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1. Development of new methods to improve the performance of Monte Carlo Path Tracing Algorithms for visual and 
sound rendering. These methods will be mapped to the memory architectures of CPUs and GPUs to obtain good 
performance and result in good memory performance using cache management. These methods will also be 
extended to non-linear ray tracing.



2. Develop new solvers for large-scale fluid simulation and fluid control for different applications using the 
parallelism of commodity processors. Besides solving the Navier-Stoke equations, these methods will be combined 
with optimization methods to generate appropriate behaviors. We will measure the speedups obtained by novel 
methods and exploitation of parallelism. 



These algorithms will be demonstrated for various applications including outdoor acoustics, sound rendering, 
smoke and dense fluid simulation.
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applications to sound simulation. Moreover, the PI and the students developed new methods for fluid simulation 
and control.



RAY AND PATH TRACING AND APPLICATIONS TO SOUND RENDERING





The problem of generating high-fidelity sound effects is important for many interactive applications, including 
games, virtual reality, and human-computer interaction systems. It is well-known that realistic sounds can improve 
a user's sense of presence and immersion. Moreover, recent availability of commodity head-mounted displays and 
augmented reality devices has renewed interest in sound simulation and rendering.



We addressed the problem of interactive sound propagation in complex indoor and outdoor environments with a 
large number of sources.

The primary goal is to simulate how sound waves in a virtual scene interact with the environment and are heard by 
a listener.

This includes modeling of various acoustic effects including reflections, diffraction, Doppler shift, echoes, etc. 
Another major issue is simulating reverberation, the persistence of sound that occurs due to the build up of a large 
number of reflections that then decay over time due to absorption.

%The length of the decay, or reverberation time, is an important criteria in the design of architectural spaces and 
can vary anywhere from very short (e.g. 100ms}) to long (e.g. > 3 s}).

For example, music halls are designed so that they can generate a reverb that lasts anywhere from 1.2 to 
3$seconds, or longer. In a typical room (e.g. conference room), the reverb should be anywhere from 0.2 to 1 
seconds.

Outdoor scenes usually have short reverb times (< 500ms}) because most sound escapes the scene after a few 
reflections.

The kind of reverb in a scene can give important cues related to the nature of the environment, including its size, 
localization, speech intelligibility, etc.



A key challenge is to generate high-fidelity sound effects that can accurately model real-world experiences at 
interactive rates, i.e. >10Hz.

Current algorithms for interactive sound propagation in dynamic scenes are based on geometric sound 
propagation. These methods compute the propagation paths from each source to the listener using ray tracing, 
beam tracing, or frustum tracing.

The result of sound propagation is a one-dimensional filter called

an impulse response (IR) that specifies the linear transfer function between a source and listener pair.

The final audio at the listener position is generated by convolving the IR with the unprocessed source sound.



The runtime complexity of geometric propagation algorithms is generally dominated by the computation of IRs 
using ray tracing.

For example, Monte Carlo path tracing methods are frequently used for diffuse reflections and account for a 
significant fraction of the total time spent in IR computation. The runtime complexity is a linear function of the 
number of rays being traced for each acoustic effect, and it is important to minimize the number of rays in order to 
achieve interactive performance.

A recent method exploits temporal coherence of the sound field and reduces the number of rays required to 
achieve high-quality sound. However, it can require over 100MB per source to store the propagation paths for high-
order reflections.



Another significant issue for sound propagation algorithms is to determine the length of the impulse response  a 
priori. The length of the IR specifies how long that sound should travel at the speed of sound. If this parameter is 
longer than the actual response, ray tracing computation is wasted on sound that is inaudible to a human listener. 
In highly reverberant environments (e.g. parking garage, cathedral), the IR will be truncated if it does not capture 
the entire sound decay. The loudness of the sound source is also an important factor, since louder sources tend to 
have longer audible reverberation.

In practice, the length of the IR needs to be tuned for each acoustic space

and sound source that the listener is likely to encounter.

As a result, choosing the appropriate IR length is a major issue in generation of realistic sound effects at interactive 
rates.



We develalgorithms for adaptive impulse response modeling that can significantly improve the performance and 
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reduce the memory requirements for ray-tracing based interactive sound propagation.

The two novel contributions include:



Impulse Response Cache:

Our algorithm caches the IRs from prior frames and performs recursive filtering in order to take advantage of 
temporal coherence and trace fewer rays during each frame while maintaining high-quality sound. The sound field 
on the current frame is expressed as a weighted sum of the impulse responses from the current and previous 
frame. This reduction in the number of rays traced increases the runtime performance (up to 5X) and reduces the 
memory overhead.



Adaptive Impulse Response Length: We augment our ray-tracing algorithm to dynamically detect the current 
impulse response length for each sound source based on a psychoacoustic metric and the source's power.  A 
feedback mechanism is used to determine how far to propagate rays on the next frame, thereby reducing the 
amount of computation needed for less-audible sources and for rooms with short reverberation times.



These techniques have been implemented on a 4-core consumer desktop machine and evaluated using a variety 
of complex dynamic indoor and outdoor scenes with dozens of sources. We exploited the parallelism and 
measured its benefits. We demonstrate a 5x savings in computation time as well as almost 2 orders-of-magnitude 
decrease in memory requirements as compared to previous interactive methods. We have also performed a 
preliminary user evaluation that suggests our results are comparable to a ground-truth offline simulation with 100x 
as many rays. In practice, our approach  can generate realistic acoustic effects at interactive rates for a wide 
variety of complex indoor and outdoor scenes with dynamically-varying reverberation.





FLUID SIMULATION



We developed novel algorithm to control the physically-based animation of

smoke. Given a set of keyframe smoke shapes, we compute a dense sequence of control force fields that can drive 
the smoke shape to match

several keyframes at certain time instances. Our approach formulates this

control problem as a PDE-constrained spacetime optimization. In order to

compute the locally optimal control forces, we alternatively optimize the

velocity fields and density fields using optimizer. In order to

reduce the high complexity of multiple passes of fluid resimulation during

velocity field optimization, we utilize the coherence between consecutive

fluid simulation passes. . Our approach exploits the special structure of the

Navier-Stokes equations discretized on a regular staggered grid,

and solves the optimization problem by finding the stationary point

of the first order optimality (Karush-Kuhn-Tucker) conditions. We have evaluated our approach on several 
benchmarks. Our

benchmarks vary in terms of the grid resolution, the number of

timesteps, and the control force regularization parameter. We highlight

results with up to 60 timesteps at the resolution of 64 cubed. Without

using force templates, we allow each component of the velocity

field to be controlled. We demonstrate the benefits of our approach by computing accurate solutions on 2D and 3D 
benchmarks and parallelize the algorithm on CPU and GPU. In practice, we observe up to an order of magnitude 
improvement over prior optimal control

methods.
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Training Opportunities:  Most of the funding was used to support the graduate students. In particular, six PhD  
students were supported, and four of them finished their PhD during the period of the grant.

Results Dissemination:  A high number of papers were published based on this grant. This includes more than 12 
papers in the leading conferences and journals on sound simulation, computer graphics, robotics, etc. All those 
papers are available at:



https://wwwx.cs.unc.edu/~geom/papers/all/



They have been uploaded to ARO online database as part of the prior interim reports.
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Protocol Activity Status: 

Technology Transfer:  UNC has filed a few patent application on research results supported by this grant. A 
report of all those inventions was submitted to ARO as part of a separate report. Some companies have expressed 
in licensing these patents.



Some of the earlier work supported by ARO grants was transitioned to Impulsonic Inc, which was acquired by 
Valve in November 2016.
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Analytic Ray Curve Tracing
for Outdoor Sound Propagation

Qi Moa,∗, Hengchin Yeha, Ming Lina, Dinesh Manochaa

aDepartment of Computer Science, University of North Carolina at Chapel Hill, NC

Abstract

Outdoor sound propagation, which propagates sound through inhomogeneous,

moving media with complex obstacles, presents challenging scenarios for com-

putational simulation. In this paper, we present a ray-tracing method that uses

analytic ray curves as tracing primitives in order to improve the efficiency of

outdoor sound propagation in fully general settings. This ray-curve tracer inher-

its the efficiency and flexibility of rectilinear ray tracers in handling boundary

surfaces, and it overcomes the performance limitations imposed by approximat-

ing the curved propagation paths in inhomogeneous media with rectilinear rays.

Adaptive media traversal, as well as acceleration structures for surfaces inter-

sections, lead to further savings in computation. Our method’s speedup over

existing ray models, at least an order of magnitude for simple 2D scenarios

and up to two orders of magnitude for 3D complex scenes, is demonstrated on

outdoor benchmark scenes.

Keywords: Ray Tracing, Sound Propagation, Atmospheric Acoustics,

Underwater Acoustics

1. Introduction

Sound propagation in outdoor environments[1, 2, 3] and room acoustics[4]

are traditionally investigated separately. Room acoustics studies focus on the

high-order interactions that sound waves make with surfaces within an enclosed

∗Corresponding Author: Email, qmo@cs.unc.edu; Phone, (319)331-4931 (Qi Mo)

Preprint submitted to Applied Acoustics April 6, 2015



space, and assume a homogeneous medium. On the other hand, outdoor sound

propagation (atmospheric and underwater) deals with media that are spatially

varying and that move; they prominently differ from indoor models in the curved

propagation trajectories that come from refraction. In the outdoor context,

obstacles that constitute media boundaries are generally assumed to be sparse,

and the complexity of the boundary surfaces is limited in the investigations.

Many outdoor applications can, however, benefit from simultaneous mod-

eling of fully general media and complex boundaries. Examples include large

expanses of complex terrain and sprawling urban areas, which often have their

own micro-climate. As data on spatially- and temporally- varying outdoor me-

dia, such as the atmosphere and the ocean, becomes increasingly available, and

geographic information on terrains and man-made structures is recorded in ever

richer details, sound propagation models should ideally adapt to utilize the full

scale of such data. Existing numerical methods suffer from scalability issues

with large domain volume, high frequency, or complex boundaries. Geometric

acoustics (GA)[5] methods are efficient at handling boundary surfaces, but with

inhomogeneous media the curved trajectories become expensive to compute.

One way to speed up ray models for inhomogeneous media is to subdivide

the media into spatial cells, so that within each cell the media assumes simple

profile that leads to an analytic curved trajectory. The cell method was proposed

as exactly such a model; based on a triangular subdivision of two-dimensional

media, the cell method has been implemented in some acoustic simulation soft-

ware (e.g. TRIMAIN[6], RAYWAVE[7]). A later work[8] adapted the idea of cell

method to both light and sound propagation by decomposing three-dimensional

media profiles into tetrahedral cells. This adaptation utilized mesh connectivity

to trace rays across neighboring cells, and embedded boundary surfaces into the

mesh so that surface intersections are also solved by the mesh-traversal process.

This paper further develops the cell method idea, and the algorithm improves

upon the tetrahedral cell method[8] in three important aspects:

1. Simple ray formulation We select the parabolic ray curve as the ray-

tracing primitive, which offers the simplest analytic form for trajectory,

2



intersection, and ray properties (Sec.3).

2. Implicit cell We use a mesh-less approach to media traversal, tracing ray

curve segments of adaptive sizes based on on-the-fly sampling of the media

profile. This implicit-cell approach avoids costly mesh construction, and

it supports moving media as well as dynamic media (Sec.4.2).

3. Acceleration of surface intersection For the ray curve tracer, we adapt

the hierarchical acceleration structures used in rectilinear ray tracers. Fur-

ther acceleration is achieved by spatial bounding of ray curves based on

their geometric properties, which offers higher culling efficiency (Sec.4.3).

Overall this analytic ray curve tracer is designed to be efficient for general me-

dia profiles and complex scenes with tens of thousands of surface primitives. Its

performance is demonstrated on outdoor benchmarks (Sec.5), where it shows

one to two orders of magnitude speedup over previous ray models. It is com-

plementary to a set of numerical and geometric methods and can be extended

in multiple ways (as discussed in Sec. 6).

2. Prior Work

Outdoor sound propagation has been studied extensively in underwater and

atmospheric acoustics. Methods including the Fast Field Program (FFP)[9],

Parabolic Equation (PE)[10, 11], and Normal Modes[1, 3] provide full-wave so-

lutions that depend upon simplifying assumptions about the media and the

obstacles in the scene. More general numerical methods, able to handle ar-

bitrary media and obstacles, have also been proposed; the leading one is the

Finite Difference Time Domain(FDTD) method, which solves the linearized

Euler equation[12, 13]. The main disadvantage of the FDTD is its high com-

putational cost, and its poor scalability with the volume of the simulation do-

main or with the frequency. Other numerical methods, including Finite Ele-

ment Method[14, 15], Boundary Element Method[16], Pseudo Spectral Time

Domain[17, 18], and Transmission Line Matrix (TLM)[19, 20, 21], face similar

challenges in scalability.
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Geometric acoustics (GA)[5] methods are widely used in room acoustics[4].

GA methods rely on the high-frequency approximation of wave propagation us-

ing rays, which are perpendicular to the wave fronts and can be intersected effi-

ciently with scene surfaces. Various GA techniques have been developed, includ-

ing image source method[22, 23], ray tracing[24, 25], frustum tracing[26], beam

tracing[27, 28], sonal mapping[29, 30, 31], path tracing[32], and radiosity[33]. In

these methods, sound speed is generally assumed to be constant, so rectilinear

rays are used to trace out straight-line paths. Complex surface interactions,

such as specular reflection, Snell’s Law refraction, diffuse reflection [25, 32], and

Bidirectional Reflectance Distribution Function (BRDF)[31, 34], are modeled.

Ray models have also been applied to inhomogeneous outdoor media by

numerical integration of the differential ray equation (see survey [1, 3]). The

integration step size is limited by the range within which the media can be

assumed to be homogeneous, and intersection with surfaces need to be tested

for each segment. With complex media the great number of small ray seg-

ments dominate the propagation computation. Higher-order integration, like

the fourth-order Runge-Kutta method, have been adopted to improve efficiency,

but with those methods the trajectory between each advancement of the ray in-

tegration has no explicit form, complicating intersection tests with surfaces (see

details in Fig. 4). Several widely used software tools are based on ray models,

including HARPO[35], BELLHOP[36], WaveQ3D[37] in underwater acoustics,

HARPA[38] in atmospheric acoustics (see [39] for the collection). Although per-

formance of these ray-based tools is orders of magnitude better than wave-based

alternatives (reported recently[40, 41], a few seconds vs. thousands of seconds on

2D propagation in layered media), these methods quickly become prohibitively

expensive when dealing with general media and 3D complex scenes.

3. Analytic Ray Curve

Ray models simulate wave propagation with rays that are perpendicular to

the wavefront. For certain media profiles, the ray trajectories, as well as the

4



Figure 1: (a) Parabolic ray curve. Two rays with different initial directions (marked
by arrows) are shown in the ray plane, with z-axis being the direction of ∇V −2.
(xf , zf ), which defines the vertex of the parabola, is computed according to Eq. 6.
(b) Ray curve tracing. The green-colored blocks have analytic solutions with the
parabolic ray curve, which offer large savings in ray-tracing costs. For each key step,
the relevant sections that give the analytic formulation are marked in red, and the
relevant sections that describe algorithm details are marked in blue.

pressure on the ray, have analytic forms that can be evaluated at any point

along the ray at constant cost. Our ray tracer utilizes one of these analytic for-

mulations (Fig. 1(a)), chosen for its particularly simple form, and the resulting

ray curve lends itself to easy intersections with boundary surfaces. As can be

seen from Fig. 1(b), this particular ray curve enables analytic evaluations at

a constant per-ray cost in key steps of the ray tracing (green-colored blocks).

This ray formulation is a special case of the more general ray theory discussed

in depth in C̆ervený’s comprehensive work[42].

3.1. Ray formulation

Within a medium with spatially-varying sound speed, we denote V (x) as

the sound speed at location x. The arrival time or travel time field T is defined
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as the time that a sound wave takes to travel from its source to a field location,

and the spatial derivative of T : ~p = ∇T is called the slowness vector. Within

such a medium, the ray trajectories can be solved from the general Hamiltonian

form of the Eikonal equation, which in Cartesian coordinates reads:

H(xi, pi) = n−1{(pipi)n/2 − V −n}, i = 1, 2, 3, (1)

with n as a real number corresponding to different forms of the equation. Eq.

1 can be solved in terms of characteristics: 3-D trajectories xi = xi(u) param-

eterized by u, along which 1 is satisfied, as follows:

dxi
du

= (pkpk)n/2−1pi,
dpi
du

=
1

n

∂

∂xi
(V −n), (2)

dT

du
= (pkpk)n/2 = V −n.

When the gradient of V −n is constant, 2 can generally be solved analytically.

