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Abstract:  As delamination cracks are usually invisible, it is difficult to identify delamination cracks within carbo
n-fiber reinforced polymer (CFRP) composite laminates. The difficulties in finding laminate damage by visual ins
pection raises the need of monitoring methods that use electric resistance changes within the laminates. The meth
od adopts conductive carbon fibers as sensors as well as mechanical reinforcements, that is, in a sense self-sensing
. In the present study, the new analysis method is extended to a new electric current arrangement that is used for th
e addressable conducting network (ACN). The addressable conducting network adopts grid type electrodes mount
ed on the both sides of the target CFRP laminate in orthogonal direction. Selecting the one electrode on one of the

surface and the other on the other surface gives a cross point electric current. The electric current density distribu
tion, however, depends on the fiber direction of each plies. To prevent the high cost computation, the analysis dev
eloped by Todoroki is extended in the present study. The analysis enables us to analyze the delamination effect on 
electric voltage change at various stacking sequences that is needed for optimizations of the direction of the electr
ode array. The analysis method is adopted for damage monitoring of plate type specimen in the present s
tudy, and that method successfully detected the delamination crack. 

Introduction: 
Carbon fiber reinforced polymer (CFRP) laminated composites are used in aircraft, automobiles, and as structural 
components of other transportation vehicles because of their excellent specific mechanical properties. To prevent 
delamination cracking of laminated CFRP composites, the use of resin rich layers with elastomer particles has been adopted 
in the recent highly toughened laminated CFRP [1]. The electrical conductivity of highly toughened CFRP, however, is very 
low compared with that of conventional laminated CFRP, especially in the through-thickness direction [2]. The electrical 
conductivity of toughened CFRP is strongly orthotropic, and this may result in structural damage when a lightning strike 
occurs [3]. As lightning protection, metal foils or meshes are attached to the surface of the CFRP components of in-service 
aircraft [4]. It is, however, difficult to prevent induced electric current or leaked electric current. Many research articles have 
addressed the damage of CFRP laminates struck by artificial lightning [2-6]. However, the existence of resin-rich layers in 
aircraft structures makes it difficult to evaluate electric current distribution in CFRP laminates. 

Todoroki previously proposed an analytical method for calculating electric current distribution in laminated CFRP using a 
newly developed electric potential function for orthotropic laminates [7,8]. The analytical method assumes that CFRPs are 
homogeneous orthotropic materials. The toughened CFRP laminates used in aircraft, however, are not homogeneous with 
respect to the through-thickness direction because of their resin-rich layers. 

In our previous paper [9], an electrical source and grounding sink couple was placed on the top surface of beam type 
specimens, and the electric current was experimentally measured and compared with the results of the orthotropic electric 
potential function analysis. It was found that the equivalent current method was effective and the assumption of the 
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orthotropic homogeneous materials in the thickness direction was applicable for electric current flowing near the top surface 
of the laminate. The effectiveness of the method, however, was not confirmed for cases in which the electric current flows 
mainly in the through-thickness direction. 

The objective of the present study is, therefore, to confirm the validity of the orthotropic electric potential analysis method 
for the through-thickness direction electric current. The equivalent conductivity and the assumption of homogeneity in the 
through-thickness direction are confirmed for electric current in the through-thickness direction. In the present study, the 
electric current source and ground (sink) were placed on opposite surfaces of a beam type specimen. The electric current 
flowed in the oblique line between the current source on the top surface and the grounding sink on the bottom surface. This 
placement of the electrodes created a large electric current in the through-thickness direction. The electrical potential 
distribution was also completely different from the distribution observed when the current source and grounding sink couple 
is placed on the top surface of the specimen, as shown in the previous study [8,9].  

A formula for an orthotropic electric potential function was derived for the oblique current path of the beam type specimen in 
the present study. The oblique electric current path is employed in self-sensing damage monitoring systems of addressable 
conducting networks [10]. The electric voltage distribution of the oblique electric current path is performed by Selvakumaran 
et al. [11]. To confirm the validity of the derived formula, comparison with finite element method (FEM) analysis were 
performed in the present study. The formula is modified for the CFRP laminated plates and a new electric current analysis of 
delamination crack in a CFRP laminated plate is proposed. 

