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Co-Prime Frequency and Aperture Design for HF Surveillance,
Wideband Radar Imaging, and Nonstationary Array Processing
1. Executive Summary
This report presents the results of the research performed under Office of Naval Research
(ONR) grant number N00014-13-1-0061 over the period of January 1, 2013 to December 31, 2017.
The research team working on this project consists of Prof. Moeness Amin (PI, Villanova
University), Prof. Yimin D. Zhang (Co-PI, Villanova University; moved to Temple University in
2015), and Prof. Fauzia Ahmad (Co-PI, Villanova University; moved to Temple University in
2016). This project supported two full-time Ph.D. students, Si Qin and Elie BouDaher, at Villanova
University. We have also collaborated with Prof. Ahmad Hoorfar (Villanova University), Prof.
Abdelhak M. Zoubir (Darmstadt University of Technology, Germany), Prof. Fulvio Gini
(University of Pisa, Italy), Prof. Elias Aboutanios (University of New South Wale, Australia), Prof.
Wei Liu (University of Sheffield, United Kingdom), Prof. Panos Markopoulos (Rochester Institute
of Technology), and Prof. Xiangrong Wang (Beihang University, China).
The research objectives are to develop novel co-prime sampling and array design strategies
that achieve high-resolution estimation of spectral power distributions and signal direction-ofarrivals (DOAs), and their applications in various surveillance, radar imaging applications, and
array processing. The focus of our studies has been in the following five areas: (i) Generalized coprime array design; (ii) Wideband DOA estimation and radar sensing; (iii) Active sensing using
co-prime arrays; (iv) Mutual coupling effect and mitigation; (v) Spectrum estimation based on coprime sampling. These efforts resulted in 12 journal papers and 27 conference papers.
Below is a summary of the research accomplishments in each of these individual areas. A list
of the publications generated under the support of this project is provided in Section 2. The full
text of selected journal publications are included in Section 3.
1.1. Generalized Co-Prime Array Design
A co-prime array uses two uniform linear subarrays to construct an effective difference coarray
with certain desirable characteristics, such as a high number of degrees-of-freedom for DOA
estimation. We have generalize the co-prime array concept with two operations [1]. The first
operation is through the compression of the inter-element spacing of one subarray and the resulting
structure treats the existing variations of co-prime array configurations as well as the nested array
structure as its special cases. The second operation exploits two displaced subarrays, and the
resulting co-prime array structure allows the minimum inter-element spacing to be much larger
than the typical half-wavelength requirement, making them useful in applications where a small
interelement spacing is infeasible. We have derived the analytical expressions for the coarray
aperture, the achievable number of unique lags, and the maximum number of consecutive lags for
quantitative evaluation, comparison, and design of co-prime arrays.
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1.2. Wideband DOA Estimation and Radar Sensing
The co-prime array, which utilizes a co-prime pair of uniform linear sub-arrays, provides a
systematical means for sparse array construction. On the other hand, utilizing spectrum bandwidth
in co-prime array can achieve a number of advantages. (a) Utilizing multiple frequencies
equivalently provides multiple virtual arrays to achieve a higher number of degrees of freedom;
(b) Fusing multi-frequency signals improves the robustness of DOA estimation; and (c) The use
of signal bandwidth and co-prime array provides DOA-range resolution for target localization. In
one of our proposed schemes [2], a co-prime array is operated at multiple frequencies in order to
fill the missing coarray elements, thereby enabling the co-prime array to form consecutive coarray
lags and effectively utilize all of the offered degrees of freedom (DOFs) with subspace based DOA
estimation methods. In another proposed scheme [3], a single sparse uniform linear array is used
to exploit two or more continuous-wave signals whose frequencies satisfy a co-prime relationship.
This extends the co-prime array and filtering to a joint spatio-spectral domain, thereby achieving
high flexibility in array structure design to meet system complexity constraints. The DOA
estimation is obtained using group sparsity-based compressive sensing techniques. The achievable
number of DOFs is derived for the two-frequency case, and an upper bound of the available DOFs
is provided for multi-frequency scenarios. In the third scheme [4], we considered the frequency
diverse array (FDA) radar which offers a range-dependent beampattern capability. The spatial and
range resolutions of an FDA radar are fundamentally limited by the array geometry and the
frequency offset. We overcome this limitation by introducing a novel sparsity-based multi-target
localization approach incorporating both coprime arrays and coprime frequency offsets. The
covariance matrix of the received signals corresponding to all sensors and employed frequencies
is formulated to generate a space-frequency virtual difference coarrays. The joint DOA and range
estimation is cast as a two-dimensional sparse reconstruction problem and is solved within the
Bayesian compressive sensing framework. The superiority of the proposed approach in terms of
DOA-range resolution, localization accuracy, and the number of resolvable targets were evidently
demonstrated.
1.3. Active Sensing Using Co-Prime Array
We performed DOA estimation of a mixture of coherent and uncorrelated targets using sparse
reconstruction and active nonuniform arrays [5]. The data measurements from multiple transmit
and receive elements can be considered as observations from the sum coarray corresponding to the
physical transmit/receive arrays. The vectorized covariance matrix of the sum coarray observations
emulates the received data at a virtual array whose elements are given by the difference coarray of
the sum coarray. Sparse reconstruction is used to fully exploit the significantly enhanced degreesof-freedom offered by the difference coarray of the sum coarray for DOA estimation. Simulated
data from multiple-input multiple-output minimum redundancy arrays and transmit/receive coprime arrays were used for performance evaluation of the proposed sparsity-based active sensing
approach.
1.4. Mutual Coupling Effect and Reduction
We have investigated the effect of mutual coupling on DOA estimation using non-uniform arrays
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[6]. We compared and contrasted the DOA estimation accuracy in the presence of mutual coupling
for three different non-uniform array geometries, namely, minimum redundancy arrays, nested
arrays, and co-prime arrays, and for two antenna types, namely dipole antennas and microstrip
antennas. We demonstrated through numerical simulations that the mutual coupling, if
unaccounted for, can, in general, lead to performance degradation, with the minimum redundancy
array faring better against mutual coupling than the other two non-uniform structures for both
antenna types. We also proposed two methods that can compensate for the detrimental effects of
mutual coupling, leading to accurate and reliable DOA estimation.
1.5. Spectrum Estimation Based on Co-Prime Sampling
Increased demand on spectrum sensing over a broad frequency band requires a high sampling rate
and thus leads to a prohibitive volume of data samples. In some applications, such as spectrum
estimation, only the second-order statistics are required. In this case, we may use a reduced data
sampling rate by exploiting a low-dimensional representation of the original high dimensional
signals. In particular, the covariance matrix can be reconstructed from compressed data by utilizing
its specific structure, e.g., the Toeplitz property. Among a number of techniques for compressive
covariance sampler design, the coprime sampler is considered attractive because it enables a
systematic design capability with a significantly reduced sampling rate. We have proposed a
general coprime sampling scheme that implements effective compression of Toeplitz covariance
matrices [7]. Given a fixed number of data samples, we examined different schemes on covariance
matrix acquisition for performance evaluation, comparison and optimal design, based on
segmented data sequences.

1.6. References
[1] S. Qin, Y. D. Zhang, and M. G. Amin, “Generalized coprime array configurations for
direction-of-arrival estimation,” IEEE Transactions on Signal Processing, vol. 63, no. 6, pp.
1377-1390, March 2015.
[2] E. BouDaher, Y. Jia, F. Ahmad, and M. G. Amin, “Multi-frequency co-prime arrays for highresolution direction-of-arrival estimation,” IEEE Transactions on Signal Processing, vol. 63,
no.14, pp. 3797–3808, July 2015.
[3] S. Qin, Y. D. Zhang, M. G. Amin, and B. Himed, “DOA estimation exploiting a uniform
linear array with multiple co-prime frequencies,” Signal Processing, vol. 130, pp. 37-46, Jan.
2017.
[4] S. Qin, Y. D. Zhang, M. G. Amin, and F. Gini, “Frequency diverse coprime arrays with
coprime frequency offsets for multi-target localization,” IEEE Journal of Selected Topics in
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3.1. Generalized Coprime Array Conﬁgurations for
Direction-of-Arrival Estimation

Abstract
A coprime array uses two uniform linear subarrays to construct an effective difference coarray with
certain desirable characteristics, such as a high number of degrees-of-freedom for direction-of-arrival
(DOA) estimation. In this paper, we generalize the coprime array concept with two operations. The
ﬁrst operation is through the compression of the inter-element spacing of one subarray and the resulting
structure treats the existing variations of coprime array conﬁgurations as well as the nested array structure
as its special cases. The second operation exploits two displaced subarrays, and the resulting coprime array
structure allows the minimum inter-element spacing to be much larger than the typical half-wavelength
requirement, making them useful in applications where a small inter-element spacing is infeasible. The
performance of the generalized coarray structures is evaluated using their difference coarray equivalence.
In particular, we derive the analytical expressions for the coarray aperture, the achievable number of
unique lags, and the maximum number of consecutive lags for quantitative evaluation, comparison, and
design of coprime arrays. The usefulness of these results is demonstrated using examples applied for
DOA estimations utilizing both subspace-based and sparse signal reconstruction techniques.

I. I NTRODUCTION
Direction-of-arrival (DOA) estimation, which determines the spatial spectra of the impinging electromagnetic waves, is an important application area of antenna arrays. It is well known that conventional
subspace-based DOA estimation methods, such as MUSIC and ESPRIT [3], [4], resolve up to N − 1
sources with an N -element array. However, the problem of detecting more sources than the number of
sensors is of tremendous interest in various applications [5], [6]. Toward this purpose, a higher number of
degrees-of-freedom (DOFs) is usually achieved by exploiting a sparse array under the coarray equivalence.
For example, the minimum redundancy array (MRA) [7] is a linear array structure that, for a given number
of physical sensors, maximizes the number of consecutive virtual sensors in the resulting difference
coarray. The minimum hole array (also known as the Golomb array) minimizes the number of holes in
the difference coarray [8]. However, there are no general expressions for the MRA and Golomb array
conﬁgurations as well as the achievable DOFs for an arbitrary number of sensors. Therefore, the optimum
design and performance analysis of such arrays are not easy in general. In addition, ﬁnding the suitable
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covariance matrix corresponding to a large array requires a rather complicated time-consuming iterative
process.
Recently, several array conﬁgurations have been proposed as attractive alternatives for sparse array
construction. The nested array [9], which is obtained by combining two uniform linear subarrays, in
which one subarray has a unit inter-element spacing, can resolve O(N 2 ) sources with N sensors. Unlike
the MRA, the nested array conﬁguration is easy to construct and it is possible to obtain the exact
expressions of the sensor locations and the available DOFs for a given number of the sensors. The total
aperture and the number of unique and consecutive coarray sensors can be subsequently obtained [9].
Note that, as some of the sensors in a nested array are closely located, the mutual coupling effects
between antennas may become signiﬁcant and thus compromise the coarray reconstruction capability and
the DOA estimation performance [10], [11]. The recently developed coprime array [12], which is referred
to as the prototype coprime array in this paper, utilizes a coprime pair of uniform linear subarrays, where
one is of M sensors with an inter-element spacing of N units, whereas the other is of N elements with an
inter-element spacing of M units. By choosing the integer numbers M and N to be coprime, a coprime
array can resolve O(M N ) sources with M + N − 1 sensors. This is attractive when it is necessary to
reduce mutual coupling between elements. A different coprime array structure was proposed in [13] by
extending the number of elements in one subarray. The result is a larger number of consecutive virtual
sensors under the coarray equivalence. By considering the difference coarray of N + 2M − 1 sensors,
they demonstrated that continuous correlation lags can be created from −M N to M N .
A close examination of the extended coprime conﬁguration reveals that there is at least one pair of
adjacent sensors that is separated only by the unit spacing, which is typically half wavelength to avoid the
grating lobe problem. In addition to the mutual coupling effect as described above, there are situations
that such half-wavelength minimum spacing is infeasible or impractical. One of the examples is when
the physical size of the antenna sensors is larger than half-wavelength (e.g., [14]). Indeed, many parabola
antennas are designed to have a large size for enhanced directivity [15]. This problem is alleviated through
an effective array conﬁguration design in which the minimum inter-element spacing is much larger than
the typical half-wavelength requirement [1].
In this paper, we propose the generalization of the coprime array concept, which comprises two operations. The ﬁrst operation is the compression of the inter-element spacing of one constituting subarray in
the coprime array by a positive integer. The resulting coarray structure is referred to as coprime array with
compressed inter-element spacing (CACIS). As such, the coprime array structure developed in [13], which
doubles the number of sensors in a constituting subarray, becomes a special case of the proposed CACIS
structure. The second operation introduces a displacement between the two subarrays, yielding a coprime
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array with displaced subarrays (CADiS). The resulting CADiS structure allows the minimum interelement spacing to be much larger than the typical half-wavelength requirement. These two operations
can be performed separately or jointly. We evaluate the performance of each individual generalized
coarray structure corresponding to these operations using their respective difference coarray equivalence.
In particular, we derive the analytical expressions of the coarray aperture, the achievable number of
unique lags, and the maximum number of consecutive lags for quantitative evaluation, comparison, and
optimal design.
It is noted that the focus of this paper is the examination of the generalized coprime array structures in
the context of narrowband DOA estimation. Wideband or multi-frequency signals may further permit the
utilization of frequency-domain DOFs for enhanced DOA estimation capability. For example, it is shown
in [16] that coprime arrays that handle wideband signals can beneﬁt from frequency diversity to achieve
improved DOA estimation performance. On the other hand, the exploitation of two coprime frequencies
in a uniform linear array can generate an equivalent coprime array with an increased number of DOFs
[17], [18].
The rest of the paper is organized as follows. In Section II, we ﬁrst review the coprime array concept
based on the difference coarray concept. Then two different DOA estimation approaches, which are
respectively based on the MUSIC algorithm and compressive sensing (CS) techniques, exploiting coprime
arrays are summarized in Section III. The two generalized coprime array structures, i.e., CACIS and
CADiS, are respectively described in Sections IV and V with the analytical expressions of array aperture,
unique coarray lags, and consecutive coarray lags. Different nested array structures are clariﬁed and
compared in Section VI. Simulation results are provided in Section VII to numerically compare the
performance of the different generalized coprime array conﬁgurations with the two DOA estimation
techniques. Such results reafﬁrm and demonstrate the usefulness of the results presented in Sections IV
and V. Section VIII concludes this paper.
Notations: We use lower-case (upper-case) bold characters to denote vectors (matrices). In particular, IN
denotes the N × N identity matrix. (.)∗ implies complex conjugation, whereas (.)T and (.)H respectively
denote the transpose and conjugate transpose of a matrix or vector. vec(·) denotes the vectorization
operator that turns a matrix into a vector by stacking all columns on top of the another, and diag(x)
denotes a diagonal matrix that uses the elements of x as its diagonal elements. ·2 and ||·||1 respectively

denotes the
denote the Euclidean (l2 ) and l1 norms, and E(·) is the statistical expectation operator.
Kronecker product, and real(·) and imag(·) represent the real and imaginary part operations. CN (a, B)
denotes joint complex Gaussian distribution with mean vector a and covariance matrix B.

12

Md

0

N 1

2

1
Nd

0

1

2

M 1

Fig. 1. The prototype coprime array conﬁguration.

II. C OPRIME A RRAY C ONCEPT
A. Prototype coprime array structure
A prototype coprime array [12], as described in the previous section, is illustrated in Fig. 1, where
M and N are coprime integers. Without loss of generality, we assume M < N . The unit inter-element

spacing d is set to λ/2, where λ denotes the wavelength. The array sensors are positioned at
P = {M nd| 0 ≤ n ≤ N − 1} ∪ {N md| 0 ≤ m ≤ M − 1}.

(1)

Because the two subarrays share the ﬁrst sensor at the zeroth position, the total number of the sensors
used in the coprime array is M + N − 1. Note that the minimum inter-element spacing in this coprime
array is λ/2.
Denote p = [p1 , ..., pM +N −1 ]T as the positions of the array sensors where pi ∈ P, i = 1, ..., M +N −1,
and the ﬁrst sensor is assumed as the reference, i.e., p1 = 0. Assume that Q uncorrelated signals impinging
on the array from angles Θ = [θ1 , ..., θQ ]T , and their discretized baseband waveforms are expressed as
sq (t), t = 1, ..., T , for q = 1, ..., Q. Then, the data vector received at the coprime array is expressed as,
x(t) =

Q


a(θq )sq (t) + n(t) = As(t) + n(t),

(2)


T
2πpM +N −1
2πp2
sin(θq )
λ
a(θq ) = 1, ej λ sin(θq ) , ..., ej

(3)

q=1

where

is the steering vector of the array corresponding to θq , A = [a(θ1 ), ..., a(θQ )], and s(t) = [s1 (t), ..., sQ (t)]T .
The elements of the noise vector n(t) are assumed to be independent and identically distributed (i.i.d.)
random variables following the complex Gaussian distribution CN (0, σn2 IM +N −1 ).
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The covariance matrix of data vector x(t) is obtained as
Rxx = E[x(t)xH (t)] = ARss AH + σn2 IM +N −1
=

Q


σq2 a(θq )aH (θq ) + σn2 IM +N −1 ,

(4)

q=1
2 ]) is the source covariance matrix, with σ 2 denoting the
where Rss = E[s(t)sH (t)] = diag([σ12 , ..., σQ
q

input signal power of the q th source, q = 1, ..., Q. In practice, the covariance matrix is estimated using
the T available samples, i.e.,
R̂xx

T
1
=
x(t)xH (t).
T

(5)

t=1

From a pair of antennas located at the ith and k th positions in p, the correlation E[xi (t)x∗k (t)] yields the
(i, k)th entry in Rxx with lag pi −pk . As such, all the available values of i and k , where 0 ≤ i ≤ M +N −1

and 0 ≤ k ≤ M + N − 1, yield virtual sensors of the following difference coarray:
CP = {z | z = u − v, u ∈ P, v ∈ P}.

(6)

The signiﬁcance of the difference coarray is that the correlation of the received signal can be calculated
at all differences in set CP . Any application which depends only on such correlation (e.g., DOA
estimation) can exploit all the DOFs offered by the resulting coarray structure. Using a part or the
entire set of the distinct auto-correlation terms in set CP , instead of the original array, to perform DOA
estimation, we can increase the number of detectable sources by the array. The maximum number of the
DOFs is determined by the number of unique elements in the following set
LP = {lP | lP d ∈ CP }.

(7)

To gain more insights about the difference coarrays, we separately consider the self-differences of the
two subarrays and their cross-differences. Since the coarray is obtained from the Hermitian matrix Rxx ,
the self-difference in the coarray has positions
Ls = {ls | ls = M n} ∪ {ls | ls = N m},

(8)

and the corresponding mirrored positions L−
s = {−ls | ls ∈ Ls }, whereas the cross-difference has positions
Lc = {lc | lc = N m − M n},

(9)

and the corresponding mirrored positions L−
c = {−lc | lc ∈ Lc }, for 0 ≤ n ≤ N − 1 and 0 ≤ m ≤ M − 1.
Consequently, the full set of lags in the virtual array is given by,
−
LP = Ls ∪ L−
s ∪ Lc ∪ Lc .
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(10)

An example is illustrated in Fig. 2, where M =6 and N =7. Fig. 2(a) show the self- and cross-lags
described in (8) and (9). If we include the negative mirror of the above set, then the full set of lags
becomes symmetric, as shown in Fig. 2(b). Notice that some “holes”, e.g., ±13, ±19, ±20, still exist in
the difference coarray and are indicated by × in this ﬁgure. The total number of lags in the symmetric
set gives a global upper bound of the achievable DOFs.
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Fig. 2. An example of prototype coprime conﬁguration coarrays, where M =6 and N =7. (a) The set Ls and Lc . (b) The lag
positions in full set LP

III. DOA E STIMATION T ECHNIQUES
To better understand the signiﬁcance of the performance metrics to be examined, i.e., the coarray
aperture, the number of consecutive coarray lags, and the number of unique lags of coarray lags, we brieﬂy
review the two representative DOA estimation techniques that are recently developed for coprime array
conﬁgurations. The ﬁrst one is based on the well-known MUSIC algorithm, and the spatial smoothing
technique [19], [20], [21] is applied to construct a suitable covariance matrix from the virtual sensor output
prior to performing MUSIC spectrum estimation [12], [13]. Notice that, while the use of virtual sensors
substantially increases the available number of DOFs, the application of spatial smoothing essentially
halves the number of available virtual sensors. A different approach to perform DOA estimation exploiting
coprime arrays is through sparse signal reconstruction by taking advantages of the fact that the spatial
signal spectra are sparse. Such sparse signal reconstruction is achieved using the recently developed
compressive sensing techniques [22], [23]. These two DOA estimation techniques are summarized below.
A. MUSIC Algorithm
Vectorizing Rxx in (4) yields
z = vec(Rxx ) = Ãb + σn2 Ĩ = Br,
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(11)

where Ã = [ã(θ1 ), ..., ã(θQ )], ã(θq ) = a∗ (θq )



2 ]T , Ĩ = vec(I
a(θq ), b = [σ12 , ..., σQ
M +N −1 ). In

2 , σ 2 ] are used for notational simplicity. The vector z
addition, B = [Ã, Ĩ] and r = [bT , σn2 ]T = [σ12 , ..., σQ
n

amounts to the received data from a virtual array with an extended coarray aperture whose corresponding
steering matrix is deﬁned by Ã. However, the virtual source signal becomes a single snapshot of b. In
addition, the rank of the noise-free covariance matrix of z, Rzz = zzH , is one. As such, the problem
is similar to handling fully coherent sources, and subspace-based DOA estimation techniques, such as
MUSIC, fail to yield reliable DOA estimates when multiple signals impinge to the array.
To overcome this problem, it is proposed in [13] to apply spatial smoothing technique to the covariance
matrix so that its rank can be restored. Since spatial smoothing requires a consecutive difference lag set
so that every subarray has similar manifold, we extract all the consecutive lag samples of z and form a
new vector z1 . Denote [−lξ , lξ ] as the consecutive lag range in LP . Then, z1 can be expressed as
z1 = Ã1 b + σn2 Ĩ1 ,

(12)

where Ã1 is identical to the manifold of a uniform linear array (ULA) with 2lξ + 1 sensors located from
−lξ d to lξ d and Ĩ1 is a (2lξ + 1) × 1 vector of all zeros except a 1 at the (lξ + 1)th position. We divide

this virtual array into lξ + 1 overlapping subarrays, z1i , i = 1, . . . , lξ + 1, each with lξ + 1 elements,
where the ith subarray has sensors located at (−i + 1 + k)d, with k = 0, 1, . . . , lξ denoting the index of
the overlap subarray used in the spatial smoothing.
Deﬁne
Ri = z1i zH
1i .

(13)

Taking the average of Ri over all i, we obtain
Rzz =

lξ +1
1 
Ri ,
lξ + 1

(14)

i=1

which yields a full-rank covariance matrix so that the MUSIC algorithm can be performed for DOA
estimation directly. As a result, lξ DOFs are achieved, which are roughly equal to half of the available
consecutive lags of the resulting coarray.
B. Compressive Sensing Approach
Alternatively, (11) can be solved using the CS approach [23]. The desired result of b, whose elements
are the ﬁrst Q entries of vector r, can be obtained from the solution to the following constrained l0 -norm
minimization problem
r̂◦ = arg min
||r◦ ||0
◦
r

s.t.
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||z − B◦ r◦ ||2 < ,

(15)

where  is a user-speciﬁc bound, B◦ is a sensing matrix consisting of the searching steering vectors and
ĩ, whereas r◦ is the sparse entries in these search grids to be determined. The sensing matrix B◦ and
g
, where G  Q. The last entry of r◦ denotes
the entry vector r◦ are deﬁned over a ﬁnite grid θ1g , ..., θG

the estimate of σn2 , whereas the positions and values of the non-zero entries in the other elements of r◦
represent the estimated DOAs and the corresponding signal power.
This type of problems has been the objective of intensive studies in the area of CS, and a number of
effective numerical computation methods have been developed [24], [25], [26], [27], [28]. In [23], the
batch Lasso method was used, but other methods may also be used. The objective function of the Lasso
algorithm is deﬁned as


1
◦ ◦
◦
r̂ = arg min
||z − B r ||2 + λt ||r ||1 ,
r◦
2
◦



(16)

where the l2 norm in the objective function denotes the ordinary least-squares (OLS) cost function, and
the l1 norm involves the sparsity constraint. In addition, λt is a penalty parameter which can be tuned to
trade off the OLS error for the number of nonzero entries (degree of sparsity) in the estimates [24]. The
above Lasso objective is convex in r◦ , and can be optimized using linear programming techniques [29].
IV. C OPRIME A RRAY WITH C OMPRESSED I NTER - ELEMENT S PACING
Now we present our main results that generalize coarray structures in two operations, i.e., CACIS
and CADiS. The CACIS is presented in this section, whereas the CADiS is examined in the following
section.
We consider two subarrays with M and N sensors, where M and N are coprime. Note that, in the
sequel, the condition that M < N is no longer assumed. Unlike the prototype coprime array, an integer
compression factor p is introduced for changing the inter-element spacing of one subarray. Assume that
M can be expressed as a product of two positive integers p and M̆ , i.e.,
M = pM̆ ,

(17)

for some p that takes a value between 2 and M . It is easy to conﬁrm that M̆ and N are also coprime
since M and N do not have common factors other than unity. As shown in Fig. 3, in the generalized
coprime array, the M -element subarray has an inter-element spacing of N d, whereas the N -element
subarray has an inter-element space of M̆ d = M d/p. As such, the generalized coprime array can be
considered that the inter-element spacing of one constituting subarray is compressed by an integer factor
of p, thus comes the term of coprime array with compressed inter-element spacing (CACIS). Note that
all arrays consist of the same M + N − 1 physical antenna sensors and their aperture is (M − 1)N ,
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Fig. 3. The CACIS conﬁguration.

regardless the value of p. It is shown that the variation of the coprime array conﬁguration used in [13]
is a special case of the CACIS conﬁguration by choosing p = 2.
In this array conﬁguration, the self-lags of the two subarrays are given by the following set 1 ,
L̃s = {˜ls | ˜ls = M̆ n} ∪ {˜ls | ˜ls = N m},

(18)

and the corresponding mirrored positions L̃−
s , whereas the cross-lags between the two subarrays are given
by
L̃c = {˜lc | ˜lc = N m − M̆ n},

(19)

and the corresponding L̃−
c , where 0 ≤ m ≤ M − 1 and 0 ≤ n ≤ N − 1.
To completely exploit the DOFs of the CACIS conﬁguration, we summarize the properties of L̃s and
L̃c in the following proposition.
Proposition 1: The following facts hold for the CACIS:
(a) There are M N distinct integers in set L̃c .
(b) L̃c contains all the contiguous integers in the range −(N − 1) ≤ ˜lc ≤ M N − M̆ (N − 1) − 1.
(c) The negative values form a subset of the ﬂipped positive values in set L̃c , i.e.,
{˜lc | ˜lc < 0, ˜lc ∈ L̃c }  {–˜lc | ˜lc > 0, ˜lc ∈ L̃c }.
−
(d) The self-lags form a subset of the cross-lags, i.e., (L̃−
s ∪ L̃s )  (L̃c ∪ L̃c ).

(e) There are “holes” located at both positive range and negative ranges of L̃c . The holes falling in the
negative range are located at −(aM̆ + bN ), where a ≥ 0, b > 0 are integers.
The proof is provided in Appendix A.
1

˜ is used to emphasize variables corresponding to the CACIS structure.
(·)
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Based on the properties (c) and (d) of Proposition 1, the entire lag set in the virtual array deﬁned in
(10) consists of {˜lc | ˜lc ≥ 0, ˜lc ∈ L̃c } ∪ {−˜lc | ˜lc ≥ 0, ˜lc ∈ L̃c }, thus resulting in Proposition 2.
Proposition 2: The CACIS conﬁguration deﬁned in equation (17) yields a virtual array such that:
(a) It contains 2M N − (M̆ + 1)(N − 1) − 1 unique lags of virtual sensors;
(b) Among the unique lags, there are 2M N − 2M̆ (N − 1) − 1 consecutive integers within the range
[−M N + M̆ (N − 1) + 1, M N − M̆ (N − 1) − 1].
The proof is provided in Appendix B. In Fig. 4, M = 2M̆ is considered as an illustrative example of
above properties. It is equivalent to the conﬁguration proposed in [13]. In this case, the virtual array
consists of 3M̆ N + M̆ − N unique lags, among which [−M̆ N − M̆ + 1, M̆ N + M̆ − 1] are consecutive.
Note that our result contains more consecutive lags and is more precise than the result provided in [13],
which is [−M̆ N + 1, M̆ N − 1]. The difference, which is based on property (b) of Proposition 1, is
clariﬁed in Appendix A.
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Fig. 4. An example of CACIS conﬁguration coarrays, where M̆ =3, p=2 and N =7. (a) The set L̃s and L̃c . (b) The full set L̃P .

According to Proposition 2, we can draw a conculsion that, for a speciﬁc pair of M and N , smaller
values of M̆ led to more unique and consecutive coarray lags. In other words, both numbers increase
with the compression factor p. The minimum value that M̆ can take is 1. In this case, the CACIS
conﬁguration becomes a nested array structure, which provides the highest numbers of the unique and
consecutive virtual sensors. More detailed discussions about nested array conﬁgurations will be given in
Section VI.
V. C OPRIME A RRAY WITH D ISPLACED S UBARRAYS
Sharing the same property as MRA, the prototype coprime array and the CACIS structure provide
sparse conﬁgurations in which the minimum inter-element spacing remains the unit spacing, which is
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typically half wavelength, to avoid the grating lobe problem. In addition to the aforementioned challenges
associated with half wavelength minimum spacing in regards of antenna size and mutual coupling, there
is a high number of overlapping between the self- and cross-lags. This is the case for both the prototype
coprime array and the CACIS structures and is consequence of the collocated subarray placement. By
introducing a proper displacement between the two subarrays, the new coprime array structure achieves a
larger minimum inter-element spacing, a higher number of unique lags, and a larger virtual array aperture.
As we will see, however, the number of consecutive lags is reduced because the positive and negative
lags are no longer connected.
Consider two collinearly located uniform linear subarrays, as depicted in Fig. 5, where one consists
of N antennas and the other with M − 1 antennas. As such, the total number of the sensors is kept to
M + N − 1. We refer to this coprime array structure as coprime array with displaced subarrays (CADiS).

Similar to the CACIS conﬁguration, we assume M and N are coprime. The N -element subarray has an
inter-element spacing of M̆ d, and the (M − 1)-element subarray has an inter-element spacing of N d,
where, as indicated in (17), M = pM̆ . The difference to the CASIS structure lies in the fact that these
two subarrays in the CADiS structure are placed collinearly with the closest spacing between the two
subarrays set to Ld, where L ≥ min{M̆ , N }. Note that M̆ > 1 is required to guarantee the minimum
inter-element spacing to be larger than unit spacing, but the nested structure under this conﬁguration, i.e.,
M̆ = 1, will also be discussed later as a special case. The total number of array sensors in the CADiS

structure remains M + N − 1, which is the same as the CACIS conﬁguration discussed earlier. Note
that the minimum inter-element spacing in the CADiS is min{M̆ , N }d, as compared to d in the CACIS
structure. In addition, the total array aperture of the CADiS is (M N + M̆ N − M̆ − 2N + L)d, which
is much larger than the (M − 1)N d of the CACIS. In practical application, however, a small value of
displacement L should be chosen to avoid false peaks.
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Fig. 5. The CADiS conﬁguration.
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M 2

For the CADiS conﬁguration, the corresponding self-lags ¯ls and cross-lags ¯lc are respectively given
by2
L̄s = {¯ls | ¯ls = N m} ∪ {¯ls | ¯ls = M̆ n},

(20)

L̄c = {¯lc | ¯lc = M̆ (N − 1) + N m − M̆ n + L},

(21)

−
and their corresponding mirrored positions L̄−
s and L̄c , respectively, where 0 ≤ m ≤ M − 2 and

0 ≤ n ≤ N − 1.

The following proposition reveals the properties of the resulting virtual sensors of the CADiS conﬁguration.
Proposition 3: Set L̄s and L̄c have the following properties in the CADiS conﬁguration:
(a) There are (M − 1)N distinct integers in set L̄c .
(b) L̄c contains all the contiguous integers in the range (M̆ − 1)(N − 1) + L ≤ ¯lc ≤ M N − N − 1 + L.
(c) There are “holes” located at M̆ (N − 1) − (aM̆ + bN ) + L in set L̄c , where a ≥ 0, b > 0 are integers.
−
(d) (L̄−
s ∪ L̄s )  (L̄c ∪ L̄c ).

The proof is provided in Appendix C.
In the CACIS conﬁguration, the negative lags form a subset of the ﬂipped positive counterpart.
Therefore, only non-negative lags in L̃c are used. In the CADiS conﬁguration, however, the negative lags
do not generally overlap with the ﬂipped positive lags because of the displacement between two subarrays,
necessitating the consideration of both positive and negative lags. As such, the CADiS conﬁguration enjoys
a higher number of unique lags than the CACIS because of the utilization of negative lags. In addition,
the self-lags are less likely to coincide with the cross-lags in the CADiS conﬁguration. Consequently,
the CADiS offers a larger virtual array aperture and a higher number of virtual sensors. The role of the
displacement L is as follows. On one hand, it reduces the overlaps between the self- and cross-lags.
On the other hand, because L̄c has holes located at M̆ (N − 1) − (aM̆ + bN ) + L for integers a ≥ 0
and b > 0, the number of consecutive lags can be extended by choosing an approximate value of L so
that some self-lags are aligned to the cross-lag holes. For illustrative purpose, we consider the case of
p = 2, M̆ = 3, N = 7 and L = M̆ + N as an example. The corresponding L̄s and L̄c are shown in

Fig. 6. It is clear that some holes in L̄c (12, 14, 15, 18 and 21) are aligned by elements of L̄s . The
following proposition describes the selection of the value of L that maximizes the number of unique and
consecutive lags.
2

¯ is used to emphasize variables corresponding to the CADiS structure.
(·)
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Fig. 6. An example of CADiS conﬁguration coarrays, where p = 2, M̆ = 3, N = 7 and L = M̆ + N .

Proposition 4: For the CADiS conﬁguration,
(a) The maximum number of unique lags 2M N + 2M − 5 can be achieved with L > N (M − 2).
(b) L = M̆ + N is the choice that yields the largest number of consecutive lags. In this case, there are
2M N + 2M̆ − 1 unique lags, among which the range [(M̆ − 1)(N − 1), M N + M̆ − 1] and its

corresponding negative range [−M N − M̆ + 1, −(M̆ − 1)(N − 1)] are respectively consecutive.
The proof is provided in Appendix D. Based on property (2) of Proposition 4, it is clear that the number of
unique lags increases as M̆ increases, whereas the number of the consecutive lags decreases. Particularly,
for the nested array structure, i.e., M̆ = 1, the positive range of consecutive lags is [0, M N ] and its
corresponding negative range becomes [−M N, 0], resulting in all unique lags to be consecutive.
For comparison, we enlist in Table I the coarray aperture, the maximum number of unique and
consecutive lags for both proposed conﬁgurations. As the results show, for a given coprime pair of
M and N , the nested structure achieves the maximum number of consecutive and unique lags when

using CACIS conﬁgurations. In other word, it offers the highest number of DOFs for DOA estimation.
As for CADiS, the nested structure provides the highest number only for the consecutive lags. The number
of its unique lags, 2M N + 1, on the other hand, is less than that of the CADiS structure with a large
separation between the two subarrays. That is, the nested CADiS provides the highest number of DOFs
only when MUSIC or other subspace based methods are used for DOA estimation, but it becomes less
effective when CS based DOA estimation methods are applied. It is noted that, to estimate DOAs of up
to M N sources, the nested CADiS structure requires only M + N − 1 sensors, which are much less than
the result of 2M + N − 1 sensors as exploited in [13].
VI. C OMPARISON OF DIFFERENT NESTED STRUCTURES
The nested structure is referred to a structure consisting of two uniform linear subarrays, where one
subarray has a unit inter-element spacing [9]. A nested array is usually designed such that the virtual
sensors in the resulting coarray are all contiguous. The nested structure proposed in [9], as shown in Fig.
7, consists of an inner N1 -element subarray with a unit spacing d and an outer N2 -element subarray with
spacing (N1 + 1)d, resulting in 2N2 (N1 + 1) − 1 contiguous lags. Note that the nested array concept
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TABLE I
C OMPARISON OF THE COARRAY APERTURE ,

NUMBER OF UNIQUE LAGS , AND NUMBER OF CONSECUTIVE LAGS

Coarray aperture

Maximum number of unique lags

Maximum number of consecutive lags

CACIS

(M − 1)N

2M N − M̆ (N − 1) − N

2M N − 2M̆ (N − 1) − 1

CADiS (M̆ > 1)

(N − 1)M̆

2M N + 2M − 5

M N − (M̆ − 1)(N − 2) + 1

(L > N (M − 2))

(L = M̆ + N )

+(M − 2)N + L
(displacement L)

(arbitrary L)

Nested CADiS (M̆ = 1)

MN

2M N + 1

2M N + 1

(displacement L)

(L = N + 1)

(L = N + 1)

(L = N + 1)

TABLE II
O PTIMUM SOLUTION FOR DIFFERENT NESTED STRUCTURES THAT MAXIMIZES THE DOF S
Number of physical sensors

Optimal values

K is even
CACIS

M=

K =M +N −1
K is odd

M=

K is even
CADiS

K is odd

M=

K is even
Conﬁguration
in [9]

K +2
K
,N=
2
2

N1 =
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(M − 1)N =

(M − 1)N =

MN =

K2
4

K2 − 1
4

K 2 + 2K
4

K 2 + 2K + 1
4

K +1
K +1
,N=
2
2

MN =

K
K
, N2 =
2
2

N2 (N1 + 1) − 1 =

K 2 + 2K − 4
4

K −1
K +1
, N2 =
2
2

N2 (N1 + 1) − 1 =

K 2 + 2K − 3
4

N1 =

K = N1 + N2
K is odd

K +1
K +1
,N=
2
2

M=

K =M +N −1

K
K +2
,N=
2
2

Maximum number of DOFs

does not require a coprimality between N1 and N2 . It is also important to note that, in the extension of
the generalized coprime array framework, different nested array conﬁgurations can be deﬁned, by setting
M̆ to be one to the CACIS and CADiS structures. These different nested conﬁgurations yield different

numbers of DOFs. For comparison of the three nested array structures, we consider the same number, K ,
of physical sensors, and optimize the array conﬁguration for each structure to maximize the respective
number of DOFs. Such optimal solutions are summarized in Table II. It is clear that the structure in [9]
offers a higher number of DOFs than the nested CACIS structure, but less than the nested CADiS.

ሺܰଵ  ͳሻ݀

݀
0

1

ܰଵ െ ͳ 0

1

ܰଶ െ ͳ

Subarray 2

Subarray 1

Fig. 7. The nested conﬁguration proposed in [9].

For better illustrative purposes, we compare three different optimized nested conﬁgurations with K = 8
physical sensors in Fig. 8. Fig. 8(a) shows the optimized nested CACIS conﬁguration. One subarray is
of N = 4 sensors with an inter-element spacing of M̆ d = d, whereas the other is of M = 5 elements
with an inter-element spacing of N d = 4d. In addition, the two subarrays share the ﬁrst sensor at the
zeroth position and form a coarrys with 33 lag positions. The nested CADiS structure is illustrated in
Fig. 8(b). One 4-element subarray has an inter-element spacing of M̆ d = d, and the other subarray has
an inter-element spacing of N d = 4d. In addition, there is a displacement Ld = (M̆ +N )d = 5d between
the two subarrays. As a result, its coarray has 41 lag positions. Finally, the nested array conﬁguration
proposed in [9] is depicted in Fig. 8(c), where the inner subarray has N1 = 4 elements with spacing d
and the outer subarray has N2 = 4 elements with spacing (N1 + 1)d = 5d. In this case, the coarray has
39 lag positions. As a result, the nested CADiS structure achieves a higher number of DOFs.
VII. S IMULATION R ESULTS
For illustrative purposes, we consider M = 6 and N = 7 with different values of the compression
factor p of the two conﬁgurations, i.e., CACIS and CADiS. L = M̆ + N are considered for the CADiS
conﬁguration for the convenience of performance comparison between both MUSIC and CS techniques.
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Fig. 8. Three different optimized nested conﬁgurations and their coarrays (K=8). (a) The nested CACIS. (b) The nested CADiS.
(c) The nested conﬁguration proposed in [9].

