 
sensitivity for the thinner metamaterial layers (down to few 0.01 fraction of 
wavelength and, thus, requiring less analyte) as long as modes are supported 
by the structure. In certain configurations, both TE and TM-modes of the 
metamaterial transducer have comparable sensitivities. The results provide 
the basis for the design of new ultrasensitive chemical and biosensors 
outperforming both surface plasmon polaritons and localised surface 
plasmons based transducers. 
© 2015 Optical Society of America 
OCIS codes: (240.6680) Surface plasmons; (250.5403) Plasmonics; (280.1415) Biological 
sensing and sensors; (350.4238) Nanophotonics and photonic crystals. 
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1. Introduction 

The refractive index sensitivity of plasmonic and waveguided resonances forms the basis of 
commercial and newly emerging optical sensing techniques for label-free biosensing and 
chemical identification [1–4] as well as active nanophotonic components [5, 6]. In the former 
class of applications, the presence of an analyte substance modifies the eingenmodes of the 
nanostructure, a change that can be detected by a shift of the resonant wavelengths of the 
structure or by changes of transmitted or reflected light intensity. In the latter, the refractive 
index changes are induced by external stimuli, such as temperature, acoustic pressure, 
external static electric or magnetic field, or indeed optical field via nonlinear effects in the 
surrounding dielectric or metal [6]. The strong modification of the optical response in 
plasmonic nanostructures arises from the strong confinement of the electromagnetic field near 
the metal/dielectric interface. Both sensing and active nanophotonic devices can make use of 
macroscopic thin metal films or nanostructured surfaces where surface electromagnetic waves 
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called surface plasmon polaritons (SPPs) propagate, or nanoparticles and their assemblies 
supporting localised surface plasmons (LSPs) [2, 3, 7]. 

Surface plasmon resonance (SPR) biosensors use SPP waves for the detection of binding 
events, lifetime measurements or molecule concentration, based on the attenuated total 
internal reflection (ATR) configuration [1]. Due to a strong field confinement of SPPs, 
sensing limits are greatly enhanced, exceeding 3,000 nm per refractive index unit (RIU) [8] 
and can be even further boosted via phase-sensitive interferometry [9]. Nonetheless, SPP-
based techniques have restrictions in detecting small molecule analytes, typically smaller than 
500 Da, where Da is the atomic mass unit, making it problematic for modern nanoscale 
chemical and biochemical tasks [10]. An alternative route is to use LSP modes on plasmonic 
nanoparticles that provide an even stronger field confinement and, thus, are more sensitive to 
smaller-size molecules [2, 11]. However, the overall sensitivity provided by LSPs is typically 
orders of magnitude smaller than for SPPs, not exceeding 100-300 nm/RIU [2, 12]. 

Recently, plasmonic metamaterials have been demonstrated to provide the record 
refractive index sensitivity for biosensing, ultrasound detection and high effective Kerr-type 
nonlinearities [13]. In particular, the class of anisotropic metamaterials based on arrays of 
strongly interacting, aligned plasmonic nanorods, exhibits hyperbolic dispersion [14, 15], with 
one negative ( zε ) and two positive effective permittivity tensor components ( x,yε ), leading to 
a metamaterial with hyperbola-shaped isofrequency contours expressed as 

2 2 2 2
x z y z z x,y 0/ / / ( / )k k k cε ε ε ω+ + = , where ω  is the angular frequency, 0c  is the speed of 

light, and x,y,zk  are the wavevector components along Cartesian directions. This unique 
isofrequency surface enables a plethora of applications, from guiding and imaging beyond the 
diffraction limit [16, 17], to enhanced nonlinearities [5, 18], and chemo- and biosensing [5, 6, 
19]. Additionally, selected resonances of plasmonic nanorod metamaterials have been shown 
to exhibit a strong sensitivity to the thickness change of the dielectric load [20], ultrasensitive 
detection of ultrasound [21], and ultrafast sub-ps response times due to optical nonlocality 
[18]. 

In this work, we present a comprehensive analysis of the dependence of the optical 
response of an anisotropic nanorod-based metamaterial on refractive index changes of analyte 
above and between the nanorods, in order to develop strategies for optimising its sensing 
properties. We consider only the wavelength range of hyperbolic dispersion and study 
reflection, transmission, and total internal reflection modalities of operation, examining the 
role of perturbations of both the real and imaginary parts of the refractive index in the 
superstrate, the host medium where the nanorods are placed, as well as from the metal itself. 
All components of the permittivity tensor determine the formation of these modes and, thus, 
their refractive index sensitivities. It is shown that the refractive index variations of the host 
medium most strongly influence the optical response of the metamaterial, providing highest 
sensitivity, outperforming both SPP and LSP-based biosensors. The sensitivity is greatly 
enhanced for higher-order modes of the metamaterial slab due to both the spectral positions of 
these modes, closer to the resonance of some permittivity tensor components at short 
wavelengths, and the increase of the field gradients with increasing mode order. This resonant 
contribution is significant for large nanorod filling factors, leading to comparable refractive 
index sensitivities of TE and TM-modes of the metamaterial slab. For lower metal filling 
factors, the sensitivity of TM-modes prevails. The role of the transducer’s thickness is also 
investigated showing an increased sensitivity for thinner metamaterial layers. 

2. Numerical model 

We have studied the refractive index sensing capabilities of a metamaterial in several 
configurations where the anisotropic metamaterial slab is illuminated in both conventional 
and total internal reflection conditions. Changes in the intensity transmitted and/or reflected 
upon modifications of the refractive index and absorption of the analyte are monitored as a 
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function of wavelength [Fig. 1(a)]. The metamaterial is considered to be composed of an array 
of gold nanorods arranged periodically [Fig. 1(a)]. The thickness of the metamaterial slab 
(height of the nanorods) is l, and it is sandwiched between a substrate and superstrate with 
refractive indices of nsub and nsup, respectively. 

The Maxwell-Garnett (MG) approximation was followed to derive the tensor of the 
effective permittivity of the anisotropic metamaterial [22]. Considering an array of rods in the 
x-y plane, the effective permittivities for ordinary and extraordinary axes take the form 

 eff Au h h
x,y

h

(1 )
,

(1 )
p p

p p

ε ε ε εε
ε ε

+ −
=

+ −



 (1) 

 eff
z Au h(1 ) ,p pε ε ε= + −  (2) 

where 2( / )p r dπ=  defines the nanorod filling factor, with d being the period of the array 
and r is the nanorod radius, Auε and hε  are the permittivities of gold [23] and host medium, 
respectively, and Au h( ) / 2ε ε ε= + . Note that the same period is considered in both x and y 
directions, thus, eff eff

x yε ε= . The MG approximation breaks down for wavevectors close to the 
Brillouin zone boundary, however for a typical period of 100 nm considered here, the 1st 
Brillouin zone boundary is close to xk  ≈31 μm−1, which is far from the investigated regime 
( xk  < 17 μm−1). Additionally, the wavelength range where eff

zRe( )ε  vanishes (ENZ regime) 
requires special considerations; the ENZ and elliptic dispersion regime will not be considered 
in this work [24, 25]. 

To examine the refractive index sensitivity of the optical properties of the metamaterial, 
the effective permittivity has been designed to achieve hyperbolic dispersion throughout the 
visible spectral range. Figure 1(b) shows the real and imaginary parts of the components of 
the effective permittivity tensor for a typical nanorod array parameters and a water-like 
permittivity for the host medium. The validity of the EMT approach used here was checked 
with full vectorial 3D numerical simulations. For this geometry, eff

zε , the permittivity 
component for light polarized along the nanorod axis, is negative for wavelengths longer than 
approximately 475 nm [Fig. 1(b)], while the transverse permittivity eff

x,yε , for light polarized 
perpendicular to the nanorod axes, is always positive, exhibiting a resonant behaviour near a 
wavelength of 540 nm, where the imaginary part of the permittivity reaches a maximum. For 
wavelengths above 540 nm the transverse component of permittivity’s imaginary part is small 
relative to its real counterpart and does not exhibit any resonances. 
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Fig. 1. (a) Left: Schematic of the metamaterial transducer made of an array of Au nanorods 
embedded in a host environment (analyte); middle: Schematic of the typical experimental 
realization of refractive index sensing experiments in the reflection or transmission geometry; 
right: Schematics of the unit cell of the metamaterial. (b) Effective permittivities of the 
metamaterial in a water-like analyte (nh = 1.33) with the nanorod period d = 100 nm and radius 
r = 40 nm. The green area shows the hyperbolic dispersion regime where eff

zε < 0. (c-f) 
Transmittance and reflectance dispersions for (c),(e) TM- and (d),(f) TE-polarized light. 
Geometry is the same as in (b). The substrate is glass (nsub = 1.5) and superstrate is water (nsup 
= 1.33). Height of nanorods is l = 400 nm. In all dispersions the TIR occurs at an angle of 
incidence of 62.46° indicated with dashed line. 

The reflectance and transmittance spectra of the metamaterial transducer have been 
calculated for angles of incidence (AOI) 0° ─ 90° using the transfer matrix method [26] and 
taking into account a glass substrate (nsub = 1.5), a water superstrate (nsup = 1.33), and Au 
nanorods of height l = 400 nm. Figures 1(c) and 1(e) along with Figs. 1(d) and 1(f) show the 
transmittance and reflectance dispersions for both TM and TE-polarizations, respectively. 
Unbound modes that leak in both substrate and superstrate exist below the critical angle θc 
appear as maxima (minima) in the transmittance (reflectance), while “leaky” modes, 
homogeneous in the substrate, are only present above θc and their effect is only visible in the 
reflectance of the structure. These modes are quantized solutions of the wavevector ( zk ) due 
to the 1D confinement of the metamaterial slab in the z-direction. For the glass/water 
(substrate/superstrate) interface, total internal reflection (TIR) occurs at θc = 62.46°, above 
which there is no transmission, and thus transmission-detection sensing is possible only below 
TIR angles. 

In order to compare the sensing capabilities of different transducers and geometries, it is 
convenient to introduce two figures of merit (FoMs): FoMλ is to characterize the spectral shift 
induced by the refractive index changes of an analyte, while FoMI is to characterize induced 
intensity variations of the transmitted or reflected light. We define FoMλ = (Δλ/δλ)/Δn, where 
Δλ is the resonance shift of a metamaterial resonance to a refractive index change Δn, and δλ 
is the reference full-width at half maximum of the resonance [27]. This definition accounts 
simultaneously for both the wavelength shift of a given mode per refractive index change, and 
the sharpness of the resonance. For intensity measurements, FoMI = (ΔI/I0)/Δn, where ΔI is 
the change of the transmitted or reflected intensity corresponding to a refractive index change 
Δn, and I0 is the initial intensity [27]. While intensity measurements are simpler to implement 
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than spectral shift measurements, in some cases the latter may provide better sensitivity [19]. 
Both FoMs represent the sensitivity to an average analyte refractive index changes rather than 
to local binding events of sensed molecules to nanorods. We will use these FoMs to evaluate 
the sensing capabilities of the metamaterial in the numerical results obtained below. 

3. Effective permittivity sensitivity to refractive index variations of constituents 

We now examine the sensitivity of the effective permittivities eff
x,yε  and eff

zε , which determine 
the optical response of the metamaterial, on the refractive index changes of the metamaterial’s 
constituents h h hn iε ε′ ′′= + and Au Au Aun iε ε′ ′′= + , for the host medium and Au, respectively. 
The modification of the refractive index of the metal can be achieved for example in nonlinear 
optical experiments, when the metamaterial is under femtosecond optical excitation due to the 
Kerr-type third-order nonlinearity of Au, but can also be induced by environmental change in 
temperature or pressure [19, 25]. The refractive index of the host medium can be changed in 
sensing experiments when analyte is incorporated between the nanorods or if nonlinear or 
temperature effects are important in the host dielectric. To evaluate this sensitivity, we study 
the partial derivative of Eqs. (1) and (2) with regards to the permittivity components of each 
constituent, obtaining: 
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where1 (1 ) / (1 ) 8.32P p p< = + − ≤ . The above expressions allow us to selectively track the 
response of the effective permittivities when either the real or the imaginary part of the 
constituents’ permittivity changes. Figure 2 illustrates this behaviour for the same 
metamaterial as in Fig. 1(b). The response of eff

zε  to the refractive index modifications is 
extremely broadband and constant across the spectral range considered for both the real and 
imaginary parts [Figs. 2(a)-2(d)], determined solely by the nanorod filling factor via p [Eqs. 
(5) and (6)]. On the other hand, eff

x,yε  exhibits the strongest changes close to its resonance at 
540 nm [Fig. 1(b)] and strongly decreases for lower nanorod filling factors. Beyond the 
resonance at longer wavelengths, inspecting the dependence of eff

x,yε  on the host medium 

refractive index, one notices that it is always exceeds the sensitivity of eff
zε [Figs. 2(a) and 

2(b)], while both are similar at low nanorod filling factors. The eff
zε  sensitivity to the 

refractive index of the plasmonic material dominates at long wavelengths, while the resonant 
behaviour of eff

x,yε  proves in general more strongly sensitive to the host medium refractive 
index. To examine the impact of filling factor p more extensively, the dispersion diagrams of 
the derivative of eff

x,yε  with respect to hε ′  are presented in Figs. 2(e) and 2(f); the derivative of 
eff
x,yε  with respect to hε ′′  can then be trivially extracted from Eq. (3). All refractive index 
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sensitivity dispersions are dominated by a dispersive-shape resonance, which red-shifts and 
increases in magnitude with increasing nanorod filling factor. Both the dispersive behaviour 
and spectral shift observed in Figs. 2(e) and 2(f) can be linked to the spectral sensitivity of the 
resonance in eff

x,yε  shown in Fig. 1(b), which red-shifts with both an increase in hε  and 
nanorod filling factor. The same calculations were repeated for Auε ′  showing a trend similar to 
Figs. 2(e) and 2(f), but with the resonant sensitivity approximately one order of magnitude 
smaller (data not shown). 

 

Fig. 2. The spectral dependence of the effective permittivity variations with respect to (a) hε ′ , 

(b) hε ′′ , (c) Auε ′  and (d) Auε ′′  modifications for a filling factor of p = 0.5. The dependence of 

(e) real and (f) imaginary parts of the effective permittivity on hε ′  variations. Only filling 
factors below 0.6 are shown since the effective medium approximation ceases to be accurate at 
high filling factors. 

4. Mode frequency dependence on the refractive index of analyte 

All the components of the effective permittivity tensor are important for defining the 
behaviour of TM-modes of the metamaterial and, thus, their sensing capabilities. At the same 
time, only eff

x,yε  components define TE modes. To get better insight into the sensing 
capabilities of the unbounded, leaky, and waveguided modes of the metamaterial transducer, 
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let us consider an approximate analytic model for extraordinary modes in the case of the 
anisotropic metamaterial layer [17]. We restrict ourselves primarily to TM-modes, while TE-
polarization can be treated similarly. Neglecting phase shifts at the metamaterial’s boundaries, 
we obtain a simple analytical approximation for the wavevector component xk  of TM-modes 
supported by the metamaterial slab as [17] 

 
2 eff

2 eff 2 z
x z 0 eff

x,y

,q
k k

l

επε
ε

  
= −        

 (7) 

where 0 0/ ck ω= , and quantization qπ/l emerges from the transversal confinement of the 
wavevector component perpendicular to the metamaterial’s interfaces with the integer q > 0 
referring to the mode number. Unbounded, leaky, and waveguided modes then satisfy the 
condition x sub 0k n k< , sub 0 x sup 0n k k n k≤ < , and x sup 0k n k≥ , respectively, with the mode 
frequency 

 
22
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where the number of supported modes being determined by the sign of the permittivity 
components. For higher-order modes, it may be necessary to take into account deviations 
from the EMT due to spatial dispersion effects [24]. The sensitivity of the mode frequency 

qω  to variations in both hε  and Auε , for a given q and xk , immediately follows as: 
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 (10) 

Note the connection of the mode frequency with respect to the real and imaginary parts of 
permittivity; this is a direct consequence of Eqs. (3)-(6). Equations (9) and (10), along with 
Eqs. (1) and (2) indicate the important interplay between the absolute values and variations in 

eff
x,yε and eff

zε  for determining shifts in mode frequencies. Their relative contributions also 
depend on the nanorod filling factor and resonant wavelength. Following the same steps 
described above, one can find the sensitivity of the mode frequency for TE-modes: 

eff eff
q TE h q TE x,y x,y h| / ( | /2 )( / )ω ε ω ε ε ε′ ′∂ ∂ = − ∂ ∂  with eff 2 2

q TE 0 x,y x TE| ( / )( | ( / ) )c k q lω ε π= + , where 
2 eff 2 2
x TE x,y 0| ( / )k k q lε π= − , and similarly for sensitivity of to the plasmonic metal permittivity. 

The changes in the refractive medium of the analyte between the nanorods results in the 
effective permittivity changes, affecting both TM and TE-modes. 
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The mode position dependence with respect to the real part of the constituents’ 
permittivities is plotted in Fig. 3 within the 1st Brillouin zone to ensure EMT validity. As the 
mode number increases from q = 1 to q = 5 there is an order of magnitude increase in the 
sensitivity of the mode frequency to the host medium refractive index variations [Fig. 3(a)] 
and a two orders of magnitude increase to that of Au [Fig. 3(c)]. The superior refractive index 
sensitivity of high-order modes is a consequence of their spectral position close to the 
resonance in eff

x,yε  [Fig. 2] and the increased field gradients inside the metamaterial for higher-
order modes. These gradients are determined by the mode’s spatial frequency qπ/l, increasing 
with increasing q value or decreased sensor thickness l. Interestingly, this leads to an increase 
in the mode sensitivity as the mode shifts to shorter wavelengths, a trend opposite to that 
observed with conventional SPR or LSPR transducers. In particular, shifting the resonance 
frequency of the fundamental mode (q = 1) from 0.5 eV to 1.5 eV, by decreasing the 
metamaterial layer thickness from 500 nm to 130 nm, results in a ~500% increase in 
sensitivity as monitored in both transmittance and reflectance at normal incidence. An 
increase in the nanorod filling factor p, all other parameters being kept constant, leads to a 
decrease in the sensitivity of the mode position. Again, this is reminiscent of the increased 
mode delocalization within the metamaterial with decreasing frequency. Comparing Figs. 3(a) 
and 3(c) we can also observe that, for a given mode q, the rate of change of the resonance 
position is stronger with respect to changes in the real part of the host permittivity compared 
to changes in the real part of Au permittivity, q h q Au/ /ω ε ω ε′ ′∂ ∂ ∂ ∂ . This is the result of the 
modal field distribution being mainly present in the host medium. 

The mode frequency sensitivity with respect to hε ′′  and Auε ′′ is not shown here but was also 
examined, giving a similar trend to Figs. 3(a) and 3(c), but with a one-to-two orders of 
magnitude smaller sensitivity to the variations in either or Auε ′ . This indicates that the real 
parts of both the host medium and Au will affect sensing more than the imaginary 
counterparts. Monitoring the analyte’s refractive index changes at normal incidence provides 
the lowest sensitivity with regards to the modes’ spectral shift [Fig. 3]. 

 

Fig. 3. The mode frequency shift with (a),(b) hε ′ and (c),(d) Auε ′ variations: (a),(c) the first five 
modes (q = 1-5) for l = 400 nm and (b),(d) the fundamental mode (q = 1) for various transducer 
thicknesses. Geometry is the same as in Fig. 1(b). 
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Next, the impact of the thickness of the metamaterial transducer, l, was examined. Figures 
3(b) and 3(d) show the q = 1 mode frequency sensitivity with respect to hε ′  and Auε ′ as l varies 
from 300 nm to 600 nm. In both cases, as the waveguide thickness increases, the sensitivity 
drops, in agreement with the mode position shift to lower frequencies. A similar behaviour is 
observed for higher-order modes. This behaviour can be clarified more explicitly by 
examining the normal incidence behaviour of the mode resonance frequency, simplifying Eq. 
(9) to eff 3/ 2 eff

q h Au 0 x,y x,y h Au/ ( , ) [ ( ) / 2 ] / ( , )c lω ε ε π ε ε ε ε−′ ′ ′ ′∂ ∂ = − ∂ ∂ , clearly showing the inverse 
proportionality of the mode resonance sensitivity to the metamaterial thickness l for unbound 
modes. Thus, for a given mode number, a thinner transducer will be more sensitive. This 
result has been verified using numerical simulations as long as the mode considered had a 
frequency not exceeding that corresponding to a free-space wavelength of 650 nm, or beyond 
the range of high losses due to eff

x,yIm( )ε  [Fig. 1(b)]. 

5. Numerical simulations 

In order to show the complete pattern of the metamaterial behaviour with the refractive index 
modifications of its constituents, which are used to describe the sensing capabilities of the 
metamaterial and its active nanophotonic properties, we have also numerically studied the 
modification of the metamaterial resonances with changes of the complex refractive index of 
the superstrate, nsup, and embedding medium, nh. For all numerical calculations the refractive 
indices were the same before introduction of the analyte. These changes may originate from 
an unknown analyte or a material with nonlinear or electro-optical properties used for 
switching/modulation purposes. It may also be represented by Au itself as a source of 
nonlinearity for all-optical control or as temperature sensor. We examine how the latter two 
parameters translate into the sensitivity of the metamaterial transducer for the detection of the 
bulk refractive index changes of an analyte. We first consider a non-absorptive analyte 
(Section 5.1) for which only the real part of the refractive index changes. Then, the effect of 
changes in the absorption of analyte is studied (Section 5.2). Finally, the impact modifications 
of the refractive index of Au have on the optical properties of the metamaterial is discussed in 
Section 5.3. For all simulations, the sensing geometry was kept the same as in Fig. 1(b) with a 
nanorod height fixed at 400 nm. 

5.1 Sensing refractive index variations 

We start with the nonabsorptive case, corresponding to the situation of an analyte consisting 
of nonresonant molecules. In this situation, changes in the refractive index may be induced 
through Kerr nonlinearities of the host medium or superstrate, electro-optical, thermo-optical 
or pressure effects. Figures 4(a)-4(c) show the reflectance sensitivity (FoMI) for different 
wavelengths and angles of incidence for TM-polarization, when changes of the refractive 
index originate from either the superstrate (Δnsup), host medium (Δnh), or both simultaneously 
(Δnb). The FoMI has a dispersive behaviour, changing sign in the vicinity of the mode 
resonances [Figs. 4(b) and 4(c)]. This behaviour is observed as a result of a simultaneous 
change in both the intensity (ΔI) and wavelength (Δλ) of the metamaterial modes. However, 
when ΔI has a dominating role, the FoMI retains its sign (for example, Fig. 4(a) for the 
angular range between 0° and 50°). From Fig. 4(a), it is clear that the strongest variations of 
the optical response are observed in the vicinity of the modes of the metamaterial transducer, 
but with a sensitivity maximised near the critical angle θc. The reason is that when the 
refractive index of the superstrate is changed by Δnsup, the critical angle itself will be affected 
leading to a strong sensitivity along the superstrate light line, the so-called near cut-off 
regime. 

A different behaviour is observed for the variations of the refractive index of the host 
medium Δnh [Fig. 4(b)]. In this case, the sensitivity of leaky modes is higher than that of 
unbound modes. When both the refractive index of the host medium and the superstrate 
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change, a combination of the above individual cases is observed, although not just a simple 
addition of individual sensitivities since modes from the metamaterial layer are penetrating 
the superstrate medium [Fig. 4(c)]. Not surprisingly, the results show that a small change in 
the refractive index of the superstrate affects the sensitivity only at angles very close to θc, 
while for any other incidence angle the host medium has a dominating role. Both TM [Figs. 
4(a)-4(c)] and TE [Figs. 4(d)-4(f)] modes of the metamaterial transducer have comparable 
sensitivities if the analyte is incorporated between the rods. This is not surprising giving the 
nature of the anisotropic waveguided modes determined by all components of the effective 
permittivity tensor. For low filling factors, the role of TM-modes increases, when the eff

x,yε  
sensitivity becomes smaller. The changes in the refractive medium of the analyte between the 
nanorods results in the effective permittivity changes, affecting both TM and TE-modes. 

Figures 4(g)-4(i) show the sensitivity for selected wavelengths and angles of incidence. 
The spectral dependence of FoMI at normal incidence [Fig. 4(g)] reveals that the mode with 
the highest sensitivity (q = 3) reaches FoMI exceeding 400, with the host medium being 
mainly responsible for this enhanced sensitivity. As mode number increases from q = 1 to q = 
3, the FoMI also increases in agreement with the analytical examination [Fig. 3(a)]. However, 
the q = 4 mode, located close to 2 eV, shows a decreased sensing capability contrary to the 
analytical scenario. This is due to the increased absorption of eff

x,yε  [Fig. 1(b)] at wavelengths 
below 650 nm (> 1.9 eV), which are not tracked with the analytical model discussed in 
Section 4. Figure 4(h) examines the angular dependence of the sensitivity for the modes with 
the highest sensitivities: (q = 3) at 1.7 eV for TM-polarization and q = 2 at 1.4 eV for TE-
polarization. These plots show a typical dispersive behaviour of the mode position, with high 
sensitivities observed on both sides of the resonance. As expected, the highest FoMI is 
observed above θc for leaky modes. This behaviour is better observed in Fig. 4(i) which 
depicts the global maximum FoMI for TM-polarization, for the q = 4 mode located at a 
wavelength of about 645 nm and for an angle of incidence of about 79°, above the critical 
angle. Similarly for the TE-case, the highest FoMI is observed for the q = 2 mode for a 
wavelength close to 870 nm and at 84°. Only variations in the superstrate refractive index lead 
to high sensitivity lies just below θc, at 58.8° for reasons already explained above. In the 
following sections, we will concentrate only on the sensing with TM-modes, pointing out that 
in the case of absorption variation sensing, discussed below, TE-modes also have comparable 
but slightly lower FoMI. 

The q = 1 mode exhibits the highest resonant shift reaching almost 4000 nm/RIU, while 
the highest FoMλ ≈167 is observed for the mode q = 3, outperforming both SPR and LSPR 
sensors which have typical FoMλ around 23 [2] and 8 [2, 28], respectively. The origin of such 
high FoMλ is in the influence of the analyte not only directly on the electomagnetic mode 
properties, as usual for conventional sensors, but also on the effective permittivity of the 
metamaterial which is connected to the host medium refractive index [Fig. 2], on the 
microscopic level, this is the result of plasmon-plasmon interactions within the nanorod array 
[20, 29, 30]. The intensity figure of merit (FoMI) is proportional to (ΔR/Δn)/R0 and can be 
directly observed in Fig. 4. Depending on the wavelength and AOI, FoMI can be as high as 
25,000, significantly higher that any LSP- and SPP-based [27] sensors [Fig. 4(i)]. It should be 
noted that given the standard definition of the FoMI commonly used in the literature, which 
includes a normalization to the initial reflected or transmitted intensity I0, the highest values 
of FoMI occur in spectral regions closed to the metamaterial’s resonances where I0 is small, 
the absolute variations of the intensity, however, have the same angular and spectral 
dependences as FoMI. Both FoMI and FoMλ can be further tailored and enhanced with 
geometrical parameters of the transducer, with FoMλ reaching up to 300 has been 
experimentally demonstrated [18]. 
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Fig. 4. Spectral and angular dependencies of the intensity figure of merit (FoMI) for the 
changes of the refractive index of superstrate (a,d), host medium (b,e) and both (c,f) for (a-c) 
TM-polarization and (d-f) TE-polarization. Superstrate light line is also shown (white dashed 
line). Colour scale is the same for enable comparison. (g) Cross-sections of (a)-(f) at normal 
incidence. (h) Cross-sections of (a)-(f) tracking the q = 3 mode (horizontal dashed lines) at 1.7 
eV for TM-polarization and q = 2 mode at 1.4 eV for TE-polarization. (i) Cross-sections of (a)-
(f) at angles where highest sensitivity is observed (vertical dashed lines). 

5.2 Sensing absorption variations 

Turning to the impact of the absorption variations on the metamaterial transducer response, 
Figs. 5(a)-5(c) show the reflectance variations for different wavelengths and angles of 
incidence for TM-polarized incident light with changes in the imaginary part of the refractive 
index of either the superstrate (Δnsup), the host medium (Δnh), or both simultaneously (Δnb). 
Similar to changes in the refractive index [Figs. 4(a)-4(c)], the sensitivity of the transducer 
originates from the modal dispersion of the metamaterial slab. Interestingly, an increase in the 
absorption leads to an increased reflection for some angles, while others behave oppositely. 
Again, an increased sensitivity is observed for higher mode order moving from q = 1 to 3, 
with the decreased sensitivity for the q = 4 mode due to losses [Fig. 5(d)]. 

Similarly to the nonabsorbing case, the mode with the highest FoMI (q = 3) depicted in 
Fig. 5(d), showed a resonant shift of more than 700 nm/RIU, while the q = 1 mode exhibits 
the highest resonant shift reaching values close to 4,000 nm/RIU. Tracking the q = 3 mode at 
various AOI [Fig. 5(e)], its sensitivity is enhanced around both 20° and 85°, where the mode 
is leaky. The FoMλ of the q = 3 mode in Fig. 5(d) is close to 167, similar to the nonabsorbing 
analytes discussed in Section 5.1. However, its FoMI reaches a value of almost 1,000, or at 
least twice higher than the corresponding one in Fig. 4(g) for the same mode (q = 3) since the 
influence of the imaginary part of the permittivity is on reflection is stronger than the real one. 
The highest FoMI in Fig. 5(f) exceeds 24,000, which is a significant 25% higher than the TM-
FoMI for sensing nonabsorbing analytes [Fig. 4(i)]. 
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Fig. 5. Spectral and angular dependencies of the intensity figure of merit (FoMI) with the 
changes of the absorption of superstrate (a), host medium (b) and both (c) for TM-polarization. 
Superstrate light line is also shown (white dashed line). Colour scale is the same for enable 
comparison. (d) Cross-sections of (a)-(c) at normal incidence (vertical dashed lines). (e) Cross-
sections of (a)-(c) tracking the q = 3 mode (horizontal dashed lines) at 1.7 eV. (f) Cross-
sections of (a)-(c) at angles where highest sensitivity is observed (vertical dashed lines). 

5.3 The effects of refractive index variations in Au 

Lastly, the dispersive sensitivity of the metamaterial for refractive index variations of the gold 
nanorods (ΔnAu) was investigated. These can be induced either optically, via the Kerr-type 
nonlinearity of the metal, or via thermo-optical effects. Figures 6(a) and 6(b) depict the 
reflectance variations when either the real or the imaginary part of the refractive index of Au 
varies. Note that the variations were set to be wavelength independent, which would 
correspond to different electronic/lattice temperatures at different wavelengths, to allow for 
comparison with the previous section but without altering the generality of the results. The 
sensitivity is smallest below the superstrate light line. More specifically, low-q modes exhibit 
lower sensitivities compared to high-q modes, located close to 2 eV. Again, material losses at 
higher frequency eventually limit the sensitivity of these modes as well. Interestingly, the 
sensitivity observed here is smaller than those resulting from changes in either host medium 
or superstrate discussed above. Examining again the mode with the highest sensitivity (q = 3) 
at normal incidence as shown in Figs. 6(c) and 6(d), one can clearly see that FoMI is 
approximately one order of magnitude less than for the scenarios in Figs. 4(g) and 5(d). The 
FoMλ of the aforementioned mode to Au permittivity variations is 168, very close to FoMλ 
observed for sensing of the analytes above. At the same time, the intensity figure of merit for 
Au permittivity modification is much smaller than for the sensing of analytes giving a 
maximum value of only 1,200 [Fig. 6(e)]. It should be mentioned that the resonant shift per 
RIU is only a few nm regardless of the mode chosen; a result that applies for variations in 
both the real and imaginary part of the refractive index of Au. 
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Fig. 6. Spectral and angular dependencies of the intensity figure of merit (FoMI) with the 
changes of (a) refractive index and (b) absorption of Au for TM-polarization. Superstrate light 
line is also shown (white dashed line). Colour scale is the same for enable comparison. (c) 
Cross-sections of (a)-(b) at normal incidence (vertical dashed lines). (d) Cross-sections of (a)-
(b) tracking the q = 3 mode (horizontal dashed lines) at 1.7 eV. (f) Cross-sections of (a)-(b) at 
angles where highest sensitivity is observed (vertical dashed lines). 

6. Conclusion 

We have analyzed, both analytically and numerically, the performance of a metamaterial 
transducer in sensing applications varying different geometrical and optical parameters such 
as the refractive indices of host medium, superstrate, and Au as well as the filling factor and 
height of nanorods. The analytical model shows the increased refractive index sensitivities for 
higher-order modes (q) and decreasing thickness (l) of the transducer. The numerical model 
captured the same trend as long as the excited modes are away from the resonant absorption 
associated with ordinary modes of the metamaterial. The sensitivity to changes in the 
refractive index of a host medium is much stronger than that of the superstrate refractive 
index, confirming the important role of the interaction between plasmonic resonances of the 
nanorod assembly in the sensing performance of the metamaterial. Furthermore, the 
sensitivity is increased when sensing the analyte’s absorption variations. 

The variations of reflection and transmission of the metamaterial to changes in the 
refractive index of Au, which can be induced either via Kerr-nonlinearity of metal or thermal 
effects, have been shown to be more modest. In the studied purely hyperbolic regime, the 
metamaterial’s response was found to be smaller to Au permittivity modifications (the mode 
resonance shifts of a few nm/RIU) than that resulting from the similar changes of the 
refractive index of either the superstrate or the host medium (reaching many hundreds of 
nm/RIU). Furthermore, the reflection variations were an order of magnitude higher with 
refractive index changes of a dielectric (reaching several tens of percent) than for the same 
variations of Au refractive index. 