Principle of anisotropic electric potential function analysis: 
Anisotropic electric potential function 
Let us assume that unidirectional CFRP laminates are orthotropic homogeneous materials electrically. The Cartesian 
two-dimensional coordinate system of the laminates is defined with the x-axis as the fiber direction and the z-axis as the 
through-thickness direction. Let the electric conductance of each direction be x and z, respectively. The electric current 
density in the x- and z-directions (ix, iz) can be obtained using the orthotropic electric potential function  as follows: 

x
i xx , z

i zz (1) 

where x and z are the electric conductivity in each direction. For a CFRP laminate, the resin-rich interlamina is neglected 
and the CFRP laminate is assumed to have uniform electric conductance in the thickness direction. With no electric current 
input, the equation for the continuity of the electric current is  

. 0yx ii
x y

(2) 

Substitution of equation (1) into equation (2) gives 

.                  
2 2

2 2 0x yx y
 (3) 

To deal with the orthotropic coordinate, the following coordinate transformations are adopted 

zx

zx , (4) 

Using equation (3), the continuity equation becomes 

02

2

2

2

(5) 

Equation (5) is the isotropic Laplace equation, which is similar to that for the velocity potential of perfect fluid. This means 
the potential of a perfect fluid can be applied to the transformed coordinates. Using a couple of a source (electrical source) 
and sink (electrical ground), the electric potential of the orthotropic conductive material can be analyzed.  
Let us consider that an electric current source-sink couple is located on the same surface of this CFRP plate; for definiteness, 
the source is set at (−a, 0) and the sink at (a, 0), where a>0 (see Fig. 1). Using the potential flow for this electric source-sink 
couple, the electric current density can be formulated as 
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The details of the orthotropic electric potential theory can be seen in reference [7]. 

Source Sink

I -I x

z

(-a,0) (a,0)

O

Fig.1 Electric source and sink on an infinite plate. 

Mirror image method 
The orthotropic electric potential gives the electrical potential distribution and electrical current in an infinite plate. To obtain 
those for a finite plate (thickness is t, and length is L), a mirror-image method is useful for a simple analysis. Figure 2 shows 
a schematic representation of the mirror images of the electric current sources and sinks (electrical ground) [12]. In this study, 
the images are for the x- and z-directions.  

x

z

Nz=0

Nz=1

Nz=-1

Real specimen

Mirror-image
specimenSource

Sink
O

Mirror-image
specimen

Fig.2 Schematic representation of mirror images. 

Nz (half-number of mirror images) denotes the number of sets of plus and minus images in the z-direction. For example, Nz = 
0 includes the images from −10 to 10 in the z-direction. If Nz sets of images are required, the electric current density is 
obtained by summing the electric current densities from the image of #−Nz to that of #Nz: Similarly, Nx denotes the number of 
sets of plus and minus images in the x-direction, the half number of mirror images. When a specimen is long and the spacing 
between the source and sink is small enough, the mirror images of the x-direction can be neglected. In this case, the electric 
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current density is obtained by summing the electric current densities from the images of #−Nz to #Nz (see reference [13]): 

2 2 2 2

2 2 2 2

2 2

2 2
2 2

Nz

x
k Nz x z

x z x z

Nz

z
k Nz x z

x z x z

I x a x ai
x a z tk x a z tk

I z tk z tki
x a z tk x a z tk

 (7) 

The appropriate number of images can be determined by comparison of electric current from images. The electric current in 
the region from z = 0 to z = t (the target area of the thin CFRP laminate) of the image is very small when the source-sink 
couple of an image is located far from the target area. When the source and sink couple is located on the top surface of the 
specimen, the required number of images can be obtained as follows. 

63.7
2z
aN

t
(8) 

The detail of equation (8) is given in reference [13]. 

Equivalent conductivity of cross-ply laminate 

When a beam is composed of 0°-plies and 90°-plies, the simple orthotropic electric potential does not describe the exact 
electric potential because of the difference between the electrical conductivity of the 0°-plies and 90°-plies [8]. This causes 
the electric potential difference of a cross-ply laminate to differ from that of a unidirectional CFRP of 0°-plies. To obtain the 
exact electric current density of a cross-ply laminate, its electric potential difference must be obtained. 

In our previous paper [8], it was assumed that the electric potential difference distribution of a cross-ply laminate could be 
calculated using the electric potential distribution of a uniform orthotropic plate that has a different electrical conductivity 
from that of the original 0°-ply or 90°-ply. To obtain the electric potential difference distribution of a cross-ply laminate, an 
equivalent conductance is assumed, which provides it with an almost equal electric potential distribution. When an electric 
current is applied to the surface of a CFRP plate, the electric potential difference is not uniform in the thickness direction. 
Figure 3 shows the typical partial difference in the electric potential when the electric source and the sink are placed on the 
surface of a beam type specimen. This non-uniform electric potential difference requires special measures to the lamination 
theory of the electrical conductance of CFRP laminates [14]. 

Distance from top, a=z/t
0 0.5 1.0

1.0

0.0

0.5

Fig.3 Typical electric potential distribution when electric source 
and grounding locate on a single surface. 
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To consider the non-uniform electric potential effect, the previous paper [8] proposed a method that used a contribution 
function to calculate the equivalent electrical conductance of a cross-ply laminate. The contribution function is the 
normalized electric potential difference. A small value of the contribution function at normalized depth  (= z/t, where t is the 
laminate thickness) means that the cross sectional area at thickness  is small for the electric current. Therefore, the width of 
the area at  is virtually shrunk, and the electrical conductance of the laminate can be calculated. 
 