All conﬁgurations consist of M +N −1 = 12 physical antenna sensors and the unit inter-element spacing
is d = λ/2.
A. Array Conﬁgurations
The virtual sensors corresponding to the CACIS and CADiS structures are respectively shown in Fig.
9 and Fig. 10. Fig. 9(a) depicts the CACIS conﬁguration example for p = 2, where the coprime array
form a virtual array with 59 unique lags, among which 47 lags within [−23, 23] are consecutive. Fig.
9(b) shows for the case of p = 3, and the resulting virtual array has 65 unique lags, among which 59 lags
within [−29, 29] are consecutive. When p = M = 6, i.e., M̆ = 1, as shown in Fig. 9(c), the coprime array
becomes the nested array structure with 71 unique lags, which are all consecutive. It is clear that both
numbers of the unique and consecutive lags increase with p, and the nested array achieves the maximum
number for both. For the CADiS conﬁguration with L = M̆ + N , the case of p = 2 is presented in Fig.
10(a). In this case, the entire virtual array has 89 unique lags, among which lags within [−44, −12] and
[12, 44] are respectively consecutive. For p = 3, there are 87 distinct lags, resulting consecutive lags in
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Fig. 9. CACIS conﬁguration coarrays, for different compression factor p (M =6 and N =7). (a) p = 2 and M̆ = 3. (b) p = 3
and M̆ = 2. (c) p = 6 and M̆ = 1.
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Fig. 10. CADiS conﬁguration coarrays with displacement L = M̆ + N , corresponding the compression factor p (M =6 and
N =7). (a) p = 2, M̆ = 3 and L = 10. (b) p = 3, M̆ = 2 and L = 9. (c) p = 6, M̆ = 1 and L = 8.

[−43, −6] and in [6, 43] as shown in Fig. 10(b). In Fig. 10(c), the nested CADiS with p = 6 and M̆ = 1

is considered as a special case. It is noted that all 85 lags in the full symmetric set of [−42, 42] are
consecutive.
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B. MUSIC and CS Spectra
In Figs. 11 and 12, we present numerical examples to demonstrate the number of achievable DOFs for
DOA estimation using the generalized coprime arrays. As the virtual sensor lags are obtained from the
estimated covariance matrix based on the received data samples as in (5), the virtual steering matrix is
sensitive to the noise contamination. To clearly demonstrate the number of achievable DOFs, therefore,
we use 2000 noise-free snapshots to obtain a relatively clean covariance matrix. Q = 33 uncorrelated
narrowband sources are considered, which are uniformly distributed between −60◦ and 60◦ . For the
MUSIC algorithm which requires consecutive lags, we respectively obtain 23, 29 and 35 DOFs of CACIS
conﬁguration for p = 2, p = 3 and p = 6 as shown in Figs. 11(a), 11(c) and 11(e). On the other hand,
17, 19 and 42 DOFs are obtained using the CADiS conﬁguration as shown in Figs. 11(b), 11(d) and
11(f). Note that only the nested structures have a sufﬁcient number of DOFs to resolve all 33 impinging
signals. This is veriﬁed in Fig. 11 in which only the cases of p = 6 resolve all the 33 signals for both
conﬁgurations, whereas not all sources are correctly identiﬁed for the cases of p = 2 and p = 3. In
addition, it is evident that the “nested CADiS” has better performance than “nested CACIS” due to the
higher DOFs of the former. When the CS technique is applied for DOA estimation, a higher number of
DOFs is achieved because all unique lags are exploited. The results obtained from the Lasso are shown
in Fig. 12, where a grid interval of θig = 0.25◦ and the penalty parameter of λt = 0.85 are used. It is
clearly shown that only the nested structure can recover all 33 sources using the CACIS conﬁguration,
whereas all these signals can be detected for all the CADiS conﬁgurations examined in Fig. 12 due to
their higher unique lags. In addition, the CS based technique results in better estimated spectra, when
comparing the MUSIC spectra depicted in Fig. 11.
To compare the performance between the CACIS and CADiS structures as well as between the MUSIC
and CS methods, we use the respective nested structures and compute the results in the presence of noise
with a 0 dB SNR for all signals, and the number of snapshots is reduced to 500. In this case, the
perturbation in the covariance matrix becomes higher due to noise and the limited number of samples,
and the resulting DOA estimation performance degrades. The DOA estimation results are compared in
Fig. 13 for Q = 33 sources, which is smaller than the available DOFs for both array conﬁgurations. It
is evident that the nested CADiS outperforms the nested CACIS, and the CS based method achieves a
better spatial spectrum estimation performance.
C. Root Mean Square Error versus SNR and Number of Snapshots
We further compare the DOA estimation performance of different CACIS and CADiS conﬁgurations
through Monte Carlo simulations. The average root mean square error (RMSE) of the estimated DOAs,
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expressed as


RMSE =

I

Q

i=1 q=1

(θ̂q (i) − θq )2
IQ

,

is used as the performance metric, where θ̂q (i) is the estimate of θq for the ith Monte Carlo trial,
i = 1, . . . , I . We use I = 500 independent trials in all simulations.

To enable comparison, we consider Q = 16 narrowband uncorrelated sources, which are lower than
the available DOFs for all cases with both MUSIC and CS techniques. Fig. 14 compares the RMSE
performance as a function of the input SNR, where 500 snapshots are used. In Fig. 15, we compare
the performance of different array conﬁgurations and DOA techniques with respect to the number of
snapshots, where the input SNR is set to 0 dB. It is evident that the DOA estimation performance is
improved with the increase of the input SNR and the number of snapshots. For the CACIS structure, the
performance of both MUSIC and CS approaches improves as the compression factor p increases because
of the increased number of consecutive and unique lags. As a result, the nested array structure achieves
the best performance. For CADiS, MUSIC-based DOA estimation for non-nested CADiS structures
suffers from signiﬁcant performance degradation because of the disconnected coarray lags. As such, the
nested array is the preferred CADiS structure when the MUSIC algorithm is used for DOA estimation.
Furthermore, the nested CADiS slightly outperforms the nested CACIS as a result of higher number of
consecutive lags. However, because it has the fewest unique lags, the nested structure is least effective
among the three CADiS array structures when the CS technique is exploited. As a conclusion, the CSbased method obtains better performance than the MUSIC counterparts. In addition, when the CS-based
technique is used, the CADiS outperforms the corresponding CACIS structures.
VIII. C ONCLUSIONS
We have proposed the generalized coprime array concept in two aspects: compression of the interelement of spacing of one constituting subarray, and the displacement of the two subarrays. The ﬁrst
operation yields ﬂexibility of trading-off between unique lags and consecutive lags for effective directionof-arrival (DOA) estimation based on different algorithms, whereas the second operation further allows a
larger minimum inter-element spacing beyond the typical half-wavelength requirement. The performance
of the generalized coarray structures was evaluated using their difference coarray equivalence, and the
analytical expressions of the coarray aperture, the achievable number of unique lags, and the maximum
number of consecutive lags were derived for quantitative evaluation, comparison, and optimal design.
The usefulness of these results was demonstrated using examples applied for DOA estimations.
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X. A PPENDIX
A. Proof of Proposition 1
(a) We prove it using contradiction. Denote ˜lc1 = N m1 − M̆ n1 and ˜lc2 = N m2 − M̆ n2 as two arbitrary
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Fig. 13. Estimated spatial spectra (SNR=0 dB, 500 snapshots, Q=33). (a) MUSIC with nested CACIS. (b) MUSIC with nested
CADiS. (c) LASSO with nested CACIS. (d) LASSO with nested CADiS.

lags in set L̃c , where 0 ≤ m1 ≤ M − 1, 0 ≤ m2 ≤ M − 1, 0 ≤ n1 ≤ N − 1 and 0 ≤ n2 ≤ N − 1.
Had ˜lc1 = ˜lc2 been held, we would have
M̆
m 1 − m2
.
=
N
n1 − n2

(22)

Since n1 − n2 < N , (22) cannot be hold due to the coprimality of M̆ and N . That is, ˜lc1 and ˜lc2
cannot be equal. Thus, L̃c has M N distinct integers.
(b) Given an arbitrary integer ˜lc in set L̃c satisfying
−(N − 1) ≤ ˜lc ≤ M N − M̆ (N − 1) − 1,

(23)

we need to prove that there exist integers m ∈ [0, M −1] and n ∈ [0, N −1] such that ˜lc = N m− M̆ n
holds. The requirement n ∈ [0, N − 1] is equivalent to
0 ≤ M̆ n ≤ M̆ (N − 1).
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(24)

Because N m = ˜lc + M̆ n, we obtain the following relationship by combining (23) and (24),
−(N − 1) ≤ N m ≤ M N − 1.

(25)

This result can be equivalently expressed as −N < N m < M N, which implies −1 < m < M .
Because m is an integer, this requirement is equivalent to
0 ≤ m ≤ M − 1,

(26)

which is satisﬁed in the underlying coprime array.
Remark: The conﬁguration proposed in [13] becomes a special case of CACIS conﬁguration, as
M = 2M̆ . As a result, the set L̃c contains all the integers in the range −(N −1) ≤ ˜lc ≤ M̆ N + M̆ −1.

Apparently, our result contains more consecutive lags and more precise than the results provided in
[13] using the same conﬁguration. In [13], they only count the consecutive ˜lc in the range [0, M̆ N ].
(c) Given an arbitrary integer in set L̃c satisfying ˜lc = N m − M̆ n < 0, where m ∈ [0, M − 1] and
n ∈ [0, N − 1], the following relationship can be obtained
0 ≤ N m < M̆ n ≤ M̆ (N − 1) < M̆ N.

(27)

Consequently, the set L̃c− , which consists of the negative elements in L̃c , can be expressed as
L̃c− = {˜lc | ˜lc = N m − M̆ n, N m < M̆ n},

(28)

where 0 ≤ m ≤ M̆ − 1 and 0 < n ≤ N − 1.
Considering an arbitrary integer ˜lc1 = N m1 − M̆ n1 in set L̃c− , where N m1 < M̆ n1 , m1 ∈ [0, M̆ −1]
and n1 ∈ (0, N − 1], then we need to prove that there always exists ˜lc2 in set L̃c to satisfy
˜lc = N m2 − M̆ n2 = −˜lc = M̆ n1 − N m1 ,
2
1

(29)

where integers m2 ∈ [0, M − 1] and n2 ∈ [0, N − 1].
Then the relationship
M̆
m 1 + m2
,
=
N
n1 + n2

(30)

must be valid. Since n1 + n2 ∈ (0, 2N ) and M̆ and N are coprime, it is indicated that M̆ /N cannot
be reduced to a ratio of smaller integers. As a result, the requirement is equivalent to
m2 = M̆ − m1 ,
n2 = N − n 1 ,

(31)

It is clear that there always exists m2 ∈ [1, M̆ ]  [0, M − 1] and n2 ∈ [0, N − 1] to satisfy (31).
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(d) Because the two subarrays share the ﬁrst sensor at the zeroth position, the self-lags can be taken
as cross-lags between every sensor of one subarray and the ﬁrst sensor of the other subarray. Thus,
−
(L̃−
s ∪ L̃s )  (L̃c ∪ L̃c ).

(e) We prove the proposition by contradiction. Based on (28), we suppose N m − M̆ n = −(aM̆ + bN )
holds for some integers m ∈ (0, M̆ ) and n ∈ (0, N ), where a ≥ 0 and b > 0 are integers, then
relationship
M̆
m+b
=
N
n−a

(32)

must be valid. From 0 < n < N and a ≥ 0, we ﬁnd n − a < N . As such, due to the coprimality
between M̆ and N , we cannot ﬁnd an integer m that satisﬁes (32). Therefore, N m − M̆ n =
−(aM̆ + bN ), i.e., there are holes at −(aM̆ + bN ) in set L̃c .

B. Proof of Proposition 2
(a) In line with the property (d) of Proposition 1, the full symmetric set of lags which deﬁned in (10)
can be expressed as
L̃P = L̃−
c ∪ L̃c .

(33)

L̃c = {˜lc | ˜lc ≥ 0, ˜lc ∈ L̃c } ∪ {l˜c | l˜c < 0, ˜lc ∈ L̃c },

(34)

L̃P = {±˜lc | ˜lc ≥ 0, ˜lc ∈ L̃c } ∪ {±˜lc | ˜lc < 0, ˜lc ∈ L̃c }.

(35)

Because L̃c can be denoted as

(33) is equivalent to

Based on the property (c) of Proposition 1, the negative values form a subset of the ﬂipped positive
values in set L̃c . It is indicated that {˜lc | ˜lc < 0, ˜lc ∈ L̃c }  {–˜lc | ˜lc > 0, ˜lc ∈ L̃c } and {−˜lc |
˜lc < 0, ˜lc ∈ L̃c }  {˜lc | ˜lc > 0, ˜lc ∈ L̃c }. Finally, the set L̃P becomes

L̃P = {˜lc | ˜lc ≥ 0, ˜lc ∈ L̃c } ∪ {−˜lc | ˜lc ≥ 0, ˜lc ∈ L̃c },

(36)

Denote η̃c and η̃c− as the number of distinct lags in set L̃c and L̃c− , respectively. As a result of
(36), the number of distinct lags in set L̃P can be expressed as
η̃P = 2(η̃c − η̃c− ) − 1,

(37)

where η̃c − η̃c− represents the number of non-negative lags in set L̃c .
Due to the property (a) of Proposition 1, there are M N distinct integers in set L̃c . It is easy to
conﬁrm that
η̃c = M N.
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(38)

η̃P can be obtained easily if given η̃c− . Next, the derivation of η̃c− is given as follows.

According to the deﬁnition of L̃c− deﬁned in (28),
L̃c− = {˜lc | ˜lc = N m − M̆ n, N m < M̆ n},
where 0 ≤ m ≤ M̆ − 1 and 0 < n ≤ N − 1.
For illustration, the geometry distribution of m and n, is shown in Fig. 16. As such, the boundary
and interior of the shadow part R1 represents all elements in L̃c− . Since M̆ and N are coprime,
there is no integer point on the diagonal line between OB. In addition, the shadow part R1 is
symmetric with R2. As a consequence, for obtaining the number of elements in set L̃c− , we can
ﬁrst calculate the number of integer points in the rectangle within [0, M̆ ] and [1, N − 1] and then
get the half of that number.
There are (M̆ + 1) and (N − 1) integers in the range [0, M̆ ] and [1, N − 1], respectively, thus, we
obtain
η̃c− =

(M̆ + 1)(N − 1)
,
2

(39)

Finally, substituting (38) and (39) into (37),
η̃P = 2M N − (M̆ + 1)(N − 1) − 1,

(40)

is derived analytically.
(b) On the basis of property (b) of Proposition 1, L̃c contains all the contiguous integers in the range
−(N − 1) ≤ ˜lc ≤ M N − M̆ (N − 1) − 1. Then, it is easy to conﬁrm that L̃P contains 2M N −
2M̆ (N − 1) − 1 consecutive integers in the range [−M N + M̆ (N − 1) + 1, M N − M̆ (N − 1) − 1]

in terms of (36).
C. Proof of Proposition 3
(a) The proof can be extended from the proof of property (a) of Proposition 1, i.e., two arbitrary lags
¯lc and ¯lc in set L̄c cannot be equal. Thus, L̄c has (M − 1)N distinct integers.
1
2

(b) The set L̄c can be rewritten as
L̄c = {¯lc | ¯lc = M̆ (N − 1) + z + L},

(41)

where 0 ≤ m ≤ M − 2 and 0 ≤ n ≤ N − 1, for different values of z that falls into the following
set,
Z = {z| z = N m − M̆ n, 0 ≤ m ≤ M − 2, 0 ≤ n ≤ N − 1}.
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(42)

Extended from the proof of the property (b) of Proposition 1, we can conclude that z is consecutive
in the range
−(N − 1) ≤ z ≤ M N − M̆ (N − 1) − N − 1.

(43)

Combining (41) and (43), L̄c contains all the contiguous integers in the range
(M̆ − 1)(N − 1) + L ≤ ¯lc ≤ M N − N − 1 + L.

(44)

(c) Based on the the proof of property (e) of Proposition 1, it is easy to conﬁrm that there are some
holes located at −(aM̆ + bN ) in the negative range of set Z, where a  0, b > 0 are integers. Then
we can draw a conclusion that there are holes located at M̆ (N − 1) − (aM̆ + bN ) + L in set L̄c by
combining (41) and (42).
(d) Due to the displacement, the two subarray do not share the ﬁrst sensor any more. Considering
the elements in set L̄s , 0 ∈ L̄c because the minimum value in L̄c is L, which is larger than 1.
−
Consequently, (L̄−
s ∪ L̄s )  (L̄c ∪ L̄c ).

D. Proof of Proposition 4
(a) Denote η̄s and η̄c as the number of the distinct lags in sets L̄s and L̄c , respectively, and η̄o as the
number of overlaps between the L̄s and L̄c . Based on the deﬁnition of L̄P and L̄s in (21), all lags
in these sets are positive. As a consequence of this, the number of full symmetric set of lags in the
virtual array can be expressed as
η̄P = 2(η̄s + η̄c − η̄o ) − 1.

(45)

Because of the coprimality of M̆ and N , M̆ n = N m for n ∈ (0, N − 1] and m ∈ (0, M − 2]. As
such,
η̄s = M + N − 2.

(46)

In line with the property (a) of Proposition 1, we can obtain
η̄c = (M − 1)N.

(47)

Substituting (46) and (47) into (45), the relationship is equivalent to
η̄P = 2(M N + M − 2 − η̄o ) − 1.

(48)

When L > N (M − 2), the maximum value in L̄s is less than the minimum value in L̄c . It signiﬁes
that there is no overlap between ¯ls and ¯lc , i.e., η̄o = 0. Then the maximum number of unique lags,
which is 2M N + 2M − 5, can be achieved.
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(b) Due to the coprimality of M̆ and N , any integer value for displacement, L, can be realized by an
appropriate choice of integers c1 and c2 , i.e., [30]
L = c1 M̆ + c2 N.

(49)

Based on the property (c) of the Proposition 3, there are holes located at M̆ (N −1)−(aM̆ +bN )+L
in set L̄c , where with a and b are integers and a ∈ [0, ∞), b ∈ (0, ∞). If some holes are aligned by
the elements in L̄s , the following relationship
M̆ (N − 1) − (aM̆ + bN ) + L = N m,

(50)

M̆ (N − 1) − (aM̆ + bN ) + L = M̆ n

(51)

or

must be valid. Substituting (49) into (50) and (51), the requirement is equivalent to
M̆ N + (c1 − a − 1)M̆ + (c2 − b)N = N m,

or
M̆ N + (c1 − a − 1)M̆ + (c2 − b)N = M̆ n,

i.e.,
c1 = a + 1

or

c2 = b.

(52)

Then the requirement further becomes
c1 = 1

or

c2 = 1,

(53)

so that the ﬁrst hole (a = 0 and b = 1), which is outside the consecutive range of L̄c , can be aligned.
When c1 = 1, i.e., L = M̆ + c2 N , the holes, where a = 0 and arbitrary b > 0,
M̆ (N − 1) − bN + L
=M̆ (N − 1) − bN + M̆ + c2 N
=(M̆ − b + c2 )N,

are aligned.
When c2 = 1, i.e., L = c1 M̆ + N , the holes, where arbitrary a  0 and b = 1,
M̆ (N − 1) − (aM̆ + N ) + L
=M̆ (N − 1) − (aM̆ + N ) + c1 M̆ + N
=(N − 1 − a + c1 )M̆ ,
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(54)

are aligned.
Thus, c1 = c2 = 1, i.e., L = M̆ + N , is the optimal choice since all above holes can be aligned. In
this case, the holes, where a = 0 and b = 1, a = 0 and b = 2, a = 1 and b = 1, are aligned. As
a result, the ﬁrst hole outside the consecutive range of L̄c becomes M̆ (N − 1) − (M̆ + 2N ) + L
where a = 1 and b = 2. Then, the set L̄c contains all the consecutive integers in the range
M̆ (N − 1) − (M̆ + 2N − 1) + L ≤ ¯lc ≤ M N − N − 1 + L,

(55)

where L = M̆ + N .
It is simpliﬁed as,
(M̆ − 1)(N − 1) ≤ ¯lc ≤ M N + M̆ − 1.

(56)

Next, we give the proof of the number of the unique lags when L = M̆ + N . The following
relationship
M̆ (N − 1) + (N m1 − M̆ n1 ) + M̆ + N = N m2 ,

(57)

M̆ (N − 1) + (N m1 − M̆ n1 ) + M̆ + N = M̆ n2 ,

(58)

or

must be valid if L̄s overlaps with L̄c . It is equivalent to
M̆ + m1 + 1 − n1

M̆
= m2 ,
N

(59)

or
N − n1 + (m1 + 1)

N
M̆

= n2 .

(60)

In (59), n1 must be equal to 0 because m2 is an integer, yielding
M̆ + m1 + 1 = m2 .

(61)

It is clear to conﬁrm m2 ∈ [0, M − M̆ − 3] since m1 ∈ [0, M − 2]. This suggests that the number
of the overlaps in (59) is M − M̆ − 2. Similarly, we can show the number of overlaps in (60) is 0.
Hence,
η̄o = M − M̆ − 2.

(62)

Substituting (62) into (48), we can obtain the number of unique lags η̄P to be
η̄P = 2M N + 2M̆ − 1.
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(63)
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Fig. 14. RMSE versus SNR (500 snapshots, Q=16). (a) The CACIS conﬁgurations. (b) The CADiS conﬁgurations.
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RMSE versus the number of snapshots (SNR=0 dB, Q=16). (a) The CACIS conﬁgurations. (b) The CADiS

conﬁgurations.
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0XOWL)UHTXHQF\&R3ULPH$UUD\VIRU+LJK5HVROXWLRQ
'LUHFWLRQRI$UULYDO(VWLPDWLRQ

$EVWUDFW
7KLVSDSHUSUHVHQWVPXOWLIUHTXHQF\RSHUDWLRQIRULQFUHDVLQJWKHQXPEHURIUHVROYDEOHVRXUFHVLQ
KLJKUHVROXWLRQGLUHFWLRQRIDUULYDO '2$ HVWLPDWLRQXVLQJFRSULPHDUUD\V$VLQJOHIUHTXHQF\
RSHUDWLRQUHTXLUHVFRPSOLFDWHGDQGLQYROYHGPDWUL[FRPSOHWLRQWRXWLOL]HWKHIXOOH[WHQWRIWKH
GHJUHHVRIIUHHGRP '2)V RIIHUHGE\WKHFRSULPHFRQILJXUDWLRQ7KLVSURFHVVLQJFRPSOH[LW\LV
DWWULEXWHG WR WKH PLVVLQJ HOHPHQWV LQ WKH FRUUHVSRQGLQJ GLIIHUHQFH FRDUUD\ $OWHUQDWH VLQJOH
IUHTXHQF\VFKHPHVDYRLGVXFKFRPSOH[LW\E\XWLOL]LQJRQO\WKHILOOHGSDUWRIWKHFRDUUD\DQG
WKXVFDQQRWH[SORLWDOORIWKH'2)VIRU'2$HVWLPDWLRQ:HXWLOL]HPXOWLSOHIUHTXHQFLHVWRILOO
WKHPLVVLQJFRDUUD\HOHPHQWVWKHUHE\HQDEOLQJWKHFRSULPHDUUD\WRHIIHFWLYHO\XWLOL]HDOORIWKH
RIIHUHG'2)V7KHVRXUFHVDUHDVVXPHGWRKDYHDVXIILFLHQWEDQGZLGWKWRFRYHUDOOWKHUHTXLUHG
RSHUDWLRQDO IUHTXHQFLHV  :H FRQVLGHU ERWK FDVHV RI VRXUFHV ZLWK SURSRUWLRQDO DQG
QRQSURSRUWLRQDOSRZHUVSHFWUDDWWKHHPSOR\HGIUHTXHQFLHV7KHIRUPHUSHUPLWVWKHXVHRIPXOWL
IUHTXHQF\ PHDVXUHPHQWV DW WKH FRSULPH DUUD\ WR FRQVWUXFW D YLUWXDO FRYDULDQFH PDWUL[
FRUUHVSRQGLQJWRDILOOHGXQLIRUPO\VSDFHGFRDUUD\DWDVLQJOHIUHTXHQF\7KLVYLUWXDOFRYDULDQFH
PDWUL[FDQEHHPSOR\HGIRU'2$HVWLPDWLRQ7KHQRQSURSRUWLRQDOLW\RIWKHVRXUFHVSHFWUDFDVWV
D PRUH FKDOOHQJLQJ VLWXDWLRQ DV LW LVQRW DPHQDEOH WRSURGXFLQJ WKH VDPH HIIHFW DV WKDW RI DQ
HTXLYDOHQW VLQJOHIUHTXHQF\ ILOOHG FRDUUD\ 3HUIRUPDQFH HYDOXDWLRQ RI WKH PXOWLIUHTXHQF\
DSSURDFK EDVHG RQ FRPSXWHU VLPXODWLRQV LV SURYLGHG XQGHU ERWK FDVHV RI SURSRUWLRQDO DQG
QRQSURSRUWLRQDOVRXUFHVSHFWUD


, ,1752'8&7,21
1RQXQLIRUPOLQHDUDUUD\VSURYLGHWKHDELOLW\WRHVWLPDWHWKHGLUHFWLRQRIDUULYDO '2$ RIPRUHVRXUFHV
WKDQWKHQXPEHURISK\VLFDOVHQVRUV>@>@5HFHQWO\DQHZVWUXFWXUHRIQRQXQLIRUPOLQHDUDUUD\VNQRZQ
DV FRSULPH DUUD\V KDV EHHQ SURSRVHG >@ >@ $ FRSULPH FRQILJXUDWLRQ FRPSULVHV WZR XQGHUVDPSOHG
XQLIRUPO\VSDFHGVXEDUUD\VZLWKFRSULPHQXPEHURIHOHPHQWVDQGFRSULPHVSDWLDOVDPSOLQJUDWHV&R
SULPH FRQILJXUDWLRQV KDYH PDQ\ DGYDQWDJHV RYHU RWKHU SRSXODU QRQXQLIRUP FRQILJXUDWLRQV LQFOXGLQJ





PLQLPXPUHGXQGDQF\DUUD\V 05$ >@PLQLPXPKROHDUUD\V 0+$ >@DQGQHVWHGDUUD\V>@)RUD
JLYHQ QXPEHU RI SK\VLFDO VHQVRUV 05$V DQG 0+$V UHTXLUH DQ H[KDXVWLYH VHDUFK WKURXJK DOO SRVVLEOH
FRPELQDWLRQVRIWKHVHQVRUVWRILQGWKHRSWLPDOGHVLJQ>@>@2QWKHRWKHUKDQGWKHSRVLWLRQVRIWKH
VHQVRUVFRQVWLWXWLQJWKHFRSULPHFRQILJXUDWLRQKDYHFORVHGIRUPH[SUHVVLRQV$OWKRXJKWKHVDPHLVWUXHRI
QHVWHGDUUD\VWKHHOHPHQWVRIRQHRIWKHVXEDUUD\VFRQVWLWXWLQJWKHQHVWHGVWUXFWXUHDUHFORVHO\VHSDUDWHG
ZKLFKPD\OHDGWRSUREOHPVGXHWRPXWXDOFRXSOLQJEHWZHHQWKHVHQVRUV&RSULPHDUUD\VUHGXFHWKHPXWXDO
FRXSOLQJ EHWZHHQ PRVW DGMDFHQW VHQVRUV E\ VSDFLQJ WKHP IDUWKHU   DSDUW >@ %HFDXVH RI DOO RI WKH
DIRUHPHQWLRQHG FKDUDFWHULVWLFV FRSULPH DUUD\V DUH ILQGLQJ EURDG DSSOLFDWLRQV LQ WKH DUHDV RI
FRPPXQLFDWLRQVUDGDUDQGVRQDU>@>@
6LPLODU WR RWKHU QRQXQLIRUP DUUD\V KLJKUHVROXWLRQ '2$ HVWLPDWLRQ ZLWK FRSULPH DUUD\V FDQ EH
SHUIRUPHGXVLQJWZRPDLQDSSURDFKHV7KHILUVWDSSURDFKHPSOR\VFRYDULDQFHPDWUL[DXJPHQWDWLRQ>@
>@ZKLOHWKHVHFRQGPHWKRGYHFWRUL]HVWKHGDWDFRYDULDQFHPDWUL[WRHPXODWHREVHUYDWLRQVDWDYLUWXDO
DUUD\ZKRVHHOHPHQWVDUHJLYHQE\WKHGLIIHUHQFHFRDUUD\ WKHVHWRIDOOVSDWLDOODJVJHQHUDWHGE\WKHSK\VLFDO
DUUD\>@ >@>@6LQFHWKHGLIIHUHQFHFRDUUD\RIDFRSULPHDUUD\FRQWDLQVPXOWLSOHPLVVLQJHOHPHQWV
RU µKROHV¶ WKH ODWWHU DSSURDFK HPSOR\V RQO\ WKDW SDUW RI WKH GLIIHUHQFH FRDUUD\ ZKLFK KDV FRQWLJXRXV
HOHPHQWVZLWKQRKROHV$VVXFKRQO\DVXEVHWRIWKHWRWDOGHJUHHVRIIUHHGRP '2)V RIIHUHGE\WKHFR
SULPHVWUXFWXUHFDQEHXWLOL]HGIRUKLJKUHVROXWLRQ'2$HVWLPDWLRQXVLQJWKHYHFWRUL]HGFRYDULDQFHPDWUL[
DSSURDFK7KHDXJPHQWHGFRYDULDQFHPDWUL[DSSURDFKRQWKHRWKHUKDQGFDQH[SORLWDOOWKH'2)VEXWDW
WKHH[SHQVHRIDGGLWLRQDOFRPSOLFDWHGPDWUL[FRPSOHWLRQSURFHVVLQJ>@
,QWKLVSDSHUZHFRQVLGHUPXOWLIUHTXHQF\RSHUDWLRQWRXWLOL]HDOORIWKH'2)VIRU'2$HVWLPDWLRQLQ
FRSULPHDUUD\V0RUHVSHFLILFDOO\DVHWRIDGGLWLRQDOIUHTXHQFLHVLVHPSOR\HGWRUHFRYHUWKHPLVVLQJODJV
WKURXJKGLODWLRQVRIWKHFRDUUD\>@7KHVRXUFHVDUHDVVXPHGWRKDYHDEDQGZLGWKODUJHHQRXJKWRFRYHU
DOOVSHFLILFIUHTXHQFLHVUHTXLUHGIRUILOOLQJWKHKROHV2QO\WKHDUUD\HOHPHQWVLQYROYHGLQILOOLQJWKHPLVVLQJ
KROHVLQWKHGLIIHUHQFHFRDUUD\DUHUHTXLUHGWREHRSHUDWHGDWRQHRUPRUHRIWKHDGGLWLRQDOIUHTXHQFLHV7KH
PXOWLIUHTXHQF\ PHDVXUHPHQWV DUH XVHG WR FRQVWUXFW D YLUWXDO FRYDULDQFH PDWUL[ FRUUHVSRQGLQJ WR DQ
HTXLYDOHQWILOOHGXQLIRUPO\VSDFHGFRDUUD\DWDVLQJOHIUHTXHQF\>@+LJKUHVROXWLRQVXEVSDFHWHFKQLTXHV





VXFK DV 086,& >@ FDQ WKHQ EH DSSOLHG WR WKLV YLUWXDO FRYDULDQFH PDWUL[ IRU '2$ HVWLPDWLRQ ,W LV
LPSRUWDQW WR QRWH WKDW IXOO XWLOL]DWLRQ RI WKH '2)V XVLQJ PXOWLSOH DGGLWLRQDO IUHTXHQFLHV FRPHV ZLWK D
UHVWULFWLRQRQWKHVRXUFHV¶VSHFWUD0RUHVSHFLILFDOO\WKHVRXUFHVSHFWUDDWDOORSHUDWLRQDOIUHTXHQFLHVDUH
UHTXLUHGWREHSURSRUWLRQDO'HYLDWLRQVIURPWKLVUHVWULFWLRQFDQOHDGWRKLJKHU'2$HVWLPDWLRQHUURUV
0XOWLSOHIUHTXHQFLHVKDYHSUHYLRXVO\EHHQXVHGIRUDOLDVIUHH'2$HVWLPDWLRQRIEURDGEDQGVRXUFHV
>@>@,Q>@IUHTXHQF\GLYHUVLW\ZDVH[SORLWHGRQDVLQJOHVSDWLDOVDPSOLQJLQWHUYDOWRPLWLJDWHVSDWLDO
DOLDVLQJLQ'2$HVWLPDWLRQZLWKDVSDUVHQRQXQLIRUPO\VSDFHGDUUD\$PELJXLWLHVLQWKHVRXUFHORFDWLRQ
HVWLPDWHVZHUHUHVROYHGE\SURSHUFKRLFHRIFKRVHQRSHUDWLRQDOIUHTXHQFLHVLQ>@IRUDUUD\VZLWKSHULRGLF
VSDWLDOVSHFWUD6SDWLDOVDPSOLQJLQWHUYDOGLYHUVLW\DWDVLQJOHQDUURZEDQGIUHTXHQF\ZDVH[SORLWHGLQ>@WR
GLVDPELJXDWHDOLDVHG'2$V%RWKVSDWLDOVDPSOLQJDQGIUHTXHQF\GLYHUVLW\ZHUHH[SORLWHGLQ>@WKURXJK
PXOWLIUHTXHQF\FRDUUD\DXJPHQWDWLRQIRUKLJKUHVROXWLRQ'2$HVWLPDWLRQ+RZHYHUQRDWWHPSWZDVPDGH
WKHUHLQWRVHOHFWWKHEHVWQXPEHURIHPSOR\HGIUHTXHQFLHVRUGHWHUPLQHWKHLUEHVWYDOXHV:HHIIHFWLYHO\
DSSO\WKHPXOWLIUHTXHQF\FRDUUD\DXJPHQWDWLRQWRFRSULPHDUUD\VLQWKLVSDSHU2XUPDLQFRQWULEXWLRQ
OLHVLQH[SORLWLQJWKHVSHFLILFVWUXFWXUHRIWKHFRDUUD\FRUUHVSRQGLQJWRFRSULPHFRQILJXUDWLRQWRGHWHUPLQH
WKHQXPEHUDQGYDOXHVRIWKHDGGLWLRQDOIUHTXHQFLHVUHTXLUHGIRUUHFRYHULQJWKHPLVVLQJODJV:HSURYLGH
FORVHGIRUP H[SUHVVLRQV IRU WKH DGGLWLRQDO IUHTXHQFLHV ZKLFK DUH µEHVW¶ LQ WKH VHQVH RI PLQLPXP
RSHUDWLRQDOEDQGZLGWKUHTXLUHPHQWV:HDOVRGHVFULEHZKHQDQGKRZWKHUHGXQGDQF\LQWKHFRDUUD\FDQEH
H[SORLWHG WR UHGXFH WKH V\VWHP KDUGZDUH FRPSOH[LW\ IRU PXOWLIUHTXHQF\ FRSULPH DUUD\V )XUWKHU ZH
LQYHVWLJDWHWKHHIIHFWVRIQRLVHDQGGHYLDWLRQIURPWKHSURSRUWLRQDOVRXUFHVSHFWUDFRQVWUDLQWRQWKH'2$
HVWLPDWLRQSHUIRUPDQFHRIWKHPXOWLIUHTXHQF\FRSULPHDUUD\V
7KHUHPDLQGHURIWKHSDSHULVRUJDQL]HGDVIROORZV7KHVLQJOHIUHTXHQF\EDVHGKLJKUHVROXWLRQ'2$
HVWLPDWLRQXVLQJFRSULPHDUUD\VLVUHYLHZHGLQ6HFWLRQ,,,Q6HFWLRQ,,,ZHGHVFULEHWKHPXOWLIUHTXHQF\
DSSURDFKIRUILOOLQJWKHPLVVLQJHOHPHQWVLQWKHFRDUUD\DQGXWLOL]LQJDOOWKH'2)VRIIHUHGE\WKHFRSULPH
FRQILJXUDWLRQIRU'2$HVWLPDWLRQ6HFWLRQ,9GHOLQHDWHVWKHV\VWHPEDQGZLGWKUHTXLUHPHQWIRUWKHPXOWL
IUHTXHQF\RSHUDWLRQWDNLQJLQWRDFFRXQWWKHVSHFLILFLWLHVRIWKHFRDUUD\VWUXFWXUHFRUUHVSRQGLQJWRFRSULPH
DUUD\V &RDUUD\ UHGXQGDQF\ LV DOVR H[DPLQHG WR UHGXFH WKH QXPEHU RI DQWHQQDV HQJDJLQJ LQ PXOWLSOH





IUHTXHQF\RSHUDWLRQ,Q6HFWLRQ9SHUIRUPDQFHRIWKHSURSRVHGPHWKRGLVHYDOXDWHGWKURXJKH[WHQVLYH
VLPXODWLRQV XQGHU ERWK SURSRUWLRQDO DQG QRQSURSRUWLRQDO VRXUFH VSHFWUD DQG 6HFWLRQ 9, FRQFOXGHV WKH
SDSHU
,, +,*+5(62/87,21'2$(67,0$7,2186,1*6,1*/()5(48(1&<&235,0($55$<6
$ FRSULPH DUUD\ FRQVLVWV RI WZR XQGHUVDPSOHG XQLIRUP OLQHDU VXEDUUD\V RQH KDYLQJ  ܯVHQVRUV
SRVLWLRQHG DW ሼܰ݉݀ ǡ Ͳ  ݉   ܯെ ͳሽ DQG WKH RWKHU FRPSULVLQJ ܰ VHQVRUV ZLWK SRVLWLRQV
ሼ݀݊ܯ ǡ Ͳ  ݊  ܰ െ ͳሽ>@ܯDQGܰEHLQJFRSULPHLQWHJHUVDQG݀ HTXDOWRRQHKDOIZDYHOHQJWKDW
WKHRSHUDWLQJIUHTXHQF\߱ :LWKRXWORVVRIJHQHUDOLW\ZHDVVXPH ܯ൏ ܰ:LWKWKHWZRVXEDUUD\VVKDULQJ
WKH HOHPHQW DW ORFDWLRQ  WKH FRSULPH DUUD\ KDV D WRWDO RI  ܯ ܰ െ ͳ SK\VLFDO VHQVRUV 7KH HOHPHQW
SRVLWLRQVRIWKHFRUUHVSRQGLQJGLIIHUHQFHFRDUUD\IRUPWKHVHW
ܵ ൌ ሼേሺ݀݊ܯ െ ܰ݉݀ ሻሽ Ͳ  ݊  ܰ െ ͳͲ  ݉   ܯെ ͳ