Interestingly, in certain configurations, both TE and TM-modes of the metamaterial 
transducer have comparable sensitivities, opening up opportunities for polarization 
multiplexing in sensing experiments. The metamaterial transducer is shown to provide 
enhanced sensing performance compared to both SPP and LSP-based geometries presented in 
the literature to date, both in terms of FoMλ,I and nm/RIU characteristics achievable. The 
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above conclusions are valid in the hyperbolic dispersion regime and may be modified if the 
operating wavelength overlaps the ENZ regime of the metamaterial dispersion. The results 
can be used as a design strategy to enhance flexibility of ultrasensitive transducers for bio- or 
chemical sensors or nonlinear photonic devices based on plasmonic hyperbolic metamaterials. 
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Nonlinear optical materials comprise the foundation of modern photonics, offering

functionalities ranging from ultrafast lasers to optical switching, harmonic and soliton

generation. Optical nonlinearities are typically strong near the electronic resonances of

a material and thus provide limited tuneability for practical use. Here we show that in

plasmonic nanorod metamaterials, the Kerr-type nonlinearity is not limited by the nonlinear

properties of the constituents. Compared with gold’s nonlinearity, the measured nonlinear

absorption and refraction demonstrate more than two orders of magnitude enhancement

over a broad spectral range that can be engineered via geometrical parameters. Depending on

the metamaterial’s effective plasma frequency, either a focusing or defocusing nonlinearity is

observed. The ability to obtain strong and fast optical nonlinearities in a given spectral range

makes these metamaterials a flexible platform for the development of low-intensity nonlinear

applications.
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P
lasmonic materials, capable of supporting surface
plasmon excitations due to the coupling of light to
free electrons, provide some of the highest and fastest

nonlinearities compared with semiconducting or transparent
dielectric materials1–5. The strong absorption of optical
energy, characteristic of metals, allows an efficient excitation of
free electrons leading to a high third-order (Kerr type) optical
nonlinearity, which arises from a modification of the electron
temperature due to non-equilibrium electron population
created by the absorbed light in the conduction band3–8. This
Kerr-type nonlinearity is expressed as changes in the real and
imaginary parts of the refractive index and manifests itself as
nonlinear refraction and absorption, respectively. The latter
corresponds to the intensity-dependent variation of the material’s
absorption and the former to the intensity-dependent variation of
the phase of the wave as it propagates through the material,
leading to focusing (positive nonlinearity) or divergence (negative
nonlinearity) of the optical field1.

For plasmonic materials, both nonlinear absorption and
refraction are usually stronger than those of the typical reference
nonlinear medium, CS2, and typical semiconductors such as Si or
GaAs4,9–11. The strong Kerr nonlinearity of metals is significantly
restricted to the spectral range of the interband electronic
transitions where efficient electron excitation in the conduction
band takes place, leading to the strongest nonlinear response. This
nonlinearity becomes weaker at frequencies away from the
interband absorption, limiting its usefulness to the (near) ultra-
violet spectral range of control light wavelength. On the other hand,
the strong absorption near the interband resonance, in many cases,
prohibits useful applications when the signal light, which may be
controlled by this nonlinearity, overlaps this spectral range.

Plasmonic metamaterials allow engineered light–matter inter-
actions mediated by the plasmonic resonances of their sub-
wavelength constituent elements (‘meta-atoms’)12–14. Different
metamaterial realizations have been proposed to design the
refractive index and optical properties throughout visible and
telecom wavelength range including negative refraction15 and
hyperbolic dispersion16,17. These properties have led to the
development of numerous applications in sensing18–21, Purcell
factor engineering22 and all-optical modulation23–26. A large
nonlinear optical response has been predicted and observed for
controlling metamaterials’ transmission, reflection and
polarization properties with light27–30. In most of these
approaches, the nonlinear response of the plasmonic metal
induced by the interband absorption of a control light was used,
and a change of refractive index, strongly diminished away from
these transitions, was detected using the metamaterial’s ability to
act as a sensitive refractive index sensor.

In this work, we go beyond the nonlinearity related to
interband transitions in plasmonic metals and show that the
plasmonic nanorod metamaterial geometry provides strong
nonlinearity, larger than the interband nonlinearity of the
plasmonic metal itself, at any a priori designed wavelength. We
directly measure the third-order nonlinearity of the metamaterial
using a femtosecond z-scan technique and show that a positive
(focusing) or negative (defocusing) nonlinearity can be achieved
by engineering the metamaterial nanostructure in the desired
spectral range. The observed enhancement is almost two orders of
magnitude larger compared with unstructured Au under inter-
band excitation over a broad spectral range. This opens up
opportunities for the on-demand engineering of strong, ultrafast
free-electron-based nonlinearities in macroscopic metamaterials.

Results
Linear optical properties. The Au nanorod metamaterial (see
Methods for the details of fabrication) displays the typical

polarization-dependent transmission resonances (Fig. 1). This
behaviour can be reproduced by simulations using an anisotropic
permittivity tensor (see Methods for the details on theoretical
description and modelling) having diagonal components
describing the response to the field polarized perpendicular
(ex¼ ey) and along (ez) the nanorod axis (Fig. 1b). The extinction
spectra exhibits two main features: a resonance at a wavelength
of B550 nm, which has a spectral position invariant with the
angle and polarization of the incident light, originates from the
interaction of the plasmonic resonances of the nanorods excited
perpendicular to their axes, and a resonance at around 600 nm,
which can only be excited by light having an electric field com-
ponent parallel to the nanorod axis and is therefore dependent on
the angle of incidence and polarization. The latter arises near the
effective plasma frequency of the metamaterial, at which the
crossover from elliptic to hyperbolic dispersion regime takes place
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as Re(ez) transitions from positive to negative values. This fre-
quency can be designed by changing either the geometrical
parameters or the plasmonic and dielectric constituents of the
metamaterial (see Methods).

Nonlinear optical properties. The third-order nonlinearity of the
metamaterial was studied at different angles of incidence and
different wavelengths using a femtosecond z-scan technique. Both
open and closed aperture measurements (Fig. 2a–d) were per-
formed in a broad spectral range (550–650 nm), covering both the
elliptic and hyperbolic regimes of the metamaterial’s dispersion,
and at different angles of incidence. Similar z-scan measurements
were performed in the same conditions for a smooth 50-nm-thick
Au film for comparison.

The z-scan allows direct determination of the nonlinear
refraction, g, and absorption, b, coefficients related to the
intensity-dependent, complex effective refractive index of the
metamaterial ~n ¼ nþ ia= 2k0ð Þ, k0 being the light wave vector
and n Ið Þ ¼ n0þ gI and a Ið Þ ¼ a0þbI, where n0 and a0 are the
linear refractive index and absorption, respectively, and I is
the intensity of the incident light (see Methods for details).
As a consequence of the metamaterial’s anisotropy, the effective
refractive index is angular dependent since ~n yð Þð Þ2¼ eeff yð Þ ¼
ðexez= ex sin2 yþ ez cos2 yð ÞÞ1=2, where y is the angle of

propagation within the metamaterial with respect to the nanorod
axis. Thus, the retrieved g(y) and b(y) are the effective nonlinear
refraction and absorption coefficients corresponding to the
variation of the metamaterial’s effective linear refractive index
for a specific angle of incidence that can be related to the
components of the effective third-order nonlinearity tensor of the
anisotropic metamaterial (see Methods).

The nonlinear coefficients are very different for a smooth Au
film and the Au-based metamaterial both in the value and sign of
the nonlinearity (Fig. 2e,f). As expected from their definition, the
nonlinear coefficients of the metamaterial are strongly angular
dependent, which is especially pronounced near a wavelength of
600 nm, corresponding to the effective plasma frequency. For
wavelengths in the elliptic dispersion range (lo600 nm), non-
linear absorption is almost constant, whereas nonlinear refraction
that is defocusing for smaller angles, decreases with the incidence
angle and changes sign becoming focusing one. In the so-called
epsilon near-zero (ENZ) regime with Re(ez)B0 at around
600 nm, both b and g markedly increase with the incident angle.
The largest nonlinearity was experimentally measured in these
conditions at an angle of incidence of 60� and at a wavelength
close to the effective plasma frequency of the metamaterial:
gE� 2.4� 10� 11 cm2 W� 1 and bE� 9967 cm GW� 1. In
comparison, the measured nonlinear coefficients for a smooth
50-nm-thick Au film sharply decrease with increasing wavelength
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away from the interband transitions with the experimentally
measured values gE4.8� 10� 12 cm2 W� 1 and
bE272 cm GW� 1 at 550 nm wavelength and gE1.2� 10� 12

cm2 W� 1 and bE122 cm GW� 1 at 600 nm wavelength. These
values for a smooth Au film are in agreement with those obtained
in a previous study using femtosecond pulse excitation4. At the
same wavelengths, g and b of the nanorod metamaterial are
approximately 20 and 100 times larger than those measured for a
smooth Au film. Surprisingly, the maximum value obtained for g
and b for the metamaterial away from Au interband transitions is
approximately 5 and 40 times larger than the maximum values
measured for a smooth gold film close to the interband transition
where they are highest. While in the studied range of frequencies,
the nonlinearity of smooth Au is always positive (induced
absorption and focusing), the Au nanorod metamaterial can
provide either induced absorption, transparency, focusing or
defocusing nonlinearity, depending on the combination of light
wavelength and angle of incidence. Thus, not only the strength
but also the sign of the nonlinearity can be designed.

Discussion
On the basis of the above experimental observations, the
dominating contributions of the effective third-order suscept-
ibility components can be identified (see Methods):

eeff yið Þ � e0
eff yið Þþ 3em sin2 yið ÞE2

0
w 3ð Þ

xxzz

exx
þ w 3ð Þ

zzzz

ezz

 !
; ð1Þ

where w 3ð Þ
xxzz and w 3ð Þ

zzzz are the components of the third-order
nonlinear susceptibility tensor of the metamaterial, dominant for
the incident transverse magnetic (TM) light, em is the permittivity
of the medium adjacent to the metamaterial where the incident
wave is coming from, yi is the angle of incidence, and E0 is the
incident electric field amplitude. As seen from equation (1), the
linear anisotropy of the metamaterial can strongly enhance the
nonlinear response, particularly when the linear permittivity
tensor components become small, as in the case of the ENZ
regime.

To understand the nonlinear response of the metamaterial,
full-vectorial numerical simulations of the nonlinear optical
processes were performed taking into account the internal
structure of the metamaterial and the change in the Au
permittivity on absorption of the energy from the optical
excitation pulse (as described in Methods). We consider that
the excitation pulse is absorbed by the metallic nanorods
comprising the metamaterial due to the interband or intraband
transitions, depending on the excitation wavelength (the anodic
alumina oxide (AAO) matrix is considered as non-absorbing).
This induces an imbalance between the electron and lattice
temperature in the metal nanorods. The excited electrons then
relax back to the ground state as a consequence of energy
exchange via electron–electron and electron–phonon scattering.
Taking into account these processes, the electron temperature
variations under the excitation pulse can be calculated depending
on its energy and duration, and, thus, the intensity-dependent
effective refractive index of the metamaterial can be evaluated, in
turn allowing the effective nonlinear coefficients g and b to be
deduced under different excitation wavelengths and incident
angles. To validate the model, the nonlinearity of a smooth
50-nm-thick Au film was also simulated and provided excellent
agreement with the experimental data (Fig. 3a,b), showing a high
nonlinearity at wavelengths shorter than 560 nm near the
interband transition of gold. These values are also in a good
agreement with the known values of third-order nonlinearity of
Au films for similar pulse durations4.

The simulations for both the smooth film and the metamaterial
provide excellent agreement with the measured data in terms of
both the observed trends and absolute values of the nonlinear
coefficients. Near the metamaterial’s absorption resonance
(B550 nm), b is constant and negative for all angles of incidence
(Fig. 3c), whereas g decreases, changing its sign from negative to
positive at a given angle (Fig. 3d). On the other hand, near the
effective plasma frequency, both b and g are negative and increase
with increasing angle of incidence. It should be noted that
the simulations using the nonlinear transfer matrix method
and effective medium description of the metamaterial, which
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does not take into account nonlocal effects31 or the
inhomogeneous distribution of the electron temperature in the
nanorods, describe similar spectral and angular behaviour
but with underestimated values of the nonlinear coefficients
(Fig. 3).

The highest third-order nonlinear response has been observed
near the ENZ conditions, corresponding to the effective
plasma frequency of the metamaterial32. This frequency can be
tuned as desired by engineering the metamaterial’s geometrical
structure with the same constituent materials, and therefore a
strong nonlinear response can be achieved at the wavelengths
where the constituent materials have negligible nonlinearity. As
an example, a nonlinear metamaterial has been designed for
the telecommunication spectral range 1–1.6 mm in which
Au has negligible nonlinear response (Fig. 4). This has been
accomplished by adjusting only the nanorod diameter to achieve
an effective plasma frequency at a wavelength of approximately
1.35 mm. Interestingly, despite significantly lower absorption, the
observed nonlinear refraction and absorption are only three and
five times smaller, respectively, than those of the metamaterial
designed for the visible spectral range where the nonlinearity of
Au is much stronger. The spectral and angular dependencies
of the nonlinear response are similar to those for the visible
spectral range, determined by the effective plasma frequency
(cf. Figs 3 and 4).

In the ENZ and hyperbolic regimes, the dependence on the
angle of incidence is significant since the ez component plays a
dominating role (Figs 3 and 4). In contrast, in the elliptic regime,
the nonlinearity is mainly governed by the value of Re(ex) and,
therefore, the respective nonlinear absorption and refraction are
almost invariant with the incident angle. A strong nonlinearity,
either focusing (g40) or defocusing (go0) can be designed
using the metamaterial irrespective of the type of nonlinearity
of the constituent materials and the operating wavelength
(Figs 3 and 4). As can be observed, the sign of the nonlinear
refraction coefficient changes while crossing the effective plasma

frequency, providing positive nonlinearity at shorter wavelength
(elliptic regime) and negative nonlinearity at longer wavelength
(hyperbolic regime). At the same time, the nonlinear refraction
(g) of Au is positive below the interband transition (l4550 nm),
while in the case of the metamaterial this coefficient is now
negative and becomes positive only at large angles of incidence
for wavelengths shorter than that of the effective plasma
frequency (Figs 3c,d and 4c,d) reaching an experimentally
measured maximum negative value of gE� 2.38� 10� 11

cm2 W� 1 and a maximum positive value of gE4.1� 10� 12

cm2 W� 1. In the case of nonlinear absorption, which is always
positive in the spectral range below the interband transitions for a
smooth Au film, a strong induced nonlinear transparency (bo0)
is observed in the elliptic dispersion range, yet strong induced
absorption (b40) is present in the hyperbolic regime.

Looking beyond nonlinearities of plasmonic metals, nonlinear
transparent dielectrics, such as beta barium borate, lithium
triborate or lithium niobate exhibit a weak and broadband third-
order nonlinear susceptibility throughout visible and telecom
spectral range, which is typically smaller than the nonlinearity of
Si at telecom wavelengths33. These nonlinearities are typically
more than three orders of magnitude smaller than the one
observed for Au nanorod-based metamaterials. Semiconductor
materials, such as GaAs, exhibit higher nonlinearity which near
interband transitions, is only one order of magnitude lower than
these metamaterials in a similar spectral range11. An interesting
example is graphene, which provides a nonlinear response
similar to the plasmonic metamaterial in the infrared and the
visible34. Indeed, graphene and transparent dielectrics provide
a broadband nonlinear response throughout the visible and
infrared spectral range, with semiconducting materials exhibiting
a more narrowband nonlinearity limited to the interband
transition wavelength range. The nonlinear response of the
nanorod metamaterial (Figs 3 and 4) has also a broader spectral
range than typical for semiconductors and metamaterials based
on split-ring resonators.
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The enhanced nonlinearity of nanorod metamaterials arises
from the specific dispersion of plasmonic metamaterials that
results in vanishingly small permittivity components
(equation (1)). Such hyperbolic metamaterials can in principle
also be designed using highly doped semiconductors in certain
frequency ranges and, thus, the nonlinearity of semiconductors
can be harnessed via a similar mechanism as in the metamaterials
described here. ENZ-enhanced nonlinearities have been recently
measured via third-harmonic generation spectroscopy (which is
related to third-order susceptibility components) in natural
(unstructured) ENZ material indium tin oxide35. Similarly, an
enhancement of the third-harmonic generation efficiency has
been observed in Si nanodisks due to magnetic dipole resonance
excitation in individual disks36. While the underpinning
mechanisms are different than in the discussed nanorod
metamaterials, these nonlinearities can be used for designing
nonlinear metamaterials to further enhance their nonlinear
response and achieve further spectral tuneability.

In conclusion, we have shown that the enhanced focusing
(g40) or defocusing (go0) nonlinearity and associated induced
absorption (b40) or transparency (bo0) of Au nanorod-based
metamaterials can be designed irrespective of the type of
nonlinearity of the constituent materials and their resonant
nonlinear response. Thus, strong nonlinearity can be achieved in
metamaterials at wavelengths where negligible nonlinearity of the
constituent materials exists. Since the temporal response of
plasmonic nonlinearities are on the order of few hundreds
femtoseconds depending on wavelength and absorbed power,
they allow the possibility to modulate light at ultrafast rates
exceeding 1 THz2,5,23,25. Furthermore, this nonlinearity can be
tuned in a broad range of wavelengths through the design of the
metamaterial’s dimensions. Therefore, the metamaterial can be
suitable for spectrally demanding applications, including those at
telecom wavelengths, removing the conventional reliance on the
electronic transition resonances of conventional nonlinear
materials, and providing the freedom to design strongly
nonlinear materials at any frequency of interest and choose the
sign of the nonlinearity to achieve either focusing or defocusing of
light. While optical absorption of plasmonic metamaterials is
higher than for dielectric or semiconductor nonlinear materials
due to presence of metal, the observed ultrafast nonlinearities that
are stronger by three to four orders of magnitude are
advantageous for nano- and microscale nonlinear components,
which can be integrated into Si photonic circuitry or optical fibres
providing designer nonlinear functionalities.

Methods
Sample preparation. Plasmonic nanorod metamaterials were fabricated via Au
electrodeposition into nanoporous AAO templates on a glass substrate. An Al film
of 800 nm thickness was deposited on a substrate by magnetron sputtering. The
substrate comprises a glass cover slip with a 10-nm-thick adhesive layer of tan-
talum pentoxide and a 7-nm-thick Au film acting as a weakly conducting layer.
Highly ordered, nanoporous AAO was synthesized by a two-step anodization in
0.3 M oxalic acid at 40 V. After an initial anodization process, the porous layer
formed was removed by etching in a solution of H3PO4 (3.5%) and CrO3 (20 gl� 1)
at 70 �C. An ordered, patterned surface was obtained after removal of the porous
layer formed during first step of anodization. Then, the samples were anodized
again under the same conditions as in the first step. The anodized AAO was
subsequently etched in 30 mM NaOH to achieve pore widening and remove the
barrier layer. Gold electrodeposition was performed with a three-electrode system
using a non-cyanide solution. The length of nanorods was controlled by the
electrodeposition time. The topography variations of the top surface of the samples
are below 10 nm, similar to other samples fabricated with the same approach32. The
nanorod array parameters used in this work are about 150-nm height, 50-nm
diameter and 95-nm period. For comparison, Au films of 50 nm thickness
deposited using magnetron sputtering on similar substrates were measured.

Z-scan measurements. An amplified Ti:sapphire femtosecond laser was used to
pump an optical parametric amplifier to achieve light pulses in a wavelength range

between 500 and 750 nm. These pulses are sent first to a prism-based pulse
compression system, which induces negative dispersion to compensate for the
dispersion in both the optical parametric amplifier and the experimental setup.
A 0.28 numerical aperture objective lens focuses the 50-fs pulse to a spot having a
radius of B1.5 mm on the sample. The peak power at the focus was
B80 GW cm� 2. The metamaterial is then scanned across the focus of the beam
over a 100-mm range (Supplementary Fig. 1). The fluencies used are within the
range used in the other studies of similar nanorod metamaterials17 and the
measured signals were repeatable and reversible in all instances, thus the damage
threshold has not been reached in the experiments. The transmission through the
sample is then determined from the measurement of the intensities incident on two
InGaAs photodiodes having a bandwidth range from 500 to 1,700 nm, for every
position of the sample. The z-scan measurements were performed in the so-called
closed and open aperture regimes by opening or closing the aperture after the
sample9. The measurements were performed using either s- or p-polarized light
chosen by rotating a half-wave plate. The measurements were taken in pairs at low
and high light intensities, and the normalization between these two measurements
was performed to average out possible variations of linear transmission (for
example, due to roughness or defects) when a sample is z-scanned9.

Nonlinear coefficients retrieval from z-scan measurements. The intensity-
dependent refractive index n(I) and absorption a(I) are defined as

n Ið Þ ¼ n0 þ gI; ð2Þ

a Ið Þ ¼ a0 þbI; ð3Þ

where n0 and a0 are the linear refractive index and absorption, respectively, b and g
are the nonlinear refraction and absorption coefficients, and I is the intensity of
incident light. The coefficients g and b are related to the real and imaginary part of
the third-order nonlinear susceptibility w(3) through

~n0n0

283
gþ i

b
2k0

� �
¼ w 3ð Þ m2 V� 2

� �
; ð4Þ

where ~n0 ¼ n0 þ ia0= 2k0ð Þ is the complex refractive index and k0 ¼ 2p=l0 is the
wave vector related to the wavelength in vacuum (l0). As a consequence of the
metamaterial’s anisotropy, the retrieved g and b are the effective nonlinear
refraction and absorption corresponding to the variation of the metamaterial’s
effective linear refractive index for a specific angle of incidence.

In the open aperture regime (Fig. 2a,b), all the transmitted intensity through the
metamaterial is measured. Thus, variations in the transmission only correspond to
the nonlinear absorption of the metamaterial, being strongest at the focus and
smallest away from it. A positive peak-shaped dependence corresponds to a
negative value of b (nonlinear transparency).

In the close aperture regime (Fig. 2c,d), only part of the intensity transmitted
through the metamaterial is measured in a specific direction. Thus, variations in
the transmission correspond to both nonlinear absorption and self-focusing or
defocusing caused by the nonlinear refraction. Therefore, in the closed aperture
regime, the transmission variations depend on both b and g. A dependence solely
determined by g can be obtained by normalizing the close aperture curve with the
open aperture curve obtained before. The curves in Fig. 2c,d correspond to a self-
divergence of the transmitted beam related to a negative value of g (defocusing
nonlinearity).

Assuming a beam with a Gaussian spatial profile transverse to the scanning
direction, the transmission in the case of open aperture is:

Toa zð Þ ¼ 1� Dc
1þ x2

; ð5Þ

where x ¼ z=z0 and z0 ¼ kw2 with k ¼ 2p=l, and Dc ¼ 1=2
ffiffiffi
2
p

bI0Lð Þ with I0

being the peak intensity at the metamaterial’s surface and L is the sample thickness.
In the case of close aperture, the transmission after the aperture is

Tca zð Þ ¼ 1þ 4xDf
x2 þ 9ð Þ x2 þ 1ð Þ �

2 x2 þ 3ð ÞDc
x2 þ 9ð Þ x2 þ 1ð Þ ; ð6Þ

where Df ¼ 1� Sð Þ0:25kgI0L with S representing the transmission through the
aperture. For very small apertures S! 0, this expression can be simplified as
Df ¼ kgI0L. Therefore, by fitting the experimentally obtained open and close
aperture z-scan transmission profiles with equations (5) and (6), the nonlinear
parameters g and b can be found1.

The complex effective third-order nonlinear susceptibility obtained from the
measured values of b and g is w(3)E(0.18–1.48i)� 10� 17 m2 V� 2 at a wavelength of
550 nm and an angle of incidence of 20�, and w(3)E(0.28–1.48i)� 10� 16 m2 V� 2

at a wavelength of 600 nm and an angle of incidence of 60�, compared with
a smooth 50-nm-thick Au film, which is w(3)E(� 0.09þ 1.19i)� 10� 19 m2 V� 2

and w(3)E(� 0.5þ 1.08i)� 10� 19 m2 V� 2 at wavelength of 550 and 600 nm,
respectively, in agreement with known values for smooth gold measured in this
range of pulse duration4. The metamaterial’s nonlinear susceptibility is up to three
orders of magnitude larger than that for gold films, with a maximum theoretical
value w(3)E(0.57–3.2i)� 10� 16 m2 V� 2 at a wavelength of 600 nm obtained for the
metamaterial at an angle of incidence of 70�.
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Modelling the optical response of the metamaterial. Anisotropic metamaterials
based on nanorod arrays can be described through the effective medium theory
with a diagonal anisotropic permittivity tensor

ê ¼
ex 0 0
0 ex 0
0 0 ez

0
@

1
A; ð7Þ

where the subscripts x and z indicate the components perpendicular and parallel to
the nanorod axis, respectively. The components of this tensor are the function
of the nanorod dimensions and can be evaluated through the effective medium
theory37. These are plotted in Fig. 1c for the metamaterial studied.

For a plane wave propagating within the metamaterial at an angle y to the
nanorod axes (z direction) and polarized perpendicular to them (TE polarization),
the effective permittivity of the nanorod array is represented by ex. However, if the
light has an electric field component along the nanorod axis (TM polarization), the
electric field of the wave propagating within the metamaterial is E¼ ExiþEzk¼
E0 cos yiþ E0 sin yk , where E0 is the amplitude of the electric field. Therefore, the
effective permittivity depends on y and is determined through38

eeff ¼
exez

ex sin2 yþ ez cos2 y
: ð8Þ

The effective permittivity components can derived from the Maxwell Garnet
effective medium approximation for a given set of metamaterial’s geometrical
parameters as37

ex ¼ eout
1þNð Þeinþ 1�Nð Þeout

1þNð Þeout þ 1�Nð Þein
;

ez ¼ Neinþ 1�Nð Þeout;

ð9Þ

where eout and ein are the permittivities of the matrix (in this case an AAO matrix
having permittivity of 2.89) and of the nanorods (the intensity-dependent
permittivity of Au), respectively, and N¼ pr2/p2 is the concentration of nanorods
defined via their radius r and period p of the array. The transfer matrix method39

was used to model the transmission spectra and plot the extinction dispersion
(Fig. 1b). The modelled dispersion is in a good agreement with the experimental
measurements as well as the dispersion numerically simulated using finite element
modelling taking into account microscopic structure of the metamaterial.

Modelling the intensity-dependent permittivity of Au. The gold permittivity is
modelled within the random phase approximation that includes the dependence of
the electron scattering on both electron (Te) and lattice (TL) temperatures8. Within
this approximation, the intensity-dependent permittivity of Au can be described as
the sum of the intraband permittivity and interband permittivity e¼ einterþ eintra,
which are dependent on the electron’s intraband (transitions within the conduction
band) and interband (transitions from the d-band to the conduction sp-band)
transitions, respectively. The latter term can be reduced to a Drude-like model as

eintra ¼ e1 �
o2

p

oðoþ igintra o;TL;Teð Þ ; ð10Þ

where op¼ 2.168� 1015 rad s� 1, eNB1 is the high-frequency limit of the
permittivity, and gintra(o,TL,Te) is due to both electron–electron and electron–
phonon scattering. The interband contribution can be expressed as6,40

einter ¼ K
Z1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘ x� Eg

p
x

1� f x;Teð Þð Þ ginter o;TL;Teð Þ2 �o2 þ x2
� �

þ 2ioginter o;TL;Teð Þ
ginter o;TL;Teð Þ2 �o2 þ x2
� �2 þ 4ginter o;TL;Teð Þ2o2

dx;

ð11Þ

where K ¼ 1:2695�1032 is the wave vector independent constant reflecting the
strength of the transition dipole moment for interband transitions, Eg¼ 1.98 eV is
the transition energy between the d- and the sp-bands, f(x,Te) is the Fermi–Dirac
distribution for the electrons at an equilibrium temperature Te and depends on the
Fermi level Ef¼ 2.43 eV and the quasiparticle (electron-hole) scattering for
interband transitions ginter(o,TL,Te), which also depends on electron and lattice
temperatures. In addition, as a consequence of the nanorods fabrication procedure,
the mean free path of electrons is reduced from the bulk value L to a restricted
value R using the following correction term38

er ¼ eAu þ
io2

pt L�Rð Þ
o otþ ið Þ otRþ iLð Þ ; ð12Þ

where eAu is the permittivity of bulk gold obtained from the sum of equations (10)
and (11), L¼ 35.7 nm and R¼ 15 nm is derived to fit the measured extinction
shown in Fig. 1b. For the simulations of the nonlinear response of a sputtered thin
Au film, R¼ L was used to recover the bulk Au permittivity.

The steady-state electron temperature reached in the nanorods as a result of
optical absorption of the transmitted beam is calculated from the energy stored by
the electrons Es(t), under the optical pulse excitation with an input intensity Ii(t).
Therefore, the variation in the stored energy is proportional to the energy absorbed

by the nanorods in a given interval dt:

dEs tð Þ
dt
¼ A Es tð Þð ÞIi tð Þ; ð13Þ

where A(Es(t)) is the sample absorption and depends on the energy stored since
this one is related to the electron temperature through

Es tð Þ ¼ 1
2

CeTe tð Þ2Vrods; ð14Þ

where Ce is the heat capacity of the electron gas and Vrods is the total volume of the
rods under excitation and depends on the beam diameter. Equation (14) assumes a
homogeneous electron temperature in the nanorod and a short exciting pulse such
that the electron temperature is not reduced via electron–phonon scattering
processes while the pulse propagates through the nanorods. Since these processes
are significant at a timescale of few picoseconds, under femtosecond pulse
excitation this assumption holds8. Equation (13) is solved numerically in the time
domain calculating the term A(Es(t)) with the transfer matrix method using
equations (8–11) to calculate the intensity-dependent effective refractive index of
the nanorod array. From these results, both the nonlinear refraction and absorption
can be obtained (Figs 3e,f and 4e,f).

Numerical modelling of the nonlinear optical response of metamaterial. The
optical properties of the plasmonic metamaterial were simulated using the finite
element method (FEM, Comsol Multiphysics 4.3a), which accounts for the
composite structure of the metamaterial. Furthermore, to also account for the
non-homogeneous distribution of the electron temperature in the rods under
optical excitation, the two-temperature model8 is also solved through FEM together
with Maxwell’s equations. This model relates the phonon temperature (TL) and the
electron temperature (Te) through:

CeTe
@Te

@t
¼ r � KerTeð Þ� g Te �TLð Þþo0Im eAuð Þ E r; tð Þ � E r; tð Þh i

CL
@TL

@t
¼ g Te �TLð Þ;

ð15Þ

where Ce¼ 67.96 Jm� 3 K� 2 is the heat capacity of electrons,
g¼ 2� 1016 Wm� 3 K� 1 is a constant related to the coupling between electrons
and phonons, hE(r,t) �E(r,t)i is the average over time of electric field, the
Ke¼Ke0TeTe/TL is the electron heat diffusion with Ke0¼ 318 Wm� 1 K� 1 and CL

is the heat capacity for a lattice41. The results obtained using FEM for the nonlinear
absorption and refraction are shown in (Figs 3c,d and 4c,d).

Analysis of the effective v(3) susceptibility tensor of the metamaterial. Due to
the anisotropic nature of the metamaterial, which acts as an uniaxial crystal with
the extraordinary axis along the nanorods, the effective permittivity and thus
nonlinear susceptibility are tensors. Therefore, the measured effective angular-
dependent nonlinear refractive index and absorption can be expressed via the
angular-independent components of the nonlinear susceptibility tensors in the
similar manner as the angular-dependent permittivity is presented by equation (8).
The intensity-dependent complex refractive index of the nanorod metamaterial can
be analysed by the effective w(3) susceptibility. The displacement field is then1

Di ¼ e0

X
jkl

e0
ij þ 3w 3ð Þ

ijkl EkElj j
� �

Ej; ð16Þ

where e0 is the vacuum permittivity, Ej,k,l is the component of the electric field
amplitude in j, k or l directions and is the complex linear permittivity.
Equation (16) can be rewritten as Di ¼ e0

P
j eijEj , where

eij ¼ e0
ij þ 3

X
kl

w 3ð Þ
ijkl EkElj j: ð17Þ

In our case, the linear anisotropic components are exx¼ eyy¼ exaezz¼ ez, and the
incident wave is TM polarized. Therefore, equation (17) becomes

eii ¼ e0
ii þ 3E2

0 w 3ð Þ
iizz sin2 yð Þþ w 3ð Þ

iixx cos2 yð Þþ w 3ð Þ
iixz sin yð Þ cos yð Þ

� �
: ð18Þ

In the case of the elliptic dispersion of the metamaterial for which there is a weak
angular dependence for both g and on the angle of incidence observed in the
experiment and numerical modelling, we can conclude that both the contributions
from both w 3ð Þ

iixx and w 3ð Þ
iizz are present, since the sum of these contributions has a

vanishing angular dependence. However, in the ENZ and hyperbolic regimes, the
nonlinear coefficients strongly depend on the angle, and the main contribution
comes from component w 3ð Þ

iizz . The contribution of components w 3ð Þ
iixz is negligible,

since the angular dependences of g and b do not follow sin(2y) dependence. Thus,
the dominating effective nonlinear anisotropic tensor components correspond to

exx ¼ e0
xx þ 3w 3ð Þ

xxzz sin2 yð ÞE2
0

ezz ¼ e0
zz þ 3w 3ð Þ

zzzz sin2 yð ÞE2
0 :

ð19Þ

Replacing in equation (8) each nonlinear anisotropic component with
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equation (19), we obtain the effective nonlinear permittivity

eeff yð Þ �
e0

xx þ 3w 3ð Þ
xxzz sin2 yE2

0

� �
e0

zz þ 3w 3ð Þ
xxzz sin2 yE2

0

� �
e0

xx þ 3w 3ð Þ
xxzz sin2 yE2

0

� �
sin2 yþ e0

zz þ 3w 3ð Þ
xxzz sin2 yE2

0

� �
cos2 y

: ð20Þ

To a first approximation, we can assume that the nonlinear terms in the
denominator of equation (20) can be negligible in comparison with the sum of the
linear terms and neglect the terms in order of (E0)4:

eeff yð Þ � e0
eff yð Þ 1þ 3 sin2 y

� �
E2

0
w 3ð Þ

xxzz

exx
þ w 3ð Þ

zzzz

ezz

 !
þ . . . ð21Þ

We can make an additional approximation assuming again that the nonlinear
terms are small compared with the linear term and, thus, Snell’s law can be written
linearly as eeff yð Þ sin2 y ¼ e0

eff yð Þ sin2 y ¼ em sin2 yi , where em is the permittivity of
the medium where the incident wave is coming from and yi is the angle of
incidence. Therefore, we can rewrite equation (21) as

eeff yið Þ � e0
eff yið Þþ 3em sin2 yiE

2
0

w 3ð Þ
xxzz

exx
þ w 3ð Þ

zzzz

ezz

 !
: ð22Þ

One can observe that the peculiarity of the linear anisotropy can strongly enhance
the effective nonlinearity, particularly if a linear permittivity component
approaches zero. Equation (22) provides an understanding of the strong
enhancement of the metamaterial’s optical nonlinearity near the ENZ wavelength
(Figs 3 and 4).
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We present analytical and computational studies of light emission in nonlocal

metamaterials formed by arrays of aligned plasmonic nanowires. We demonstrate that

the emission lifetime in these composites is a complex function of geometrical and

material parameters of the system that cannot be reduced to the “trivial” hyperbolic or

elliptical dispersion topology of a homogenised metamaterial. In particular, our studies

suggest that the Purcell factor can often be maximized when the composite operates in

the elliptic regime, with strong radiation coupling to an additional TM-polarized mode

supported by the nonlocal composite, in contrast to the accepted “hyperbolicity

related” enhancement.