To obtain the equivalent conductance to allow the electric current density of a cross-ply laminate to be calculated, the 
following iteration method from reference [8] is available: 
(1) Using a unidirectional 0°-ply laminate, the electric potential difference at the center (x = 0) is calculated using the 
orthotropic electric potential function. 
(2) A normalized contribution function F( ) is obtained from the calculated electric potential difference at the M-divided 
points of the z-coordinate. 
(3) Using the obtained contribution function F( ), the equivalent electrical conductance Cx is calculated as follows: 

1

0
)( dFC xx                  (9) 

(4) When the obtained equivalent electrical conductance Cx is different from the previously calculated Cx over the allowable 
limit value, recalculate the electric potential difference again. When Cx has a small difference compared with the allowable 
limit value, the iteration is terminated and Cx is assumed to be the equivalent electrical conductance. The full details of the 
process are given in reference [8]. 
 
New theory of anisotropic electric potential function:  
 
Oblique crack analysis 
 
When an electric current source is located at (a1, t1) on an infinite plate, the orthotropic electric potential s is expressed with 
small modifications as follows: 

2 2
1 1ln

4s
x zx z

x a z tI
             (10) 

When an electrical ground (sink) is located at (a2, t2) on the infinite plate, the orthotropic electric potential g is expressed as 
follows: 

2 2
2 2ln

4g
x zx z

x a z tI            (11) 

Superposing the source and grounding potential, the orthotropic electric potential function d of the oblique electric current 
(see Fig. 4) in an infinite plate can be obtained as follows: 

zxzxzx
d

tzaxtzaxI 2
2

2
2

2
1

2
1 lnln

4
     (12) 

Using equation (12), the electric current density can be obtained for the oblique current in the infinite plate. 
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Fig.4 Electric source and ground for oblique electric current in an infinite plate 
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When the analytical results are compared with experimental results, the dot-like electrodes are not realistic. The orthotropic 
electric potential function for finite-width electrodes L can be obtained by integrating the electric potential function of 
dot-like electrodes given by equation (12) along the electrode lines. Let us consider the case that the electrodes have finite 
length as shown in Fig. 5. The integrated potential function for the line electrode L is given as follows: 

1 2

2 1
1 2

b b

L s gb b
dl dl                       (14) 

 

x

z

O
-b1

Source

Ground

-b2

b1 b2

t2

t1

 
Fig.5 Line source and line ground for oblique electric current in an infinite plate. 
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The electric current density can be calculated as follows 

L
x xi

x
               (15) 

L
z zi

z
                                         (16) 

The effect of the specimen thickness cannot be neglected for the oblique electric current because the electric current flows in 
the through-thickness direction from the top surface to the bottom surface (see Fig. 6). The thickness effect can be modified 
using the mirror image method. The mirror image of the oblique electric current is illustrated in Fig. 7. The mirror images in 
the z-direction must be placed for the oblique electric current. Because the 0th mirror image exists, the total source electric 
current must be 2I to apply an electric current of I in the actual CFRP beam. 

Sink

Source

CFRP laminate
 

Fig.6 Oblique electric current specimen of beam type. 
 

x

z

2t OSource

Sink

CFRP 
laminate

Mirror 
images

Mirror 
images

 
Fig.7 Mirror images of z-direction for oblique electric current 

 
The total number of mirror images in the z-direction, Nz, for the approximations is determined from the electric current of the 
mirror image compared with the total electric current applied in the target specimen. 
 
The electric current density of the original source and sink at the middle of the beam (x = 0) can be obtained from equation 
(16) when 2I is applied as follows: 

0
0

L
x xx

x

i
x

              (17) 

Let us consider that the half number of mirror images is set to Nz. This means that the Nz mirror images are located in the 
upper half of the original specimen, and the same number of images is located in the lower half of the original specimen. 
Thus, a total of (2 Nz +1) source and sink couples exist aligned in z-direction 
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When the spacing between the electrodes is not small enough compared with the specimen length, the x-direction mirror 
images must be added as shown in Fig. 8. Let the half number of mirror images in the x-direction equal 2Nx. Because the 
distance to the source from the center of the specimen is b1, the electric current density from the mirror image of the kth 
location can be calculated by replacing x with x−kL when k is an even number. When k is an odd number, the source and sink 
exchange their position as shown in Fig. 8. 

x

z

Source
Sink

L

O

CFRP 
laminate

Mirror images Mirror images

t

 
Fig.8 Mirror images of x-direction for oblique electric current 

 
Analysis of laminated CFRP plate 
 
The electric conductivities in the x-, y- and z-directions are x, y and z respectively. The electric current density in each 
direction can be expressed as follows, 

x
i xx , x yi

y
  , z

i zz           (18) 

The continuity of electric current gives the following equation, 

02

2

2

2

2

2

zyx zyx             (19) 

Affine transformations are adopted as follows, 

, ,
x y z

x y z
               (20) 