ZKLFK H[WHQGV IURP െܰሺ ܯെ ͳሻ݀  WR ܰሺ ܯെ ͳሻ݀  EXW RQO\ WKH HOHPHQWV IURP െሺ ܯ ܰ െ ͳሻ݀  DQG
ሺ ܯ ܰ െ ͳሻ݀ DUHFRQWLJXRXV$VVXFKKLJKUHVROXWLRQVFKHPHVVXFKDV086,&FDQHVWLPDWHRQO\XS
WR ܯ ܰ െ ͳVRXUFHV
$Q H[WHQGHG FRSULPH FRQILJXUDWLRQ ZDV SURSRVHG LQ >@ ZKHUHLQ WKH QXPEHU RI HOHPHQWV LQ WKH
VXEDUUD\ ZLWK IHZHU VHQVRUV ZHUH GRXEOHG DV GHSLFWHG LQ )LJ  7KH GLIIHUHQFH FRDUUD\ RI WKLV
FRQILJXUDWLRQVKRZQLQ)LJH[WHQGVIURPെሺʹ ܯെ ͳሻܰ݀ WRሺʹ ܯെ ͳሻܰ݀ DQGKDVDFRQWLJXRXVVHW
RIHOHPHQWVEHWZHHQെሺ ܰܯ  ܯെ ͳሻ݀ DQGሺ ܰܯ  ܯെ ͳሻ݀ 7KXVKLJKUHVROXWLRQ'2$HVWLPDWLRQ
FDQEHSHUIRUPHGWRHVWLPDWHሺ ܰܯ  ܯെ ͳሻVRXUFHVXVLQJWKHH[WHQGHGFRSULPHFRQILJXUDWLRQ:HZLOO
FRQVLGHUWKHH[WHQGHGFRSULPHFRQILJXUDWLRQZLWK ܯ൏ ܰLQWKHUHPDLQGHURIWKLVSDSHU
$VVXPHWKDWܦVRXUFHVZLWKSRZHUVߪଵଶ ሺ߱ ሻǡ ߪଶଶ ሺ߱ ሻǡ ǥ ǡ ߪଶ ሺ߱ ሻLPSLQJHRQWKHH[WHQGHGFRSULPH
DUUD\IURPGLUHFWLRQVሾߠଵ ǡ ߠଶ ǡ ǥ ǡ ߠ ሿZKHUHߠLVPHDVXUHGUHODWLYHWREURDGVLGH7KHUHFHLYHGGDWDYHFWRUDW
IUHTXHQF\߱ FDQEHH[SUHVVHGDV


ܠሺ߱ ሻ ൌ ۯሺ߱ ሻܛሺ߱ ሻ  ܖሺ߱ ሻǡ



ZKHUHܛሺ߱ ሻ ൌ ሾݏଵ ሺ߱ ሻݏଶ ሺ߱ ሻǥݏ ሺ߱ ሻሿ் LVWKHVRXUFHVLJQDOYHFWRUDW߱ ܖሺ߱ ሻLVWKHFRUUHVSRQGLQJ




QRLVHYHFWRUۯሺ߱ ሻLVWKHDUUD\PDQLIROGPDWUL[DW߱ DQGWKHVXSHUVFULSWሺǤ ሻ் GHQRWHVPDWUL[WUDQVSRVH
7KHሺ݅ǡ ݆ሻWKHOHPHQWRIWKHDUUD\PDQLIROGFDQEHH[SUHVVHGDV


ሾۯሺ߱ ሻሿǡ ൌ ݁ బ ௫ ൫ఏೕ ൯ ǡ ݅ ൌ ͳǡʹǡ ǥ ǡʹ ܯ ܰ െ ͳǡ

݆ ൌ ͳǡʹǡ ǥ ǡ ܦ



ZKHUHݔ LVWKHORFDWLRQRIWKH݅WKSK\VLFDOVHQVRURIWKHDUUD\ߠ LVWKH'2$RIWKH݆WKVRXUFHDQG݇ ൌ
߱ Ȁܿ LV WKH ZDYHQXPEHU DW ߱ ZLWK ܿ EHLQJWKHVSHHG RI SURSDJDWLRQ LQ IUHH VSDFH $VVXPLQJ WKDW WKH
VRXUFHVDUHXQFRUUHODWHGDQGWKHQRLVHLVVSDWLDOO\DQGWHPSRUDOO\ZKLWHWKHFRYDULDQFHPDWUL[LVREWDLQHG
DV


 ܀௫௫ ሺ߱ ሻ ൌ  ܧሼܠሺ߱ ሻ ܠு ሺ߱ ሻሽ ൌ ۯሺ߱ ሻ ܀௦௦ ሺ߱ ሻۯு ሺ߱ ሻ  ߪଶ ሺ߱ ሻ۷ǡ



ZKHUH ܀௦௦ ሺ߱ ሻ ൌ ݀݅ܽ݃ሺሾߪଵଶ ሺ߱ ሻߪଶଶ ሺ߱ ሻ ǥߪଶ ሺ߱ ሻሿሻLVWKHVRXUFHFRYDULDQFHPDWUL[ߪଶ ሺ߱ ሻLVWKHQRLVH
YDULDQFH۷LVDQLGHQWLW\PDWUL[WKHVXSHUVFULSWሺήሻு GHQRWHV+HUPLWLDQRSHUDWLRQDQGܧሼǤ ሽGHQRWHVWKH
VWDWLVWLFDOH[SHFWDWLRQRSHUDWRU,QSUDFWLFH  LVUHSODFHGE\DVDPSOHDYHUDJH
$IWHUIRUPLQJWKHFRYDULDQFHPDWUL[WZRDSSURDFKHVFDQEHHPSOR\HGWRSHUIRUPKLJKUHVROXWLRQ'2$
HVWLPDWLRQ7KHILUVWDSSURDFKXVHVFRYDULDQFHPDWUL[DXJPHQWDWLRQ>@>@)ROORZLQJ>@VLQFHWKH
GLIIHUHQFHFRDUUD\LVILOOHGEHWZHHQെሺ ܰܯ  ܯെ ͳሻ݀ DQGሺ ܰܯ  ܯെ ͳሻ݀ DYLUWXDOFRYDULDQFHPDWUL[
FRUUHVSRQGLQJ WR DQ HTXLYDOHQW ሺ ܰܯ ܯሻHOHPHQW ILOOHG 8/$ FDQ EH IRUPHG E\ FROOHFWLQJ VSHFLILF
HOHPHQWV RI WKH HVWLPDWHG VSDWLDO FRYDULDQFH PDWUL[ ܀௫௫ ሺ߱ ሻ LQWR D 7RHSOLW] PDWUL[ 7KH UHVXOWLQJ
DXJPHQWHG FRYDULDQFH PDWUL[ PD\ QRW DOZD\V EH SRVLWLYH GHILQLWH DQG WKXV UHTXLUHV SRVLWLYH GHILQLWH
7RHSOLW]FRPSOHWLRQ>@6XEVSDFHEDVHGKLJKUHVROXWLRQPHWKRGVFDQWKHQEHDSSOLHGWRWKHDXJPHQWHG
FRYDULDQFHPDWUL[IRUHVWLPDWLQJXSWRሺ ܰܯ  ܯെ ͳሻVRXUFHV7KHQXPEHURIUHVROYDEOHVRXUFHVFDQEH
LQFUHDVHGWRሺʹ ܯെ ͳሻܰE\FRQVLGHULQJDSDUWLDOO\VSHFLILHGYLUWXDOFRYDULDQFHPDWUL[FRUUHVSRQGLQJWRDQ
HTXLYDOHQW ሺʹ ܯെ ͳሻܰ  ͳHOHPHQW ILOOHG 8/$ >@ +RZHYHU WKLV FRPHV DW WKH H[SHQVH RI LQFUHDVHG
FRPSXWDWLRQDOFRPSOH[LW\GXHWRDFRPSOLFDWHGDQGLQYROYHGPDWUL[FRPSOHWLRQSURFHVV
7KHVHFRQGDSSURDFKYHFWRUL]HVWKHFRYDULDQFHPDWUL[ ܀௫௫ ሺ߱ ሻDV>@


෩ ሺ߱ ሻሾߪଵଶ ሺ߱ ሻ ߪଶଶ ሺ߱ ሻ ǥ ߪଶ ሺ߱ ሻሿ்  ߪଶ ሺ߱ ሻǁǡ
ܢሺ߱ ሻ ൌ ܿ݁ݒ൫ ܀௫௫ ሺ߱ ሻ൯ ൌ ۯ



෩ ሺ߱ ሻ ൌ  כۯሺ߱ ሻ ٖ ۯሺ߱ ሻ WKH V\PERO µٖ¶ GHQRWHV WKH .KDWUL5DR SURGXFW WKH VXSHUVFULSW µ ¶
ZKHUH ۯ





GHQRWHVFRPSOH[FRQMXJDWLRQDQGଙǁLVWKHYHFWRUL]HGIRUPRI۷7KHYHFWRUܢሺ߱ ሻDFWVDVWKHUHFHLYHGVLJQDO
YHFWRURIDORQJHUDUUD\ZKRVHHOHPHQWVSRVLWLRQVDUHJLYHQE\WKHGLIIHUHQFHFRDUUD\+RZHYHUDVWKH
VRXUFHV DUH UHSODFHG E\ WKHLU SRZHUV WKH PRGHO LQ   LV VLPLODU WR WKDW RI D IXOO\ FRKHUHQW VRXUFH
HQYLURQPHQW6SDWLDOVPRRWKLQJFDQEHXVHGWRGHFRUUHODWHWKHVRXUFHV >@ >@SURYLGHGWKDWRQO\WKH
ILOOHGSDUWRIWKHGLIIHUHQFHFRDUUD\EHWZHHQെሺ ܰܯ  ܯെ ͳሻ݀ DQGሺ ܰܯ  ܯെ ͳሻ݀ LVHPSOR\HG$V
VXFKWKHUDQNRIWKHVPRRWKHGFRYDULDQFHPDWUL[LVHTXDOWRሺ ܰܯ ܯሻ>@>@ZKLFKDOORZVDPD[LPXP
RIሺ ܰܯ  ܯെ ͳሻVRXUFHVWREHHVWLPDWHGE\DSSO\LQJKLJKUHVROXWLRQWHFKQLTXHV
,QWKHVHTXHOZHHPSOR\WKHILOOHGSDUWRIWKHFRDUUD\DQGFRYDULDQFHPDWUL[DXJPHQWDWLRQIRU'2$
HVWLPDWLRQXQGHUVLQJOHIUHTXHQF\RSHUDWLRQ
,,, +,*+5(62/87,21'2$(67,0$7,21:,7+08/7,)5(48(1&<&235,0($55$<6
,QWKLVVHFWLRQZHGHVFULEHKRZGXDODQGPXOWLSOHIUHTXHQFLHVFDQEHXWLOL]HGWRILOOWKHKROHVLQWKH
FRDUUD\WKHUHE\SHUPLWWLQJWKHH[SORLWDWLRQRIWKHIXOO'2)VWKDWWKHFRSULPHFRQILJXUDWLRQKDVWRRIIHU
7KHVRXUFHVDUHDVVXPHGWRKDYHDEDQGZLGWKODUJHHQRXJKWRFRYHUDOOIUHTXHQFLHVUHTXLUHGIRUILOOLQJWKH
KROHV'LVFUHWH)RXULHUWUDQVIRUP ')7 RUILOWHUEDQNVDUHXVHGWRGHFRPSRVHWKHDUUD\RXWSXWYHFWRULQWR
PXOWLSOH QRQRYHUODSSLQJ QDUURZEDQG FRPSRQHQWV DQG H[WUDFW WKH UHFHLYHG VLJQDO DW HDFK FRQVLGHUHG
IUHTXHQF\ >@ >@ 7KH REVHUYDWLRQ WLPH LV DVVXPHG WR EH VXIILFLHQWO\ ORQJ WR UHVROYH WKH GLIIHUHQW
IUHTXHQFLHV
&RQVLGHUWKHH[WHQGHGFRSULPHFRQILJXUDWLRQRI)LJZKHUHWKHXQLWVSDFLQJ݀ LVDVVXPHGWREH
KDOIZDYHOHQJWKDWWKHUHIHUHQFHIUHTXHQF\߱ 7KHUHFHLYHGVLJQDODW߱ LVWKHVDPHDVLQ  ZKHUHDVWKDW
REWDLQHGE\RSHUDWLQJWKHSK\VLFDOFRSULPHDUUD\DWDGLIIHUHQWIUHTXHQF\߱ ൌ ߙ ߱ KDVWKHIRUP


ܠ൫߱ ൯ ൌ ۯ൫߱ ൯ܛ൫߱ ൯  ܖ൫߱ ൯ǡ



ZKHUHۯ൫߱ ൯LVWKHሺʹ ܯ ܰ െ ͳሻ  ൈ ܦDUUD\PDQLIROGDW߱ ZLWKLWVሺ݅ǡ ݆ሻWKHOHPHQWJLYHQE\


ൣۯ൫߱ ൯൧

ǡ

ൌ ݁  ௫ ൫ఏೕ ൯ Ǥ

,Q  ݇ ൌ ߱ ȀܿLVWKHZDYHQXPEHUDW߱ 6LQFH݇  ߙ ݇   FDQEHUHZULWWHQDV







ൣۯ൫߱ ൯൧



ǡ

ൌ ݁ బ ఈ ௫ ൫ఏೕ ൯ Ǥ



&RPSDULQJ  DQG  ZHREVHUYHWKDWWKHDUUD\PDQLIROGDW߱ LVHTXLYDOHQWWRWKHDUUD\PDQLIROGDW߱ RI
DVFDOHGYHUVLRQRIWKHSK\VLFDOFRSULPHDUUD\7KHSRVLWLRQRIWKH݅WKHOHPHQWLQWKHHTXLYDOHQWVFDOHG
DUUD\LVJLYHQE\ߙ ݔ 7KLVUHVXOWVLQWKHGLIIHUHQFHFRDUUD\DW߱ WREHDVFDOHGYHUVLRQRIWKHFRDUUD\DW
WKHUHIHUHQFHIUHTXHQF\߱ >@9DOXHVRI߱ KLJKHUWKDQ߱ FDXVHDQH[SDQVLRQRIWKHFRDUUD\ZKLOHWKH
FRDUUD\FRQWUDFWVLI߱ LVORZHUWKDQ߱ ,QRWKHUZRUGVRSHUDWLRQDWWKHDGGLWLRQDOIUHTXHQF\DGGVH[WUD
SRLQWVDWVSHFLILFORFDWLRQVLQWKHFRDUUD\$VXLWDEOHFKRLFHRIDGGLWLRQDORSHUDWLQJIUHTXHQFLHVZLOOFDXVH
VRPHRIWKHVHH[WUDSRLQWVWRRFFXUDWWKHORFDWLRQVRIWKHKROHVLQWKHGLIIHUHQFHFRDUUD\DW߱ 
A. Virtual Covariance Matrix Formation
/HW WKH WRWDO QXPEHU RI RSHUDWLRQDO IUHTXHQFLHV LQFOXGLQJ WKH UHIHUHQFH EH ܳ $V VKRZQ EHORZ D
YLUWXDOFRYDULDQFHPDWUL[FDQEHFRQVWUXFWHGXVLQJWKHPXOWLIUHTXHQF\PHDVXUHPHQWVZKLFKLVHTXLYDOHQW
WRWKDWRID8/$ZLWKሺʹ ܯെ ͳሻܰ  ͳHOHPHQWVRSHUDWLQJDWWKHUHIHUHQFHIUHTXHQF\>@>@7KLVZRXOG
DOORZ '2$ HVWLPDWLRQ RI ሺʹ ܯെ ͳሻܰ VRXUFHV LQVWHDG RI ሺ ܰܯ  ܯെ ͳሻ VRXUFHV XVLQJ ሺʹ ܯ ܰ െ ͳሻ
SK\VLFDOVHQVRUVRIWKHFRSULPHDUUD\
$ ሺʹ ܯ ܰ െ ͳሻ ൈ ሺʹ ܯ ܰ െ ͳሻ VXSSRUW PDWUL[ ۱൫߱ ൯ LV GHILQHG VXFK WKDW LWV ݅ǡ ݆ሻWK HOHPHQW LV
JLYHQE\>@>@


ൣ۱൫߱ ൯൧

ǡ

ൌ ߙ ݔ െ ߙ ݔ Ǥ



7KDWLVWKH ݅ǡ ݆ሻWKHOHPHQWRI۱൫߱ ൯LVWKHVSDWLDOODJRUWKHFRDUUD\HOHPHQWSRVLWLRQZKLFKLVWKHVXSSRUW
RIWKH ݅ǡ ݆ሻWKHOHPHQWRIWKHFRYDULDQFHPDWUL[ ܀௫௫ ൫߱ ൯


ு

 ܀௫௫ ൫߱ ൯ ൌ  ܧቄܠ൫߱ ൯ܠ൫߱ ൯ ቅ ൌ ۯ൫߱ ൯ ܀௦௦ ൫߱ ൯ۯு ൫߱ ൯  ߪଶ ൫߱ ൯۷ǡ

 

ZKHUH ܀௦௦ ൫߱ ൯ ൌ ݀݅ܽ݃൫ൣߪଵଶ ൫߱ ൯ߪଶଶ ൫߱ ൯ ǥߪଶ ൫߱ ൯൧൯LVWKHVRXUFHFRYDULDQFHPDWUL[DWIUHTXHQF\߱ Ǥ
,WVKRXOGEHQRWHGWKDW۱൫߱ ൯ ൌ ߙ ۱ሺ߱ ሻǡZKHUH۱ሺ߱ ሻLVWKHVXSSRUWPDWUL[DWWKHUHIHUHQFHIUHTXHQF\
߱ Ǥ/HW۱௩ ሺ߱ ሻDQG ࢜ ܀ሺ߱ ሻEHWKHVXSSRUWDQGWKHFRYDULDQFHPDWULFHVFRUUHVSRQGLQJWRWKHGHVLUHG8/$
ZLWKሺʹ ܯെ ͳሻܰ  ͳVHQVRUVRSHUDWLQJDW߱ *LYHQWKDWWKHܳRSHUDWLRQDOIUHTXHQFLHVDUHVXIILFLHQWWR





ILOODOOWKHKROHVLQWKHGLIIHUHQFHFRDUUD\RIWKHFRSULPHDUUD\WKHQ
ሾ۱௩ ሺ߱ ሻሿǡ ൌ ൣ۱൫߱ ൯൧



ǡ

IRUVRPHݍǡ ǡ  ݎDQGDOO݅ǡ ݆

 
ொିଵ

/HW݄EHWKHPDSWKDWDUUDQJHVVHOHFWHGHOHPHQWVRIWKHPXOWLIUHTXHQF\VXSSRUWPDWULFHVሼ۱൫߱ ൯ሽୀ ǡLQWR
WKH GHVLUHG YLUWXDO VXSSRUW PDWUL[ ۱௩ ሺ߱ ሻ 8VLQJ WKH VDPH PDS WKH YLUWXDO FRYDULDQFH PDWUL[  ܀௩ ሺ߱ ሻ
FRUUHVSRQGLQJ WR WKH HTXLYDOHQW 8/$ FDQ WKHQ EH FRQVWUXFWHG IURP WKH FRYDULDQFH PDWULFHV
ொିଵ

ሼ ܀௫௫ ൫߱ ൯ሽୀ FRUUHVSRQGLQJWRWKHܳRSHUDWLRQDOIUHTXHQFLHV>@
)RULOOXVWUDWLRQZHFRQVLGHUDFRSULPHDUUD\ZLWK ܯൌ ʹDQGܰ ൌ ͵Ǥ7KHVHQVRUSRVLWLRQVRIWKHWZR
XQLIRUPOLQHDUVXEDUUD\VDUHJLYHQE\ሾͲǡ ʹ݀ ǡ Ͷ݀ ሿDQGሾ͵݀ ǡ ݀ ǡ ͻ݀ ሿUHVSHFWLYHO\7KHVXSSRUWPDWUL[
۱ሺ߱ ሻDWWKHUHIHUHQFHIUHTXHQF\WDNHVWKHIRUP
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7KHGLIIHUHQFHFRDUUD\RIWKLVFRQILJXUDWLRQLVVKRZQLQ)LJ,WKDVKROHVDWെͺ݀ DQGͺ݀ ,QRUGHUWR
ILOOWKHVHKROHVDQGIRUPWKHYLUWXDOFRYDULDQFHPDWUL[DQDGGLWLRQDOIUHTXHQF\߱ଵ ൌ ͺȀͻ߱ LVUHTXLUHG
:LWKWKLVFKRLFHRIWKHVHFRQGRSHUDWLRQDOIUHTXHQF\WKHVXSSRUWPDWUL[DW߱ଵ LVJLYHQE\
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7KHVXSSRUWPDWUL[۱௩ ሺ߱ ሻRIWKHGHVLUHGHOHPHQW8/$ZKRVHHOHPHQWVDUHSRVLWLRQHGDWሾͲǡ ͳǡ ǥ ǡ ͻሿ݀ 
KDVWKHVWUXFWXUH
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)URP    ZHREVHUYHWKDWVHYHUDOSRVVLELOLWLHVH[LVWIRUFRQVWUXFWLQJ۱௩ ሺ߱ ሻXVLQJ۱ሺ߱ ሻDQG۱ሺ߱ଵ ሻ
VLQFHVHYHUDOHOHPHQWVRI ۱ሺ߱ ሻDQG۱ሺ߱ଵ ሻFRUUHVSRQGWRWKHVDPHHOHPHQWRI۱௩ ሺ߱ ሻǤ(LWKHUDVLQJOH
HOHPHQWRUDQDYHUDJHRIDOOVXFKHOHPHQWVFDQEHXVHGWRVSHFLI\WKHPDSIRUIRUPLQJWKHGHVLUHGYLUWXDO
VXSSRUWPDWUL[DQGVXEVHTXHQWO\WKHYLUWXDOFRYDULDQFHPDWUL[ ܀௩ ሺ߱ ሻ>@>@
,WVKRXOGEHQRWHGWKDWVLQFHWKHGLIIHUHQFHFRDUUD\DW߱ KDVWZRKROHVDWേͺ݀ RQO\WKRVHHOHPHQWV
RI ܀௫௫ ሺ߱ଵ ሻWKDWFRUUHVSRQGWRWKHVHWZRODJVDUHUHTXLUHGWRIRUP  ܀௩ ሺ߱ ሻ7KLVPHDQVWKDWLQVWHDG RI
RSHUDWLQJWKHHQWLUHFRSULPHDUUD\DW߱ଵ RQO\WKHVHQVRUVWKDWSURGXFHWKHേͺ݀ ODJVDW߱ଵ VKRXOGEH
RSHUDWHGDWWKHDGGLWLRQDOIUHTXHQF\)RUH[DPSOHRSHUDWLQJWKHWZRVHQVRUVZLWKSRVLWLRQVሾͲͻሿ݀ DW߱ଵ 
SURGXFHVWKHIROORZLQJUHGXFHGVXSSRUWPDWUL[
۱ ሺ߱ଵ ሻ ൌ
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7KHWZRVXSSRUWPDWULFHV۱ሺ߱ ሻDQG۱ ሺ߱ଵ ሻFDQWKHQEHFRPELQHGWRIRUP۱௩ ሺ߱ ሻ7KLVSURFHGXUHUHVXOWV
LQUHGXFLQJKDUGZDUHFRPSOH[LW\$PRUHGHWDLOHGGLVFXVVLRQLQWKLVUHJDUGLVSURYLGHGLQ6HFWLRQ,9'
B. Proportional Spectra Requirement
)RU PXOWLIUHTXHQF\ '2$ HVWLPDWLRQ WKH QRUPDOL]HG FRYDULDQFH PDWULFHV DUH HPSOR\HG LQVWHDG RI
ொିଵ

ഥ ௫௫ ൫߱ ൯DWIUHTXHQF\߱ FDQEH
ሼ ܀௫௫ ൫߱ ൯ሽୀ 7KH ݅ǡ ݆ሻWKHOHPHQWRIWKHQRUPDOL]HGFRYDULDQFHPDWUL[܀
H[SUHVVHGDV>@
ഥ ௫௫ ൫߱ ൯൧
ൣ܀
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ZKHUHൣܠ൫߱ ൯൧ LVWKH݅WKHOHPHQWRIWKHGDWDYHFWRUDWIUHTXHQF\߱ DQGܰ௦ ൫߱ ൯LVWKHQXPEHURIVHQVRUV


WKDWDUHRSHUDWHGDW߱ 7KLVUHVXOWVLQWKHVRXUFHDQGQRLVHSRZHUVLQWKHFRYDULDQFHPDWUL[UHSUHVHQWDWLRQ
RI  EHLQJUHSODFHGE\WKHQRUPDOL]HGSRZHUV>@ZKLFKDUHJLYHQE\


ߪതଶ ൫߱ ൯ ൌ

ߪଶ ൫߱ ൯


ଶ
ଶ
σ
ௗୀଵ ߪௗ ൫߱ ൯  ߪ ൫߱ ൯





 



ߪതଶ ൫߱ ൯ ൌ

ߪଶ ൫߱ ൯

Ǥ
ଶ
ଶ
σ
ௗୀଵ ߪௗ ൫߱ ൯  ߪ ൫߱ ൯

 

ZKHUHߪതଶ ൫߱ ൯LVWKHQRUPDOL]HGSRZHURIWKH݇WKVRXUFHDWIUHTXHQF\߱ DQGߪതଶ ൫߱ ൯LVWKHQRUPDOL]HG
QRLVH SRZHU DW WKH VDPH IUHTXHQF\ 7KH YLUWXDO FRYDULDQFH PDWUL[  ܀௩ ሺ߱ ሻ FRQVWUXFWHG E\ XVLQJ WKH
ഥ ௫௫ ൫߱ ൯ൟொିଵ  IROORZLQJ WKH SURFHGXUH RXWOLQHG LQ 6HFWLRQ ,,,$ǡ PXVW
QRUPDOL]HG FRYDULDQFH PDWULFHV ൛܀
ୀ

DSSHDUWRKDYHEHHQJHQHUDWHGE\WKHYLUWXDODUUD\DVLILWZHUHWKHDFWXDODUUD\RSHUDWLQJDWIUHTXHQF\߱ 
+RZHYHU VRPH RI WKH HOHPHQWV RI WKH FRQVWUXFWHG YLUWXDO FRYDULDQFH PDWUL[ KDYH FRQWULEXWLRQV IURP
IUHTXHQFLHVRWKHUWKDQ߱ Ǥ7KHYLUWXDOFRYDULDQFHPDWUL[ZLOOEHH[DFWSURYLGHGWKDWWKHQRUPDOL]HGSRZHU
RIHDFKVRXUFHLVLQGHSHQGHQWRIIUHTXHQF\


ߪതଶ ൫߱ ൯ ൌ ߪଶ ǡ  א ݍሼͲǡ ͳǡ ǥ ǡ ܳ െ ͳሽ  ݇  אሼͳǡ ʹǡ ǥ ǡ ܦሽ

 

)RUDKLJKVLJQDOWRQRLVHUDWLR 615 DVXIILFLHQWFRQGLWLRQIRUWKHYLUWXDOFRYDULDQFHPDWUL[WREHH[DFW
LVWKDWWKHVRXUFHVPXVWKDYHSURSRUWLRQDOVSHFWUDDWWKHHPSOR\HGIUHTXHQFLHV>@7KDWLV


ߪଶ ൫߱ ൯
ߪଶ ൫߱ ൯
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ZKHUHߚǡ LVDFRQVWDQWIRUHDFKVRXUFHSDLUሺ݇ǡ ݈ሻRYHUDOOIUHTXHQFLHV߱ 7KLVFRQGLWLRQLVVDWLVILHGIRU
H[DPSOHZKHQWKHDVRXUFHVDUH%36.RUFKLUSOLNHVLJQDOV
,9 )5(48(1&<6(/(&7,21)2508/7,)5(48(1&<23(5$7,2186,1*(;7(1'('&235,0($55$<6
,QRUGHUWRTXDQWLI\WKHRSHUDWLRQDOIUHTXHQF\VHWIRUILOOLQJWKHKROHVZHILUVWQHHGWRH[DPLQHWKH
VSHFLILFVWUXFWXUHRIWKHGLIIHUHQFHFRDUUD\FRUUHVSRQGLQJWRDQH[WHQGHGFRSULPHFRQILJXUDWLRQ&RQVLGHU
WKHGLIIHUHQFHFRDUUD\RI)LJZKLFKFRUUHVSRQGVWRWKHFRSULPHDUUD\RI)LJ7KHWRWDOQXPEHURI
ILOOHGDQGPLVVLQJHOHPHQWVLQWKHFRDUUD\HTXDOVʹሺʹ ܯെ ͳሻܰ  ͳZKHUHDVWKHWRWDOQXPEHURIKROHVLV
GHWHUPLQHGWREHሺ ܯെ ͳሻሺܰ െ ͳሻ$VWKHFRDUUD\LVV\PPHWULFZHRQO\IRFXVRQWKHSRUWLRQFRUUHVSRQGLQJ
WRWKHQRQQHJDWLYHODJV:HREVHUYHWKDWWKHSRUWLRQRIWKHFRDUUD\H[WHQGLQJIURPͲWRሺ ܰܯ  ܯെ ͳሻ݀ 
LVXQLIRUPDQGKDVQRKROHV7KHILUVWKROHDSSHDUVDWሺ ܰܯ ܯሻ݀ IROORZHGE\DQRWKHUILOOHGSDUWIURP





ሺ ܰܯ  ܯ ͳሻ݀  WR ሺ ܰܯ ʹ ܯെ ͳሻ݀  7KH ILQDO SDUW RI WKH FRDUUD\ IURP ሺ ܰܯ ʹܯሻ݀  WR ሺʹ ܯെ
ͳሻܰ݀ LVQRQXQLIRUPDQGFRQWDLQVሺሺ ܯെ ͳሻሺܰ െ ͳሻȀʹሻ െ ͳKROHV
A. One Additional Frequency Dual-Frequency Operation
7KHWZRKROHVDWെሺ ܰܯ ܯሻ݀ DQGሺ ܰܯ ܯሻ݀ FDQEHILOOHGXVLQJRQO\RQHDGGLWLRQDOIUHTXHQF\
7KHFKRLFHRIWKHDGGLWLRQDOIUHTXHQF\LVQRWXQLTXH7KHYDOXHRI߱ଵ WKDWPLQLPL]HVWKHVHSDUDWLRQ
EHWZHHQ߱ DQG߱ଵ LVJLYHQE\


߱ଵ ൌ ߙଵ ߱ ൌ

 ܰܯ ܯ
߱ ǡ
 ܰܯ  ܯ ͳ 

 

ZKHUHWKHQXPHUDWRUDQGWKHGHQRPLQDWRURIWKHVFDOLQJIDFWRUߙଵ FRUUHVSRQGWRWKHUHVSHFWLYHSRVLWLRQVRI
WKHKROHWREHILOOHGDQGWKHDGMDFHQWILOOHGHOHPHQWWRWKHULJKWRIWKHKROH FRQVLGHULQJWKHQRQQHJDWLYH
ODJV WKDWLVXVHGWRILOOLW1RWHWKDWWKHYDOXHRI߱ଵ LQ  LVOHVVWKDQ߱ Ǥ,WFDQEHUHDGLO\VKRZQWKDW
XVLQJQHLJKERULQJHOHPHQWVRWKHUWKDQWKHULJKWDGMDFHQWRQH\LHOGVYDOXHVRI߱ଵ ZKLFKUHVXOWLQDODUJHU
VHSDUDWLRQIURP߱ 
)LOOLQJWKHWZRKROHVDWേሺ ܰܯ ܯሻ݀ FDXVHVWKHXQLIRUPSDUWRIWKHGLIIHUHQFHFRDUUD\WRH[WHQG
IURP െሺ ܰܯ ʹ ܯെ ͳሻ݀  WR ሺ ܰܯ ʹ ܯെ ͳሻ݀  $V D UHVXOW XS WR ሺ ܰܯ ʹ ܯെ ͳሻ VRXUFHV FDQ EH
HVWLPDWHGDIWHUIRUPLQJWKHFRUUHVSRQGLQJYLUWXDOFRYDULDQFH PDWUL[7KLVLPSOLHVWKDWFRPSDUHGWRWKH
VLQJOHIUHTXHQF\RSHUDWLRQܯDGGLWLRQDOVRXUFHVFDQEHHVWLPDWHGXVLQJRQHH[WUDIUHTXHQF\LQDGGLWLRQWR
߱ 
B. Multiple Additional Frequencies Multiple Frequency Operations
7KHUHPDLQLQJሺ ܯെ ͳሻሺܰ െ ͳሻ െ ʹKROHVLQWKHGLIIHUHQFHFRDUUD\FDQDOVREHILOOHGWKURXJKWKHXVH
RIDGGLWLRQDOIUHTXHQFLHV7KHH[DFWQXPEHUDQGYDOXHVRIWKHIUHTXHQFLHVDUHWLHGWRWKHQRQXQLIRUPLW\
SDWWHUQLQWKHFRDUUD\EH\RQGേሺ ܰܯ ʹܯሻ݀ ZKLFKYDULHVIURPRQHFRSULPHFRQILJXUDWLRQWRWKHRWKHU
$VVXPLQJWKDWHDFKDGGLWLRQDOIUHTXHQF\LVXVHGWRILOORQO\WZRKROHV RQHPLVVLQJSRVLWLYHHOHPHQWDQG
ଵ

LWVQHJDWLYHFRXQWHUSDUW ZHUHTXLUHDWWKHPRVW ሺሺ ܯെ ͳሻሺܰ െ ͳሻ െ ʹሻ ൌ ሺ ܰܯെ  ܯെ ܰሻȀʹDGGLWLRQDO
ଶ

IUHTXHQFLHVWR\LHOGDILOOHGXQLIRUPFRDUUD\H[WHQGLQJIURPെሺʹ ܯെ ͳሻܰ݀ WRሺʹ ܯെ ͳሻܰ݀ 





C. Maximum Frequency Separation
7KHPD[LPXPIUHTXHQF\VHSDUDWLRQIURPWKHUHIHUHQFHIUHTXHQF\GHWHUPLQHVWKHUHTXLUHGRSHUDWLRQDO
EDQGZLGWK RI WKH DQWHQQDV DQG UHFHLYHU IURQW HQG IRU WKH SURSRVHG PXOWLIUHTXHQF\ DSSURDFK ,W LV
GHWHUPLQHGE\WKHGLVWDQFHRIWKHIDUWKHVWKROHIURPLWVQHDUHVWILOOHGULJKWQHLJKERUDQGWKHORFDWLRQRIWKH
QHLJKERU7KHPD[LPXPQXPEHURIFRQVHFXWLYHKROHVLQWKHGLIIHUHQFHFRDUUD\LVሺ ܯെ ͳሻDQGWKLVSDWWHUQ
RIሺ ܯെ ͳሻFRQVHFXWLYHKROHVUHSHDWVܰہȀۂܯWLPHVDWHDFKHQGRIWKHGLIIHUHQFHFRDUUD\DVVKRZQLQ)LJ
IRUWKHQRQQHJDWLYHODJV+RZHYHULWLVWKHILUVWVHWRIሺ ܯെ ͳሻFRQVHFXWLYHKROHV WKRVHRQH[WUHPHOHIW
LQ)LJ WKDWUHTXLUHVRSHUDWLRQDOIUHTXHQFLHVZLWKWKHPD[LPXPVHSDUDWLRQIURP߱ LQRUGHUWREHILOOHG
7KH UHSHDWHG KROH SDWWHUQV DW ODUJHU ODJV \LHOG VPDOOHU IUHTXHQF\ VHSDUDWLRQ YDOXHV 7KH ILUVW PLVVLQJ
ே

HOHPHQW LQ WKH OHIWPRVW VHW RI FRQVHFXWLYH KROHV RFFXUV DW ቂሺʹ ܯെ ͳሻܰ െ ሺ ܯെ ͳሻ െ ቀቔ ቕ െ ͳቁ ܯቃ ݀ 
ெ

ே

ZKLOH WKH QHDUHVW ULJKW ILOOHG HOHPHQW LV SRVLWLRQHG DW ቂሺʹ ܯെ ͳሻܰ െ ቀቔ ቕ െ ͳቁ ܯቃ ݀ Ǥ 7KHUHIRUH WKH
ெ

UHTXLUHGIUHTXHQF\WRILOOWKLVKROHLVJLYHQE\
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7KHPD[LPXPIUHTXHQF\VHSDUDWLRQFDQWKXVEHFRPSXWHGDV
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7DEOH,VKRZVWKHPD[LPXPIUHTXHQF\VHSDUDWLRQIRUGLIIHUHQWFRSULPHDUUD\FRQILJXUDWLRQVXQGHUWZR
FDVHVL ZKHQRQHDGGLWLRQDOIUHTXHQF\LVXVHGWRILOOWKHILUVWSDLURIKROHVDQGLL ZKHQDOOKROHVDUHILOOHG
XVLQJ PXOWLSOH IUHTXHQFLHV )RU HDFK RI WKH DIRUHPHQWLRQHG FDVHV WKH DGGLWLRQDO QXPEHU RI HVWLPDWHG
VRXUFHVFRPSDUHGWRVLQJOHIUHTXHQF\RSHUDWLRQDUHDOVRVSHFLILHGLQ7DEOH,:HREVHUYHWKDWWKHPD[LPXP
IUHTXHQF\VHSDUDWLRQGHFUHDVHVZLWKLQFUHDVLQJYDOXHVRIܯDQGܰ7KLVLVEHFDXVHERWKWKHKROHVDQGWKH
HOHPHQWVWKDWDUHXVHGWRILOOWKHPRFFXUDWODUJHUVSDWLDOODJVIRUKLJKHUYDOXHVRIܯDQGܰǡZKLFKLQWXUQ
LPSOLHVDVPDOOHUYDOXHRIWKHVFDOLQJIDFWRULQ  





D. Reduced Hardware Complexity
6LQFHRQO\DIHZREVHUYDWLRQVDWHDFKHPSOR\HGIUHTXHQF\RWKHUWKDQ߱ DUHXVHGIRUWKHSURSRVHG
PXOWLIUHTXHQF\KLJKUHVROXWLRQ'2$HVWLPDWLRQVFKHPHDQGWKHUHPDLQLQJREVHUYDWLRQVDUHGLVFDUGHGLW
LVQRWHFRQRPLFDOWRRSHUDWHWKHHQWLUHSK\VLFDODUUD\DWHDFKRIWKHDGGLWLRQDOܳ െ ͳIUHTXHQFLHV7KHUHIRUH
RQO\WKHUHFHLYHHOHPHQWVWKDWJHQHUDWHWKHGHVLUHGVSDWLDOODJVIRUILOOLQJWKHKROHVQHHGWREHRSHUDWLQJDW
PRUH WKDQ RQH IUHTXHQF\ $V GHWHUPLQHG LQ 6HFWLRQ ,9& WKH EDQGZLGWK UHTXLUHPHQW IRU WKH PXOWL
IUHTXHQF\ RSHUDWLRQ LV QRW WKDW KLJK HVSHFLDOO\ IRU ODUJHU YDOXHV RI  ܯDQG ܰ $V VXFK RQO\ WKH PXOWL
IUHTXHQF\ UHFHLYH HOHPHQWV UHTXLUH D ')7 RU D ILOWHUEDQN WR H[WUDFW WKH LQIRUPDWLRQ DW WKH GLIIHUHQW
IUHTXHQFLHVOHDGLQJWRDVLJQLILFDQWUHGXFWLRQLQV\VWHPKDUGZDUHFRPSOH[LW\
,WEHFRPHVRILQWHUHVWWRGHWHUPLQHWKHVPDOOHVWQXPEHURIVHQVRUVWKDWDUHUHTXLUHGWRRSHUDWHDWWKH
DGGLWLRQDOIUHTXHQF\RUIUHTXHQFLHV$VWKHKROHVRFFXULQV\PPHWULFSDLUVWKHODJVFRUUHVSRQGLQJWRHDFK
SDLUFDQEHJHQHUDWHGXVLQJRQO\WZRVHQVRUVLQWKHSK\VLFDODUUD\,QFDVHRIUHGXQGDQF\LQWKHGLIIHUHQFH
FRDUUD\WKHUHLVPRUHWKDQRQHDQWHQQDSDLUWKDWFDQJHQHUDWHWKHVDPHVSDWLDOODJ,QRUGHUWRUHGXFHWKH
QXPEHURIDQWHQQDVHQJDJLQJLQPXOWLSOHIUHTXHQF\SURFHVVLQJRQHVKRXOGWKHUHIRUHVHHNDQGLGHQWLI\HDFK
VHQVRUWKDWSDUWLFLSDWHVLQILOOLQJDOOWKHKROHVRUDWOHDVWPDQ\RIWKHP7KLVEHFRPHVLPSRUWDQWZKHQWKHUH
LVIOH[LELOLW\LQVHQVRUSDUWLFLSDWLRQFKRLFHVLPSOLHGE\WKHUHGXQGDQF\SURSHUW\RIWKHVSDWLDOODJV&OHDUO\
RQO\WKHUHGXQGDQWVSDWLDOODJVRFFXUULQJEH\RQGWKHILUVWV\PPHWULFKROHSDLUDWേሺ ܰܯ ܯሻ݀ QHHGWREH
FRQVLGHUHGVLQFHWKHVHDUHXVHGWRILOOWKHKROHVLQWKHGLIIHUHQFHFRDUUD\,WFDQEHUHDGLO\VKRZQWKDWWKHUH
DUHDWRWDORIʹሺ ܯെ ʹሻUHGXQGDQWODJVEH\RQGേሺ ܰܯ ܯሻ݀ DWേሺ ܰܯ ݇ܰሻ݀ ZLWKZHLJKWVJLYHQE\