1. Introduction

Metamaterials, composites designed from dissimilar components of sub-
wavelength size, offer new avenues for controlling light generation, propagation,
and absorption.1,2 Recently, plasmonic nanowire arrays have emerged as exible
platforms for connement and manipulation of optical pulses at deep sub-
wavelength scale, along with applications in negative refraction, sensing, and
non-linear optics.3 It has been demonstrated, experimentally and numerically,
that the optical response of these composites is strongly affected by the spatial
dispersion of the effective permittivity – the dependence of components of the
permittivity tensor on a wavevector.4 Analytical description of optical nonlocality
in nanowire arrays has recently been developed.5 In particular, it was shown that
optical nonlocality yields an additional wave, an extra TM-polarized optical mode,
that has hyperbolic-like properties at frequency ranges where the main TM wave
has elliptic dispersion. In this work, we use the nonlocal effective medium theory
to analyse the emission of point dipoles in nanowire media and show that non-
locality signicantly affects light emission in metamaterials, enhancing the
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photonic density of states in the elliptic regime, in contrast with previous theo-
retical proposals6 that predict that Purcell enhancement is maximized in the
hyperbolic regime. We relate the apparent contradiction to the excitation of
plasmonic modes in metamaterial constituents, missed in the local effective
medium theory, and argue that the nonlocal effective medium theory provides a
more adequate description of the underlying physics.

The manuscript is organized as follows – we rst describe the modal structure
of the nanowire metamaterial and provide the relationship between the
geometrical parameters of the metamaterial, its spatially dispersive permittivity,
and dispersion of the optical modes in the composite. The developed nonlocal
effective medium theory (EMT) allows solving the boundary condition problem
for plane wave incidence. We then employ the plane wave decomposition of a
dipolar emitter for the calculation of spontaneous emission rates via classical-
quantum correspondence and the formalism of the radiation reaction force.

2. Nonlocal optical response of nanowire media
2.1. Optical modes supported by nanowire metamaterials

Plasmonic nanowire arrays represent collections of aligned metallic wires (with
permittivity 3i and average radius r) embedded into a dielectric host (permittivity
3h) with mean centre-to-centre separation a. Nanowire metamaterials typically
operate in the effective medium regime where r < a� l0, with l0 ¼ 2pc/u being
the free-space wavelength, u being the angular frequency of optical radiation, and
c being the speed of light in vacuum. In this regime, the optical properties of the
composite may be well described by averaged geometric parameters (concentra-
tion p ¼ pr2/a2; [here p� 1] and, in the case of nonlocal effective medium theory,
the shape of the unit cell) and are weakly affected by the details of wire distri-
bution (variations of the wire radius or unit cell size across the composite). In this
work, we follow the approach introduced in ref. 5 and consider nanowire meta-
materials having square unit cells (see Fig. 1).

Fig. 1 Geometry of the nanowire composite (left) and the local effective medium
parameters (right); Im(3i) ¼ 0.1; shaded areas represent the spectral range where the
metamaterial operates in the hyperbolic regime; when 3i T �1, the metamaterial is local;
an additional wave exists for 3i ( �1; this wave propagates inside the metamaterial for �7
( 3i ( �1 (the main wave has elliptical dispersion); when 3i ( �7, the longitudinal wave
exponentially decays along the wires, while the main wave has hyperbolic dispersion.
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As follows from symmetry considerations, nanowire metamaterials have an
uniaxial anisotropic response with an optical axis parallel to the wires (ẑ axis in
this work). In the Cartesian coordinates used in this work, the effective permit-
tivity tensor is diagonal, with components 3xx ¼ 3yy ¼ 3t, 3zz s 3t. In the qua-
sistatic limit, the Maxwell Garnett effective medium theory predicts the following
relation between the effective permittivity 3mg, the permittivities of the compo-
nents of the composite, and the geometrical parameters of the metamaterial:

3
mg
t ¼ 3h

ð1þ pÞ3i þ ð1� pÞ3h
ð1þ pÞ3h þ ð1� pÞ3i

; 3mg
zz ¼ p3i þ ð1� pÞ3h (1)

As any uniaxial material, the modes supported by the innite nanowire met-
amaterial can be characterized according to their polarization. The modes of the
rst kind, oen referred to as ordinary waves or transverse-electric (TE)-polarized
waves, have their electric eld in the xy plane. Propagation of these waves is not
affected by the metamaterial anisotropy and is completely determined by the 3t

component of the permittivity tensor.
In contrast to this behaviour, propagation of the waves that have a non-van-

ishing component of the electric eld in the ẑ direction is (strongly) affected by
the material anisotropy. Depending on the relationship between 3i, 3h, and p,
these extraordinary (TM polarized) modes have elliptic (when 3mg

t � 3mg
zz > 0) or

hyperbolic (when 3mg
t 3mg

zz < 0) dispersion (see Fig. 1).
In addition to these transverse electromagnetic waves, a plasmonic nanowire

metamaterial may support propagation of longitudinal electromagnetic waves
that represent coupled cylindrical surface plasmon (CSP) waves propagating
along the wires. As shown in ref. 5, dispersion of these waves can be related to the
solution of the eigenvalue problem with eigenvalues and eigenvectors repre-
senting propagation constants (klz) and sets of amplitudes, respectively,
describing contributions of individual cylindrical waves propagating in the
nanowires of the composite to the coupled CSP modes. These CSP modes do not
exist when wires are dielectric (3i > 0), they propagate in the plasmonic elliptic
regime (3mg

zz > 0, 3i < �3h); and exponentially decay along the wires in the hyper-
bolic regime (3mg

zz < 0). In the limit of PEC wires (3i / �N), the propagation
constant of the longitudinal wave approaches the limit klz / nlNu/c.

From the effective medium standpoint, the same dispersion relation can be
written as 3zz(kz,u/c) ¼ 0 with

3zzðkzÞ ¼ x
�
kz

2 � kl2

z

� c2

u2
; x ¼ p

3i þ 3h

3h �
�
nlN

�2 : (2)

Note that the spatial dispersion, the explicit dependence of the permittivity on
the wavevector, is a necessary condition for the existence of the longitudinal
electromagnetic wave.

Although transverse electromagnetic waves that enter the nanowire material at
normal incidence cannot couple to a longitudinal mode, light that obliquely
enters the metamaterial can couple to both longitudinal and transverse modes. In
a strict effective medium approach, light propagating inside the metamaterial
should be represented as a linear combination of three modes. The rst of these
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modes is an ordinary TE wave, described above, whilst the other two represent a
mix of the “local” transverse TM and “nonlocal” longitudinal waves. Dispersion of
these two waves and the relative contributions of “local” and “nonlocal”
components are given by the coupled-oscillator-like expression,

�
kz

2 � kl2

z

��
kz

2 � 3
mg
t

u2

c2

�
¼ �3

mg
t

x

u2

c2
kx

2: (3)

To better illustrate our results, in this work we have xed the operating
wavelength and geometric parameters of the metamaterial, the permittivity of the
dielectric host medium, and varied the permittivity of the wire inclusions. For the
set of parameters used in this work (r ¼ 20 nm, a ¼ 100 nm, 3h ¼ 1, l0 ¼ 1.5 mm),
the epsilon near-zero (ENZ) transition occurs at 3i x �7 with the elliptic regime
realized for 3i > �7, and the hyperbolic regime realized for 3i < �7 (see Fig. 1 for
predictions of local EMT). Dispersions of the three modes propagating inside the
nanowire material are shown in Fig. 2. Note that in the regime when the main TM
mode is elliptic, the additional wave has hyperbolic-like dispersion.

2.2. Transmission and reection of light into nonlocal nanowire
metamaterials

To understand the transmission and reection of optical waves by nanowire
metamaterials with nite thickness, the solutions to Maxwell’s equations in each
of the bulk layers are represented as linear combinations of (plane) waves that
differ by their polarization and direction (towards the interface or away from the
interface; see Fig. 3). The amplitudes of the waves in the neighbouring regions are
then related to each other via boundary conditions. This relationship is then used
to calculate the amplitudes of the waves propagating away from the interface as a
function of the amplitude of the waves propagating towards the interface. Such
linear relationship between the amplitudes can be conveniently represented in
terms of the scattering (S-) matrix.

In conventional local materials, it suffices to enforce the continuity of
tangential components of electric and magnetic elds to calculate the S-matrix of
the interface. In nonlocal metamaterials, the existence of an additional (TM-

Fig. 2 Dispersion of the three waves supported by the metamaterial for different
permittivities of the nanowires: (solid line) Re[kzc/u], (dashed line) Im[kzc/u], (symbols)
dispersion of the “main” TM-polarized mode according to local EMT. All other parameters
as in Fig. 1.
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polarized) mode requires the introduction of additional boundary conditions
(ABCs). Here, we used the methodology of ref. 5 and used the continuity of the
tangential electric eld, the continuity of the normal electric displacement, and
the continuity of the rst moment of normal electric displacement (the product of
D(x)exp 2pix/a, averaged over the unit cell) to calculate the S-matrix of each
interface in the system.

3. Light emission in nanowire metamaterials

In this work, we have followed the well-developed technique that relates the
enhancement in the decay rate of the dipole to the regular part of the eld
generated by this dipole at the origin. Explicitly,

G

G0

x
3

2

Im
�
~E$~P

�
u3jPj2

(4)

where~E represents the eld generated by the point dipole~P. Themain objective of
this work is to analyse the enhancement of the decay rate in plasmonic nanowire
composites and to relate this enhancement to spectral properties of the
composites. It is worth noting that placing a dipole directly inside ideal hyper-
bolic or realistic (lossy) materials leads to unphysical singularities.7,8 Various real
or virtual cavity approaches have been suggested to address the impact of the
surrounding media on a host emitter.9 To address these key issues, in this work
we have removed the singularity inside the hyperbolic metamaterial by limiting
the wavevector spectrum used in the calculations of the eld ~E in eqn (4) and by
employing the following three-step strategy that allows us to address the issue of
material absorption.

Fig. 3 Schematic of light reflection and transmission at the interface between local and
nonlocal media.
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First, we calculated the emission of the point dipole inside hypothetical,
lossless, metamaterial. Predictions of both local and nonlocal effective medium
theories were analysed, with two TM-polarized modes in nonlocal metamaterials
taken as two competing decay channels.

Second, the emission of the point 3D dipole positioned in the small (vacuum-
lled) slit surrounded by two innite slabs of hypothetical lossless metamaterial
was analysed. Combined with the rst step, these calculations allow us to esti-
mate geometry-dependent local-eld-correction effects.10 Local eld correction is
the frequently employed technique to account for the arrangement of the emitter
and the host matrix. It is worth noting that the geometry of the articially created
cavity could affect the spontaneous emission rate; here we have used the slit
geometry, approaching its physical dimensions to zero thickness.

Finally, we calculated the emission of the point dipole positioned in the small
vacuum slit surrounded by lossy metamaterial and used the local eld correction,
estimated above, to calculate the modulation of the dipole lifetime due to the
metamaterial.

3.1. Plane wave expansion of Green's function in an homogeneous material

To calculate the modication of a dipole lifetime, we represented Green’s func-
tion for the anisotropic metamaterial as a set of plane waves, and used eqn (4) to
calculate the modication of the dipole lifetime. Since we are considering the
emission inside the anisotropic material, the eld generated by the dipole needs
to be separated into TE and TM-polarized components.

It can be explicitly shown10 that the eld of the ẑ polarized dipole is TM-

polarized, with the regular part of ETM
z ¼ iP3t

ðkmax

0
k3dk=ðkz3zz2Þ , where the

integration parameter k represents the in-plane component of the wavevector. In
this work, we have taken into account the fact that any effective medium theory
fails in the limit when kx p/a. We therefore constrained the integral above to the
range of wavevectors inside the rst Brillouin zone of our metamaterial, k < kmax¼
p/a.

On the other hand, the x̂ polarized dipole emits both TE- and TM-polarized
waves, with amplitudes yielding the plane-wave expansion of the eld:

ETM
x ¼ iP

ðkmax

0
kzk dk=ð23tÞ, and ETE

x ¼ iP
ðkmax

0
u2k dk=ð2c2kzÞ. Due to the uniaxial

symmetry of the problem, the y-component of the electric eld generated by a y-
polarized dipole is identical to the Ex generated by a x̂-polarized dipole.

3.2. Emission in lossless metamaterials and local eld correction analysis

We began by analysing the emission of a point dipole positioned inside an
innite material described by the local effective medium parameters given by
eqn (1), keeping in mind the high-wavevector cut-off due to the nite unit cell
size. The results of these calculations are shown in Fig. 4. It is seen that, in
agreement with previous studies,6 the local effective medium theory suggests
that the enhancement of the photonic density of states can be linked to (i)
plasmon resonance in the wires (corresponding to 3i x �1) and (ii) the
broadband spectral range starting from ENZ (3i x �7) and continuing through
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the hyperbolic regime of the metamaterial dispersion (3i < �7). Interestingly,
the ENZ regime seems to provide the maximum reduction of the lifetime.

Calculations of the lifetime modications were repeated for a situation when a
point dipole is positioned inside the homogeneous material described by the
nonlocal EMT model [eqn (2) and (3)]. In this case, we assumed that the dipole
can independently emit into two TM-polarized channels. As seen in Fig. 4,
predictions of the nonlocal EMT drastically differ from predictions of its local
counterpart. The main difference, the dramatic enhancement of the decay rate in
the elliptic regime can be traced to the existence of an additional electromagnetic
mode, originating from the collective excitation of CSPs in the nanowire
composite. Note that the hyperbolic-like CSP-rich mode (mode TM1 in Fig. 2)
dominates the emission across both elliptic and hyperbolic regimes. Also
note that the nonlocality removes the singularity associated with ENZ regime (at
3i x �7).

To analyse the emission of the dipole in realistic, lossy, metamaterials, it
becomes necessary to place the dipole inside a substantially small cavity carved in
the homogeneous material. In this work, we have assumed that the cavity takes
the shape of a small planar slit, oriented perpendicular to the wires. The emission
of the point dipole was calculated according to the plane-wave expansion,
described above, incorporated into the transfer-matrix formalism, as suggested in
ref. 11.

For substantially small slit sizes (below �10 nm), the enhancement of decay
rate becomes independent of the slit size due to the high-wavevector kmax cut-off
described earlier. Furthermore, for a local metamaterial, it becomes possible to
eliminate local eld correction effects by renormalizing the emission of ẑ-polar-
ized dipole by 1/(3mg

zz )2 (Fig. 5). Similarly, renormalization of the emission of the
ẑ-polarized dipole by 1/3zz(k)

2 positioned inside the slit carved in the nonlocal
metamaterial also yields results that qualitatively agree with the total decay rate
calculated for a dipole positioned inside the nonlocal medium (the exact nature of
the resonance predicted by the nonlocal EMT in the ENZ region will be addressed
in our future work). Therefore, we have used the above normalization to take into
account local eld correction effects.

3.3. Effect of nite material absorption

Finally, we calculated the decay rate of the dipole positioned in the slit between
two slabs of lossy nanowire metamaterial with Im(3i) ¼ 0.1 (Fig. 6). As expected,

Fig. 4 Enhancement of the decay rate in infinite lossless metamaterials (lines of different
colours represent different orientations of the dipole).
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the presence of material absorption does not fundamentally alter the dynamics of
the emission. In general, an increase in Im(3i) leads to further enhancement of the
decay rate throughout the “plasmonic” spectral range (3i < �3h).

4. Discussion

It is clear that predictions by local and nonlocal effective medium theories
regarding the enhancement of the decay rate for a dipole emitting inside nano-
wire metamaterials disagree with each other. It is therefore reasonable to ask
which (if any) theory accurately predicts the response of the dipole in real

Fig. 5 Emission of the point dipole positioned in the vacuum slit inside the lossless
nanowire metamaterial; top and bottom rows correspond, respectively, to results of
calculations that are not and are accounted for local field corrections.

Fig. 6 Enhancement of decay rate in metamaterials with finite losses; the plots take into
account local field corrections; Im(3i) ¼ 0.1; see Fig. 1 for effective medium parameters.
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metamaterials. The fundamental reason for the disagreement between the
predictions of the two effective medium theories lies in the existence of an
additional wave in nonlocal EMT. The existence of this additional wave has been
validated in both full-wave numerical solutions of Maxwell’s equations in nano-
wire composites and in experimental studies.4,5 It is therefore reasonable to
assume that nonlocal EMT adequately describes the emission inside the
composite. Our main results can be interpreted in the following intuitive manner:
the fundamental change in the density of optical states in a nanowire medium is
associated not with the onset of hyperbolicity, but rather with the onset of the
plasmonic response in the nanowires.

A similar effect is expected in layered materials with low ll-fraction where the
layer's transition to plasmonic response is spectrally separated from the com-
posite's transition to hyperbolicity. It should also be mentioned that, in realistic
nanowire composites, the enhancement of the decay rate will be affected by
standing wave Fabry–Perot type resonances.

5. Conclusions

We have analysed the enhancement of the decay rate of the dipole emitting inside
a plasmonic nanowire composite. Predictions of the nonlocal effective medium
response, previously demonstrated to adequately describe refraction in nanowire
composites,5 suggest a signicant enhancement of the decay rate across the
spectral range where nanowires are plasmonic and, in particular, across the
spectral range where the composite as a whole exhibits elliptic response.
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Metamaterials-based Salisbury screens with reduced angular sensitivity

Brian M. Wells,a) Christopher M. Roberts, and Viktor A. Podolskiy
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We demonstrate that the incorporation of nonlocal nanowire metamaterials into Salisbury screens

allows for a substantial reduction of the dependence of incident angle on the absorption maximum.

Realizations of angle-independent Salisbury screens for the near-IR, mid-IR, and GHz frequencies

are proposed and their performances are analyzed analytically and numerically. It is shown that

nonlocal effective medium theory adequately describes the angular dependence of nanowire-based

Salisbury screens. VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4899131]

Since their introduction, Salisbury screens1 have become

one of the most basic perfectly absorbing structures due to the

simplicity of their design and their scalability across different

frequency ranges. Over the years, the concept of Salisbury

screens has been extended to construct multi-frequency or

broadband absorbers.2 However, all perfect absorber schemes

inspired by Salisbury screens suffer from a common limita-

tion, their operational frequency strongly depends on the inci-

dent angle, h. In this manuscript, we demonstrate that

nonlocal nanowire arrays, uniaxial metamaterials previously

proposed for sensing and subwavelength imaging applica-

tions,3–10 can be instrumental in constructing angle-

independent Salisbury screen-like absorbers. We propose real-

izations of perfect absorbers for the near-IR, mid-IR, and GHz

frequencies and analyze their angular performances with ana-

lytical and numerical solutions of Maxwell’s equations.

A Salisbury screen comprises a three-layer structure: a

perfectly conducting substrate, a quarter-wavelength-thick

transparent dielectric layer, and a thin impedance-matching

coupling sheet [Fig. 1(a)]. Perfect absorption results from the

destructive interference of light reflected, respectively, by the

top (air-coupling layer) and bottom [dielectric-perfect electric

conductor (PEC)] interfaces of the system. The operating fre-

quency of the Salisbury screen can be adjusted by modulating

the thickness or the permittivity of the dielectric layer. The

permittivity (conductivity) of the thin coupling layer is chosen

to match the impedance of the structure: at GHz frequencies,

graphite-based mixtures, “artificial dielectrics,”11 are used to

achieve the required conductivity; at higher frequencies,

metamaterials can be used to achieve the required impedance.

The typical performance of a Salisbury screen is

illustrated in Fig. 2(a). The particular configuration (�D ¼ 2:75

þ2 � 10�4i; t ¼ 0:15 lm; �t ¼ �3:41þ 5:99i) results in the

perfect absorption of normally incident light at the free-space

wavelength k ¼ 1 lm.12 Note however, that for higher incident

angles, the perfect absorption maximum experiences a blue

shift that originates from an increased optical path for the por-

tion of the beam propagating inside the dielectric.

Mathematically, the optical path for the one-way trip inside the

dielectric is equal to kz
c
x t, where kz represents the z component

of the wavevector, t is the layer thickness, x is the angular fre-

quency of incident radiation, and c is the speed of light in

vacuum. In an isotropic material with permittivity �,
kz ¼ x

c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�� sin2h
p

, which explains the angular dependence of

the absorption maximum. However, in anisotropic materials,

this dependence can be eliminated. Explicitly, in uniaxial mate-

rials with the optical axis oriented along the z direction, permit-

tivity can be described by a diagonal tensor �̂, with non-zero

elements �xx ¼ �yy ¼ �?; �zz 6¼ �?, while magnetic permeabil-

ity is described by the tensor l, with non-zero components

lxx ¼ lyy ¼ l?; lzz 6¼ l?. In the limit �zz ¼ lzz ! 1 (so-

called near-pole materials), k2
z ¼ x2

c2 �?l?, eliminating the

angular dependence of optical path, and thus eliminating the

angular dependence of the absorption maximum found in

Salisbury screens. In non-magnetic anisotropic materials (mate-

rials with l � 1), the optical path of extraordinary (TM-polar-

ized) waves will be affected by anisotropy via

kz ¼ x
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�? 1� sin2h

�zz

� �r
. Therefore, by employing materials

with j�zzj � j�?j, the angular sensitivity of Salisbury screens to

TM-polarized radiation can be dramatically reduced. Although

only few natural materials possess the required strong anisot-

ropy,13–16 mainly at UV and far IR frequency ranges, it is pos-

sible to design a composite system (metamaterial) which

would realize epsilon-near-pole behavior at other frequencies

across the optical spectrum.

Metamaterials, composite structures with engineered dis-

persion, have recently been proposed to solve several funda-

mental problems in optics.17–19 Here, we consider a

metamaterial composed from an array of parallel plasmonic

wires with radius R, embedded into a dielectric slab, with mean

inter-wire separation a ðR < a� k). From the effective me-

dium standpoint, the wire metamaterial represents a uniaxial

medium with its optical axis parallel to the wires. The optical

spectra of wire metamaterials are typically dominated by two

extinction resonances, associated with the resonant excitation

of transverse and longitudinal plasmons. The spectral locations

of these resonances correspond to the conditions �h þ �m ’ 0

and �zz ’ 0, respectively. For a typical nanowire system, these

extinction resonances occur at visible frequencies.7,8,21 At lon-

ger wavelengths, the permittivity of noble metals j�mj � 1;

therefore, it is expected that a wire medium with permittivities

�? � �h and �zz � �m
pR2

a2 (Ref. 20) will serve as ideal realiza-

tion of an epsilon-near-pole material. Fabrication of optically

thick nanowire structures with R < a� k has been demon-

strated from visible8,21 to GHz (Ref. 4) frequencies. The maina)E-mail: brian_wells@student.uml.edu
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objective of this work is to explore the perspectives of this

metamaterial platform for Salisbury screen-type perfect absorb-

ers with substantially reduced angular sensitivity. A schematic

of such nanowire metamaterial-based Salisbury screen is pre-

sented in Fig. 1(b).

The optical response of nanowire metamaterials has

been a topic of active research for the past decade. It has

been shown that, although the properties of nanowire compo-

sites are, in general, described by uniaxial Maxwell-Garnett-

type effective medium theory (EMT),6,7,22–24 important devi-

ations from the predictions of this theory are expected at

both high-frequency (visible) and low-frequency (GHz) ends

of optical spectrum. In particular, it has been demonstrated

that the properties of wire media are substantially affected

by optical nonlocality, dependence of material permittivity

on wavevector.10,25,26 A comprehensive nonlocal effective

medium theory of wire media has been presented in Ref. 20.

To illustrate the benefits of a nanowire media for

Salisbury screen design, we analyze the performance of

Salisbury screens with metamaterial cores in three different

frequency ranges, near-IR, mid-IR, and GHz frequencies. In

this analysis, we assume that the properties of both the nano-

wires and of high-conductivity substrate are described by the

Drude model,27 �m ¼ �1 �
x2

p

x2þiCx with �1 ¼ 9:5, xp ¼ 1:36

�1016Hz, and C ¼ 1:05� 1014 Hz corresponding to optical

response of Au. For near- and mid-IR frequencies, we

assume that the wires, with radius R ¼ 12:5nm, are arranged

into a square lattice with lattice size a ¼ 60 nm, and are sub-

merged into dielectric matrix with permittivity �h ¼ 2:7; rep-

resenting practical nanowire composites fabricated with

electrochemical deposition in anodized alumina substrates.21

The particular configuration results in effective permittivities

�zz ¼ �3:42þ 0:39i; �? ¼ 3:73þ 0:01i for k0 ¼ 1 lm and

�zz ¼ �538þ 301i; �? ¼ 3:59þ 6 � 10�4i for k0 ¼ 10 lm.

For GHz frequencies, we assume that wires, with radius

250 lm, are arranged into lattice size 0:25 cm, resulting in

�zz ¼ 1:0þ 3:33 � 106i; �? ¼ 1:06 for f0 ¼ 10 GHz. To pre-

vent artifacts related to coupling of nanowires through high-

conductivity substrate,8 we introduce a small, 5nm gap

between nanowire in the core of Salisbury screen and the

substrate (see inset in Fig. 1(b)). In general, wire-based

Salisbury screens can be designed for virtually any fre-

quency provided that quarter-wavelength-thick wire compos-

ite can be fabricated and material to realize thin impedance-

matching sheet is available.28

In this work, several techniques are used to calculate the

optical response of Salisbury screens. First, the reflectivity

spectrum is calculated analytically, using both local and non-

local effective medium theories, described in detail in Ref.

20. Second, Maxwell equations are solved numerically, with

the finite-element microscopy (FEM) technique.29 To

improve the convergence of the FEM solver, the end-points

of nanowire are assumed to be not perfectly flat but slightly

ellipsoidal. Finally, to further validate our results, optical

response of the near-IR and mid-IR systems are analyzed

with Rigorous Coupled-Wave analysis (RCWA)30 utilizing
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FIG. 2. Reflection of Salisbury screens in near-IR frequency regime with

isotropic non-dispersive dielectric (a), and nanowire metamaterial (b)–(d)

core layer; (b) represents predictions of local (dashed lines) and nonlocal

(solid lines) effective medium theories, while (c) and (d) represent FEM and

RCWA-based solutions of Maxwell equations, respectively.

FIG. 1. (a) Schematic of a three layered Salisbury screen absorber that consists of (from bottom to top) a perfectly conducting substrate, a quarter-wavelength-

thick layer of dielectric and thin impedance-matching coupling sheet. (b) Schematic geometry of Salisbury screen with wire metamaterial replacing the quar-

ter-wavelength-thick layer of dielectric that is found in traditional Salisbury screens.
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the normal vector method.31 The results of these calculations

are shown in Fig. 2. It is clearly seen that nanowire medium

substantially reduces angular dependence of the position of

absorption maximum of Salisbury screen for TM-polarized

light. At the same time, it is seen that the position of the

reflectivity minimum depends on the technique used to solve

Maxwell equations. This minor shift in reflectivity minimum

is likely due to fundamental limits of floating-point calcula-

tions, related to extremely small reflectivity values, encoun-

tered in our calculations. The angular dependence of the

minimum (the blue shift of the minimum with respect to its

spectral position for normal incidence), however, remains

consistent between RCWA and FEM solutions. Therefore,

this parameter is used to describe the performance of the

metamaterial-based Salisbury screen.

The angular dependence of reflectivity minimum for the

systems operating in all three spectral ranges is summarized in

Fig. 3. It is clearly seen that nanowire-based Salisbury screens

are much less sensitive to incident angle of the beam than

their isotropic counterparts. It is also seen that nonlocal effec-

tive medium theory adequately describes this angular depend-

ence. Local effective medium theory, on the other hand, tends

to under-estimate the angular dependence of the absorption

maximum and its predictions converge to the predictions of

nonlocal EMT only in the limit a
k! 0 [Fig. 3(b)]. It is inter-

esting to note that even though local EMT predicts effective

permittivity of the composite with reasonable accuracy [see

Figs. 3(d)–3(f)], it fails to adequately predict coupling of elec-

tromagnetic waves into the composite, in turn, affecting the

calculations of overall optical response of the nanowire slab.

To summarize, we have demonstrated that introduction

of a nanowire medium into the dielectric slab of Salisbury

screen substantially reduces the angular dependence of the

absorption maximum of Salisbury screens for TM-polarized

light. The nonlocal effective medium theory adequately

describes this spectral behavior. The introduction of aniso-

tropic magnetic metamaterials may result in polarization-

and angle-independent Salisbury screens.

This research was supported by ARO (Grant No.

W911NF-12-1-0533) and NSF MWN Program (Grant No.

1209761).
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ABSTRACT: Nanowire-based plasmonic metamaterials exhibit many intriguing
properties related to the hyperbolic dispersion, negative refraction, epsilon-near-
zero behavior, strong Purcell effect, and nonlinearities. We have experimentally
and numerically studied the electromagnetic modes of individual nanowires
(meta-atoms) forming the metamaterial. High-resolution, scattering-type near-
field optical microscopy has been used to visualize the intensity and phase of the
modes. Numerical and analytical modeling of the mode structure is in agreement
with the experimental observations and indicates the presence of the nonlocal
response associated with cylindrical surface plasmons of nanowires.

KEYWORDS: Metamaterials, plasmonics, nanowires, SNOM, nonlocality, epsilon-near-zero

Metamaterials enable unprecedented control over light
propagation1,2 and enhanced light−matter interactions

at the nanoscale,3−6 opening new avenues for the applications
beyond the scope covered by natural materials. One of the
practical metamaterial designs is based on the constituent meta-
atoms in the form of aligned metal wires placed in the
embedding dielectric with both wire diameter and interwire
separation much smaller than the wavelength of light at the
operating frequency. Such wire metamaterials7 are of special
interest due to their unusual anisotropic optical properties
manifested in hyperbolic dispersion,8,9 optical nonlocality
effects,10,11 and extreme field confinement12 important for
numerous applications in imaging,2,13−16 active nanophoton-
ics,11,17,18 and bio/chemo-sensing.19 Since the metamaterial
structure is relatively simple, the barrier associated with the
fabrication difficulties is greatly reduced compared to top-down
fabricated metamaterials based on, e.g., split-ring resonators or
fishnets,20,21 and scaling down to optical operational
frequencies is relatively easy.7 Therefore, these metamaterials
enable operating frequencies spanning a very broad range from

infrared to visible and, possibly, to the ultraviolet wavelength
range.
For wire metamaterials operating at optical frequencies,

namely, near-infrared and visible, constituent elements are
usually plasmonic nanowires of relatively short length (also
called nanorods) to achieve resonances in the desired
wavelength range. The behavior of these optically dense arrays
of nanowires embedded in dielectric matrices can be
conceptually described using an effective medium approxima-
tion, introducing the anisotropic effective permittivity tensor of
the metal−dielectric composite. In such metamaterials, the
components of the permittivity tensor along and perpendicular
to the nanowire axis may have opposite signs resulting in the
hyperbolic isofrequency surfaces of the dispersion.8 The
hyperbolic dispersion enables the broadband negative refrac-
tion2,13 and controllable spontaneous emission4 in the
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nanowire metamaterials. Other applications, such as subwave-
length color imaging,12 sensing,22 and designed ultrafast optical
nonlinearity,11 are also of significant interest.
Although the optical properties of plasmonic nanorod and

nanowire metamaterials have been extensively studied, the
observations are generally limited to far-field measurements
reflecting the effective medium behavior of the metamaterial. At
the same time, microscopic phenomena related to the internal
structure of the composite, accessible in the near-field region of
the metamaterial where its structure is important, have been
inferred only numerically via simulations of microscopic field
distributions. The direct observation of the local field
distribution down to the meta-atom scale in the nanowire
metamaterial at optical frequency has not been characterized
experimentally, inhibiting fundamental understanding of
electromagnetic phenomena within the metamaterial, including
Purcell and nonlocal effects, for which the internal metamaterial
structure is of great importance.23

The experimental demonstration of the optical signatures of
individual nanowires within the array structure remains a major
challenge due to the limited spatial resolution of optical
microscopy. Recently, the development of scattering-type (also
called apertureless) scanning near-field optical microscopy (s-
SNOM)24−26 allows one to reveal the optical details at the deep
subwavelength scales and has already provided insight into
electromagnetic (EM) waves interaction with composite
metamaterials.27−32 Complementary far-field and near-field
optical studies are required to gain a rational understanding
of the character of the underlying mechanisms of light
interaction with metamaterials on the nanoscale, providing
the opportunity for a controlled improvement of new
metamaterial designs.
In this letter, we report on the first experimental observation

of near-field behavior of nanowire metamaterials on the meta-
atom scale at visible frequencies. The optical mode within the
unit cell less than 100 nm is visualized utilizing s-SNOM. The
results are consistent with numerical simulations confirming the
near-field signature of individual meta-atoms in the nanowire
metamaterials. We show that the near-field behavior of meta-
atoms in metamaterial is similar to the behavior of an isolated
nanorod, determined by the excitation of cylindrical surface
plasmons, while the far-field response is dominated by coupling
between the meta-atoms.
The nanowire metamaterial studied in this work (Figure 1) is

made of vertically aligned silver nanowires (AgNWs)
embedded in an anodic aluminum oxide (AAO) matrix (Figure
1a). The fabrication of the nanowire metamaterial has been
described in detail elsewhere14 (also see Supporting Informa-
tion). In brief, the nanowire metamaterial is fabricated by
performing an electrochemical deposition of silver into the
empty pores of the AAO templates. AAO templates are made
with the arrays of highly ordered nanochannels, and a
mechanical chemical polish process is carried out to ensure
its flatness, which allows the geometries in the experiment to be
compared to simulations. The diameter and length of the
nanowires are of about 50 nm and 5 μm, respectively. They are
arranged in an array with a hexagonal close-packed (hcp) lattice
of about 100 nm period. The atomic force microscope (AFM)
topography image (Figure 1b) shows the sample’s flatness with
a root-mean-square roughness as small as 3.5 nm.
The effective permittivity of the metamaterial (Figure 1c)

deduced using the Maxwell−Garnet effective medium approx-
imation33 shows that the hyperbolic regime occurs for the

wavelengths longer than around 530 nm. The measured
scattering spectrum and the extinction spectrum calculated
using the finite-element simulations (see Methods in
Supporting Information for details) are shown in Figure 1d.
The scattering spectrum has a dominant peak at the wavelength
of about 415 nm, which is the transverse mode of the AgNWs,
related to the resonant electron oscillations perpendicular to
the nanowire axes.34 At this resonant peak, strong scattering
and high absorption occur. We focus on the optical properties
away from this resonance where the absorption is relatively low.
The wavelengths of 532 and 633 nm, used in the near-field
measurements, are away from high absorption and close to the
epsilon-near-zero (ENZ) condition and in the hyperbolic
dispersion range, respectively.
To map the near-field distribution over the nanowire

metamaterials, an amplitude- and phase-resolved scattering-
type scanning near-field optical microscope (s-SNOM) has
been used (Figure S3, Supporting Information).24 An objective
lens focuses a TM-polarized laser beam onto the AFM tip at an
incident angle of 60°. A Pt−Ir-coated Si cantilever was used in
the experiments since its plasmonic resonance is away from the

Figure 1. (a) Scanning electron microscope and (b) atomic force
microscope topography images, and (c) effective permittivities (real
parts) of the nanowire metamaterials. (d) Measured dark-field
scattering spectrum and the simulated extinction spectrum for the
nanowire metamaterial. The arrows indicate the laser lines used in the
s-SNOM measurements. The simulated extinction spectrum is
obtained at the incident angle of 60°, which corresponds to the
illumination condition in the s-SNOM experiment.
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laser wavelengths used in this study and relatively wavelength
insensitive, therefore preventing the introduction of unwanted
near-field electromagnetic interactions from the tip apex. A
heterodyne interferometric setup has been employed to extract
the amplitude and phase of the electromagnetic field near the
metamaterial surface. In order to remove the background of the
far-field scattered light, the optical signal modulated at the
fourth harmonic of the tip vibration was monitored.25 The
resolution of the s-SNOM setup was typically sub-10 nm and

therefore adequate to detect the details of near-field
information on the nanowire metamaterials with the meta-
material unit cell less than 100 nm.
The measured and calculated near-field intensity and phase

distributions in the arrays of nanowires are shown in Figure
2a,b for the illumination with the TM polarized light at the
wavelengths of 532 and 633 nm, respectively (see Figure S4,
Supporting Information, for the images with saturated
contrast). The periodic pattern of the near-field intensity

Figure 2. Measured and simulated near-field distributions of the electric-field (z-component) and phase above the nanowire metamaterials at the
wavelengths of (a) 532 and (b) 633 nm. The simulated distributions are presented at the height of 5 nm above the nanowire metamaterial’s surface.
The illumination of the metamaterial is from the right at 60° angle of incidence.