Using the affine transformation, equation (2) becomes, 
 

02

2

2

2

2

2

                  (21) 

 
Similar to the two dimensional analysis, electric potential function of 3D plate is obtained as follows [8]. 

yy

y
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xzyx
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zayax

I
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                   (22) 
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x

xzyx
ksin

zayax

I
22

2
2

2

1
2

                               (23) 

For damage monitoring using changes in electrical resistance, the electrodes are not a single point, but rectangular as shown 
in Fig.9. To obtain the electric potential of finite area electrodes, the electric potential function is integrated over the electrode 
area as shown in the equation (24). 
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          (24) 

The electric potential function shown in the equation (24) is applicable for an infinite body. For a finite plate, the electric 
potential function can be modified using mirror images.  
 
Let us think about the situation in which electric current source forms a line (Fig. 9). This situation corresponds to the 
electrode arrangements employed as Addressable Conducting Network (ACN) for self-sensing of damage in CFRP structure 
[10]. When the electric current source is a line, the line can be considered as the set of source points. Electric potential 
function for source point located at (-a, ay, 0) point can be expressed as 

2/1
22212

point
1

4

zy

y

x

zyxyy zayaxaa
I             (25) 

 

x

y
z

O

L

I [A]

I [A]

W

CFRP laminates
T

(a, 0, T)

a

a2y

a1y

 
Fig. 9. Unidirectional CFRP laminate with electric current source line and sink point. 

 
Integrating this function over the line (a1y ≤  y ≤  a2y), the electric potential function for the line source line can be 
obtained as 

y
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             (26) 

The orthotropic electric potential function for a couple of source line and sink point described in Fig. 9 can be expressed as 

2/1
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            (27) 

 
When an electric current source and a ground are located on the top surface of a laminated CFRP plate, the electric potential 
difference has its maximum value at the surface, and decreases with increasing distance from the surface. The decrease of the 
electric potential difference arises from the low electrical conductivity in the though-thickness direction. The distribution of 
the electrical potential depends on the ratio of electrical conductivity between x and z. For cross-ply laminates, x gives the 
exact distribution of the electric potential, and the electric potential difference is not equal to 0 or 90. The modified process 
used two directions, and is described briefly as follows. 
 
(1) Using a unidirectional 0°-ply laminate, the electric potential differences (∂ /∂x and ∂ /∂y) at one point (x, y) = (−a1x, a1x) 
are calculated using the orthotropic electric potential function. Note that the point should not be on the coordinate axis (x=0 
and y=0). 
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(2) Normalized contribution functions Fx( ) and Fy( ) are obtained from the calculated electric potential difference (  =z/t: 
where t is the plate thickness). 
(3) Using the obtained contribution functions Fx( ) and Fy( ), the equivalent electrical conductivities Cx and Cy are 
calculated as follows 

0

t

x x xC F d , 
0

t

y y yC F d                 (28) 

(4) When the obtained equivalent electrical conductivities Cx and Cy are different from the previously calculated Cx and Cy, 
and above a certain allowable limit, the electric potential difference is recalculated. When Cx has a small difference relative to 
its allowable limit, the iteration is terminated and Cx is assumed to be equivalent to the electrical conductance. Using the 
equivalent conductivities Cx and Cy, the electric potential function of the laminated plate is obtained. 
 
Let us consider a case in which the fiber direction is rotated by  from the x-axis as shown in Fig. 10. The electric current can 
be calculated as follows 

x

y
y’ x’

z’zx

y x’
y’

z’z

O

Carbon fiber
Carbon 
fiber

 
Fig.10 Definition of fiber rotation angle and x-y coordinates. 
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900
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2
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cossin
sincos

yy

xy

xx
              (30) 

When = 0° or = 90°, xy in the equation (30) becomes zero. For the angle plies, xy is non-zero. A non-zero xy transforms 
the equation for the continuity of electric current into a non-Laplace equation. The non-Laplace equation means that the 
orthotropic electric potential function cannot be applied when the angle plies are included in the laminated CFRP plate. In the 
present study, therefore, a new approximation method is proposed. 
 
To prevent bending-twisting coupling, angle plies are usually placed adjacent. For example, 45° and −45°-plies are placed 
adjacent in most real laminated CFRP plates. Even when another ply such as a 90°-ply is included, the 90°-ply is sandwiched 
between the 45°-ply and −45°-ply to prevent bending-twisting coupling. In the present study, two cases are considered: first, 
where 45° and −45°-plies are adjacent, and the second, where the layers are arranged in the order 45°-ply, 90°-ply and 
−45°-ply. Placement of a 0°-ply instead of a 90°-ply, can be considered by replacing the 90°-ply with the 0°-ply. 
 