When we assume that the gradient of V −2 is constant (i.e. n = 2: V (x)
−2

=

A0 + ~A · x), we obtain the simplest analytic form for ray trajectory and travel

time, in terms of the parameter u = σ:

xi(σ) = xi0 + pi0(σ − σ0) +
1

4
Ai(σ − σ0)2, (3)

pi(σ) = pi0 +
1

2
Ai(σ − σ0), (4)

T (σ) = T (σ0) + V −20 (σ − σ0) +
1

2
Aipi0(σ − σ0)2 +

1

12
AiAi(σ − σ0)3. (5)

σ is related to the travel time T and to arclength s by dσ = V 2dT = V ds.

3.2. Ray properties

We take advantage of two key properties of the ray curve given in Sec. 3.1:

1. Intersection The ray is a parabolic plane curve and can be intersected

analytically with planar surfaces to solve for the intersection point.

2. Evaluation For an arbitrary parameter σ along the ray, the corresponding

position, tangent direction, and the ray properties contributing to pressure

6



computation, including the slowness vector, arrival time, and arclength,

can be evaluated analytically at constant cost.

It is evident from Eq. 3 that the analytic ray lies in a plane with the normal of

~A× ~p0. We denote the direction of media gradient ~A as z-axis and ( ~A× ~p0)× ~A

as r-axis; the r-z plane is then called the ray plane. When the origin of the

coordinate system is placed at ray origin x0, the ray trajectory is:

z(r) =
α

4ξ20
(r − rf )

2 − zf , rf = −2ξ0
√
−ξ02 + n02

α
, zf =

n0
2 − ξ02

α
, (6)

where α = ‖ ~A‖ is the magnitude of media gradient, ξ0 = V (0)−1cosθ0, V (0) is

the sound speed at ray origin, and θ0 is the angle between the ray direction at

origin and the r axis (see Fig. 1). The parabolic plane curve given by Eq. 6

has closed-form solutions for its intersections with planar surfaces.

For an arbitrary point on the ray curve with coordinates (rp, zp) in the

ray plane, the corresponding parameter σp can be solved from Eq. 3 as σp =

rp/ξ0 + σ0, where σ0 is the σ at ray origin. Given σp, we can calculate the

position ~x(σp), the slowness vector ~p(σp), and travel time T (σp) from Eq. 3,4,5,

respectively. The tangent direction ~t coincides with the direction of the slowness

vector ~p and can be evaluated by ~t(σp) = ~p(σp)/‖~p(σp)‖. The arclength s of the

parabolic ray curve can be evaluated at (rp, zp) by

s(rp) =

√
(arp + b)2 + 1(arp + b) + arcsinh(arp + b)

2a

∣∣∣∣∣
r

0

, (7)

where a =
1

2

α

ξ20
, and b =

√
−ξ0 + V (0)−2

ξ′0
.

The arclength s determines the attenuation along the ray path, and it is one of

the key variables that we measure for accuracy of the ray tracing (see Sec. 5.1).

Similar to rectilinear rays, the parabolic ray curve comes with efficient oper-

ations for finding intersection and for updating the key properties at intersection

points, making it amenable to be used as a tracing primitive. The ray curve

serves as a building block for a ray tracer that handles general media; it does

7



so by computing the propagation paths, which consist of consecutive segments

of the aforementioned ray curves. The flow chart in Fig. 1(b) illustrates the

steps involved in tracing one such segment, with the computational savings

highlighted by green-colored blocks. In the next section, we give the details of

our ray-tracing algorithm using the parabolic ray formulation.

4. Ray Tracing Algorithm

4.1. Tracing Analytic Segments

Our ray tracer computes the propagation paths in a segment-by-segment

fashion, with each segment being a parabolic ray curve (formulated in Sec. 3).

There are two criteria for terminating one segment and starting the next one:

1. The media no longer satisfy the assumption of constant ∇V −2,

2. The boundary surfaces in the scene are encountered.

For the former criterion, the change in the media gradient ∇V −2, we propose an

adaptive segment size that is computed from on-the-fly sampling of the media;

this is discussed in detail in Sec. 4.2. For the latter criterion, in which the

segment encounters a surface, we use acceleration data structures and methods

adapted from rectilinear ray tracer; these are discussed in detail in Sec. 4.3.

Both aspects of the ray-tracing algorithm contribute to its efficiency and offer

performance improvements over previous methods (see Fig. 2 and Fig. 3).

Based on these criteria for ending segments, we find out how far a particular

segment will go in two ways. For the surface-encounter criterion, we compute

the closest intersection point; for the media gradient criterion, we compute the

point at which the ray curve reaches the edge of the range of validity. The

closest point between the two cases is taken as the end point of the current

segment, and σ, x(σ), ~t(σ), T (σ), s(σ) are evaluated at this point. The next

segment starts at x(σ), and its trajectory is computed from the local media

gradient ∇V −2(x(σ)). σ, T (σ), s(σ) are continued over the next segment; the

ray direction ~t(σ) is also continued, except in the case of the surface encounter.
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Figure 2: Efficient media traversal (Sec. 4.2). (a) With constant ‖∇V −2‖, one seg-
ment of the analytic curve (blue line) suffices, as compared to the many steps (magenta
circles) taken by numerical ray integration. The trajectory traced out by RK-4 visibly
diverges from the parabolic curve; this can be improved by further reducing step sizes;
(b) With a logarithmic sound speed profile, our ray tracer proceeds in segments of
adaptive-sized curves, evident from the spheres of validity drawn in magenta.

In the case of the surface encounter, we compute a reflection direction ~t′ as the

initial direction of the next segment, based on the surface-reflection model.

The ray traversal continues in this segment-by-segment manner until one of

three things happens: it reaches outside the media volume; it interacts with

surfaces a pre-determined number of times; or the pressure amplitude along the

ray drops below a pre-set threshold. To compute the pressure field, the ray

tracer finds the set of propagation paths starting from the sound source, the ray

segments making up those paths can be queried for any field location.

4.2. Adaptive Media Traversal

Within a smoothly varying medium, the gradient ∇V −2 can be assumed

to be constant within a certain range of validity. This assumption is valid for

naturally occurring media under stable conditions, such as the atmosphere or

the ocean. Furthermore, our ray tracer uses the heuristic that the range of

validity for a locally constant ∇V −2 should be proportional to ‖∇V −2‖, so that

the constant gradient remains valid for a relatively small spatial range in areas

of great media variation. Such adaptive sizing facilitates accurate traversal of

the media without the cost incurred by a uniformly small segment size.

Based on the aforementioned heuristic, we compute the range of validity d(x)

9



Figure 3: Efficient surface intersection (Sec. 4.3). (a) A parabolic ray (magenta
arrow) is tested against surfaces and their bounding volumes, shown on the left, and
the corresponding BVH is shown on the right. Only the magenta nodes are traversed.
(b) A ray segment is bound by the ray plane and sphere of validity, which provides
further culling against scene surfaces. Here only the root node of the BVH is traversed.

by δ = 1
8‖∇V

−2‖d3(x), controlled by a global parameter δ. The ray curve given

the local ∇V −2(x) is computed from Eq. 6 and continued until it intersects

the sphere of validity, centered at the ray origin x and with a radius d(x). The

parabolic curve has a closed-form intersection with this sphere, and the exit

point x′ from the sphere is used to sample the media for the next segment.

Given an input media profile V (x), on-the-fly sampling of ∇V −2(x) can

be computed either analytically (if the input profile is available as an analytic

function), or by differentiation techniques, such as central differences. Moving

media can be approximated by the standard effective sound speed approach

(adding to or subtracting the wind velocity w(x) from V (x) for upwind or

downwind propagation respectively). Particularly for our ray tracer, the on-

the-fly media-gradient sampling enables us to handle the vector wind field by

adding the wind speed projected onto the ray direction V (x) + ~w(x) · ~t(x).

4.3. Handling Boundary Surfaces

For rectilinear ray tracers, the most expensive part of the computation is

computing ray intersections with complex surfaces within the scene; many accel-

eration structures and techniques have been developed to speed up this process.

We adopt the hierarchical acceleration structures from rectilinear ray tracers

that bound the scene surfaces. The parabolic ray curve as our tracing primi-

tives can be used directly with these structures to cull non-intersecting surfaces.
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Figure 4: Ray curve vs. RK4 on surface intersection: (a) with the ray curve
(in magenta), intersection with obstacles (blue block) is efficient and robust; (b,c,d)
with higher-order numerical methods (blue dotted lines with the 2 mid-points in RK-
4 drawn in magenta), challenges include: (b) step size is limited, (c) intersection
point can only be approximated, and (d) after the intersection point is approximated
(assuming linear trajectory here as shown by the magenta line), step needs to be
repeated adjusting for the intersection distance. The poor performance of RK4 on
scenes with complex surfaces (Table 3) reflect these challenges.

For scene-surfaces culling, we built a Bounding Volume Hierarchy(BVH)[43],

which groups boundary surfaces and bounds them spatially. A BVH is a hier-

archical tree structure whose internal nodes are bounding volumes(BVs); for

the shape of the nodes, we choose axis-aligned bounding boxes(AABBs). The

parabolic ray curve can be intersected with an AABB much faster than it can

with all the AABB’s enclosed surfaces, and when the ray curve and the AABB

are not intersecting, all those surfaces can be culled from further computations.

To find the closest intersection with the scene surfaces, the BVH is traversed

by each ray curve in a top-down fashion, achieving on average a logarithmic

intersection time with regard to the number of surfaces in the scene. The BVH

can also be efficiently re-fitted or rebuilt to accommodate dynamic scenes.

Besides spatial culling of the scene surfaces with a BVH, we also perform

spatial bounding and culling of ray curves. As we traverse the media (as de-

scribed in Sec. 4.2), we compute a bounding sphere (the sphere of validity) for

each segment as a by-product. The culling efficiency is improved when inter-
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secting such a segment with the scene BVH by first intersecting the bounding

sphere of the segment with the BVs. And since the parabolic ray is a plane

curve, we use the ray plane to reduce the dimension of the intersection test.

At the intersection point with a boundary surface, the interaction can be

modeled in a variety of ways: by specular reflection, by Snell’s law refraction, or

by BRDF-based reflection, depending upon the surface properties. We can then

compute the direction of the secondary ray segment accordingly. In addition to

modifying the ray direction, a surface impedance model can be used to modify

the amplitude and the phase of the pressure along the ray.

5. Results

5.1. Performance Comparison of Ray Models

Ray models are the foundation of many software tools in underwater acous-

tic simulation[6, 7, 36, 37], and in atmospheric acoustics[38]. The majority of

the available tools assume media profiles that vary in at most two dimensions,

with the exception of HARPO and HARPA, which computes three-dimensional

Hamiltonian ray tracing on clusters. The tools are written in languages with

different performance characteristics (e.g. MATLAB, Fortran). We reviewed

the relevant data in Sec. 2; in this section we compare our method’s perfor-

mance to that of a numerical ray integration implemented in our code base.

Platform-neutral results such as number of ray steps are reported in place of

raw running time, in order to highlight the algorithmic difference in comparison.

Existing ray models perform direct numerical integration of the ray equa-

tions, using either the Euler method or a higher-order method, such as the

fourth order Runga-Kutta (RK4). In these methods, the size of the integration

timestep is an important parameter that controls the trade-off between perfor-

mance and accuracy. Similarly, our ray tracer’s balance between performance

and accuracy depends on the global parameter δ (Sec. 4.2), which controls step

size. As in the numerical-integration methods, smaller step sizes produce more

accurate results, at the cost of longer computation time. To highlight this trade-
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Figure 5: Downward refracting atmosphere: computed by the ray curve tracer.

off, we conduct two types of comparisons: same-quality comparisons, for which

ray models are tuned to achieve the same level of error, then compared in terms

of performance; and same-speed comparisons, in which ray models are run at

the same level of performance, then compared in terms of resulting errors.

We measure the accuracy of our ray tracer by the two variables: hit location

of the ray at a particular range and the arclength of the entire trajectory. These

variables characterize the shape and size of the computed propagation path,

which determine the location to which the path contribute and the phase and

attenuation along the path for the pressure field computation. To quantify the

difference between two sets of results, rt and r̃t, tracing the same set of initial

ray directions, we compute the relative error: Erel = ‖rt−r̃t‖
‖rt‖ .

We select two media profiles as test cases: a downward-refracting atmosphere

with a sound-speed gradient of 0.1, and the Munk profile from ocean acoustics.

Both profiles have ∇V −2 and ∇V in analytic form, which decouple the mea-

surements of ray-tracing accuracy from the accuracy of gradient estimation. We

also limit our test to 2D cases with only flat ground as the obstacle, so as to

fairly compare our ray tracer’s performance to that of the majority of existing

ray-based software. The performance improvements for 3D scenes with complex

obstacles is expected to be greater, as demonstrated in Section 5.2.
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5.1.1. Downward-refracting atmosphere

The first media profile we tested is a linear sound speed profile that leads

to a downward-refracting atmosphere: c(z) = c(0) + 0.1m/s, where c(z) is the

effective sound speed at the height z, and c(0) is the effective sound speed on

the ground. We compute the ray-tracing results for the range 0 − 10km and

the height 1− 1km. The ray-tracing results are gathered and compared at the

10km mark, a point at which the rays have been reflected up to 25 times. An

example of the computed ray trajectories can be seen in Fig. 5, which shows a

fan of 201 rays between the elevation angle -90°and 90°.

Rel. Error 1e-2 5e-3 1e-3 5e-4 2e-4

Ray Curves 219 892 2,810 3,972 8,881 (segments/path)
RK4 Steps 467 2,330 4,881 24,588 49,158 (steps/path)

Table 1: Same-quality comparison. A fan of rays is traced under a downward-
refracting atmosphere to a range of 10km. At each level of relative error in the ray-
tracing results, the average number of ray-curve segments per propagation path is
compared with the average number of Runga-Kutta 4 steps. The analytic ray curve
is able to achieve same level of accuracy with a much smaller tracing cost.

# Ray steps/
RK4 segments 1× 102 5× 102 1× 103 5× 103 1× 104

RT rel. error 1.31e-2 2.76e-3 8.04e-4 1.98e-4 4.33e-5
RK4 rel. error 4.35e-2 9.44e-3 4.92e-3 2.14e-3 9.12e-4

Table 2: Same-speed comparison. A fan of rays is traced under a downward-
refracting atmosphere to a range of 10km. With a comparable number of ray curve
segments and Runga-Kutta 4 steps, our ray tracer (RT) is able to achieve lower levels
of relative error in ray-tracing results (both hit points and path length) than RK4.

The same-quality and the same-speed comparisons between our ray tracer

and the RK4 ray integrator are listed in Table 1 and 2. To achieve the same

error level, our ray tracer runs an order of magnitude faster than the numerical

integrator. And with the same running time, the numerical integrator produces

results with higher levels of error. For this comparison only the computation of

ray trajectories are included, the pressure computation is excluded, and the in-

tersection computation is minimum with only a flat ground. The higher number
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of ray steps used by the numerical integrator indicate that, if it had to deal with

complex intersection tests and additional pressure-related computations at each

step, the performance improvements of our ray tracer would be even higher.

We also test the scalability of the ray models with increasing magnitudes of

media gradient in Fig. 6 left. The media gradient is increased gradually from

0.04 to 0.4 with 0.04 increments, and the relative error is kept at 2 × 10−4 by

tuning the step size for RK 4 and the parameter δ for our ray curve tracer. Our

ray tracer is shown to scale better with increased media variations than RK 4.

5.1.2. Munk profile

The second media profile we tested is the Munk profile commonly used in

ocean acoustics: c(z) = 15001.0 + 0.00737[x− 1 + exp(−x)], where c(z) is the

effective sound speed at the depth z, z ≤ 5000m. We compute the ray-tracing

results for the range 0 − 100km and the depth 0 − 5km. An example of the

computed ray trajectories can be seen in Fig. 8, which shows a fan of 21 rays

between the elevation angle -13°and 13°. The relative errors in the results from

the numerical integrator with decreasing step sizes are plotted in Fig. 6; compare

this to the same cost-accuracy analysis results for our analytic ray tracer. Again,

for this comparison only the computation of ray trajectories and arclength are

included, and the pressure computation is excluded.

For this profile we also show the adaptive segment size adopted by our ray

tracer by plotting the segment size with depth within the profile (Fig. 7). We

trace rays spanning the launch angles between -90°and 90°to record the step sizes

adopted, and we contrast this with a plot of sound speed of the Munk profile.

The Munk profile’s local coherence of media properties is taken advantage of

by our adaptive ray tracer, to focus computation and improve efficiency. Even

with the analytic ray formulation, a uniform step size (instead of an adaptive

one) will lead to significant performance degradation.
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Figure 6: Left: downward-refracting atmosphere. As the magnitude of media
gradient increases, both RK 4 and ray curve tracer adopt smaller steps to keep the
error below 2 × 10−4; RK 4 shows both higher cost and lower scalability. Right:
Munk profile The cost-accuracy trade-off of Runga-Kutta 4 and ray curve tracer.
No adaptive step/segment size is used for this comparison.