Figure 3. Simulated (a) transmittance, (b) reflectance, and (c) absorption coefficient spectra of the nanowire metamaterial at the incident angles of
0°, 30°, and 60°. (d) The electric field distributions (|E|) and (e) phase distributions (φ) for different wavelengths at the incident angle of 30°. (f)
The amplitude contribution of the additional TM wave, calculated using a nonlocal EMT theory36 for different wavelengths and angles of incidence.
The metamaterial consists of 1 μm long silver nanowires, all other parameters as in Figure 2.
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reflects the microscopic structure of the metamaterial. The
close-up of the near-field distribution around individual meta-
atoms forming the metamaterial reveals crescent-shaped
distributions around the nanorods for both the intensity and
the phase. The symmetry breaking is due to the oblique
illumination of the metamaterial from the right at the 60° angle
of incidence. The experimental near-field distributions are well
reproduced by the map of the z-component of the field only
(Figures 2 and S5, Supporting Information); it agrees with the
fact that s-SNOM is more sensitive to the field component,
which is perpendicular to the sample surface (i.e., |Ez|, in our
configuration).24,35 For comparison, the simulation results of
the field distribution on the top surface of the metamaterial at
the incident angle of 0° is shown in Figure S5b, Supporting
Information. The symmetry of the field distribution indicates
that the field is built by electron oscillations perpendicular to
the nanowire axes. The phase difference at the two ends of the
field patterns is around 180°. These properties correspond to
the excitation of cylindrical surface plasmons on the nanowires.
These charge oscillations are also responsible for nonlocal
effects in this system.36 Over a wide range of wavelengths, the
field distributions exhibit similar behavior with the angle of
incidence (Figure S5b,c, Supporting Information). It is
important to note that the observed field distributions around
the nanowires forming metamaterial are similar to those for
individual nanowires with a crescent shape for oblique
incidence but with different amplitudes in the lobes, indicative
of the interaction between the meta-atoms in the metamaterial
(Figure S6, Supporting Information). While the near-field
behavior of meta-atoms in metamaterial is similar to the
behavior of an isolated nanorod, the far-field response is
dominated by coupling between the meta-atoms.
The optical properties of the nanowire metamaterials are

presented in Figure 3. The absorption is significant over the
broad visible spectral range, with the dominating transmission
at longer wavelengths (Figure 3a) and reflection at short
wavelengths (Figure 3b). The oscillations observed in the

spectra are related to the Fabry−Peŕot-type resonances due to
the reflections of the cylindrical surface plasmons on the
metamaterial interfaces. At short-wavelengths (below 450 nm),
the absorption due to the transverse resonances of the
metamaterial (electron oscillations perpendicular to wire axis)
dominates, leading to short penetration depth of light in the
metamaterial (Figure 3c). For longer than the ENZ wave-
lengths, corresponding to the hyberbolic dispersion regime,
characteristic field oscillations of the cylindrical surface plasmon
interference pattern are observed. The EM waves are mainly
confined and propagates along the surface of the Ag NWs. It is
interesting to note that, at around the ENZ wavelength (500−
540 nm; the ENZ occurs at 537 or 507 nm for the metamaterial
with square or hcp lattice, respectively), the intrinsic absorption
coefficient of the metamaterial has a peculiarity with increased
absorption despite that the local effective parameters behave
monotonously. In optically thick materials, nonlocality gives
rise to a longitudinal wave that fundamentally changes the
optical properties of the system. The two main phenomena
associated with the longitudinal wave are illustrated in Figure
3d−f. Coupling of the incident plane wave to the longitudinal
wave results in the spectral dependencies of the reflection from
and transmission through the metamaterial, which substantially
deviate from the predictions of the local effective medium
theory for short wavelengths (elliptical dispersion regime)
(Figure S7, Supporting Information). Signatures of the
interference between the two waves, including vanishing
transmission and length-dependent absorption coefficient, are
expected in the spectral range where the amplitudes of both
waves are comparable to each other (Figure 3f). In both
amplitude and especially phase distributions, peculiarities
related to interference of two p-polarized waves supported by
nonlocal nanowire material are observed around the wavelength
of 530 nm (Figure 3d,e).
In order to confirm the negative refraction in the nanowire

metamaterial in the hyperbolic regime and to understand the
interplay between macroscopic and microscopic behavior, we

Figure 4. Simulated distribution of the x- and z-components of the time-averaged energy flow for (a) a layer of a homogeneous effective medium
and (b) AgNWs/AAO composite (with square lattice) at the wavelength of 635 nm and an incident angle of 30°. The arrows indicate the direction
of the energy flow. (c,d) The simulated amplitude distributions of the electric field (z-component) at the wavelengths of 635 and 530 nm,
respectively, for different angles of incidence. The field is measured at the height of 5 nm above (below) the top (bottom) metamaterial’s surface.
The amplitude of |Ez| at the bottom surface in panel d at the incident angles of 30° and 60° is magnified 2.5 and 1.4 times, respectively. The nanowire
parameters are the same as those in Figure 3.
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investigated the spatial distribution of the time-averaged energy
flow through the metamaterial (Figure 4). Figure 4a,b show the
simulated x- and z-components of time-averaged energy flow
distributions (i.e., Sx and Sz) for the nanowire metamaterial as a
layer of effective medium and the AgNW/AAO composite,
respectively. For similar metamaterials, the negative refraction
has been experimentally demonstrated.13 Both effective
medium and discrete composite model give the same far-field
properties of the metamaterial. In the effective medium
scenario (Figure 4a), the sign of Sx flips at the air/metamaterial
interface, which indicates an energy flow backward in the lateral
direction. At the same time, the Sz homogeneously flows away
from the interface. While a similar behavior is observed in the
discrete system of nanowires forming the metamaterial, there is
a subtle difference between them. In the AgNW/AAO
composite, both Sx and Sz show the characteristic near-field
signatures of the nanowire geometry (Figure 4b). Further from
the nanowire interface, Sx is comparable to the one obtained in
the effective medium layer in terms of the power flow
distribution.
Figure 4c,d show the simulated angle-dependent amplitude

of electric field (z-component as measured with a-SNOM) at
the wavelength of 635 and 530 nm, corresponding to the
hyperbolic dispersion and the ENZ regime, respectively, in the
case of square lattice nanowire array. These distributions are
practically independent of the type of the lattice, which is
expected within validity of the effective medium approximation.
At the wavelength of 635 nm, the field distributions at the top
and bottom interfaces change with the incident angle, in
agreement with the experimental observations. For the
wavelength close to the ENZ conditions, a different behavior
is observed at 30° angle of incidence, which is related to the
nonlocal effects: |Ez| distributed circularly at the bottom surface;
at this wavelength−angle combination (Figure 3f), the
contribution of the additional wave is significant.
In conclusion, we have experimentally studied the near-field

and phase distributions in the composite NW metamaterials
using s-SNOM, revealing the response of individual meta-
atoms, and numerically simulated their behavior in different
regimes of hyperbolic and ENZ dispersions. The near-field
measurements reveal collective electronic oscillations (CSPs) of
each nanowire, which determine the far-field optical response of
the NW metamaterial and are responsible for the nonlocal
behavior of the composite.
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We present an analytical description of the nonlocal optical response of plasmonic nanowire metamaterials that
enable negative refraction, subwavelength light manipulation, and emission lifetime engineering. We show that
dispersion of optical waves propagating in nanowire media results from coupling of transverse and longitudinal
electromagnetic modes supported by the nanowires and derive the nonlocal effective medium approximation for
this dispersion. We derive the profiles of electric field across the unit cell, and use these expressions to solve the
long-standing problem of additional boundary conditions in calculations of transmission and reflection of waves
by nonlocal nanowire media. We verify our analytical results with numerical solutions of Maxwell’s equations
and discuss generalization of the developed formalism to other uniaxial metamaterials.
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I. INTRODUCTION

Nanowire-based composites have recently attracted signifi-
cant attention due to their unusual and counterintuitive optical
properties that include negative refraction, subwavelength
confinement of optical radiation, and modulation of photonic
density of states [1–6]. Due to relatively low loss and
ease of fabrication, nanowire composites found numerous
applications in subwavelength imaging, biosensing, acousto-
optics, and ultrafast all-optical processing, spanning visible
to THz frequencies [7–19]. Wire materials are a subclass
of uniaxial metamaterials that have homogeneous internal
structure along one preselected direction. In all, this class
of composites represents a flexible platform for engineering
of optical landscape from all-dielectric birefringent media,
to epsilon-near-zero, to hyperbolic, and epsilon-near-infinity
regimes, each of which has its own class of benefits and
applications [20–23].

In this work we present an analytical technique that
provides adequate description of electromagnetism in wire-
based metamaterials taking into account nonlocal optical
response originating from the homogenization procedure.
The approach can be straightforwardly extended to describe
optics of coaxial-cable-like media [24–26] and numerous other
uniaxial composites. The developed formalism reconciles
the local and nonlocal effective-medium theories often used
to describe the optics of nanowire composites in different
limits [27–35]. More importantly, the formalism relates the
origin of optical nonlocality to collective (averaged over
many nanowires) plasmonic excitation of wire composite,
and provides the recipe to implement additional boundary
conditions in composite structures.

We illustrate the developed technique on the example
of plasmonic nanowire metamaterials, formed by an array
of aligned plasmonic nanowires embedded in a dielectric
host. For simplicity, we fix the frequency of electromagnetic
excitations and the unit cell parameters of the system, and vary
only the permittivity of the wire inclusions. (The developed
formalism can be readily applied for systems where both
permittivity and frequency are changed at the same time.)
We assume that the system operates in the effective-medium
regime (its unit cell a � λ0 with λ0 being the free-space

wavelength) and that the surface concentration of plasmonic
wires is small p = πR2/a2 � 1. The parameters used in this
work are R = 20 nm, a = 100 nm, εh = 1 or εh = 2.25,
L = 1 μm, λ0 = 1.5 μm (see Fig. 1), which are typical for
composites fabricated with anodized alumina templates [2,13].
Supplementary information (SI) [36] presents the analysis of
full-wave solutions of Maxwell equations in wire media.

II. ELECTROMAGNETIC WAVES SUPPORTED BY BULK
NANOWIRE COMPOSITES

As previously mentioned, the optical response of nanowire
materials resembles that of uniaxial media with optical axis
parallel to the direction of the nanowires (z). Therefore,
dielectric permittivity tensor describing properties of waves
propagating in the wire media is diagonal with components
εx = εy = εx,y and εz.

It has been shown that at optical and near-IR frequen-
cies, the behavior of these components is largely described
by Maxwell-Garnett type effective medium theory (EMT)
[27–30,37]. In this approach, the microscopic distribution of
the field is given by solutions of the Maxwell equations in
quasistatic limit

Emg
z = emg

z ,

Emg
x = emg

x ×
{

2 εh

εh+εi
, r � R,

1 + R2 εh−εi

εh+εi

y2−x2

(x2+y2)2 , r > R,
(1)

with εi and εh being the permittivities of wire inclusions and
of host material, respectively, and parameters e

mg
x and e

mg
z

are the field amplitudes. Straightforward averaging of the j th
component (j = x,y,z) of the fields over the unit cell yields the
effective permittivity ε

mg

j = 〈ε(x,y)Emg

j (x,y)〉/〈Emg

j (x,y)〉:

εmg
x,y = εh

(1 + p)εi + (1 − p)εh

(1 + p)εh + (1 − p)εi

,

εmg
z = pεi + (1 − p)εh.

(2)

By adjusting composition of the metamaterial and operating
wavelength, the optical response of the composite can be
controlled between all-dielectric elliptic (εmg

x,y > 0,ε
mg
z > 0),
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FIG. 1. (Color online) Schematic geometry and a unit cell of a
nanowire composite.

epsilon-near-zero (ENZ, ε
mg
z � 0) and hyperbolic (εmg

x,y >

0,ε
mg
z < 0) regimes. In the two latter regimes, metamaterial

supports optical waves with either small or large effective
modal index motivating a number of potential applications
in molding of light [20–22], cloaking [14–16], and subwave-
length light manipulation [1,9–12].

At the same time, it has been shown that at lower frequen-
cies where −εi � 1, εz of wire composites becomes strongly
nonlocal (exhibits strong dependence on kz) [31–34]. Similar
dependence has been recently shown to take place at visible
frequencies in the ENZ regime [35]. Nonlocality, especially in
the ENZ regime, has been shown to fundamentally alter the
optical response of wire composite, leading to excitation of
new types of optical waves, and requiring additional bound-
ary conditions for analytical description of their excitation
[32–35,38]. Despite extensive previous research, existing
first-principal theoretical models describing optics of wire
composites [32–34] cannot be used at visible and (near)-
IR frequencies (see Appendix C), with remaining models
requiring fitting [35] or numerical solutions of Maxwell
equations. Here we present a formalism free of the above
shortcomings.

The dispersion of plane waves propagating inside homoge-
neous (nonlocal) uniaxial materials can be derived from the
well-known relation

det

∣∣∣∣�k · �k δij − kikj − εij

ω2

c2

∣∣∣∣ = 0, (3)

with �k and ω being the wave vector and the angular frequency
of the plane wave, respectively, c being the speed of light in
vacuum, ε being the generally nonlocal dielectric permittivity
tensor of the metamaterial, and subscripts ij corresponding to
Cartesian components [39]. In the local regime permittivity
tensor is diagonal with εii = ε

mg

i .
We now focus on the development of the model for the

nonlocal effective permittivity of a nanowire composite. For
propagation along the optical axis (kx = ky = 0), Eq. (3)
allows two types of solutions. One is the well-known solu-
tion k

mg
z = √

εx,yω/c. In nanowire composites, this solution
corresponds to the local permittivity εxx = εyy = ε

mg
x,y which is

related to plasmonic oscillations perpendicular to the wire axes
[27–30] and is thus influenced by the plasmonic resonance
of the composite, slightly shifted from the position of the
localized surface plasmon resonances in isolated wires due to
interwire interaction.

The second solution of Eq. (3) corresponds to εz(kz) = 0.
It describes a longitudinal wave propagating in the z direction,
with �E‖�k‖ẑ. This solution is also known as the additional
(TM-polarized) wave.

As we show below, in nanowire systems this mode results
from the interaction between cylindrical surface plasmon
(CSP) modes [40] of the individual wires that comprise the
collective (related to many wires) longitudinal electromagnetic
mode. The components of the fields of the this mode can be
related to its z components that in turn can be written as a linear
combination of cylindrical waves. For the square unit cell
geometry, considered in this work, the latter combination will
only contain cylindrical modes with m = 0,4,8, . . .. Explicitly,

El
z = e−ikl

zz
∑
m

cos(mφ)

×
{
amJm(κir), r � R,

[α+
mH+

m (κhr) + α−
mH−

m (κhr)], r > R,

H l
z = e−ikl

zz
∑
m

{
1, m = 0
sin(mφ), m � 1

}

×
{
bmJm(κir), r � R,

[β+
mH+

m (κhr) + β−
mH−

m (κhr)], r > R,
(4)

with κ2
{i,h} + kl

z

2 = ε{i,h}ω2/c2. Note that continuity of
Ez,Hz,Eφ , and Hφ at r = R uniquely define the parameters
α+

m,β+
m,am, and bm as a function of α−

m , and β−
m . The details of

these derivations are provided in Appendix A.
The field of the mode has to satisfy the periodicity

condition E,H |x=−a/2 = E,H |x=+a/2. An analysis of the
fields produced by a series in Eq. (4) suggests that such a
solution can be realized when β−

m = 0, and kz and α−
m are

obtained from the eigenvalue-type problem∑
m

Ĥyjm

(
kl
z

)
α−

m = 0, (5)

with jm elements of matrix Ĥy corresponding to the y

component of the magnetic field produced by the mth Hankel
function at the location {x,y} = { a

2 ,j a
2Nm

}, with Nm being the
number of m terms in Eq. (4) (see Appendix B for details). Our
analysis suggests that as number of terms in Eq. (4) increases,
the dispersion produced by this analytical technique quickly
converges to the dispersion obtained by direct numerical
solution of Maxwell’s equations (here we use finite element
method and rigorous-coupled-wave analysis [36]). Figure 2
demonstrates the excellent agreement between the numerical
and analytical solutions corresponding to two- and three-term
series m = {0,4},m = {0,4,8}, and clearly demonstrates the
longitudinal character of this mode. This wave is strongly
dispersive in the regime εi → −εh, corresponding to the
surface plasmon oscillations on the metal-dielectric interface.
On the other hand, when −εi � εh (realized at mid-IR and
lower frequencies for noble metals), the wave vector of the
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FIG. 2. (Color online) (a) and (b) Dispersion in nanowire composite (εh = 1) as a function of wire permittivity. Dashed and solid lines
represent transverse and longitudinal waves [kmg

z and kl
z, Eq. (5), m = {0,4,8}], respectively; dotted line represents results of Eq. (5) for

m = {0,4}; symbols represent numerical solutions of the Maxwell’s equations; for −εi � εh, kl
z → nl

∞ω/c [dotted line in inset in (a)]. (c)–(e)
electric field in the unit cell; surface plots and arrows represent Ez and �Ex,y components, respectively. (f) Modal dispersion for off-axis
propagation [Eq. (7)].

longitudinal mode approaches nl
∞ω/c, and its transverse coun-

terpart approaches light line (see Refs. [32–34] and Fig. 2).
Comparing the dispersion relation corresponding to mi-

croscopic [Eq. (5)] and effective medium approximation
εz(kz) = 0, a complete description of the nonlocal effective
permittivity can be obtained. The functional dependence of
nonlocal permittivity can be approximated as

εz(kz) = ξ
(
k2
z − kl

z

2) c2

ω2
, (6)

where kz is the wave vector of the mode in the nonlocal
effective medium approximation, kl

z is the wave vector of the
mode of the composite in the microscopic theory, and ξ is the
factor which will be determined below.

The above considerations can be extended to the case
of propagation of waves at an angle to the optical axis.
For simplicity we consider the case ky = 0, kx �= 0. It is
relatively straightforward to transform Eq. (3) into a set of two
uncoupled dispersion relations. For nanowire composites, the
first of these, k2

x + k2
z = ε

mg
x,yω

2/c2 describes the propagation
of transverse-electric (TE)-polarized waves. The second one,
εz(kz)(k2

z − ε
mg
x,y

ω2

c2 ) = −ε
mg
x,yk

2
x , describes the propagation of

the transverse-magnetic (TM)-polarized waves. Taking into
account Eq. (6), the latter relation can be rewritten as

(
k2
z − kl

z

2) (
k2
z − εmg

x,y

ω2

c2

)
= −ε

mg
x,y

ξ

ω2

c2
k2
x (7)

that reflects the fact that similar to other nonlocal materials
[38], nanowire composites support two TM-polarized waves
propagating with different indices.

Equation (7) clearly shows that off-angle (kx �= 0) prop-
agation of the two TM-polarized waves in anisotropic wire
media can be mapped to a microscopic model of optical
properties of a nanowire array. In this description, the two
TM modes are determined by the components of the effective
permittivities arising from (i) transverse (electron oscillations
perpendicular to the nanowire axes) and (ii) longitudinal
(electron oscillations and the wave vector parallel to the
nanowire axes) parts of the cylindrical plasmons of the wires.
The off-angle wave vector plays the role of the coupling
constant. This nonlocality is present only in the effective
medium model due to the homogenization procedure; in the
microscopic model of the nanowire array, all the quantities are
local.

The remaining free parameter of the model, multiplicative
factor ξ , can be determined by requiring that in the limit
of small kx the properties of one of the two TM-polarized
waves follow elliptic or hyperbolic dispersion and has kz(kx) =
const dependence, observed in the wire media when ε

mg
z >

0, ε
mg
z < 0, and ε

mg
z � −1, respectively [27–30,32–34]. The

relationship

ξ = p
εi + εh

εh − (nl∞)2
(8)

adequately describes optics of wire media in these three limits.
The excellent agreement between the predictions of Eq. (7)
and the full-wave numerical solutions of Maxwell equations
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FIG. 3. (Color online) (a)–(d) Isofrequency contours of TM-polarized modes in nanowire composites with εh = 1. Solid lines and symbols
correspond to Eq. (7) and numerical solutions of Maxwell equations, respectively; dashed lines represent local EMT; (a) and (b) represent
properties of main TM-polarized mode; (c) and (d) correspond to additional wave. (e) and (f) The effective medium permittivity of nonlocal
nanowire composite for kx = 0 (c) and for kx �= 0 (d); ε(1)

z ,ε(2)
z represent two solutions of Eq. (6); cross mark indicates ENZ condition (εmg

z � 0).

is shown in Figs. 2–4. As expected, the isofrequency of the
“main” TM-polarized wave resembles ellipse or hyperbola that
for small values of kx is well described by ε̂mg . At the same
time, the dependence kz(kx) in “additional” wave is opposite to
that of its main counterpart. The z component of permittivity
is described by Eq. (2) only for on-axis (kx = 0) propagation,
and exhibits strong spatial dispersion for oblique propagation
of light.

The presented formalism provides a mechanism to calculate
the deviation of the dispersion of the waves in nanowire
materials from the prediction of local effective medium
technique. In particular, this deviation places fundamental
limits on subwavelengh light manipulation and on increase
of local density of photonics states [3–6]. It is also likely to
affect the cloaking performance of nanowire-based structures
[14–16].

Now that the origin and dispersion of the modes propagating
in nanowire systems is understood, we focus on the analysis
of the optical properties of finite-size wire arrays. Since in
the EMT approximation the fields of TE- and TM-polarized
modes are orthogonal to each other, and since propagation
of TE-polarized light through the wire-based system is only
affected by x,y components of permittivity, this propagation
can be successfully described by Eq. (2) [27–30]. Here we
focus on the analysis of propagation of TM-polarized light.
This analysis must answer two important questions: (i) What
is the structure of electromagnetic waves propagating in the
system, and (ii) what are the additional boundary conditions
needed to determine the amplitudes of the two TM-polarized
modes inside the wire system?

Consistent effective medium description requires that the
unit-cell averaged fields satisfy both constituent relations εj =
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FIG. 4. (Color online) Same as Figs. 3(a)–3(d) for εh = 2.25.

〈εEj 〉/〈Ej 〉 and relations between the field components of the
plane wave 〈εEz〉 = −kx/kz〈εEx〉. With these constraints,
we start from Eqs. (1) and (4), determine the parameters
α−

0 ,e
mg
z , and e

mg
x by normalizing 〈El

z〉 = 〈Emg
x 〉 = 〈Emg

z 〉 = 1,
and construct the fields of the two waves propagating in the
wire media as �E(x,y)eiωt−ikxx−ikzz with

Ex(x,y) = Emg
x ,

(9)
Ez(x,y) = γ mgEmg

z + γ lEl
z|z=0,

and

γ mg = −ε
mg
x,ykx

εzkz

εz − εl

ε
mg
z − εl

,

(10)

γ l = −ε
mg
x,ykx

εzkz

εz − ε
mg
z

εl − ε
mg
z

.

In the expressions above εz ≡ εz(kz) is given by Eq. (6), kz(kx)
by Eq. (7), and εl = 〈ε(x,y)El

z(x,y)〉/〈El
z(x,y)〉.

Equation (9) represents a transition between full-wave
solutions of Maxwell equations in the nanowire array where
the fields oscillate on the scale of the individual wires, and
effective-medium solutions where plane waves propagate in
the homogenized material. Since our model for �Emg assumes
quasistatic limit [Eq. (1)], Eq. (9) is technically valid in the
limit a � 2π/kx, a � λ0. Any effective medium technique is
expected to fail in the limit kx � 2π/a.

III. TRANSMISSION AND REFLECTION PROPERTIES OF
NONLOCAL METAMATERIAL SLABS

Finally, we consider the problem of reflection/refraction of
light at the interface of nonlocal (meta-) materials, extending
the well-developed transfer-matrix formalism [41,42] to non-
local composites. The typical geometry of light propagation
through a finite-thickness slab of nanowire material is shown
in Fig. 5.The problem of calculating reflection/transmission of
light through the slab of nanowire material can be reduced
to the problem of finding the amplitudes of reflected and
transmitted waves throughout the system in terms of the

x

z
1

2

3

c1,1
-c1,1

+

c2,1
-

c2,2
-

c2,1
+

c2,2
+

c3,1
-

FIG. 5. (Color online) Schematic of TMM for a nanowire com-
posite. Each mode is labeled to clarify notation as well as interface
numbers.

amplitude of the single wave incident on the material (c−
1,1).

This problem, in turn, can be reduced to the problem of finding
the amplitudes of waves scattered by each individual interface
in terms of the amplitudes of the (multiple) waves incident at
this interface.

Maxwell equations require continuity of (microscopic) Ex

and Dz, and the effective-medium boundary conditions can
be obtained by averaging these relationships across the unit
cell. Multiple, linearly independent boundary conditions can
be obtained by requiring the continuity of En = 〈e2πin x

a Ex〉
and Dn = 〈e2πin x

a Dz〉 with different integer n.
In particular, for the interface between two conventional

materials, continuity of E0,D0 yield conventional TMM
results. If one of the media is nonlocal metamaterial, we
suggest to complement the above boundary conditions by
the additional boundary condition (ABC) of continuity of D1

(if both materials are nonlocal, addition of second ABC of
continuity of E1 is required). Explicitly, assuming that the top
interface is located at z = z0, the boundary conditions for this
interface are implemented as

c+
1,1E

0
1,1e

ikz1,1 z0 + c−
1,1E

0
1,1e

−ikz1,1 z0

=
∑
l=1,2

c+
2,lE

0
2,le

ikz2,l
z0 + c−

2,lE
0
2,le

−ikz2,l
z0 ,

c+
1,1D

0
1,1e

ikz1,1 z0 − c−
1,1D

0
1,1e

−ikz1,1 z0

=
∑
l=1,2

c+
2,lD

0
2,le

ikz2,l
z0 − c−

2,lD
0
2,le

−ikz2,l
z0 ,

c+
1,1D

1
1,1e

ikz1,1 z0 − c−
1,1D

1
1,1e

−ikz1,1 z0

=
∑
l=1,2

c+
2,lD

1
2,le

ikz2,l
z0 − c−

2,lD
1
2,le

−ikz2,l
z0 . (11)

In the expressions above the double subscript represents the
layer number in the system and the mode number within
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FIG. 6. (Color online) Transmission and reflection of light through a parallel slab of nanowire media, suspended in air for (a)–(d) and in
polymer with εh = 2.25 (e) and (f) with Im(εi) = −0.1 (a), (b), (e), and (f), and Im(εi) = −0.25 (c) and (d). (a), (c), and (e): Local TMM
calculations. (b), (d), and (f): TMM simulations with the nonlocal EMT developed here (lines) and numerical solutions of Maxwell equations
(symbols). Solid lines and filled symbols represent reflection. Dashed lines and empty symbols represent transmission; different colors/shapes
correspond to different angles for incident angles, blue circles: 0◦, green squares: 20◦, red triangles: 40◦.

the layer, while the “±” superscript represent the direction
of the wave propagation (see Fig. 5). The amplitudes of
the wave propagating in the system represent the amplitude
of E0; therefore, the amplitudes of Ex are symmetric with
respect to change of propagation direction kz → −kz, while
the amplitudes of Ez,Dz are antisymmetric

Note that since polarization along the optical axis Pz

is dominated by the field of longitudinal wave, this ABC
is close to the heuristic condition P nonlocal

⊥ = 0, proposed
for homogeneous [38] and composite [35] materials, and
to condition of continuity of εhE0, suggested for ultrathin
high-conductivity wires [32–34] (in general the above ABCs
are not identical to each other). When both media across
the interface are nonlocal, continuity of E1 plays the role of
the second additional boundary condition. Note that due to
presence of longitudinal modes on both sides of the interface,

P nonlocal
⊥ may not vanish in this configuration. As an additional

crosscheck, the proposed combination of ABCs ensures full
transmission of light through “virtual” interface between two
identical nanowire metamaterials.

Transmission and reflection of metamaterial are compared
to the full-vectorial numerical solutions of Maxwell’s equa-
tions, predictions of conventional (local) effective medium
theory, and predictions of the nonlocal EMT developed in this
work in Fig. 6. It is seen the smaller the loss and the larger the
angle of incidence the more important it becomes to take into
account the nonlocal optics of nanowire composites. Interest-
ingly, nonlocal response strongly affects optical response of
the wire metamaterials across the broad range of the effective
permittivities. This effect is most clearly seen in reflection,
but is also visible in transmission, especially in the ENZ
regime.
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IV. CONCLUSIONS

We presented an approach to describe optics of nonlo-
cal wire metamaterials across the whole optical spectrum.
The formalism demonstrates excellent agreement with the
results of numerical solutions of Maxwell’s equations and
is essential in development of an adequate description of
optics in wire arrays, from understanding the true density of
photonic states to the limits of resolution in these systems.
Although not presented here, in our studies we also varied
radius and lattice size in the composite (within p � 0.3 limit
of applicability of Maxwell-Garnett formalism [29]), and
obtained good agreement between analytical and numerical
solutions of Maxwell equations. The developed formalism
can be straightforwardly extended to describe the optics of
other wirelike composites including coated wire structures,
and coax-cable-based systems [24–26].
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APPENDIX A: DISTRIBUTION OF ELECTROMAGNETIC
FIELDS ACROSS THE UNIT CELL

Since the geometry of the system (see Fig. 1) is homo-
geneous along the z direction, the field in the unit cell can
be represented as a linear combination of cylindrical waves
having a well-defined value of the wave vector component kz,
given by Eq. (4).

The symmetry of the unit cell chosen in our work dictates
the choice of m = 0,4,8, . . .. The approach can be generalized
to different unit cells by choosing an appropriate combination
of m values. The technique can be further generalized by
replacing {sin mφ, cos mφ} → exp imφ and expanding the
summation over positive and negative values of m. In-plane
components of the microscopic fields can be expressed as
follows:

El
r = i

κ2

(
kl
z

∂El
z

∂r
+ ω

rc

∂H l
z

∂φ

)
,

El
φ = i

κ2

(
kl
z

r

∂El
z

∂φ
− ω

c

∂H l
z

∂r

)
,

H l
r = i

κ2

(
−εω

rc

∂El
z

∂φ
+ kl

z

∂H l
z

∂r

)
,

H l
φ = i

κ2

(
εω

c

∂El
z

∂r
+ kl

z

r

∂H l
z

∂φ

)
. (A1)

Equation (A1) is valid both inside (r � R) and in-between
(r > R) the nanowires; the value of r determines the choice of

ε,κ =
{
εi,κi, r � R,

εh,κh, r > R.

For brevity, from this point on, we omit the arguments of
Bessel functions; unless otherwise specified, it is assumed that
Jm = Jm(κir); H±

m = H±
m (κhr).

Note that only one of the three sets of coefficients
{am,bm},{α+

m,β+
m }, and {α−

m,β−
m } is independent. We begin

by using the continuity of the tangential components of the
electric and magnetic fields at r = R to obtain an expression
for {am,bm},{α+

m,β+
m } in terms of {α−

m,β−
m }. Explicitly, the

linear relationship⎛⎜⎝ α+
m
...