When a 45°-ply and −45°-ply are adjacent, the two layers can be coupled and assumed to be a ply of double thickness 
(±45°-ply) as shown in Fig. 11(a). The coupling of the plies makes the overall value of xy = 0, from equation (9). This means 
that the double thickness ±45°-ply can be treated as an orthotropic ply of conductivity of ( 0 + 90)/2. The orthotropic 
potential function can then be obtained using the equivalent conductivity analysis shown in previous section. The equivalent 
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conductivity of the laminated CFRP enables us to calculate the electric potential difference, and the electrical current density 
for each angle ply using equation (29). For example, the 45°-ply has xy of ( 0 - 90)/2. The coupling of the ±45°-plies used 
in the electric potential function is a smooth continuous function and the function of 45°-ply or −45°-ply can be approximated 
by ±45°-ply.  
 
When a 90°-ply is located between the ±45°-plies, the three plies (45°-ply, 90°-ply and −45°-ply) couple to other cases of 
±45°-plies. The thickness of the coupled ply is three times that of a normal ply, as shown in Fig. 11 (b). The triple-ply 
coupling makes xy zero. This coupling also enables us to calculate the orthotropic electric potential function for a laminate 
that includes angle plies. The triple thickness ply has x = ( 0+2 90)/3 and y= (2 0+ 90)/3. This enables us to calculate the 
equivalent conductivity. The equivalent conductivity gives the electric potential function, and the electric current density can 
be obtained using equation (29). 
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(a) Coupling of angle plies. 
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(b) Coupling of angle plies with other ply 

Fig.11 Schematic representation of coupled laminates used to calculate equivalent conductivity 
 
Delamination analysis 
 
Delamination cracks are treated as zero-thickness planes that act as insulating material in regard to electric current flowing in 
the through-thickness direction. The electric current field of the laminates with delamination can be expressed as a 
superposition of two components: the first is the field induced by the electric current source and sink, and the second is the 
field induced by the sets of doublets introduced on the delamination surfaces to annul the electric current flow in the 
through-thickness direction. The details of this doublet analysis method are stated as follows. 
 
A three-dimensional Cartesian coordinate system is introduced. When a doublet of strength  directed along the z direction is 
located at (x0, y0, dz), the electric potential, doublet, at field point (x, y, z) due to the doublet can be expressed as [12] [13] 
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Using Ohm’s law, the electric current density, iz, doublet, in the z direction induced by the doublet at (x0, y0, dz) can be 
expressed as 
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Doublets are introduced over the entire delamination area. The electric current density, iz, crack, in the z direction at point (x, y, 
z) induced by all the doublets can be calculated from the surface integral, 
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             (33) 

The domain of integration is the surface area affected by delamination. Let us assume that the electric current source and sink 
are present in the field. As the electric current density on the delamination surface needs to be zero in the direction 
perpendicular to this surface, then the equation for equilibrium 

0,,,, , zyxizyxi crackzz
                  (34) 

 
must hold on the delamination surface. Here, iz is electric current density induced by the current source and sink. This 
situation is depicted in Fig. 12 Equation (34) gives the strength of the doublet , which leads to the change in the electric 
potential caused through delamination given by Equation (31). Solving Equation (34), however, is difficult because Equation 
(33) is a hyper-singular integral equation evaluated over the delamination surface; z = dz. A method of approximation to 
obtain  is therefore proposed that avoids the singularity by considering the equation of equilibrium at a point slightly shifted 
from the delamination surface; z = dz - . Here,  is a small nonzero value. To calculate , the delamination surface is divided 
into Mx × My grids (Fig. 13). Throughout the grid,  is assumed to be constant equal to its value at the center of the grid (xm, 
yl, dz). This discretization technique enables Equation (34) to be written as 
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Fig.12 Principle of superposition of doublets on the delamination surface. 
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Fig.13 Grid divisions of delamination surface for the surface integral calculation. 

 
 
Here, ml is defined as the value of the strength at (xm, yl, dz), and S is the product x y; xs and yr are defined similar to xm, 
yl, i.e., the x and y coordinates at the center of the grid. In addition, isr and Fsrml are defined as 
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Using isr and Fsrml, Equation (35) can be written as 

mlsrmlsr Fi           (38) 
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Their relationship is expressible as 

μFi               (42) 
Multiplying both sides of Equation (42) from the left with the inverse matrix of [F], [F]−1, one obtains 

iFμ 1               (43) 
 
Using each component of [ ] gives the change in electric potential induced by each doublet introduced on the delamination 
surface. This change in electric potential induced by delamination cracks can be obtained from the integrals of all 
contributions from the entire set of doublets. The change in electric potential at (x, y, z), crack, therefore, is calculated using 
Equation (31) and values obtained for ml, 
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For an accurate solution, the contribution from the sets of image charge doublets surrounding the object also needs to be 
superposed. Calculating the strengths of all doublets, however, takes a long time. The doublet-analysis method has the 
advantage in providing a less intensive calculation compared with commonly-used numerical methods such as FEM. In the 
present study, the set of doublets from only one image charge adjacent to the object in the through-thickness direction is 
superposed to affect a low calculation cost. Considering this image charge, the change in the electric potential V on the top 
surface (x, y, 0) induced by delamination cracks can be expressed as 
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Experiments and FEM analyses: 
Oblique current beam type 
(a) FEM analysis 
 
The results of the new analysis method of the oblique electric current are compared with the results of FEM analysis. 
Because the FEM analysis is based on the assumption that the laminated composites can be dealt with as homogeneous 
orthotropic conductive materials, success does not mean that the result given by the new analysis method is exactly equal to 
the actual electric current. If the analysis results agree with the FEM results, it simply means that the calculation of the 
equivalent conductivity of the laminated composites is effective for the applied oblique electric current. 
 