ܹሺേሺ ܰܯ ݇ܰሻ݀Ͳ ሻ ൌ  ܯെ ݇ǡ  ݇ ൌ ͳǡʹǡ ǥ ǡ  ܯെ ʹǤ

 

)RULOOXVWUDWLRQZHFRQVLGHUDQH[DPSOHZKHUH ܯൌ ͶDQGܰ ൌ ͷ7KHFRSULPHDUUD\FRQVLVWVRI
HOHPHQWV SRVLWLRQHG DW ሾͲͶͷͺͳͲͳʹͳͷͳʹͲʹͷ͵Ͳ͵ͷሿ݀  )LJ  VKRZV WKH GLIIHUHQFH FRDUUD\
ZHLJKWLQJIXQFWLRQFRUUHVSRQGLQJWRWKLVDUUD\7KHILUVWKROHSDLULQWKHFRDUUD\RFFXUVDWേሺ ܰܯ ܯሻ݀ ൌ
േʹͶ݀ %H\RQGWKHILUVWKROHVʹሺ ܯെ ʹሻ ൌ ͶUHGXQGDQWODJVH[LVW7KHILUVWUHGXQGDQWODJSDLURFFXUVDW
േሺ ܰܯ ܰሻ݀ ൌ േʹͷ݀  ZLWK ZHLJKW HTXDO WR ሺ ܯെ ͳሻ ൌ ͵ 7KH VHFRQG UHGXQGDQW SDLU RFFXUV DW





േሺ ܰܯ ʹܰሻ݀ ൌ േ͵Ͳ݀ DQGKDVDZHLJKWRIሺ ܯെ ʹሻ ൌ ʹ,QRUGHUWRPLQLPL]HWKHPD[LPXPIUHTXHQF\
VHSDUDWLRQ RQO\ WKH UHGXQGDQW ODJV WKDW RFFXU LPPHGLDWHO\ WR WKH ULJKW RI WKH KROHV FRQVLGHULQJ WKH
QRQQHJDWLYHODJV FDQEHXVHG)RUWKHFDVHZKHUH݉݀ሺܰǡ ܯሻ ൌ ͳDOOWKHUHGXQGDQWODJVLQWKHQRQXQLIRUP
SDUWRIWKHFRDUUD\RFFXULPPHGLDWHO\DIWHUWKHKROHV7KLVFDQEHFRQILUPHGE\REVHUYLQJWKHZHLJKWLQJ
IXQFWLRQLQ)LJ)RUWKHFDVHZKHUH݉݀ሺܰǡ ܯሻ ൌ  ܯെ ͳQRQHRIWKHUHGXQGDQWODJVDUHLPPHGLDWHO\WR
WKHULJKWRIWKHKROHVDVLOOXVWUDWHGLQ)LJIRUWKHFDVHZKHUH ܯൌ ͶDQGܰ ൌ )RUWKHUHPDLQLQJFDVHV
RQO\DVXEVHWRIWKHUHGXQGDQWODJVLQWKHQRQXQLIRUPSDUWLVLPPHGLDWHO\DIWHUWKHKROHV
)RUWKHLOOXVWUDWLRQRIWKHUROHRIUHGXQGDQF\LQUHGXFLQJVHQVRUHQJDJHPHQWLQKROHILOOLQJZHSURYLGH
WKHIROORZLQJWZRH[DPSOHV7DEOH,,VKRZVWKHDGGLWLRQDOIUHTXHQFLHVDQGWKHFRUUHVSRQGLQJVHQVRUSDLUV
WKDWDUHUHTXLUHGWRILOODOOQLQHKROHVLQWKHGLIIHUHQFHFRDUUD\IRUWKHFDVHZKHUH ܯൌ Ͷܰ ൌ 7KH
FRUUHVSRQGLQJSK\VLFDODUUD\FRQVLVWVRIVHQVRUVDW ሾͲͶͺͳʹͳͶͳʹͲʹͳʹͶʹͺ͵ͷͶʹͶͻሿ݀ ,WLV
FOHDUIURP7DEOH,,WKDWRQO\WKHVHQVRUVORFDWHGDW ሾͲͶͺͳʹͳͶͻሿ݀ DUHUHTXLUHGWRRSHUDWHDWPRUH
WKDQRQHIUHTXHQF\LQRUGHUWRILOODOOWKHKROHVLQWKHFRDUUD\,WVKRXOGEHQRWHGWKDWVLQFH݉݀ሺܰǡ ܯሻ ൌ
 ܯെ ͳLQWKLVH[DPSOHWKHUHGXQGDQWODJVLQWKHGLIIHUHQFHFRDUUD\FDQQRWEHXVHGWRIXUWKHUGHFUHDVHWKH
QXPEHURIDQWHQQDVWKDWZRXOGRSHUDWHDWPRUHWKDQRQHIUHTXHQF\7DEOH,,,VKRZVWKHUHTXLUHGIUHTXHQFLHV
DQGWKHFRUUHVSRQGLQJVHQVRUSDLUVIRUWKHFDVHZKHUH ܯൌ Ͷܰ ൌ ͷ6LQFH݉݀ሺܰǡ ܯሻ ൌ ͳGLIIHUHQW
VHQVRUSDLUVFDQEHXVHGWRILOOWKHVDPHKROHV$VVKRZQLQ7DEOH,,,WKHSDLUVWKDWLQFOXGHFRPPRQVHQVRUV
DWGLIIHUHQWIUHTXHQFLHVDUHFKRVHQLQRUGHUWRPLQLPL]HWKHQXPEHURIVHQVRUVWKDWRSHUDWHDWPRUHWKDQ
RQH IUHTXHQF\ 7DEOH ,9 VKRZV WKH SHUFHQWDJH RI VHQVRUV WKDW QHHG WR EH RSHUDWHG DW PRUH WKDQ RQH
IUHTXHQF\IRUGLIIHUHQWFRSULPHDUUD\FRQILJXUDWLRQV:HREVHUYHWKDWWKHQXPEHURIVHQVRUVWKDWQHHGWR
EHRSHUDWHGDWPXOWLSOHIUHTXHQFLHVKDVDORZHUERXQGRIRQHWKLUGRIWKHWRWDOQXPEHURIVHQVRUVLQWKH
DUUD\ZKLFKLVDFKLHYHGIRUFRSULPHFRQILJXUDWLRQVZLWKܰ ൌ  ܯ ͳ,WVKRXOGEHQRWHGWKDWWKHVDPH
FKRLFHRIܰ ൌ  ܯ ͳDOVRPLQLPL]HVWKHWRWDOQXPEHURIVHQVRUVLQWKHFRSULPHDUUD\VDVGHPRQVWUDWHG
LQ>@





9 180(5,&$/5(68/76
,Q WKLV VHFWLRQ ZH SUHVHQW '2$ HVWLPDWLRQ UHVXOWV EDVHG RQ WKH 086,& DOJRULWKP XVLQJ PXOWL
IUHTXHQF\FRSULPHDUUD\V%RWKSURSRUWLRQDODQGQRQSURSRUWLRQDOVRXUFHVSHFWUDFDVHVDUHFRQVLGHUHGDQG
SHUIRUPDQFH FRPSDULVRQ ZLWK VLQJOHIUHTXHQF\ RSHUDWLRQ LV SURYLGHG :H HPSOR\ WKH ILOOHG SDUW RI WKH
FRDUUD\ DQGFRYDULDQFH PDWUL[ DXJPHQWDWLRQ IRU '2$ HVWLPDWLRQ XVLQJ 086,& XQGHU VLQJOH IUHTXHQF\
RSHUDWLRQ 7KH URRW PHDQ VTXDUHG HUURU 506(  LQ DOO H[DPSOHV LQ WKLV VHFWLRQ LV EDVHG RQ D VLQJOH
UHDOL]DWLRQXQOHVVVWDWHGRWKHUZLVH
A. Proportional Spectra
:HILUVWFRQVLGHUDFRSULPHDUUD\FRQILJXUDWLRQZLWKVL[SK\VLFDOVHQVRUVFRUUHVSRQGLQJWR ܯൌ ʹ
DQGܰ ൌ ͵Ǥ7KHILUVWXQLIRUPOLQHDUVXEDUUD\FRQVLVWVRIWKUHHHOHPHQWVSRVLWLRQHGDWሾͲǡ ʹ݀ ǡ Ͷ݀ ሿDQGWKH
VHFRQGVXEDUUD\KDVIRXUHOHPHQWVZLWKSRVLWLRQVሾͲǡ ͵݀ ǡ ݀ ǡ ͻ݀ ሿZLWK݀ HTXDOWRRQHKDOIZDYHOHQJWK
DW߱ 7KHGLIIHUHQFHFRDUUD\RIWKLVFRQILJXUDWLRQVKRZQLQ)LJKDVWZRKROHVDWേͺ݀ ZKLFKFDQEH
ILOOHGXVLQJDQDGGLWLRQDOIUHTXHQF\߱ଵ ൌ ሺͺȀͻሻ߱ :HFRQVLGHUVRXUFHVZLWKSURSRUWLRQDOVSHFWUDZKHUH
ߪௗଶ ሺ߱ଵ ሻ ൌ ͵ߪௗଶ ሺ߱ ሻ݀ ൌ Ͳǡͳǡ ǥ ǡ ͺ7KHVRXUFHVDUHXQLIRUPO\VSDFHGEHWZHHQെͲǤͻͷDQGͲǤͻͷLQWKH
UHGXFHGDQJXODUFRRUGLQDWHVLQሺߠሻ$WRWDORIVQDSVKRWVDUHXVHGDQGWKH615LVVHWWRͲIRUERWK
IUHTXHQFLHV7KHHVWLPDWHGVSDWLDOVSHFWUXPZKHUHRQO\WKHUHIHUHQFHIUHTXHQF\߱ LVXVHGLVSURYLGHGLQ
)LJ7KHHOHPHQWVLQWKHFRYDULDQFHPDWUL[FRUUHVSRQGLQJWRWKHKROHVLQWKHGLIIHUHQFHFRDUUD\KDYH
EHHQILOOHGZLWK]HURV7KLVLVHTXLYDOHQWWRWKHFDVHZKHUHWKHVRXUFHVKDYH]HURSRZHUVDWWKHDGGLWLRQDO
IUHTXHQF\7KHYHUWLFDOOLQHVLQWKHILJXUHLQGLFDWHWKHWUXH'2$VRIWKHVRXUFHV:HREVHUYHIURP)LJ
WKDWWKHVLQJOHIUHTXHQF\DSSURDFKIDLOVWRFRUUHFWO\HVWLPDWHWKH'2$VRIPRVWRIWKHWDUJHWV7KH506(
LVIRXQGWREHʹǤͷͷι7KLVLVH[SHFWHGVLQFHWKHFRQVLGHUHGFRSULPHDUUD\RSHUDWLQJDWDVLQJOHIUHTXHQF\
FDQUHVROYHDPD[LPXPRIVRXUFHV)LJGHSLFWVWKHHVWLPDWHGVSDWLDOVSHFWUXPXVLQJWKHGXDOIUHTXHQF\
DSSURDFK:HFDQFOHDUO\VHHWKDWWKH'2$VRIDOOVRXUFHVKDYHEHHQFRUUHFWO\HVWLPDWHG,QWKLVFDVHWKH
506(RIWKH'2$HVWLPDWHVLVHTXDOWRͲǤι





,QWKHVHFRQGH[DPSOHZHFRQVLGHUDFRSULPHFRQILJXUDWLRQZLWK ܯൌ ͷDQGܰ ൌ 7KHVHQVRUVRI
WKH ILUVW 8/$ DUH SRVLWLRQHG DW ሾͲǡ ͷǡ ͳͲǡ ͳͷǡ ʹͲǡ ʹͷǡ ͵Ͳሿ݀  DQG WKH VHFRQG 8/$ KDV ͳͲ HOHPHQWV ZLWK
SRVLWLRQVሾͲǡ ǡ ͳͶǡ ʹͳǡ ʹͺǡ ͵ͷǡ Ͷʹǡ Ͷͻǡ ͷǡ ͵ሿ݀ 7KHFRUUHVSRQGLQJFRDUUD\H[WHQGVIURPെ͵݀ WR͵݀ 
DQGKDVDWRWDORIKROHV7KHXQLIRUPSRUWLRQRIWKHFRDUUD\RQO\H[WHQGVIURPെ͵ͻ݀ WR͵ͻ݀ Ǥ7KXV
WKH VLQJOH IUHTXHQF\ RSHUDWLRQ FDQ UHVROYH D PD[LPXP RI  VRXUFHV 2QH DGGLWLRQDO IUHTXHQF\ ߱ଵ ൌ
ሺͶͲȀͶͳሻ߱ LVILUVWXVHGWRILOOWKHKROHVDWേͶͲ݀ LQWKHFRDUUD\$VDUHVXOWWKHXQLIRUPSDUWRIWKHFRDUUD\
QRZLQFOXGHVWKHODJVIURPെͶͶ݀ WRͶͶ݀ WKHUHE\LQFUHDVLQJWKHPD[LPXPQXPEHURIUHVROYDEOHVRXUFHV
IURPWR:HFRQVLGHUVRXUFHVZLWKVLQሺߠௗ ሻXQLIRUPO\GLVWULEXWHGEHWZHHQെͲǤͻDQGͲǤͻ7KH
VRXUFHVDUHDVVXPHGWRKDYHLGHQWLFDOSRZHUVSHFWUDDWWKHWZRIUHTXHQFLHV$WRWDORIVQDSVKRWVDUH
FRQVLGHUHGDQGWKH615LVVHWWRͲIRUERWKIUHTXHQFLHV)LJVKRZVWKHHVWLPDWHGVSDWLDOVSHFWUXP
ZKHUHLQWKH'2$VRIDOOVRXUFHVKDYHEHHQDFFXUDWHO\HVWLPDWHG7KH506(LVGHWHUPLQHGWREHͲǤ͵ͳι
LQWKLVFDVH1H[WZHHPSOR\DGGLWLRQDOIUHTXHQFLHVWRILOODOOKROHVLQWKHFRDUUD\7KHDGGLWLRQDO
IUHTXHQFLHVDQGWKHFRUUHVSRQGLQJKROHVWKH\ILOODUHOLVWHGLQ7DEOH9,WVKRXOGEHQRWHGWKDWWKHKROHV
FRXOGKDYHDOVREHHQILOOHGXVLQJRQO\VL[DGGLWLRQDOIUHTXHQFLHV7KHVHIUHTXHQFLHVDUH߱ଵ ൌ ͷ߱ ߱ଶ ൌ
ʹ߱  ߱ଷ ൌ ሺͶȀͶͻሻ߱  ߱ସ ൌ ͵߱  ሺ߱ହ ൌ ͷͻȀ͵ሻ߱  DQG ߱ ൌ ሺͳȀ͵ሻ߱  +RZHYHU WKLV FKRLFH RI
IUHTXHQFLHV UHVXOWV LQ D PD[LPXP IUHTXHQF\ VHSDUDWLRQ RI Ͷ߱  FRPSDUHG WR ߱  IRU WKH VHW RI
IUHTXHQFLHVLQ7DEOH9)LJVKRZVWKHHVWLPDWHGVSDWLDOVSHFWUXPFRUUHVSRQGLQJWRVRXUFHVZLWK
VLQሺߠௗ ሻXQLIRUPO\GLVWULEXWHGEHWZHHQെͲǤͻDQGͲǤͻDQGHTXDOSRZHUVSHFWUDDWWKHIUHTXHQFLHV7KH
615 DQG WKH QXPEHU RI VQDSVKRWV DUH WDNHQ WR EH WKH VDPH DV IRU )LJ  $JDLQ WKH PXOWLIUHTXHQF\
DSSURDFKKDVHVWLPDWHGDOOVRXUFHVDFFXUDWHO\DQGWKH506(LVq
B. Nonproportional Spectra
:H HYDOXDWH WKH '2$ HVWLPDWLRQ SHUIRUPDQFH RI WKH PXOWLIUHTXHQF\ FRSULPH DUUD\V ZKHQ WKH
FRQGLWLRQRISURSRUWLRQDOVRXUFHVSHFWUDLVYLRODWHG,QWKHILUVWH[DPSOHZHFRQVLGHUWKHVDPHDUUD\DQG
VRXUFHFRQILJXUDWLRQDVLQWKHILUVWH[DPSOHLQ6HFWLRQ9$ZLWK ܯൌ ʹDQGܰ ൌ ͵+RZHYHUWKHVRXUFHV
DUHQRZDVVXPHGWRKDYHQRQSURSRUWLRQDOVSHFWUDDW߱ DQG߱ଵ ൌ ሺͺȀͻሻ߱ 0RUHVSHFLILFDOO\WKHVRXUFH





SRZHUVDW߱ DUHDVVXPHGWREHLGHQWLFDODQGHTXDOWRXQLW\ZKHUHDVWKHVRXUFHSRZHUVDVVRFLDWHGZLWK
߱ଵ DUHDVVXPHGWRLQGHSHQGHQWO\IROORZDWUXQFDWHG*DXVVLDQGLVWULEXWLRQZLWKDPHDQRIDQGDFRPPRQ
YDULDQFH7ZRGLIIHUHQWYDOXHVRIDQGDUHFRQVLGHUHGIRUWKHYDULDQFH7KHYDULDQFHFRQWUROVWKH
GHJUHHRIQRQSURSRUWLRQDOLW\$KLJKHUYDULDQFHLQFUHDVHVWKHGHJUHHRIQRQSURSRUWLRQDOLW\RIWKHVRXUFH
VSHFWUDZKHUHDVDORZHUYDULDQFHUHVXOWVLQVPDOOHUYDULDWLRQVLQWKHVRXUFHSRZHUV)LJGHSLFWVWKH
506(DVDIXQFWLRQRIWKHYDULDQFHDQGWKH615DYHUDJHGRYHU0RQWH&DUORUXQV)RUFRPSDULVRQ
WKH 506( FRUUHVSRQGLQJ WR ERWK VLQJOHIUHTXHQF\ RSHUDWLRQ DQG GXDOIUHTXHQF\ RSHUDWLRQ IRU WKH FDVH
ZKHQWKHVRXUFHVKDYHSURSRUWLRQDOVSHFWUDDUHDOVRLQFOXGHG$VH[SHFWHGWKHVLQJOHIUHTXHQF\DSSURDFK
ZKHUHLQWKHHOHPHQWVRIWKHYLUWXDOFRYDULDQFHPDWUL[FRUUHVSRQGLQJWRWKHKROHVLQWKHFRDUUD\DUHILOOHG
ZLWK ]HURV SURYLGHV WKH ZRUVW SHUIRUPDQFH )XUWKHU WKH 506( FRUUHVSRQGLQJ WR WKH PXOWLIUHTXHQF\
DSSURDFKIRUQRQSURSRUWLRQDOVSHFWUDLQFUHDVHVZLWKLQFUHDVLQJYDULDQFH7KLVUHVXOWVLQDGHJUDGDWLRQRI
WKH HVWLPDWLRQ SHUIRUPDQFH )LQDOO\ WKH PXOWLIUHTXHQF\ DSSURDFK ZRUNV EHVW ZKHQ WKH VSHFWUD DUH
SURSRUWLRQDODQGWKH615LVKLJKHU
,Q WKH IROORZLQJ H[DPSOH ZH FRPSDUH WKH SHUIRUPDQFH RI WKH PXOWLIUHTXHQF\ DSSURDFK WR VLQJOH
IUHTXHQF\'2$HVWLPDWLRQDVDIXQFWLRQRIWKHDVVXPHGPRGHORUGHU7KHVDPHDUUD\FRQILJXUDWLRQZLWK
 ܯൌ ʹDQGܰ ൌ ͵LVXVHG7ZRFDVHVDUHFRQVLGHUHGLQWKLVH[DPSOH7KHILUVWFDVHGHDOVZLWKVRXUFHVZLWK
SURSRUWLRQDO VSHFWUD ZKLOH WKH VHFRQG FRQVLGHUV VRXUFHV ZLWK QRQSURSRUWLRQDO VSHFWUD )RU WKH
QRQSURSRUWLRQDOFDVHWKHVRXUFHSRZHUVDVVRFLDWHGZLWK߱ DUHDVVXPHGWREHLGHQWLFDODQGHTXDOWRXQLW\
DQGWKHVRXUFHSRZHUVDVVRFLDWHGZLWK߱ଵ IROORZDWUXQFDWHG*DXVVLDQGLVWULEXWLRQZLWKDPHDQRIDQG
DYDULDQFH,QERWKFDVHVWKHDFWXDOQXPEHURIVRXUFHVLVVHWWRDQGWKHDVVXPHGPRGHORUGHULVYDULHG
EHWZHHQDQG0RQWH&DUORDUHFRQVLGHUHGLQWKLVH[DPSOH)LJVKRZVWKH506(DYHUDJHG
RYHU0RQWH&DUORUXQVDVDIXQFWLRQRIWKHDVVXPHGPRGHORUGHUIRUERWKFDVHV,QFRPSXWLQJWKH
506(RQO\WKHGHWHFWHGSHDNVWKDWDUHFORVHVWWRWKHDFWXDOVRXUFHGLUHFWLRQVZHUHFRQVLGHUHG)URP)LJ
ZHREVHUYHWKDWDVH[SHFWHGWKHSHUIRUPDQFHRIWKHVLQJOHIUHTXHQF\DSSURDFKLVQRWDIIHFWHGE\WKH
QRQSURSRUWLRQDOLW\RIWKHVRXUFHVSHFWUD2QWKHRWKHUKDQGWKHPXOWLIUHTXHQF\'2$HVWLPDWLRQH[KLELWV
VXSHULRUSHUIRUPDQFHIRUVRXUFHVZLWKSURSRUWLRQDOVSHFWUDFRPSDUHGWRWKRVHZLWKQRQSURSRUWLRQDOVSHFWUD




)XUWKHUWKHPXOWLIUHTXHQF\DSSURDFKLVOHVVVHQVLWLYHWRHUURUVLQPRGHORUGHUDVFRPSDUHGWRWKHVLQJOH
IUHTXHQF\DSSURDFK
7KHHIIHFWRIWKHGHJUHHRIQRQSURSRUWLRQDOLW\RQ'2$HVWLPDWLRQSHUIRUPDQFHLVQH[WH[DPLQHGIRU
WKHFRSULPHFRQILJXUDWLRQRIWKHVHFRQGH[DPSOHLQ6HFWLRQ9$ZLWK ܯൌ ͷDQGܰ ൌ XQGHUERWKGXDO
DQGPXOWLIUHTXHQF\RSHUDWLRQ$JDLQWKHVRXUFHSRZHUVDW߱ DUHDVVXPHGWREHDOOHTXDOWRXQLW\ZKHUHDV
WKHVRXUFHSRZHUVDWDGGLWLRQDOIUHTXHQFLHVIROORZDWUXQFDWHG*DXVVLDQGLVWULEXWLRQZLWKDPHDQRIDQG
DFRPPRQYDULDQFH)LJSURYLGHVWKH506(DYHUDJHGRYHU0RQWH&DUORUXQVDVDIXQFWLRQRI
615DQGYDULDQFHXQGHUWKHGXDOIUHTXHQF\RSHUDWLRQIRUVRXUFHV6LPLODUREVHUYDWLRQVWRWKRVHLQ)LJ
FDQEHPDGHLQWKLVFDVHDVZHOO+RZHYHUWZRGLIIHUHQFHVFDQEHQRWLFHGE\FRPSDULQJWKH506(SORWV
LQ)LJVDQG)LUVWWKH506(WDNHVRQORZHUYDOXHVIRUDOOFRQVLGHUHG'2$HVWLPDWLRQPHWKRGVDQG
YDULDQFHVIRUWKHFRSULPHFRQILJXUDWLRQZLWK ܯൌ ͷDQGܰ ൌ 6HFRQGWKHGLIIHUHQFHLQSHUIRUPDQFH
EHWZHHQWKHVLQJOHDQGGXDOIUHTXHQF\RSHUDWLRQVIRUWKHQRQSURSRUWLRQDOVSHFWUDFDVHVLVPXFKVPDOOHUDW
KLJKHU615YDOXHVLQWKLVH[DPSOH7KLVLVGXHWRWKHIDFWWKDWWKHUDWLRRIWKHQXPEHURIPLVVLQJHOHPHQWV
WRWKHWRWDOQXPEHURIHOHPHQWVLQWKHILOOHGSDUWRIWKHGLIIHUHQFHFRDUUD\LVVPDOOHULQWKLVH[DPSOH7KLV
UHVXOWV LQ D VPDOOHU SHUFHQWDJH RI HOHPHQWV LQ WKH YLUWXDO FRYDULDQFH PDWUL[ WR FRPH IURP D GLIIHUHQW
IUHTXHQF\RUEHILOOHGZLWK]HURVIRUVLQJOHIUHTXHQF\RSHUDWLRQ7KH506(SORWVIRUWKHPXOWLIUHTXHQF\
RSHUDWLRQWRILOODOOKROHVDUHSURYLGHGLQ)LJZKLFKFRUUHVSRQGVWRVRXUFHVZLWKVLQሺߠௗ ሻXQLIRUPO\
GLVWULEXWHG EHWZHHQ  DQG  7KH SHUIRUPDQFH GLIIHUHQFH EHWZHHQ PXOWLIUHTXHQF\ RSHUDWLRQ IRU
VRXUFHVZLWKQRQSURSRUWLRQDOVSHFWUDDQGWKRVHZLWKSURSRUWLRQDOVSHFWUDLVHYHQOHVVQRWLFHDEOHLQWKLV
FDVHWKRXJKWKH506(YDOXHVWKHPVHOYHVDUHVOLJKWO\KLJKHUIRUKLJK615$OVRWKHVLQJOHIUHTXHQF\
RSHUDWLRQH[KLELWVDKLJKHU506(VLQFHDKLJKHUSHUFHQWDJHRIWKHYLUWXDOFRYDULDQFHPDWUL[HOHPHQWVQRZ
KDYHD]HURYDOXHFRPSDUHGWRWKDWIRU)LJ
7KH ILQDO H[DPSOH LQ WKLV VHFWLRQ H[DPLQHV WKH HVWLPDWLRQ SHUIRUPDQFH IRU YDU\LQJ GHJUHH RI
QRQSURSRUWLRQDOLW\RIWKHVRXUFHVSHFWUDIRUGLIIHUHQWYDOXHVRIܯDQGܰZLWKWKH615IL[HGDWG%%RWK
GXDOIUHTXHQF\RSHUDWLRQIRUILOOLQJRQO\WKHILUVWKROHSDLUDQGPXOWLIUHTXHQF\RSHUDWLRQIRUILOOLQJDOOWKH
KROHVDUHFRQVLGHUHGIRUHDFKFRSULPHFRQILJXUDWLRQ)RUHDFKFDVHWKHPD[LPXPQXPEHURIUHVROYDEOH




VRXUFHVZDVXVHG$WRWDORI0RQWH&DUORUXQVZHUHFRQVLGHUHGLQWKLVH[DPSOH7KHVRXUFHSRZHUV
DVVRFLDWHGZLWKWKHUHIHUHQFHIUHTXHQF\߱ DUHLGHQWLFDODQGHTXDOWRXQLW\)RUWKHDGGLWLRQDOIUHTXHQFLHV
WKHVRXUFHSRZHUVIROORZDWUXQFDWHG*DXVVLDQGLVWULEXWLRQZLWKDPHDQRIDQGDFRPPRQYDULDQFH
7KHFRUUHVSRQGLQJ506(SORWVDVDIXQFWLRQRIWKHYDULDQFHRIWKHVRXUFHSRZHUVDUHGHSLFWHGLQ)LJ
,QRUGHUWRKDYHDIDLUFRPSDULVRQDPRQJFRSULPHDUUD\VRIGLIIHUHQWVL]HVHDFK506(SORWLVQRUPDOL]HG
E\WKH&UDPHU5DR%RXQG &5% RIDQHTXLYDOHQW8/$ZLWKWRWDOQXPEHURIHOHPHQWVHTXDOWRWKHQXPEHU
RI FRQWLJXRXV QRQQHJDWLYH ODJV LQ WKH FRUUHVSRQGLQJ GLIIHUHQFH FRDUUD\ %\ H[DPLQLQJ )LJ  WKH
IROORZLQJREVHUYDWLRQVDUHLQRUGHU)LUVWDVH[SHFWHGDGHFUHDVHLQWKHYDULDQFHRIWKHVRXUFHVVSHFWUD
UHVXOWV LQ D UHGXFHG HVWLPDWLRQ HUURU 6HFRQG E\ FRPSDULQJ WKH UHVXOWV RI GXDO DQG PXOWLSOH IUHTXHQF\
RSHUDWLRQIRUIL[HGܯDQGܰZHREVHUYHWKDWLQJHQHUDOWKHQRUPDOL]HG506(HUURULVVPDOOHUIRUWKHFDVH
ZKHQPRUHWKDQRQHDGGLWLRQDOIUHTXHQFLHVDUHXVHG

C. Comparison with Sparse Reconstruction
6SDUVHUHFRQVWUXFWLRQFDQEHXVHGLQOLHXRI086,&IRU'2$HVWLPDWLRQXVLQJPXOWLIUHTXHQF\FR
SULPH DUUD\V >@ 8QOLNH WKH SURSRVHG 086,&EDVHG DSSURDFK DOO RI WKH ODJV JHQHUDWHG E\ WKH PXOWL
IUHTXHQF\RSHUDWLRQLQDGGLWLRQWRWKRVHWKDWILOOWKHKROHVLQWKHGLIIHUHQFHFRDUUD\FDQEHXWLOL]HGIRU
'2$ HVWLPDWLRQ XVLQJ VSDUVH UHFRQVWUXFWLRQ 7KLV LV EHFDXVH VSDUVH UHFRQVWUXFWLRQ GRHV QRW UHTXLUH WKH
DGGLWLRQDOODJVWRIDOORQDXQLIRUPJULG LQWHJHUPXOWLSOHVRIWKHXQLWVSDFLQJ 8WLOL]DWLRQRIDOOJHQHUDWHG
ODJVLQWKLVFDVHHQKDQFHVWKHQXPEHURI'2)VIRU'2$HVWLPDWLRQOHDGLQJWRDQLQFUHDVHGQXPEHURI
UHVROYDEOH VRXUFHV +RZHYHU WKH SHUIRUPDQFH RI WKH VSDUVH UHFRQVWUXFWLRQ DSSURDFK LV DIIHFWHG E\ WKH
FRKHUHQFH RI WKH GDWD PHDVXUHPHQW RSHUDWRU ,Q DGGLWLRQ LW LV FRPSXWDWLRQDOO\ PRUH H[SHQVLYH WKDQ
086,&
,Q RUGHU WR FRPSDUH WKH SHUIRUPDQFH RI VSDUVH UHFRQVWUXFWLRQ DQG 086,& EDVHG PXOWLIUHTXHQF\
DSSURDFKHVZHFRQVLGHUWKHIROORZLQJH[DPSOH7KHVDPHDUUD\FRQILJXUDWLRQDVLQWKHILUVWH[DPSOHLQ
6HFWLRQ9$LVXVHG7ZRIUHTXHQFLHV߱ DQG߱ଵ ൌ ሺͺȀͻሻ߱ DUHHPSOR\HGWKHODWWHUFDQILOOWKHKROHVLQ
WKHFRUUHVSRQGLQJGLIIHUHQFHFRDUUD\VRWKDWWKHPXOWLIUHTXHQF\086,&WHFKQLTXHFDQEHDSSOLHG1LQH




VRXUFHVZLWKGLUHFWLRQVXQLIRUPO\VSDFHGEHWZHHQDQGLQWKHUHGXFHGDQJXODUFRRUGLQDWHVLQሺߠሻDUH
XVHGZKLFKLVWKHPD[LPXPQXPEHURIVRXUFHVWKDWFDQEHUHVROYHGXVLQJWKHPXOWLIUHTXHQF\086,&
DSSURDFK 7ZR VHSDUDWH FDVHV DUH FRQVLGHUHG LQ WKLV H[DPSOH 7KH ILUVW FDVH DVVXPHV VRXUFHV ZLWK
SURSRUWLRQDOVSHFWUDZKLOHWKHVHFRQGFRQVLGHUVVRXUFHVZLWKQRQSURSRUWLRQDOVSHFWUD)RUWKHODWWHUWKH
VRXUFHSRZHUVDW߱ DUHDVVXPHGWREHLGHQWLFDODQGHTXDOWRXQLW\ZKHUHDVWKHVRXUFHSRZHUVDVVRFLDWHG
ZLWK߱ଵ DUHDVVXPHGWRLQGHSHQGHQWO\IROORZDWUXQFDWHG*DXVVLDQGLVWULEXWLRQZLWKDPHDQRIDQGD
YDULDQFHRI)LJVKRZVWKH506(DYHUDJHGRYHU0RQWH&DUORUXQVDVDIXQFWLRQRIWKH615
IRUERWKFDVHV7KH615LVDVVXPHGWREHLGHQWLFDODWERWKIUHTXHQFLHVDQGLVYDULHGIURPG%WRG%
ZLWKDG%LQFUHPHQW,WFDQEHUHDGLO\REVHUYHGWKDWWKHPXOWLIUHTXHQF\086,&DSSURDFKRXWSHUIRUPV
WKHVSDUVHUHFRQVWUXFWLRQPHWKRGIRUDOO615YDOXHVZKHQWKHVRXUFHVKDYHSURSRUWLRQDOVSHFWUD,QFDVHRI
VRXUFHV ZLWK QRQSURSRUWLRQDO VSHFWUD WKH PXOWLIUHTXHQF\ 086,& PHWKRG RXWSHUIRUPV WKH VSDUVH
UHFRQVWUXFWLRQDSSURDFKIRUORZYDOXHVRI615ZKHUHDVERWKPHWKRGVDFKLHYHVLPLODUSHUIRUPDQFHDWKLJK
615YDOXHV)RUERWKSURSRUWLRQDODQGQRQSURSRUWLRQDOVSHFWUDFDVHVWKHVSDUVHUHFRQVWUXFWLRQDSSURDFK
H[KLELWVVLJQLILFDQWO\GHJUDGHGSHUIRUPDQFHDWORZ615YDOXHV7KLVLVH[SHFWHGVLQFHWKHDFFXUDF\RIWKH
VSDUVHUHFRQVWUXFWLRQPHWKRGVVXIIHUVLQKLJKQRLVHFDVHV
9, &21&/86,21
$PXOWLIUHTXHQF\WHFKQLTXHKDVEHHQSUHVHQWHGIRUKLJKUHVROXWLRQ'2$HVWLPDWLRQXVLQJFRSULPH
DUUD\V$YLUWXDOFRYDULDQFHPDWUL[DWWKHUHIHUHQFHIUHTXHQF\LVFUHDWHGXVLQJHOHPHQWVRIWKHQDUURZEDQG
FRYDULDQFHPDWULFHVFRUUHVSRQGLQJWRWKHGLIIHUHQWHPSOR\HGIUHTXHQFLHV7KHYLUWXDOFRYDULDQFHPDWUL[
FRUUHVSRQGVWRDXQLIRUPOLQHDUDUUD\ZLWKDGLIIHUHQFHFRDUUD\RIWKHVDPHH[WHQWDVWKDWRIWKHFRSULPH
DUUD\H[FHSWWKDWWKHFRDUUD\RIWKH8/$LVILOOHGZKHUHDVWKDWRIWKHFRSULPHDUUD\KDVKROHV7KLVSHUPLWV
WKHFRSULPHDUUD\WRKDQGOHDOORIWKHGHJUHHVRIIUHHGRPRIIHUHGE\WKHFRSULPHFRQILJXUDWLRQ6LPXODWLRQ
H[DPSOHVZHUHXVHGWRHYDOXDWHWKH'2$HVWLPDWLRQSHUIRUPDQFHRIWKHPXOWLIUHTXHQF\DSSURDFKXQGHU
ERWK SURSRUWLRQDO DQG QRQSURSRUWLRQDO VSHFWUD ,W ZDV VKRZQ WKDW WKH '2$V DUH HVWLPDWHG ZLWK KLJK
DFFXUDF\XQGHUPXOWLIUHTXHQF\RSHUDWLRQIRUVRXUFHVZLWKSURSRUWLRQDOVSHFWUDZKLOHIRUQRQSURSRUWLRQDO





VSHFWUD WKH HVWLPDWLRQ HUURU YDULHV ZLWK WKH 615 DV ZHOO DV WKH YDOXHV RI  ܯDQG ܰ 7KH HIIHFW RI
QRQSURSRUWLRQDOLW\ZDVVKRZQWREHQRWDVVLJQLILFDQWDWKLJK615IRUKLJKHUYDOXHVRIܯDQGܰDVIRU
ORZHUYDOXHV
5()(5(1&(6
>@

6&KDQGUDQAdvances in Direction-of-Arrival Estimation1RUZRRG0$$UWHFK+RXVH

>@

+ / 9DQ 7UHHV Optimum Array Processing: Part IV of Detection, Estimation and Modulation
Theory1HZ<RUN1<:LOH\

>@

7(7XQFHUDQG%)ULHGODQGHUClassical and Modern Direction-of-Arrival Estimation%RVWRQ
0$$FDGHPLF3UHVV (OVHYLHU 

>@

/ & *RGDUD ³$SSOLFDWLRQ RI DQWHQQD DUUD\V WR PRELOH FRPPXQLFDWLRQV ,, %HDPIRUPLQJ DQG
GLUHFWLRQRIDUULYDOFRQVLGHUDWLRQV´Proc. IEEEYROQRSS±

>@

5$0RQ]LQJRDQG7:0LOOHU, Introduction to Adaptive Arrays1HZ<RUN1<:LOH\

>@

'+-RKQVRQDQG'('XGJHRQArray Signal Processing: Concepts and Techniques(QJOHZRRG
1-3UHQWLFH+DOO

>@

339DLG\DQDWKDQDQG33DO³6SDUVHVHQVLQJZLWKFRSULPHVDPSOHUVDQGDUUD\V´IEEE Trans.
Signal Process.YROQRSS±

>@

33DODQG339DLG\DQDWKDQ&RSULPHVDPSOLQJDQGWKH086,&DOJRULWKP LQProc. IEEE Digital
Signal Process. Workshop and IEEE Signal Process. Education Workshop6HGRQD$=

>@

$0RIIHW³0LQLPXPUHGXQGDQF\OLQHDUDUUD\V´IEEE Trans. Antennas Propag.YRO$3QR
SS±0DU

>@ *6%ORRPDQG6:*RORPE³$SSOLFDWLRQRIQXPEHUHGXQGLUHFWHGJUDSKV´Proc. IEEEYRO
QRSS±$SU
>@ 33DODQG339DLG\DQDWKDQ³1HVWHGDUUD\VDQRYHODSSURDFKWRDUUD\SURFHVVLQJZLWKHQKDQFHG
GHJUHHVRIIUHHGRP´IEEE Trans. Signal Process.YROQRSS±$XJ