β+
m

⎞⎟⎠ = Ŝ

⎛⎜⎝ α−
m
...

β−
m

⎞⎟⎠ (A2)

can be derived from⎡⎣ kl
zmH+

m

R

(
1
κ2

i

− 1
κ2

h

)
ω
c

(
J ′

mH+
m

κiJm
− H ′+

m

κh

)
ω
c

(
εiJ

′
mH+

m

κiJm
− εhH

′+
m

κh

)
kl
zmH+

m

R

(
1
κ2

i

− 1
κ2

h

)⎤⎦ (
α+

m

β+
m

)

=
⎡⎣ kl

zmH−
m

R

(
1
κ2

i

− 1
κ2

h

)
ω
c

(
J ′

mH−
m

κiJm
− H ′−

m

κh

)
ω
c

(
εiJ

′
mH−

m

κiJm
− εhH

′−
m

κh

)
kl
zm

R

(
1
κ2

i

− 1
κ2

h

)
H−

m

⎤⎦(
α−

m

β−
m

)
,

(A3)

where each of the four submatrices is a diagonal matrix with its
elements corresponding to the Bessel function combinations
evaluated at r = R. In this cylindrically symmetric case,
the S matrix can be formally divided into four (diagonal)
submatrices

Ŝ =
[
S11 S12

S21 S22

]
. (A4)

The components S11 and S22 represent polarization-preserving
TE, TM reflection, while the components S12,S21 represent
polarization-mixing coupling of TM to TE waves. Note that
in the cylindrical geometry, polarization-preserving reflection
is only possible when either m = 0 or kz = 0, which yields
det S12 = det S21 = 0.

The relationships

amJm = α+
mH+

m + α−
mH−

m ,

bmJm = β+
mH+

m + β−
mH−

m (A5)

allow one to calculate the amplitudes {a,b} based on the
amplitudes of {α−,β−}.

Combined, Eqs. (1), (A1), (A2), (A3), and (A5) provide
complete information about the field distribution inside the
unit cell once the parameters kl

z and {α−,β−} are known. The
formalism presented here can be straightforwardly expanded to
calculate the field inside the structures with more complicated
unit cells, that include multishelled wires, coax-cable-like
systems, etc. (see, e.g., Refs. [24–26]). The formalism can
be further extended to calculate fields inside the systems with
noncircular cross section of the wires, in which case the S

matrix ceases to be block diagonal [43–45].

APPENDIX B: DISPERSION OF THE
LONGITUDINAL MODE

We now focus on the problem of calculating the dispersion
of the mode, which reduces to the problem of calculating
the relationship between internal structure of the unit cell
and the set of parameters kz and {α−,β−}. The field of the
eigenmode propagating in the periodic array of wires should
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satisfy the Bloch-periodicity condition

E

H

∣∣∣∣
x=− a

2 ,y

= E

H

∣∣∣∣
x=+ a

2 ,y

(B1)

(here we enforce periodicity of y components of electric and
magnetic fields). Although this condition should ideally be
satisfied for all values of the y coordinate from the interval
y ∈ [−a/2,a/2], in practice it suffices to enforce the Bloch-
periodicity condition for a number of fixed points {xj ,yj } equal
to the number of m values in Eq. (4). In our calculations we
assume yj = a

2Nm
j , with Nm being the number of m terms in

expansion in Eq. (4). Our analysis suggests that the choice of
the exact location of the points does not significantly alter the
dispersion of the mode, derived with the technique described
in this work.

Noting that sin(φ) = sin(π − φ), cos(φ) = − cos(π − φ),
sin(mφ) = − sin[m(π − φ)], and cos(mφ) = cos[m(π − φ)],
it can be shown that components of electric and magnetic field
possess the following symmetry:

Ey(x,y) = Ey(−x,y),

Hy(x,y) = −Hy(−x,y).

Therefore, Eq. (B1) becomes equivalent to(
0̂ 0̂̂̃H+ Ĥ+

) (
α+

m

β+
m

)
+

(
0̂ 0̂̂̃H− Ĥ−

) (
α−

m

β−
m

)
=

(
0
0

)
,

(B2)

where the elements of the submatrices H± are evaluated based
on Eqs. (1), (A1), and (A2) according to the following rules:
The submatrices H̃ and H represent the magnetic field of
TM- and TE-polarized waves, respectively; the superscript of
the expression ± corresponds to the superscript of the Hankel
function; and the jmth element of each submatrix represent the

FIG. 7. (Color online) Dispersion of the modes guided by the
nanowire metamaterial, calculated with full-wave solutions of
Maxwell equations (symbols), the analytical technique presented in
this work (solid lines), and with earlier approach, designed for highly
conducting wires [33,34] (dashed lines); inset in (a) shows Re[εi];
Im[εi] = −0.1; εh = 1.
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FIG. 8. (Color online) Same as Fig. 7 but for highly conductive
wires εi = −200 − 0.1i; note that |Im[kzc/ω]| � |Re[kzc/ω]| in
(a) and (b) and that |Im[kzc/ω]| � |Re[kzc/ω]| in (c) and (d).

y component of the magnetic field due to mth Hankel function,
evaluated at the point {xj ,yj } = {a/2,yj }.

With the help of the S matrix, Eq. (B2) can be further
simplified as(

0̂ 0̂̂̃H+Ŝ11 + Ĥ+Ŝ21 + ̂̃H− ̂̃H+Ŝ12 + Ĥ+Ŝ22 + Ĥ−

)(
α−

m

β−
m

)

=
(

0
0

)
. (B3)

Finally, we represent the amplitudes of the field of longitu-
dinal TM-polarized wave as (α

−
m

0 ) with values of the coefficients

FIG. 9. (Color online) Effective permittivity [defined as εz =
〈ε(x,y)Ez(x,y)〉/〈Ez(x,y)〉, see text] calculated with full-wave so-
lutions of Maxwell equations (symbols), the analytical technique
presented in this work (solid lines), and with earlier approach,
designed for highly conducting wires [33,34] (dashed lines); note
the difference in vertical scale between (a) and (c) and (b) and (d).

035111-8



NONLOCAL OPTICS OF PLASMONIC NANOWIRE . . . PHYSICAL REVIEW B 89, 035111 (2014)

given by nontrivial solutions of the linear relationship

Ĥyα
− = (̂̃H+Ŝ11 + Ĥ+Ŝ21 + Ĥ−)α− = 0, (B4)

resulting in Eq. (5).

APPENDIX C: COMPARISON WITH EARLIER
NONLOCAL HOMOGENIZATION ATTEMPTS

As described in the paper, the problem of light interaction
with nonlocal wire media has been considered before [24–35].
The majority of the studies that focus on high-frequency
response of wire composites [24–31] predict a single extraor-
dinary and a single ordinary wave at every frequency. The
majority of studies that do predict existence of additional
electromagnetic waves [32–35] have focused on optics for
highly conductive (PEC-like) wires. References [33] and [34]
present an attempt to generalize the developed formalism to
the case of plasmonic media. Figures 7, 8, and 9 present a

comparison of the formalism from Refs. [33] and [34], the
approach described in this work, and full wave numerical
solutions of Maxwell equations.

Figures 7 and 8 clearly demonstrate that, in contrast to the
formalism presented in this work, the approach developed in
Refs. [32–34] severely underestimates effective modal index
of the waves propagating in plasmonic wire media (similar
phenomenon can also be seen in Fig. 3 of Ref. [33]). This un-
derestimation yields significant errors in calculations of optical
properties of wire composites, seen in Fig. 5 of Ref. [34] that
can be only be eliminated by using heuristic correction factor.

Finally, we note that our formalism not only adequately
describes the effective modal index of light propagating in
plasmonic wire media, but it also correctly predicts effective
nonlocal permittivity of these modes. The latter fact is clearly
seen in Fig. 9 (note that due to difference in vertical scale
agreement for Im[εz] looks worse than the agreement for
Re[εz]).
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Abstract: The hyperbolic and plasmonic properties of silicon nanowire/Ag 
arrays have been investigated. The aligned nanowire arrays were formed 
and coated by atomic layer deposition of Ag, which itself is a metamaterial 
due to its unique mosaic film structure. The theoretical and numerical 
studies suggest that the fabricated arrays have hyperbolic dispersion in the 
visible and IR ranges of the spectrum. The theoretical predictions have been 
indirectly confirmed by polarized reflection spectra, showing reduction of 
the reflection in p polarization in comparison to that in s polarization. 
Studies of dye emission on top of Si/Ag nanowire arrays show strong 
emission quenching and shortening of dye emission kinetics. This behavior 
is also consistent with the predictions for hyperbolic media. The measured 
SERS signals were enhanced by almost an order of magnitude for closely 
packed and aligned nanowires, compared to random nanowire composites. 
These results agree with electric field simulations of these array structures. 
© 2013 Optical Society of America 
OCIS Codes: (160.4236) Nanomaterials; (160.3918) Metamaterials; (160.1245) Artificially 
engineered materials; (160.4670) Optical properties. 
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1. Introduction 

Metamaterials are engineered composite materials containing subwavelength inclusions with 
rationally designed shapes, sizes, mutual arrangements and orientations, which often exhibit 
unparalleled properties not available in nature or traditional synthetic materials [1,2]. The 
field of metamaterials has brought about novel designs, since researchers have been able to 
overcome the constraints associated with conventional materials and explore entirely new 
concepts with a much larger range of material parameters available through structured media. 
Materials with negative indices of refraction [3–7], “perfect” lenses [8,9] and hyperlenses 
[10–14] that focus and image with resolution beyond the diffraction limit, invisibility cloaks 
[15,16], and nanoscopic lasers [17–21] are just some of the novel concepts that have been put 
forward. 

A new class of uniaxial (meta)materials has been reported [22–25], which have highly 
unusual iso-frequency surfaces defined by allowed wavevectors at constant frequency. When 
all principal components of the dielectric permittivity tensor are positive, the iso-frequency 
surface is “closed” and forms a spheroid or ellipsoid in the wavevector space (k-space). In 
such media, the magnitude of the wavenumber is limited, constraining the resolution of 
optical imaging, and the density of photonic states. In contrast, a highly anisotropic 
metamaterial, whose dielectric permittivity in orthogonal directions has different signs, 
exhibits a hyperbolic iso-frequency surface, and thus is referred to as hyperbolic. Such 
materials have an almost unlimited magnitude of a wave vector k and near infinite local 
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density of photonic states [26]. Recent theoretical predictions [26] and experimental results in 
hyperbolic metamaterial structures [27–33] have shown that, in line with the seminal work by 
Purcell [34], the high density of photonic states can control spontaneous emission of 
luminescent centers and reflectance of roughened metamaterials’ surfaces [35,36]. 

The most common approach to fabricate a metamaterial is by patterning periodic arrays of 
individual elements, which can be metal, dielectric, plastics, etc., depending on application. 
The properties of metamaterials can then be tailored by controlling the individual element 
shape, size and geometry, as well as the array periodicity and/or arrangement [1,2]. However, 
most of traditional cleanroom fabrication techniques are prohibitively expensive and hardly 
scalable [37]. Much more appealing are bottom-up techniques capable of producing 
centimeter size samples, which include electroplating growth of metallic nanowires in porous 
alumina membranes [38-42], eutectic crystal growth of split ring resonator structures [43], 
and deposition of lamellar semiconductor or metal-dielectric film structures [28–32,44]. In 
addition, a metamaterial can also be formed by Atomic Layer Deposition (ALD) growth-
induced patterning, as has recently been reported for Ag [45]. 

The density of photonic states in hyperbolic metamaterials (which can control a variety of 
quantum and classical phenomena) is significantly larger inside the structure than on its 
surface [29]. Therefore, many applications require impregnation of hyperbolic metamaterials 
with nonlinear and luminescent chromophores and other active components. One realization 
of hyperbolic metamaterials, allowing their easy functionalization, is arrays of parallel metal-
coated nanowires that are separated by air gaps, which is studied in this work theoretically 
and experimentally. 

In this work, we fabricate and examine the optical properties of closely spaced long Si/Ag 
nanowire composite arrays. We predict, theoretically and numerically, that these structures 
have hyperbolic dispersion in the visible and infrared ranges of the spectrum. The results of 
reflection and dye emission experiments are consistent with the model predictions. We also 
report an enhancement of surface enhanced Raman scattering (SERS), which is, most likely, 
due to plasmonic coupling of closely spaced nanowires and enhanced density of photonic 
states in hyperbolic metamaterials. 

2. Formation of closely spaced Si nanowire arrays 

There are a number of approaches in forming silicon nanowires (NWs), such as chemical 
vapor deposition [46] and thermal evaporation [47], but in general, these processes require 
very specific growth chambers which are expensive and which can require rather dangerous 
gases, such as silane. Furthermore, most of these systems produce randomly grown Si 
nanowires. In order to form aligned and ordered Si nanowire arrays with small diameters, the 
vapor liquid solid (VLS) growth mechanism is used [48], and small diameter nanowires can 
be formed by control of the metal catalyst size, which may require further lithographic steps. 
Instead, we have chosen a metal assisted chemical etching process [49], which allows a 
simple and inexpensive way of forming silicon nanowire arrays, with very few equipment 
requirements. 

Preparation of silicon nanowires through chemical etching has been found to work well 
when silver is used to enhance the etching [50]. The etching process can be described as 
follows: Ag nanoparticles are deposited onto the silicon substrate. Some of the Ag is oxidized 
and dissolved in solution, forming Ag + ions, which react with Si at the Si/Ag nanoparticle 
interface, so that enhanced silicon etching occurs, and it is localized to the regions covered by 
the Ag nanoparticles. As this enhanced Si etching continues, channels are formed into the 
silicon substrate, leaving silicon walls in regions with no Ag nanoparticles, thus creating a Si 
NW array. 

A number of Silicon substrates were investigated, including Si(100), Si(111), lightly 
doped p and n-type wafers, heavily doped p and n-type wafers, as well as p-doped 50 micron 
thick Si wafers. The silicon wafers were cut into 1x1 cm2 pieces, washed with acetone, 
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ethanol, and DI water, followed by a piranha etch (sulfuric acid and hydrogen peroxide in a 
3:1 v/v ratio). The samples were then dipped in 5% HF/water solution for 3 minutes, placed in 
a 4.8 M HF and 0.005M AgNO3 solution to form the Ag catalyst [49]. The resultant samples 
were rinsed in deionized (DI) water and the remaining Ag catalyst was removed using a nitric 
acid/DI solution. The nanowires were characterized via scanning electron microscopy (SEM). 

2.1 Effect of Si substrate doping on array formation 

A number of silicon substrates were investigated, using the optimal electroless Ag catalyst 
deposition and optimal HF etching conditions. Figure 1 shows the SEM images of some of 
the resulting nanowires etched under the same conditions as a function of substrate doping. 
Figure 1(a) shows an SEM micrograph of a lightly boron doped p-type silicon wafer with a 
resistivity of 1-30 ohm-cm, Fig. 1(b) shows an image for a lightly phosphorus doped n-type 
silicon with a resistivity of 1-20 ohm-cm, Fig. 1(c) shows a heavily boron doped p-type 
silicon wafers with resistivity of 0.01-0.02 ohm-cm, Fig. 1(d) shows a heavily arsenic doped 
n-type silicon with a resistivity of 0.0015-0.007 ohm-cm and Fig. 1(e) shows Si arrays that 
can be formed on both sides of a Si wafer, assuming the etching conditions are properly 
optimized. 

 

Fig. 1. Si NWs produced using a) p-type silicon, 1-30 ohm-cm, b) n-type silicon, 1-20 ohm-
cm, c) p-type silicon, 0.01-0.02 ohm-cm, d) n-type silicon, 0.0015-0.007 ohm-cm and e) p-type 
Si (100) 50 micron thick wafer, etched from both sides. 

As is evident from Fig. 1, the metal assisted chemical etching process worked well for 
most types of silicon substrates except those that were heavily doped. This is evident in Fig. 
1(d) for a very heavily doped sample, which resulted in short, disordered nanowires that were 
not properly separated from each other. 

3. Formation of NW/Ag composite arrays 

In order to investigate both hyperbolic and plasmonic properties of the NW arrays, we coated 
the Si NW arrays with 21 nm of Ag, using atomic layer deposition (ALD). The ALD process, 
due to its conformality and high aspect ratio coverage, was deemed ideal for achieving full 
coverage of the closely spaced NW arrays. 

The growth of the Ag films was performed by remote plasma enhanced atomic layer 
deposition (PEALD), using Ag(fod)(PEt3) (fod = 2,2-dimethyl-6,6,7,7,8,8,8-
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heptafluorooctade-3,5-dionato) and hydrogen plasma as the precursors [45, 51]. The Ag films 
were deposited at 125°C onto the Si nanowire arrays, as well as on random Si nanowires. 

 

Fig. 2. a) SEM image of 21 nm thick Ag thin film deposited on Si using plasma enhanced 
atomic layer deposition (PEALD); b) SEM image of Si NW arrays coated with ALD Ag near 
the substrate. 

The thicknesses of the deposited Ag films were 7 nm, 17 nm, 21 nm and 38 nm, as 
measured by ellipsometry and XTEM. 

The PEALD film consisted of polycrystalline fcc flat Ag islands (Fig. 2(a)), separated by 
very small air gaps. No detectable contaminants (from EDS) were noted and the thicker films 
had a resistivity in line with metallic Ag. In terms of coating the Si NW arrays, although the 
Si nanowires in the arrays were 30 microns long and relatively closely spaced (separated by 
only 150 - 200 nm), we see conformal coverage of the ALD Ag along the whole length, down 
to the substrate, as shown in Fig. 2(b). 

In terms of the optical response, however, the ALD Ag does not resemble a standard Ag 
thin film, in that the ALD Ag exhibits plasmonic behavior, as reported earlier [45]. This 
plasmonic behavior is also evident from Fig. 3(a), which shows an experimentally determined 
reflection spectrum for the PEALD Ag, along with an FDTD simulation of this Ag mosaic 
structure. The resonance near 600 nm is due to plasmonics, and it has been shown to blue 
shifts with decreasing film thickness [52]. This resonance is only present in ALD Ag and not 
in Ag films deposited by other means [52], which agrees well with the SERS enhancement 
only seen for ALD Ag [45]. Thus PEALD Ag is in fact a metamaterial due to its unique 
mosaic grain structure, modeled as a coaxial cylinder of Ag surrounded by an air gap [45]. 
Figure 3(b) shows a single coaxial cylinder used to model the Ag ALD film mosaic 
morphology in the FDTD simulation. The simulation was obtained by forming an array of 
these cylinders 

 

Fig. 3. a) Comparison of the measured reflection data of ALD Ag to a finite difference time 
domain simulation of a 200nm diameter air ring in a 40nm thick Ag film. Note that the data 
and simulation both have the same line shape and that the positions of the resonance agree 
well. b) Electric field simulation of a single element of the PEALD Ag microstructure (coaxial 
cylinder) used to obtain the simulation in a). Also shown are the resultant high electric fields in 
and above the air gap. 
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in order to obtain the reflection data shown in Fig. 3(a) and the electric field enhancements 
shown in red in Fib 3(b). Note that these high electric fields form not only in the air gaps but 
also above the gaps, which leads to strong plasmonic behavior as measured by SERS [45]. 

4. Theoretical prediction of Hyperbolic Dispersion 

To understand the topological properties of the waves propagating in our metamaterials, we 
used 2D finite-element-based solutions of Maxwell equations [53] to deduce the dependence 
of the z-component of wavevector on frequency and x-component of the wavevector. In these 
calculations we used a more general model of the structure than the one realized in 
experiments. Thus, the system was represented as a periodic array of infinitely long 
composite wires with shelled internal structure (one unit cell of such structure is shown in 
Fig. 4(a)). These calculations have revealed that, similar to previously studied nanowire-based 
metamaterials [38–42], Si-based nanowire arrays support two waves that differ by their 
polarization. The dispersion of these two waves was numerically calculated for the following 
set of parameters: free-space wavelength 900 nm, distance between centers of Si nanowires 
250 nm, the diameter of nanowires: 150 nm, with thickness of ALD silver coatings ranging 
from 7 nm to 38 nm. In these calculations, we assumed that optical properties of components 
of metamaterials are significantly close to those of bulk media [54]. 

The calculations show that for small angles of incidence, the behavior of the metamaterial 
is consistent with what is expected of a uniaxial homogeneous medium. For smaller values of 
silver thickness, the material exhibits elliptical behavior, while for larger thickness of the 
silver shells, the behavior is hyperbolic-like. Least-square fitting of these numerically 
calculated dispersion curves to ellipses or hyperbolae yields the effective medium parameters 
for the structure [40]. These effective medium parameters are summarized in Fig. 4(b). 

In the limit when the nanowire radius, shell thickness, and distance between the wires are 
much smaller than the wavelength, the dispersion of nanowire structures can be described by 

 

Fig. 4. (a) schematic geometry of the unit cell for a multi-shell nanowire composite, used in 
derivation of effective medium response; experimental configuration corresponds to a two 
shell system or N = 2; (b) effective medium parameters extracted from finite-element solutions 
of Maxwell equations (symbols) and from effective medium theory (lines); (c) spectral 
dependence of effective medium parameters for different thickness of Ag shell; (d) dependence 
of effective plasma wavelength of composite in (c) as a function of Ag shell thickness. 

effective medium theory that can be calculated by straightforward generalization of Maxwell-
Garnett approach to describe the composite containing N shell-type components. Explicitly, 
the component of the permittivity tensor along the wire, εzz, is calculated as the weighed 
average of the permittivities of the constituent components as 
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with pi being the (surface) concentration of the i-th component of the composite. 
To calculate the component of permittivity tensor in the direction perpendicular to the 

wires, it is necessary to find field distribution along the nanowire system. Straightforward 
calculation yields: 
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The agreement of the numerically-extracted effective medium parameters with prediction 
of generalized Maxwell-Garnett theory is illustrated in Fig. 4(b). It is seen that the iterative 
technique adequately describes the behavior of ε⊥  in the regime when the concentration of 
inclusions is relatively small (the relative concentration of the host component of 
metamaterial pN >70%). In contrast, the parallel component of the permittivity is only 
qualitatively described by the effective medium theory. This apparent disagreement has its 
origin in strong spatial dispersion that is expected in the vicinity of epsilon-near-zero 
behavior for composites with relatively large unit cells. Similar deviations have been 
previously observed in gold nanowire metamaterials [55]. The implications of this behavior 
for optical response of the nanowire composites and the analytical description of the 
properties of nanowire systems in ENZ regime will be detailed in our future works. 

To explore the parameter space enabled by the Si/Ag nanowire arrays, effective medium 
theory was used to analyze the dependence of effective medium parameters as a function of 
wavelength for several fixed values of the Ag shell thickness. The results of these calculations 
are summarized in Fig. 4(c). It is seen that, similar to conventional plasmonic nanowire 
arrays, Si/Ag composites offer broadband hyperbolic response, with plasma-like behavior of 
ε||. As expected, the thickness of plasmonic shell plays a role of a convenient control 
parameter, that can be used to tune effective plasma frequency (the frequency at which ε|| 
crosses zero). Such tuning is shown in Fig. 4(d). 

5. Experimental Studies of Reflection and Emission in Si/Ag arrays 

5.1 Specular and Diffused Reflection of Si/Ag arrays 

The four nanowire samples with the parameters described in Section 4 and thickness of ALD 
silver equal to 7 nm, 17 nm, 21 nm and 38 nm have been studied experimentally. According 
to the theoretical modeling presented in Section 4, all these samples have hyperbolic 
dispersion in the red and infrared ranges of the spectrum. All of them looked dark gray, likely 
due to a combination of roughness, which is inherent to nanomaterials fabricated by etching, 
and (as explained below) preferential scattering of light inside roughened hyperbolic 
metamaterials [35, 36]. Correspondingly, the specular reflection of the samples was very low, 
under 0.5%. We have attempted to obtain the values of dielectric permittivities extracted from 
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the angular reflectance data (following [42]). However, due to the very weak specular 
reflection and strong diffused scattering, it is not clear if meaningful results can be obtained 
by this method. 

 

Fig. 5. Reflection spectra of Si/ALD silver sample with 21 nm ALD silver coating, measured 
in p and s polarizations in an integrating sphere setup at ~10° incidence angle. 

At the same time, the reflection measured in an integrated sphere setup (which captured 
both specularly reflected light and diffusely reflected light) was significantly larger; see for 
example Fig. 5, depicting the reflection spectrum of the sample with 21 nm ALD silver 
coating. One can see that the reflectivity in p polarization is significantly smaller than that in s 
polarization, in particularly in the near-infrared part of the spectrum. This is expected from 
rough surfaces of metamaterials with hyperbolic dispersion [35,36], in which enhanced 
scattering of p polarized light inside the hyperbolic medium (where the density of photonic 
states is high) causes substantial reduction of reflection. No substantial reduction of 
reflectance is predicted for s polarized light [36]. Correspondingly, the experimental result 
depicted in Fig. 5 is consistent with the theoretical prediction of hyperbolic dispersion in the 
sample. 

5.2 Kinetics and intensity of dye emission on top of Si/Ag nanowire array 

In this particular experiment, we studied the array of Si/Ag nanowires coated with 21 nm 
ALD silver layer. A film of polymethyl methacrylate (PMMA) doped with IR140 laser dye 
(in concentration 0.013 M) was deposited on top of the nanowire array sample and onto the 
control substrates, which were glass and silver film deposited on glass. The film thickness in 
control samples was ~80 nm. The Si/Ag nanowire sample had approximately the same 
concentration of dye molecules per unit area of the sample. However, dye penetrated in the 
voids between nanowires, and the effective thickness could not be determined. 

In order to measure the emission kinetics, the IR140:PMMA films were pumped using a 
100 fs Ti:sapphire laser at λ = 792 nm. The emission was detected using a near-infrared 
Hamamatsu streak camera equipped with appropriate long-pass filters (λ >850 nm). All 
emission kinetics, averaged over multiple measurements, along with the kinetics of the 
pumping pulse scattered by a pure glass substrate (which shows the time resolution of the 
apparatus determined by jitter of the laser and wide open slit of the streak camera) are 
depicted in Fig. 6. One can see that the emission of dye on top of the metamaterial sample is 
strongly quenched in first ~100 ps, and its decay kinetics is significantly shortened (more than 
twofold in comparison to the control samples) at longer times. 
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Fig. 6. (a) Spontaneous emission kinetics of the IR140:PMMA film deposited on the top of 
glass (1), 200 nm thick silver film (2), and the Si/ALD Ag metamaterial sample (3). Trace 4 
shows the time resolution of the apparatus. 

We have also studied the emission spectra of IR140:PMMA films deposited on top of the 
metamaterial sample and the glass substrate. In this particular experiment, the samples were 
pumped at 784 nm. The emission signal was detected with a photomultiplier tube (PMT) 
connected to the exit slit of a monochromator. The emission spectra are shown in Fig. 7. It 
can be seen that the emission of IR140:PMMA deposited on top of the metamaterial, is 
almost one order of magnitude smaller compared to the same dye-doped film deposited on 
glass. (The difference can be even larger considering the large error bar.) 

 

Fig. 7. Spontaneous emission spectra of the IR140:PMMA film deposited on top of the Si/Ag 
metamaterial sample with 21 nm ALD silver coating (1) and glass (2), pumped at λ = 784 nm 
into the absorption band of IR140. 

The experimentally observed reduction of the dye emission intensity and shortening of the 
emission kinetics are consistent with the theoretical predictions for hyperbolic metamaterials 
[26]. In fact, high density of photonic states on the surface (and inside) of a metamaterial with 
hyperbolic dispersion causes enhancement of spontaneous emission directed inside the 
material. This determines the emission kinetics shortening and reduction of the emission 
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intensity. Similar emission quenching and shortening of the emission decay time have been 
observed in a dye-doped film deposited on top of array of silver nanowires grown in alumina 
membrane [27]. 

5.3 Angular distribution of dye emission in Si/Ag nanowire array 

Hyperbolic metamaterials have been predicted to produce cone-shaped or beam-like patterns 
of spontaneous emission inside the medium [26]. The angular distribution of emission outside 
the sample is much less researched. In the experimental study of this phenomenon, we 
deposited PMMA film doped with HITC laser dye (in concentration 0.04 M) onto array of 
Si/Ag nanowires with 38 nm silver coating as well as onto ALD silver film and thermal vapor 
deposited silver film. The thickness of the dye-doped PMMA films on top of silver films was 
~80 nm. In the Si/Ag nanowire sample, dye (which had approximately the same concentration 
of dye molecules per unit area) penetrated between the wires. 

Dye molecules were excited with ~5 nm pulses of the optical parametric oscillator (OPO) 
at λ = 750 nm and 45° incidence angle. The emission intensity was measured, in the spectral 
band centered at 815 nm, at a variety of detection angles ranging from 0° (normal to the 
sample surface) to ~90° (parallel to the surface). A long-pass filter in front of the detector 
blocked laser pumping and transmitted dye emission. 

Angular distributions of emission in three samples studied are depicted in Fig. 8. One can 
see that the emission patterns from the Si/Ag nanowire array and ALD silver film are very 
close to Lambertian (~cos(θ)). This behavior could probably be expected, since surfaces of 
both samples are rough (the roughness of Si/Ag NW array much larger than that of ALD 
silver.) At the same time, the emission of dye on top of a much smoother (>5nm) thermal 
vapor deposited silver is slightly broader. The comparison of the experiment with the theory 
will be published elsewhere. 
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Fig. 8. Angular distributions of emission of HITC dye molecules on top of Si/Ag NW array 
(diamonds), ALD silver film (triangles) and silver film deposited via thermal vapor deposition 
(squares). Solid line: cos(θ). 

6. Plasmonic Properties of Nanowire Arrays 

Raman scattering is a technique, which can measure interatomic vibrations that are unique to 
each material, thus providing a chemical “fingerprint” for any material. Unfortunately, the 
scattering efficiencies are very low, roughly 10−8 of the incident laser light. However, the 
signal can be greatly enhanced by the use of metal nanoparticles, which enhance the local 
electric fields [56]. This process is referred to as Surface Enhanced Raman Scattering 
(SERS). One type of SERS nanostructures resulting in strong SERS signal are dielectric 
core/metal sheath nanowires [57,58], which have been shown to create electric field hotspots 
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at their crossings due to plasmonic coupling. It has also been shown that two closely spaced 
parallel dielectric core/metal sheath nanowires result in a greater enhancement than those 
crossed at 90° [58]. 

A self-assembled monolayer of benzenethiol (BZT) was deposited on the NW arrays by 
soaking them in 10−4 M BZT/toluene solution overnight and rinsing with methanol, which 
removed excess BZT not bonded to the Ag surface. The SERS spectra were obtained using a 
DeltaNu Reporter 785 micro-Raman system, operating at 785 nm and the spectra were 
collected with a laser power of less than 3 mW. In addition, COMSOL electric field 
calculations were performed in order to interpret the experimental SERS results. The SERS 
results for the Si/Ag NW arrays are shown in Fig. 9(a). The major Raman peaks can be 
assigned to symmetric ring breathing, in plane C–H bending and in plane C–C stretching of 
the phenyl ring from the active molecules, benzenethiol (BT), which are in good agreement 
with those reported previously [59, 60]. As can be seen, very strong lines associated with the 
BZT molecule are seen, and the uniformity of the SERS signal intensity is quite uniform 

 

Fig. 9. (a) SERS spectrum for benzenethiol (BZT) for Si/Ag NW arrays compared to 
horizontal random Si/Ag NWs, and (b) SERS spectrum for three random locations on the Si 
NW array. 

when taken from different regions of the sample (Fig. 9(b)). More importantly, the SERS 
signal of the closely spaced Si/Ag NW arrays is a factor of 7 stronger compared to a similar 
density of random Si/Ag nanowires placed on a flat Si substrate, Fig. 9(a). To arrive at this 
number, the SERS intensity of the arrays was normalized to the total number of NWs in a 2 
micron diameter area (laser spot size). Similarly, the SERS intensity of the random horizontal 
nanowires was normalized to the total number of random NWs in the 2 micron area. 

To explain the enhancement in the SERS intensity for the closely spaced NW arrays, we 
refer to Kotmann and Martin [61], who have shown that 2 parallel NWs with a small 
separation distances can result in the formation of hot spots corresponding to very intense 
electric field, leading to a significantly enhanced coupled plasmon resonance. 

In order to understand the enhancement in the case of our closely spaced aligned high 
density nanowire arrays, we have performed COMSOL electric field calculations, shown in 
Fig. 10, which show the electric fields induced between the NW arrays upon irradiation by 
light. As can be seen in Fig. 10(a), for a 4x4 array, parallel and closely packed NWs induced 
high electric fields along the whole lengths of the nanowires, which may account for the very 
large enhancement of the observed SERS signals. Figure 10(b) is a side view of the parallel 
NW arrays and the electric fields generated, clearly demonstrating the strong plasmonic 
coupling between the NWs in the array. Due to the difficulty of computing electric fields for 
long NWs, only 300 nm long wires were modeled. However, these results are also applicable 
to longer NWs. Furthermore, COMSOL simulations also show that 
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Fig. 10. COMSOL simulation of the electric field enhancement of closely spaced Ag nanowire 
arrays a) looking from top and b) along the NWs. In the simulations, the NWs were 100 nm in 
diameter and 300 nm in length. 

on average, the strong plasmonic coupling is not dramatically influenced by small variations 
in the nanowire diameters. Since the nanowires in the arrays are aligned but randomly spaced 
from each other, if one assumes that some fraction of the nanowires are significantly closer 
than the average distance of 150-200 nm, strong plasmon coupling and thus a high SERS 
intensity would be expected, as discussed by Kotmann et al. [61]. The fact that these 
nanowires form regions where they are much more closely spaced is clearly seen in Fig. 1(b), 
1(c). 

Conclusions 

In summary, we have synthesized arrays of silver coated silicon nanowires and studied their 
properties theoretically and experimentally. The arrays, which had a thicker Ag coating, have 
been predicted to have a hyperbolic dispersion in the visible and infrared ranges of the 
spectrum, modeled by finite-element-based solutions of Maxwell’s equations. In terms of 
experimental results, we have noted a significant reduction of the samples’ reflectance at p 
polarization (in comparison to s polarization), which is expected from rough surfaces of a 
hyperbolic metamaterial. Furthermore, the emission behavior of dye molecules deposited on 
top of the nanowire arrays has been obtained, and the results show strong dye emission 
quenching, by nearly an order of magnitude, and shortening of the emission kinetics. These 
two observations are consistent with the theoretical predictions for hyperbolic metamaterials. 