ANSYS Mechanical APDL ver.15.0 was used for the FEM analysis. Type PLANE 230 (4-Node quadrilateral plane) elements 
were adopted for the analysis. The specimen configuration is shown in Fig. 14. The beam type specimen was divided into 
102400 meshes. The typical mesh size was 0.5 mm in the specimen length direction and 0.019 mm in the thickness direction. 
At the electrodes, copper elements were attached, 50 mA was applied to the electric source electrode, and the voltage was set 
to 0 V at the grounding electrode. The specimen length was 640 mm and the thickness was 1.52 mm. Two types of stacking 
sequences were computed: unidirectional [08]T and cross-ply [(0/90)2]S. The electric conductivity used for the FEM analysis 
and the oblique flow potential analysis method from reference [9] is shown in Table 1. 
 

x

z

O
a1=220

L=640

t=1.52

CFRP laminate Electrodes

a1=220
a2=223a2=223

Unit: mm

I=50mA

V=0V
 

Fig.14 Specimen configuration used for FEM analysis 
 

Table 1 Electric conductivity used for FEM analysis [9]. 
 

 
 

(b) Experimental comparisons 
 

The comparison with the FEM results does not reveal the effectiveness of the assumption that the laminated composites with 
resin rich layers can be treated as an orthotropic homogeneous material for an electric current in the through-thickness 
direction. For confirmation, an experimental process is indispensable. In the present section, an oblique electric current 
experimentally applied to the two types of specimens, unidirectional and cross-ply laminated beam specimens, is investigated. 
The electric current was experimentally measured and compared with the results of the oblique flow potential analysis 
method. 
 
To measure the electric current flows in each ply, special specimens that had separated plies at the middle were fabricated as 
shown in Fig. 15. At the middle of the specimen, pairs of plies were coupled together to prevent failure of the plies during the 
curing process, and the coupled plies were electrically separated from other coupled plies using polytetrafluoroethylene film. 
The beam type specimen was divided into two parts at the middle. At the separated middle edges, copper electrodes were 
made on every ply couple using the copper plating method. To measure the electric current in each coupled layer, the 
specimens were connected through corresponding plies with lead wires, as shown in Fig. 15. The current flowing in each ply 
converged on the center lead wire. Therefore, the amount of current flowing in each ply could be measured by measuring the 
current flowing in each lead wire. To measure the electric current, noncontact-current-Hall-effect sensors (MCS-SD2537: 
GRID Inc., HDCC-30mA-D1, HDCC-3mA-D1: Hohkohsya, Tokyo, Japan) were attached to the lead wires. Current sensors 
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based on the Hall-effect do not affect the current distribution in a specimen. The current sensors were connected to an 
oscilloscope (Picoscope4424: Pico Technology, Tokyo, Japan), and DC source power supply equipment (PW18-1.3AT: 
Kenwood, Tokyo, Japan) was used to input 50 mA current. 

t= 1.52

W=100

40
d=140CFRP laminate

DelaminationsCopper electrode Lead wires

Copper electrode

Delamination area

a1=220

L=640

a1=220
a2=223a2=223

Unit: mm

I=50mA

V=0V

 
Fig.15 Configuration of specimen with separated area in the center  

of the specimen used for experimental measurement of electric current. 
 
Electrical conductivity was measured with an LCR meter (LCR Hitester 3522: Hioki E. E. Corporation, Tokyo, Japan) using 
direct current [9].  
 
In the present study, two types of stacking sequences of beam-type laminates were prepared: unidirectional CFRP [0]8 and 
cross-ply CFRP [(0/90)2]S. The electric conductivity in the fiber, transverse, and thickness directions that were required to be 
analyzed were measured using an actual CFRP specimen (T800S/3900-2B, P2352W-19: Toray Industries Inc., Tokyo, 
Japan). 
 