>@ -&30LOOHU³'LIIHUHQFHEDVHVWKUHHSUREOHPVLQDGGLWLYHQXPEHUWKHRU\´LQ$'/$WNLQDQG
%-%LUFK (GV Computers in Number TheorySS±/RQGRQ8.$FDGHPLF3UHVV
>@ .$%ODQWRQDQG-+0F&OHOODQ³1HZVHDUFKDOJRULWKPIRUPLQLPXPUHGXQGDQF\OLQHDUDUUD\V´
LQProc. IEEE Int. Conf.Acoustics, Speech, and Signal Process., YRO$SUSS±
>@ 4 :X DQG 4 /LDQJ ³&RSULPH VDPSOLQJ IRU QRQVWDWLRQDU\ VLJQDO LQ UDGDU VLJQDO SURFHVVLQJ´
EURASIP Journal on Wireless Communications and Networking
>@ .$GKLNDUL-5%XFNDQG.(:DJH³%HDPIRUPLQJZLWKH[WHQGHGFRSULPHVHQVRUDUUD\V´ LQ
Proc. IEEE Int. Conf. Acoustics, Speech and Signal Process. 0D\SS
>@ <=KDQJ0$PLQ)$KPDGDQG%+LPHG³'2$HVWLPDWLRQXVLQJDVSDUVHXQLIRUPOLQHDUDUUD\
ZLWKWZR&:VLJQDOVRIFRSULPHIUHTXHQFLHV´LQ Proc. IEEE 5th Int. Workshop Computational
Advances in Multi-Sensor Adaptive Process.'HFSS
>@ =7DQDQG$1HKRUDL³6SDUVHGLUHFWLRQRIDUULYDOHVWLPDWLRQXVLQJFRSULPHDUUD\VZLWKRIIJULG
WDUJHWV´IEEESignal Process. Lett., YROQRSS-DQ
>@ $73\]GHNDQG5/&XOYHU³3URFHVVLQJPHWKRGVIRUFRSULPHDUUD\VLQFRPSOH[VKDOORZZDWHU
HQYLURQPHQWV´J. Acoust. Soc. Am.YROQRSS
>@ - &KHQ DQG 4 /LDQJ ³5DWH GLVWRUWLRQ SHUIRUPDQFH DQDO\VLV RI QHVWHG VDPSOLQJ DQG FRSULPH
VDPSOLQJ´EURASIP Journal on Advances in Signal Process.
>@ -5DPLUH]-2GRPDQG-.UROLN³([SORLWLQJDUUD\PRWLRQIRUDXJPHQWDWLRQRIFRSULPHDUUD\V´
LQProc. IEEE 8th Int. Sensor Array and Multichannel Signal Process. Workshop, -XQSS
±
>@ 683LOODL<%DU1HVVDQG)+DEHU³$QHZDSSURDFKWRDUUD\JHRPHWU\IRULPSURYHGVSDWLDO
VSHFWUXPHVWLPDWLRQ´Proc. IEEEYROSS±2FW
>@ < , $EUDPRYLFK ' $ *UD\ $ < *RURNKRY DQG 1 . 6SHQFHU ³3RVLWLYHGHILQLWH 7RHSOLW]
FRPSOHWLRQLQ'2$HVWLPDWLRQIRUQRQXQLIRUPOLQHDUDQWHQQDDUUD\V,)XOO\DXJPHQWDEOHDUUD\V´
IEEE Trans. Signal Process.YROSS±6HS





>@ <,$EUDPRYLFK1.6SHQFHUDQG$<*RURNKRY³3RVLWLYHGHILQLWH7RHSOLW]FRPSOHWLRQLQ
'2$ HVWLPDWLRQ IRU QRQXQLIRUP OLQHDU DQWHQQD DUUD\V ,, 3DUWLDOO\ DXJPHQWDEOH DUUD\V´ IEEE
Trans. Signal Process.YROSS±-XQ
>@ 57+RFWRUDQG6$.DVVDP³7KHXQLI\LQJUROHRIWKHFRDUUD\LQDSHUWXUHV\QWKHVLVIRUFRKHUHQW
DQGLQFRKHUHQWLPDJLQJ´Proc. IEEEYROQRSS±$SU
>@ ( %RX'DKHU < -LD ) $KPDG DQG 0 $PLQ ³'LUHFWLRQRIDUULYDO HVWLPDWLRQ XVLQJ PXOWL
IUHTXHQF\FRSULPHDUUD\V´LQProc. 22nd European Signal Process. Conf.6HS
>@ -/0RXOWRQDQG6$.DVVDP³5HVROYLQJPRUHVRXUFHVZLWKPXOWLIUHTXHQF\FRDUUD\VLQKLJK
UHVROXWLRQ GLUHFWLRQRIDUULYDO HVWLPDWLRQ´ LQ Proc. 43rd Annual Conference on Information
Sciences and Systems0DUSS±
>@ 5 6FKPLGW ³0XOWLSOH HPLWWHU ORFDWLRQ DQG VLJQDO SDUDPHWHU HVWLPDWLRQ´ IEEE Trans. Antennas
Propag.YROSS±0DU
>@ 0-+LQLFK³3URFHVVLQJVSDWLDOO\DOLDVHGDUUD\V´J. Acoust. Soc. Am.YROQRSS±

>@ 0*$PLQ³6XIILFLHQWFRQGLWLRQVIRUDOLDVHGIUHHGLUHFWLRQRIDUULYDOHVWLPDWLRQLQSHULRGLFVSDWLDO
VSHFWUD´IEEE Transactions on Antenna and PropagationYROQRSS$SULO
>@ 7-6KDQ0:D[DQG7.DLODWK³2QVSDWLDOVPRRWKLQJIRUGLUHFWLRQRIDUULYDOHVWLPDWLRQRI
FRKHUHQWVLJQDOV´IEEE Trans. Acoust., Speech, Signal Process.YROQRSS±$XJ

>@ <<RRQ/0.DSODQDQG-+0F&OHOODQ³72361HZ'2$HVWLPDWRUIRUZLGHEDQGVLJQDOV´
IEEE Trans. Signal Process.YROQRSS-XQ
>@ +:DQJDQG0.DYHK³&RKHUHQWVLJQDOVXEVSDFHSURFHVVLQJIRUWKHGHWHFWLRQDQGHVWLPDWLRQRI
DQJOHVRIDUULYDORIPXOWLSOHZLGHEDQGVRXUFHV´IEEE Trans. Acoust., Speech, Signal Processing
YROQRSS±0DU
>@ )$KPDGDQG6$.DVVDP³3HUIRUPDQFHDQDO\VLVDQGDUUD\GHVLJQIRUZLGHEDQGEHDPIRUPHUV´
Journal of Electronic ImagingYROQRSS2FW





>@ - / 0RXOWRQ ³(QKDQFHG KLJKUHVROXWLRQ LPDJLQJ WKURXJK PXOWLSOHIUHTXHQF\ FRDUUD\
DXJPHQWDWLRQ´3K'GLVVHUWDWLRQ(OHFWULFDODQG6\VWHPV(QJLQHHULQJ8QLYHUVLW\RI3HQQV\OYDQLD
3KLODGHOSKLD3$
>@ (%RX'DKHU)$KPDGDQG0*$PLQ³6SDUVHUHFRQVWUXFWLRQIRUGLUHFWLRQRIDUULYDOHVWLPDWLRQ
XVLQJPXOWLIUHTXHQF\FRSULPHDUUD\V´EURASIP Journal on Advances in Signal Processing,
SS






)LJXUH([WHQGHGFRSULPHDUUD\FRQILJXUDWLRQ







)LJXUH'LIIHUHQFHFRDUUD\RIWKHH[WHQGHGFRSULPHDUUD\














)LJXUH'LIIHUHQFHFRDUUD\DWWKHUHIHUHQFHIUHTXHQF\࣓ IRUM N 






)LJXUH3RVLWLYHHQGSDUWRIWKHGLIIHUHQFHFRDUUD\FRUUHVSRQGLQJWRWKHFRSULPHDUUD\




7$%/(,
0$;,080)5(48(1&<6(3$5$7,21)25'8$/$1'08/7,)5(48(1&<
'XDOIUHTXHQF\

 

0XOWLIUHTXHQF\

$GGLWLRQDOHVWLPDWHG
VRXUFHV

ȟ߱௫

$GGLWLRQDOHVWLPDWHG
VRXUFHV

ȟ߱௫ 









































































:HLJKW


















1RUPDOL]HG6SDWLDO/DJ







)LJXUH'LIIHUHQFHFRDUUD\ZHLJKWIXQFWLRQM N 




:HLJKW
























1RUPDOL]HG6SDWLDO/DJ







)LJXUH'LIIHUHQFHFRDUUD\ZHLJKWIXQFWLRQM N 











7$%/(,,
5(48,5(')5(48(1&,(6$1'6(16253$,56 ܯൌ Ͷǡ ܰ ൌ 
)UHTXHQFLHV

+ROHV

6HQVRU3DLUV

߱ଵ ൌ ሺ͵ʹȀ͵͵ሻ߱ 

േ͵ʹ݀ 

ሾͳ Ͷͻሿ݀ 

߱ଶ ൌ ሺ͵Ȁ͵ሻ߱ 

േ͵݀ 

ሾͳʹ Ͷͻሿ݀ 

߱ଷ ൌ ሺ͵ͻȀͶͳሻ߱ 

േ͵ͻ݀ 

ሾͺ Ͷͻሿ݀ 

߱ସ ൌ ሺͶͲȀͶͳሻ߱ 

േͶͲ݀ 

ሾͺ Ͷͻሿ݀ 

߱ହ ൌ ሺͶ͵ȀͶͷሻ߱ 

േͶ͵݀ 

ሾͶ Ͷͻሿ݀ 

߱ ൌ ሺͶͶȀͶͷሻ߱ 

േͶͶ݀ 

ሾͶ Ͷͻሿ݀ 

߱ ൌ ሺͶȀͶͻሻ߱ 

േͶ݀ 

ሾͲ Ͷͻሿ݀ 

଼߱ ൌ ሺͶȀͶͻሻ߱ 

േͶ݀ 

ሾͲ Ͷͻሿ݀ 

߱ଽ ൌ ሺͶͺȀͶͻሻ߱ 

േͶͺ݀ 

ሾͲ Ͷͻሿ݀ 










7$%/(,,,
5(48,5(')5(48(1&,(6$1'6(16253$,56 ܯൌ Ͷǡ ܰ ൌ ͷ
)UHTXHQFLHV

+ROHV

6HQVRU3DLUV

&KRVHQ3DLUV

߱ଵ ൌ ሺʹͶȀʹͷሻ߱ 

േʹͶ݀ 

ሾͲ ʹͷሿ݀ ሾͷ ͵Ͳሿ݀  ሾͳͲ ͵ͷሿ݀ 

ሾͲʹͷሿ݀ 

߱ଶ ൌ ሺʹͺȀ͵Ͳሻ߱ 

േʹͺ݀ 

ሾͲ ͵Ͳሿ݀ ሾͷ ͵ͷሿ݀ 

ሾͲ͵Ͳሿ݀ 

߱ଷ ൌ ሺʹͻȀ͵Ͳሻ߱ 

േʹͻ݀ 

ሾͲ ͵Ͳሿ݀ ǡ ሾͷ ͵ͷሿ݀ 

ሾͲ͵Ͳሿ݀ 

߱ସ ൌ ሺ͵ʹȀ͵ͷሻ߱ 

േ͵ʹ݀ 

ሾͲ ͵ͷሿ݀ 

ሾͲ͵ͷሿ݀ 

߱ହ ൌ ሺ͵͵Ȁ͵ͷሻ߱ 

േ͵͵݀ 

ሾͲ ͵ͷሿ݀ 

ሾͲ͵ͷሿ݀ 

߱ ൌ ሺ͵ͶȀ͵ͷሻ߱ 

േ͵Ͷ݀ 

ሾͲ ͵ͷሿ݀ 

ሾͲ͵ͷሿ݀ 










7$%/(,9
3(5&(17$*(2)08/7,)5(48(1&<6(16256)25',))(5(17&235,0(3$,56
ܯ

ܰ

0XOWLIUHTXHQF\
VHQVRUV





ʹȀ ൌ ͵͵Ǥ͵Ψ





͵Ȁͻ ൌ ͵͵Ǥ͵Ψ





ͶȀͳͲ ൌ ͶͲǤͲΨ





ͶȀͳʹ ൌ ͵͵Ǥ͵Ψ





ȀͳͶ ൌ ͶʹǤͺΨ





Ȁͳ ൌ ͵ǤͷΨ





Ȁͳͺ ൌ ͵͵Ǥ͵Ψ






)LJXUH086,&VSHFWUXPXVLQJVLQJOHIUHTXHQF\D VRXUFHVZLWKSURSRUWLRQDOVSHFWUD











)LJXUH086,&VSHFWUXPXVLQJWZRIUHTXHQFLHVD VRXUFHVZLWKSURSRUWLRQDOVSHFWUD






)LJXUH086,&VSHFWUXPZLWKGXDOIUHTXHQFLHVD VRXUFHVZLWKSURSRUWLRQDOVSHFWUD









)LJXUH086,&VSHFWUXPZLWKPXOWLSOHIUHTXHQFLHVD VRXUFHVZLWKSURSRUWLRQDOVSHFWUD




7$%/(9
$'',7,21$/)5(48(1&,(6$1'&255(6321',1*+2/(6 ܯൌ ͷܰ ൌ 
)UHTXHQF\

+ROHV

)UHTXHQF\

+ROHV

߱ଵ ൌ ሺͶͲȀͶͳሻ߱ 

േͶͲ݀ 

߱ ൌ ሺͷͷȀͷሻ߱ 

േͷͷ݀ 

߱ଶ ൌ ሺͶͷȀͶሻ߱ 

േͶͷ݀ 

଼߱ ൌ ሺͷȀͷͺሻ߱ 

േͷ݀ 

߱ଷ ൌ ሺͶȀͶͺሻ߱ 

േͶ݀ 

߱ଽ ൌ ሺͷͻȀ͵ሻ߱ 

േͷͻ݀ 

߱ସ ൌ ሺͷͲȀͷͳሻ߱ 

േͷͲ݀ 

߱ଵ ൌ ሺͲȀ͵ሻ߱ 

േͲ݀ 

߱ହ ൌ ሺͷʹȀͷ͵ሻ߱ 

േͷʹ݀ 

߱ଵଵ ൌ ሺͳȀ͵ሻ߱ 

േͳ݀ 

߱ ൌ ሺͷͶȀͷሻ߱ 

േͷͶ݀ 

߱ଵଶ ൌ ሺʹȀ͵ሻ߱ 

േʹ݀ 










3URSRUWLRQDOVSHFWUD
1RQSURSRUWLRQDOVSHFWUD+ROHV
1RQSURSRUWLRQDOVSHFWUDZLWKYDULDQFH
1RQSURSRUWLRQDOVSHFWUDZLWKYDULDQFH



506( GHJUHH




















615 G%









)LJXUH506(YV615IRUM N D 




3URSRUWLRQDO6SHFWUD6LQJOH)UHTXHQF\
3URSRUWLRQDO6SHFWUD0XOWLSOHIUHTXHQFLHV
1RQURSRUWLRQDO6SHFWUD6LQJOH)UHTXHQF\
1RQURSRUWLRQDO6SHFWUD0XOWLSOHIUHTXHQFLHV

5RRW0HDQ6TXDUH(UURU 506(













(VWLPDWHG1XPEHURI6RXUFHV

)LJXUH506(YV$VVXPHG0RGHO2UGHUIRUM N D 











3URSRUWLRQDOVSHFWUD
1RQSURSRUWLRQDOVSHFWUD+ROHV
1RQSURSRUWLRQDOVSHFWUDZLWKYDULDQFH
1RQSURSRUWLRQDOVSHFWUDZLWKYDULDQFH



506( GHJUHH


















615 G%









)LJXUH506(YV615IRUM N D 





3URSRUWLRQDOVSHFWUD
1RQSURSRUWLRQDOVSHFWUD+ROHV
1RQSURSRUWLRQDOVSHFWUDZLWKYDULDQFH
1RQSURSRUWLRQDOVSHFWUDZLWKYDULDQFH



506( GHJUHH




















615 G%





)LJXUH506(YV615IRUM N D 














0
0
0
0
0
0
0
0
0

506(&5%





1
1
1
1
1
1
1
1
1











'XDO
0XOWL
'XDO
0XOWL
'XDO
0XOWL
'XDO
0XOWL














9DULDQFH





)LJXUH506(YVYDULDQFH615 G%






3URSRUWLRQDO6SHFWUD086,&
3URSRUWLRQDO6SHFWUD6SDUVH5HFRQVWUXFWLRQ
1RQSURSRUWLRQDO6SHFWUD086,&
1RQSURSRUWLRQDO6SHFWUD6SDUVH5HFRQVWUXFWLRQ

5RRW0HDQ6TXDUH(UURU 506(





















615 G%











)LJXUH506(YV615FRPSDULVRQEHWZHHQ086,&DQGVSDUVHUHFRQVWUXFWLRQEDVHGPXOWLIUHTXHQF\
DSSURDFKHV







3.3. DOA Estimation Exploiting A Uniform Linear Array with
Multiple Co-prime Frequencies

Abstract
The co-prime array, which utilizes a co-prime pair of uniform linear sub-arrays, provides a systematical means for sparse array construction. By choosing two co-prime integers M and N , O(M N )
co-array elements can be formed from only O(M + N ) physical sensors. As such, a higher number of
degrees-of-freedom (DOFs) is achieved, enabling direction-of-arrival (DOA) estimation of more targets
than the number of physical sensors. In this paper, we propose an alternative structure to implement
co-prime arrays. A single sparse uniform linear array is used to exploit two or more continuous-wave
signals whose frequencies satisfy a co-prime relationship. This extends the co-prime array and ﬁltering to
a joint spatio-spectral domain, thereby achieving high ﬂexibility in array structure design to meet system
complexity constraints. The DOA estimation is obtained using group sparsity-based compressive sensing
techniques. In particular, we use the recently developed complex multitask Bayesian compressive sensing
for group sparse signal reconstruction. The achievable number of DOFs is derived for the two-frequency
case, and an upper bound of the available DOFs is provided for multi-frequency scenarios. Simulation
results demonstrate the effectiveness of the proposed technique and verify the analysis results.

I. I NTRODUCTION
An important application of array signal processing is direction-of-arrival (DOA) estimation, which
determines the spatial spectrum of the impinging electromagnetic waves. It is well known that an N element uniform linear array (ULA) has N − 1 degrees-of-freedom (DOFs), i.e., it resolves up to N − 1
sources or targets by using conventional DOA estimation methods, such as MUSIC and ESPRIT [3, 4].
On the other hand, a higher number of DOFs can be achieved to resolve more targets by using the same
number of array sensors if they are sparsely placed [5, 6]. An increased number of DOFs is usually
achieved by exploiting the extended difference co-array whose virtual sensor positions are determined by
the lag differences between the physical sensors.
Among a number of techniques that are available for sparse array construction, co-prime array [7] is
considered attractive due to its capability of the systematic sparse array design. By choosing two integer
numbers M and N to be co-prime, O(M N ) targets can be resolved with M +N −1 physical sensors [8].
This co-prime array concept can be generalized by introducing an integer factor that compresses the interelement spacing of one constituting sub-array, thereby achieving increased DOFs [9, 11]. In addition,
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by placing the two sub-arrays co-linearly instead of co-located, the number of unique virtual sensors
is further increased, which beneﬁts DOA estimation based on sparse signal reconstruction techniques
[10, 11].
While the co-prime array concept has been developed using physical uniform linear sub-arrays, we
propose in this paper an effective scheme that implements co-prime array conﬁgurations using a single
sparse ULA with two or more co-prime frequencies. As such, the ULA, whose inter-element spacing
is respectively M1 and M2 half-wavelengths of the two respective frequencies, with M1 and M2 to be
mutually co-prime integers, acts as virtual sub-arrays, resulting in an equivalent structure to co-prime
arrays. In essence, the proposed approach integrates the concept of co-prime array and co-prime ﬁlter to
reduce complexity and achieve high system performance. Unlike co-prime arrays, wherein the numbers
of sub-array sensors and the inter-element spacings have to satisfy the co-prime relationship, only the
frequencies are required to be co-prime in the proposed scheme.
The proposed scheme can be adopted for both passive and active radar systems. The former requires
ﬁltering the signal arrivals at the employed co-prime frequencies, whereas the latter requires emitting
those frequencies from a single antenna or a phased array and receiving the target backscattering with
ULA. The transmitter and receiver can be located or widely separated. For active sensing, sum co-array of
the transmit and receive arrays replaces the difference co-array of the two structures which is associated
with receive only operations [12].
In this paper, we derive the analytical expression of the available number of DOFs as a function of the
number of physical sensors, L, and the selected co-prime frequencies for the two-frequency case. The
results resemble those derived in [9, 11] for a physical co-prime array. The key difference lies in the fact
that, unlike the co-prime array where each sub-array uses a different number of sensors, the two virtual
sub-arrays in the underlying structure refer to the same physical ULA and thus share the same number
of sensors. In addition, the number of physical sensors is not tied to the co-prime frequency multipliers
M1 and M2 . The property enables a higher ﬂexibility in array design and operation. In particular, for

a ﬁxed number of physical array sensors, L, we demonstrate that a high number of DOFs, proportional
to L2 , can be achieved with large values of M1 and M2 . When K mutually co-prime frequencies are
used, each pair of these frequencies can form a virtual co-prime array as discussed above. Accordingly,
O(K 2 L2 ) DOFs can be achieved.

It is shown that, in the proposed scheme, the self-lags in the co-array corresponding to each sub-array
form a subset of the sub-array cross-lags. As such, the available DOFs are solely determined by the
number of cross-lags between the two sub-arrays. Because of the frequency-dependent characteristics of
the source, channel and target radar cross section (RCS), the received signal vectors corresponding to the
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different frequencies have a common spatial support, i.e., DOA, but generally have distinct coefﬁcients.
Thus, DOA estimations become a group sparse signal reconstruction problem. In this case, the self-lags
obtained for each sub-array can also be exploited for possible performance improvement.
A large number of compressive sensing (CS) techniques have been proposed to deal with this problem.
In this paper, we consider the problem under the Bayesian compressive sensing (BCS) or sparse Bayesian
learning framework [13–17], which generally achieves a better reconstruction performance over those on
the basis of the greedy algorithms and dynamic programming approaches, such as the orthogonal matching
pursuit (OMP) [18] and the least absolute shrinkage and selection operator (LASSO) [19] algorithms. In
particular, we use the complex multitask Bayesian compressive sensing (CMT-BCS) algorithm [20] to
determine the DOAs of group sparse complex signals. This algorithm jointly treats the real and imaginary
components of a complex value, in lieu of decomposing them into independent real and imaginary
components. As a result, the sparsity of the estimated weight vectors can be improved, yielding better
signal recovery. Group sparsity treatments for real and imaginary entries have been reported in, e.g.,
[21, 22].
The remainder of the paper is organized as follows. In Section II, we ﬁrst review the co-prime array
concept based on the difference co-array. Then, the array signal model exploiting co-prime frequencies is
summarized in Section III. Analytical expressions of array aperture and the number of DOFs are derived
in Section IV with respect to two and multiple co-prime frequencies. Sparsity-based DOA estimation
exploiting the CMT-BCS is described in Section V. Simulation results are provided in Section VI to
compare the performance of DOA estimation for different scenarios and validate the usefulness of the
results presented in Section V. Section VII concludes this paper.
Notations: We use lower-case (upper-case) bold characters to denote vectors (matrices). In particular, IN
denotes the N × N identity matrix. (.)∗ implies complex conjugation, whereas (.)T and (.)H respectively
denote the transpose and conjugate transpose of a matrix or vector. vec(·) denotes the vectorization
operator that turns a matrix into a vector by stacking all columns on top of each other, and diag(x) denotes
a diagonal matrix that uses the elements of x as its diagonal elements.  · 2 and || · ||1 respectively denote

denotes the Kronecker
the Euclidean (l2 ) and l1 norms, and E(·) is the statistical expectation operator.
product, and · denotes the ﬂoor function and returns the largest integer not exceeding the argument.
Pr (·) denotes the probability density function (pdf), and N (x|a, b) denotes that random variable x follows

a Gaussian distribution with mean a and variance b. Re(x) and Im(x) denote the real and imaginary parts
of complex element x, respectively.
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II. C O - PRIME A RRAY C ONCEPT
In this section, we ﬁrst review the co-prime array conﬁguration that achieves a higher number of DOFs
based on the difference co-array concept. A co-prime array [7] is illustrated in Fig. 1, where M and N
are co-prime integers, i.e., their greatest common divisor is one. Without loss of generality, we assume
M < N . The unit inter-element spacing d is typically set to λ/2, where λ denotes the wavelength. The

array sensors are positioned at
P = {M nd| 0 ≤ n ≤ N − 1} ∪ {N md| 0 ≤ m ≤ M − 1}.

(1)

Because the two sub-arrays share the ﬁrst sensor at the zeroth position, the total number of sensors used
in the co-prime array is M + N − 1. Note that the minimum inter-element spacing in this co-prime array
is d = λ/2.
Denote p = [p1 , ..., pM +N −1 ]T as the positions of the array sensors, where pi ∈ P, i = 1, ..., M +N −1,
and the ﬁrst sensor, located at p1 = 0, is assumed as the reference. Assume that Q uncorrelated signals
impinging on the array from angles Θ = [θ1 , ..., θQ ]T , and their discretized baseband waveforms are
expressed as sq (t), t = 1, ..., T , for q = 1, ..., Q. Then, the data vector received at the co-prime array is
expressed as,
x(t) =

Q


a(θq )sq (t) + n(t) = As(t) + n(t),

(2)


T
2πpM +N −1
2πp2
sin(θq )
λ
a(θq ) = 1, ej λ sin(θq ) , ..., ej

(3)

q=1

where

is the steering vector of the array corresponding to θq , A = [a(θ1 ), ..., a(θQ )], and s(t) = [s1 (t), ..., sQ (t)]T .
The elements of the noise vector n(t) are assumed to be independent and identically distributed (i.i.d.)
random variables following the complex Gaussian distribution CN (0, σn2 IM +N −1 ).
The covariance matrix of the data vector x(t) is obtained as
Rxx = E[x(t)xH (t)] = ARss AH + σn2 IM +N −1
=

Q


σq2 a(θq )aH (θq ) + σn2 IM +N −1 ,

(4)

q=1
2 ]) with σ 2 denoting the input signal power of the q th target,
where Rss = E[s(t)sH (t)] = diag([σ12 , ..., σQ
q

q = 1, ..., Q. In practice, the covariance matrix is estimated using the T available samples, i.e.,
R̂xx =

T
1
x(t)xH (t).
T

(5)

t=1

By vectorizing the matrix R̂xx , we obtain the following measurement vector:
z = vec(R̂xx ) = Ãb + σn2 i,
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(6)

where Ã = [ã(θ1 ), . . . , ã(θQ )], ã(θq ) = a∗ (θq )



2 ]T
a(θq ), for 1 ≤ q ≤ Q. In addition, b = [σ12 , . . . , σQ

and i = vec(IM +N −1 ). Beneﬁting from the Vandermonde vector a(θq ), we can regard z as a received
signal from a single snapshot b and the matrix Ã behaves as the manifold matrix of a larger virtual array
which has sensors located at the lags between two sub-arrays. From a pair of antennas located at the ith
and k th positions in p, the correlation E[xi (t)x∗k (t)] yields the (i, k)th entry in Rxx with lag pi − pk .
As such, all the available values of i and k , where 0 ≤ i ≤ M + N − 1 and 0 ≤ k ≤ M + N − 1, yield
virtual sensors of the following difference co-array:
CP = {z | z = u − v, u ∈ P, v ∈ P}.

(7)

The signiﬁcance of the difference co-array is that the correlation of the received signal can be calculated
at all lags in the set CP . Any application which depends only on such correlation (e.g., DOA estimation)
can exploit all the DOFs offered by the resulting co-array structure. Using a part or the entire set of
the distinct lag entries in the set CP , instead of the original physical array, to perform DOA estimation,
we can increase the parameter identiﬁability. The maximum number of the DOFs is determined by the
number of unique elements in the following set
LP = {lP | lP d ∈ CP }.

(8)

III. S YSTEM M ODEL
As described in the previous section, a higher number of DOFs is achieved using a co-prime array.
Such a co-prime array structure was originally developed using two physical uniform linear sub-arrays
with co-prime inter-element spacing [7]. In this paper, we extend that concept to a sparse ULA with
two or multiple co-prime frequencies, offering improved capabilities and ﬂexibilities to achieve better
performance using a single ULA.
Assume K continuous-wave (CW) signals with co-prime frequencies are received at an L-element ULA
with inter-element spacing D. By co-prime frequencies, we mean that the ratio between carrier frequencies
equals the ratio between co-prime integers. For a CW waveform with frequency fk , k = 1, . . . , K , the
return signal from the Q far-ﬁeld targets, located at DOAs θq , q = 1, 2, · · · , Q, are expressed in a vector
form as
x̆k (t) = exp(j2πfk t)

Q


ρkq (t)ak (θq ) + n̆k (t), k = 1, . . . , K,

(9)

q=1

where ρkq (t) is the complex envelop of the signal q corresponding to fk , which does not vary with the
receive antennas, but is in general frequency-dependent due to the different propagation phase delays.
We assume ρkq (t) to be uncorrelated for different targets over one scan due to target motion or RCS
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ﬂuctuations (Swerling II). In addition, ak (θq ) is the steering vector corresponding to θq for frequency fk ,
expressed as


T
−j 2πD sin(θq )
−j 2π(L−1)D
sin(θq )
λk
ak (θq ) = 1, e λk
, ..., e
,

(10)

where λk = c/fk denotes the wavelength corresponding to fk , and c is the velocity of wave propagation.
Furthermore, n̆k (t) is the additive noise vector whose elements are assumed to be spatially and temporally
white, and are independent of the target signals.
After converting the received signal vector to baseband using the respective frequencies, followed by
low-pass ﬁltering, we obtain
xk (t) =

Q


ρkq (t)ak (θq ) + nk (t) = Ak sk (t) + nk (t), k = 1, . . . , K,

(11)

q=1

where Ak = [ak (θ1 ), · · · , ak (θQ )] and sk (t) = [ρk1 (t), · · · , ρkQ (t)]T . We denote the noise variance at
the ﬁlter output as σn2 k .
For convenience, Mk , k = 1, . . . , K , are denoted as mutually co-prime integers. Without loss of
generality, we assume that they are sorted in a descending order, i.e., M1 < M2 < . . . < MK . In
addition, we assume that D is integer multiples of the half-wavelengths of all frequencies, such that
Mk = 2D/λk , k = 1, . . . , K . As such, the ULA is sparse (spatially undersampled) at each frequency by

a factor of Mk . In this case and for clarity, we can rewrite the steering vectors in a frequency-independent
form, expressed as


T
ak (θq ) = 1, e−jMk π sin(θq ) , ..., e−jMk (L−1)π sin(θq ) .

(12)

It is clear that the DOA estimation problem is similar to the co-prime arrays considered in [7, 11]. There
are K uniform linear sub-arrays with a respective co-prime inter-element spacing. It is noted, however,
that unlike a co-prime array, in which the numbers of sub-array sensors are different, all sub-arrays in the
underlying virtual co-prime array structure share the same number of sensors, L. In addition, the DOA
estimation method needs to account for the fact that signals corresponding to different virtual arrays have
distinct phases. In the next two sections, we respectively analyze the achievable DOFs and describe group
sparse CS-based DOA estimation technique.
IV. A NALYSIS OF ACHIEVABLE DOF S
Similar to the co-prime array, the parameter identiﬁability can be improved using correlation-aware
techniques. In this section, we consider the virtual array constructed by exploiting multiple co-prime
frequencies and derive the analytical expressions of the number of DOFs.
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A. Analysis of DOFs with two co-prime frequencies
We ﬁrst consider the problem when two frequencies M1 and M2 , M1 < M2 , are used. As shown in
Fig. 2, the sensors of the two equivalent sub-arrays are located at
P̃ = {M1 l1 d0 |0 ≤ l1 ≤ L − 1}

{M2 l2 d0 |0 ≤ l2 ≤ L − 1},

(13)

where d0 denotes a half-wavelength unit inter-element spacing in a normalized frequency sense (i.e.,
no speciﬁc frequency is referred to), and l1 and l2 are the respective indices of the sensor positions
of the two equivalent sub-arrays. As such, the aperture of this equivalent co-prime array structure is
M2 (L − 1)d0 . In addition, the two uniform linear sub-arrays in the underlying problem have the same
L sensors, which align in the zeroth position and whenever l2 /M2 is an integer. Therefore, there are
2L − 1 − (L − 1)/M2 equivalent sensors. It is noted that, when M2 < L, there are overlaps among the

equivalent sensors, resulting in a reduced number of DOFs. Therefore, we only consider the M2 ≥ L
case in the remainder of this paper.
Because each sub-array is linear and uniformly spaced and the two sub-arrays share the ﬁrst sensor
at the zeroth position, a self-lag position of a sub-array can always be taken as the cross-lag position
between a sensor of this sub-array and the ﬁrst sensor of the other sub-array. In other words, the selflag positions form a subset of the cross-lag positions [11]. Therefore, we only consider the cross-lags
when determining the number of DOFs. In this array conﬁguration, the cross-lags of the two equivalent
sub-arrays are given by the following set,
L̃c = {˜lc |˜lc = M1 l1 − M2 l2 },

(14)

˜ ˜
˜ ˜
L̃−
c = {lc |lc = M2 l2 − M1 l1 } = {−lc |lc ∈ L̃c },

(15)

and the corresponding mirrored set,

where 0 ≤ l1 ≤ L − 1 and 0 ≤ l2 ≤ L − 1. The achievable DOFs from the difference co-array is
determined by the unique elements in the following set
L̃P = L̃c

L̃−
c .

(16)

Overall, there are 2L2 lags in the set L̃P , which contains both non-overlapping and overlapping lags. To
obtain a higher number of DOFs, which is determined by the number of unique lags in the set L̃P , we
can choose different pairs of M1 and M2 to reduce the redundancies in both L̃c and L̃−
c , as well as the
overlapping lags between L̃c and L̃−
c .
Denote η as the number of unique lags in the set L̃P . The following proposition reveals the analytical
relationship between η and different choice of M1 and M2 .
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Proposition 1: For a virtual array constructed from a ULA with inter-element spacing D using two
co-prime frequencies with D = 12 M1 λ1 = 12 M2 λ2 , the number of unique lags is given by
η = 2L2 − 1 − max{0, 2L − 1 − M2 }min{M1 + 1, 2L − 1 − M1 }.

(17)

It can be expressed for three different cases:
(a) For M2 ≥ 2L − 1, η = 2L2 − 1;
(b) For L ≤ M2 < 2L − 1 and L ≤ M1 < M2 , η = 2L2 − 1 − (2L − 1 − M2 )(2L − 1 − M1 );
(c) For L ≤ M2 < 2L − 1 and 1 ≤ M1 < L, η = 2L2 − 1 − (2L − 1 − M2 )(M1 + 1).
The proof is provided in Appendix A.
The number of DOFs in the co-array can be obtained as (η + 1)/2 [23]. It indicates that η achieves
the maximum value of 2L2 − 1 in case (a), irrespective of M1 , provided that M1 < M2 is satisﬁed. In
practice, however, a large value of M2 would increase the number of missing positions, i.e., holes in the
difference co-array. For cases (b) and (c), η depends on the values of both M1 and M2 and is maximized
when M1 = 1 or M1 = M2 − 1. The latter case yields a smaller frequency separation between f1 and f2 ,
whereas the former conﬁguration represents a nested structure [24]. A nested array is usually designed
such that the virtual sensors in the resulting co-array are all contiguous and is considered as a special
case of the generalized co-prime array in [11].
For an illustrative purpose, examples for different pairs of M1 and M2 are presented in Fig. 3 and
Fig. 4, where the physical ULA has 4 sensors in all cases. The equivalent sensor positions are illustrated
in Fig. 3, whereas the respective co-arrays are presented in Fig. 4. Note that the holes are indicated by
“ × ”. It is clear that the difference co-arrays for all cases have more virtual sensors than the number of

physical sensors in the original ULA. Compared to the other examples, there are more duplications in the
M1 = 2 and M2 = 3 < L case depicted in Fig. 3(a), leading to a reduction of the DOFs in the co-array,

as shown in Fig. 4(a). Also, there are 19 unique lags for the M1 = 3 and L < M2 = 4 < 2L − 1 case
in Fig. 4(b), whereas it increases to 31 in Fig. 4 (c) for M1 = 6 and M2 = 7 ≥ 2L − 1, due to fewer
overlapping lags between L̃c and L̃−
c . The nested structure with M1 = 1 and M2 = L = 4 is depicted in
Fig. 4(d) as a special case of L ≤ M2 < 2L − 1. It is evident that, in this case, all 25 lags are contiguous.
B. Analysis of DOFs with multiple co-prime frequencies
When more than two mutually co-prime frequencies are used, each co-prime frequency pair forms
a virtual co-prime array corresponding to the two frequencies. Therefore, for K mutually co-prime

co-prime frequency pairs. As a consequence, the number of DOFs
frequencies, there are K2 = K(K−1)
2
in the resulting co-array is determined by the cardinality of the unique sum set of lags obtained in each
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co-prime frequency pair, which generally increases with the number of frequencies being used. However,
a general expression of the DOF for different choices of the co-prime frequencies is rather complicated
and does not necessarily provide meaningful insights. Instead, we provide the maximum number of
achievable DOFs in the following proposition, which corresponds to the case where each pair achieves
the maximum number of DOFs with minimum overlapping between different frequency pairs.
Proposition 2: The maximum number of achievable unique lags of the co-array generated from the
equivalent sub-arrays is given by
η = (L2 − 1)(K 2 − K) − 2(L − 1)(K 2 − 2K) + 1.