The measured SERS signals for the Si/Ag array composites were enhanced by almost an 
order of magnitude for closely packed and aligned nanowires, compared to random nanowire 
composites deposited on a flat surface. COMSOL electric field simulations suggest that this 
enhancement is due to plasmon coupling in closely spaced nanowires, which are present in 
the arrays investigated. 
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Abstract: Hyperbolic materials enable numerous surprising applications 
that include far-field subwavelength imaging, nanolithography, and 
emission engineering. The wavevector of a plane wave in these media 
follows the surface of a hyperboloid in contrast to an ellipsoid for 
conventional anisotropic dielectric. The consequences of hyperbolic 
dispersion were first studied in the 50’s pertaining to the problems of 
electromagnetic wave propagation in the Earth’s ionosphere and in the 
stratified artificial materials of transmission lines. Recent years have 
brought explosive growth in optics and photonics of hyperbolic media 
based on metamaterials across the optical spectrum. Here we summarize 
earlier theories in the Clemmow’s prescription for transformation of the 
electromagnetic field in hyperbolic media and provide a review of recent 
developments in this active research area. 
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1. Hyperbolic media in retrospect 

Recent advances in nanofabrication, characterization, and high-performance computing, 
along with developments in the theory of light-matter interaction, have brought to life a new 
class of multi-scale composite systems, known as metamaterials. In metamaterials, it is 
material geometry that determines the interaction of these complex systems with 
electromagnetic fields. Metamaterials offer new avenues for manipulation of light, opening 
the door for such unusual applications as high-resolution imaging, lithography, and lifetime 
engineering. This review is focused on a subclass of metamaterials called hyperbolic that 
provide a flexible platform for manipulation of optical landscape. 

Hyperbolic metamaterials (HMM), uniaxial structures that due to their extreme anisotropy 
combine the properties of transparent dielectrics and reflective metals, first attracted the 
attention of researchers in the middle of last century. These efforts were stimulated by the 
problem of propagation of radio waves in the Earth’s ionosphere [1–4], and, more generally, 
by the behavior of the electromagnetic waves in a plasma of electrons and ions upon the 
applied permanent magnetic field. Along with the anisotropic plasmas, stratified man-made 
hyperbolic materials were studied for radiofrequency applications of transmission lines [5]. 
Today, hyperbolic metamaterials provide one of the most practical metamaterial platforms. 
Hyperbolic composites (also known as media with indefinite permittivity and permeability 
tensors [6]) and some homogeneous materials with hyperbolic dispersion were experimentally 
realized across the optical spectrum, from UV to visible, and from near-IR to mid-IR 
frequencies. Sub-wavelength imaging, focusing, lifetime engineering, and new approaches to 
enhance nonlinear response of optical structures, have all been demonstrated in hyperbolic 
structures. The hyperbolic media continue to be of great interest to the research community 
with possible applications emerging in heat transport and acoustics. The purpose of this 
review is to provide an outlook of this rapidly developing research area. 

The review begins with a historical digest of the hyperbolic material’s properties. Then, 
we systematically present the recent theoretical and experimental studies of optical hyperbolic 
metamaterials. While our main goal is to critically revise the existing experimental evidences 
of the potential applications of hyperbolic media for sub-diffraction imaging and spontaneous 
emission engineering, we also highlight the vital discrepancies with existing theoretical 
fundamentals. 

2. Fundamentals of hyperbolic media 

The vectors of electric displacement D  and field E  are not always parallel in electrically 
anisotropic media. They are connected by the constitutive equation 0[ε]= EeD , where [ε]  is 
a symmetric dielectric tensor and 0ε is the permittivity of vacuum. The unit coordinate 
vectors x̂ , ŷ , and ẑ represent the three Cartesian directions - the principal axes – for which 

x y z[ε] diag( , , )ε ε ε= , with xε , yε , and zε being the principal dielectric constants. In general, 

the three principal dielectric constants are distinct x y zε ε ε≠ ≠ referred to as optically 
biaxial, and may be wavelength dependent, i.e. exhibit dispersion of the optical axes. In 
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optically uniaxial media, where x yε ε ε= = , and zε ε≠ , the principal direction ẑ  must 
coincide with the optic axis, which typically defines the three-fold, four-fold or six-fold axial 
symmetry of a given crystal, so that ( )z[ε] diag , ,ε ε ε= . 

While in crystal optics a uniaxial medium corresponds to a wide class of crystalline 
structures with mainly elliptic dispersion, for magneto-ionic media it specifies the medium 
with an infinitely strong magnetostatic field bias [2], which, similar to hyperbolic 
metamaterials, can also have different signs of the principal dielectric constants, e.g. 0ε > , 

z 0ε < .Here, we restrict ourselves to uniaxial hyperbolic media, as the main known 
theoretical analyses have been done for the hyperbolic uniaxial plasmas in [3, 7, 8]. 

2.1 Clemmow’s prescriptions 

Anisotropy of material constants results in a transformation of the electromagnetic field 
distribution in space under diffraction or point source radiation. Because of the foreseeable 
complexity of the general analysis presented in [3, 7, 8] we review the Clemmow approach 
[2] and isolate the simple cases of TM and TE waves in hyperbolic plasma, which are then 
applied to the refraction and diffraction of light in novel artificial hyperbolic media. The 
analysis in [2] is restricted to a media of unit permeability, and starts with known E- and H-
fields in free space (denoted respectfully as 0 0( )E r  and 0 0( )H r ), with 0 0 0 0ˆ ˆ ˆx y z= + +r x y z  
defining an observation point. Then, the scaling procedure 0E(r) = [e]E ([n]r)  and 

0H(r) = [h]H ([n]r)  is derived to find the corresponding fields, ( )E r and ( )H r  in a given 
uniaxial media, where , ,[e] [n]  and [h] are linear transforms. The above procedure is 
impossible unless one of the z-components of either 0H  or 0E is dropped, leading to 
solutions valid solely for either transverse magnetic (TM, 0ˆ 0⋅ =z H ) or transverse electric 
(TE, 0ˆ 0⋅ =z E ) waves. 

From the symmetry considerations for TM-waves it follows that the metric and the E-field 
scaling transforms repeat the structure of the dielectric tensor, ( )z[ε] diag , , ,ε ε ε=  so that 

( )z[e] diag , , ,e e e=  and, while the transverse components of H-field are scaled uniformly, i.e. 
[ ] [ ],h=h i  where [ ]i  is the identity matrix. From the Maxwell curl equations for the TM 
waves, it then follows that 1 1 1

z[ ] [ ] [ε]nn h− − −=n s  and 1
z[ ] [ ] [ε],nn h− =n s  or 1

z[ ][ ] [ε].ee h− =n e  
Multiplying the above equations we first arrive at 2 2

z ,n e ε= = 2 2
z zn e ε= = , and 2

zh εε= , 
and then, at the remarkably simple Clemmow’s TM-prescription 

 ( ) [ ] [ ]( ) ( ) [ ]0 0, ( ),zεε= =E r n E n r H r H n r  (1) 

where ( )z z[ ] diag , ,ε ε ε=n . 

In contrast, for TE-waves it can be expected that since 0ˆ 0,⋅ =z E  then zε  should not 
appear in the Maxwell equations for the uniaxial medium, as if that medium were isotropic 
with dielectric constant zε . Indeed, the final Clemmow’s TE-prescription is, ( )n ε=  

 ( ) ( ) ( )0 0, ( ).n n n= =E r E r H r H r  (2) 

2.2 Dispersion relations in a uniaxial hyperbolic medium 

Consider the behavior of monochromatic plane waves in uniaxial hyperbolic media before 
addressing the complex fields generated there by elementary sources. Following the general 
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Clemmow approach, the space-time dependence ( ) ( ); exp cf t tωι ω = ⋅ − r k r  is taken here 
for a plane wave defined for a given angular frequencyω  and the free-space speed of light c  
using the material wavevector [ ] 0=k n k  with the freespace wave-vector 0k  ( )0 1=k . Then, 

the phase velocity of the plane wave is p .v c= k  A plane wave [9] in a uniaxial media splits 
into two linearly polarized characteristic waves: ordinary waves for which the E-vector is 
normal to the principal plane, which contains both the wave vector and the optic axis, ,z  and 
extraordinary waves with E-vector parallel to the principal plane. For ordinary waves, E is 
aligned with D, and the phase velocity is independent of propagation direction. As any free-
space electromagnetic field can be represented as a superposition of coplanar TM- and TE-
waves, there is always a matching superposition of coplanar TM- and TE-waves in the 
uniaxial medium obtained from the scaling transformations (1) and (2). These transformations 
are also reversible, since a representation of any uniaxial-medium field as a superposition of 
coplanar TM- and TE-waves is always possible. For example, the independent characteristic 
extraordinary (TM) and ordinary (TE) plane waves in the anisotropic medium are obtained 
from the corresponding free-space plane waves in [2]. 

 

Fig. 1. Typical vector diagram and dispersion relations in uniaxial media. (a) Plane-wave 
vectors. (b), Isofrequency cross-sections for a negative elliptic media, z .ε ε<  c, d 
Isofrequency curves for different types of ideal, lossless hyperbolic media: dielectric, 

z
0, 0ε ε< >  (c), metallic, 

z
0, 0ε ε> < , (d). (e), (f) Isofrequency curves for different types 

of non-ideal, absorbing hyperbolic media: dielectric type, with 
x,y

= 0.57 0.13ε ι+ , 

4.22 2.03
z

ε ι= − +  (e); metallic type, with 
x,y

2.78 0.13ε ι= − + , 
z

6.31 0.09iε = + (f). 
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For a plane wave defined by ( );f tr , the Maxwell equations give, 

 0 0 00, 0, , , andc c cμ μ μ⋅ = ⋅ = × = × = × = −k D k H k E H k E H k H D  (3) 

While in general the Poynting vector ( )*1 Re
2

= ×S E H  is not parallel to ,k  the vectors 

within the triads( ,k H  and )D  and ( ,S E  and )H  are mutually orthogonal and vector H  is 
normal to coplanar vectors , ,k D E and ,S  as shown in Fig. 1(a). 

The eigenvalue problem ( ) [ ] 0× × + =k k E Eε , obtained from the last two equations of 
(3), gives two distinct characteristic equations respectively for ordinary and extraordinary 
waves: 

 
2 2 2 2 2 2
x y z x y z

z

1, and 1.
k k k k k k

ε ε ε
+ + +

= + =  (4) 

Note that any “nonideality” of the hyperbolic medium results in a closed form of the iso-
frequency curves instead of hyperboloid as shown in Figs. 1(e) and 1(f) for absorbing 
hyperbolic media. 

2.3 Volume plasmon polaritons in hyperbolic media 

Since the permittivity tensor has metallic properties for one of the principal components and 
dielectric for another, there should be a peculiarity in the angular dependence of wave 
propagation, namely the permittivity for extraordinary wave satisfies the condition 

( ) ( )c cRe  0ε ϕ ε ϕ′= = at the critical angle. This condition determines an angular boundary 
between “metal” and “dielectric” types of propagation. Thus a coupling between plasmon and 
polariton can occur at this virtual boundary similar to the surface plasmon polariton at a 
metal-dielectric interface. In this case the hyperbolic media support plasmon-polariton waves 
propagating across the interfaces of real metal and dielectric structures, which are called here 
volume plasmon polaritons,. Consider a slab of hyperbolic uniaxial medium with optical axis 
in the z direction. Let displacement vector D  lie in the principal plane containing both optic 
axis and wave vector k . 

Component of electric field directed along D is given by ( ) ,DE D D ε ϕ= ⋅ =E D  where 

 
( )

( ) ( )2 2

e o

sin cos1 ,
ϕ ϕ

ε ϕ ε ε
= +  (5) 

o x y e z, ,ε ε ε ε ε= = =  and  ϕ  is the angle between the wave vector and optical axis. The wave 
vector refraction at the crystal-isotropic medium interface formally obeys the Snell’s law. 
Once we know the wave vector direction, then the angleθ between the ray and optical axis is 
defined as follows 

 o

e

tan tan .
εθ ϕ
ε

=  (6) 

In a hyperbolic media the angular dependence of the permittivity has a resonance behavior 
as shown in Fig. 2(a), where we have chosen exemplary values for multilayer structures 

o 2.78 0.22,ε ι= − +  and e 6.31 0.15.ε ι= +  It can be shown that for the critical angle, the 
angles between D  and E  as well as between k  and are both about 90°, which is clear also 
from Figs. 2(a) and 2(b). Interestingly the resonance behavior results in a field confinement in 
the critical direction due to high values of ( )Im ε as shown in Fig. 2(c). 
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Fig. 2. Volume plasmon-polariton. a) Angular dependence of the permittivity for extraordinary 
wave, imaginary (brown) and real (blue) parts. Critical angle between wave vector and optic 
axis c 57 ;ϕ °=  b) Angle between Poynting vector and optic axis ( )

c
;3, 3θ ϕ θ = °  c) 

magnetic field angular dependence localized at the critical angle (calculated at 650 nm from 
the source) [24]. Figures reproduced with permission from ©2013 Wiley-VCH 

2.4 Radiation patterns from elementary sources 

Clemmow’s prescriptions (Eqs. (1), (2)) converts the field distribution of any localized 
elementary source in vacuum into the corresponding distribution inside a uniaxial material 
[2,10]. A gallery of the field distributions generated by various point sources upon different 
orientations and polarizations in 3D has been recently reviewed in [10] following the earlier 
works [2,3,7,8,11,12]. Here, our examples show the pseudo-color maps of the H-field 

ˆH=H y generated by a line of dipolar sources ( )ˆp=p x continuously distributed along y-axis 
in a 2D space (xz-plane), as depicted in Fig. 3(a). The TM H-field in vacuum is given by 

( ) ( ) ( )10 1
1

1,
4

,H x z p H zω ρ ρ −= −  with ( ) ( )1
1H ρ  being the first order Hankel function of the 

first kind, and 1 2 2c x yρ ω −= +  [3]. Then the singular shadow region is aligned with the xy-

#190862 - $15.00 USD Received 23 May 2013; revised 10 Jun 2013; accepted 10 Jun 2013; published 17 Jun 2013
(C) 2013 OSA 17 June 2013 | Vol. 21,  No. 12 | DOI:10.1364/OE.21.015048 | OPTICS EXPRESS  15055



plane (Fig. 3(a)). By using Eqs. (1)-(2) into ( , )H x z  and arrive at, 0
z z( , ) ( , ),H x z n nH nx n z=  

where z z, .n nε ε= =  

 

Fig. 3. Radiation from elementary 2D sources and permittivity spectra. a-d, Radiation from a 
2D electric dipole in (a) vacuum; (b) lossy dielectric HMMat 340 nm with 

x,y
= 0.57 0.13ε ι+ , 

4.22 2.03
z

ε ι= − + ,(the dispersion curve of Fig. 1(e)); (c) ENZ materialat 359.4 nm with 

x,y
0.005 0.123ε ι= + , 

z
2.82 43.3ε ι= + ; and (d) lossy metallic HMMat 465 nm with 

x,y
2.78 0.13ε ι= − + , 

z
6.31 0.09iε = + ,(the dispersion curve of Fig. 1(f)); (e) spectra of the xy 

and (f) z components of the permittivity [24]. Figures reproduced with permission from ©2013 
Wiley-VCH 

The H-field pattern in vacuum, H0(x, z), and the corresponding exact H-field patterns H(x, 
z), for all of the HMM regimes (epsilon near-zero (ENZ), dielectric, and metallic) are shown 
in Fig. 3(b), 3(c), and 3(d), where the optic axis is aligned with ẑ. The ENZ regime gives low 
divergence due to the highly anisotropic elliptical dispersion (see Fig. 3(c)), while the 
dielectric type of HMM dispersion may result in a similar directional propagation along the 
optic axis, as shown in Fig. 3(b). This case has been utilized in the new type of optical 
imaging device, often called hyperlens. The concept of the hyperlens, suggesting a far-field 
imaging beyond the diffraction limit, was first introduced in [13,14] and experimentally 
realized in [15,16]. In the hyperlenses light propagates along the optical axis of the hyperbolic 
anisotropic structure due to very small critical angle. In the metallic type of HMM the volume 
plasmon polaritons propagate along the resonance cone (Fig. 3(d)). Thus, in contrast to the 
imaging devices built on ENZ materials and dielectric HMMs [13,14,17,18], optical devices 
exploiting cone diffraction in metallic hyperbolic media may offer beneficial applications for 
photo-lithography and light response probing. Several numerical studies [19–23] and a recent 
experiment [24] have shown that it is possible to obtain an interference peak much smaller 
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than the free-space wavelength using both diffracted rays as will be discussed in the next 
section. 

Note that all the discussed types of hyperbolic metamaterials can be realized with the 
same structure by varying the wavelength of the incident light. Figures 3(e) and 3(f) show 
permittivity spectra for two components of multilayer structure with optic axis denoted by z. 
For the multilayer dispersion calculations, the Rytov effective medium theory with nonlocal 
corrections is employed [5]. According to [25], all structures containing one or more metal-
dielectric interfaces can be qualitatively considered as a hyperbolic layer. 

Depending on composition and component dimensions, multilayer systems provide 
hyperbolic dispersion at the UV (Ag/Al2O3) [13], near-IR(Al/ZnO) [26], and mid-IR 
(InGaAs/AlInAs) [27] frequency ranges. Hyperbolic dispersion has been also demonstrated in 
nanowire systems [28–30], and homogeneous materials [31–33]. 

3. Refraction in hyperbolic media 

As described above, in hyperbolic media propagation of the energy, given by the Poynting 
vector, is not collinear to the propagation of the phase fronts, described by the wavevector, 
which has profound implications for refraction of the waves to and from the hyperbolic 
structures. Consider first a single plane wave that is incident at an HMM boundary. 
Electromagnetic field can be described as a linear combination of incident, reflected, and 
refracted electromagnetic waves. Existence of the continuous planar interface requires 
conservation of the component of the wavevector parallel to this interface [9], which fixes the 
directions of the reflected and refracted waves. Application of the boundary conditions results 
in the amplitudes of these waves. 

Consider now the situation when the interface is illuminated not by a single plane wave, 
but by a rather wide, but finite-sized monochromatic beam. The electromagnetic field of the 
beam can be represented as a linear combination of the plane waves, and refraction/reflection 
of each component of the beam can be calculated using the single-wave formalism described 
above. When the beam is substantially wide, its plane wave decomposition will contain a 
relatively narrow spectrum of the wavevector components. Consequently, the Poynting 
vectors of all the refracted components of the beam will be aligned with each other. This 
common direction of the Poynting flux describes the direction of the propagation of the 
refracted beam. 

Light refraction at the interface with anisotropic crystals is often non-trivial. Even with 
naturally-occurring materials it is possible to achieve negative refraction for a limited range 
of angles [34]. When the light is incident from isotropic material onto hyperbolic media, the 
beam can be refracted in the negative direction [35]. Negative refraction of the beam has been 
experimentally validated in layered metamaterials at mid-IR [27] and near-IR frequencies 
[26], in nanowire-based metamaterials at visible frequencies [30], and in homogeneous media 
at UV frequencies [31]. 

Negative refraction has been historically considered the hallmark of metamaterials, where 
it enables planar lenses that are not limited by spherical aberrations [36]. A classic Veselago 
lens should have an angle- and polarization-independent index of refraction, and thus requires 
use of an isotropic magnetic media. Nevertheless, hyperbolic materials can mimic the 
performance of a Veselago lens in waveguide geometry [37]. Practical applications of 3D 
lenses based on hyperbolic materials are affected by the dependence of their refractive index 
on the angle [38], which re-introduces image distortion similar to spherical aberration. Such 
distortions, however, can be limited in ENZ and in canalization imaging [13,14,39]. 

4. Diffraction in hyperbolic media: sub-wavelength imaging and nanolithography 

Any inhomogeneity inside the material or any inhomogeneity along the boundary between 
two media necessarily leads to diffraction. Qualitatively, the profile of the diffracted beam 
can be calculated from the Huygens-Fresnel principle. Note that in contrast to conventional 
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isotropic materials, emission of waves in hyperbolic systems is highly directional (Figs. 1 and 
2). The unique dispersion allows hyperbolic systems to preserve high-wavevector 
components of the wave-packets that carry information about the subwavelength features of 
the source. Therefore, hyperbolic structures are capable of focusing radiation to 
subwavelength spots, a phenomenon that has been proposed in [19, 39] and recently realized 
in [24]. In this experiment, a double-slit interference of resonant cones produced by slits in Cr 
film results in a sub-diffraction pattern [19], which is highly beneficial for nanolithography 
applications [24]. The experiment scheme is shown in (Figs. 4(b) and 4(c)) where the flat 
Ag/SiO2 hyperbolic structure forms a line of 90 nm width on the photoresist layer, which was 
simply brought in contact with the hyperbolic layer and detected then with an Atomic Force 
Microscope (AFM) [24]. 

Further, the hyperbolic structures can be used to magnify the subwavelength objects and 
thus enable far-field super-resolution imaging. Super-imaging is a challenging problem that is 
typically addressed by near-field optical microscopy. A super-lens made of metamaterial with 
both negative permittivity and permeability [40] provides a way to translate the information 
about subwavelength objects. This approach was further developed to incorporate alternating 
layers with optical gain [41] and to enlarge the objects in acylindrical geometry [42,43].An 
approach to magnify subwavelength objects in 2D plasmon-polariton systems was proposed 
in [44]. 

Curved hyperbolic metamaterials enable far-field magnification of 3D objects when 
subwavelength information, encoded in resonant cones [11,45] (see Sec. 2) is gradually 
translated into propagating information similar to the magnification by anisotropic structure 
[46–48]. Magnifying lens based on hyperbolic metamaterials was proposed in [13,14]; it was 
then realized in [15] for UV imaging in Ag/Al2O3 curved multilayer metamaterial (Fig. 4(a)). 

 

Fig. 4. Imaging (a) [15] and nanolithography (b), (c) [24] with hyperbolic metamaterials. 
Figures reproduced with permissions: (a) Ref [15] from ©2007 AAAS and (b),(c) Ref [24]. 
from ©2013 Wiley-VCH. 
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5. Photonic density of states and radiative rate engineering 

Fermi’s golden rule with Purcell’s effect links the radiative decay rate of spontaneous 
emission and photonic density of states, which can be modified due to environment in which 
fluorescent molecules are embedded [49,50]. The most attractive property of the hyperbolic 
metamaterials pointed in [51] is the broadband and strongly enhanced radiative decay rate for 
the fluorophore spontaneous emission near or inside a medium relative to free space (Purcell 
factor). The photonic density of states (PDS) in the metamaterial is related to the volume in k-
space enclosed by the corresponding iso-frequency surface [50,51] and may have singularities 
[51–53]. As we discussed above, the iso-frequencies have closed trajectories (see Fig. 1) 
which eliminate singularities of the PDS. The value of the enhancement is theoretically 
limited only by losses [53] or finite period-to-wavelength ratio [53,54]. The finite size of the 
emitter distribution can limit the HMM density of states even at zero losses [55] and the 
Purcell factor in hyperbolic metamaterials stays finite due to the discreteness of the actual 
structure and specific geometry [56–60]. 

 

Fig. 5. Wire (a), (b) [28] and layered (c) [25] HMM samples for life time engineering. Figures 
reproduced with permissions: (a),(b) Ref [28]. from ©2010 OSA and (c) Ref [25]. from ©2012 
OSA. 

Table 1. Radiative, nonradiative decay rates, apparent quantum yield, and fluorescence 
and absorption enhancements in layered HMM are shown in the table for four samples, 

each at 89 and 21 nm dielectric spacer [25]. Table reproduced with permission from 
©2012 OSA. 

 ( )1

r

8s 10− −Γ  ( )1

nr

8s 10κ − −  
rr n

κΓ  Q  Fluorescence Absorption 

nm 89 21 89 21 89 21 89 21 89 21 89 21 
HMM 1.4 0.54 4.6 5.66 0.3 0.09 0.23 0.09 9.3 1.6 5.4 2.5 

Thick Au 0.9 0.18 4.6 4.6 0.2 0.04 0.17 0.04 9.4 0.9 7.9 3.4 
Thin Au 0.7 0.15 5.5 6.8 0.13 0.02 0.12 0.02 6.4 0.55 7.7 3.5 
Glass, ref 0.62 0.63 3.9 3.96 0.16 0.16 0.14 0.14 1 1 1 3 

Experimental studies mainly focus on life time measurements [28,61];this approach does 
not provide conclusions on the radiative decay and Purcell factor. In a general case, study of 
both life time and quantum yield is required [25]. Two types of hyperbolic metamaterials, 
alumina membrane embedded with silver nanowires [28] and multilayer metal-dielectric 
[25,29],are typically used in optical experiments to prove the theoretically predicted 
anomalously high photonic density of states in hyperbolic metamaterials. The material in [28] 
has exhibited a hyperbolic dispersion with the effective values of permittivity (εΠ = 5 + i0.22, 
ε⊥ = −0.15 + i1.1).In the film deposited onto the silver-filled membrane, the emission life time 
of dye was as short as: 125 ps (Fig. 5). The shortening of the emission life time is claimed to 
be due to a large number of available radiative channels, although this was not proved by the 
measurements. The quantum yield and the lifetime were measured for the multilayer HMM 
samples in [25] which consisted of 16 stacked layers Au(19nm)/Al2O3(19nm) on a glass 
substrate, as shown in Fig. 5(c). The quantum yield and life time are related as follows: 
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 ( ) 1 1
r r nrQ , .τ τ κ − −= Γ = Γ + = Γ   (7) 

Here, rΓ  is the radiative decay rate, nrκ is the non-radiative decay rate, τ is the excited 
state lifetime, and Γ is the total decay rate. For Ag nanoantennae [62], direct measurements of 
both the lifetime and the quantum yield changes are necessary for conclusive results of the 
radiative decay rate and Purcell factor. The quantum yield is simply the ratio of the emitted to 
the absorbed photons and can be determined by measuring the absorption, emission, 
reflection, and lifetime of the dye molecules relative to a reference dye film. Then the results 
are compared with the radiative decay rate of control samples that are similar to those used in 
classic experiments, namely thin and thick gold films. By using the reference method, the 
quantum yield can be experimentally obtained through absorption and fluorescence 
measurements for the samples under study relative to the corresponding dye/epoxy reference 
sample [25]. Purcell factors are shown in Table 1. Our maximum changes in the radiative 
decay rates relative to Rh800 in methanol are about 1.2 for dye molecules on glass, 1.35 for 
thin gold films, 1.73 for thick gold, and 2.7 for multilayer HMM samples. 

The photonic density of states (PDS) in emitters can be modified due to the interference of 
emitted and reflected waves near metal films [63,64], which have led to the development of 
PDS engineering that uses metal-dielectric interfaces [64,65], metal-film interfaces [66–68]. 
Non-radiative decay can be modified due to dipole-image interaction and excitation of the 
surface-plasmon polaritons or wave-guiding modes. Indeed, similar to SPP, the limiting factor 
of the radiative decay is in the out-coupling of the HMM modes to the low PDS of free space 
[69]. Thus the ratio between leaky and bound modes [66] should be a critical parameter in 
theory, which would allow to determine effect of HMM on both, the radiative and 
nonradiative rates. This is the main limitation of the existing theories. 

6. Beyond the effective medium theory: nonlocality corrections and additional waves 

Hyperbolic metamaterials provide unprecedented opportunities for controlling the flow of 
optical information. However, the majority of exciting applications of hyperbolic systems can 
be traced to extreme (either vanishingly small, or infinitely big) values of the components of 
the effective permittivity tensor or to extreme values of effective refractive 
index eff z .n k c ω= To name a few, traditional implementations of hyperlens and canalization 
imaging systems rely on e o .ε ε  Modulation of photonic density of states, as well as 
numerous designs leading to subwavelength focusing [19,70] rely on the existence of 
propagating modes at eff 1.n   In fact, “extreme” photonics is deeply interweaved with the 
novel applications of metamaterials, and this relationship extends far beyond the area of 
hyperbolic systems to cloaking and light transmission through subwavelength channels [71–
73] and other applications. 
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Fig. 6. Effect of nonlocality on extinction in nanowire medium: at high absorption (a) 
metamaterial exhibits the extinction spectrum consistent with predictions of effective medium 
theory, at smaller losses (b), interference of two TM-polarized beams becomes evident in 
transmission [29]. Figures reproduced with permission from ©2009 APS. 

However, the very composites that bring to life the extreme behaviors usually provide 
tight limitations on what can be realized in realistic systems. The optics of nanolayered 
composites can be understood analytically, with the help of transfer matrix formalism [5,74]. 

The effective parameters for a multilayer, periodic structure with a period d b a= +  and 
containing both a metal (with permittivity mε  and permeability mμ ) and a 
dielectric ( )dd ,ε μ are given by [5]: 

 d m m d m d
o o o

o o

1 , ,
4

b akab

d a b

μ ε μ ε ε ειε ε ε
ε μ

 − + = − =     +  
 (8) 

 d m m d m d
o o o

o o

1 , ,
4

b akab

d a b

μ ε μ ε μ μιμ μ μ
ε μ

 − + = + =     +  
 (9) 

 1 d m
e e e .,

a b

a b

ε εε ε ε − +
= =

+
   (10) 

It was shown in [54,56] that increasing the number of layers at the same thickness brings 
the results for the multilayer structure closer and closer to those of a homogeneous sample. 
Note that Eqs. (8)-(10) were obtained in [5] for infinite periodic system with elementary cell 
made of two layers. For bounded layered systems the key moment of the problems is the 
boundary conditions. Modification of the boundary conditions by introduction of additional 
surface currents suggested in [75] returns the conventional permittivity and permeability of 
metamaterials their usual physical properties. The modified retrieval procedure based on 
reflection/transmission yields bulk values of effective impedance and refractive index, which 
are independent of system size and boundary realization, whereas the conductivities of the 
excess surface currents depend on the property of the interface [75]. 

Note that the corrections to ideal effective medium theory (EMT) response can be 
described in terms of a permittivity tensor with wavevector-dependent components. Since 
wavevector dependence of permittivity can be related to long-range correlation in polarization 
[76,77], materials that exhibit such dependence are known as nonlocal media. The true 
response of any composite structure is nonlocal. The significance of nonlocal corrections, 
however, depends on the particular application and on geometry under consideration. 

Optics of nanowire metamaterials offer unique opportunity to realize regimes where 
nonlocality not corrects, but rather dominates the response of the system. Nanowire materials 
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are known to provide a flexible platform that can realize elliptic, hyperbolic, and -near-zero 
(ENZ) regimes in the same material. In the ENZ regime, the optical properties of the 
[meta]material can be approximated as ( )e , ( )ε ω ιε δ′′= +k k , with ε ′′  representing material 
absorption at ENZ frequency and ( )δ k  describing nonlocal correction to the EMT response 
[77].Therefore, when the losses in material are substantially small, the nonlocal “correction” 
dominates the polarization inside the system. 

Direct solutions of Maxwell equations demonstrate that in this case, [meta-]material 
supports not two, but at least three different waves, at least two of which have identical (TM) 
polarization. The existence of additional waves fundamentally changes optical response of the 
system. 

Thus, the spectrum of extinction in nonlocal ENZ metamaterials is dominated not by 
absorption-related angle-dependent maximum, but rather by collection of angle- and 
wavelength-dependent maxima corresponding to the points of destructive interference of two 
TM-polarized beams (Fig. 6). Such changes in optical response of nonlocal metamaterials 
were first observed in [29]. 

Any phenomenon that relies on optical response to change of material parameters can 
potentially be greatly enhanced. In particular, the interference-based transmission has already 
provided a new way to enhance nonlinear optical response employing nonlocal metamaterials. 
A clear manifestation of such an enhancement was reported in [78], where optical nonlocality 
provides a four-fold enhancement to optical nonlinearity in TM-polarized response in 
comparison to local TE-polarized response of the same metamaterial. 

Strong optical nonlocality and existence of additional waves in ENZ regime in layered 
structures was reported in [79,80], and many other designs of ENZ metamaterials are likely to 
follow this trend. Optical nonlocality remains an active research area with multiple groups 
working on better understanding of the collective excitations that underline ENZ response of 
macroscopic materials 

7. Natural hyperbolic materials 

The vital aspects in designing an optical element with hyperbolic dispersion is either 
developing a metamaterial or selecting a natural dispersive material with strong anisotropy. 
This alternative approach to hyperbolic media has been recently demonstrated as a simulated 
example of negative refraction in graphite (see Fig. 7(a)) [31]. For far-infrared and THz 
domains naturally occurring hyperbolic materials have been discussed for a waveguide 
application at about 20 μm, 58 μm, and 255 μm using, respectively, sapphire, bismuth, or 
triglycine sulfate [32]. 
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Fig. 7. Natural hyperbolic media. a, Negative refraction in graphite [31]; b, c, Components of 
the principal dielectric tensor of calcite (b) [81] and monocrystalline Bismuth (c) [32]. Figure 
7(a) reproduced with permission from Appl. Phys. Lett. 98, 101901 (2011) Copyright 2011 
American Institute of Physics. 

A similar example has been demonstrated [81] with one of the most common mineral, 
calcite (CaCO3), which, on top of its text-book famous birefringence, exhibits two very 
distinct non-overlapping ordinary and extraordinary absorption bands in the mid-infrared 
spectral range as a result of the internal vibration modes of its planar carbonate ions. Two sets 
of optical dispersion parameters, ordinary and extraordinary, using just a few terms of the 
Lorentz oscillator model, have been fit to the experimental data using generalized 
ellipsometry [82]. 