Plate current type 
 
The electric current density results of three types of laminates were calculated using the new method and compared with 
computational results obtained using Finite Difference Method (FDM) to confirm the performance of the new method. The 
laminated CFRP plate model is shown in Figure 16. The dimensions of the plate were 40 mm × 40 mm × 1 mm. For analysis 
of the electrical current, only the ratio of electric conductivity is important. The electric conductivities in the analysis, 
therefore, are 0 = 1, 90 = 0.1 and t = 0.01. An electric current is applied to an electrode with an area of 0.8 × 0.8 mm2. A 
grounding electrode also had a similar area. The spacing between the electrodes was set to 20 mm. The applied electric 
current I was 1000 mA. Three types of laminates were modeled: unidirectional [010]T, [0/45/−45/90/0]S and [0/45/90/−45/0]S. 
 
FDM was used for the computational analysis in the present study. The grid spacing in the x and y direction was set to 0.2 
mm and that in the z direction was set to 0.02 mm. The total number of grids was 2,000,000. To check for convergence of 
computation iterations, the total electric current in the x direction at the cross section of y = 0 was compared with the applied 
electric current I. For the iteration computations, super parallel computing CUDA ver. 7.0 was performed using a GeForce 
GTX 970 made by NVIDIA to reduce the computational cost. The total computing time for the analysis was approximately 
120 hours. Comparisons were performed at the origin (x, y) = (0, 0) of the plate shown in Figure 16 and at a point A (x, y) = 
(−5, 5). Because there is no electric current in the y direction at the origin, the electric current density in the x direction was 
compared with the results of the new analysis at the origin. At point A, the electric currents in the x and y directions were 
compared with the results of the new analysis. 
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Fig.16 Configuration of a CFRP plate used for analysis. 

 
Delamination analysis 
 
Three different models are studied: the first has one large delamination, the second has two small delaminations and the third 
has one small delamination, named as model 1, model 2 and model 3 respectively. Details of the model dimensions are 
illustrated in Fig. 17. The fiber is directed along the x direction (unidirectional). The input electric current I is set to 1 A; the 
distance between the current input/output area and the origin is set at 10 mm. The important parameters for electrical analysis 
are the ratios of electrical conductivity for each direction; the electric conductivities for the three directions are set to x = 1 
S/m, y = 0.1 S/m and z = 0.01 S/m. The dimensions of the delamination are set to 6 mm × 6 mm for model 1, and 4 mm × 4 
mm for model 2 and model 3. The centers of the delaminations are located at (dx, dy, dz) = (−6, 0, 0.1) for model 1, at (−10, 0, 
0.4) and (2, 0, 0.1) for model 2 and at (−5, 5, 0.1) for model 3. For the FEM analysis, rectangular elements having dimensions 
of 0.5 mm × 0.5 mm × 0.025 mm were adopted. Nodes on the delamination surface are doubly defined and not merged, 
hence blocking any electrical conduction in the through-thickness direction. In the doublet-analysis method, the short 
distance  in Equations (36) and (37) is set to 0.01 mm to avoid the singularity in the equilibrium equation. Discretization 
was done by dividing the delamination area into 21 × 21 grids for model 1, and 14 × 14 grids for model 2 and model 3. The 
change in electric potential on the top surface, i.e., z = 0, was calculated by the doublet-analysis method and FEM, and 
compared for both cases. 
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Fig.17 Schematic representations of three different kinds of the analytical models with delamination cracks. 
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Results and Discussion:  
Oblique current beam type 
(a) FEM analysis 
Figure 18 shows the electric current density in the x-direction at x = −100 mm of the unidirectional specimen. The abscissa is 
the distance from the upper surface and the ordinate is the electric current density. Even at the x = 100 mm location, the 
electric current density obtained using the oblique flow potential analysis agree well with the results of the FEM analysis for 
this unidirectional specimen. 
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Fig.18 Comparison of electric current density ix of unidirectional laminate specimen at x=-100 mm 

 
Figure 19 shows the electric current density in the x-direction at the center of the (x = 0) of the cross-ply laminate specimen. 
For this specimen, the oblique flow potential analysis requires an equivalent conductivity in the x-direction to represent the 
electric voltage distribution of the cross-ply laminated specimen, which is treated as a homogeneous material with the same 
electric voltage difference distribution. In the present study, the equivalent conductivity in the x-direction was Cx = 2.94 × 104 
S/m. The obtained equivalent conductivity Cx and the new orthotropic electric potential analysis method can be used to 
determine the electric voltage distribution. For the calculations with the new analysis method, the total number of mirror 
images in the thickness direction is Nz= 6, and the total number of mirror images in the x-direction is Nx = 48. The electric 
current density can be calculated from the obtained electric voltage difference. The calculated results are shown in Fig. 19 as 
rectangular symbols. 
  
Figure 18 and 19 show that the electric current density calculated by the oblique flow potential analysis method almost 
completely agrees with the FEM results. 
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Fig.19 Comparison of electric current density ix of cross-ply laminate specimen at x=0 mm. 