Figure 7: Adaptive segment size. The range of validity for each segment of ray
curve is controlled by the parameter δ and adapts to local media gradient. (a)Munk
profile sound speed. (b,c,d) Segment sizes plotted with depth for the Munk profile,
for δ = 0.002, 0.001, 0.0005, respectively. Without adaptive sizes, the required number
of ray segments will be 3 to 10 times higher to achieve comparable accuracy.

Figure 8: Munk profile characteristic ray plot computed by the ray curve tracer.
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Figure 9: Outdoor benchmarks Desert and Christmas village, upward and down-
ward refraction, respectively. For purposes of illustration, the media gradient is exag-
gerated and the ray path number is kept very small. See Table 3 for scene stats and
actual performance numbers when tracing 10k rays up to 3 orders of reflections.

5.2. Outdoor Applications of Analytic Ray Tracer

To show the application of our ray tracer on fully general outdoor scenes,

we generate a representative media profile from the stratified-plus-fluctuation

model that is widely used in atmospheric acoustics[1]. The atmospheric acoustic

index-of-refraction n = c0/c, where c0 is the reference sound speed, is modeled

with a stratified component nstr and a fluctuation component nflu so that n =

nstr+nflu. The stratified component follows a logarithmic profile of the altitude

z: nstr(z) = c0/(c0 + b ln
(

z
zg

+ 1
)

), with parameters n0, b, and zg. c0 is the

sound speed at the ground surface, taken as the reference sound speed, and zg is

the roughness length of the ground surface. Typical values for parameter b are 1

m/s for a downward-refracting atmosphere and −1 m/s for an upward-refracting

atmosphere. The fluctuation component models the three-dimensional random

temperature variation and wind speed turbulence in the atmosphere. The value

at position x can be computed as nflu(x) =
∑

iG(ki) cos(ki · x + ϕi)[1], where

ki is the wave vector describing the spatial frequency of the fluctuation, ϕi is a

random angle between [0, 2π], and G(ki) is a normalization factor.

The Desert and Christmas benchmarks represent large-volume outdoor acous-

tic scenes that have complex surface geometry (e.g. terrains and buildings). The

surface-primitive count and the volumetric expanse of the two scenes are listed

in Table 3. Both scenes are visualized in Fig. 9, and we include illustrative ray

paths for both upward-refractive and downward-refractive media conditions.

For each benchmark we trace 10K rays for up to three orders of reflections,

and report the overall ray-tracing performance alongside a breakdown of the
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Figure 10: Visualization of ray-surface intersection cost: brighter colors indicate
higher costs. It is shown that the computation concentrates in areas of dense surface
geometry and around obstacle silhouettes, illustrating that the spatial culling of ray-
surface intersections using BVH is effective. Left: Desert Right: Christmas village.

Scenes (m3)
Surf.
count

Avg. #
segments

BV
test

Surf.
test

Frame
time

RK4
time

Desert
(200× 200× 50) 5,000

26.73
per path

31.88
(94%)

2.32
(1.47%) 446 ms 77 s

Christmas
(120× 80× 50) 16,000

44.45
per path

34.31
(96.16%)

2.08
(1.22%) 917 ms 128 s

Table 3: Breakdown of ray-tracing time: the computation of analytic ray trajec-
tories and ray properties takes less than 0.001% of frame time and thus is omitted here.
We report the number of ray-BV and ray-surface intersection tests, and the respective
percentage of frame time they take. The frame times of the analytic ray curve tracer
are compared to the running time of Runge-Kutta 4 on the same scenes.

running times, as shown in Table 3. We see that the ray intersection computa-

tion dominates the ray-tracing cost, and that the majority of the intersections

are with Bounding Volumes (BVs). The number of intersections with surface

primitives is kept very low, which shows that the spatial culling using BVH is

effective. A detailed visualization in Fig. 10 demonstrates this point further by

showing that the intersection cost is concentrated in the vicinity of obstacles,

and that for the majority of the scenes the ray intersections are resolved with

relatively low cost. The analytic ray tracer achieves close to interactive per-

formance for both benchmarks, which is two orders of magnitude faster than

RK-4, and it scales well with the complexity in both media and the boundaries.
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6. Discussions

Our ray tracer can be extended in ways including but not limited to:

� coupling with flow models and using realistic media profiles as inputs;

� augmenting GA methods to account for inhomogeneous media;

� combining with other methods to form hybrid propagation algorithms.

The analytic ray curve tracer takes as input any general media profile, as long

as that profile can be sampled for sound speed and gradient at any spatial loca-

tion. The input can be an analytic function (e.g. the Monin-Obukhov similarity

model[44, 45]) or a set of discrete sample points (e.g. a grid). Numerical meth-

ods have been coupled with flow models[46, 47, 48], and the detailed media

conditions produced by the flow model as output can then serve as input for

propagation simulation. Our ray tracer is also compatible with such a coupling.

GA methods model complex surface interactions[32, 31] such as diffuse re-

flections and surface BRDFs, assuming homogeneous media. By substituting

our curved trajectory computation for the GA assumption of straight-line prop-

agation, we can account for inhomogeneous media while still utilizing GA’s

surface handling techniques. Such augmented GA solutions can be applied to

large indoor spaces such as auditoriums, and to dense outdoor urban areas.

The efficiency of our method makes it a good candidate for forming hybrid

schemes with wave-based models. One possibility is to couple the ray curve

tracer with Equivalent Source Method(ESM), similar to what Yeh et al.[49]

proposed. The ray curve tracer could be focused on high-frequency and long-

range propagation while ESM handles the rest. Alternatively, our ray tracer

could be used for fast initial evaluations, and costly numerical methods such as

FDTD can be applied economically to areas of interest [50, 51, 52].

The analytic ray curve tracer has several limitations. This method is based

on the geometric ray model, which is a high-frequency approximation rather

than a full wave solution. The efficiency depends on media coherence; if the

media is chaotic and lacking spatial coherence, our method’s performance will

degenerate to about the same level as the numerical ray integration.
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7. Conclusion

This paper addresses the challenge of efficient sound propagation in inho-

mogeneous, moving media and in large outdoor scenes with complex bound-

ary surfaces. Our method adapts the geometric ray models to inhomogeneous

media; its key performance improvement upon rectilinear rays is achieved by

tracing as primitives analytic ray curves computed from local media gradients.

Segments of ray curves are computed by sampling the media gradient on-the-

fly, enabling us to account for both inhomogeneous and moving media without

needing to precompute explicit cell structures. Acceleration based on BVH is

readily adapted to speed up surface intersections of the ray curves, which en-

ables logarithmic scaling with scene complexity and allows for dynamic scenes.

The performance of this method is demonstrated in comparison to existing ray

models, as well as on scenarios that are prohibitively expensive with existing

methods. In addition to being an efficient stand-alone tool, this method also

has the potential of complementing other GA and numerical methods.
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Efficient Solver for Spacetime Control of Smoke
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We present a novel algorithm to control the physically-based animation of
smoke. Given a set of keyframe smoke shapes, we compute a dense se-
quence of control force fields that can drive the smoke shape to match
several keyframes at certain time instances. Our approach formulates this
control problem as a PDE-constrained spacetime optimization. In order to
compute the locally optimal control forces, we alternatively optimize the
velocity fields and density fields using an ADMM optimizer. In order to
reduce the high complexity of multiple passes of fluid resimulation during
velocity field optimization, we utilize the coherence between consecutive
fluid simulation passes. We demonstrate the benefits of our approach by
computing accurate solutions on 2D and 3D benchmarks. In practice, we
observe up to an order of magnitude improvement over prior optimal con-
trol methods.

Additional Key Words and Phrases: Fluid Simulation, Optimal Control

1. INTRODUCTION

Physically-based fluid animations are widely used in computer
graphics and related areas. Over the past few years, research in
fluid simulation has advanced considerably and it is now possible
to generate plausible animations for movies and special effects in a
few hours on current desktop systems. In this paper, we mainly
deal with the problem of the keyframe-based spacetime control
of smoke, a special kind of fluid. Given a set of keyframe smoke
shapes, our goal is to compute a dense sequence of control forces
such that the smoke can be driven to match these keyframes at cer-
tain time instances. This problem is an example of directable an-
imation and arises in different applications, including special ef-
fects [Rasmussen et al. 2004] (to model a character made of liquid)
or artistic animations [Angelidis et al. 2006] (to change the moving
direction of the smoke plume). Some of these control techniques,
such as [Nielsen and Bridson 2011], are used in the commercial
fluid software.

In practice, the keyframe-based control of fluids is still regarded
as a challenging problem. Unlike fluid simulation, which deals with
the problem of advancing the current fluid state to the next one
by time integrating the Navier-Stokes equations, a fluid controller
needs to consider an entire sequence of fluid states that results in a
high dimensional space of possible control forces. For example, to
control a 3D smoke animation discretized on a uniform grid at res-
olution 643 with 60 timesteps, the dimension of the resulting space
of control forces can be as high as 108. The problem of comput-
ing the appropriate control force sequence in such a high dimen-
sional space can be challenging for any continuous optimization
algorithm. Furthermore, the iterative computation of control forces
would need many iterations, each of which involves solving a 2D
or 3D fluid simulation problem that can take hours on a desktop
system.

Fluid control problems have been well studied in computer
graphics and animation. At a broad level, prior techniques can be
classified into proportional-derivative (PD) controllers and optimal
controllers. PD controllers [Fattal and Lischinski 2004; Shi and Yu

Spacetime
Optimization

Keyframe

Initial Frame

Control Force 
Fields

Fig. 1: Given the keyframe, we use spacetime optimization to compute a
dense sequence of control force fields, matching a smoke ball to the word
“FLUID”. We highlight the control force fields. Five such animations are
generated, at resolution 1282 with 40 timesteps. Each of these optimization
computations take about half an hour on a desktop PC, and is about 17 times
faster than conventional gradient-based optimizer.

2005] guide the fluid body using additional ghost force terms that
are designed based on a distance measure between the current fluid
shape and the keyframe. On the other hand, optimal controllers
[Treuille et al. 2003; McNamara et al. 2004] formulate the prob-
lem as a spacetime optimization over the space of possible con-
trol forces constrained by the fluid governing equations, i.e., the
Navier-Stokes equations. The objective function of this optimiza-
tion formulation consists of two terms: The first term requires the
fluid shape to match the keyframe shape at certain time instances,
while the second term requires the control force magnitudes to be
as small as possible.

Optimal controllers are advantageous over PD controllers in that
they are less sensitive to the choice of the parameters and they
search for the control forces with the smallest possible magnitude,
which usually provides smoother keyframe transitions as well as
satisfies the fluid dynamic constraints. Treuille et al. [2003] and
McNamara et al. [2004] use a simple gradient-based optimizer to
search for control forces. This method is easy to implement, but can
be computationally inefficient since each gradient evaluation needs
to solve a fluid simulation problem. Such repeated fluid simulations
slow down the overall performance. In the original work [Treuille
et al. 2003], this issue is alleviated by reducing the dimension of
the search space using a set of control force templates. However,
this treatment also restricts the amount of fluid-like details in the
controlled animations.

We present a new, efficient optimization algorithm for control-
ling smoke. Our approach exploits the special structure of the
Navier-Stokes equations discretized on a regular staggered grid,
and solves the optimization problem by finding the stationary point
of the first order optimality (Karush-Kuhn-Tucker) conditions [No-
cedal and Wright 2006]. However, unlike prior methods [Treuille
et al. 2003; McNamara et al. 2004] that only solve for the primal
variables, we maintain both the primal and dual variables (i.e., the
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Lagrangian multipliers). By maintaining the additional dual vari-
ables, we can iteratively update our solution without requiring it to
satisfy the Navier-Stokes equations exactly in each iteration. There-
fore, we alternatively update the velocity fields and control force
fields using the alternating direction method of multiplier (ADMM)
[Boyd et al. 2011]. In order to update the control force fields effi-
ciently without fluid resimulation, we present a nonlinear multigrid
solver: the full approximation scheme (FAS) [Brandt and Livne
2011]. Using a novel spacetime smoothing operator that takes all
the timesteps into consideration, our multigrid can converge within
a number of iterations independent of the grid resolution and the
number of timesteps.

We have evaluated our approach on several benchmarks. Our
benchmarks vary in terms of the grid resolution, the number of
timesteps, and the control force regularization parameter. We high-
light results with up to 60 timesteps at the resolution of 643. With-
out using force templates, we allow each component of the velocity
field to be controlled. In practice, our algorithm can compute a con-
vergent animation in less than 50 iterations, and the overall runtime
performance is about an order of magnitude faster than a gradient-
based quasi-Newton optimizer [Nocedal and Wright 2006] for sim-
ilar accuracy. An example of achieved smooth transitions between
keyframes is illustrated in Figure 1.

2. RELATED WORK

In this section, we give a brief overview of prior techniques for fluid
simulation, multigrid solvers and animation control algorithms.

Fluid simulation has been an active area of research in both
computer graphics and computational fluid dynamics. The simula-
tion of fluid is typically solved by a discretized time integration of
the Navier-Stokes equations or their equivalent forms. At a broad
level, prior fluid simulators can be classified into Lagrangian or
Eulerian solvers according to the discretization of the convection
operator. In order to model smoke and fire, a purely Eulerian solver
[Fedkiw et al. 2001] is the standard technique. In terms of free-
surface flow, hybrid Lagrangian-Eulerian representation [Zhu and
Bridson 2005] has been widely used in computer graphics. In our
work, we confine ourselves to the control of fluids without free-
surface, i.e., smoke or fire. We use [Harlow and Welch 1965] as
our underlying fluid simulator.

Multigrid solvers are widely used for fluid simulation. Multi-
grid is a long-standing concept that has been widely used to ef-
ficiently solve linear systems discretized from elliptic partial dif-
ferential equations (see [Brandt and Livne 2011]). This idea has
been successfully applied to fluid simulation [Chentanez et al.
2007; Chentanez and Müller 2011; Zhang and Bridson 2014] to
find the solenoidal component of the velocity field. In terms of
PDE-constrained optimization and control theory, the idea of multi-
grid acceleration has been extended to the spatial temporal domain.
Borzi and Griesse [2005] proposed a semi-coarsening spacetime
multigrid to control the time-dependent reaction-diffusion equa-
tion. Hinze et al. [2012] used a spacetime multigrid to solve the ve-
locity tracking problem governed by the Navier-Stokes equations.
The nonlinear multigrid used in our method is closely related to
[Hinze et al. 2012], which also solves a spacetime optimization
problem. However, our method is a spatial-only multigrid with the
smoothing operator that handles all the timesteps at once. More-
over, unlike [Hinze et al. 2012], which solves a velocity tracking
problem, our formulation is a density tracking problem. Therefore,
the multigrid is used as a subproblem solver in our ADMM opti-
mization framework.

Fluid control problems tend to be challenging and computation-
ally demanding. Compared to other kinds of animations, e.g., char-
acter locomotion [Mordatch et al. 2012], the configuration space of
fluid body is of much higher dimension. Prior work in this area can
be classified into two categories: PD controllers [Fattal and Lischin-
ski 2004; Shi and Yu 2005] and optimal controllers [Treuille et al.
2003; McNamara et al. 2004]. PD controllers compute the control
forces by considering only the configuration of the fluid at the cur-
rent and next time instance. For example, in [Shi and Yu 2005], a
PD controller is used where the control forces are made propor-
tional to the error between the current fluid shape and the target
keyframe shape. Similar ideas are used for controlling smoke [Fat-
tal and Lischinski 2004] and liquid [Shi and Yu 2005; Raveendran
et al. 2012]. In contrast, optimal controllers search for a sequence
of control forces that minimize an objective function. Prior meth-
ods [Treuille et al. 2003; McNamara et al. 2004] typically solve
spacetime optimization over a high-DOF search space to compute
such control forces. Recently, these two methods have been com-
bined [Pan et al. 2013] by first optimizing for the fluid shape at
each keyframe and then propagating the changes to the neighbor-
ing timesteps. Fluid control can also be achieved by combining or
modifying the results of existing fluid simulation data [Raveen-
dran et al. 2014] or guiding fluid using a designed or captured
low-resolution animation [Nielsen and Bridson 2011; Nielsen and
Christensen 2010; Gregson et al. 2014].