Dispersion spectra of ɛo and ɛe depicted in Fig. 7(b), indicate that the best figure of merit 
( )Re( ) / Im( ),   {o,e}j j jFOM jε ε= − =  is around 4.7 at 6.75 µm, and around 6.3 at 11.33 µm 

for the ordinary and extraordinary components respectively 
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o e( 6.75 ) 2.59 0.55, ( 11.33 ) 1.90 0.30.m mε λ μ ι ε λ μ ι= = − + = = − +  The major absorption 
peaks for the ordinary and extraordinary rays are correspondingly located at 7.13 mλ μ=  and 
11.48 mμ . Strong hyperbolic anisotropy is not limited to resonance phonon excitations that 
occur for example in calcite. For example in Bi, a Group V semimetal with rhombohedral 
lattice and trigonal symmetry, such anisotropy is induced by a substantial difference in its 
electron effective masses along different directions in the crystal. Hence, the most interesting 
feature of the Bi dispersion - transition from Re( ) 0jε >  to { }Re( ) 0,   o, ej jε < = , _ is 
determined by the strong anisotropy of its plasma frequency within a band between 

  53.7 mλ μ=  and 63.2 mμ  as shown in Fig. 7(c). The existence of that 10-μm band has been 
confirmed experimentally in [33]. 

In conclusion, while important fundamentals of understanding of optics of hyperbolic 
media have been laid in the middle of previous century, this unique research area continued 
explosive growth during the past decade, allowing to advancements beyond the traditional 
material and functional choices for all components of the optical part of electromagnetic 
spectrum. These materials lay the foundations for numerous applications with unparalleled 
performance in lithography, imaging, sensing, and quantum photonics. Effects and devices 
based on hyperbolic dispersion provide numerous exciting opportunities for future research at 
the convergence of material science, physics, engineering, and numerical modeling. 
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Abstract of Thesis: 
 
 

Nanowire metamaterials are a class of composite photonic media formed by an array of 

aligned plasmonic nanowires embedded in a dielectric matrix.  Depending on exact composition, 

geometry, and excitation wavelength, nanowire structures are known to exhibit elliptical, 

hyperbolic, or epsilon-near-zero (ENZ) responses.  In the ENZ regime, optical response of the 

composite becomes strongly nonlocal.  Excitation of an additional wave, caused by nonlocality, 

has been experimentally demonstrated in nanowire-based metamaterials.  In this thesis, a 

computational study of the nonlocal optical response in plasmonic nanowire arrays has been 

conducted to better understand such materials.  The results of this computational study were used 

to develop an analytical technique that provides an adequate description of the optical response 

of wire based metamaterials. This formalism combines the local and nonlocal effective-medium 

theories often used to describe the optics of nanowire composites.  It provides insight into the 

origin of the additional wave and allows implementation of additional boundary conditions.    

This approach can be straightforwardly extended to describe the optics for numerious plasmonic 

structures.  
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ABSTRACT 

Nanowire metamaterials are a class of composite photonic media formed by 

arrays of aligned plasmonic nanowires incorporated in dielectric substrates.  Numerous 

applications in modern optics can be realized through the study and understanding of 

light’s interaction with nanowire metamaterials.  Depending on exact composition, 

geometry, and excitation wavelength, nanowire structures are known to exhibit elliptical, 

hyperbolic, or epsilon-near-zero (ENZ) responses.  It was shown, however that the 

optical properties of these composites deviate from the predictions of effective-medium 

theories (EMTs).  The reason for this deviation is a longitudinal electromagnetic wave 

that only exists in nonlocal systems.  It has been previously shown that this wave 

originates from the coupling of cylindrical surface plasmon modes propagating along the 

nanowires. An analytical technique has been developed that provides an adequate 

description of the optical response of wire-based metamaterials.  In this dissertation a 

simplified analytical approach is developed that can be used to approximate the 

dispersion of the longitudinal wave in the wire-based metamaterials, avoiding numerical 

solutions to an eigenvalue problem.  Using this developed formalism, it is demonstrated 

that the incorporation of nonlocal nanowire metamaterials into Salisbury screens allows 

for a substantial reduction of the dependence of incident angle on the absorption 

maximum.  It is also illustrated that the enhancement of electric field in a non-magnetic, 

anisotropic, transition metamaterial with a hyperbolic transition layer is largely 



iii 
 

overestimated by local effective medium calculations.  Nonlocal effects must be taken 

into account to appropriately descibe the enhancement.  Finally, light emission in 

plasmonic nanowire metamaterials is analyzed analytically and computationally.  The 

emission lifetime is demonstrated to be a complex function of geometrical and material 

parameters of the system that can not be reduced to the ‘trivial’ hyperbolic or elliptic 

dispersion topology.  In particular, the presented work suggests that the Purcell factor can 

often be maximized when the metamaterial operates in the elliptic regime, which is in 

contrast to the accepted ‘hyperbolicity related’ enhancement.  
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The radiation dynamics of optical emitters can be manipulated by properly designed material structures
providing high local density of photonic states, a phenomenon often referred to as the Purcell effect. Plasmonic
nanorod metamaterials with hyperbolic dispersion of electromagnetic modes are believed to deliver a significant
Purcell enhancement with both a broadband and a nonresonant nature. Here, we have investigated finite-size
resonators formed by nanorod metamaterials and shown that the main mechanism of the Purcell effect in such
resonators originates from the supported hyperbolic modes, which stem from the interacting cylindrical surface
plasmon modes of the finite number of nanorods forming the resonator. The Purcell factors delivered by these
resonator modes reach several hundreds, which is up to 5 times larger than those in the ε-near-zero regime. It is
shown that while the Purcell factor delivered by the Fabry-Pérot modes depends on the resonator size, the decay
rate in the ε-near-zero regime is almost insensitive to geometry. The presented analysis shows a possibility to
engineer emission properties in structured metamaterials, taking into account their internal composition.
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I. INTRODUCTION25

The local density of optical states (LDOS) related to26

various photonic modes can strongly affect quantum dynamics27

of light-matter interactions [1]. Free-space electromagnetic28

modes can be modified in the vicinity of material structures,29

and as a result, either a local enhancement or reduction of the30

interaction strength can be achieved. The rate of spontaneous31

emission in a weak light-matter coupling regime, calculated32

on the basis of the Fermi golden rule, is proportional to33

the LDOS, and its change relative to free space is referred34

to as a Purcell factor [2]. Furthermore, the formalism of35

the Purcell effect can be generalized to higher-order effects,36

such as spontaneous two-photon emission [3,4]. The Purcell37

enhancement in dielectric cavities is typically related to the38

ratio of the quality factor of the resonance to the volume39

occupied by the resonant mode. Various types of photonic40

cavities can deliver quality Q factors as high as 1010 and41

satisfy the conditions to reach the strong-coupling regime [5]42

where the Purcell factor description of decay dynamics breaks43

down [6]. Noble metal (plasmonic) nanostructures provide44

relatively low quality factors but yield subwavelength optical45

confinement [7] and, as a result, also efficiently influence46

spontaneous emission [8,9]. This nanoplasmonic approach is47

extremely beneficial for certain quantum optical applications,48

where improved and designed scattering cross sections are49

required to develop functionalities at the nanoscale and single-50

photon levels [10]. The Purcell enhancement in plasmonic51

nanostructures depends significantly on the relative position52

*Corresponding author: a.slobozhanyuk@phoi.ifmo.ru
†Corresponding author: pginzburg@post.tau.ac.il

of the emitters with respect to a metal nanostructure, posing 53

serious challenges and limitations for large-scale practical 54

implementations [11]. Furthermore, the enhancement, based 55

on local plasmonic resonances approach, still has a limited 56

bandwidth, even though it is much broader than for high-Q 57

optical cavities. 58

A qualitatively different approach to decay rate engineering 59

relies on designing the hyperbolic dispersion of modes 60

supported by anisotropic metamaterials, which ensures high 61

nonresonant Purcell factors in a broad wavelength range [12]. 62

These metamaterials with extreme anisotropy of dielectric 63

permittivity, also known as hyperbolic metamaterials, have 64

recently attracted significant attention due to their unusual 65

electromagnetic properties. Homogenized hyperbolic meta- 66

materials were theoretically shown to provide infinitely large 67

LDOS and, as a result, are expected to deliver extremely high 68

Purcell enhancements [13]. This diverging LDOS originates 69

from the hyperbolic dispersion of modes in uniaxial crystals, 70

having opposite sign of the permittivity components in 71

the ordinary and extraordinary directions, perpendicular and 72

parallel to the optical axis, respectively. The fundamental 73

limitations for this type of enhancement result from a particular 74

metamaterial realization as composites of finite-length scale 75

components, commonly referred to as “meta-atoms” [14], as 76

well as the metamaterials’ nonlocal response [15,16]. The 77

most widely used realizations of hyperbolic metamaterials 78

are based on layered metal-dielectric structures [17] or ver- 79

tically aligned nanorod arrays [18]. Hyperbolic metamaterials 80

also served as building blocks for optical components with 81

enhanced capabilities, such as hyperbolic cavities [19] and 82

waveguides [20], as well as for delivering nonreciprocal 83

effects [21], for Hamiltonian optics-based cavities [22], and 84

for many others. 85
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In this work, we analyze emission properties of a radiating86

dipole embedded inside or in close proximity to a finite-87

size three-dimensional resonator formed by a nanorod-based88

hyperbolic metamaterial. Taking into account the details of89

the hyperbolic metamaterial realization as a finite number of90

plasmonic nanorods, we show that the Purcell enhancement91

originates from Fabry-Pérot modes of the resonator formed92

by a hyperbolic metamaterial. The role of the modes of the93

metamaterial resonators on the Purcell factor was investigated94

for different resonator sizes, and the importance of the emitter’s95

position within the resonator has been considered. We also96

demonstrate the fast convergence of the Purcell enhancement97

with the increase of the number of nanorods in the array,98

with a 16 × 16 nanorod array having properties of the infinite99

metamaterial slab (infinite number of finite-length rods). This100

enables comparison of the Purcell enhancement provided by101

both finite-sized and infinite structures and separating the102

impact of the modal structure of finite-size resonators.103

II. EFFECTIVE MEDIUM THEORY AND NUMERICAL104

MODELING105

We consider a metamaterial consisting of a square array of106

plasmonic (Au) nanorods (Fig. 1). This basic configuration107

enables addressing all the relevant effects, with substrate108

material and embedding dielectric material straightforwardly109

included in numerical modeling. In the first approximation,110

neglecting nonlocal effects [23], the optical response of111

such a structure can be obtained from a homogenization112

procedure of the nanorod composite [24], representing it113

as an effective uniaxial medium with permittivity tensor114

ε = diag(εxx,εxx,εzz), where εxx = εyy and εzz are the115

permittivities for the light polarization perpendicular to and116

FIG. 1. (Color online) (a) Schematic view of the hyperbolic
metamaterial resonator with the transverse dimensions Lx and Ly .
(b) Schematics of the numerical setup. An emitting dipole is inserted
in the center of the resonator. (c) The effective permittivity of
the metamaterial calculated for an infinite array of nanorods with
Lz = 350 nm, a = 60 nm, r = 15 nm (Au permittivity was taken
from [32]).

along the nanorod axes, respectively [Figs. 1(a) and 1(b)]. In 117

the frequency range where εxx and εzz have opposite signs 118

[Fig. 1(c)], extraordinary electromagnetic modes, propagating 119

in such an anisotropic medium, have hyperbolic dispersion. 120

For the considered system, this crossing from the conventional 121

elliptic to hyperbolic dispersion regime occurs at around 122

520-nm wavelength, where the real part of the effective 123

permittivity εzz becomes vanishingly small [Fig. 1(c)]. The 124

frequency range around Re(εzz) = 0 is called the ε-near-zero 125

(ENZ) regime. This ability to support the quasistatic behavior 126

of electromagnetic waves (freeze phase) has various intriguing 127

consequences on wave propagation in bended structures [25] 128

and in tailoring radiation properties [26]. It should be noted 129

that the ENZ regime is usually connected to the strong spatial 130

dispersion effects since the vanishing leading term in the 131

permittivity coefficient makes the next term of significant 132

importance [27]. 133

The nonlocal (spatial dispersion) behavior of the nanorod 134

metamaterials cannot be described in the conventional ef- 135

fective medium theory and has an impact on both reflection 136

and transmission of the metamaterial as well as emission and 137

nonlinear effects [23]. Electromagnetic nonlocalities could be 138

classified as structural, material, and collective [28]. While 139

constitutive material components of the considered meta- 140

material may, in principle, exhibit collective hydrodynamic- 141

type nonlocalities [29], their contribution is small for the 142

geometrical sizes considered here. Structural nonlocality due 143

to the retardation effects in the unit cell is much stronger in the 144

case of nanorod metamaterial, requiring modifications in the 145

homogenization approach and the use of modified effective 146

medium models [30]. Numerical modeling which considers 147

the internal, microscopic structure of metamaterial composites 148

takes the structural nonlocality into consideration automati- 149

cally without the need for any additional considerations. 150

The numerical simulations have been performed using 151

the time-domain solver of the CST MICROWAVE STUDIO 2014 152

package [31]. We used a perfect matched layer (PML) bound- 153

ary, and additional space was added between the structure 154

and the PMLs in order to prevent evanescent waves from 155

interacting with the boundaries. Optical constants for gold 156

were taken from Ref. [32]. The subwavelength dipolar emitter 157

was modeled here as a perfect electric conductor (PEC) 158

nanorod with a length of 28 nm and a radius of 1 nm [Fig. 1(b)]. 159

The Purcell factor was calculated through an input impedance 160

of a point dipole source. As was previously shown [33,34], 161

this method is completely equivalent to the Green’s function 162

approach, which is widely used in photonics [35].The overall 163

number of mesh cells was around 3 × 106, with mesh density 164

locally adjusted in order to accurately represent the source. In 165

order to reach reliable results and to prevent the oscillation of 166

the output time signal after the excitation has been turned off, 167

the duration of the simulation is usually increased above the 168

interval needed to transmit the excitation pulse. 169

The numerical analysis based on the Green’s function 170

approach enables evaluation of both the decay rates, which 171

are proportional to the imaginary part of the Green’s function, 172

and the energy shift, which is proportional to its real part [36]. 173

A similar approach taking into account nonlocal response, 174

Lamb shift, and linewidth modifications was recently used for 175

layered hyperbolic metamaterials [37]. The analysis, reported 176
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here, concentrates on Purcell factor evaluation. Since the177

rate enhancement has not shown extremely high values,178

wavelength shift was neglected for emitters.179

III. RESULTS180

A. Hyperbolic metamaterial resonators181

We begin with an analytical description of the modal182

structure of finite-size resonators made of a homogenized183

hyperbolic metamaterial based on the nanorod assembly. The184

Purcell factor is proportional to the imaginary part of the185

Green’s function in a medium [1]:2 186

R(ω) = ImG(r,r,ω) ≈ Im
∑

n,l,m,σ

∣∣En,l,m,σ
x (r)

∣∣2

ω2 − ω2
n,l,m,σ

, (1)

where n, l, m are integers denoting the eigenmode number of187

the resonator made of the metamaterial and σ = {TE,TM} is188

the mode’s polarization, where TE corresponds to the modes189

with the electric field lying in the xy plane and TM corresponds190

to the modes with the magnetic field in the xy plane. The191

imaginary part of electromagnetic Green’s functions describes192

the LDOS and does not diverge due to losses in the system if the193

emitter is placed in lossless dielectric between the nanorods.194

On the other hand, material losses in the nanorods themselves195

and radiation from the resonator into the far field remove196

divergence of Eq. (1) in the vicinity of the poles.197

The rigorous eigenmode analysis of the anisotropic and198

lossy rectangular resonator requires sophisticated numerical199

techniques. However, approximate expressions for the eigen-200

frequencies and field distributions in the resonator can be de-201

rived within an approximate analytical formalism [38]. Within202

this formalism, perfect electric conductor (PEC) boundary203

conditions are imposed at the sidewalls of the resonator at204

x = ±Lx/2, y = ±Ly/2 in order to obtain the resonator mode205

numbers, corresponding to quantized kx,(m) and ky,(l) wave206

vectors in x and y directions, respectively:207

kx,(m) = πm

Lx

, m = 1,3,5 . . . ,

(2)
ky,(l) = πl

Ly

, l = 1,3,5 . . . .

If the radiating dipole is situated on the (0,0,z) axis, only208

the modes with symmetric Ex and Ey field distributions with209

respect to inversions x → −x,y → −y can be excited by the210

dipole and will contribute to the Purcell effect.211

In order to obtain the mode structure in the remaining z212

direction, a slab waveguide is then considered which may213

support TM and TE guided modes confined in the z direction.214

The propagation constant of these modes k⊥, (m, l) satisfies the215

condition216

k⊥, (m, l) =
√

k2
x, (m) + k2

y, (l). (3)

This k⊥, (m, l) propagation constant can be evaluated by find-217

ing the modes of a hyperbolic-metamaterial-slab waveguide218

in the effective medium approximation [39]. As has been219

shown in the analysis of the metamaterial waveguides [39]220

and can also be seen from the numerical modeling below, this221

approximation holds for lower-order highly confined modes 222

of sufficiently large resonators. 223

First, we will consider quasi-TE modes of the resonator. 224

By substituting Eq. (2) into the dispersion equation (3) for a 225

slab waveguide which is symmetric with the respect to the 226

z → −z inversion, we find two classes of modes with the 227

tangential electric field either symmetric (n = 0, 2, 4, . . .) or 228

antisymmetric (n = 1, 3, 5 . . .) along the z axis (the index here 229

corresponds to the number of zero crossings for a leading field 230

component: electric field for TE and magnetic field for TM 231

modes): 232√
k2
⊥,(m,l) − (ωm,l,n,TE

c

)2√
εxx

(ωm,l,n,TE

c

)2 − k2
⊥,(m,l)

= tan

⎧⎨⎩
√

εxx

(ωm,l,n,TE

c

)2 − k2
⊥,(m,l)Lz

2
+ π

4
[1 − (−1)n]

⎫⎬⎭.

(4)

If the dipole is placed at z = 0, the antisymmetric modes will 233

have the node of the electric field at the dipole position and 234

thus cannot be excited and will not contribute to the Purcell 235

effect [Eq. (1)]. When the dipole is shifted from z = 0, both 236

symmetric and antisymmetric modes will contribute to the 237

Purcell factor. Similarly, using the waveguide dispersion for 238

TM polarized modes, we obtain 239

√
εxx

√
k2
x,(m) + k2

y,(l) − (ωm,l,n,TM

c

)2√(ωm,l,n,TM

c

)2 − k2
⊥,(m,l)

εzz

= tan

⎧⎪⎪⎨⎪⎪⎩
√

εxx

√(ωm,l,n,TM

c

)2 − k2
⊥,(m,l)

εzz
Lz

2
+ π

4
[1 − (−1)n]

⎫⎪⎪⎬⎪⎪⎭,

(5)

In this case, however, the modes are symmetric (n = 240

0, 2, 4, . . .) or antisymmetric (n = 1, 3, 5 . . .) with respect 241

to the tangential component of the magnetic field, with the 242

electric field having opposite symmetry. 243

In order to distinguish the mode contributions to the Purcell 244

effect, the spectrum of the eigenmodes will first be analyzed 245

assuming vanishing Ohmic losses in the metamaterial. In this 246

approximation, following Eq. (4), the TE mode eigenfrequen- 247

cies are limited by 248

π

Lx

√
(m)2 + (l)2 <

ωm,l,n,TE

c
<

π

Lx

√
εxx

√
(m)2 + (l)2, (6)

satisfying the requirement that the left-hand side of Eqs. (2) 249

and (4) should be real valued. Therefore, for any finite- 250

frequency range, only a finite number of pairs (m,l) exists 251

that satisfy Eq. (6). For each (m,l) pair, a finite set of mode 252

numbers n can be found from the solution of Eq. (3). Thus, in 253

a finite-frequency range, only a finite number of eigenmodes 254

(m,l,n) of the metamaterial resonator exists. 255

Specifically, for the metamaterial resonator of the square 256

cross section with Lx = Ly = 900 nm and Lz = 350 nm and 257
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FIG. 2. (Color online) Comparison of the numerical (red and
blue lines) and analytical (green and black lines) of the Purcell factor
in the case of real losses (solid lines) and reduced losses Im(ε)/10
(dashed lines). The metamaterial parameters are as in Fig. 1. The
resonator size is 16 × 16 nanorods with Lx = Ly = 900 nm.

the effective permittivity as in Fig. 1(c), the following258

eigenmodes can be excited in the spectral range from 500259

to 1500 nm: TE110 at λ = 1450 nm, TE130 and TE310 at260

λ = 780 nm, and TE330 at λ = 570 nm. It should be noted261

that while the predicted higher-order modes were observed in262

the rigorous numerical simulations of the nanorod composite,263

the fundamental mode in the vicinity of 1450 nm has not264

been observed and occurs at wavelengths larger than 1500 nm265

(Fig. 2). This is a known discrepancy [40] related to the fact266

that the simplified analysis used above works worse for the267

fundamental modes with lower confinement within a resonator,268

and thus, the actual frequency of the TE111 mode frequency can269

deviate substantially from the value predicted by the simplified270

analytical formalism.271

Contrary to TE modes, the eigenfrequencies of TM modes272

decrease with the increase of m and l, as can be seen from273

Eq. (5). This property of the hyperbolic resonators has been274

observed both theoretically and experimentally [19] and can be275

understood from the requirement for the TM eigenfrequencies276

analogous to Eq. (6):277

π2

L2
x

[m2 + l2] >
ω2

m,l,n,TM

c2
>

π2

L2
xεzz

[(m)2 + l2]. (7)

Since εzz is negative in the hyperbolic regime, the right- 278

hand-side inequality holds for any frequency and m, l. Thus, 279

there exist modes with arbitrary large m, l that satisfy the 280

left-hand-side inequality. The number of the supported modes 281

is, however, limited due to the metamaterial realization as a pe- 282

riodic nanorod array. Contrary to the case of the uniform hyper- 283

bolic metamaterial, the x and y wave vectors should be within 284

the first Brillouin zone of the array, kx,y < π/a, where a is the 285

period of the array. Thus, for TM modes, m and l eigenvalues 286

can be 1, 3, 5, and 7 in the case of the 16 × 16 nanorod array 287

with the parameters as in Fig. 1. For simplicity, in these analyt- 288

ical calculations we do not consider possible coupling between 289

TE and TM modes due to three-dimensional geometrical 290

confinement (the numerical modeling includes all the effects). 291

For each value of m and l there is a number of eigenmodes 292

corresponding to different n. This number is finite and 293

increases with m, l. Despite the large number of the TM 294

polarized eigenmodes supported by the resonator, many of 295

them have a minor contribution to the overall Purcell factor 296

since those modes are characterized either by small Q factors 297

due to the large damping inside the resonator when the losses 298

in metal are considered or by a small value of the x component 299

of the electric field at the dipole’s position due to the different 300

symmetry properties of the eigenmodes. Namely, some of the 301

eigenmodes would have a minimum of the x component of the 302

electric field at the dipole position, and some would have max- 303

ima [41]. Moreover, in the vicinity of the ENZ frequency, the 304

modes with large values of n are excited. However, these modes 305

have large losses and thus give little contribution to the overall 306

Purcell effect. It should be noted, however, that calculations 307

of the Purcell enhancement for emitters placed in contact with 308

lossy media face several challenges as the Green’s functions 309

diverge [30]. This problem is usually addressed by introducing 310

a depolarization volume (a small lossless cavity) around 311

the emitter [30]. The numerical modeling below does not, 312

however, face the above issues, as the emitter is placed in the 313

lossless space between actual rods, forming the metamaterial. 314

The dependences of the resonant wavelength on the 315

resonator height Lz for modes TE130, TM151, and TM551 316

are shown in Fig. 3(a). The higher-order mode TM551 is 317

lower in frequency than the lower-order mode TM151, as is 318

expected for the hyperbolic resonators. This can be intuitively 319

understood considering PEC boundary conditions on the 320

FIG. 3. (Color online) Dependence of the resonant wavelength of the eigenmodes on (a) Lz for the fixed Lx = Ly = 900 nm and (b) Lx

for fixed Lz = 350 nm. Error bars indicate the width of the resonance.
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interface perpendicular to the z axis. In this case, kz is321

simplified to kz = πnLz = √
εxx

√
ω2/c2 − k2

⊥/εzz, where n322

is an integer. It can be seen that for fixed n, the eigenfrequency323

decreases with increasing k⊥. The dependence of the resonant324

wavelength on the resonator width Lx at the fixed resonator325

length Lz = 350 nm is shown in Fig. 3(b). As we can see,326

the resonant wavelengths of the TM modes decrease with the327

increase of the resonator lateral size. This behavior is evident328

from Eq. (3) since it can be seen that for the fixed value of kTM
z329

the resonant frequency should increase with increasing Lx . In330

contrast, the wavelengths of the TE modes increase with the331

increase of the resonator width Lx , similar to the case of a332

conventional anisotropic dielectric resonator.333

B. Purcell enhancement due to the hyperbolic resonator modes334

The analytical analysis performed above does not account335

for either the microscopic structure of the metamaterial or the336

radiation from the resonator. We now compare the effective337

medium analytical description to the results of the numerical338

modeling in the case of an x-polarized dipole placed in the339

center of the 16 × 16 array of Au nanorods (period a = 60 nm340

and radius r = 15 nm) which corresponds to the resonator341

dimensions Ly = Lx = 900 nm and Lz = 350 nm. We have342

considered real losses in gold for comparison to the analytical343

model as well as artificial low losses (artificially reduced in344

10 times) in order to articulate the mode position (Fig. 2).345

The analytical model provides a clear correspondence to346

the numerical results, and the individual eigenmodes can347

be identified. The highest Purcell factor corresponds to the348

excitation of the TM551 eigenmode in the vicinity of 1000 nm.349

The Purcell factor near the ENZ frequency range does not have350

extremely large values, as would be expected in the case of an351

infinitely large metamaterial [30].352

C. Saturation of the Purcell enhancement in finite-size arrays353

The Purcell factor for the electric dipole placed in the center354

of the metamaterial resonator was numerically calculated for355

different sizes of the resonator (Fig. 4). Both parallel and356

perpendicular to the nanorods, orientations of the emitting357

dipole were analyzed in square and rectangular resonators with358

up to 18 rods in one direction. The obtained dependence of the359

Purcell factor shows a fast convergence with an increasing360

number of rods in the array. In fact, in the arrays larger than361

16 × 16 rods (900 × 900 nm), the Purcell factor approaches362

the values for the infinite (in the x and y directions) planar363

metamaterial slab, so that the Purcell factors for 16 × 16364

and 18 × 18 arrays are essentially the same without the365

signatures of the resonant modes of the resonator due to the366

reduced quality factor of the modes [Fig. 4(a)]. This quality367

factor reduction in larger systems is the result of increased368

material losses due to the mode being spread over larger369

number of rods. Rectangular nanorod arrays show similarly370

fast convergence, enabling us to state that the behavior of371

16 × 16 nanorod structures is extremely close to that of the372

infinite metamaterial [Fig. 4(a)]. In particular, the x-oriented373

dipole source which is located in the central part of the array374

can excite only even modes [Fig. 4(a)]. It can be seen that375

for the 2 × 2 array the highest Purcell factor (around 500)376
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FIG. 4. (Color online) The Purcell factor dependence on the
number of nanorods in (a) and (b) square and (c) rectangular lattices
for an emitting dipole (a) and (c) perpendicular and (b) parallel to the
nanorods. The dipole is located in the center of the array.

is reached at 950-nm wavelength (due to the small number 377

of the rods forming the resonator, the identification of the 378

mode structure of the resonator is not possible in the effective 379

medium formalism as in Sec. III A). The highest Purcell factor 380

obtained for the smallest array can be attributed to a small 381

modal volume. For larger arrays this mode exhibits a slight 382

shift to longer wavelengths, as expected from Eq. (4), and 383

the Purcell factor decreases up to the value of 200. The 384

Purcell factor for a z-oriented dipole is very low but also 385

follows the mode structure of the resonator with the increase 386

of number of rods [Fig. 4(b)]. The rectangular nanorod arrays 387

provide a Purcell factor of around 200 already for two rows of 388

nanorods [Fig. 4(c)]. The contribution of different transverse 389

modes of the rectangular array in the Purcell factor is more 390

pronounced for arrays with a smaller number of rows and 391

becomes indistinguishable for arrays with six or more rows of 392

rods [Fig. 4(c), green curve]. For all considered sizes of the 393

resonators, a Purcell factor of less than 100 is observed in the 394

ENZ regime, at around 520-nm wavelength [Fig. 1(c)]. As one 395

can see from the consideration of rectangular metamaterial 396

resonators, the optical response of the finite-size resonators 397
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FIG. 5. (Color online) (a) The Purcell factor dependence on the height of the hyperbolic metamaterial resonator (16 × 16 nanorod array,
Lx = Ly = 900 nm). The electric field Ex distributions excited by the dipole positioned at the center of the resonator with Lz = 350 nm at the
wavelength of (b) 1000 nm and (c) 600 nm (nonresonant wavelength).

converges quickly to the response of the infinitely extended398

metamaterial slabs.399

D. Purcell enhancement dependence on the rod length400

We will now investigate the impact of the resonator height401

(rod length) on the Purcell factor (Fig. 5). In this section,402

resonators made of an array of 16 × 16 rods were considered.403

For all nanorod heights, there is a relatively small peak in the404

vicinity of the ENZ frequency related to the high modal density405

of bulk plasmon-polariton modes at this frequency [39,42].406

The highest observed Purcell factor strongly depends on the407

rod length. Its maximum shifts to longer wavelengths with408

the increase in rod height, in accordance with the frequency409

shift of the resonator mode [Eq. (4)]. This (TM551) mode has a410

characteristic field distribution inside the resonator [Fig. 5(b)]411

with three pronounced maxima of the electric field (two max-412

ima of the magnetic field with one zero crossing), typical of the413

second Fabry-Pérot TM mode along the rods. Away from the414

modes of the resonator, the electric field has the characteristic415

cross-shaped form [Fig. 5(c)] typical for a radiating dipole416

field distribution in a hyperbolic dispersion regime [12].417

E. Purcell enhancement in small hyperbolic resonators418

If, starting from a single nanorod, the number of rods in419

the resonator is gradually increased, nontrivial behavior of420

the Purcell factor is observed (Fig. 6). The highest Purcell 421

factor is obtained neither with a single rod nor in the limit of 422

an infinite number of rods. The optimal structure provides a 423

resonant mode with a high LDOS which enhances the decay 424

rate. It can be seen that the dipole positioned near the center 425

of a single nanorod excites the second-order mode n = 2 with 426

three maxima of the electric field [Fig. 6(b)] at a wavelength 427

of around 855 nm and the fourth mode n = 4 with five field 428

maxima [Fig. 6(c)] at a wavelength of around 610 nm. Adding 429

more nanorods to the resonator and thus changing its size and 430

the modal structure lead to a shift of the resonant frequencies in 431

the red spectral range, in accordance with Eq. (4). In particular, 432

for the geometry with four nanorods, the second mode is 433

excited at a wavelength of ∼940 nm [Fig. 6(d)], and the fourth 434

mode is excited at a wavelength of ∼640 nm [Fig. 6(e)]. As 435

mentioned above, the dipole located near the middle section 436

of the nanorod layer can only couple to even modes. 437

F. Purcell enhancement dependence on the dipole position. 438

In order to understand the average Purcell factor for 439

an ensemble of randomly distributed emitters, the position- 440

dependent Purcell factor has been investigated. When the 441

position of the emitter is changed along the nanorod length 442

from just outside the metamaterial towards the center of 443

the metamaterial layer, the Purcell factor has four maxima, 444
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FIG. 6. (Color online) (a) Comparison of the Purcell factor for different numbers of plasmonic rods forming a resonator. Electric fields Ex

of the dipole (b) and (c) near a single nanorod and (d) and (e) near a four-nanorod array at the wavelengths of (b) 856 nm, (c) 611 nm, (d)
937 nm. and (e) 637 nm.
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FIG. 7. (Color online) (a) The Purcell factor dependence on an emitter position inside the metamaterial resonator with Lz = 350 nm and
Lx = Ly = 900 nm. The coordinate z = 0 corresponds to the edge of the hyperbolic medium. (b)–(e) The electric field Ex distributions excited
by the dipole positioned at z = 0 for the wavelengths of (b) 1363 nm (TM130 mode, first Fabry-Pérot resonance n = 0, with two electric field
maxima, one magnetic field maximum, no magnetic field zero crossing), (c) 1000 nm (TM551 mode, second Fabry-Pérot resonance n = 1
with three electric field maxima, two magnetic field maxima, one magnetic field zero crossing), (d) 750 nm (TM552 mode, third Fabry-Pérot
resonance n = 2 with four electric field maxima, three magnetic field maxima, two magnetic field zero crossings), and (e) 600 nm (nonresonant
wavelength). All other parameters are as in Fig. 3.

which correspond to the four lowest modes of the resonator445

(Fig. 7). The odd modes were not excited by the dipole situated446

at the central point of the array due to symmetry-induced447

selection rules. It can be seen from the LDOS spectrum448

[Fig. 7(a)] that the efficiency of the excitation of the resonator449

modes depends on the local field strength of a particular450

mode at the position of the radiating dipole. It can be seen451

that at different dipole positions, preferential excitation of452

the modes TM130 (two electric field maxima, one magnetic453

field maximum, no magnetic field zero crossing), TM551454

(three electric field maxima, two magnetic field maxima, one455

magnetic field zero crossing), and TM552 (four electric field456

maxima, three magnetic field maxima, two magnetic field457

zero crossings) occurs at the wavelengths of 1363, 1000, and458

750 nm, respectively. For the shorter wavelength of 600 nm,459

the electric field is shaped as an inverted V [Fig. 7(e)], typical460

of the nonresonant hyperbolic regime. The Purcell factor drops461

off very quickly with increasing distance between the dipole462

and the metamaterial surface: dipoles situated more than 20 nm463

away from the interface do not exhibit any significant Purcell464

enhancement (Fig. 7).465

IV. CONCLUSION466

A comprehensive numerical and analytical analysis of467

the Purcell enhancement in finite-size nanorod metamaterial468

resonators was performed. Using a nanorod metamaterial469

with hyperbolic dispersion of electromagnetic modes, the470

resonators with a complex hierarchy of modes can be realized.471

We have shown that the modes of the hyperbolic resonator472

are responsible for the enhancement of spontaneous emission473

rates of emitters placed inside the resonator. Thus, a con-474

trollable Purcell enhancement can be achieved in the desired475

wavelength range by choosing appropriate resonator sizes. A476

detailed analysis of various types of geometrical arrangements477

of the metamaterial and emitter was carried out. The results 478

suggest that finite-size metamaterial resonators with properly 479

designed modes outperform infinite metamaterials in terms of 480

radiation efficiency enhancement. It was shown that the influ- 481

ence of only the 16 × 16 nanorod array on the dipole emission 482

properties converges to that of an infinite metamaterial. Our 483

work can provide guidelines for modeling and optimization of 484

experimental samples. As for an outlook for possible future 485

applications, it is worth mentioning nanostructured light- 486

emitting devices with high-speed switching rates, cavities 487

for surface plasmon amplification by stimulated emission of 488

radiation (SPASERs), and sensing applications. 489

ACKNOWLEDGMENTS 490

This work has been supported, in part, by EPSRC (UK), the FQ491

ERC iPLASMM project (321268), the U.S. Army Research 3492

Office (W911NF-12-1-0533), and the Australian Research 493

Council. A.P.S. acknowledges support via the SPIE Schol- 494

arship. A.P.S. and D.A.P. acknowledge support from the 495

Australian Research Council (Australia). P.S.O. is grateful for 496

the support from CONACYT. G.A.W. acknowledges support 497

from the EC FP7 project 304179 (Marie Curie Actions). A.V.Z. 498

acknowledges support from the Royal Society and the Wolfson 499

Foundation and rejects any involvement in the grants, listed 500

below. The work of I.I., A.S.S., and P.A.B. was supported 501

by the Ministry of Education and Science of the Russian 502

Federation, by the government of the Russian Federation 503

(Grant No. 074-U01), by the Russian Fund for Basic Research 504

(N13-02-00623), and by the Dynasty Foundation (Russia). 505

I.I. acknowledges a grant of the president of the Russian 506

Federation (Grant No. MK-5220.2015.2). A.S. acknowledges 4507

the Russian Foundation for Basic Research (Project No. 508

14-02-31783). 509

005100-7



BD12966 PRB October 6, 2015 22:7

ALEXEY P. SLOBOZHANYUK et al. PHYSICAL REVIEW B 00, 005100 (2015)

[1] L. Novotny and B. Hecht, Principles of Nano-optics (Cambridge
University Press, Cambridge, 2006).