(18)

The proof is provided in Appendix B.
It is clear that η ∝ O(K 2 L2 ), since there are O(K 2 ) frequency pairs and O(L2 ) unique lags for
each pair. To achieve the upper bound of DOFs, however, it requires a large separation between different
multipliers Mk , k = 1, . . . , K , so that the number of overlapping lags between different frequency pairs
is minimized.
V. C OMPRESSIVE SENSING BASED DOA E STIMATION
While the DOA estimation problem considered here appears to be similar to that discussed in [7, 25],
the CS method exploited therein cannot be readily applied to the underlying problem. A major distinction
is that the target reﬂection coefﬁcients ρkq , q = 1, . . . , Q, differ at different frequencies k = 1, . . . , K ,
due to differences in their propagation phase delays and target reﬂectivities. As such, the phase term of
the cross-correlation between the received data vectors for different frequencies depends not only on the
spatial angle, but also on the unknown phase difference in the reﬂection coefﬁcients and propagation
delays. In this section, we formulate the DOA estimation problem as a group sparsity based signal
recovery problem.
A. DOA estimation using only cross-lags
As discussed earlier, a full number of unique lags is achieved in the resulting co-array by using
the cross-lags between the sub-arrays. As such, the spatial spectra can be estimated based only on the
cross-lag correlations without loss of DOFs.
(i,k)

The cross-lag covariance matrix Rxx between the L × 1 received data vectors xi (t) and xk (t), for
1 ≤ i = k ≤ K , is obtained as
Q



(i,k)
(i,k) H
Rxx = E xi (t)xH
(t)
=
A
R
A
=
σq(i,k) ai (θq )aH
i ss
k
k
k (θq ),
q=1
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(19)

(i,k)

where Rss

(i,k)

= E[si (t)sH
k (t)] = diag([σ1

(i,k)

, . . . σQ ]) is the cross-correlation matrix between the
(i,k)

received signals at the ith and k th frequencies. Note that σq

, q = 1, . . . , Q, in general, takes a complex

(i,k)

value. Vectorizing Rxx in (19), we obtain


(i,k)
zik = vec Rxx = Ãik bik , i = k ∈ [1, . . . , K],
where Ãik = [ãik (θ1 ), ..., ãik (θQ )] with ãik (θq ) = a∗i (θq )



(20)
(i,k)

ak (θq ), and bik = [σ1

(i,k)

, ..., σQ ]T . It is

noted that the L2 × 1 vector zik can be sparsely represented in the spatial domain over the entire angular
grids as
zik = Ãoik boik , i = k ∈ [1, . . . , K],

(21)

where Ãoik is deﬁned as the collection of steering vectors ãik over the entire possible grids θg for
g = 1, . . . , G, with G  Q. It is important to note that the angle positions of the signal arrivals θq , q =
1, . . . , Q, are indicated by the non-zero entries in vector boik , whose values describe the corresponding

coefﬁcients. Generally, the non-zero entries take different values with respect to different frequency pairs
but share the same positions because they correspond to the DOAs of the same Q targets. Therefore,
boik exhibits a group sparsity across the K frequencies and, as such, the DOA estimation problem can

be solved in the context of group sparse reconstruction.
B. DOA estimation using both self- and cross-lags
While CS-based DOA estimation can be performed based only on the cross-lag correlations without
losing the available co-array DOFs, the utilization of both self- and cross-lags makes full use of the
observed data and may yield performance improvement.
The self-lag covariance matrix for the data vector xk (t), corresponding to the k th frequency for 1 ≤
k ≤ K , can be obtained as
(k,k)
Rxx

=E



xk (t)xH
k (t)



=

(k,k)
Ak Rss AH
k

+

σn2 k IL

=

Q


2
2
σkq
ak (θq )aH
k (θq ) + σnk IL ,

(22)

q=1
(k,k)

where Rss



2
2
= E sk (t)sH
k (t) = diag([σk1 , . . . σkQ ]) is the auto-covariance matrix corresponding to the
(k,k)

2 , q = 1, . . . , Q, is real and positive. Similarly, vectorizing R
k th frequency, and the signal power σkq
xx

in (22) yields an L2 × 1 vector


(k,k)
zkk = vec Rxx
= Ãk bk + σn2 k i, k ∈ [1, . . . , K],
where Ãk = [ãk (θ1 ), ..., ãk (θQ )], ãk (θq ) = a∗k (θq )



(23)

2 , ..., σ 2 ]T , and i = vec(I ).
ak (θq ), bk = [σk1
L
kQ

Similarly, zkk can be sparsely represented as
zkk = B̃okk b̃okk , k ∈ [1, . . . , K],
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(24)



 T
T
where B̃okk = Ãok , i and b̃okk = bokk , σn2 k . Herein, Ãok is the collection of steering vectors ãk (θg )
with g = 1, . . . , G, and bokk is the sparse vector whose non-zero entry positions correspond to the DOAs
of the signals. Similar to boik in Eqn. (21), b̃okk also exhibits a group sparsity across the K frequencies
and shares the same sparsity pattern with boik . Thus, by combing the results of zik and zkk , both selfand cross-lag covariances can be fully utilized for possible performance improvement based on group
sparsity.
By using z̃ik , i, k ∈ [1, . . . , K], to denote both cross-lag vector zik , i = k , and self-lag vector zkk , the
DOA estimation problem using both self- and cross-lag covariances can be reformulated as:
z̃ik = B̃oik b̃oik + ik , i, k ∈ [1, . . . , K],

where each vector z̃ik employs its respective L2 × (G + 1) dictionary matrix,
⎧

⎪
⎨ Ãokk , i , i = k,
B̃oik = 

⎪
⎩ Ão , 0 , i = k,
ik

(25)

(26)

and 0 denotes the all zero vector of L2 × 1. An L2 × 1 error vector ik is included in (25) to account for
the discrepancies between the statistical expectation and the sample average in computing the covariance
(i,k)

matrices Rxx , i, k = 1, . . . , K . The discrepancies are modelled as i.i.d. complex Gaussian as a result
of a sufﬁciently large number of samples employed in the averaging.
Note that exploiting the self-lag covariances, together with the cross-lags, requires expanding the
dimension of the unknown sparse vector b̃oik by an additional element of the noise power σn2 k . In this
case, the ﬁrst G elements of the obtained estimates of b̃oik are used to determine the DOAs, whereas the
last element of b̃oik is discarded.
A number of effective algorithms within the convex optimization and Bayesian sparse learning frameworks are available to solve the complex-valued group sparse reconstruction problem. In this paper,
the CMT-BCS algorithm proposed in [20] and summarized in Section V-C is used due to its superior
performance and robustness to dictionary coherence.
C. CMT-BCS algorithm
We use the CMT-BCS to determine the DOAs of the targets which are treated as group sparse complex
observations. In this subsection, we brieﬂy review the CMT-BCS approach based on [20]. Assume that
the entries in the sparse vectors rik are drawn from the product of the following zero-mean Gaussian
distributions:
b̃oik ∼ N (b̃oik |0, αg I2 ), g ∈ [1, . . . , G],
g

g
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(27)

where b̃oik is a vector consisting of the real part coefﬁcient, b̃oikR , and the imagery part coefﬁcient, b̃oikI ,
g

g

g

with respect to the g th grid in b̃oik . In addition, α = [α1 , . . . , αG ]T is a vector that contains variances of
b̃oik , g = 1, ..., G. Note that the vector α is shared by all groups to enforce the group sparsity. It is easy
g

to conﬁrm that b̃oik trends to be zero when αg is set to zero [14].
g

To encourage the sparsity of b̃oik , a Gamma prior is placed on αg−1 , which is conjugate to the Gaussian
distribution,
αg−1 ∼ Gamma(αg−1 |a, b), g ∈ [1, . . . , G],

(28)

where Gamma(x−1 |a, b) = Γ(a)−1 ba x−(a−1) e− x , with Γ(·) denoting the Gamma function, and a and b
b

are hyper-parameters.
As the covariance matrix is estimated from the received data samples, a Gaussian prior N (0, β0 I2 ) is
also placed on the ik . Similarly, the Gamma prior is placed on β0−1 with hyper-parameters c and d.
The CMT-BCS algorithm carries out a Bayesian inference by the Gibbs samplers [20]. Once the
parameters α and β0 are estimated by maximizing the marginal likelihood, the joint posterior density

T
function of b̃oik can be obtained analytically using Bayes’ rule. Deﬁne b̃oikRI = (b̃oikR )T , (b̃oikI )T , with
b̃oikR = [boik1R , . . . , boikGR ]T and b̃oikI = [boik1I , . . . , boikGI ]T . Then,
Pr(b̃oikRI |z̃ik , B̃oik , α, β0 ) = N (b̃oikRI |μik , Σik ),

where


T
T T
z̃RI
ik = Re(z̃ik ) , Im(z̃ik )
μik = β0−1 Σik ΨTik z̃RI
ik ,

−1
Σik = β0−1 ΨTik Ψik + F−1
,
⎡
⎤
Re(B̃oik ) −Im(B̃oik )
⎦,
Ψ=⎣
Im(B̃oik ) Re(B̃oik )
F = diag(α1 , . . . , αG , α1 , . . . , αG ).

(29)
(30)
(31)
(32)
(33)

Note that the mean and variance of each scattering coefﬁcients can be derived using Eqns. (30) and (31)
when α and β0 are given. On the other hand, the values of α and β0 are determined by maximizing the
logarithm of the marginal likelihood, i.e.,
{α, β0 } = arg max L(α, β0 ),
α,β0
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(34)

where
L(α, β0 ) =

K


log Pr(b̃oikRI |α, β0 )

i,k=1

= const −

K
T −1 RI
1 
log |Cik | + z̃RI
Cik z̃ik ,
ik
2

(35)

i,k=1

and Cik = β0 I +

Ψik FΨTik .

A type-II maximum likelihood (ML) approximation [26] employs the

point estimates for α and β0 to maximize Eqn. (35), which can be implemented via the expectation
maximization (EM) algorithm to yield
αg(new)

K
1  2
= 2
(μik,g + μ2ik,g+G + Σik,gg + Σik,(g+G)(g+G) ), g ∈ [1, . . . , G],
K

(36)

i,k=1

(new)

β0

=

K


1
Tr[Σik ΨTik Ψik ] + ||z̃RI
− Ψik μik ||22 ,
ik
2
2GK

(37)

i,k=1

where μ2ik,g and μ2ik,g+G are the g th and (g + G)th elements in vector μik , and Σik,gg and Σik,(g+G)(g+G)
are the (g, g) and (g + G, g + G) entries in matrix Σik . Because α and β0 depend on μik and Σik ,
the CMT-BCS algorithm is iterative and iterates between Eqns. (30)-(31) and Eqns. (36)-(37), until a
convergence criterion is satisﬁed or the maximum number of iterations is reached.
VI. S IMULATION R ESULTS
In the simulations, the CMT-BCS algorithm is used to estimate the DOAs of the signal arrivals with
hyper-parameters a = b = c = d = 0. The maximum number of iterations in the Gibbs sampling is set
to 200, and the sampler with the maximum marginal likelihood in the last 20 samples is chosen as the
estimate of b̃oik .
We present four examples to demonstrate the effectiveness of the proposed technique. For all examples,
Q targets, which are uniformly distributed between −60◦ and 60◦ are assumed to imping a ULA with
L = 4. The grid interval in the angular space is set to 0.25◦ . In addition, the noise power at each

frequency is assumed to be identical and the phase difference between the received signal corresponding
to each frequency pair is independent and uniformly distributed over [0, 2π). We evaluate the performance
through Monte Carlo simulations. The root mean-square error (RMSE) of the estimated DOA of the signal
arrivals, expressed as


RMSE =

I

Q

1 
(θ̂q (i) − θq )2 ,
IQ
i=1 q=1

is used as the metric for performance evaluation with respect to the input SNR, where θ̂q (i) is the estimate
of θq for the ith Monte Carlo trial, i = 1, . . . , I . We use I = 500 independent trials in all simulations.
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A. Example I: Achievable number of DOFs with two co-prime frequencies
The number of achievable DOFs from the 4-element ULA with two co-prime frequencies is ﬁrst
illustrated in Fig. 5. Q = 9 targets are considered, which are much larger than the number of physical
sensors. Two co-prime frequencies with M1 = 3 and M2 = 4 are exploited. Because the virtual sensor
lags are obtained from the estimated covariance matrix based on the received data samples, as in Eqn.
(5), the virtual steering matrix is sensitive to the noise contamination. To clearly demonstrate the number
of achievable DOFs, therefore, we use 10000 noise-free snapshots to obtain a relatively clean covariance
matrix. Fig. 5(a) shows the estimated spatial spectrum from the proposed co-array, which yields a coarray with η = 19 virtual sensors, and the result of the conventional non-co-array scenario is depicted
in Fig. 5(b). It is clear that the co-array provides a sufﬁcient number of DOFs to correctly identify the
DOAs of all 9 targets, whereas the non-co-array approach fails.
B. Example II: DOA estimation using only cross-lags vs. both self- and cross-lags
In Figs. 6 and 7, the results obtained by using both self- and cross-lags are compared to those using
only the cross-lags. Q = 6 targets are considered and two co-prime frequencies with M1 = 3 and M2 = 4
are exploited. The RMSE with respect to the input SNR is depicted in Fig. 6, where 2000 snapshots are
used. At a moderate or high SNR, the utilization of both self- and cross-lag covariances beneﬁts from
additional measurement offered by the self-lags, resulting in the improved performance than the crosslag only scenario. In Fig. 7, such improvement is demonstrated with fewer false peaks in the estimated
spectra, where the input SNR is 10 dB. On the other hand, in the low SNR region, as shown in Fig. 6,
the performance of the algorithm using cross-lag covariances only is better than the results using both
self- and cross-lag covariances. In this case, both vectors zik and zkk are highly perturbed by the noise.
The inclusion of self-lag covariance matrices causes additional errors in the noise power estimation in
(25), whereas this term does not exist in the cross-lag covariances.
C. Example III: DOA estimation using different frequency pairs
This example compares the DOA estimation performance when different frequency pairs are used. In
the ﬁrst frequency pair, M1 = 3 and M2 = 4 are assumed, yielding η = 19 elements in the virtual
co-array. In the second frequency pair, we assume M1 = 6 and M2 = 7, resulting in η = 31 virtual
co-array lags. In Fig. 8, the RMSE performance is presented as a function of the number of targets, Q,
where SNR is assumed to be 10 dB and 2000 snapshots are exploited. The result shows that the second
frequency pair outperforms the ﬁrst one due to its higher number of DOFs and the larger aperture.
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D. Example IV: Performance of multiple co-prime frequency cases
To demonstrate the merits of exploiting multiple co-prime frequencies, we ﬁrst consider a three
frequency case with M1 = 5, M2 = 6 and M3 = 7. Similarly, 10000 noise-free snapshots are used
to obtain a relatively clean covariance matrix. Fig. 9 shows the estimated spectrum for Q = 13 targets.
Note in this case that all targets are resolved correctly due to a high number of DOFs and a small number
of missing positions in the co-array.
Then, the RMSE performance of the three frequency case is presented in Fig. 10 with respect to the
input SNR, where Q = 13 and 2000 snapshots are assumed. For comparison purposes, a four frequency
scenario with M1 = 5, M2 = 6, M3 = 7, and M4 = 11 is also considered. It is clearly shown that the
performance is signiﬁcantly improved as the number of frequencies is increased.
VII. C ONCLUSIONS
In this paper, we developed a co-prime array implementation using a sparse uniform linear array with
multiple co-prime frequencies. We derived the analytical expression for the number of unique lags of
the yielding difference co-array to determine the number of detectable targets. The complex multitask
Bayesian compressive sensing algorithm was used to exploit the group sparse direction-of-arrivals (DOAs)
across different frequencies for effective spatial spectrum estimation. The number of detectable targets
and the DOA performance are improved as the number of frequencies increases. The effectiveness of the
proposed technique and analysis is veriﬁed using simulation results.
VIII. A PPENDIX
A. Proof of Proposition 1
Denote ηt and ηo as the total number of lags in L̃P and the number of overlaps between the set L̃c
and L̃−
c , respectively. Then, the number of distinct lags in L̃P can be expressed as
η = ηt − ηo .

(38)

2
Both L̃c and L̃−
c have L distinct lags due to the co-primality of M1 and M2 . It is easy to conﬁrm

that
ηt = 2L2 .

(39)

Given arbitrary lags ˜lcm = M1 l1m − M2 l2m and ˜lcn = M2 l2n − M1 l1n in set L̃c and L̃−
c , respectively,
where the indexes 0 ≤ l1m ≤ L − 1, 0 ≤ l2m ≤ L − 1, 0 ≤ l1n ≤ L − 1 and 0 ≤ l2n ≤ L − 1.
Had ˜lcm = ˜lcn been held, we would have M1 (l1m + l1n ) = M2 (l2m + l2n ). It is evident that they
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overlap at 0 position provided l1m = l1n = l2m = l2n = 0. When l1m + l1n = 0, the requirement is
equivalent to
l 2 + l 2n
M1
= m
.
M2
l 1m + l 1n

(40)

(a) When M2 ≥ 2L − 1, the maximum value of l1m + l1n is less than M2 . Since M1 and M2 are
co-prime, it is indicated that M1 /M2 cannot be reduced to a ratio of smaller integers. As a result,
(40) cannot be hold. In other word, L̃c and L̃−
c only coincide at 0 position, i.e.,
ηo = 1.

(41)

Substituting (39) and (41) into (38), we can obtain
η = 2L2 − 1.

(42)

(b) When L ≤ M2 < 2L − 1, the relationship 0 ≤ l1m + l1n ≤ 2L − 2 < 2M2 is guaranteed. Due to the
co-primality of M1 and M2 , (40) is valid if and only if
l 2m + l 2n = M 1 ,
l 1m + l 1n = M 2 .

(43)

Since 0 ≤ l1m , l2m ≤ L − 1, the requirement is equivalent to
M1 − (L − 1) ≤ l2n ≤ M1 ,
M2 − (L − 1) ≤ l1n ≤ M2 .

(44)

Because 0 ≤ l1n , l2n ≤ L − 1, we obtain the following relationship
max{M1 − (L − 1), 0} ≤l2n ≤ min{M1 , L − 1},
M2 − (L − 1) ≤l1n ≤ L − 1,

(45)

where max{a, b} and min{a, b} are operators, returning maximum and minimum values between a
and b, respectively. Since L ≤ M1 < M2 , Eqn. (45) becomes
M1 − (L − 1) ≤ l2n ≤ L − 1,
M2 − (L − 1) ≤ l1n ≤ L − 1.

(46)

It is indicated that 2L − 1 − M1 and 2L − 1 − M2 integers are in the respective range of l2n and l1n .
In addition to 0 position, there are (2L − 1 − M1 )(2L − 1 − M2 ) combination to satisfy (40), i.e,
ηo = (2L − 1 − M1 )(2L − 1 − M2 ) + 1.
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(47)

Substituting (39) and (47) into (38), we can obtain
η = 2L2 − 1 − (2L − 1 − M1 )(2L − 1 − M2 ).

(48)

(c) When L ≤ M2 < 2L − 1 and 1 ≤ M1 < L, (45) is equivalent to
0 ≤l2n ≤ M1 ,
M2 − (L − 1) ≤l1n ≤ L − 1.

(49)

As such, there are (M1 + 1)(2L − 1 − M2 ) integers satisfying (40). Therefore,
ηo = (M1 + 1)(2L − 1 − M2 ) + 1.

(50)

Substituting (39) and (50) into (38), we can obtain
η = 2L2 − 1 − (M1 + 1)(2L − 1 − M2 ).

(51)

B. Proof of Proposition 2
(a) When K multiple frequencies are exploited, there are K(K − 1)/2 pairs of frequencies. As such,
the total number of lags, ηt , which includes both unique and overlapping lags, is
ηt = K(K − 1)L2 ,

(52)

as each pair has 2L2 lags. To obtain the maximum number of achievable unique lags of the coarray, we consider the case that each pair achieves its respective maximum number of unique lags, as
described in Section IV-A, and the number of overlapping lags between different pairs is minimum.
In this case, redundancy between different co-prime pairs happens at the following two cases: (a)
The zeroth entry is shared by all K(K − 1)/2 pairs of co-prime frequencies with a total number
of K(K − 1) overlapping lags, whereas the unique lag in this position is 1; (b) At all self-lag
positions because the array sensors corresponding to each frequency are used to generate K − 1

co-prime frequency pairs. As each frequency yields 2(L − 1) non-zero self-lags in L̃c L̃−
c , there
are K(K − 1) × 2(L − 1) total lag entries with 2K(L − 1) unique lags, yielding 2K(K − 2)(L − 1)
redundancies to be discounted in computing the available unique lags. As a result, we can obtain
the maximum number of the achievable unique lags of the co-array as
η = ηt − ηo = (L2 − 1)(K 2 − K) − 2(L − 1)(K 2 − 2K) + 1.
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(53)
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3.4. Frequency Diverse Coprime Arrays with Coprime
Frequency Offsets for Multi-Target Localization

Abstract
Different from conventional phased-array radars, the frequency diverse array (FDA) radar offers
a range-dependent beampattern capability that is attractive in various applications. The spatial and
range resolutions of an FDA radar are fundamentally limited by the array geometry and the frequency
offset. In this paper, we overcome this limitation by introducing a novel sparsity-based multi-target
localization approach incorporating both coprime arrays and coprime frequency offsets. The covariance
matrix of the received signals corresponding to all sensors and employed frequencies is formulated to
generate a space-frequency virtual difference coarrays. By using O(M + N ) antennas and O(M + N )
frequencies, the proposed coprime arrays with coprime frequency offsets enables the localization of up
to O(M 2 N 2 ) targets with a resolution of O(1/(M N )) in angle and range domains, where M and N are
coprime integers. The joint direction-of-arrival (DOA) and range estimation is cast as a two-dimensional
sparse reconstruction problem and is solved within the Bayesian compressive sensing framework. We
also develop a fast algorithm with a lower computational complexity based on the multitask Bayesian
compressive sensing approach. Simulations results demonstrate the superiority of the proposed approach
in terms of DOA-range resolution, localization accuracy, and the number of resolvable targets.

I. I NTRODUCTION
Target localization ﬁnds a variety of applications in radar, sonar, communications, and navigation [2]–
[5]. The phased array radars are known for their capability to electronically steer a beam for target
detection and tracking in the angular domain [6]–[9]. To localize targets in both angle and range, beamsteering should be achieved across a signal bandwidth. This generally leads to a complicated waveform
design and signal processing algorithms. Recently, the frequency diverse array (FDA) framework was
introduced as an attractive multiple-input multiple-output (MIMO) structure that performs beam steering
over a signal bandwidth and achieves joint estimation of targets direction-of-arrival (DOA) and range
information [10]–[20]. As compared with conventional arrays that assume a ﬁxed carrier frequency, FDA
radars use a small frequency increment across array elements and thus achieve beam steering as a function
of the angle and range in the far ﬁeld. In FDA radars, the spatial and range resolutions are fundamentally
limited by the array aperture and maximum frequency increment. In addition, the number of degrees-of-
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freedom (DOFs) offered by the array sensors and frequency increments determines the maximum number
of detectable targets.
The traditional FDA exploits a uniform linear array with a uniform frequency offset. The range and
DOA estimation problem using such FDA radar has been discussed in [21]–[23]. In [21], [22], the target
ranges and DOAs are jointly estimated by the minimum variance distortionless response (MVDR) and
the MUSIC methods, respectively. Unlike [21], [22], an FDA utilizing coherent double pulse respectively
with zero and non-zero frequency increments is considered in [23], where the ranges and DOAs are
estimated in two steps. In the zero frequency increment case, the DOAs are ﬁrst estimated using a nonadaptive beamformer. The estimated DOA information is then used as the prior knowledge by adaptive
beamforming to obtain the range information in the other pulse. It is important to note that the above
methods [21]–[23] use the traditional FDA radar and are discussed in the physical sensor framework
rather than the virtual difference coarray. That is, for an array with Nt sensors, there are only O(Nt )
DOFs with a resolution O(1/Nt ) in both the range and angle domains. While the angular and range
resolutions can be improved by exploiting a large interelement spacing and a large frequency increment,
such structure generally requires a large number of array sensors, or otherwise yields undesirable aliasing
problems, i.e., causes ambiguous estimations in angular and range dimensions.
Compared with uniform linear arrays (ULAs), sparse arrays use the same number of sensors to
achieve a larger array aperture. A properly designed non-uniform array can achieve a desired trade-off
between meanbeam width and sidelobe levels and, thereby, provide enhanced performance in terms of
DOA accuracy and resolution. These attributes are achieved without changes in size, weight, power
consumption, or cost. More importantly, sparse arrays offer a higher number of DOFs through the
exploitation of the coarray concept [24] and, as such, signiﬁcantly increases the number of detectable
targets. Likewise, non-uniform frequency offsets can be used to achieve improved target identiﬁability
and resolution in the range dimension [25]. Among different techniques that are available for sparse signal
structures and array aperture synthesis, the recent proposed nested [26] and coprime conﬁgurations [27]
offer systematical design capability and DOF analysis involving sensors, samples, or frequencies [28]–
[41].
In [42], a nested array is employed to generate a coarray where the MUSIC algorithm together with
spatial smoothing is applied. As a result, the number of the DOFs in the angular domain is increased
to O(Nt2 ). In [43], a sparsity-based method using the nested array is proposed. It achieves improved
resolution and estimation accuracy when compared with the conventional covariance based methods.
However, the number of the DOFs in the range domain is still O(Nt ) since a uniform frequency offset
is used. In addition, due to the large dimension of the joint range and angle dictionary, this method
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results in a prohibitive computational complexity that limits its practical applicability, particularly when
the number of antennas is large.
In this paper, we propose a novel conﬁguration for the FDA radar, which incorporates both coprime
array structure and coprime frequency offsets. In the proposed approach, the offsets of carrier frequencies
assume a coprime relationship to further increase the number of DOFs beyond that achieved by only
implementing the sparse arrays with uniform frequency increments. As a result, by using O(Nt ) antennas
and O(Nt ) frequencies, the proposed approach achieves O(Nt2 ) DOFs with a resolution of O(1/Nt2 ) in
both angular and range domains.
In this paper, we consider point-like targets and we exploit their sparsity in both range and angular
domains. We propose both joint and sequential estimation methods based on the space-frequency coarray
structure. For the joint estimation, the covariance matrix of the received signals corresponding to all
sensors and employed frequencies is formulated to generate a virtual difference coarray structure in
the joint space-frequency domain. Then, a joint-variable sparse reconstruction problem in the range
and angular domain is presented as a single measurement vector (SMV) model. We further develop a
novel sequential two-step algorithm in the context of group sparsity for reduced complexity. The crosscovariance matrices between the signals received at all sensors corresponding to different frequency pairs
form space-only coarrays. Observations in these coarrays exhibit a group sparsity across all frequency
pairs, since their sparse angular domain vectors share the same non-zero entry positions associated with
the same target DOAs. Therefore, the DOAs can be ﬁrst solved under a multiple measurement vector
(MMV) model. The values of nonzero entries contain the range information, and their estimates across
all frequency pairs are utilized to formulate a sparse reconstruction model with respect to the range. In
so doing, the joint DOA and range estimation problem is recast as two sequential one-dimensional (1-D)
estimation problems with a signiﬁcantly reduced computational complexity.
The above sparse learning problems can be solved within the compressive sensing (CS) framework
[44] and various CS methods can be used for this purpose. As a preferred approach, we exploit the
algorithms developed in the sparse Bayesian learning context as they achieve superior performance and
are insensitive to the coherence of dictionary entries [45]–[51]. In particular, the complex multitask
Bayesian compressive sensing (BCS) method [45], which effectively handles complex-value observations
in the underlying problem, is used in this paper.
The main contribution of this work is threefold: (a) We achieve a signiﬁcantly increased number of
DOFs and improve both angular and range resolutions by exploiting both coprime array and coprime
frequency offsets under the coarray and frequency difference equivalence. (b) We employ a sparsity-based
method to solve the joint DOA and range estimation problem which, when compared to conventional
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MUSIC-based approach, enables more effective utilization of the available coarray aperture and frequency
differences to resolve a higher number of targets and improve the localization accuracy. (c) We further
develop a group-sparsity based algorithm which, by casting the joint DOA and range estimation as two
sequential 1-D estimation problems, signiﬁcantly reduces the computational complexity and processing
time.
The rest of the paper is organized as follows. In Section II, the signal model of the traditional FDA
radar is described. In Section III, we present a new FDA structure using coprime arrays and coprime
frequency offsets. By effectively utilizing the available coarray aperture and frequency differences, two
sparsity-based multi-target localization methods are proposed in Sections IV and V that resolve a higher
number of targets and improve the localization accuracy. More speciﬁcally, in Section IV, the DOA and
range are jointly estimated by a two-dimensional (2-D) sparse reconstruction algorithm, whereas a lowcomplexity algorithm through sequential 1-D sparse reconstruction is presented in Section V. Simulation
results are provided in Section VI to numerically compare the localization performance of the proposed
approach with other methods in terms of the number of resolvable targets, DOA-range resolution, and
localization accuracy. Such results reafﬁrm and demonstrate the effectiveness of the proposed approach.
Section VII concludes the paper.
Notations: We use lower-case (upper-case) bold characters to denote vectors (matrices). In particular, IN
denotes the N × N identity matrix. (.)∗ implies complex conjugation, whereas (.)T and (.)H respectively
denote the transpose and conjugate transpose of a matrix or vector. vec(·) denotes the vectorization
operator that turns a matrix into a vector by stacking all columns on top of the another, and diag(x)
denotes a diagonal matrix that uses the elements of x as its diagonal elements. E(·) is the statistical
expectation operator and ⊗ denotes the Kronecker product. Pr (·) denotes the probability density function
(pdf), and N (x|a, b) denotes that random variable x follows a Gaussian distribution with mean a and
variance b. Similarly, CN (a, b) denotes joint complex Gaussian distribution with mean a and variance b.
Γ(·) is the Gamma function operator. δq,p is a delta function that returns the value of 1 when p = q and 0

otherwise. N and N+ respectively denote the set of non-negative integers and positive integers, whereas
R+ denotes the set of positive real numbers. | · | denotes the determinant operation, whereas  · 2 and
 · F represent the Euclidean (l2 ) norm and Frobenious norm, respectively. Tr(A) returns the trace of

matrix A.
II. F REQUENCY D IVERSE A RRAY R ADAR
Without loss of generality, we limit our discussion to far-ﬁeld targets in the 2-D space where the DOA
is described by the azimuth angle only. Extension to three-dimensional (3-D) space is straightforward.
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A. Signal Model
As shown in Fig. 1, an FDA radar utilizes a linear array with Nt antennas. Note that the array spacing
can be either uniform or non-uniform. Denote p = [p1 d, ..., pNt d]T as the positions of the array sensors
where pk ∈ N, k = 1, ..., Nt . The ﬁrst sensor, located at p1 = 0, is used as the reference. To avoid spatial
ambiguity, d is typically taken as half wavelength, i.e., d = λ0 /2 = c/(2f0 ), where c is the velocity of
electromagnetic wave propagation and f0 is the base carrier frequency. Different from the conventional
phased-array radar where all antennas transmit the same signal with carrier frequency f0 , each FDA
element radiates a signal with an incremental carrier frequency. That is, a continuous-wave (CW) signal
transmitted from the k th element is expressed as
sk (t) = Ak exp(j2πfk t),

(1)

where Ak is the amplitude and the radiation frequency fk = f0 + ξk Δf is exploited with a unit frequency
increment Δf , and ξk ∈ N is an integer coefﬁcient of the frequency offset applied at the k th element,
k = 1, ..., Nt . The maximum increment is assumed to satisfy ξNt Δf  f0 so as to guarantee that the

FDA radar works in a narrowband platform. Also, the frequency offsets are not necessary uniform.
An important objective of this paper is to improve the parameter identiﬁability using the FDA radar.
Since the targets in different bins can be simple identiﬁed, we consider a scene with Q far-ﬁeld targets
within the same Doppler bin. Without loss of generality, the Doppler frequency is assumed to be 0. The
locations of the targets are modeled as (θq , Rq ), q = 1, 2, · · · , Q. Then, the received signal at the lth
sensor is modeled as
x̌l (t) =

Q
Nt 


ρq (t)exp(j2πfk t)e

−j λ4π Rq −j
k

e

2πpl d
λk

sin(θq )

k=1 q=1

+ ňl (t),

l = 1, . . . , Nt ,

(2)

where ρq (t), q = 1, . . . , Q, are complex scattering coefﬁcients of the targets, which are assumed to be
uncorrelated zero-mean random variables with E[ρ∗q ρp ] = σq2 δq,p , 1 ≤ q, p ≤ Q, due to, e.g., the radar
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cross section (RCS) ﬂuctuations. In addition, λk = c/fk denotes the wavelength corresponding to carrier
frequency fk . Furthermore, ňl (t) is the additive noise, which is assumed to be spatially and temporally
white, and is independent of target signals.
By implementing the pass-band ﬁltering, the received signal is converted to the signals corresponding
to the respective frequencies. For a CW waveform with frequency fk transmitted from the k th sensor,
the baseband signal received at the lth sensor can be expressed as
xk,l (t) =

Q


ρq (t)e

−j λ4π Rq −j

e

k

2πpl d
λk

sin(θq )

+ nk,l (t)

q=1

=

Q


ρq (t)e−j

4πfk
c

Rq −j

e

πpl (f0 +ξk Δf )
f0

sin(θq )

+ nk,l (t),

(3)

q=1

where nk,l (t) is the noise at the ﬁlter output with a variance σn2 . Because ξk Δf  f0 , the above expression
can be simpliﬁed as
xk,l (t) =

Q


ρq (t)e−j

4πfk
c

Rq −jπpl sin(θq )

e

+ nk,l (t).

(4)

q=1

Stacking xk,l (t) for all k, l = 1, ..., Nt yields an Nt2 × 1 vector,
x(t) =

Q


ρq (t)ap,f (θq , Rq ) + n(t)

q=1

= Ap,f d(t) + n(t),

(5)

where ap,f (θq , Rq ) = ap (θq ) ⊗ af (Rq ) represents the steering vector associated with the angle-range
pair (θq , Rq ). Herein, ap (θq ) and af (Rq ) are steering vectors corresponding to θq and Rq , respectively,
expressed as

T
ap (θq ) = 1, e−jπp2 sin(θq ) , · · · , e−jπpNt sin(θq ) ,

T
4πfN
4πf1
4πf2
t
af (Rq ) = e−j c Rq , e−j c Rq , · · · , e−j c Rq .

(6)
(7)

In addition, Ap,f = [ap,f (θ1 ), · · · , ap,f (θQ )], d(t) = [ρ1 (t), · · · , ρQ (t)]T , and nk (t) is the noise vector
following the joint complex Gaussian distribution CN (0, σn2 INt2 ).
The Nt2 × Nt2 covariance matrix of data vector x(t) is obtained as
2
Rx = E[x(t)xH (t)] = Ap,f Rdd AH
p,f + σn INt2

=

Q


2
σq2 ap,f (θq , Rq )aH
p,f (θq , Rq ) + σn INt2 ,

(8)

q=1
2 ]) represents the target scattering power. Note that we
where Rdd = E[d(t)dH (t)] = diag([σ12 , . . . , σQ

assume the target scattering coefﬁcients to be frequency-independent for the emitting signals since the
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frequency offsets are relatively small. In practice, the covariance matrix is estimated using T available
samples, i.e.,

T
1
R̂x =
x(t)xH (t).
T

(9)

t=1

Existing covariance matrix based techniques can then be applied to estimate the DOA and range of
the targets, e.g., the Fourier-based power spectrum density (PSD) [52] and 2-D MUSIC [53].
B. Unambiguous Range
For each target, the DOA and range information are respectively determined by φθq and φRq , which
are deﬁned as the minimum phase difference in angle and range dimensions, respectively, i.e., the phase
terms of e−jπ sin(θq ) and e−j4πΔf Rq /c . In reality, however, phase observations are wrapped within [−π, π).
Therefore, the true phase can be expressed as
(true)

φ θq

(true)

φ Rq

= φθq + 2mθq π,

(10)

= φRq + 2mRq π,

(11)

where mθq and mRq are unknown integers. As a result, the range estimate is subject to range ambiguity
[54], i.e.,
Rq =

cφRq
cmRq
+
.
4πΔf
2Δf

(12)

The latter term in (12) implies ambiguity in range due to phase wrapping. Thus, the range can be assumed
as inﬁnite values separated by Rmax = c/(2Δf ), which is referred to as the maximum unambiguous
range. Therefore, the use of a large value of Δf will reduce the maximum unambiguous range. As a
large frequency bandwidth is required to achieve proper range resolution, uniform frequency offsets must
trade off between the range resolution and unambiguous range estimation. On other other hand, coprime
frequency offsets allows the use of small Δf while collectively spanning a large signal bandwidth.
III. F REQUENCY D IVERSE C OPRIME A RRAYS WITH C OPRIME F REQUENCY O FFSETS
For the traditional FDA radar with Nt -element ULA and uniform frequency increment, it can localize
up to Nt2 − 1 targets, with a resolution O(1/Nt ) in the angle and range domains, respectively. Compared
with the uniform case, sparse arrays and sparse frequency offsets use the same number of sensors and
frequencies to achieve a larger array aperture and frequency bandwidth. As a result, they improve the
resolution and estimation accuracy. However, the number of resolvable targets using sparse arrays and
sparse frequency offsets is still upper bounded by Nt2 − 1, if those covariance matrix based approaches
are used directly. Such the limitation can be overcome by the improvement of DOFs under the coarray
equivalence.
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A. Coarray Equivalence
By vectorizing the matrix Rx , we obtain the following Nt4 × 1 virtual measurement vector:
z = vec(Rx ) = Ãp,f bp,f + σn2 ĩ,

(13)

Ãp,f = [ãp,f (θ1 , R1 ), · · · , ãp,f (θQ , RQ )],

(14)

with

2 T
bp,f = [σ12 , · · · , σQ
] ,

ĩ = vec INt2 ,

(15)
(16)

where
ãp,f (θq , Rq ) = a∗p,f (θq , Rq ) ⊗ ap,f (θq , Rq )
= a∗p (θq ) ⊗ a∗f (Rq ) ⊗ ap (θq ) ⊗ af (Rq )
= (a∗p (θq ) ⊗ ap (θq )) ⊗ (a∗f (Rq ) ⊗ af (Rq ))
= ãp (θq ) ⊗ ãf (Rq )

(17)

for 1 ≤ q ≤ Q. Beneﬁting from the Vandermonde structure of ap (θq ) and af (Rq ), the entries in ãp (θq )
and ãf (Rq ) are still in the forms of e−jπ(pi −pj ) sin(θq ) and e−j4π(ξi −ξj )Δf Rq /c , for i, j = 1, · · · , Nt . As
such, we can regard z as a received signal vector from a single-snapshot signal vector bp,f , and the
matrix Ãp,f corresponds to the virtual array sensors and virtual frequency offsets which are respectively
located at the sensor-lags between all sensor pairs and frequency-offsets between all frequency pairs.
The targets can thus be localized by using the space-frequency coarray, in lieu of the original antennas
and frequencies. Note that the number of elements in the space-frequency coarray structure are directly
determined by the distinct values of (pi − pj ) and (ξi − ξj ) for i, j = 1, · · · , Nt . Non-uniform arrays can
substantially increase the number of DOFs by reducing the number of redundant elements in the coarray.
In other words, the number of DOFs would be reduced if different pairs of sensors or frequency offsets
yield same lags when the uniform arrays are exploited.

B. Coprime Arrays with Coprime Frequency Offsets
Among the different choices that are available for sparse array and frequency offset designs, the recently
proposed coprime conﬁgurations [27] offer a systematical design capability and DOF analysis involving
sensors, samples, or frequencies. In this paper, we use the extended coprime structure which is proposed
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in [55] as an example. Extensions to other generalized coprime structures that achieve higher DOFs are
straightforward [34].
As shown in Fig. 2, the extended coprime array structure utilizes a coprime pair of uniform integers.
The coprime array consists of a 2M -sensor uniform linear subsarray with an interelement spacing of N ,
and an N -sensor uniform linear subarray with an interelement spacing of M . The two integers M and
N are chosen to be coprime, i.e., their greatest common divisor is one. In addition, M < N is assumed.

Deﬁne
P(M,N ) = {M n|0 ≤ n ≤ N − 1}

{N m|0 ≤ m ≤ 2M − 1}

(18)

as the union of two sparsely sampled integer subsets with respect to the pair of coprime integers (M, N ).
As such, the yielding correlation terms have the positions
L(M,N ) = {±(M n − N m)|0 ≤ m ≤ 2M − 1, 0 ≤ n ≤ N − 1}.

(19)

An example is illustrated in Fig. 3, where M = 2 and N = 3. Fig. 3(a) shows the physical elements
of extended coprime structure, and the positions of the corresponding correlation terms are depicted in
Fig. 3(b). Notice that “holes”, e.g., ±8 in this case, still exist in the virtual domain and are indicated by
× in the ﬁgure. It is proved in [56] that L(M,N ) can achieve at least M N (up to (3M N + M − N + 1)/2)

DOFs with only 2M + N − 1 (two subsets share the ﬁrst element) entries in P(M,N ) .
When coprime arrays and coprime frequency offsets with pairs of coprime integers (M, N ) is exploited,
there are at least M N available DOFs in each ap (θq ) and af (Rq ). That is, the resulting virtual array
elements and virtual frequency offsets enable estimation of at least M N distinct DOAs and M N distinct
ranges of targets. Beneﬁtting from the sparse structure, the proposed coprime array with coprime frequency
offsets offers a larger aperture and frequency span, thus resulting in an improved resolution in both angular
and range domains. Further, it has less redundant entries in the covariance matrix Rx , implying that the
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Fig. 2. The extended coprime structure.
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Fig. 3. An example for the extended coprime structure. (a) The physical elements in P(M,N ) (: Subset 1; ∇: Subset 2); (b)
The corresponding correlation term positions in L(M,N ) .

resulting coarray structure and frequency lag sets provide a higher number of DOFs that can be used to
identify more targets using the CS based methods.
The localization problem in (13) is similar to handling multiple targets that are fully coherent. In
this case, the covariance matrix constructed from the virtual signal vector is rank-1 and, as a result,
subspace-based localization approaches fail to function. A well-known approach that restores the rank
of the covariance matrix is spatial smoothing [57], [58]. A major disadvantage of such approach is
that only consecutive lags in the virtual observations can be used so that every subarray has a similar
manifold (e.g., [−7, 7] in Fig. 3(b)), whereas the virtual sensors that are separated by any holes have
to be discarded. Alternatively, this problem can be solved by using sparse reconstruction methods (e.g.,
[34], [59]) which, by taking advantages of the fact that the targets are sparse in the angle-range domain,
utilize all consecutive and non-consecutive lags (e.g., ±9 and [−7, 7] in Fig. 3(b)) in the coarray so as
to fully utilize the available DOFs offered by the coarray conﬁgurations.
Provided that sufﬁcient snapshots are available for reliable covariance matrix estimation, at least
O(M N ) targets (no same DOA and no same range), up to O(M 2 N 2 ) targets (each of M N DOAs has
M N distinct ranges), can thus be localized by using Nt = 2M + N − 1 antennas and Nt = 2M + N − 1

frequencies. For a given number of Nt , the maximum number of DOFs can be further optimized by
Maximize

M 2N 2

subject to

2M + N − 1 = Nt ,
M < N,

(20)

M, N ∈ N+ .