Our algorithm is based on spacetime optimization, similar to
[Treuille et al. 2003; McNamara et al. 2004]. In order to solve
this optimization problem, we use the ADMM method [Boyd et al.
2011]. This solver has also been previously used in [Gregson et al.
2014] for fluid capturing and guiding. However, our method differs
from these previous works in three ways. First, unlike [McNamara
et al. 2004], whose method solves for primal variables only, we
use a primal-dual formulation. This treatment does not require the
Navier-Stokes equations to be satisfied exactly in each iteration of
optimization. Moreover, to solve fluid tracking problem, [Gregson
et al. 2014] uses ADMM method to address incompressible con-
straints in one timestep. While we use ADMM method for space-
time optimization taking all timesteps into consideration. Finally,
[Gregson et al. 2014] considers the linear solenoidal constraints as
hard constraints. In our work, we take into account the entire non-
linear fluid governing equations as the hard constraints, resulting in
a nonlinear subproblem that is solved using a multigrid method.

3. FLUID CONTROL

In this section, we formulate the spacetime fluid control problem
based on fluid dynamics (Section 3.1) and optimal control theory
(Section 3.2). The set of symbols used throughout the paper can be
found in Figure 3, and the subscript i is the timestep index. In gen-
eral, we are dealing with a dynamic system whose configuration
space is denoted as si at physical time i∆t. Consecutive configu-
rations si and si+1 are related by the partial differential equation
denoted as the function f : si+1 = f(si, ui,∆t), where ui is the
control input. An optimal controller computes a set of control in-
puts {ui∣i = 0,⋯,N − 1} that minimize the objective function de-
noted as function E(s0,⋯, sN). The overall optimal control prob-
lem is specified using the pair of functions f and E. In the case of
smoke control problems, f is a discretization of the Navier-Stokes
equations, and E measures the difference between the smoke and
keyframe shapes at certain time instances.
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Navier-Stokes Optimization
argminu,v Equation (5)
s.t. Equation (1)(2)

Stopping
Criterion

Advection Optimization
argminρ,v Equation (5)
s.t. Equation (2)(3)

Fig. 2: Our Algorithm Pipeline: We use the ADMM method to decompose the problem into two subproblems: Advection Optimization ( AO
) which only considers passive advection as hard constraints; and Navier-Stokes Optimization ( NSO ) which only considers fluid dynamics
as hard constraints.

Symbol Meaning

vi velocity field
ui ghost force field
ρi density or dye field
pi pressure field
si state vector
Adv self advection operator
A passive advection operator
∆t timestep size
N number of timesteps

(a) Symbols for fluid dy-
namic system

Symbol Meaning

v∗i slack velocity field
λi augmented Lagrangian multiplier field
µi Lagrangian multiplier for passive advection
γi Lagrangian multiplier for ∇ ⋅ v∗i = 0
p̄i Lagrangian multiplier for ∇ ⋅ vi = 0
K penalty coefficient for constraint vi = v∗i
r regularization coefficient for ui
ci indicator of keyframe at timestep i
Ci metric measure for density field
R restriction operator of FAS
P prolongation operator of FAS
S smoothing operator of FAS
Q solenoidal projection operator

(b) Symbols for spacetime optimiza-
tion

Fig. 3: Symbol table.

3.1 Fluid Dynamic System

In our work, we restrict ourselves to the control of incompress-
ible fluids without a free surface. Fluids such as smoke and fire,
which are commonly used in movies and animations, fall into this
category. We omit viscous terms for brevity. Small viscosity can
be handled by a slight modification to f , which does not increase
the complexity of our algorithm. Following [Harlow and Welch
1965; Pavlov et al. 2011], we discretize the velocity-vorticity ver-
sion of the Navier-Stokes equations using finite difference scheme
and backward Euler time integrator for advection. Our configura-
tion space si = (viT piT ρiT )T concatenates the velocity field
vi, the kinetic pressure field pi, and the density or dye field ρi.
These scalar and vector fields are discretized on a staggered grid,
which has been widely used by previous works such as [Fedkiw
et al. 2001]. The transfer function f under such discretization can
be represented as:

vi+1 − vi
∆t

+Adv [vi+1] = ui −∇pi+1, (1)

∇ ⋅ vi+1 = 0, (2)
ρi+1 =A [ρi, vi] , (3)

where the self-advection operator Adv [●] is a discretization of
the quadratic operator ∇× ● × ● and we assume constant unit fluid
density. The pressure field pi+1 is identified with the Lagrangian
multiplier of the divergence free constraints ∇ ⋅ vi+1 = 0. Finally,
the operator A [●, ●] is the passive scalar advection operator dis-
cretized as: ρi+1 = eA(vi)∆tρi, where matrix A(vi) is the second
order upwinding stencil [Leonard 1979]. By approximating the ma-
trix exponential using Taylor series, the advection operator can be
defined as:

A [ρi, vi] =
∞

∑
k=0

∆tk

k!
A(vi)kρi. (4)

When k tends to infinity, this upwinding advection operator is
unconditionally stable since A(vi) is skew-symmetric, so that
eA(vi)∆t is an orthogonal matrix and ∥ρi+1∥ = ∥ρi∥. In practice,
we truncate k to a finite value. Specifically, we set k adaptively to
be the smallest integer satisfying ∆tk

k!
A(vi)kρi < 1e−5. Although

this operator is computationally more expensive than the widely
used semi-Lagrangian operator, it generates smoother controlled
animations with large timestep size, as shown in Figure 4. This is
useful when fewer timesteps are used to reduce the runtime cost.

3.2 Spacetime Optimization

The optimal control of the dynamic system, discussed in Sec-
tion 3.1, can be formulated as a spacetime optimization over the
configuration trajectory s0,⋯, sN . Our objective function is simi-
lar to the ones proposed in prior works [Treuille et al. 2003; Mc-
Namara et al. 2004] that try to match ρi to a set of keyframes ρ∗i
while minimizing the magnitude of control forces ui. The overall
optimization problem can be formulated as:

argmin
ui

E = 1

2

N

∑
i=0

ci∥ρi − ρ∗i ∥2 + r
2

N−1

∑
i=0

∥ui∥2 (5)

s.t. si+1 = f(si, ui,∆t),

where ci is 1 if there is a keyframe ρ∗i at frame i and 0 otherwise. r
is the regularization coefficient of the control forces.

Treuille et al. [2003] and McNamara et al. [2004] solve this opti-
mization by eliminating the transfer function f and plugging them
into the objective function. Although this reformulation simplifies
the problem into an unconstrained optimization, their new objective
function takes a much more complex form, which is a long chain
of function compositions. To minimize the new objective function,
Treuille et al. [2003] and McNamara et al. [2004] use a general-
purpose gradient-based optimizer. A typical gradient-based opti-
mizer such as the Quasi-Newton method [Byrd et al. 1995] requires
repeated gradient calculation to approximate the Hessian matrix
and performs line search to compute the stepsize. Each such gra-
dient calculation requires a fluid resimulation, which becomes the
major bottleneck in their algorithm.

3.3 Our Approach
Prior methods require that the solution computed during each iter-
ation should satisfy the Navier-Stokes equations exactly, i.e., is a
feasible solution. As a result, each iteration takes considerable run-
ning time. In practice, this requirement can be overly conservative
because we only need to ensure that the final computed solution at
the end of the algorithm is feasible. Thus, we can relax this require-
ment during the intermediate steps, and only need to ensure that
the final solution lies in the feasible domain. This is a well-known
idea and has been used by many other numerical optimization al-
gorithms such as the interior point method [Nocedal and Wright
2006].

ACM Transactions on Graphics, Vol. XX, No. X, Article XXXX, Publication date: XXXX XXXX.



4 ●

Based on this observation, we design a new optimization algo-
rithm illustrated in Figure 2. We first notice that our objective func-
tion is essentially constrained by two kinds of partial differential
equations: the passive advection (Equation 3) governing the time
evolution of the density field ρi; and the incompressible Navier-
Stokes (Equation 1 and Equation 2) governing the time evolution
of the velocity field vi. We introduce a set of slack variables to
break these two kinds of constraints into two subproblems: Ad-
vection Optimization ( AO ) is constrained only by Equation 3 and
Navier-Stokes Optimization ( NSO ) is constrained only by Equa-
tion 1 and Equation 2. In order to solve the Advection Optimiza-
tion (Section 4.1), we use a fixed point iteration defined for its KKT
conditions. For the Navier-Stokes Optimization (Section 4.2), we
update our solution using the full approximation scheme (FAS)
to avoid repeated fluid resimulations. This leads to considerable
speedup over prior methods, not only because of the fast conver-
gence of our multigrid solver, but also because the multigrid solver
allows warm-starting so that we can utilize coherence between con-
secutive iterations. In contrast, previous methods use fluid resimu-
lations, which always solve Navier-Stokes equations from scratch,
and solve them exactly.

4. SPACETIME OPTIMIZATION

In this section, we present our novel algorithm to solve Equa-
tion 5. By introducing a series of slack variables v∗i , we can de-
compose the overall optimization problem into two subproblems
and reformulate Equation 5 as:

argmin
ui

1

2

N

∑
i=0

ci∥ρi − ρ∗i ∥2 + r
2

N−1

∑
i=0

∥ui∥2+

λTi (vi − v∗i ) +
K

2

N−1

∑
i=0

∥vi − v∗i ∥2 (6)

s.t.
vi+1 − vi

∆t
+Adv [vi+1] = ui −∇pi+1

ρi+1 =A [ρi, v∗i ] , ∇ ⋅ vi = 0,

where we added the augmented Lagrangian term λTi (vi − v∗i ) and
the penalty term K

2 ∑
N−1
i=0 ∥vi − v∗i ∥2. This kind of optimization

can be solved efficiently using the well-known alternating direc-
tion method of multipliers (ADMM) [Boyd et al. 2011]. Specifi-
cally, in each iteration of our algorithm, we first fix vi, pi and solve
for v∗i . This subproblem is denoted as the Advection Optimization
( AO ) because the PDE constraints are just passive advection of
the density field ρi. We then fix v∗i and solve for vi, pi. We de-
note this subproblem as the Navier-Stokes Optimization ( NSO
), constrained by the incompressible Navier-Stokes equations. The
final step is to adjust λi according to the constraint violation as:
λi = λi +Kβ(vi − v∗i ) where β is a constant parameter.

The idea of introducing slack variables to relax hard constraints
has been used in several previous works, e.g., for fluid tracking
[Gregson et al. 2014] and projective dynamic simulation [Narain
et al. 2016]. The advantage of decomposing the problem up is that
we can derive simple and effective algorithms to solve each sub-
problem. Our algorithm directly solves the first order optimality
(KKT) conditions of both problems. To solve the AO subproblem,
we introduce a fixed point iteration in Section 4.1, while for the
NSO subproblem, which is the bottleneck of the algorithm, we in-
troduce the nonlinear multigrid solver (FAS) in Section 4.2.

4.1 Advection Optimization

The goal of solving the AO subproblem is to find a sequence of
velocity fields v∗i to advect ρi so that it matches the keyframes,
assuming that these v∗i are uncorrelated. By dropping terms irrel-
evant to v∗i from Equation 6, we get a concise formulation for the
AO subproblem:

argmin
v∗
i

1

2

N

∑
i=0

(ρi − ρ∗i )TCi(ρi − ρ∗i )+ (7)

K

2

N−1

∑
i=0

∥vi + λi/K − v∗i ∥2

s.t. ρi+1 =A [ρi, v∗i ] ∇ ⋅ v∗i = 0,

where we can absorb the augmented Lagrangian term λTi (vi − v∗i )
by setting: vi ← vi + λi/K.

Due to the inherent nonlinearity and ambiguity in the advection
operator, an AO solver is prone to falling into local minimum, lead-
ing to trivial solutions. We introduce two additional modifications
to Equation 7 to avoid these trivial solutions. First, we replace the
scalar coefficient ci with a matrix Ci which could be used to avoid
the problem of a zero gradient if the keyframe ρ∗i is far from the
given density field ρi. Similar to [Treuille et al. 2003; Fattal and
Lischinski 2004], we use the idea of Gaussian Pyramid [Adelson
et al. 1984] and take Ci = ciΣkGTkGk to be a series of Gaussian
filters Gk with receding support. Specifically, Gk has a standard
deviation of σ(Gk) = 2σ(Gk−1). The Gaussian Pyramid makes
our method almost resolution invariant, since any local error in the
density field will always lead to a non-zero gradient value at every
point in the grid domain. We also introduce additional solenoidal
constraints on v∗i . Note that this term does not alter the optima of
Equation 6 since vi = v∗i on convergence. However, it prevents the
optimizer from creating or removing densities in order to match the
keyframe, which is a tempting trivial solution.

We solve this optimization via a fixed point iteration derived
from its KKT conditions. To derive this system we introduce
Lagrangian multipliers µi for each advection equation ρi+1 =
A [ρi, v∗i ] and γi for the solenoidal constraints, giving a La-
grangian function:

L = 1

2

N

∑
i=0

(ρi − ρ∗i )TCi(ρi − ρ∗i ) +
K

2

N−1

∑
i=0

∥vi − v∗i ∥2+

N−1

∑
i=0

µTi (ρi+1 −A [ρi, v∗i ]) + γTi ∇ ⋅ v∗i .

After taking the derivative of the above Lagrangian against ρi, v∗i
(primal variables) and µi, γi (dual variables), respectively, we get
the following set of KKT conditions for 0 ≤ i ≤ N :

µi−1 =
∂A [ρi, v∗i ]

∂ρi

T

µi −Ci(ρi − ρ∗i )

v∗i−1 =Q(vi−1 +
∂A [ρi−1, v

∗

i−1]
∂v∗i−1

T
µi−1

K
) (8)

ρi+1 −A [ρi, v∗i ] = 0, ∇ ⋅ v∗i = 0,

where we set µ−1 = µN = 0 to unify the index, and we have re-
placed γi with a solenoidal projection operator Q. This actually
defines a fixed point iteration where we can first update ρi in a for-
ward pass and then update µi, vi in a backward pass. This is closely
related to the adjoint method [McNamara et al. 2004], which also
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t = 3s t = 6s t = 9s t = 12s

Fig. 4: We tested the fixed point iteration Equation 8 using different ad-
vection operator A [●, ●] to deform an initially circle-shaped smoke (top
left) into the bird icon (bottom left). The AO subproblem solved using the
semi-Lagrangian operator involves lots of popping artifacts (top row). The
upwinding operator in Equation 4 does not suffer from such problems (bot-
tom row).

takes a forward-backward form. Unlike [McNamara et al. 2004]
which then solves v∗i using quasi-Newton method, a fixed point it-
eration is much simpler to implement, and a general-purpose opti-
mizer is not needed. The most costly step in applying Equation 8 is
the operator Q where we use conventional multigrid Poisson solver
[Brandt and Livne 2011].

A pseudo-code of our AO solver is given in Algorithm 1. We
have introduced two additional strategies to guarantee the conver-
gence of the fixed point iteration. First, we determine the order of
Taylor expansion (k in Equation 4) in the forward pass (Line 11)
and fix this k value in the backward pass to ensure that the order of
expansion is fixed within each gradient estimation. Moreover, we
introduce a simple line search strategy (Line 14 to Line 28).

In the above derivation, since we do not exploit any structure in
the operator A [ρi, v∗i ], basically any advection operator other than
Equation 4, such as semi-Lagrangian, could be used as long as its
partial derivatives against ρi, v∗i are available. Empirically, how-
ever, Equation 4 generally gives smoother animations especially
under large timestep size. This is because the semi-Lagrangian op-
erator can jump across multiple cells when performing backtrack-
ing, and the density value changes in these cells are ignored. As a
result, the semi-Lagrangian operator suffers from popping artifacts
as illustrated in Figure 4, while our operator (Equation 4), being
purely grid-based, does not exhibit such problem. Unlike [Treuille
et al. 2003], where these popping artifacts can be alleviated by con-
straining control force fields to a small set of force templates, we
allow every velocity component to be controlled. In this case, the
use of our new advection operator is recommended.

4.2 Navier-Stokes Optimization

Complementary to Section 4.1, the goal of the Navier-Stokes Opti-
mization is to enforce the correlation between vi given the sequence
of guiding velocity fields v∗i . The optimization takes the following
form:

argmin
vi

r

2

N−1

∑
i=0

∥ui∥2 + K
2

N−1

∑
i=0

∥vi − v∗i ∥2

s.t.
vi+1 − vi

∆t
+Adv [vi+1] = ui −∇pi+1

∇ ⋅ vi = 0.

This subproblem is the bottleneck of our algorithm, for which a
forward-backward adjoint method similar to Equation 8 requires
solving the Navier-Stokes equations exactly in the forward pass. To
avoid this costly solve, we update primal as well as dual variables
from the previous iteration using a unified algorithm. In the same

Algorithm 1 The Fixed Point Iteration: This is used to solve the
AO subproblem. The algorithm consists of a forward sweep that
updates the density fields ρi and a backward sweep that updates
µi and v∗i . Here, we introduce a line-search parameter α to ensure
algorithm convergence, where v∗∗i stores the tentative solution.