[2] E. M. Purcell, Phys. Rev. 69, 681 (1946).Q
[3] A. Hayat, P. Ginzburg, and M. Orenstein, Phys. Rev. Lett. 103,

023601 (2009).
[4] A. N. Poddubny, P. Ginzburg, P. A. Belov, A. V. Zayats, and

Y. S. Kivshar, Phys. Rev. A 86, 033826 (2012).
[5] K. J. Vahala, Nature (London) 424, 839 (2003).
[6] P. Ginzburg, A. V. Krasavin, D. Richards, and A. V. Zayats,

Phys. Rev. A 90, 043836 (2014).
[7] D. K. Gramotnev and S.I. Bozhevolnyi, Nat. Photonics 4, 83

(2010).
[8] L. Novotny and N. van Hulst, Nat. Photonics 5, 83

(2011).
[9] J.-J. Greffet, Science 308, 1561 (2005).

[10] A. V. Akimov, A. Mukherjee, C. L. Yu, D. E. Chang, A. S. Zibrov,
P. R. Hemmer, H. Park, and M. D. Lukin, Nature (London) 450,
402 (2007).

[11] A. G. Curto, G. Volpe, T. H. Taminiau, M. P. Kreuzer, R. Quidant,
and N. F. van Hulst, Science 329, 930 (2010).

[12] P. Shekhar, J. Atkinson, and Z. Jacob, Nano Convergence 1:14,
(2014).5

[13] Z. Jacob, J. Kim, G. V. Naik, A. Boltasseva, E. E. Narimanov,
and V. M. Shalaev, Appl. Phys. B 100, 215 (2010).

[14] A. N. Poddubny, P. A. Belov, P. Ginzburg, A.V. Zayats, and
Y. S. Kivshar, Phys. Rev. B 86, 035148 (2012).

[15] W. Yan, M. Wubs, and N. A. Mortensen, Phys. Rev. B 86, 205429
(2012).

[16] T. Tumkur, G. Zhu, P. Black, Yu. A. Barnakov, C. E. Bonner,
and M. A. Noginov, Appl. Phys. Lett. 99, 151115 (2011).

[17] H. N. S. Krishnamoorthy, Z. Jacob, E. Narimanov, I.
Kretzschmar, and V. M. Menon, Science 336, 205 (2012).

[18] P. Ginzburg, F. J. Rodrı́guez Fortuño, G. A. Wurtz, W. Dickson,
A. Murphy, F. Morgan, R. J. Pollard, I. Iorsh, A. Atrashchenko,
P. A. Belov, Y. S. Kivshar, A. Nevet, G. Ankonina, M. Orenstein,
and A. V. Zayats, Opt. Express 21, 14907 (2013).

[19] X. Yang, J. Yao, J. Rho, X. Yin, and X. Zhang, Nat. Photonics
6, 450 (2012).

[20] Y. He, S. He, and X. Yang, Opt. Lett. 37, 2907 (2012).

[21] A. Leviyev, B. Stein, T. Galfsky, H. Krishnamoorthy, I. L.
Kuskovsky, V. Menon, and A. B. Khanikaev, arXiv:1505.05438. 6

[22] Z. Sun, Á. Gutiérrez-Rubio, D. N. Basov, and M. M. Fogler,
Nano Lett. 15, 4455 (2015).

[23] B. M. Wells, A. V. Zayats, and V. A. Podolskiy, Phys. Rev. B
89, 035111 (2014).

[24] J. Elser, R. Wangberg, V. A. Podolskiy, and E. Narimanov, Appl.
Phys. Lett. 89, 261102 (2006).

[25] M. Silveirinha and N. Engheta, Phys. Rev. Lett. 97, 157403
(2006).
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Second-harmonic generation from hyperbolic 

plasmonic nanorod metamaterial slab 

Giuseppe Marino*, Paulina Segovia, Alexey V. Krasavin, Pavel Ginzburg†, Nicolas Olivier, 

Gregory A. Wurtz, Anatoly V. Zayats. 

Department of Physics, King’s College London, Strand, London, United Kingdom    

ABSTRACT: Hyperbolic plasmonic metamaterials provide numerous opportunities for 

designing unusual linear and nonlinear optical properties. We show that the modal overlap of 

fundamental and second-harmonic light in an anisotropic plasmonic metamaterial slab results in 

the broadband enhancement of radiated second-harmonic intensity by up to 2 and 11 orders of 

magnitudes for TM- and TE-polarized fundamental light, respectively, compared to a smooth Au 

film under TM-polarised illumination. The results open up possibilities to design tuneable 

frequency-doubling metamaterial with the goal to overcome limitations associated with classical 

phase matching conditions in thick nonlinear crystals. 
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Second-harmonic generation (SHG) is used frequently in modern laser technologies and 

applications1. The main advantage of this frequency doubling technique is the possibility of light 

generation at wavelengths rarely accessible via typical radiative decay channels of a gain medium 

and metrology of ultrashort pulses2. Approaches based on nonlinear optical crystals are constrained 

by phase matching conditions: fundamental and second-harmonic waves are required to propagate 

in phase to obtain optimum nonlinear energy conversion1. The operational bandwidth for ultrashort 

pulses is another limitation for frequency conversion in bulk nonlinear crystals3. 

To overcome these limitations and increase integrability, various nonlinear 

nanostructured media have been proposed based on nanoparticles, optical nanoantennas, and 

metamaterials4-7. These approaches use the light confinement and enhancement in plasmonic 

(metallic) nanostructures to locally increase the fundamental field strength upon which SHG 

depends quadratically2. In multi-resonant structures, SHG effect can be further enhanced with the 

additional resonant scattering provided by the nanostructure at the SH frequency4. Thus, 

conventional phase matching conditions can be replaced with a modal overlap at the fundamental 

and second-harmonic (SH) frequencies in the nanostructures4-7. In order to realise these 

conditions experimentally, various geometries have been used such as a broadband optical 

nanoantenna6, a composite nanoparticle made of a rod and a V-shaped nanoantenna4, and split-

ring resonator based metamaterials7. 

In another approach to achieve broadband and alignment-free phase-matching, the so-

called -near-zero (ENZ) metamaterials were proposed which by their nature achieve phase-

matching conditions due to the electrostatic nature of the second-harmonic field inside the 

medium8. They however operate only at a finite frequency where the ENZ occurs. ENZ 
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metamaterials also typically possess broadband hyperbolic and anisotropic elliptic dispersions 

allowing a rich structure of the supported modes, including low and negative group velocity 

modes9. Such metamaterials can be realised on a macroscopic scale using arrays of aligned 

plasmonic nanorods so that the mode structure of the metamaterial can be efficiently tuned by 

changing the nanorod array geometrical parameters. In particular, Au nanorod based metamaterials 

provide tuneable ENZ behaviour throughout both the visible and near infrared spectral ranges via 

adjustment of structural parameters. While the centrosymmetric crystal lattice of gold, limits the 

source of the second-order nonlinearity to the surface nonlinear contributions, the nanostructured 

geometry of the Au nanorod metamaterial provides a large surface area needed for exploiting the 

intrinsic surface nonlinearity of gold. Due to the fact that this internal structure of the metamaterial 

and local fields inside the metamaterial are paramount for the description and understanding of 

SHG processes, the effective medium approximation for the metamaterial description is not 

applicable for modelling SHG processes and full vectorial, microscopic considerations should be 

employed. 

In this paper, we study intrinsic second-harmonic generation processes in plasmonic 

nanorod metamaterial slabs and show its enhancement at multiple resonant wavelengths 

determined by the mode structure of the metamaterial at both fundamental and second-harmonic 

frequencies. The enhancement related to phase matching due to ENZ is shown to be negligible in 

the considered geometry of thin metamaterial slab, with TE mode providing higher SHG due to 

the orientation of the nanorods perpendicular to the metamaterial slab. SHG enhancement by 

several orders of magnitude, is observed when a modal overlap between the fundamental and 

second harmonic frequencies takes place, emulating the so-called double-resonant conditions4,10,11. 

To this end, the perturbative hydrodynamic approach for Au nonlinearity description in a broad 
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spectral range has been developed, and microscopic numerical simulations of the near-field and 

radiated SHG have been performed in both reflection and transmission. By designing such 

plasmonic nanorod metamaterials, the enhancement of frequency doubling efficiency can be 

achieved in a desired wavelength range, in the same way as third-order nonlinearity has been 

designed12. 

The metamaterial studied here is formed by an assembly of aligned metallic (Au) nanorods 

(12 nm radius, 300 nm length and 60 nm period of a square lattice) hosted in an alumina matrix 

(Fig. 1). The optical properties of this uniaxial metamaterial can be inferred from the effective 

medium theory14 via the diagonal effective permittivity tensor of the form 𝜀̂𝑒𝑓𝑓 =

[𝜀𝑥
𝑒𝑓𝑓

, 𝜀𝑦
𝑒𝑓𝑓

= 𝜀𝑥
𝑒𝑓𝑓

, 𝜀𝑧
𝑒𝑓𝑓

] (Fig. 1). A TE-polarized incident light with the electric field normal to 

the nanorod axis always experiences positive effective permittivity 𝜀𝑥,𝑦
𝑒𝑓𝑓

. In contrast, a TM 

polarized incident light, having an electric field component along the nanorod axis will be 

governed by the effective permittivity components 𝜀𝑥,𝑦
𝑒𝑓𝑓

 and 𝜀𝑧
𝑒𝑓𝑓

. In the former case, the 

metamaterial behaves as a dielectric over the entire spectral range investigated, while in the latter, 

the optical response of the metamaterial transitions from an anisotropic dielectric behaviour (𝜀𝑥,𝑦
𝑒𝑓𝑓

,

𝜀𝑧
𝑒𝑓𝑓

> 0, elliptic dispersion) to a hyperbolic behaviour (𝜀𝑥,𝑦
𝑒𝑓𝑓

> 0, 𝜀𝑧
𝑒𝑓𝑓

< 0, hyperbolic 

dispersion) passing through the ENZ wavelength range at around a wavelength of 710 nm at which 

ℛ𝑒(𝜀𝑧
𝑒𝑓𝑓

) = 0 determining the effective plasma frequency of metamaterial9.  

The anisotropic metamaterial slab placed on a glass substrate supports a set of TE and TM 

modes through the near-infrared, visible, and ultra-violet spectral range (Fig. 2 a,b). Above the 

light line in air, these modes are the cavity modes of the planar slab of the metamaterial. Below 

the light line, the modes are accessible only with the illumination through the substrate and are 
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leaky waveguided mode of the metamaterial slab9. Above the effective plasma frequency of the 

metamaterial, both TE and TM modes are typical modes of the anisotropic planar waveguide, while 

below it the metamaterial supports bulk plasmon polaritons9, and the TM modes may have positive, 

vanishingly small or negative group velocity. TE modes always behave as modes of anisotropic 

dielectric.  

The modal structure of the metamaterial slab has a crucial effect on both transmitted and 

reflected SHG enhancement (Fig. 2 c-f). Considering both linear reflectance and SH generation 

either for TE (Fig. 2a,c,e) or TM incident polarization (Fig. 2b,d,f), it becomes clear that the slab 

modes are responsible for the enhancement of the observed SHG. The fundamental light coupling 

to the modes results in the field enhancement which in turn influences SHG intensity. If the 

generated SHG light is also coupled to the slab mode, which is possible due to the rich dispersion 

of modes available in the metamaterial cavity, the efficiency of SHG is further increased. This far-

field radiated SHG which is solely related to the electronic nonlinearity of Au nanorods forming 

the metamaterial is TM-polarised in both reflection and transmission irrespectively of the 

polarisation of the fundamental light. Both reflected and transmitted SHG have comparable 

intensities. Interestingly, the intensity of SHG excited by TE polarized fundamental light is almost 

10 orders of magnitude higher than that excited by TM polarized light. This is a direct consequence 

of the internal structure of the nanorod metamaterial, providing both field enhancement15 and large 

surface area (approximately 7 times larger than for a smooth Au film) and the vectorial nature of 

the SH process, which favours the electric field oscillating orthogonally to the surface of metal. 

Please note that under the excitation at normal incidence, low SHG intensities are observed for all 

polarisation configurations due to the symmetry breaking requirements for far-field SHG16,17 

(these requirements are not applicable in the near-field region18). In this geometry, nonlinear 
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sources derive from the nanorod extremities. For a smooth Au film under normal incidence 

illumination, the simulated SHG is vanishingly small, within numerical noise, as expected from 

symmetry considerations. 

In order to benchmark the observed SHG intensities from the metamaterial, the reflected-

SHG spectrum excited with TM-polarized fundamental light from a smooth Au surface has been 

calculated using the same model for Au nonlinearity (Fig. 3). The SHG has a featureless 

wavelength dependence with a sole resonance in the vicinity of the interband transitions in Au. 

Compared to the  SH power  reflected from the nanorod metamaterial slab, the SHG from a smooth 

film is much lower in the visible and near-IR spectral range (up to 2 orders of magnitude), while 

higher for short wavelengths in the UV (Fig 3 a). For a TE-polarized fundamental light, the SHG 

from the metamaterial is more than 11 orders of magnitude higher compared to a smooth Au under 

TM-polarised excitation (Fig. 3b). While for TM-polarized light,  the resonant SHG from the 

metamaterial is up to 2 orders of magnitude higher than from the smooth Au film (Fig. 3c). For 

different angles of incidence, there is redistribution of the peak intensities in the SHG spectra 

according to the dispersion of the involved modes of the slab, but the maximum enhancement 

measured with respect to the smooth film remains within a similar intensity range. Interestingly, 

strong radiated SHG is also observed in transmission even for the excitation under total internal 

reflection (TIR) conditions as the dispersion of the metamaterial slab has the modes at the SH 

frequencies outside TIR range (Fig. 2e,f). 

While for the far-field radiated SHG, the integration over the SHG propagation direction 

smears out the contribution of individual modes, the analyses of the near-field SHG intensities 

allows one to identify the role of TM and TE modes of the metamaterial slab (Fig. 4). The modes 

supported by the metamaterial slab were identified by comparing the dispersion to the analytically 
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calculated mode structure in the framework of the effective medium theory9 (Fig. 4a,b). A good 

agreement between the simulated and analytical modes allows to label the observed modes 

corresponding to the minima in the reflection dispersion (See also Supplementary Information, 

Fig. S2). For TE polarisation, a set of modes of the anisotropic dielectric slab can be identified 

(denoted with TEn, where n is the mode index). For TM polarisation, bulk plasmon polaritons are 

supported by the metamaterial slab (the modes denoted with TMh,n) at the frequencies below the 

effective plasma frequency, while modes at higher frequencies correspond to the modes of a 

conventional elliptic-dispersion dielectric slab and are denoted as TMe,n (Fig. 4 a,b).  

The analysis of the SHG spectra allows one to identify the SHG enhancement at the 

positions of the modes of the metamaterial slab at either fundamental or SH frequencies, 

considering that SH emission is always TM-polarized (Fig. 4). The strongest SHG enhancement 

corresponds however to an overlap of the modes at fundamental and second-harmonic 

frequencies (Fig. 4 c and d)). The spectral features of the far-field (Figs. 2 c,d) and near-field 

(Figs. 4 e,f ) SH spectra are the same with maxima corresponding to the modes of the 

metamaterial slab. The far-field SHG is about 10 orders of magnitude higher for TE excitation 

compared to TM fundamental light, while the near-field SHG excited with TE fundamental light 

is only about 4 orders of magnitude higher. The metamaterial slab modes identified on the SHG 

spectral dependencies (red circles for either elliptic or hyperbolic modes at the fundamental 

frequency and green circles for hyperbolic SHG modes, due to the TM polarisation of the 

generated SH light), unambiguously show the correspondence of the mode position and the SHG 

enhancement in the single-resonant (when either the fundamental or SH light is coupled to the 

mode) and especially double-resonant (when both the fundamental and SH light is coupled to the 

slab modes) conditions. The double-resonant conditions for TE modes occur primarily for the 
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SHG in the UV spectral range, while can be achieved for TM modes in a broader spectral range 

(cf. Fig. 4e and 4f) due to the involvement of bulk plasmon-polaritons in the hyperbolic spectral 

range, e.g., the hyperbolic TMh,1 mode at the fundamental frequency and the TMe,1 mode at the 

SH frequency. Thus, strong SHG enhancement can be observed at multiple “double-resonant” 

wavelengths allowing for efficient SH generation at multiple wavelength with the same 

metamaterial slab. 

The field confinement near the nanorods forming the metamaterial, associated with the 

excitation of different modes was simulated and can be seen from the plotted polarisation 

distributions: the stronger field enhancement the higher the induced SH polarization. For example, 

one can observe that the mode TE3 at 2.3 eV (Fig. 5a) yields the highest field confinement, 

followed by TE2 (Fig. S1a), TE4, TE5, and TE1. In addition to the mode spectral position, an overlap 

integral between the microscopic nonlinear polarization at second-harmonic and fundamental 

frequencies is important to observe efficient SHG enhancement7. The orthogonal to the surface 

components of both the nonlinear polarization proportional to E⊥
(ω)(𝑟, ω)E⊥

(ω)(𝑟, ω) and the SH 

field distributions E⊥
(ω)(𝑟, 2ω), together with the associated relative overlap 

E⊥
(ω)(𝑟, ω)E⊥

(ω)(𝑟, ω)E⊥
(ω)(𝑟, 2ω) are plotted for the selected modes and both fundamental light 

polarizations in Figs. 5 and S1, confirming this requirement. The corresponding values of the 

relative overlap integrals over the nanorod surface are equal to approximately 14 and 10 for TE 

and 0.04 and 0.01 for TM polarized excitations at 2.3 eV and 1.77 eV excitations, respectively (for 

comparison, for the off resonant excitation at 0.4 eV, the field overlap values are much smaller 

being 3 ∙ 10−5 for both TE and TM polarisations, respectively). The relative overlap integrals are 

of about 2 order of magnitude higher for TE compared to TM polarized excitation light. On the 
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other hand, considering only TE polarized excitation, the largest relative overlap integral is found 

for the TE3 and TMe,3 modes at the excitation of 2.3 eV (Fig. 5c), followed by the TE2 and TMe,2 

modes at the excitation of 1.77 eV, with the latter being 30% lower (Fig. S1c). This microscopic 

picture highlights the importance of mode selection rules responsible for the SH enhancement in 

nanorod-based metamaterials. Firstly, a high field enhancement at the fundamental frequency 

favors the respective modes for achieving strong SH enhancement. Secondly, a strong field 

enhancement at the SH frequency, along with a multiresonant response, enhances SH even further. 

Last but not least, the symmetry of the two field distributions is crucial allowing for strongest 

overlap of the resonant fields. 

 

In conclusion, we have numerically studied SHG from an anisotropic hyperbolic 

metamaterial in different polarisation configurations and for different angles of incidence. We have 

adopted a perturbative, nondepleted pump approximation of the SHG description with 

hydrodynamic nonlinearity of Au nanorod meta-atoms forming the metamaterial and also taken 

into account the internal structure of the metamaterial composite. The simulations show a strongly 

enhanced SHG when both fundamental and generated light is coupled to the modes of the 

metamaterial slab, which is facilitated by the modes’ dispersion in the hyperbolic regime. Due to 

a rich spectrum of the modes supported by the hyperbolic anisotropic slab waveguide, the 

enhanced SHG can be observed in a broad spectral range. The SHG excited with TE polarized 

light is much more efficient due to the internal structure of the metamaterial and the surface 

nonlinearity of Au nanorods. The enhancement related to phase matching due to ENZ is shown to 

be negligible in the considered geometry of a thin metamaterial slab. By designing the plasmonic 
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nanorod metamaterials, the enhancement of frequency doubling efficiency can be achieved in a 

desired wavelength range by the design of the mode structure of the metamaterial slab.  

 

Methods. 

Model for second-order nonlinearity of Au. For modelling second-order nonlinear response of 

metamaterials, we characterized the interaction between the nonlinear sources and the 

metamaterial at the harmonic frequency (2𝜔), via the nonlinear wave equation in the frequency 

domain 𝛁 ∧ 𝛁 ∧ 𝑬(2𝜔)(𝒓) − 𝑘0
2𝜀(2𝜔)(𝒓)𝑬(2𝜔)(𝒓) = 𝜇0𝑘0

2𝑷(2𝜔)(𝒓), where 𝑬(2𝜔) is the field at 

the SH, 𝑘0 is the wavevector of light in air, 𝜀(2𝜔) is the permittivity of the nonlinear material at 

the SH, and 𝑷(2𝜔) is the nonlinear polarizability generated within the nonlinear (nonmagnetic 𝜇0 =

1) metallic rods of the metamaterial. Nonlinear polarization in conduction band of noble metals, 

such as gold and silver, is well described by the hydrodynamic model19. The latter holds only for 

the spectral range below the plasma frequency such that the real part of the permittivity is negative, 

but both away from interband transitions and Coulomb collisions, occurring respectively at high 

and low frequencies. Following20,21, both conduction and bound electron losses can be included in 

the model, and a complex permittivity at both fundamental and SH frequencies, can be then 

considered. Let us consider the classical hydrodynamic equation for conduction electrons: 𝑚∗ 𝑑𝒗

𝑑𝑡
+

𝑚∗𝒗 ∙ 𝛁𝒗 = −𝑒𝑬 − 𝛾0𝑚∗𝒗 − 𝑒𝜇0𝒗 ∧ 𝑯, where 𝒗(𝒓, 𝑡) = 𝒋𝐷(𝒓, 𝑡) 𝑒𝑛(𝒓, 𝑡)⁄  is the electron 

velocity, 𝒋𝐷(𝒓, 𝑡) and 𝑛(𝒓, 𝑡) being electron current density and electron density, respectively. The 

equation includes a convective term accounting for the acceleration of charges, a linear term in the 

charge density, a viscosity term containing the damping frequency 𝛾0 of conduction electrons and 

finally the Lorentz force term. Nevertheless, additional terms such us quantum pressure of electron 

gas are not taken into account in this model21. Given the continuity equation: 𝑛̇(𝒓, 𝑡) =
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− 1 𝑒(𝛁 ∙ 𝑷)⁄ , the hydrodynamic equation can be written in terms of the polarizability 𝑷. Thus, 

adopting a perturbative approach in the undepleted pump approximation, one can move into the 

frequency domain and write the current density at the SH frequency as a function of the 

fundamental frequency field by collecting terms up to the second order: 𝑷𝑆
(2𝜔)

= 4𝜋𝜀0[𝛽𝑬(𝜔)𝛁 ∙

𝜒𝐷
(𝜔)

𝑬(𝜔) + 𝛾𝛁(𝑬(𝜔) ∙ 𝑬(𝜔))], where  𝛾 =
𝜔𝑝

2

𝜔2

𝛽

4
 and  𝛽 =

𝑒

8𝜋𝑚∗𝜔2 [
𝜔2

𝜔𝑝
2] 𝜒𝐷

(𝜔)
[

(2𝜔)2

𝜔𝑝
2 ] 𝜒𝐷

(2𝜔). The 

first term accounting for a dot product between the electric field and its divergence is the 

quadrupole-like Coulomb term while the second term accounting for the gradient of the square of 

the electric field is produced by convective and Lorentz forces. These terms have a -function-like 

behaviour at the metal surface, thus we have neglected the bulk contribution to second-order 

response. It is interesting to note that in the limit of a free electron gas when  𝛽 =
𝑒

8𝜋𝑚∗𝜔2
 , the 

above polarizability takes the form reported in Ref.19 Finally, due to the continuity of the electric 

displacement across the metal surface, we can write the electric field as a function of the spatial 

varying complex permittivity 𝜀𝑟, considering both intraband and interband transitions. We, then, 

obtain the following tangential and orthogonal terms for the current density at the surface 

 {
𝒁̂ ∙ 𝒋𝑆

(2𝜔)
= −2𝑖𝜔𝜀0𝛼𝜒𝐷

(2𝜔)
𝜒𝐷

(𝜔)2
(𝜀𝑟 + 3) 4⁄ 𝑬

𝑠,𝒁̂

(𝜔)
𝑬

𝑠,𝒁̂

(𝜔)

𝑿̂ ∙ 𝒋𝑆
(2𝜔)

= −2𝑖𝜔𝜀0𝛼𝜒𝐷
(2𝜔)

𝜒𝐷
(𝜔)2

𝑬
𝑠,𝑿̂

(𝜔)
𝑬

𝑠,𝒁̂

(𝜔)
    (1) 

where 𝛼 =
2𝑒𝜔2

𝑚∗𝜔𝑝
4. Here, it should be noted that the proportionality between the current density and 

the electric field, contains the susceptibility at the fundamental frequency taken twice and the 

susceptibility at the SH frequency, as expected for a three-wave interaction. While the tangential 

term is derived only from the quadrupole-like Coulomb term, the orthogonal term is derived by 

both surface current density terms, resulting in a tangential term being continuous at the surface in 
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the opposite trend to the orthogonal component.  From this consideration and from an additional 

(𝜀𝑟 + 3) 4⁄  factor follows that the orthogonal term is dominant, which is in agreement with 

previously observed results22,23. Only the orthogonal term is considered thereafter. 

Numerical modelling of linear response and SHG in a metamaterial slab. For the numerical 

implementation of the SHG emitted by the metamaterial we used a frequency-domain Finite 

Element solver (Comsol Multiphysics), in the framework of the undepleted pump approximation 

described above. The model uses Floquet boundary conditions for a metamaterial square unit cell 

to mimic a planar infinite slab. Rounded extremities have been considered for rods to avoid the 

computational complexity associated with unnecessary mesh. The model has also been tested on 

Au nanoparticles such as nanospheres and nanoprisms leading to a SH emission in agreement 

with Ref.24. 
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FIGURES 

Figure 1. Effective permittivity for the anisotropic nanorod metamaterial based on a square array 

of Au nanorods (12 nm radius, 300 nm length and 60 nm period) embedded in alumina. Au 

permittivity has been taken from 13 and for alumina n=1.6. 
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Figure 2. (a,b) Reflection dispersion of the metamaterial slab as in Fig. 1 for (a) TE and (b) TM 

polarisations. (c-f) The spectra of the radiated (far-field) SH intensity for different angles of 

incidence of the fundamental light: (c,d) reflected and (e,f) transmitted SHG signal for (c,e) TE-

polarised and (d,f) TM-polarised fundamental light. SHG is always TM-polarised. The effective 

plasma frequency of the metamaterial at the fundamental and SH wavelengths is shown with the 

horizontal dashed and solid lines, respectively. The light line in air is shown with a white dashed 

line. Please note low SHG intensity near the normal incidence excitation, which is related due to 

the symmetry consideration of far-field SHG.  
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Figure 3. (a) Reflected SH spectra from a smooth Au surface (red line) and the nanorod 

metamaterial (extracted from Fig. 2c,d) for TE-polarised (blue line) and TM-polarised (black 

line) excitation, respectively. (b,c) The ratio of the SHG intensities reflected from the 

metamaterial for (b) TM- and (c) TE-polarised excitation and smooth Au surface for TM-

polarised excitation. The angle of incidence is 48o in all cases. 
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 Figure 4. (a) TE and (b) TM reflectance dispersion of the metamaterial slab overlaid with the 

analytically simulated mode structure. The effective bulk plasma frequency of the metamaterial 

is shown with the horizontal line. (c) TE and (d) TM reflectance spectra for selected wavelengths 

with mode identification: TEn modes refer to modes allowed for ordinary polarization, TMe,n and 
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TMh,n modes refer to modes allowed in the elliptical and hyperbolic regimes, respectively, for 

extraordinary polarization. (e,f) Spectra of the near-field SHG measured 5 nm below the 

metamaterial in glass substrate for (e) TE and (f) TM polarization of excitation. SH light has TM 

polarization irrespectively of the fundamental polarization. Red and green circles identify modes 

at the fundamental and second-harmonic frequencies, respectively. The effective plasma 

frequency of the metamaterial at the fundamental and SH wavelengths is shown with the 

horizontal dashed and solid lines, respectively.  

 

 
 

 

  Figure 5. (a,d) Orthogonal to the nanorod surface (Pn) component of the nonlinear polarization in 

(a) TE3 and (d) TMe,1 modes induced by the TE and TM polarized fundamental light, respectively, 

at 2.3 eV.  (b,e) The electric field distribution of the TMe,3 mode at the SH frequency (4.6 eV). (c,f) 

Relative overlap integral between (c) TE3 and TMe,3 modes and (f) TMe,1 and TMe,3 modes. 

Fundamental light is incident from the top at the angle of incidence of 48o. The plots are presented 

around the nanorod circumference.  
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SUPPLEMENTARY INFO 

S1. Field distribution analysis. 

Figure 5 shows the distributions of the selected fundamental and second-harmonic modes in order 

to illustrate the resonant conditions. The TE mode at fundamental frequency generates the 

respective TM mode at the second-harmonic frequency. At the fundamental frequency (Fig. 5a) 

the orthogonal to the surface component of the nonlinear polarization has a clear signature of TE3 

with the expected two valleys and a peak. However, at the rod extremities some lightning rods 

effects are also present. On the other hand, the field distribution at the second-harmonic frequency 

(Fig. 4b) has two valleys and two peaks, as expected for a TMe,3 mode. Significant overlap is 

obvious. In analogy to Fig. 5a,b, the orthogonal component of both the nonlinear polarization at 

1.77 eV and the electromagnetic field at 3.54 eV in Fig. S1a,b, should show the same number of 

peaks and valleys as the corresponding modes in Ref.9 One can note that the field at 1.77 eV reports 

a clear signature of TE2 with the expected one node one valley and one peak. Interestingly, TE2 

lies in a spectral range which is away from both interband and intraband transitions, thereby 

showing sharp modal characteristics. In contrast to this, the map in Figure S1b reports two valleys 

and a peak, typical of TMe,2 mode. Similarly to the case of TMe,3, the last valley is less pronounced 

due to interband transitions and to the arbitrary angle of incidence. Significant relative overlap is 

obvious in Fig.S1c, which results one order of magnitude lower at the substrate side in comparison 

with the overlap integral between the modes TE3 and TMe,3 (Fig. 5c).   
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Figure S1. (a) Orthogonal to the nanorod surface (Pn) component of the nonlinear polarization in 

TE2 mode induced by the TE polarized fundamental light at 1.77 eV. (b) The electric field 

distribution of the TMe,2 mode at the SH frequency (3.54 eV). (c) Relative overlap integral between 

TE2 and TMe,2 modes. Fundamental light is incident from the top at the angle of incidence of 48o. 

The plots are presented around the nanorod circumference.  

 

 

S2. Analysis of the mode spectrum in the UV 

Due to the high losses in the UV spectral range, especially close to the interband transitions, 

the identification of the mode in the linear spectra is not straightforward as they become 

broader25. Moreover, superposition of several interband transitions occurring in the UV 

spectral range results in the characteristic “oscillating” wavelength dependence of the Au 

permittivity measured in Ref.13. In order to deconvolute these sporadic oscillations from 

the true broad resonances of the metamaterial slab, we simulated the reflectance spectra 

with a constant value of the complex permittivity typical of gold in the UV (𝜀𝑟 = −1.26 +

5.5𝑖 at a wavelength of 350 nm) and compared to the reflectance of the metamaterial with 

the factual permittivity dispersion13 (Fig. S2). Since the Au permittivity in the UV does not 

fluctuate far from the value it assumes at 350 nm, we can, then, concentrate our 

investigation on the mode identification (black line in Fig. S2). Two minima occurring at 
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400 and 285 nm corresponds to the near field distributions typical of the modes TMe,2 and 

TMe,3, respectively. By comparing the field distributions at 400 nm (285 nm) with those at 

350 (270 nm), within a FWHM of the respective modes, it is evident that the distributions 

are the same apart from a small dephasing. Therefore, the oscillations of the blue curve 

corresponds to the oscillations of the permittivity while the metamaterial slab mode is the 

same.  

Figure S2. Reflectance spectra of the metamaterial for the TM polarized light at 48o angle 

of incidence simulated for the actual Au permittivity13 (blue line) and for a fixed 

dispersionless permittivity (black line). The near-field distributions inside the elementary 

cell plotted for the dispersionless permittivity at wavelengths of 270 nm, 285 nm, 350 nm, 

and 400 nm (black circles). 
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