 
(b) Experimental comparisons 
Figure 20 shows a comparison of the experimental results with the results of the oblique flow potential analysis method for 
the unidirectional specimen. Figure 21 shows the comparison of the results of experiments with the results of the oblique 
flow potential analysis method of the cross-ply specimen. The abscissa shows the coupled layer number and the ordinate 
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shows the electric current. The coupled layers are numbered from the upper coupled plies; layer number 1 is the upper layer 
and layer number 4 is the bottom layer. The electric current means the total sum of the electric current flows in the two 
coupled piles. The results of the oblique flow potential analysis method, therefore, are the integrated results in the two 
coupled plies.  
 
The open squares represent the measured experimental results and the solid circles represent the results of the oblique flow 
potential analysis method. The results of the oblique flow potential analysis method agree well with the measured electric 
current. This means that the assumption of an orthotropic homogeneous material is effective even for oblique electric current 
in toughened laminated composites: the thick resin rich layer is negligible for analysis. 

0

10

20

30

40

50

0 1 2 3 4

El
ec

tri
c 

cu
rr

en
t [

m
A

]

Layer number

Experiment
Analysis

 
Fig.20 Comparison of ix of experimental results with that obtained 
using the oblique flow analysis method for unidirectional laminate 
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Fig.21 Comparison of ix of experimental results with that obtained using 

          the oblique flow analysis method for cross-ply laminate. 
 
Plate current analysis 
Figure 22 shows the results of the comparison of ix of [010]T between the FDM and the new analysis. The abscissa is the 
distance from the surface in the though-thickness direction. The ordinate is the electric current density. The solid curve gives 
the results of the new analysis and the open square symbols are the results of FDM computations. 
 
Figures 23 shows the results from [0/45/−45/90/0]S . In this case, ±45°-plies are coupled into a ply that has double-thickness 
±45°-ply. The results of the new analysis show good agreement with the results of FDM, and the coupling of ±45°-plies into 
a ±45°-ply of double-thickness gives a good approximation of electric current density. 
 
Figures 14 shows the results of [0/45/90/−45/0]S. In this case, 45°-, 90°- and −45°-plies are combined and the electric current 
density results were calculated using the new method and compared with the computational results obtained using FDM. The 
results of the new analysis give good agreement with the results of FDM.  
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These results indicate that the approximation of the coupling of three plies, including angle plies, into one orthotropic ply is 
quite effective for the analysis of electric current density. 
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Fig.22 Comparison of results from analysis and FDM computations for the laminate [010]T at the origin. 

 
Fig.23 Comparison of results from analysis and FDM computations for the laminate [0/45/−45/90/0]s at the origin. 

 

DISTRIBUTION A. Approved for public release: distribution unlimited.



21 

 

0

10

20

30

40

50

60

70

80

0 0.5 1

El
ec

tri
c 

cu
rr

en
t d

en
si

ty
, i

x
[A

/m
m

2 ]

Distance from the surface, z [mm]

FDM
Proposed method

0°45°90°-45°0°0°-45°90°45°0°

 
Fig.24 Comparison of results from analysis and FDM computations for the laminate [0/45/90/−45/90]s. 

 
Delamination analysis 
Contour diagrams (Figure 25) show the results of analysis for the change in electric potential on the top surface for line 
source models. These figures show that both results of the doublet-analysis method and FEM agree well. The x-axis profiles 
for the change in electric potential at y = z = 0 are shown in Figure 26. Every result shows that the obtained curve agrees well. 
The doublet-analysis method is proven to be effective in calculating the change in electric potential induced by the 
delamination cracks even for the case of line source. This successful results will lead to the next step analysis of the laminates 
with ACN for delamination detection. 
 
In terms of calculation time, the doublet-analysis method took 4 seconds whereas the FEM took 386 seconds using the same 
computer. The doublet-analysis therefore demonstrates great efficacy and efficiency over the FEM, although the calculated 
results show almost the same values.  
 
The doublet-analysis method was proven to be effective for the calculation of electric potential change induced by the 
delamination cracks, and for shortening the calculation time. To calculate the change in potential, the doublet-analysis 
method does not need to divide the whole analytical model into small elements, which is necessary in the FEM approach. The 
advantage of the proposed method, therefore, would be more outstanding in dealing with a model of larger scale. The doublet 
analysis may enable us to calculate the potential difference caused by delamination cracks for laminates with angled plies, 
which is still difficult for conventional FEM. This will be our future work. 
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Figure 25. Contour diagrams of calculated results for the change in electric potential 
induced by delamination cracks on the top surface. 
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Figure 26. Detailed profile of the change in electric potential along the x-axis for the three models. 

 
 
 
Summary 
Using the newly developed anisotropic potential function, a novel method to evaluate the potential change of the CFRP 
laminate structure such as the CAN was established. Although the new method is limited to flat plates, there is no large 
difference of the electric current results between the flat plate and curved structures of laminated CFRP from the electrical 
resistance change point of view. Especially, for large CFRP structures, we can assume the actual small curvature structures as 
flat plates. The results obtained in this research, therefore, are indispensable for future research on CFRP self-sensing 
structure. 
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