Input: Initial vi, ρ0, α ∈ (0,1], and keyframes ρ∗i
Output: Fixed point solution v∗i , µi

1: E ←∞
2: for i = 0,⋯,N − 1 do
3: ▷ Initialization
4: v∗i ← vi
5: v∗∗i ← vi
6: end for
7: while not converged do
8: ▷ Forward pass
9: for i = 1,⋯,N do

10: ▷ Find primal variables ρ
11: Find smallest k such that ∆tk

k!
A(v∗∗i−1)kρi−1 < 1e−5

12: ρi ←A [ρi−1, v
∗∗

i−1]
13: end for
14: ▷ Ensure function value decrease
15: Enew ← 1

2 ∑
N
i=0 ∥ρi − ρ∗i ∥2

Ci
+ K

2 ∑
N−1
i=0 ∥vi − v∗∗i ∥2

16: if Enew < E then
17: E ← Enew

18: for i = 1,⋯,N − 1 do
19: v∗i ← v∗∗i
20: end for
21: increase α
22: else
23: for i = 1,⋯,N − 1 do
24: v∗∗i ← v∗i
25: end for
26: decrease α
27: goto Line 8
28: end if
29: ▷ Backward pass
30: set µ−1 ← 0, µN ← 0
31: for i = N,⋯,1 do
32: ▷ Find dual variables µ

33: µi−1 ←
∂A[ρi,v

∗

i ])

∂ρi

T

µi −Ci(ρi − ρ∗i )
34: ▷ Find primal variables v

35: v∗∗i−1 ← (1−α)v∗i−1+αQ(vi−1+
∂A[ρi−1,v

∗

i−1])

∂v∗
i−1

T
µi−1
K

)

36: end for
37: end while

way as in Section 4.1, we derive the KKT conditions and assemble
them into a set of nonlinear equations:

f =
⎛
⎜⎜⎜
⎝

K
r
(vi − v∗i ) + ∂ui

∂vi

T
ui + ∂ui−1

∂vi

T
ui−1 +∇p̄i

∇ ⋅ vi
vi+1−vi

∆t
+Adv [vi+1] − ui +∇pi+1

∇ ⋅ ui

⎞
⎟⎟⎟
⎠
= 0,∀i (9)

where the partial derivatives are ∂ui
∂vi

= − I
∆t

, ∂ui−1
∂vi

= I
∆t

+
∂Adv[vi]

∂vi
, and the additional variable p̄i is the Lagrangian multi-

plier for the solenoidal constraint: ∇ ⋅ vi = 0. We refer readers to
Appendix A for the derivation of Equation 9. In summary, we have
to solve for the primal variables ui, vi as well as the dual variables
pi, p̄i. Unlike Equation 8, however, we do not differentiate these
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two sets of variables and solve for them by iteratively bringing the
residual f to zero.

i =N

i = 0

R P

S
Tagging

Spatial Resolution

Ti
m

es
te

p
In

de
x

i

Fig. 5: A 2D illustration of our full approximation scheme (FAS). We use
semi-coarsening only in the spatial direction (horizontal), with each finer
level doubling the grid resolution. We use trilinear interpolation operators
for P,R and tridiagonal SCGS smoothing for S, which solves the primal
variables vi, ui (defined on faces as short white lines) and dual variables
pi, p̄i (defined in cell centers as black dots) associated with one cell across
all the timesteps (vertical) by solving a block tridiagonal system. The solve
can be made parallel by the 8− color tagging in 3D or 4− color tagging in
2D.

To this end, we develop a full approximation scheme (FAS),
which is a geometric multigrid algorithm designed for solving a
nonlinear system of equations as illustrated in Figure 5. The multi-
grid solver is a classical tool originally used for solving linear sys-
tems induced from elliptical PDEs. Recently, the multigrid solver
has also been used for solving nonlinear problems such as PDE-
constrained optimization. For example, Hinze et al. [2012] used a
spacetime multigrid to track and stabilize the velocity field of in-
compressible Navier-Stokes flow, and Borzi et al. [2005] used a
semi-coarsening multigrid to control a reaction-diffusion flow. The
nonlinear multigrid in our formulation can be considered as a com-
bination of these two approaches: a semi-coarsening multigrid to
control the incompressible Navier-Stokes flow. Given that we want
to solve a density tracking problem, instead of a velocity tracking
problem, we use the spatial FAS multigrid as our NSO subprob-
lem solver. We refer the readers to [Brandt and Livne 2011] for a
detailed introduction and briefly review the core idea in the follow-
ing parts.

4.3 Full Approximation Scheme

Since Equation 9 is valid for all the indices i, we concatenate all the
timestep-related variables and discard subscripts for convenience.
A multigrid solver works on a hierarchy of grids in descending res-
olutions. In each FAS iteration, it refines the solution (v, p̄, u, p)
by reducing the residual f(v, p̄, u, p). Since different components
of the residual can be reduced most effectively at different reso-
lutions, the multigrid solver downsamples the residual to the ap-
propriate resolutions and then upsamples and combines their solu-
tions. With properly defined operators introduced in this section,
our multigrid algorithm can generally achieve a linear rate of error
reduction, which is optimal in the asymptotic sense.

To adopt this idea to solve Equation 9, we introduce a hier-
archy of spatial grids (vh, p̄h, uh, ph), where h is the cell size.
We use semi-coarsening in spatial direction only where every
coarser level doubles the cell size. We denote the coarser level as
(v2h, p̄2h, u2h, p2h), and use the simple FAS-VCycle(2,2) iteration
to solve the nonlinear system of equations: f(v, p̄, u, p) = res. See
Algorithm 2 for details of the NSO solver.

Algorithm 2 FAS VCycle(vh, p̄h, uh, ph, resh): This is used to
solve the NSO subproblem. The algorithm is a standard FAS-
VCycle with 2 pre and post smoothing (Line 8, Line 28) and 10
final smoothing (Line 3).

Input: A tentative solution (vh, p̄h, uh, ph)
Output: Refined solution to f(vh, p̄h, uh, ph) = resh

1: if h is coarsest then
2: ▷ Final smoothing for the coarsest level
3: for k = 1,⋯,10 do
4: S(vh, p̄h, uh, ph)
5: end for
6: else
7: ▷ Pre smoothing
8: for k = 1,2 do
9: S(vh, p̄h, uh, ph)

10: end for
11: ▷ Down-sampling
12: for t = v, p̄, u, p and do
13: t2h ←R(th)
14: th ← th −P(t2h)
15: end for
16: ▷ Compute FAS residual by combining:
17: ▷ 1. the solution on coarse resolution
18: ▷ 2. the residual on fine resolution
19: res2h ← f(v2h, p̄2h, u2h, p2h)
20: res2h ← res2h +R(resh − f(vh, p̄h, uh, ph))
21: ▷ VCycle recursion
22: VCycle(v2h, p̄2h, u2h, p2h, res2h)
23: ▷ Up-sampling
24: for t = v, p̄, u, p do
25: th ← th +P(t2h)
26: end for
27: ▷ Post smoothing
28: for k = 1,2 do
29: S(vh, p̄h, uh, ph)
30: end for
31: end if

The fast convergence of the geometric FAS relies on a proper
definition of the three application-dependent operators: R,P and
S. The restriction operator R downsamples a fine grid solution to a
coarser level for efficient error reduction, and the prolongation op-
erator P upsamples the coarse grid solution to correct the fine grid
solution. We use simple trilinear interpolation for these two oper-
ators whether applied on scalar or vector fields. Finally, designing
the smoothing operator S is much more involved. S should, by it-
self, be a cheap iterative solver for f(v, p̄, u, p) = res. Compared
with previous works such as [Chentanez and Müller 2011] where
multigrid is used for solving the pressure field p only, we are faced
with two new challenges. First, since we are solving the primal as
well as dual variables, which gives a saddle point problem, the Hes-
sian matrix is not positive definite in the spatial domain, so that a
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Fig. 6: Convergence history of FAS compared with that of the LBFGS
optimizer, running on two grid resolutions and with a different number of
timesteps (denoted as nd/N ). FAS achieves a linear rate of error reduction
independent of grid resolution and number of timesteps, as the two curves
overlap.

Jacobi or Gauss-Seidel (GS) solver does not work. Second, we are
not coarsening in the temporal domain, so the temporal correlation
must be considered in the smoothing operator.

Our solution is to consider the primal and dual variables at the
same time using the Symmetric Coupled Gauss-Seidel (SCGS)
smoothing operator [Vanka 1983]. SCGS smoothing is a primal-
dual variant of GS. In our case, where all the variables are stored in
a staggered grid, SCGS smoothing considers one cell at a time. It
solves the primal variables v, u stored on the 6 cell faces as well as
the dual variables p, p̄ stored in the cell center at the same time by
solving a small 14 × 14 linear problem (10 × 10 in 2D). Like red-
back-GS smoothing, we can parallelize SCGS smoothing using the
8-color tagging (see Figure 5).

The above SCGS solver only considers one timestep at a time.
To address the second problem of temporal correlation, we augment
the SCGS solver with the temporal domain. We solve the 14 vari-
ables associated with a single cell across all the timesteps at once.
Although this involves solving a large 14N × 14N linear system
for each cell, the left hand side of the linear system is a block tridi-
agonal matrix so that we can solve the system in O(N). Indeed,
the Jacobian matrix of f takes the following form:

∂f
∂v,p̄,u,p

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

K
r
I ∇ ∂u0

∂v0

T

∇T
∂u0
∂v0

−I ∇ ∂u0
∂v1

∇T
∂u0
∂v1

T K
r
I ∇

∇T
⋱

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (10)

where the size of each block is 5 × 5 in 2D and 7 × 7 in 3D. Due
to this linear time solvability, the optimal multigrid performance is
still linear in the number of spatial-temporal variables. The aver-
age convergence history for our multigrid solver is compared with
a conventional LBFGS algorithm [McNamara et al. 2004] in Fig-
ure 6. Our algorithm achieves a stable linear rate of error reduc-
tion independent of both the grid resolution and the number of
timesteps.

4.4 ADMM Outer Loop

Equipped with solvers for the two subproblems, we present our
ADMM outer loop in Algorithm 3. We find it very time-consuming
for either Equation 8 or a quasi-Newton method solving the AO
subproblem to converge to an arbitrarily small residual due to the
non-smooth nature of the operator A [●, ●]. Both algorithms de-
crease the objective function in the first few iterations and then
wander around the optimal solution. In view of this, we run Equa-
tion 8 (Section 4.1) for a fixed number of iterations before moving
on to the NSO subproblem (Section 4.2) so that each ADMM itera-
tion hasO(ndN) complexity and is linear in the number of space-
time variables. Finally, our stopping criterion for the NSO sub-
problem is that the residual ∥f∥∞ < εFAS . Our stopping criterion
for the ADMM outer loop is that the maximal visual difference, the
largest difference of the density field over all the timesteps, gener-
ated by two consecutive ADMM iterations should be smaller than
εADMM .

Algorithm 3 ADMM Outer Loop

Input: Parameters K,r, ρ∗i , εSTFAS , εADMM

Output: Optimized velocity fields vi and density fields ρi
1: for i = 0,⋯,N do
2: Set vi ← 0
3: Set ρlasti ← ρi
4: end for
5: while true do
6: ▷ Solve the AO subproblem
7: Run Algorithm 1 for a fixed number of iterations
8: ▷ Solve the NSO subproblem
9: while ∥f(v, p̄, u, p)∥∞ > εSTFAS do

10: Algorithm 2
11: end while
12: ▷ Stopping criterion
13: if maxi∥ρlasti − ρi∥∞ < εADMM then
14: Return vi, ρi
15: end if
16: for i = 0,⋯,N do
17: Set ρlasti ← ρi
18: ▷ Update augmented Lagrangian multiplier
19: Set λi ← λi +Kβ(vi − v∗i )
20: end for
21: end while

5. RESULTS AND ANALYSIS

Name Value

∆t 0.4 ∼ 2.0s
K 103

r 102∼4

β for updating λi 1
#Equation 8 2
εFAS 10−5

εADMM
ρmax

100

Table I. : Parameters.

Parameter Choice: We use
the same set of parameters
listed in Table I for all exper-
iments, where ρmax is the
maximal density magnitude
at the initial frame. In our
experiments, the ADMM al-
gorithm always converges
in fewer than 50 iterations.
Further, running only 2 iter-
ations of Equation 8 in each
ADMM loop will not dete-
riorate the performance. In

ACM Transactions on Graphics, Vol. XX, No. X, Article XXXX, Publication date: XXXX XXXX.



8 ●

fact, according to the aver-
aged convergence history of the AO subproblem illustrated in Fig-
ure 7, the fixed point iteration Equation 8 usually converges in the
first 4 iterations before it wanders around a local minimum. After
fine tuning, we found that 2 iterations lead to the best overall perfor-
mance. In this case, the overhead of solving the AO subproblem is
marginal compared with the overhead of solving the NSO subprob-
lem. Finally, unlike fluid simulation, the performance of spacetime
optimization does not depend on the timestep size due to our robust
advection operator (Equation 4). When we increase the timestep
size from 0.4s to 2s for the examples in Figure 8 and Figure 9,
which is extremely large, our algorithm’s convergence behavior is
about the same. Under this setting, the convergence history of the
ADMM outer loop for our first example (Figure 1) is illustrated
in Figure 7. The convergence history can be decomposed into two
stages. In the first stage, the first term of Equation 5 (keyframe
shape matching) dominates, the solver gradually evolves the so-
lution to match the keyframe shape, and the KKT-Residual is not
monotonically decreasing. In the second stage, however, the sec-
ond term (control force regularization) dominates Equation 5 and
the KKT-Residual quickly decreases. Since the solutions of con-
secutive ADMM iterations do not change much, we have also tried
to use just a few SCGS smoothing steps, instead of the entire FAS
Algorithm 2, to approximately solve the NSO subproblem. In prac-
tice, we observed this treatment smoothed out the fluid-like behav-
iors, when large regularization r is used.
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Fig. 7: We profile the convergence history of the example Figure 1. We plot
the logarithm of relative KKT residual of the optimized velocity field after
each ADMM loop (left); and the absolute residual of the AO subproblem’s
KKT conditions after each iteration of Equation 8 (right).

Benchmarks: To demonstrate the efficiency and robustness of
our algorithm, we used 7 benchmark problems that vary in their
grid resolution, number of timesteps, and number of keyframes.
The memory overhead and computational overhead are summa-
rized in Table II. All of the results are generated on a desktop PC
with an i7-4790 8-core CPU 3.6GHz and 12GB of memory. We use
OpenMP for multithread parallelization.

Our first example is five controlled animations matching a circle
to the letters “FLUID”. Compared with [Treuille et al. 2003], which
uses a relatively small set of control force templates to reduce the
search space of control forces, we allow control on every velocity
component so that the matching to keyframe is almost exact. After
the keyframe, we remove the control force, and rich smoke details
are generated by pure simulation as illustrated in Figure 1. How-
ever, in the controlled phase of Figure 1, this example seems “too
much controlled”, meaning that most smoke-like behaviors are lost.
This effect has also been noticed in [Treuille et al. 2003]. However,
unlike their method, in which the number of templates needs to
be carefully tuned to recover such behavior, we can simply adjust
the regularization r in our system to balance matching exactness
and the amount of smoke-like behaviors. In Figure 8, we generated
three animations with two keyframes: first two circles and then a
bunny, using r = 102,3,4 respectively. These animations are also
shown in the video. Our algorithm is robust to a wide range of pa-
rameter choices. But more iterations are needed for the multigrid to

Fig. 8: For this animation, we match the circle (red) first to two smaller
circles and then to a bunny (we show frames 20,40,60,80 from top to
bottom). The resolution is 1282/80, and we test three different values of
ghost force regularization r = 102,3,4 (from left to right). More smoke-like
behaviors are generated as we increase r.

Fig. 9: In this example, we deform a sphere into letter “A”, then letter “B”
and finally letter “C”. For such complex deformation, it is advantageous to
allow every velocity component to be optimized. So that a lot of fine-scale
details can be generated as illustrated in the white circles.

converge for a larger r as shown in Table II. Finally, since we allow
every velocity component to be optimized, the resulting animation
exhibits lots of small-scale details as indicated in Figure 9, which is
not possible with the small set of force templates used in [Treuille
et al. 2003].