It is demonstrated in [31] that the valid optimal coprime pair to maximize M N is the one that has
2M and N as close as possible. This is satisﬁed by choosing N = 2M − 1. In this case, more than

109

2500
Uniform
Coprime

The Number of DOFs

2000

1500

1000

500

0

2

4

6

8

10

12

14

16

18

Number of Physical Antennas Nt
Fig. 4. The number of DOFs versus Nt .




Nt2 (Nt + 2)2 /64 DOFs can be obtained. Therefore, the frequency diverse coprime arrays with coprime

frequencies can resolve more targets than that of conventional FDA with ULA and uniform frequency
increment (i.e., Nt2 − 1) when Nt ≥ 6, as shown in Fig. 4.
IV. TARGET LOCALIZATION USING MULTITASK BCS
In the following, we perform multi-target localization in the sparse reconstruction framework. The
general focus of proposed methods is to resolve a higher number of targets and improve the localization
accuracy by fully utilizing all the virtual observations achieved from lags in both sensor positions and
frequencies. For the simplicity and clarity of the presentation, we assume the targets to be placed on
a pre-deﬁned grid. Direct application of the proposed method in the presence of dictionary mismatch
would yield performance degradation. However, various techniques, such as those cited in [32], [33],
[60], [61], can be used to overcome this problem by exploring the joint sparsity between signals and the
grid mismatch variables.
The virtual signal vector z in (13) can be sparsely represented over the entire discretized angular grids
as
z = Φb + ,



(21)



where Φ = Φs , ĩ . Herein, Φs is deﬁned as the collection of steering vectors ãp,f (θg1 , Rg2 ) over all
possible grids θg1 and Rg2 , g1 = 1, . . . , G1 , g2 = 1, . . . , G2 , with G = G1 G2  Nt4 > Q, and bs is
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the sparse vector whose non-zero entry positions correspond to the DOAs and ranges of the targets, i.e.,
(θq , Rq ), q = 1, . . . , Q. The term ĩ in the dictionary accounts for noise variance terms that have unequal

values in the vectorized entries. In addition, an error vector  is included to represent the discrepancies
between the statistical expectation and the sample average in computing the covariance matrix R. The
discrepancies are modelled as i.i.d. complex Gaussian as a result of a sufﬁciently large number of samples
employed in the averaging.
In this paper, we elect to perform the sparse signal reconstruction within the BCS framework [45]–
[51] stemming from their superior performance and robustness to dictionary coherence. In particular, the
complex multitask BCS approach developed in [45] is used to deal with all the sparse reconstruction
problems. Thus, the following sparse Bayesian model is presented as an MMV model with P tasks
(measurements), whereas the SMV problem in (21) can be considered as a special case with a single
task, i.e., P = 1.
A. Sparse Bayesian Formulation
The MMV model is expressed as
Z = ΦB,

(22)

where Z = [z1 , · · · , zP ] and B = [b1 , · · · , bP ]. The matrix B is jointly sparse (or row sparse), i.e., all
columns of B are spares and share the same support.
Assume that the entries in jointly sparse matrix B are drawn from the product of the following zeromean complex Gaussian distributions:
Pr(B|α) =

P


CN (bp |0, Λ),

(23)

p=1

where α = [α1 , . . . , αG ]T and Λ = diag(α). It is noted that the g th row of B trends to be zero when
αg , g = 1, · · · , G is set to zero [46]. In addition, α is placed on a complex variable directly. As such,

it achieves improved sparse signal reconstruction because by utilizing the group sparsity of the real
and imaginary components than the methods that simply decomposing them into independent real and
imaginary components.
To encourage the sparsity, a Gamma prior is placed on αg , which is conjugate to the Gaussian
distribution,
αg ∼ Γ(αg |1, ρ), g ∈ [1, · · · , G],
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(24)

where ρ ∈ R+ is a ﬁxed priori. It has been demonstrated in [62] that a proper choice of ρ encourages a
sparse representation for the coefﬁcients. Then, we have
Pr(α|a, b) =

G


Γ(αg |1, ρ).

(25)

g=1

All columns of B share the same prior due to the group sparse property. Base on [63], both of the real
and image parts of bp , p = 1, · · · , P , are Laplace distributed and share the same pdf that is strongly
peaked at the origin. As such, this two-stage hierarchical prior is a sparse prior that favors most rows of
B being zeros.

A Gaussian prior CN (0, β0−1 I2 ) is also placed on the error vector . Then, we have,
Pr(Z|B, β0 ) =

P


CN (zp |Φbp , β0−1 I),

(26)

p=1

Likewise, the Gamma prior is placed on β0 with hyper-parameters c and d, expressed as
Pr(β0 |c, d) = Γ(β0−1 |c, d),
−(a−1) − βb

where Gamma(β0−1 |a, b) = Γ(a)−1 ba β0

e

0

(27)

.

By combining the stages of the hierarchical Bayesian model, the joint pdf becomes
Pr(Z, B, α, β0 ) = Pr(Z|B, β0 )Pr(B|α)Pr(α|1, ρ)Pr(β0 |c, d).

(28)

To make this Gamma prior non-information, we set c = d = 0 in this paper as in [46]–[51].
B. Bayesian Inference
Assuming α and β0 are known, given the measurement Z and the corresponding dictionary Φ, the
posterior for B can be obtained analytically using Bayes’s rule, expressed as a Gaussian distribution with
mean μ and variance Σ
Pr(B|Z, α, β0 ) =

P


CN (bp |μp , Σ),

(29)

p=1

where
μp = β0−1 ΣΦH zp ,

−1
Σ = β0−1 ΦH Φ + F−1
.

(30)
(31)

The associated learning problem, in the context of relevance vector machine (RVM), thus becomes the
search for the α and β0 . In RVM, the values of α and β0 are estimated from the data by performing a
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type-II maximum likelihood (ML) procedure [62]. Specially, by marginalizing over the B, the marginal
likelihood for α and β0 , or equivalently, its logarithm L(α, β0 ) can be expressed analytically as
L(α, β0 ) =

P


log Pr(bp |α, β0 )

p=1

=

P



log

Pr(zp |bp , β0 )Pr(bp |α)dbp

p=1
P

= const −

1
log |C| + (zp )H C−1 zp
2

(32)

p=1

with
C = β0 I + ΦFΦH .

(33)

√
√
√
Denote U = [μ1 , · · · , μP ] = β0−1 ΣΦH Z, B = B/ P , Z = Z/ P , U = U / P , and ρ = ρ/P . An

ML approximation employs the point estimates for α and β0 to maximize (32), which can be implemented
via the expectation maximization (EM) algorithm to yield

1 + 4ρ(μg 22 + Σg,g ) − 1
(new)
αg
=
, g ∈ [1, · · · , G],
2ρ
(new)

β0

=

E{Z − ΦB2F }
,
NΦ

(34)
(35)

where μg is the g th row of matrix U and Σg,g is the (g, g)th entry of matrix Σ. In addition, NΦ is the
number of rows of Φ.
(new)

It is noted that, because α(new) and β0

are a function of μp and Σ, while μp and Σ are a function

of α and β0 , this suggests an iterative algorithm that iterates between (30)–(31) and (34)–(35), until a
convergence criterion is satisﬁed or the maximum number of iterations is reached. In each iteration, the
computational complexity is O(max(NΦ G2 , NΦ GP )) with an NΦ × G dictionary Φ [48].
C. Complexity Analysis
For the case of 2-D BCS, the corresponding joint angle-range of targets, (θ̂q , R̂q ), q = 1, · · · , Q, can
be estimated by positions of the nonzero entries in b in (21). In the sequel, we analyze its computational
complexity, which can be divided into the following three stages:
S1: Compute the Nt2 × Nt2 covariance matrix R̂x with (9).
S2: Generate the Nt4 × 1 virtual array data z with (13) by vectorizing the covariance matrix.
S3: Perform target localization to obtain (θ̂q , R̂q ), q = 1, · · · , Q using (30)–(31) and (34)–(35), based
on the BCS (P = 1) with an Nt4 × G1 G2 dictionary.
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In S1, there are O(Nt4 T ) complex multiplications, whereas no multiplication operation is needed for
vectorization in S2. For the BCS, we might need O(κNt4 G21 G22 ) complex multiplication operations, where
κ is the number of iterations. Therefore, the total computational load, i.e., O(Nt4 T + κNt4 G21 G22 ), is very

huge because the exhaustive 2-D searching process, which motivates the development of fast algorithms.
V. A FAST A LGORITHM FOR TARGET L OCALIZATION
In this section, we develop an algorithm based on the multitask BCS, wherein the 2-D sparse reconstruction problem is cast as separate 1-D sparse reconstruction problems. Therefore, the computational
complexity can be reduced.
Stacking xk,l (t) for all l = 1, ..., Nt yields the following Nt × 1 vector,
xk (t) =

Q


ρq (t)e−j

4πfk
c

Rq

ap (θq ) + nk (t).

(36)

q=1

As such, the vector xk (t) behaves as the received signal of the array, corresponding to the frequency fk ,
k = 1, · · · , Nt .

The cross-covariance matrix between data vectors xk (t) and xk (t), respectively corresponding to
frequencies fk and fk , 1 ≤ k, k  ≤ Nt , is obtained as
Rxkk =

E[xk (t)xH
k (t)]

=

Q


σq2 e−j

4πΔf

kk

c

Rq

ap (θq )aH
p (θq ),

(37)

q=1

where Δfkk = fk − fk = (ξk − ξk )Δf . Note that the dimension of Rxkk is reduced to Nt × Nt ,
compared to the Nt2 × Nt2 matrix Rx in (8). In practice, the cross-covariance matrix is estimated by
using T available samples, i.e.,
R̂xkk =

T
1

xk (t)xH
k (t), 1 ≤ k, k ≤ Nt .
T

(38)

t=1

Vectorizing this matrix yields the following Nt2 × 1 vector
zkk = vec(Rxkk ) = Ābfkk ,

(39)

where
Ā = [ãp (θ1 ), · · · , ãp (θQ )],
bfkk = [σ12 e−j

4πΔf
c

kk

R1

2 −j
, · · · , σQ
e

(40)
4πΔf

kk

c

RQ T

] .

(41)

Similarly, (39) can be sparsely represented over the entire angular grids as
zkk = Φ̄b̄kk ,
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(42)

where the Nt2 × G1 dictionary Φ̄ is deﬁned as the collection of steering vectors ãp (θg ) over all possible
grids θg1 , g1 = 1, . . . , G1 , with G1  Q. As such, the DOAs θq , q = 1, · · · , Q, are indicated by
the nonzero entries in the sparse vector b̄kk , whose values describe the corresponding coefﬁcients
σq2 e−j

4π(ξk −ξ  )Δf
k
c

Rq

. Note that the nonzero entries corresponding to different frequency pairs share the

same positions as they are associated with the same DOAs of the Q targets. However, their values differ
for each frequency pair. Therefore, zkk exhibits a group sparsity across all frequency pairs and the
problem described in (42) can be solved in the MMV sparse reconstruction context.
Denote Z = [z1 , · · · , zP ] as the collection of vectors zkk , corresponding to all P = Nt2 frequency
pairs. Then, the MMV sparse reconstruction problem is expressed as
Z = Φ̄B̄,

(43)

where B = [b̄1 , · · · , b̄P ] is the sparse matrix that can be reconstructed by the multitask BCS.
Denote Q̄ as the number of distinct DOAs of Q targets, the nq̄ , as the index of those nonzero positions
in B̄ corresponding to θq̄ , q̄ = 1, · · · , Q̄. In addition, the P × 1 vector bnq̄ is denoted as the nq̄ th column
of B̄T . Then, the range can be estimated by solving the following sparse reconstruction problem:
bnq̄ = ΨRnq̄ ,

q̄ = 1, · · · , Q̄,

where Ψ is the Nt2 × G2 dictionary, whose g2 th column, g2 = 1, . . . , G2 , is

T
4π(ξk −ξ  )
k
Rg 2
c
Ψg2 = 1, · · · , e−j
,··· ,1 ,

(44)

(45)

with 1 ≤ k, k  ≤ Nt . Then, the range on θq̄ , q̄ = 1, · · · , Q̄ can be indicated by positions of nonzero
entries in sparse vector Rnq̄ .
As a summary, the proposed approach can be divided into the following four stages:
S1: Compute all Nt × Nt covariance matrix R̂xkk using (38), 1 ≤ k, k  ≤ Nt .
S2: Generate all the Nt2 × 1 virtual array data zkk with (39) by vectorizing the covariance matrix,
1 ≤ k, k  ≤ Nt .

S3: Perform DOA estimation of the targets, based on the multitask sparse reconstruction P = Nt2



model in (43) with an Nt2 × G1 dictionary.
S4: Perform range estimation of the targets, based on the sparse reconstruction model in (44) with an
Nt2 × G2 dictionary.

In S1, there are O(Nt4 T ) multiplication operations. The complexity in S3 and S4 is O(κ1 Nt2 G21 ) and
O(κ2 Nt2 G22 ), respectively, where κ1 and κ2 are the corresponding number of iterations. Thus, the total

computation load is O Nt4 T + κ1 Nt2 G21 + κ2 Q̄Nt2 G22 , which is much lower than O(Nt4 T +κNt4 G21 G22 )

in Section IV.
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Remarks: The following observations can be made regarding the relationship between the joint and
the two-step estimation methods:
(1) Both estimation methods achieve the same number of DOFs from the coarray;
(2) The two-step estimation method requires a signiﬁcantly reduced complexity. However, the corresponding performance becomes sub-optimal due to error propagation. i.e., errors in the DOA estimation
stage may yield additional perturbations in the range estimation.
VI. S IMULATION R ESULTS
For illustrative purposes, we consider an FDA radar exploiting coprime array and coprime frequency
offset, where M = 2 and N = 3 are assumed. The extended coprime structure consist of Nt = (2M +
N − 1) = 6 physical elements, and has (3M N + M − N + 1)/2 = 9 DOFs in the virtual domain. As

such, the increased number of DOFs enables to localize more than M 2 N 2 = 36 targets with only 6
antennas exploiting 6 frequencies.
The unit interelement spacing is d = λ0 /2, where λ0 is the wavelength with respect to the carrier
frequency f0 = 1 GHz. We choose the unit frequency increment to be Δf = 30 KHz, resulting maximum
unambiguous range Rmax = c/(2Δf ) = 5000 m. In all simulations, Q far-ﬁeld targets with identical
target scattering powers are considered. The q th target is assumed to be on angle-range plane (θq , Rq ),
where θq ∈ [−60◦ , 60◦ ] and Rq ∈ [1000, 5000] m, for q = 1, · · · , Q. The localization performance for the
coprime array and coprime frequency offset (CA-CFO) is examined in terms of the resolution, accuracy,
and the maximum number of resolvable targets. The average root mean square error (RMSE) of the
estimated DOAs and ranges, expressed as



RMSEθ =


RMSER =

I

Q

1 
(θ̂q (i) − θq )2 ,
IQ
i=1 q=1
I

Q

1 
(R̂q (i) − Rq )2 ,
IQ

(46)

i=1 q=1

are used as the metric for estimation accuracy, where θ̂q (i) and R̂q (i) are the estimates of θq and Rq for
the ith Monte Carlo trial, i = 1, . . . , I . We use I = 500 independent trials in simulations.
A. Joint Estimation Method versus Two-step Estimation Method
We ﬁrst compare the performance of the joint estimation method and two-step estimation method.
Q = 1 target with (10◦ , 1000m) is considered. The dictionary matrices Φ̄ and Ψ are assumed to contain

all possible grid entries within (5◦ , 15◦ ) and (1250 m, 1350 m) with uniform intervals θg1 = 0.2◦ and
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Rg2 = 1 m, respectively. Fig. 5 compares the RMSE performance of DOA and range estimations with

respect to the input signal-to-noise ratio (SNR), where 500 snapshots are used. In Fig. 6, we compare the
RMSE performance with respect to the number of snapshots, where the input SNR is set to −5 dB. It
is clear that the joint estimation method achieves slightly better estimation accuracy at the cost of much
higher computation complexity.
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B. CA-CFO versus Other Array Conﬁguration and Frequency Offset Designs
Next, we examine the localization performance for different array conﬁguration and frequency offset
designs. Particularly, the proposed CA-CFO is compared with uniform linear array and uniform frequency
offset (ULA-UFO). Uniform linear array with coprime frequency offset (ULA-CFO), and coprime array
and uniform frequency offset (CA-UFO) are also considered. In order to reduce the computational load,
we use the fast algorithm in section V for target localization in simulations.
In Fig. 7, we compare the resolution performance of different schemes. Q = 8 targets whose true
positions are shown in Fig. 7(a) are considered. The dictionary matrices Φ̄ and Ψ contain steering
vectors over all possible grids in (−60◦ , 60◦ ) and (1000 m, 5000 m) with uniform intervals θg1 = 1◦ and
Rg2 = 100 m, respectively. Note that the number of targets is larger than the number of antennas, and the

traditional phased array radar does not have sufﬁcient DOFs to resolve all targets. The covariance matrix
are obtained by using 500 snapshots in the presence of noise with a 0 dB SNR, and the corresponding
localization performance are illustrated in Figs. 7(b)–(e). It is evident that only the case of CA-CFO can
identify targets correctly because the increased DOFs in both virtual array and frequency can estimate
more DOAs than the number of antennas, and more ranges than the number of frequencies. In addition,
the corresponding larger apertures in both angle and range domains enable the CA-CFO case to resolve
the closely spaced targets. The conventional FDA with ULA-UFO fails to separate both pairs of the targets
with closely spaced angle and closely spaced range. However, the scenario of CA-UFO can resolve the
pair of targets with closely spaced angle and the ULA-CFO case can identify targets with closely spaced
range, beneﬁtting from the increased DOFs in the angle and range domains, respectively.
We further compare the estimation accuracy through Monte Carlo simulations. To proceed with the
comparison, we consider Q = 2 targets with (10◦ , 1300 m) and (25◦ , 1700m), which can be separated
for all cases. The dictionary matrices Φ̄ and Ψ are assumed to contain entries corresponding to all
possible grids in (10◦ , 30◦ ) and (1000 m, 2000 m) with uniform intervals θg1 = 0.2◦ and Rg2 = 10 m,
respectively. Fig. 8 compares the RMSE performance of DOA and range estimations with respect to the
input SNR for different array conﬁgurations and frequency offset structures, where 500 snapshots are used.
In Fig. 9, we compare the RMSE performance with respect to the number of snapshots, where the input
SNR is set to −5 dB. It is evident that the accuracy of both DOA and range estimates is improved as the
SNR and the number of snapshots increase. In comparison with the uniform array/offset case, the coprime
array/offset structure beneﬁts from more independent measurements under the CS framework. It is shown
that the CA-UFO and ULA-CFO respectively achieve improved estimation accuracy in the angular and
range domains than that of the ULA-UFO owing to the coprime structure in the sensor positions and
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frequency offsets. In particular, the CA-CFO achieves the best performance as the advantages of coprime
structure are presented in both angular and range domains.
In Fig. 10, we consider Q = 56 targets. Note that this number is more than the available DOFs
obtained from the cases of ULA-UFO (the conventional FDA radar), ULA-CFO, and CA-UFO. As the
virtual array and virtual frequency offset are obtained from the estimated covariance matrix based on
the received data samples, the virtual steering matrix is sensitive to the noise contamination. To clearly
demonstrate the sufﬁcient DOFs for localization of a large number of targets, we use 2000 snapshots in
presence of noise with a 10 dB input SNR. It is evident that all 56 signals can be identiﬁed correctly,
which demonstrates the effectiveness of the CA-CFO in resolving more targets.

C. Sparsity-based Method versus Subspace-based Method
In Figs. 11–13, we compare the sparsity-based method and the MUSIC algorithm with spatial smoothing
(MUSIC-SS) applied to the CA-CFO conﬁguration. Note that the spatial smoothing technique is applied
to the covariance matrix of the virtual measurement vector z so that its rank can be restored before the
MUSIC algorithm is applied. In this case, only consecutive lags, i.e., [−7, 7], can be used so that every
sub-matrix has a similar manifold. The corresponding number of available DOFs is less than that of
the proposed sparsity-based approach, which utilizes all unique lags [34]. In Fig. 11, we examine their
resolution for Q = 5 closely spaced targets, whose true positions are shown in Fig. 11(a). The localization
results, depicted in Figs. 11(b) and 11(c), are obtained by using 500 snapshots with a 0 dB SNR. It is
clear that the sparsity-based method outperforms the MUSIC-SS approach for resolving the closely spaced
targets, since it exploits all distinct lags to form a virtual space-frequency structure, thus yielding a larger
array aperture and frequency span compared to the corresponding MUSIC-SS technique which only uses
consecutive lags. The respective RMSE performance is compared in Figs. 12 and 13 under the same target
scenario considered in Figs. 8 and 9, whereas Q = 2 targets located at (10◦ , 1300 m) and (25◦ , 1700 m)
are present. In Fig. 12, 500 snapshots are used, while a −5 dB SNR is assumed in Fig. 13. It is evident
that the proposed sparsity-based method achieves a lower RMSE than the MUSIC-SS due to the higher
number DOFs in both angular and range domains. This simulation example shows that the sparsity-based
method achieves better performance than the MUSIC-SS counterparts do.

D. Proposed Method versus Existing Methods
In Figs. 14–16, we compare the performance of the proposed method with the existing methods using
sparse arrays. The methods in [42] and [43], which are referred to as the Nested-MUSIC and Nested-
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CS, respectively, employ a nested array conﬁguration but with the uniform time-delayer and frequency
increment. As a consequence, it has only O(Nt ) frequency DOFs with a smaller spectral span for a coarse
range resolution, although it has the same O(Nt2 ) spatial DOFs as the proposed coprime FDA radar
conﬁguration. The same target scenario considered in Figs. 11–13 is used for performance comparison.
Fig. 14 depicts the angle-range resolution, wherein the true positions and results obtained from the
proposed method are reproduced from Fig. 11(a) and Fig. 11(c) as Fig. 14(a) and Fig. 14(b) for the
convenience of comparison. The corresponding results using the Nested-MUSIC and Nested-CS methods
are presented in Figs. 14(c) and 14(d), respectively. It is evident that only the proposed method can resolve
these closely spaced targets in the range. Furthermore, the Nested-MUSIC method produces more blurry
spectra than the Nested-CS for targets with a small angulare separation. The RMSE is compared in Figs.
15 and 16. It is clear that the Nested-MUSIC and Nested-CS methods suffer from signiﬁcant performance
degradation in the range domain due to the reduced spectral span and range-domain DOFs. Accordingly,
the Nested-CS outperforms the Nested-MUSIC owing to its utilizations of all distinct lags in the coarray
structure.

VII. C ONCLUSIONS
In this paper, we proposed a novel sparsity-based multi-target localization algorithm, which incorporates
both coprime arrays and coprime frequency offsets in an FDA radar platform. By exploiting the sensor
position lags and frequency differences, the proposed technique achieved a high number of DOFs representing a larger array aperture and increased frequency increments compared to conventional approaches.
These attributes enable high-resolution target localization of signiﬁcantly more targets than the number
of physical sensors. A fast algorithm was developed that cast the 2-D sparse reconstruction problem as
separate 1-D sparse reconstruction problems, thus effectively reducing the computational complexity. The
offerings of the proposed technique were demonstrated by simulation results.
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Fig. 14. The localization results for different methods (Q = 5, T = 500, and SNR= 0 dB) (a) True; (b) Proposed; (c)
Nested-MUSIC; (d) Nested-CS.
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Fig. 15. RMSE versus the SNR for different methods (Q = 2 and T = 500). (a) RMSEθ ; (b) RMSER
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Fig. 16. RMSE versus the number of snapshots for different methods (Q = 2 and SNR= −5 dB). (a) RMSEθ ; (b) RMSER
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6SDUVLW\%DVHG'LUHFWLRQ)LQGLQJRI&RKHUHQWDQG
8QFRUUHODWHG7DUJHWV8VLQJ$FWLYH1RQXQLIRUP$UUD\V

$EVWUDFW
,QWKLVOHWWHUGLUHFWLRQRIDUULYDO '2$ HVWLPDWLRQRIDPL[WXUHRIFRKHUHQWDQGXQFRUUHODWHGWDUJHWV
LVSHUIRUPHGXVLQJVSDUVHUHFRQVWUXFWLRQDQGDFWLYHQRQXQLIRUPDUUD\V7KHGDWDPHDVXUHPHQWVIURP
PXOWLSOH WUDQVPLW DQG UHFHLYH HOHPHQWV FDQ EH FRQVLGHUHG DV REVHUYDWLRQV IURP WKH VXP FRDUUD\
FRUUHVSRQGLQJ WR WKH SK\VLFDO WUDQVPLWUHFHLYH DUUD\V 7KH YHFWRUL]HG FRYDULDQFH PDWUL[ RI WKH VXP
FRDUUD\ REVHUYDWLRQV HPXODWHV WKH UHFHLYHG GDWD DW D YLUWXDO DUUD\ ZKRVH HOHPHQWV DUH JLYHQ E\ WKH
GLIIHUHQFH FRDUUD\ RI WKH VXP FRDUUD\ '&6&  6SDUVH UHFRQVWUXFWLRQ LV XVHG WR IXOO\ H[SORLW WKH
VLJQLILFDQWO\HQKDQFHGGHJUHHVRIIUHHGRPRIIHUHGE\WKH'&6&IRU'2$HVWLPDWLRQ6LPXODWHGGDWD
IURPPXOWLSOHLQSXWPXOWLSOHRXWSXWPLQLPXPUHGXQGDQF\DUUD\VDQGWUDQVPLWUHFHLYHFRSULPHDUUD\V
DUHXVHGIRUSHUIRUPDQFHHYDOXDWLRQRIWKHSURSRVHGVSDUVLW\EDVHGDFWLYHVHQVLQJDSSURDFK


, ,1752'8&7,21
'LUHFWLRQRIDUULYDO '2$ HVWLPDWLRQLVDQLPSRUWDQWDSSOLFDWLRQRIDUUD\VLJQDOSURFHVVLQJDQGLVDQ
DUHD RI FRQWLQXHG UHVHDUFK LQWHUHVW >@ 7KH SUREOHP RI '2$ HVWLPDWLRQ EHFRPHV FKDOOHQJLQJ LQ WKH
SUHVHQFHRIFRKHUHQWVRXUFHVRUDPL[WXUHRIFRKHUHQWDQGXQFRUUHODWHGVRXUFHVZKLFKRIWHQDULVHLQWKH
SUHVHQFH RI PXOWLSDWK SURSDJDWLRQ 7UDGLWLRQDO VXEVSDFHEDVHG '2$ HVWLPDWLRQ WHFKQLTXHV VXFK DV
086,& >@ FDQ QR ORQJHU EH GLUHFWO\ DSSOLHG GXH WR WKH UDQN GHILFLHQF\ RI WKH QRLVHIUHH FRYDULDQFH
PDWUL[6SDWLDOVPRRWKLQJFDQEHXVHGWRUHVWRUHWKHUDQNRIWKHFRYDULDQFHPDWUL[>@+RZHYHULWFDQ
RQO\EHDSSOLHGWRVSHFLILFDUUD\VWUXFWXUHVDQGDOZD\VUHVXOWVLQUHGXFLQJWKHGHJUHHVRIIUHHGRP '2) 
WKDWDUHDYDLODEOHIRU'2$HVWLPDWLRQ
6SDUVHUHFRQVWUXFWLRQWHFKQLTXHVKDYHDOVREHHQDSSOLHGIRU'2$HVWLPDWLRQRIFRKHUHQWVRXUFHV>±
@,Q>@DQκଵ െ69'PHWKRGLVSURSRVHGWRSHUIRUPVSDUVLW\EDVHG'2$HVWLPDWLRQ,QWKLVPHWKRG




WKH VLQJXODU YDOXH GHFRPSRVLWLRQ 69'  LV HPSOR\HG WR UHGXFH WKH GLPHQVLRQDOLW\ RI WKHVLJQDO PRGHO
IROORZHGE\DPL[HGκଵǡଶ െQRUPPLQLPL]DWLRQZKLFKDVVXPHVJURXSVSDUVLW\DFURVVWKHWLPHVQDSVKRWV
7KHQXPEHURIUHVROYDEOHVRXUFHVLQκଵ െ69'LVOLPLWHGE\WKHQXPEHURIVHQVRUVLQWKHDUUD\-RLQWκ 
DSSUR[LPDWLRQ ZKLFK LV D UHODWHG PHWKRG WR κଵ െ69' KDV EHHQ SURSRVHG LQ >@ 7KLV PHWKRG XVHV D
PL[HGκǡଶ െQRUPPLQLPL]DWLRQLQVWHDGRIκଵǡଶ ǡLQRUGHUWRHQIRUFHVSDUVLW\LQWKHUHFRQVWUXFWHG'2$V
$QRWKHU VSDUVLW\EDVHG PHWKRG IRU '2$ HVWLPDWLRQ RI PRUH FRUUHODWHG VRXUFHV WKDQ VHQVRUV ZDV
SUHVHQWHGLQ>@7KLVPHWKRGDGRSWVDG\QDPLFDUUD\FRQILJXUDWLRQZKHUHLQGLIIHUHQWVHWVRIHOHPHQWVRI
D XQLIRUP OLQHDU DUUD\ 8/$  DUH DFWLYDWHG LQ GLIIHUHQW WLPH VORWV DQG XVHV VSDUVH UHFRQVWUXFWLRQ WR
HVWLPDWHWKHYHFWRUL]HGIRUPRIWKHVRXUFHFRYDULDQFHPDWUL[WRUHVROYHWKHVRXUFHV
$OO RI WKH DIRUHPHQWLRQHG VFKHPHV HPSOR\ SDVVLYH RU UHFHLYHRQO\ DUUD\V IRU '2$ HVWLPDWLRQ $Q
DFWLYH RU WUDQVPLWUHFHLYH VHQVLQJ PHWKRG ZDV SURSRVHG LQ >@ IRU GLUHFWLRQ ILQGLQJ LQ D FRKHUHQW
HQYLURQPHQW7KLVPHWKRGJHQHUDOL]HVWKHVSDWLDOVPRRWKLQJGHFRUUHODWLRQWHFKQLTXHWRHQFRPSDVVDFWLYH
DUUD\VZKHUHWKHWUDQVPLWWHUVLOOXPLQDWHWKHILHOGRIYLHZDQGWKHUHFHLYHUVGHWHFWWKHUHIOHFWLRQVIURPWKH
WDUJHWV7KHUHFRUGHGGDWDHPXODWHVPHDVXUHPHQWVDWWKHFRUUHVSRQGLQJVXPFRDUUD\8VLQJWKHFRDUUD\
HTXLYDOHQFH SULQFLSOH WKH VXP FRDUUD\ PHDVXUHPHQWV FDQ EH FRQVLGHUHG DV RULJLQDWLQJ IURP D YLUWXDO
WUDQVPLWUHFHLYH DUUD\ ZKLFK  FRPSDUHG WR WKH SK\VLFDO WUDQVPLWUHFHLYH DUUD\ SURYLGHV D GLIIHUHQW
WUDGHRIIEHWZHHQWKHQXPEHURIUHVROYDEOHWDUJHWVDQGWKHPD[LPXPQXPEHURIPXWXDOO\FRKHUHQWWDUJHWV
WKDWFDQEHUHVROYHG7KHQXPEHURIUHVROYDEOHWDUJHWVIRUWKLVDFWLYHVHQVLQJVFKHPHLVOLPLWHGE\WKH
QXPEHURIUHFHLYHUVLQWKHYLUWXDOWUDQVPLWUHFHLYHDUUD\,Q>@DVSDUVHUHFRQVWUXFWLRQVFKHPHIRU'2$
HVWLPDWLRQLQFRORFDWHGPXOWLSOHLQSXWPXOWLSOHRXWSXW 0,02 UDGDUZDVSURSRVHG7KHUHFHLYHGGDWDLV
DUUDQJHG LQ D YHFWRU ZKLFK HPXODWHV PHDVXUHPHQWV DW WKH VXP FRDUUD\ DQG HLWKHU κଵ െ69' RU D
UHZHLJKWHGPLQLPL]DWLRQLVDSSOLHGWRUHFRQVWUXFWWKHVLJQDO)RUWKLVPHWKRGWKHQXPEHURIUHVROYDEOH
WDUJHWVLVOLPLWHGE\WKHQXPEHURIVXPFRDUUD\HOHPHQWV
,QWKLVOHWWHUZHSHUIRUP'2$HVWLPDWLRQRIDPL[WXUHRIFRKHUHQWDQGXQFRUUHODWHGWDUJHWVE\XVLQJ
WKH FRYDULDQFH PDWUL[ RI WKH GDWD YHFWRU WKDW HPXODWHV PHDVXUHPHQWV DW WKH VXP FRDUUD\ RI DFWLYH




QRQXQLIRUPDUUD\V,QVRGRLQJWKHQXPEHURI'2)VLVVLJQLILFDQWO\LQFUHDVHGRZLQJWRWKHIDFWWKDWWKH
YHFWRUL]HGFRYDULDQFHPDWUL[RIWKHVXPFRDUUD\REVHUYDWLRQVFDQEHWKRXJKWRIDVDVLQJOHPHDVXUHPHQW
DW D YLUWXDO DUUD\ ZKRVH HOHPHQWV DUH JLYHQ E\ WKH GLIIHUHQFH FRDUUD\ RI WKH VXP FRDUUD\ '&6&  7KH
'&6& KDV D PXFK KLJKHU QXPEHU RI HOHPHQWV FRPSDUHG WR WKH VXP FRDUUD\ LWVHOI >@ 6SDUVH
UHFRQVWUXFWLRQLVHPSOR\HGWRIXOO\H[SORLWWKHHQKDQFHG'2)VE\HVWLPDWLQJWKHYHFWRUL]HGIRUPRIWKH
VRXUFH FRYDULDQFH PDWUL[ ZKLFK LV OLQHDUO\ UHODWHG WR WKH YHFWRUL]HG GDWD FRYDULDQFH PDWUL[ RI WKH VXP
FRDUUD\ REVHUYDWLRQV 7ZR GLIIHUHQW QRQXQLIRUP DUUD\ JHRPHWULHV DUH FRQVLGHUHG IRU SHUIRUPDQFH
HYDOXDWLRQXVLQJVLPXODWHGGDWD7KHILUVWFRQILJXUDWLRQLVWKH0,02PLQLPXPUHGXQGDQF\DUUD\ 05$ 
ZKLFKPD[LPL]HVWKHQXPEHURIHOHPHQWVLQWKH'&6&>@ZKHUHDVWKHVHFRQGLVWKHWUDQVPLWUHFHLYH
FRSULPHDUUD\V>@6LPXODWLRQUHVXOWVFOHDUO\GHPRQVWUDWHWKHVXSHULRUSHUIRUPDQFHRIWKHSURSRVHG
VFKHPH RYHU H[LVWLQJ PHWKRGV LQ WHUPV RI WKH QXPEHU RI UHVROYDEOH WDUJHWV IRU D JLYHQ QXPEHU RI
WUDQVPLWWHUVUHFHLYHUV
7KHUHPDLQGHURIWKHOHWWHULVRUJDQL]HGDVIROORZV,Q6HFWLRQ,,WKHVLJQDOPRGHOIRUDFWLYHVHQVLQJ
LVUHYLHZHGDQGWKHSURSRVHGVSDUVLW\EDVHG'2$HVWLPDWLRQDSSURDFKLVSUHVHQWHG7KH0,0205$
DQGFRSULPHFRQILJXUDWLRQVDUHDOVRGLVFXVVHGLQWKLVVHFWLRQ7KHSHUIRUPDQFHRIWKHSURSRVHGPHWKRGLV
HYDOXDWHGLQ6HFWLRQ,,,WKURXJKQXPHULFDOVLPXODWLRQDQG6HFWLRQ,9FRQFOXGHVWKHOHWWHU

,,352326(''2$(67,0$7,21$3352$&+
A. Signal Model
:H FRQVLGHU DQ ܯHOHPHQW OLQHDU WUDQVPLW DUUD\ DQG DQ ܰHOHPHQW OLQHDU UHFHLYH DUUD\ 7KH WZR
DUUD\VPD\RUPD\QRWVKDUHFRPPRQHOHPHQWV7KHVHDUUD\VDUHDVVXPHGWREHFRORFDWHGVRWKDWDWDUJHW
LQ WKH IDUILHOG DSSHDUV WR KDYH WKH VDPH GLUHFWLRQ DW DOO WUDQVPLWWHUV DQG UHFHLYHUV 7KH VFHQH LV
LOOXPLQDWHG E\ PXOWLSOH VHTXHQWLDO QDUURZEDQG WUDQVPLVVLRQV RI FHQWHU IUHTXHQF\ ݂  IURP WKH GLIIHUHQW
WUDQVPLWWHUV7KLVJURXSRIWUDQVPLVVLRQVRQHIURPHDFKWUDQVPLWWHULVUHIHUUHGWRDVDVLQJOH³VQDSVKRW´
:H DVVXPH WKH ILHOG RI YLHZ WR FRQVLVW RI ܳ SRLQW WDUJHWV LQ GLUHFWLRQV ൣߠଵ ǡ ߠଶ ǡ ǥ ǡ ߠொ ൧ ZKHUH ߠ LV WKH




DQJOH UHODWLYH WR EURDGVLGH RI WKH WUDQVPLW RU UHFHLYH DUUD\ 7KH WDUJHW GLVWULEXWLRQ FRQVLVWV RI ERWK
XQFRUUHODWHGDQGFRKHUHQWWDUJHWV7KHQWKHRXWSXWRIWKHUHFHLYHDUUD\FDQEHH[SUHVVHGDVDQ ܰܯൈ ͳ
YHFWRU>@
ொ



࢞ሺݐሻ ൌ  ࢇ ሺߠ ሻ۪ࢇ ൫ߠ ൯ ݏሺݐሻ  ሺݐሻǡ



ୀଵ

ZKHUHWKHRSHUDWRU۪GHQRWHVWKH.URQHFNHUSURGXFWݏq ሺݐሻLVWKHUHIOHFWLRQFRHIILFLHQWRIWKHݍWKWDUJHWDW
VQDSVKRW ݐǡ  DQG ࢇt ሺߠq ሻ DQG ࢇr ൫ߠq ൯ DUH WKH VWHHULQJ YHFWRUV RI WKH WUDQVPLW DQG UHFHLYH DUUD\V
FRUUHVSRQGLQJ WR WKH GLUHFWLRQ RI WKH ݍWK WDUJHW UHVSHFWLYHO\ 7KH ݉WK HOHPHQW RI ࢇt ሺߠq ሻ LV JLYHQ E\
ሺെ݆݇ ݐm  ߠq ሻZKHUHݐm LVWKHORFDWLRQRIWKH݉WKWUDQVPLWWHUDQG݇ ൌ ʹߨ݂ ȀܿLVWKHZDYHQXPEHU
DW IUHTXHQF\ ݂  ZLWK c EHLQJ WKH VSHHG RI OLJKW DQG WKH ݊WK HOHPHQW RI ࢇr ൫ߠq ൯ LV JLYHQ E\
ሺെ݆݇ ݎn  ߠq ሻ ZKHUH ݎn  LV WKH ORFDWLRQ RI WKH ݊WK UHFHLYHU 7KH YHFWRU ሺݐሻ LQ   LV WKH  ܰܯൈ ͳ
QRLVH YHFWRU 7KH QRLVH LV DVVXPHG WR EH LQGHSHQGHQW DQG LGHQWLFDOO\ GLVWULEXWHG IROORZLQJ D FRPSOH[
*DXVVLDQGLVWULEXWLRQ