In addition to these 2D examples, we also tested our algorithm
on some 3D benchmarks. Our first example is shown in Figure 10
and runs at a resolution of 643/40. We use two keyframes at frame
20 and 40, and the overall optimization takes about 7 hours. In our
second example, shown in Figure 11, we try to track the smoke
with a dense sequence of keyframes from the motion capture data
of a human performing a punch action. Such an example is con-
sidered the most widely used benchmarks for PD-type controllers
such as [Shi and Yu 2005]. With such strong and dense guidance,
our algorithm converges very quickly, within 5 iterations. Our third
example (Figure 13) highlights the effect of regularization coeffi-
cient r in 3D. Like our 2D counterpart Figure 8, larger r usually re-
sults in more wake flow behind moving smoke bodies. Finally, we
evaluated our algorithm on a benchmark with keyframe shapes of
varying genera. As illustrated in Figure 12, the initial smoke shape
has genus zero, but we use two keyframes, where the smoke shapes
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Example(nd/N) Boundary #ADMM Avg. AO (s) Avg. NSO (s) Total(hr) Memory(Gb) Total LBFGS(hr)

Letters ”FLUID”(1282/40, r = 103) Neumann 13 10 60 0.25 0.06 4
Letters ”FLUID”(1282/80, r = 103) Neumann 17 21 142 0.76 0.12 9
Circle Bunny(1282/80, r = 102) Neumann 25 20 130 1.04 0.2 12
Circle Bunny(1282/80, r = 103) Neumann 37 20 220 2.46 0.2 15
Circle Bunny(1282/80, r = 104) Neumann 43 20 218 2.84 0.2 16
Letters ABC(1282/60, r = 104) Neumann 33 16 179 1.78 0.15 14
Sphere Armadillo Bunny(643/40, r = 103) Neumann 17 103 1341 6.81 1.34 N/A
Varying Genus(642 × 32/40, r = 103) Periodic 20 82 840 5.12 0.67 N/A
Human Mocap(642 × 128/60, r = 103) Periodic 5 1437 3534 6.9 4.0 N/A
Moving Sphere(643/60, r = 102) Neumann 17 630 1792 11.43 2.2 N/A
Moving Sphere(643/60, r = 103) Neumann 22 630 1978 15.93 2.2 N/A
Letters ABC 3D(643/150, r = 102) Periodic 20 1512 3220 26.28 5.9 N/A

Table II. : Memory and computational overhead for all the benchmarks. From left to right: name of example (resolution parameters); the
spatial boundary condition; number of outer ADMM iterations; average time spent on each AO subproblem; average time spent on each NSO
subproblem; total time until convergence using our algorithm; memory overhead; total time until convergence using LBFGS. By comparing
the three “Circle Bunny” examples, we can observe that the number of ADMM outer loops is roughly linear to log10(r). More ADMM
outer loops are needed, if more fluid-like behaviors are desired. From the two examples of the Letters “FLUID” (Line 1 and Line 2), we can
observe that the computational cost of each ADMM outer loop (Avg. AO + Avg. NSO ) is roughly linear in the number of timesteps. This
cost is also governed by the number of keyframes. By comparing Line 2 and Line 4, we can observe that the Circle Bunny example which
involves two keyframes requires more computation to solve the NSO subproblem.

Fig. 10: 3D smoke control example of deforming a sphere first to an armadillo and then to a bunny. This example runs at the resolution of
643 with 40 timesteps. The optimization can be accomplished in 7hr.

have genus one and two. Our algorithm can handle such complex
cases.

Comparison with LBFGS: We compared our ADMM-based
solver with a gradient-based quasi-Newton optimizer in solving the
original problem (Equation 5). Specifically, we use LBFGS method
[Nocedal and Wright 2006]. Such method approximates the Hes-
sian using a history of gradients calculated by past iterations. We
set the history size to be 8, which is typical. We use same stopping
criteria for both LBFGS and our method. Under this setting, we
compared the performance of LBFGS and the ADMM solver on
two of our 2D examples: Figure 1 and Figure 8. For the example
of letter matching in Figure 1, LBFGS algorithm takes 4hr and 71
iterations to converge. While for the example of changing regular-
ization in Figure 8, LBFGS algorithm takes 12hr and 152 iterations
at r = 102, 15hr and 170 iterations at r = 103, and 16hr and 212
iterations at r = 104. Therefore, our algorithm is approximately an
order of magnitude faster than a typical implementation of LBFGS.

The speedup over LBFGS optimizer occurs for two reasons.
First, we break the problem up into the AO subproblem and the
NSO subproblem, that have sharply different properties. The AO
subproblem is nonsmooth while the NSO subproblem is not. In
practice, neither our fixed point iteration scheme in Equation 8 nor
the LBFGS algorithm can efficiently solve AO to arbitrarily small
KKT residual. Without such decomposition, it takes a very long
time to solve the overall optimization problem by taking a lot of
iterations. The second reason is the use of warm-started FAS solver
for the NSO subproblem. Note that LBFGS algorithm not only

takes more iterations, but each iteration is also more expensive.
This is mainly because of the repeated gradient evaluation in each
LBFGS iteration, where each evaluation runs the adjoint method
with a cost equivalent to two passes of fluid resimulation.

Comparison with PD Controller: We also compared our
method with simple tracker type controllers such as PD controller
[Fattal and Lischinski 2004]. To drive the fluid body towards a tar-
get keyframe shape using heuristic ghost forces, PD controllers re-
sult in much lower overhead in terms of fluid resimulation, as com-
pared to our approach based on optimal controllers. In contrast,
optimal controllers provide better flexibility and robust solutions as
compared to PD controllers. A PD controller tends to be sensitive
to the parameters used for the ghost forces. Moreover, its perfor-
mance also depends on the use of the compressible control forces
(see Figure 14). These compressible forces can potentially elim-
inate the visually appealing vortical fluid motions. On the other
hand, an optimal controller always achieves exact keyframe timing,
while such exact timing requires fine-tuning the strength of control
forces in a PD controller, as shown in Figure 14. Moreover, with an
optimal controller, users can easily balance between the exactness
of keyframe matching and the amount of fluid-like behaviors based
on a single parameter r (see Figure 8).

Memory Overhead: Since fluid control problems usually have
a high memory overhead, we derive here an analytical upper bound
of the memory consumption M(n, d,N):

M(n, d,N) ∼ [(nd) ∗ (1 + d) ∗ 2 ∗ 2] ∗ [1 + 1
2
+ 1

4
⋯] ∗N = 8nd(1 + d)N,

ACM Transactions on Graphics, Vol. XX, No. X, Article XXXX, Publication date: XXXX XXXX.



10 ●

Fig. 11: We generate the famous example of tracking smoke with a dense sequence of keyframes, which comes from human motion capture
data. Our algorithm converges and generates rich smoke drags within 5 ADMM iterations.

Fig. 12: Example of smoke control where the keyframes have varying genera. The initial frame is a sphere (genus 0). The first keyframe
located at frame 20 is a torus (genus 1) and the second keyframe located at frame 40 is the shape eight (genus 2). The resolution is 642×32/40
and the overall optimization takes 5hr with r = 103.

frame=20

fr
am

e=
40

frame=60

fr
am

e=
0

Fig. 13: A moving smoke sphere guided by the 3 keyframes (left). We ex-
perimented with r = 103 (top) and r = 104 (bottom). Larger regularization
results in more wake flow behind moving smoke bodies. The same effect
can be observed in Figure 8.

where n is the grid resolution, d is the dimension, and N is the
number of timesteps. To derive this bound, note that we can reuse
the memory consumed by Algorithm 2 in Algorithm 1, and Algo-
rithm 2 always consumes more memory than Algorithm 1, so that
we only consider the memory overhead of Algorithm 2. The first
term nd ∗ (1 + d) is the number of variables needed for storing
a pair of pressure and velocity fields. This number is doubled be-
cause we need to store ui, p̄i in addition to vi, pi at each timestep.
We double it again because we need additional memory for stor-
ing res in FAS. Finally, the power series is due to the hierarchy
of grids. At first observation, this memory overhead is higher than
[Treuille et al. 2003; McNamara et al. 2004] since we require ad-
ditional memory for storing the dual variables at multiple resolu-
tions. However, due to the quasi-Newton method involved in their
approach, additional memories are needed to store a set of L gradi-
ents to approximate the inverse of the Hessian matrix. L is usually
5 ∼ 10, leading to the following upper bound:

MLBFGS(n, d,N) ∼ [(nd) ∗ (1 + d)] ∗L ∗N = Lnd(1 + d)N.

In our benchmarks, the memory overheads of our ADMM and
LBFGS solvers are comparable.

Convergence Analysis: Here we analyze the convergence of our
approach and discuss some modifications towards improved con-
vergence of Algorithm 3. We have applied some of these modifi-
cations for Line 7 and Line 9 of Algorithm 3, which then takes a
slightly more complex form.

Optimal No Guiding

No Viscosity Fine Tuned

Fig. 14: We deform a smoke ball into a dragon using our method (top
left) and PD controller with different parameter settings. Top Right: With-
out gathering forces, the keyframe shape is not matched. Bottom Left: The
animation appears to be oscillatory without viscous forces, resulting in lots
of escaped smokes. Bottom Right: A stable, non-oscillatory animation that
matches the keyframe well can be achieve by fine-tuning the three parame-
ters: the strength of guiding forces, the strength of gathering forces, and the
strength of viscous forces.

For our AO solver (Line 7 of Algorithm 3), we observe that it can
be difficult for Algorithm 1 to converge to an arbitrarily small KKT
residual in each loop of Algorithm 3. As illustrated in Algorithm 1,
one could use a simple strategy that can guarantee function value
decreases by blending a new solution with the previous solution
and tuning the blending factor in a way similar to the line search
algorithm. This modification has low computational overhead since
one does not need to apply the costly solenoidal projection operator
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Q again after the blending, as the sum of two solenoidal vector
fields is still solenoidal. In our benchmarks, this strategy leads to
a convergent algorithm with low overhead, but the error reduction
rate after the first few iterations can still be slow.
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Fig. 15: Convergence history of the NSO solver in the Circle Bunny ex-
ample. When the regularization coefficient r is extremely large, we have to
treat the FAS-Vcycle as a subproblem solver of the LM algorithm and the
entire NSO solve requires many more FAS-Vcycles.

The same analysis can also be used for the NSO solver (Line 9
of Algorithm 3). To ensure convergence of Algorithm 2, we could
add a perturbation to the penalty coefficient K in the Hessian ma-
trix Equation 10. Note that as K → ∞, vi → v∗i . Therefore, this
strategy essentially makes Algorithm 2 the subproblem solver for
the Levenberg-Marquardt algorithm [Nocedal and Wright 2006],
which in turn guarantees convergence. As illustrated in Figure 15,
Levenberg-Marquardt modification can be necessary when one
uses extremely large regularization r, because we observe that the
convergence rate decreases as r increases. In these settings, how-
ever, many more FAS-Vcycles are needed to solve the NSO sub-
problem and the advantage over the LBFGS solver also decreases.

Finally, for the ADMM outer loop (Line 5 of Algorithm 3), state-
of-the-art results showing its convergence rely on strong assump-
tions of its objective function, such as global convexity. There-
fore, our current implementation of outer loop is not guaranteed
to converge. However, such guarantee can be provided by using a
standard Augmented Lagrangian solver, instead of ADMM solver.
Specifically, one can run Algorithm 3 without applying Line 18
until the decrease in function value is lower than some threshold.
Further exploration of this option is left as future work.

6. CONCLUSION AND LIMITATIONS

In our work, we present a new algorithm for the optimal control of
smoke animation. Our algorithm finds the stationary point of the
KKT conditions, solving for both primal and dual variables. Our
key idea is to refine primal as well as dual variables in a warm-
started manner, without requiring them to satisfy the Navier-Stokes
equations exactly in each iteration. We tested our approach on sev-
eral benchmarks and a wide range of parameter choices. The re-
sults show that our method can robustly find the locally optimal
control forces while achieving an order of magnitude speedup over
the gradient-based optimizer, which performs fluid resimulation in
each gradient evaluation.

On the downside, our method severely relies on the spatial struc-
ture and the staggered grid discretization of the Navier-Stokes
equations. This imposes a major restriction to the application of
our techniques. Nevertheless, generalizing our idea to other fluid
discretization is still possible. For example, our method can be used
with a fluid solver discretized on a general tetrahedron mesh such
as [Chentanez et al. 2007; Pavlov et al. 2011] since the KKT con-
ditions are invariant under different discretizations, and the three

operators to define FAS stay valid. On the other hand, generaliz-
ing our method to free-surface flow or to handle internal bound-
ary conditions can be non-trivial. The distance metric Ci in Equa-
tion 7 needs to be modified to make it aware of the boundaries, e.g.,
Euclidean distances should be replaced with Geodesic distances.
However, modifying the NSO solver to handle the boundaries can
be relatively straightforward. This is because our multigrid formu-
lation is the same as a conventional multigrid formulation in spatial
domain, using simple trilinear prolongation and restriction opera-
tors. Therefore, existing works on boundary aware multigrid such
as [Chentanez and Müller 2011] can also be applied to our space-
time formulation.

In addition, unlike [Treuille et al. 2003; McNamara et al. 2004],
which use a set of template ghost force bases to reduce the search
space, our method allows every velocity component to be opti-
mized. This choice is application dependent. For matching smoke
to detailed keyframes with lots of high frequency features, our for-
mulation can be useful. However, using a reduced set of template
ghost forces could help to avoid the popping artifacts illustrated
in Figure 4, and at the same time it allows more user control over
the applied control force patterns. For example, the use of vortex
force templates encourages more swirly motions in the controlled
animations. Moreover, from Figure 8, we can see many small-scale
escaping smoke parcels using a large r. Our controller does not ap-
ply control forces on these parcels in order to reduce the magnitude
of control forces. If these smoke parcels are undesirable in the final
animation, a template-based formulation can be used. Combining
the control force templates with our formulation is considered as
future work.

In terms of computational overhead, since our optimal controller
always solves the spacetime optimization by considering all the
timesteps, it is much slower than a simple PD controller which
considers one timestep at a time. For example, it took more than
26 hours to generate our longest animation with 150 timesteps il-
lustrated in Figure 16. In order to reduce runtime cost, we can use
a larger timestep size to reduce the number of timesteps. Fluid sim-
ulation with a large timestep size has been addressed in prior work,
such as [Lentine et al. 2012]. We handle the large timestep size by
using a novel advection operator (Equation 4) with an adaptive or-
der of Taylor expansion. An alternative solution is to use a conven-
tional advection scheme with an adaptive timestep size determined
using the CFL condition. A thorough analysis of alternative advec-
tion schemes is a good topic of future work. Also, we can lower
the spatial resolution in the control phase and then use smoke up-
sampling methods such as [Nielsen and Bridson 2011] to generate
a high quality animation.

Further accelerations to our method are still possible. For ex-
ample, one can parallelize our algorithm in a distributed environ-
ment. Indeed, multigrid is known as one of the most cluster-friendly
algorithms. Moreover, meta-algorithms such as multiple shooting
[Bock and Plitt 1984] try to break the spacetime optimization into
a series of sub-optimizations that consider only a short animation
segment and are thus faster to solve. Finally, the benefits of both
optimal and PD controllers can be combined by borrowing the idea
of receding horizon control [Mayne and Michalska 1990]. In these
controllers, optimal control is applied only to a short window of
timesteps starting from the current one, and the window keeps be-
ing shifted forward to cover the whole animation.
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Fig. 16: The same example as Figure 9 in 3D. We use 150 timesteps with keyframes at timestep 50, 100, 150, respectively. Our algorithm
converges after 20 iterations and the total computation time is 26 hours.

APPENDIX

A. KKT SYSTEM OF THE NSO SUBPROBLEM

We derive here the KKT system for the NSO subproblem. Instead
of simply introducing the Lagrangian multipliers and following
standard techniques as we did for the AO subproblem, we present
a derivation based on the analysis of the ghost force ui. We first
eliminate the Navier-Stokes constraints by writing ui as a function
of vi and vi+1. Next, we plug this function into our objective to
obtain:

r

2

N−1

∑
i=0

∥ui(vi, vi+1)∥2 + K
2

N−1

∑
i=0

∥vi − v∗i ∥2.

Taking the derivative of this objective against vi and considering
the additional solenoidal constraints on vi, we get the first two
equations in f :

K

r
(vi − v∗i ) +

∂ui
∂vi

T

ui +
∂ui−1

∂vi

T

ui−1 +∇p̄i = 0

∇ ⋅ vi = 0,

where p̄i is the Lagrangian multiplier. Now in order to derive the
other two conditions in Equation 9, we need to determine the addi-
tional pressure pi. We assert that pi+1 is the Lagrangian multiplier
of the solenoidal constraints on ui. In fact, if ui is not divergence-
free, we can always perform a pressure projection on ui by mini-
mizing ∥ui −∇pi+1∥2 to get a smaller objective function value. As
a result, ui must be divergence-free at the optima with pi+1 being
the Lagrangian multiplier, and we get the two additional equations
of f :

vi+1 − vi
∆t

+Adv [vi+1] − ui +∇pi+1 = 0

∇ ⋅ ui = 0.

From these two conditions, we can see that ∂ui
∂vi

= −Q I
∆t

, ∂ui−1
∂vi

=
Q( I

∆t
+ ∂Adv[vi]

∂vi
). Here Q is the solenoidal projection operator

introduced in Equation 8. However, we can drop this Q because we
have ∂ui−1

∂vi

T
ui = ( I

∆t
+ ∂Adv[vi]

∂vi
)TQTui and QTui =Qui = ui

by the fact that ui is already solenoidal.
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Michael Hinze, Michael Köster, and Stefan Turek. 2012. A space-time
multigrid method for optimal flow control. In Constrained optimization
and optimal control for partial differential equations. Springer, 147–170.

Michael Lentine, Matthew Cong, Saket Patkar, and Ronald Fedkiw. 2012.
Simulating Free Surface Flow with Very Large Time Steps. In Proceed-
ings of the ACM SIGGRAPH/Eurographics Symposium on Computer
Animation (SCA ’12). Eurographics Association, Aire-la-Ville, Switzer-
land, Switzerland, 107–116. http://dl.acm.org/citation.cfm?id=2422356.
2422373

Brian P Leonard. 1979. A stable and accurate convective modelling pro-
cedure based on quadratic upstream interpolation. Computer methods in
applied mechanics and engineering 19, 1 (1979), 59–98.

ACM Transactions on Graphics, Vol. XX, No. X, Article XXXX, Publication date: XXXX XXXX.



● 13

David Q Mayne and Hannah Michalska. 1990. Receding horizon control
of nonlinear systems. Automatic Control, IEEE Transactions on 35, 7
(1990), 814–824.

Antoine McNamara, Adrien Treuille, Zoran Popović, and Jos Stam. 2004.
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Feedback Motion Planning for Liquid Pouring
Using Supervised Learning

Zherong Pan1 and Dinesh Manocha1

http://gamma.cs.unc.edu/RLFluid

Abstract— We present a novel motion planning algorithm for
pouring a liquid body from a source to a target container. Our
approach uses a receding-horizon optimization strategy that
considers liquid dynamics and various other constraints. To
handle liquid dynamics without costly fluid simulations, we use
a neural network to infer a set of key liquid-related parameters
from the observation of the current liquid configuration. To
train the neural network, we generate a dataset of successful
pouring examples using stochastic optimization in a problem-
specific search space. These parameters are then used in the
objective function for trajectory optimization. Our feedback
motion planner achieves real-time performance, and we observe
a high success rate in our simulated 2D and 3D liquid pouring
benchmarks.

I. INTRODUCTION

Robotic manipulation of non-rigid objects such as fluids,
elastic bodies, and strings is a challenging problem that
arises in different applications. In this paper, we address the
problem of pouring liquids, where the goal is to use a robot
to pour a liquid body from a source to a target container.
These tasks arise when industrial robots are used for painting,
cleaning, or dispensing lubricants. Other applications include
the use of service robots for cooking, cleaning, or feeding.

A key issue in such motion planning algorithms is to
satisfy the liquid dynamics constraints. The liquid body can
have a complex topology and undergo large deformations.
The underlying solvers tend to use a large number of
particles (tens of thousands) to model their motion. This
results in a very high-dimensional configuration space of
the liquid body and makes it hard to directly use sampling-
based motion planning algorithms. Other techniques based
on an optimization-based planner [1], [2] may not work well
because the free-surface of a liquid body introduces non-
smooth changes.

Prior planning algorithms for fluid manipulation are ei-
ther based on demonstration and learning methods, or use
dynamics constraints. The demonstration-based methods use
example trajectories and ignore all physical constraints so
that they may not generalize to new scenarios. On the other
hand, methods using reinforcement learning [3], [4] can
take physics constraints into consideration, but they require
a problem specific training dataset for each manipulation
task. Other techniques use trajectory optimization, which
takes into account a full-featured liquid dynamics model [5],
[6], but these techniques have a very high computational
overhead. This problem can be alleviated using reduced

1 Department of Computer Science, the University of North Carolina at
Chapel Hill {zherong,dm}@cs.unc.edu
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Fig. 1: An illustration of our feedback motion planning framework.
From the training dataset found by stochastic optimization (a), we
train a neural network that predicts liquid-related parameters: liquid
outflow curve and the mean trajectory prior (b). Our online planner
then computes the source container trajectory from an incomplete
observation (c), e.g., the liquid heightfield in red and the moving
speed of the source/target containers (the two arrows).

or simplified dynamics models [7], [8], [9], where many
liquid dynamics constraints are ignored, and these models
are combined with open-loop planners. However, open-loop
methods suffer from simulation bias.
Main Results: We present a feedback motion planning
algorithm to control the fluid flow for liquid pouring that
is subject to dynamics constraints. To handle the high di-
mensionality of fluids, we present a learning-based approach
to predict the liquid configurations based on low-dimensional
features. This is combined with a receding-horizon trajectory
optimization method for online planning. The main novel
components of our approach include:

● A supervised learning algorithm that enables the predic-
tion of the state of a high-dimensional liquid body using
low-dimensional features. We also describe an efficient
strategy to train the neural network.

● A feedback motion planning algorithm that solves
a spacetime optimization problem using the receding
horizon strategy. The objective function is guided by
the neural network, and this significantly increases the
efficiency of our planner, as we do not need to perform
the costly 3D fluid simulation step at each timestep.

Our neural network is trained using a large amount of
successful pouring trajectories. This dataset is automatically
generated offline using a large number of random config-
urations of liquid pouring problems. These configurations
are generated by changing the relative positions of two
containers, the amount of liquid in the source container, and
the speed of the target container movement. As a result, the

http://gamma.cs.unc.edu/RLFluid


trained neural network is robust to environmental changes.
We compute the optimal liquid pouring trajectory for each
configuration using stochastic optimizations with the help of
a fully-featured liquid simulator.

We have evaluated our algorithm on many new and chal-
lenging scenarios that are quite different from the training
dataset. In practice, our learning-based planner achieves
almost the same success rate as was obtained using the
groundtruth trajectories on our training dataset. Moreover,
we have also tested our planner in new and different envi-
ronments, including 3D workspaces, liquids with different
physical characteristics (e.g., varied the viscosities), and
different container shapes. Our results demonstrate that the
neural networking can be very robust when used with an
optimization-based motion planner, although our training
dataset uses a single low-viscous liquid material and a rect-
angular container shape. Furthermore, the online algorithm is
very fast and takes less than 10 milliseconds on a single core
of Intel CPU to plan the motion amongst dynamic obstacles.

II. ASSUMPTIONS AND PROBLEM
FORMULATION

In this work, we restrict ourselves to a simulated environ-
ment. The pouring problem is formulated in Section IV. Our
algorithm is composed of three components (see Figure 1).

In the preprocessing stage, we generate a large set of
random liquid pouring problems. For each problem, we find
a successful pouring trajectory using stochastic optimization
(see Section VI). We then extract a low-dimensional feature
of the liquid body and train a 4-layered neural network to
predict a set of key parameters in pouring (liquid outflow
curve and mean trajectory prior). We have not yet applied our
framework in a real-life robotic system and currently only
assume that the features can be acquired from the sensing
data. However, we propose two kinds of possible liquid
features to inspire future work on a real-life robotic system.
Other features can also be easily used with our method.

During the online stage, the predicted parameters are used
in the objective function of a receding-horizon optimization-
based motion planner (see Section V). The planner de-
termines the configuration of the source container at the
next timestep by minimizing an objective function that
encourages successful pouring while considering various
other constraints including collision avoidance and trajectory
smoothness.

III. RELATED WORKS

Our approach builds on three areas of prior work: motion
planning, planning for dynamic objects, and reinforcement
learning.

A. GENERAL MOTION PLANNING

A motion planning algorithm searches for a trajectory
that satisfies a set of constraints (collision-free, smoothness),
which may also be optimal under a given quality measure.
Many early motion planners such as [10] and its descendants

[11], [12], [13] consider only collision-free constraints. Un-
like these methods, which tend to compute a trajectory by
sampling in the space of possible trajectories, optimization-
based motion planners such as [2], [1], [14] can easily take
into account other constraints, such as dynamics, smooth-
ness, etc. Many of these approaches formulate the problem
as a spacetime continuous optimization. Such optimization
methods have also been used for liquid transfer [6], [9] based
on simplified dynamics when limited to static environments.

There is considerable work on feedback motion planning
that uses refinement schemes based on feedback control laws.
This can be performed using replanning [15], [16], [17] or
by formulating the problem as a Markov Decision Process
[18]. These ideas have been applied to high-dimensional
continuous systems such as humanoid robots [19], [20].
In this work, we present such a feedback motion planning
algorithm for liquid transfer.

B. PLANNING FOR DYNAMIC OBJECTS
The extension of conventional motion planning algorithms

to the manipulation of non-rigid objects has been addressed
in the context of virtual suturing [21], cloth folding [22],
and surgical simulation [23]. It can be challenging to deal
with non-rigid objects with high-dimensional configuration
spaces. This is especially the case with liquid manipulation
tasks, where the dimension can be as high as several million
(see [6] for a detailed discussion). For certain types of
fluids such as smoke and fire, optimization-based motion
planning can be adapted to solve the problem by exploiting
the special structure of the resulting fluid simulator [24],
[25]. However, it is non-trivial to extend these methods
to control liquid bodies with non-smooth, rapidly-changing
free surfaces. Moreover, prior methods are designed for
offline applications and computationally very costly. Previous
work [9] reduced the computational cost by using a much
simplified liquid model, dependent on just two variables.

C. IMITATION OR REINFORCEMENT LEARNING
Reinforcement and imitation learning have been shown

to be effective in terms of controlling high-dimensional
dynamic systems, e.g., a humanoid robot [19], [26]. Recently,
imitation learning has been used to perform liquid manipu-
lation using example container trajectories from a human
demonstrator [27], [28], [29]. However, the learning frame-
work in this work does not take fluid dynamics constraints
into account. Moreover, trajectories of liquid body shapes
from real-life experiments have to be captured and digitized
to construct the dataset, which is challenging in and of itself
(see [30], [31]). More recently, reinforcement learning has
also been used to learn pouring of granular materials in [4],
[3]. Our methods differ from these methods in that we only
use supervised learning, but we combine it with trajectory
optimization to enhance the robustness of our motion planner.

IV. OVERVIEW
In this section, we first introduce our formulation of the

liquid pouring problem and then outline our motion planning
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Fig. 2: (a): An illustration of our problem setting. We consider a
source container S in dark gray, a target container T in light gray,
and finally the liquid body L in blue. We use a particle-based spatial
discretization for both the rigid and liquid bodies. (b): The set of
learned parameters used for formulating Co: the mean trajectory
prior S′, the parameters of liquid outflow curve p, vx, vy , and the
outflow flux ρ.

algorithm.

A. PROBLEM FORMULATION
In each problem, we consider a source container denoted

by rigid body S, a target container denoted by T, and the
liquid body denoted by L. Without ambiguity, we reuse these
symbols to denote their spacetime trajectory S(t), T(t),
and L(t), where t is the time index. Among these three
trajectories, the liquid body trajectory L(t) is constrained by
the Navier-Stokes equation, the governing PDE of the liquid
body. Therefore, the configuration of L evolves as L(t +
∆t) = f(S(t),T(t),L(t)), taking S(t),T(t) as boundary
conditions. Here f is a time-integration of the Navier-Stokes
equation over timestep size ∆t.

In practice, we define a discrete version of the problem us-
ing a particle-based spatial discretization scheme, the finite-
difference temporal discretization scheme, and the same
particle-based fluid simulator as [6]. As a result, all three
bodies, S,T, and L, become a set of particles, as illustrated
in Figure 2 (a). Their corresponding trajectories are sampled
uniformly in time with timestep size ∆t. In this setting, the
time-integration function f can be approximately evaluated
using a discrete version of the Navier-Stokes equation.

In our problem setting, the target container trajectory T(t)
is given. The goal of our feedback motion planner is then
to determine the source container trajectory S(t), so that the
induced liquid body trajectory L(t) will have the liquid body
end up inside the target container T.

V. FEEDBACK MOTION PLANNING
In order to find an entire trajectory S(t), our motion plan-

ner iteratively solves the following spacetime optimization
problem:

argmin
S(t+∆t),⋯,S(t+K∆t)

∑
1≤k≤K

C(S(t + k∆t)) (1)

C(S(t)) ≜ Cl(S(t)) +Cr(S(t)) +Co(S(t)),

over a horizon of K∆t and then only adopts the control S(t+
∆t), i.e., using the receding horizon strategy. The objective
function C involves three terms: the first term Cl encourages
the liquid body to fall inside T, Cr is a regularization term
that prefers smooth trajectories, and finally Co penalizes any
collisions between S and T or any other obstacles in the
environment.

We can use the same Co as [14], [6] for collision avoid-
ance. Specifically, we define Co as:

Co(S(t)) = ∥D(S(t))∥2 + ∥Ḋ(S(t))∥2,

where D is the maximal penetration depth between S and any
obstacle. To accelerate collision detection, each rigid object
is approximated using a set of spheres. Note that we penalize
both the D and Ḋ to encourage smooth movements when S
is in the vicinity of boundaries. The regularization term Cr

is the Laplace of the trajectory:

Cr(S(t)) = ∥S(t +∆t) − 2S(t) + S(t −∆t)∥2.

In order to define Co such that it encourages success-
ful liquid pouring, a naive and straightforward formulation
would be to reconstruct L(t) from S(t),T(t) using a liquid
simulation function f , then to measure the amount of liquid
that falls outside the target container and makes Co propor-
tional to this amount. However, this formulation has two clear
drawbacks. First, reconstructing L(t) using liquid simulation
function f is computationally costly, making it impossible
for the motion planner to respond in real-time. Second, the
function f involves a lot of non-smooth operators, making
it difficult for numerical optimizers to find a good local
minimum of Equation 1.

Our solution is to base Co on a set of low-dimensional
parameters that can be inferred from an observation of
the current configuration of the liquid body L(t) without
resorting to its predicted future configurations. This idea is
like the temporal decomposition method [4]. We assume that
two kinds of parameters are crucial to the task of pouring
liquids. First, in most human pouring examples, the pattern
is that the source container S moves closer to the target
container T, simultaneously increasing its turning angle so
that liquid can flow out. This common pattern is encoded as
mean trajectory prior S′(t). In addition, after liquid leaves
the source container S, the flow can be approximated as a
quadratic curve, as shown in [9]. This quadratic curve could
be used to guide the motion planner so that the curve is
centered around the target container opening, thus avoiding
spillage. In a 2D workspace, this curve is characterized by
its starting point p on S and its leaving velocity vx, vy , as
illustrated in Figure 2 (b). In summary, the required liquid-
related parameters are (S′(t), p, vx, vy) and we then define
Cl as:

Cl(S(t)) = ∥dist(T(t), p, vx, vy)∥2max(ρ,0) +
∥S(t) − S′(t)∥2,

where the first term measures the distance between liquid
outflow curve and the center of the target container opening,
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Fig. 3: Our 4-layer neural network structure for parameter estima-
tion. The input is an observation of the current liquid configuration
O(L(t)) and other rigid body configurations S(t),T(t), where we
assume the rigid body configurations are fully observable. We use
the ReLU activation function for all internal layers and the sigmoid
activation function for the output layer of mean trajectory prior
S′(t), and linear function for the output layer of liquid outflow
curve parameters. Each of the four hidden layers has 32 hidden
units.

while the second term measures the discrepancy between the
current source container configuration and mean trajectory
prior, leading to a successful pour. Note that we added a
weighting max(ρ,0), where ρ is the predicted outflow flux.
Therefore, we only apply the first term if liquid is flowing
out. This ρ is added to the required set of parameters. These
parameters (S′(t), p, vx, vy, ρ) are predicted efficiently using
supervised learning introduced in Section VI.

VI. SUPERVISED LEARNING

In this section, we present our preprocessing algorithm,
which uses supervised learning to predict the liquid-related
parameters.

As part of the objective function, the learning algorithm
needs to infer the parameters (S′(t), p, vx, vy, ρ) from the
observations O(L(t)) of a liquid body and the configurations
of the two rigid bodies S(t),T(t). The inference is accom-
plished with a neural network trained from a set of successful
liquid pouring trajectories. See Figure 3 for a specification
of our neural network.

The problem of inferring mean trajectory prior S′(t)
from the current configuration makes our neural network
a control policy representation that can be optimized using
reinforcement learning as in [4], [32]. Optimized this way,
the policy will predict S′(t) such that it can be realized
directly. Instead, only supervised learning is used in our
work, so the learned policy may suffer from simulation-bias
issues and have a limited ability to generalize to new environ-
ments. However, we can solve this problem by plugging the
predicted S′(t) into Equation 1 to further adjust the predicted
result.

The observation function O, or the input feature for the
neural network, can be defined in several ways depending on
the available sensors in a certain application. In this work, we
consider two kinds of observations. In a simulated environ-
ment, we use the heightfield of the liquid surface (which can
be easily computed from an exact geometrical representation

(a)

(b)

(c)

θ

W dist(p)

p

fill level

S −T

speed of T

Fig. 4: The two kinds of features we use. (a): The heightfield of
the liquid free-surface (red). This feature is used as groundtruth
in a simulated environment. (b): The height of liquid at the lip
of source container S (red). This feature makes it easier to apply
our method on a real-life robotic system and on different container
shapes. (c): The variables that define one instance of our pouring
problem: relative position S − T, speed of T, and fill level. We
also illustrate the variables that define our reward function R: the
container opening width W and the distance from a particle to a
center point dist(p).

of L, such as a set of particles). However, the dynamics of the
liquid body are captured largely by the velocity field instead
of its shape. To recover this information, we maintain a short
memory of the heightfield over the past 4 frames as input
to the neural network so that velocity information can be
recovered by finite difference. This is illustrated in Figure 4
(a). Longer-term memory can also be recovered using, e.g.,
a recurrent neural network or LSTM. However, according to
the definition of velocity as the derivative of positions, only
the most recent memory is needed and these structures are
therefore unnecessary. In a real-life robotic system, acquiring
the heightfield may be very difficult. As a result, we also
experimented with a simplified feature, which is the height
of a liquid surface only at the lip of source container S,
as illustrated in Figure 4 (b). A common drawback of the
heightfield feature is that we can only represent laminar flow
without internal air bubbles in the liquid. However, we can
carefully design our training dataset to contain only laminar
flow (see Section VII for more details).

A. TRAINING DATA GENERATION

The dataset used to train the neural network is difficult to
acquire. This dataset should contain only successful pouring
trajectories. Moreover, the neural network should be expres-
sive enough to regenerate these trajectories. Previous works
[33], [34] address this problem for some applications by
modifying the dataset during training. [33] assumes there
is an expert who can provide additional training samples for
error recovery on request. However, our approach does not
assume the presence of any such expert. A human demon-
strator may serve as an expert, but digitizing or capturing
the liquid shape trajectory can be very challenging. On the
other hand, [34] assumes that the governing equation is
differentiable with respect to u. This assumption does not
hold due to the non-smooth free-surface changes. Moreover,
the computational complexity of [34] makes it infeasible for
the high-dimensional configuration space of a liquid body.



Our solution is to use stochastic optimization to automati-
cally search for successful pouring trajectories similar to [5]
in 2D workspaces. We introduce several kinds of variations
so that the learned neural network can be generalized to
different problems. As illustrated in Figure 4 (a), each
pouring problem can be specified by three variables:

● The relative position S −T in range [−3,0] × [−3,3](m).
● The constant moving speed of T in range [−5,5]2(m/s).
● The liquid fill level of S in range [0.3,0.8], where 1 means

fully filled.
To quickly find a large number of successful pouring trajec-
tories, we design a problem specific search space and reward
function. Our liquid simulator requires very small timestep
size (∆t < 0.01s) to ensure accuracy, leading to a large
number of timesteps. We first limit the number of variables
by using spline interpolation with 6 control points for source
container trajectory S(iK∆t/5), where 0 ≤ i ≤ 5. In 2D
workspaces, each rigid configuration of S consists of 2-
dimensional translation and orientation (xS,yS, θS), leading
to a 15 dimensional search space (the initial control point
is fixed). However, we found that this is still too large of a
search space in practice because the optimizer can frequently
generate zig-zag trajectories, contrary to our intuitive obser-
vation of human pouring behaviour. Therefore, we further
restrict the search space by observing that source container
S is always moving closer to T and its turning angle is
always increasing. This gives the following relationship:

(αi ≜
∣xS − xT ∣i

∣xS − xT ∣i−1

,βi ≜
∣yS − yT ∣i

∣yS − yT ∣i−1

, γi ≜
∣θmax − θ∣i

∣θmax − θ∣i−1

).

We propose to search in the transformed coordinates
(αi, βi, γi) ∈ (0,1]3 using the CMA-ES algorithm [35].
Although this is still a 15 dimensional search space, much
fewer random samples are needed in each iteration with such
a transformation. Finally, we use the following reward func-
tion for CMA-ES optimization, which encourages particles
to pass through the center of a target container’s opening and
penalizes spillage:

R =∑
p

Rp Rp = {
W−dist(p)

W
, if dist(p) <W

−100, otherwise

where p loops over all particles, dist(p) is its distance to
the center of the opening of T, and W is half the width of
the opening, as illustrated in Figure 4 (b).

After we find the optimal S(t) in our search space,
we extract the groundtruth observation O(L(t)) and label
(S′(t), p, vx, vy, ρ) for each spline interpolated timestep.
To extract the quadratic curve parameters, we use the
same greedy quadratic curve fitting method as [6]. Fi-
nally, our neural-network outputs the transformed coordi-
nates (αi, βi, γi), instead of (xS,yS, θS), which fit in the
range of sigmoid activation function.

VII. ANALYSIS AND RESULTS
In this section, we evaluate the online and offline phases

in Figure 1 from different aspects.
Quality of Dataset: All the trajectories in our dataset

reside in 2D workspaces. The computational complexity of
generating these trajectories is O(I × R × K × P ), where
I is the number of iterations needed in each CMA-ES
optimization, R is the number of random samples used in
each CMA-ES iteration, K is the number of timesteps in
each fluid simulation, and finally P is the number of tra-
jectories S(t) we want to generate. In all the optimizations,
we set I = 200, R = 30, K = 500, and ∆t = 0.01(sec).

(a)

(b)

(c)(d) (e)
(f)

Fig. 6: We illustrate an exemplary trajectory of TRANS-
FER+FOLLOW (a) and TRANSFER+ZERO (b). On convergence
of CMA-ES optimization, the liquid flow is well centered around
the opening of T (c). TRANSFER+ZERO encourages spillage at
an early stage of pouring (d), so that S must move and turn slowly
(e). For each timestep in each trajectory, we extract the groundtruth
water heightfield and liquid outflow curve as in training dataset (f).
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Fig. 5: The scaled reward
function R/#Particle for a
set of transfer problems in
TRANSFER+FOLLOW (blue)
and TRANSFER+ZERO (red).
These values are all positive,
meaning that very little spillage
happens and particles are well
centered around OT.

In other words, each tra-
jectory lasts for K∆t =
5(sec). The computational
complexity of dataset gener-
ation is also proportional to
the overhead of performing
liquid simulation, i.e., eval-
uating function f , which in
turn is proportional to the
number of particles. In 2D
workspaces, we use approx-
imately 105 particles and
each evaluation of f takes
2.5(sec) while the number of
particles in 3D workspaces
is 107 and each evaluation
takes 345(sec). Therefore, generating a 3D dataset is orders
of magnitude more expensive than generating a 2D dataset.

We generated two datasets named TRANSFER+FOLLOW
and TRANSFER+ZERO, each containing P = 1000 success-
ful pouring trajectories. We first sample the fill level with
interval 0.12 and then select 200 relative positions S − T
and select a moving speed of T for each fill level using
uniform random sampling in the given range. The generation
of TRANSFER+FOLLOW and TRANSFER+ZERO involves
a total of 6 × 109 evaluations of f . TRANSFER+FOLLOW
and TRANSFER+ZERO differ in their initial liquid configu-
ration. In TRANSFER+FOLLOW, the initial liquid velocity
follows that of S, which is typical if the liquid has moved
with S for a certain distance and reached equilibrium.
However, in TRANSFER+ZERO, the initial liquid velocity is
zero, which is typical if we start the transfer from a stationary
scenario. Problems in TRANSFER+ZERO are considered
more difficult than those in TRANSFER+FOLLOW, as mov-
ing S too quickly will lead to spillage and thus negative
reward. These two datasets can be downloaded at our project
page and are illustrated in Figure 6.

Figure 5 shows the distribution of scaled reward func-
tion R/#Particle in TRANSFER+FOLLOW and TRANS-

http://gamma.cs.unc.edu/RLFluid
http://gamma.cs.unc.edu/RLFluid
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Fig. 7: The average convergence history of the CMA-ES algorithm
over 1000 problems. This algorithm converges equally well for
TRANSFER+FOLLOW (a) and TRANSFER+ZERO (b).
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Fig. 8: We picked 100 random trajectories in TRANS-
FER+FOLLOW (blue) and TRANSFER+ZERO (red) datasets, and
visualized the temporal change of the relative strength of the vortical
velocity component (the numerator inf∥v−∇ψ∥2). Since this value
is always less than 0.2, the flow is very close to a potential flow
(inf∥v−∇ψ∥2 = 0). Since problems in the TRANSFER+FOLLOW
dataset are less difficult, the pouring is usually completed faster,
which is consistent with the early termination of the blue curve.

FER+ZERO. Figure 7 shows the CMA-ES convergence
history. These figures show that our stochastic optimization
algorithm can efficiently find successful transfer trajectories.
Furthermore, we need to verify that the generated trajecto-
ries always transfer liquid using laminar flow, rather than
turbulent flow, so that a heightfield feature can represent the
shape of L. We note that the velocity field of a laminar flow
should have no internal vortex. Therefore, we compute the
vortical velocity component and plot its strength relative to
the original velocity field in Figure 8. This figure clearly
shows that the trajectories in both TRANSFER+FOLLOW
and TRANSFER+ZERO use only laminar flow.

Accuracy of Neural Network: Our neural network serves
two purposes, which are verified by separate experiments.

We first verify the accuracy of the liquid outflow curve
predictor by testing it on 100 randomly selected trajectories
in TRANSFER+FOLLOW/TRANSFER+ZERO, i.e., we test
it using the training dataset. Next, we test it on 100 new
trajectories, P , held out from training data. Figure 9 (a)
plots the average accuracy against the turning angle α. This
plot reveals that our predictor has low accuracy at a small
turning angle (up to 0.46% at 40○±10○). The average relative
accuracy throughout the pouring process is 15% using the
heightfield feature, Figure 4 (a), and 24% using the height at
lip feature, Figure 4 (b). At a small turning angle, using
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Fig. 9: Relative error of predicted liquid outflow curve parameters
(∥vx, vy, p∥2) using the heightfield feature (a) and the height at lip
feature (b). The error is plotted against the turning angle of S.
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Fig. 10: (a): The relative error of predicted S(t) plotted against the
turning angle. (b): The predicted turning angle of S against timestep
index; the mean trajectory prior predictor trained using TRANS-
FER+ZERO dataset (red) learns to turn S slowly to avoid spillage,
compared with the predictor trained using TRANSFER+FOLLOW
dataset (blue). We also show such difference using one exemplary
frame of a testing problem.

the height at lip feature increases the error by 36% for
TRANSFER+FOLLOW dataset, while the performance is
almost the same for TRANSFER+ZERO dataset. At a larger
turning angle, using the height at lip feature only increases
the error by 10%, at most.

We further validate the accuracy of the mean trajectory
prior predictor. Figure 10 (a) illustrates the relative accuracy
of S(t) compared with the groundtruth. The error is higher
than that of the liquid outflow curve predictor. One of
the main purposes of our online feedback motion planner
is to compensate for this error. In addition, we conduct
another experiment to see if our predictor has the ability to
avoid spillage. Since we know that TRANSFER+FOLLOW
does not model spillage but TRANSFER+ZERO can model
spillage, we plot the predicted temporal change of α us-
ing TRANSFER+FOLLOW and TRANSFER+ZERO as the
training dataset. Our predictor trained using the TRANS-
FER+ZERO dataset prefers a lower α̇ at small α, which
implies that our network can learn the ability to avoid
spillage.

Performance of Feedback Planner: In the online phase,
we solve Equation 1 using a horizon length of 1.25(sec),
with K = 25 and ∆t = 0.05(sec). This requires querying
the neural network 25 times and performing an optimization
using the LBFGS optimizer, which is very efficient due to
the small size of our neural network and the optimization
formulate. We tested our feedback controller on 30 new
problems. For each testing problem, we experimented with
three different container shapes, as illustrated in Figure 11



















      
















 

















      


















 



















      





















 
 

 
 

















      

















 



(a) (b) (c) (d)
Fig. 11: Performance of the feedback planner. (a): The fraction of spilled particles using rectangular container S, two kinds of datasets
and features. (b): The fraction of spilled particles using the height at lip feature and three different container shapes. (c): Average reward
of particles that fall into T in experiment (a). (d): Average reward of particles that fall into T in experiment (b).

(d). We use the same set of 30 experimental problems, which
are not covered in the datasets. If the training is accomplished
using TRANSFER+ZERO dataset, then we set the initial
velocity to be zero and vice versa. For experiments using
new container shapes, we use TRANSFER+ZERO dataset.

The performance of our planner is summarized in Fig-
ure 11, where we plot the spilled fraction of liquid and
the average reward. Note that the average is taken over
particles that fall into T (i.e., excluding the spilled parti-
cles), which is different from Figure 5, where the average
includes negative values (spilled particles). We can thus
analyze spillage avoidance and the accuracy of liquid flow,
respectively. From Figure 11 (a), we can see that the fraction
of spilled particles is less than 5% in 28 of 30 problems
for both features in Figure 4. We also see that using the
lip height feature increases the spillage by 4%, at most,
and 0.32% on average. From Figure 11 (b), we find that,
although our datasets use only rectangular containers, the
spillage fraction is also very small if we test on a conic
container, which results in a spillage fraction over 5% for
only 2 problems. However, some containers, such as the
conic container, encourage spillage and we have seen over
5% spillage in 10 problems. From Figure 11 (c), we can
see that the liquid flow is generally well centered around the
center opening of T, with a mean reward of Rp = 0.82. If
we generalize to new container shapes, the mean reward is
still over Rp = 0.8. However, the variance is larger especially
for the conic container, as illustrated in Figure 11 (d).

Generalizing to New Problems: Our motion planner
is only experimented on liquid bodies of fixed material
parameters, on a 2D workspace, and with two rigid bodies.
Some of these limitations can be relaxed.

First, although our dataset considers only a liquid material
with low viscosity, applying it to pour more viscous liquids
is possible. As illustrated in Figure 12, we experimented
the planner on these liquids. As we increase the viscosity,
the fraction of spillage decreases and the average reward
increases accordingly. This is because viscosity suppresses
turbulence flow and makes our quadratic curve assumption
more accurate.

Moreover, we can also relax the assumption of 2D
workspaces and apply the method to 3D workspaces. As
illustrated in Figure 12 (c), this is done by applying the
method to only the symmetric cross section. A drawback

of this treatment is that fluid may spill from directions other
than the 2D plane and our method cannot avoid such spillage.

Finally, a major benefit of the optimization-based formula-
tion, Equation 1, is that we can naturally take other dynamic
obstacles into consideration without retraining or regener-
ating the dataset, as illustrated in Figure 12 (b). However,
current obstacle avoidance term only takes rigid bodies into
consideration, and collisions between liquid and rigid bodies
are not considered. As a result, when the obstacle blocks the
pouring, more spillage happens.

VIII. LIMITATIONS AND CONCLUSIONS

In conclusion, we present a feedback motion plan-
ner for liquid transfer problems. Our formulation uses
an optimization-based receding horizon planner, which is
guided by a machine learning model that provides clues
for global movements (mean trajectory prior) and local
adjustments (liquid outflow curve). Our experiments show
that the planning framework can achieve promising online
performance and the machine learning model gains important
skills such as spillage avoidance and liquid position predic-
tion. However, the current system also introduces a series of
limitations, which we discuss below. We refer readers to our
extended paper [36] for a thorough discussion.

First, although the spillage fraction in our dataset is almost
zero, the spillage fraction can be as high as 5% in our
30 testing problems. We believe better performance can
be achieved by using imitation learning [33] instead of
supervised learning. Moreover, it is inherently difficult to
generalize our method to discrete material types, such as a
bunch of rigid bodies or granular materials as in [28], [3].
In addition, we only consider the problem of pouring the
entire liquid body from S to T. Other requirements might
arise, e.g., if only some of liquid is needed in T due to
the small volume of T. Finally, two problems need to be
addressed for extension to real robotic systems. We must
be able to efficiently acquire liquid-related features and we
must be able to extend the entire planning pipeline to 3D
workspaces.
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Fig. 12: (a): We tested our feedback controller on new fluid materials with higher dynamic viscosity (kg/(ms)). In this case, we achieved
even higher online reward. (b): The controller can also account for dynamic obstacles. (c): In a 3D workspace, the controller only sees
the 2D cross section. REFERENCES
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