7KH WHUP ࢇt ሺߠq ሻ۪ࢇr ൫ߠq ൯ LQ   LV HTXLYDOHQW WR WKH VWHHULQJ YHFWRU RI D YLUWXDO UHFHLYHRQO\ DUUD\

ZKRVH HOHPHQWV DUH JLYHQ E\ WKH VXP FRDUUD\ RI WKH WUDQVPLW DQG UHFHLYH DUUD\V 7KH VXP FRDUUD\
HOHPHQWVDUHGHILQHGDVWKHVHWሼሺݎ  ݐ ሻǡ Ͳ  ݊  ܰ െ ͳͲ  ݉   ܯെ ͳሽ>@/HWܮEHWKHQXPEHU
RIXQLTXHHOHPHQWVLQWKHVXPFRDUUD\7KHQDQHZ ܮൈ ͳUHFHLYHGGDWDYHFWRUFDQEHIRUPHGIURP  DV


࢞ ሺݐሻ ൌ  ࢙ሺݐሻ  ௦௨ ሺݐሻǡ



ZKHUH sum ൌ ൣࢇsum ሺߠ ሻǡ ࢇsum ሺߠ ሻǡ ǥ ǡ ࢇsum ൫ߠQ ൯൧ LV WKH  ܮൈ ܳ DUUD\ PDQLIROG FRUUHVSRQGLQJ WR WKH VXP
்

FRDUUD\ ࢙ሺݐሻ ൌ ൣ ݏሺݐሻǡ  ݏሺݐሻǡ ǥ ǡ ݏQ ሺݐሻ൧  DQG ࢇsum ൫ߠq ൯ LV WKH VWHHULQJ YHFWRU RI WKH VXP FRDUUD\ LQ
GLUHFWLRQߠq ,WVKRXOGEHQRWHGWKDWLIWZRRUPRUHWUDQVPLWUHFHLYHHOHPHQWSDLUVFRQWULEXWHWRWKHVDPH
VXPFRDUUD\SRLQWHLWKHUWKHDYHUDJHRURQHRIWKHFRUUHVSRQGLQJPHDVXUHPHQWVFRXOGEHXVHGLQ࢞sum ሺݐሻ
7KH κଵ െ69' PHWKRG FDQ EH DSSOLHG WR WKH VXP FRDUUD\ GDWD YHFWRU ࢞sum ሺݐሻ IRU VSDUVLW\EDVHG '2$
HVWLPDWLRQ >@  +RZHYHU WKH PD[LPXP QXPEHU RI UHVROYDEOH WDUJHWV LQ WKLV FDVH LV OLPLWHG WR WKH




QXPEHURIXQLTXHHOHPHQWVLQWKHVXPFRDUUD\>@
B. Correlation Matrix Based Sparse Reconstruction Approach
7KH ܮൈ ܮFRYDULDQFHPDWUL[RIWKHVXPFRDUUD\GDWDFDQEHH[SUHVVHGDV


ு
ଶ
ࡾ ൌ  ܧሼ࢞ ሺݐሻ࢞ு
 ሺݐሻሽ ൌ  ࡾ   ߪ ࡵǡ



ZKHUHܧሼήሽLVWKHH[SHFWDWLRQRSHUDWRUߪnଶ LVWKHQRLVHYDULDQFHDQGࡵLVDQ ܮൈ ܮLGHQWLW\PDWUL[ࡾss LV
WKHܳ ൈ ܳVRXUFHFRUUHODWLRQPDWUL[ZKLFKFRQWDLQVWKHSRZHUVRIWKHUHIOHFWLRQVIURPWKHWDUJHWVRQLWV
PDLQ GLDJRQDO DQG WKH FURVVFRUUHODWLRQV EHWZHHQ WKH WDUJHWV LQ WKH RIIGLDJRQDO WHUPV ,Q SUDFWLFH WKH
FRYDULDQFHPDWUL[LVHVWLPDWHGE\DVDPSOHDYHUDJHRYHUPXOWLSOHVQDSVKRWV
,QRUGHUWRSHUIRUP'2$HVWLPDWLRQRIWKHFRKHUHQWDQGXQFRUUHODWHGWDUJHWVZHHVWLPDWHࡾss XVLQJ
ࡾsum >@7RWKLVHQGZHSURFHHGDVIROORZV7KHDQJXODUUHJLRQRILQWHUHVWLVGLVFUHWL]HGLQWRDILQLWHVHW
RIܳ ب ܭJULGSRLQWV൛ߠభ ǡ ߠమ ǡ ǥ ǡ ߠ಼ ൟǡZLWKߠభ DQGߠ಼ EHLQJWKHOLPLWVRIWKHVHDUFKVSDFH7KHWDUJHWV
DUHDVVXPHGWREHORFDWHGRQWKHJULG6HYHUDOPHWKRGVFDQEHXVHGWRPRGLI\WKHPRGHOLQRUGHUWRGHDO
෩ sum  ZKRVH FROXPQV DUH WKH VWHHULQJ
ZLWK RIIJULG WDUJHWV > @ :H GHILQH WKH  ܮൈ  ܭDUUD\ PDQLIROG 
෩ ss  ZKLFK KROGV WKH DXWR DQG
YHFWRUV FRUUHVSRQGLQJ WR WKH GHILQHG DQJOHV LQ WKH JULG DQG WKH  ܭൈ ࡾ ܭ
FURVVFRUUHODWLRQEHWZHHQWKHSRWHQWLDOWDUJHWVDWWKHGHILQHGDQJOHV(TXDWLRQ  FDQWKHQEHUHZULWWHQDV


ଶ
෩  
෩  ࡾ
෩ு
ࡾ ൌ 
  ߪ ࡵǤ



෩ ss  DQG
෩ ss  LV D VSDUVH PDWUL[ 6SDUVH UHFRQVWUXFWLRQ FDQ WKHQ EH DSSOLHG WR HVWLPDWH ࡾ
6LQFH ࡾ ܳ ب ܭ
෩ ss FRUUHVSRQGWRWKHSRZHUV
FRQVHTXHQWO\UHVROYHWKHWDUJHWV7KHQRQ]HURWHUPVRQWKHPDLQGLDJRQDORIࡾ
RIWKHWDUJHWUHIOHFWLRQVSUHVHQWLQWKHILHOGRIYLHZDQGWKHQRQ]HURRIIGLDJRQDOWHUPVFRUUHVSRQGWRWKH
FRUUHODWLRQVEHWZHHQWKHFRKHUHQWWDUJHWV$VDUHVXOWWKHWDUJHWGLUHFWLRQVFDQEHREWDLQHGE\LGHQWLI\LQJ
WKHQRQ]HURWHUPVRQWKHPDLQGLDJRQDO
7KH FRYDULDQFH PDWUL[ ࡾsum  LV YHFWRUL]HG E\ VWDFNLQJ LWV FROXPQV WR IRUP D WDOO YHFWRU ZKLFK
HPXODWHVDVLQJOHVQDSVKRWDWDYLUWXDODUUD\ZKRVHHOHPHQWVDUHJLYHQE\WKH'&6&RIWKHWUDQVPLWDQG
UHFHLYH DUUD\V :LWK WKH VXP FRDUUD\ FRQWDLQLQJ ܮXQLTXH HOHPHQWV DW SRVLWLRQV ݔκ ǡ κ ൌ Ͳǡ ǥ ǡ  ܮെ ͳ WKH




'&6& HOHPHQWV DUH JLYHQ E\ WKH VHW ȳ ൌ ൛ݔκభ െ ݔκమ ǡ κଵ ൌ Ͳǡ ǥ ǡ  ܮെ ͳDQGκଶ ൌ Ͳǡ ǥ ǡ  ܮെ ͳൟ ,W FDQ EH
UHDGLO\VKRZQWKDWWKHܮଶ ൈ ͳYHFWRUL]HGIRUPRIWKHQRLVHIUHHWHUPRIࡾsum FDQEHH[SUHVVHGDV>@


෩  
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ZKHUH ܿ݁ݒሺήሻ GHQRWHV WKH YHFWRUL]DWLRQ RSHUDWLRQ DQG WKH VXSHUVFULSW µ ¶ GHQRWHV FRPSOH[ FRQMXJDWLRQ
෩ ss ሻFDQ
*LYHQWKHPRGHOLQ  WKHFRQVWUDLQHGRSWLPL]DWLRQSUREOHPIRUUHFRQVWUXFWLQJWKH ܭଶ ൈ ͳܿ݁ݒሺࡾ
EHH[SUHVVHGDV>@
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ZKHUH WKH κଶ െQRUP LV WKH OHDVW VTXDUHV FRVW IXQFWLRQ WR PDLQWDLQ GDWD ILGHOLW\ DQG WKH κଵ െ QRUP
HQFRXUDJHV VSDUVLW\ LQ WKH UHFRQVWUXFWHG YHFWRU 7KH UHJXODUL]DWLRQ SDUDPHWHU ߣ LV XVHG WR FRQWURO WKH
ZHLJKWRIWKHVSDUVLW\FRQVWUDLQWLQWKHRYHUDOOFRVWIXQFWLRQ
C. Maximum Number of Resolvable Targets
7KH PD[LPXP QXPEHU RI UHVROYDEOH WDUJHWV XVLQJ WKH SURSRVHG PHWKRG GHSHQGV RQ WKH QXPEHU RI
XQLTXHODJVLQWKH'&6&DQGWKHQXPEHURIFRKHUHQWWDUJHWV(DFKSDLURIFRKHUHQWWDUJHWVFRUUHVSRQGVWR
෩ ss DQGHDFKWDUJHWFRQWULEXWHVDQRQ]HURWHUPRQWKHPDLQGLDJRQDO
WZRQRQ]HURRIIGLDJRQDOWHUPVLQࡾ
෩ ss  RQO\ WKH ORZHU WULDQJOH PDWUL[ FDQ EH HVWLPDWHG 7KLV LPSOLHV WKDW
'XH WR FRQMXJDWH V\PPHWU\ LQ ࡾ
෩ ss  QHHG WR EH HVWLPDWHG $FFRUGLQJ WR >@ WKH
LQVWHDG RI  ܭଶ  WHUPV RQO\ ܭሺ ܭ ͳሻȀʹ  HOHPHQWV RI ࡾ
VSDUVLW\EDVHGPLQLPL]DWLRQSUREOHPLQ  LVJXDUDQWHHGWRKDYHDXQLTXHVROXWLRQXQGHUWKHFRQGLWLRQ
ܲ  ʹܦZKHUHܲLVHTXDOWRWKHQXPEHURILQGHSHQGHQWREVHUYDWLRQVRUWKHQXPEHURIXQLTXHHOHPHQWVLQ
෩ ss ZKLFKFDQEHH[SUHVVHGDV
WKH'&6&DQGܦLVWKHQXPEHURIQRQ]HURWHUPVLQWKHORZHUWULDQJOHRIࡾ
 ܦൌ ܳ  ܥZKHUHܥLVWKHQXPEHURISDLUVRIFRKHUHQWWDUJHWV
7KHQXPEHURIXQLTXHODJVP LQWKH'&6&LVDIXQFWLRQRIWKHWUDQVPLWDQGUHFHLYHDUUD\JHRPHWULHV
)RUDJLYHQQXPEHURIWUDQVPLWWHUVDQGUHFHLYHUVDFWLYHDUUD\FRQILJXUDWLRQVVSHFLILFDOO\GHVLJQHGWREH
RSWLPDO LQ WKH VHQVH WKDW WKH QXPEHU RI XQLTXH HOHPHQWV LQ WKH '&6& LV PD[LPL]HG ZRXOG \LHOG WKH
KLJKHVW QXPEHU RI UHVROYDEOH VRXUFHV 0,02 05$V DUH RQH VXFK W\SH RI DUUD\V ZKLFK DUH GHVLJQHG
XQGHU WKH FRQVWUDLQW WKDW WKH '&6& KDV QR KROHV >@ +RZHYHU WKH XVH RI VXFK RSWLPDO DUUD\




FRQILJXUDWLRQVLVQRWPDQGDWRU\DQGWKHSURSRVHGWHFKQLTXHFDQEHDSSOLHGWRRWKHUQRQXQLIRUPDUUD\V
VXFK DV FRSULPH DUUD\V &RSULPH DUUD\V FRQVLVW RI WZR LQWHUOHDYHG 8/$V ZLWK FRSULPH QXPEHU RI
HOHPHQWVDQGFRSULPHHOHPHQWVSDFLQJ>@7DEOH,VXPPDUL]HVWKHQXPEHURIXQLTXHHOHPHQWVLQ
WKHVXPFRDUUD\DQGWKH'&6&RIWKUHHGLIIHUHQWLPSOHPHQWDWLRQV &RQILJXUDWLRQV$%DQG& RIDFR
SULPH DUUD\ FRPSULVLQJ D ሺʹܯ െ ͳሻ HOHPHQW 8/$ ZLWK ܰ ߣ ȀʹLQWHUHOHPHQW VSDFLQJ DQG D VHFRQG
8/$KDYLQJܰ HOHPHQWVVSDFHGE\ܯ ߣ Ȁʹܯ DQGܰ DUHFRSULPHLQWHJHUVWKHWZR8/$VVKDUHWKH
ILUVWHOHPHQWDWDQGߣ LVWKHZDYHOHQJWKDWWKHIUHTXHQF\݂ &RQILJXUDWLRQ$XVHVWKHILUVW 8/$WR
WUDQVPLW DQG WKH VHFRQG 8/$ WR UHFHLYH &RQILJXUDWLRQ % HPSOR\V WKH ILUVW 8/$ IRU WUDQVPLVVLRQ DQG
ERWK8/$VIRUUHFHSWLRQ&RQILJXUDWLRQ&XVHVWKHHQWLUHFRSULPHDUUD\WRWUDQVPLWDQGUHFHLYH7KHVH
LPSOHPHQWDWLRQV SURYLGH GLIIHUHQW WUDGHRIIV EHWZHHQ FRVW KDUGZDUH FRPSOH[LW\ DQG WKH PD[LPXP
QXPEHURIXQLTXHHOHPHQWVLQWKH '&6&:HREVHUYHIURP7DEOH, WKDWWKH DGYDQWDJHRIWKHSURSRVHG
PHWKRG RYHU WKH κଵ െ 69' PHWKRG DSSOLHG GLUHFWO\ WR WKH VXP FRDUUD\ RI WKH FRSULPH DUUD\V LV PRUH
HYLGHQWIRUKLJKHUYDOXHVRIܯ DQGܰ )RUODUJHܯ DQGܰ YDOXHVDWKUHHIROGLQFUHDVHLQWKH'2)V
RFFXUVIRUFRQILJXUDWLRQV%DQG&

,,, 180(5,&$/5(68/76
,Q WKLV VHFWLRQ '2$ HVWLPDWLRQ UHVXOWV IRU WKH SURSRVHG VSDUVH UHFRQVWUXFWLRQ WHFKQLTXH XVLQJ
QRQXQLIRUPDFWLYHDUUD\VDUHSUHVHQWHGDQGDFRPSDULVRQZLWKWKHκଵ െ69'PHWKRGLVDOVRSURYLGHG
%RWK0,0205$VDQGFRSULPHDUUD\VDUHFRQVLGHUHG7KHURRWPHDQVTXDUHHUURU 506( ZLWKUHVSHFW
WRWKHGLUHFWLRQVLVXVHGWRFRPSDUHWKHWZRPHWKRGV
,Q WKH ILUVW H[DPSOH ZH FRQVLGHU D 0,02 05$ ZKLFK FRQVLVWV RI WZR UHFHLYHUV SRVLWLRQHG DW
ሾͲǡ ݀ ሿ DQG WKUHH WUDQVPLWWHUV SRVLWLRQHG DW ሾͲǡ ݀ ǡ ͵݀ ሿ ZKHUH ݀ ൌ ߣ Ȁʹ )LJ  VKRZV WKH
FRUUHVSRQGLQJ VXP FRDUUD\ DQG WKH '&6& 7KH VXP FRDUUD\ FRQVLVWV RI VL[ HOHPHQWV SRVLWLRQHG DW
ሾͲǡ ͳǡ ͵ǡ ǡ ͺǡ ͳͲሿ݀  ZKHUHDV WKH '&6& FRQVLVWV RI  FRQVHFXWLYH YLUWXDO HOHPHQWV DQG LWV DSHUWXUH
H[WHQGVIURPെͳͲ݀ WRͳͲ݀ $VVXFKκଵ െ69'DSSOLHGWRWKHVXPFRDUUD\PHDVXUHPHQWVFDQHVWLPDWH




XS WR VL[ VRXUFHV ZKHUHDV WKH SURSRVHG PHWKRG FDQ HVWLPDWH XS WR WHQ QRQ]HUR HOHPHQWV LQ WKH ORZHU
WULDQJOH RI WKH VRXUFH FRYDULDQFH PDWUL[ 7KLV LV WHVWHG E\ ILUVW FRQVLGHULQJ VL[ WDUJHWV DW GLUHFWLRQV
ሾെͲιǡ െʹͲιǡ െͳͷιǡ ͳͲιǡ ͵Ͳιǡ ͶͲιሿ ZLWK WKH UHIOHFWLRQV IURP WKH ILUVW WKUHH WDUJHWV EHLQJ PXWXDOO\
FRKHUHQW7KHWRWDOQXPEHURIVQDSVKRWVLVVHWWR6SDWLDOO\DQGWHPSRUDOO\ZKLWH*DXVVLDQQRLVHLV
DGGHGWRWKHREVHUYDWLRQVDQGWKH615IRUWKHVL[WDUJHWVLVVHWWRሾͳͲǡ Ͳǡ ͷǡ Ͳǡ ͳͲǡ Ͳሿ7KHVHDUFKVSDFH
LVGLVFUHWL]HGXQLIRUPO\IURPെͻͲιDQGͻͲιZLWKͳιLQFUHPHQWDQGWKHUHJXODUL]DWLRQSDUDPHWHUߣLVVHW
HPSLULFDOO\ WR  IRU WKH SURSRVHG PHWKRG 7KH QRUPDOL]HG VSHFWUXP REWDLQHG XVLQJ κଵ െ 69' DQG
DYHUDJHGDFURVVWKHVQDSVKRWVLVVKRZQLQ)LJ D )LJ E GHSLFWVWKHQRUPDOL]HGYDOXHVRQWKHPDLQ
GLDJRQDO RI WKH HVWLPDWHG VRXUFH FRYDULDQFH PDWUL[ XVLQJ WKH SURSRVHG DSSURDFK 7KH GDVKHG YHUWLFDO
OLQHVLQERWKILJXUHVLQGLFDWHWKHWUXHWDUJHWGLUHFWLRQV:HREVHUYHWKDWWKHSURSRVHGPHWKRGKDVFRUUHFWO\
HVWLPDWHG WKH WDUJHW GLUHFWLRQV +RZHYHU κଵ െ ܸܵ ܦPLVVHV WZR WDUJHWV ZLWK ORZ 615 DQG SURGXFHV
ELDVHGHVWLPDWHVIRUWKHUHPDLQLQJWDUJHWV7KH506(LVͲιIRUWKHSURSRVHGPHWKRG
1H[W WKH VDPH 0,02 05$ LV XVHG EXW WKH QXPEHU RI WDUJHWV LV LQFUHDVHG WR VHYHQ ZLWK WKH ILUVW
WKUHHEHLQJPXWXDOO\FRKHUHQW7KHWDUJHWVDUHSRVLWLRQHGDWሾെͷͷιǡ െͶͲιǡ െͳͷιǡ ͷιǡ ʹͲιǡ Ͷͷιǡ ͷιሿ$
G%615LVXVHGIRUDOOWKHWDUJHWV7KHUHJXODUL]DWLRQSDUDPHWHUߣLVVHWWR)LJV D DQG E VKRZ
WKHHVWLPDWHGVSHFWUDXVLQJκଵ െ69'DQGWKHSURSRVHGPHWKRGUHVSHFWLYHO\&OHDUO\κଵ െ69'IDLOVWR
HVWLPDWHWKHWDUJHWVVLQFHWKHWRWDOQXPEHURIWDUJHWVH[FHHGVWKHQXPEHURIVXPFRDUUD\HOHPHQWV7KH
SURSRVHG PHWKRG RQ WKH RWKHU KDQG LV VXFFHVVIXO VLQFH WKH QXPEHU RI QRQ]HUR HOHPHQWV LQ WKH ORZHU
WULDQJOHLVHTXDOWR7KHFRUUHVSRQGLQJ506(LVͲǤʹͶι7KHQXPEHURIWDUJHWVLVWKHQLQFUHDVHGWR
ZKLFK LV HTXDO WR WKH PD[LPXP QXPEHU RI QRQ]HUR HOHPHQWV LQ WKH ORZHU WULDQJOH RI WKH FRYDULDQFH
PDWUL[ WKDW FDQ EH HVWLPDWHG XVLQJ WKH SURSRVHG PHWKRG 7KH WDUJHW GLUHFWLRQV DUH XQLIRUPO\ VSDFHG
EHWZHHQ െͷͲι DQG ͷͲι 7KH UHIOHFWLRQV IURP DOO WKH WDUJHWV DUH DVVXPHG WR EH XQFRUUHODWHG LQ WKLV
H[DPSOHDQGWKHRWKHUVLPXODWLRQSDUDPHWHUVDUHNHSWWKHVDPHDVEHIRUH)LJ D VKRZVWKHHVWLPDWHG
VSHFWUXPXVLQJκଵ െ69'ZKLFKIDLOVWRHVWLPDWHWKHWDUJHWGLUHFWLRQVEHFDXVHWKHQXPEHURIWDUJHWVLV
ODUJHUWKDQWKHQXPEHURIVXPFRDUUD\HOHPHQWV7KHHVWLPDWHGVSHFWUXPXVLQJWKHSURSRVHGDSSURDFKLV




VKRZQLQ)LJ E $VH[SHFWHGWKLVPHWKRGFRUUHFWO\HVWLPDWHVDOOWKH'2$VDQGWKH506(LVHTXDOWR
ͲǤʹιLQWKLVH[DPSOH
1H[W ZH FRQVLGHU D FRSULPH DUUD\ ZLWK ܯ ൌ ͵ DQG ܰ ൌ Ͷ LH WKH ILUVW 8/$ FRQVLVWV RI ILYH
SK\VLFDO VHQVRUV ZLWK SRVLWLRQV ሾͶǡ ͺǡ ͳʹǡ ͳǡ ʹͲሿ݀  DQG WKH VHFRQG 8/$ FRQVLVWV RI IRXU VHQVRUV
SRVLWLRQHG DW ሾͲǡ ͵ǡ ǡ ͻሿ݀  &RQILJXUDWLRQ % LV FRQVLGHUHG ZKLFK LPSOLHV WKDW WKH ILUVW 8/$ LV XVHG WR
WUDQVPLWDQGERWK8/$VDUHXVHGWRUHFHLYH7KHFRUUHVSRQGLQJVXPFRDUUD\FRQVLVWVRIHOHPHQWVDQG
WKH'&6&FRQVLVWVRIHOHPHQWV:HFRQVLGHUWDUJHWVXQLIRUPO\VSDFHGEHWZHHQെͲǤͻͷDQGͲǤͻͷLQ
WKH UHGXFHG DQJXODU FRRUGLQDWH VLQሺߠሻǡZLWK WKUHH WDUJHWV EHLQJ PXWXDOO\ FRKHUHQW 7KH UHVW RI WKH
VLPXODWLRQSDUDPHWHUVDUHWKHVDPHDVLQWKHSUHYLRXVH[DPSOHV)LJV D DQG E VKRZWKHHVWLPDWHG
VSHFWUD XVLQJ κଵ െ 69' DQG WKH SURSRVHG PHWKRG UHVSHFWLYHO\ :H REVHUYH WKDW κଵ െ 69' IDLOV WR
HVWLPDWHWKHWDUJHWGLUHFWLRQVVLQFHWKHQXPEHURIWDUJHWVH[FHHGVWKHQXPEHURIVXPFRDUUD\HOHPHQWV
7KHSURSRVHGPHWKRGFRUUHFWO\HVWLPDWHVWKH'2$VVLQFHWKHQXPEHURIQRQ]HURHOHPHQWVLQWKHORZHU
WULDQJOH RI WKH VRXUFH FRYDULDQFH PDWUL[ LQ WKLV FDVH LV  ܦൌ ܳ   ܥൌ ͵Ͳ  ͵ ൌ ͵͵ DQG WKH QXPEHU RI
XQLTXHHOHPHQWVLQWKH'&6&LVܲ ൌ ZKLFKLVJUHDWHUWKDQʹܦ7KHFRUUHVSRQGLQJ506(LVͲǤͲ͵ι

,9&21&/86,21
$ VSDUVH UHFRQVWUXFWLRQ PHWKRG KDV EHHQ SURSRVHG IRU '2$ HVWLPDWLRQ XVLQJ DFWLYH QRQXQLIRUP
DUUD\V7KHSURSRVHGDSSURDFKRIIHUVDVLJQLILFDQWHQKDQFHPHQWLQWKH'2)VRYHUWKHFXUUHQWO\HPSOR\HG
PHWKRGV E\ XVLQJ WKH FRYDULDQFH PDWUL[ RI VXP FRDUUD\ PHDVXUHPHQWV WR HPXODWH REVHUYDWLRQV DW WKH
GLIIHUHQFH FRDUUD\ RI WKH VXP FRDUUD\ 7KH SURSRVHG PHWKRG ZDV WHVWHG XVLQJ WZR QRQXQLIRUP DUUD\
FRQILJXUDWLRQV DQG ZDV VKRZQ WR VXFFHVVIXOO\ HVWLPDWH WKH GLUHFWLRQV RI D PL[WXUH RI FRKHUHQW DQG
XQFRUUHODWHGWDUJHWV
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0XWXDO&RXSOLQJ(IIHFWDQG&RPSHQVDWLRQLQ1RQ8QLIRUP
$UUD\VIRU'LUHFWLRQRI$UULYDO(VWLPDWLRQ




$EVWUDFW
,QWKLVSDSHUZHLQYHVWLJDWHWKHHIIHFWRIPXWXDOFRXSOLQJRQGLUHFWLRQRIDUULYDO '2$ HVWLPDWLRQ
XVLQJQRQXQLIRUPDUUD\V:HFRPSDUHDQGFRQWUDVWWKH'2$HVWLPDWLRQDFFXUDF\LQWKHSUHVHQFHRI
PXWXDO FRXSOLQJ IRU WKUHH GLIIHUHQW QRQXQLIRUP DUUD\ JHRPHWULHV QDPHO\ PLQLPXP UHGXQGDQF\
DUUD\V 05$V QHVWHGDUUD\VDQGFRSULPHDUUD\VDQGIRUWZRDQWHQQDW\SHVQDPHO\GLSROHDQWHQQDV
DQGPLFURVWULSDQWHQQDV:HGHPRQVWUDWHWKURXJKQXPHULFDOVLPXODWLRQVWKDWWKHPXWXDOFRXSOLQJLI
XQDFFRXQWHGIRUFDQLQJHQHUDOOHDGWRSHUIRUPDQFHGHJUDGDWLRQZLWKWKH05$IDULQJEHWWHUDJDLQVW
PXWXDOFRXSOLQJWKDQWKHRWKHUWZRQRQXQLIRUPVWUXFWXUHVIRUERWKDQWHQQDW\SHV:HDOVRSURSRVH
WZRPHWKRGVWKDWFDQFRPSHQVDWHIRUWKHGHWULPHQWDOHIIHFWVRIPXWXDOFRXSOLQJOHDGLQJWRDFFXUDWH
DQGUHOLDEOH'2$HVWLPDWLRQ6XSSRUWLQJQXPHULFDOVLPXODWLRQUHVXOWVDUHSURYLGHGZKLFKVKRZWKH
HIIHFWLYHQHVVRIWKHSURSRVHGFRPSHQVDWLRQPHWKRGV



, ,1752'8&7,21
$QWHQQDDUUD\VDUHHPSOR\HGIRUGLUHFWLRQRIDUULYDO '2$ HVWLPDWLRQLQDEURDGUDQJHRIDSSOLFDWLRQV
LQFOXGLQJUDGDUVRQDUDQGZLUHOHVVFRPPXQLFDWLRQV>@+LJKUHVROXWLRQ'2$HVWLPDWLRQWHFKQLTXHV
VXFKDV086,&>@(635,7>@DQGκଵ െ69'>@DUHZLGHO\XVHGIRUGLUHFWLRQILQGLQJ,QUHDODQWHQQD
DUUD\VWKHVHWHFKQLTXHVLQWKHLURULJLQDOLPSOHPHQWDWLRQVVXIIHUIURPDPRGHOPLVPDWFKZKLFKDPRQJ
RWKHUIDFWRUVFDQEHDWWULEXWHGWRPXWXDOFRXSOLQJEHWZHHQWKHHOHPHQWV0XWXDOFRXSOLQJRFFXUVZKHQDQ
H[WHUQDOLOOXPLQDWLQJVRXUFHLQGXFHVDFXUUHQWRQWKHVXUIDFHRIHDFKDUUD\HOHPHQWFDXVLQJLWWRUDGLDWH$
SRUWLRQRIWKHUDGLDWHGVLJQDOLVFDSWXUHGE\WKHUHPDLQLQJHOHPHQWVLQWKHDUUD\,IXQDFFRXQWHGIRUWKLV
LQWHUDFWLRQDIIHFWVWKHFKDUDFWHULVWLFVDQGWKHSHUIRUPDQFHRIWKHDUUD\>@





7KHPXWXDOFRXSOLQJEHWZHHQWKHDUUD\HOHPHQWVFDQEHFDSWXUHGLQDPDWUL[FDOOHGWKHPXWXDOFRXSOLQJ
PDWUL[ 0&0 7ZRPDMRUWUHQGVH[LVWLQWKHOLWHUDWXUHIRUSHUIRUPLQJ'2$HVWLPDWLRQLQWKHSUHVHQFHRI
PXWXDOFRXSOLQJ7KHILUVWGHDOVZLWKWKHFDVHRISHUIHFWO\NQRZQRUPRGHOHG0&0ZKHUHLQWKH'2$
HVWLPDWLRQSURFHGXUHLVPRGLILHGWRDFFRXQWIRUWKHFRXSOLQJ>@,QWKHVHFRQGWUHQGWKH0&0LVDVVXPHG
WREHXQNQRZQRULPSUHFLVHO\NQRZQZLWKDVSHFLILFVWUXFWXUHDQGLVMRLQWO\HVWLPDWHGDORQJZLWKWKHVRXUFH
GLUHFWLRQV
(OHFWURPDJQHWLF WKHRU\ DQG QXPHULFDO RU DQDO\WLFDO PRGHOLQJ WHFKQLTXHV DUH W\SLFDOO\ HPSOR\HG WR
FKDUDFWHUL]HWKH0&0>@7KH0&0GHSHQGVRQWKHVHOIDQGPXWXDOLPSHGDQFHVEHWZHHQWKHDUUD\
HOHPHQWV2QHRIWKHHDUOLHVWPHWKRGVWKDWPRGHOWKHFRXSOLQJPDWUL[LVWKHRSHQFLUFXLWPHWKRG>@7KLV
PHWKRGWUHDWVWKHDUUD\DVDELODWHUDOWHUPLQDOQHWZRUNDQGUHODWHVWKHXQFRXSOHGYROWDJHVZLWKWKHFRXSOHG
YROWDJHVWKURXJKDPXWXDOLPSHGDQFHPDWUL[)RUGLSROHDQWHQQDVWKHHOHPHQWVLQWKHPXWXDOLPSHGDQFH
PDWUL[FDQEHDSSUR[LPDWHGE\FORVHGIRUPH[SUHVVLRQV>@$QH[WHQVLRQRIWKHRSHQFLUFXLWPHWKRGKDV
EHHQSURSRVHGLQ>@ZKHUHWZRW\SHVRIPXWXDOLPSHGDQFHVDUHGHILQHGQDPHO\WKHWUDQVPLVVLRQPXWXDO
LPSHGDQFH DQG WKH UHUDGLDWLRQ PXWXDO LPSHGDQFH ,Q >@ WKH UHFHLYLQJPXWXDOLPSHGDQFH PHWKRG
50,0 LVGHVFULEHGIRUXVHLQUHFHLYHRQO\DQWHQQDDUUD\V$VVXFKLWSURYLGHVDPRUHDFFXUDWHFRXSOLQJ
PRGHO LQ '2$ HVWLPDWLRQ DSSOLFDWLRQV 50,0 FRQVLGHUV HDFK DQWHQQD SDLU VHSDUDWHO\ WR FRPSXWH WKH
UHFHLYLQJPXWXDOLPSHGDQFHV$QHQKDQFHPHQWRI50,0LVSUHVHQWHGLQ>@ZKLFKWDNHVLQWRDFFRXQWDOO
WKHHOHPHQWVVLPXOWDQHRXVO\LQRUGHUWRFRPSXWHWKHUHFHLYLQJPXWXDOLPSHGDQFHV
)RUDSHUIHFWO\NQRZQRUPRGHOHG0&0'2$HVWLPDWLRQDOJRULWKPVFDQEHPRGLILHGWRLQFRUSRUDWH
WKH FRXSOLQJ DQG FRPSHQVDWH IRU LW LQ RUGHU WR DFKLHYH DFFXUDWH VRXUFH GLUHFWLRQV >@ +RZHYHU LI WKH
PRGHOHG0&0LVQRWH[DFWWKHSHUIRUPDQFHRIWKH'2$HVWLPDWLRQLVGHJUDGHG0RUHRYHUWKH0&0PXVW
EHUHFDOLEUDWHGSHULRGLFDOO\WRDFFRXQWIRUDQ\FKDQJHVLQORFDOFRQGLWLRQV)RULQVWDQFHWKHSUHVHQFHRID
QHZVFDWWHUHULQWKHYLFLQLW\RIWKHDQWHQQDDUUD\FKDQJHVWKHPXWXDOFRXSOLQJ6HYHUDOPHWKRGVKDYHEHHQ
SURSRVHG WR FLUFXPYHQW WKHVH LVVXHV 7KHVH PHWKRGV DVVXPH WKH FRXSOLQJ PDWUL[ WR EH XQNQRZQ RU
LPSUHFLVHO\NQRZQDQGDLPWRMRLQWO\HVWLPDWHWKH0&0DORQJZLWKWKHVRXUFH'2$V>@5HI>@
SUHVHQWV DQ LWHUDWLYH PHWKRG WR HVWLPDWH WKH 0&0 WKH '2$V DQG WKH DQWHQQD JDLQV ZKHUHLQ WKH FRVW





IXQFWLRQLVPLQLPL]HGZLWKUHVSHFWWRRQHXQNQRZQTXDQWLW\DWDWLPHZKLOHNHHSLQJWKHUHPDLQLQJWZR
XQNQRZQV IL[HG $ PD[LPXP OLNHOLKRRG HVWLPDWRU IRU '2$ HVWLPDWLRQ XQGHU XQNQRZQ PXOWLSDWK DQG
XQNQRZQPXWXDOFRXSOLQJKDVEHHQSURSRVHGLQ>@5HI>@HPSOR\VVSDUVHUHFRQVWUXFWLRQWRSHUIRUP
'2$ HVWLPDWLRQ LQ WKH SUHVHQFH RI XQNQRZQ PXWXDO FRXSOLQJ +RZHYHU DOO RI WKHVH DIRUHPHQWLRQHG
PHWKRGVKDYHEHHQGHYHORSHGIRUXQLIRUPOLQHDUDUUD\V 8/$V DQGWDNHDGYDQWDJHRIWKHVSHFLDOVWUXFWXUH
RIWKHFRUUHVSRQGLQJ0&0V$OWKRXJKWKHVHPHWKRGVFDQEHPRGLILHGDQGDSSOLHGWRQRQXQLIRUPDUUD\V
WKH\IDLOWRWDNHDGYDQWDJHRIWKHLQFUHDVHGGHJUHHVRIIUHHGRP '2)V RIIHUHGE\QRQXQLIRUPDUUD\VIRU
'2$HVWLPDWLRQ>@5HFDOOWKDWDQܰ െHOHPHQWQRQXQLIRUPDUUD\FDQSURYLGHܱሺܰଶ ሻ'2)VWKHUHE\
SHUPLWWLQJ'2$HVWLPDWLRQRIPRUHVRXUFHVWKDQVHQVRUV$QLWHUDWLYHPHWKRGIRU'2$HVWLPDWLRQXVLQJ
QRQXQLIRUPDUUD\VLQWKHSUHVHQFHRIPXWXDOFRXSOLQJZDVSURSRVHGLQ>@7KLVPHWKRGWUHDWVWKHQRQ
XQLIRUPDUUD\DVDVXEVHWRID8/$DQGWKHUHIRUHFDQQRWWDNHIXOODGYDQWDJHRIWKHLQFUHDVHG'2)V
,QWKLVSDSHUZHLQYHVWLJDWHWKHPXWXDOFRXSOLQJHIIHFWLQQRQXQLIRUPDUUD\V)LUVWZHH[DPLQHWKH
LPSDFWRIFRXSOLQJRQWKH'2$HVWLPDWLRQDFFXUDF\IRUGLIIHUHQWDUUD\JHRPHWULHVLQFOXGLQJPLQLPXP
UHGXQGDQF\ DUUD\V 05$  >@ QHVWHG DUUD\V >@ DQG FRSULPH DUUD\V > @ 7KH SHUIRUPDQFH LV
HYDOXDWHGIRUGLIIHUHQWDUUD\VL]HVDQGIRUWZRDQWHQQDHOHPHQWW\SHVQDPHO\GLSROHDQWHQQDDQGPLFURVWULS
DQWHQQD7KHODWWHULVEHFRPLQJLQFUHDVLQJO\SRSXODULQUDGDUDQGZLUHOHVVFRPPXQLFDWLRQVGXHWRLWVORZ
SURILOH HDVH RI IDEULFDWLRQ ORZ FRVW DQG FRPSDWLELOLW\ ZLWK UDGLR IUHTXHQF\ 5)  FLUFXLW ERDUGV $
FRPSXWDWLRQDOHOHFWURPDJQHWLFVVRIWZDUHSDFNDJH)(.2>@LVXVHGWRPRGHOWKHDQWHQQDDUUD\VDQGWKH
50,0>@LVXVHGWRFRPSXWHWKHFRXSOLQJPDWULFHVEDVHGRQWKHREWDLQHGPHDVXUHPHQWV:HVKRZWKDW
WKH05$SURYLGHVVXSHULRUSHUIRUPDQFHFRPSDUHGWRWKHQHVWHGDQGFRSULPHJHRPHWULHVLUUHVSHFWLYHRI
WKHDQWHQQDW\SH6HFRQGZHSURSRVHWZRFRPSHQVDWLRQPHWKRGVWKDWDOORZDFFXUDWH'2$HVWLPDWLRQXVLQJ
QRQXQLIRUPDUUD\VLQWKHSUHVHQFHRIPXWXDOFRXSOLQJ7KHILUVWPHWKRGDVVXPHVSDUWLDONQRZOHGJHRIWKH
PXWXDOFRXSOLQJDQGHPSOR\VDQLWHUDWLYHDSSURDFKWRXSGDWHWKHSHUWXUEHG0&0DQG'2$V6SDUVHVLJQDO
UHFRQVWUXFWLRQLVXVHGWRILQGWKHVRXUFHGLUHFWLRQVIRUDJLYHQFRXSOLQJPDWUL[DQGDJOREDORSWLPL]DWLRQ
DOJRULWKP FDOOHG FRYDULDQFH PDWUL[ DGDSWDWLRQ HYROXWLRQ VWUDWHJ\ &0$(6  >@ LV XVHG WR XSGDWH WKH
0&0ZKLOHNHHSLQJWKH'2$VIL[HG7KHVHFRQGPHWKRGDVVXPHVXQNQRZQFRXSOLQJDQGVLPXOWDQHRXVO\





HVWLPDWHVWKH0&0WKHVRXUFHSRZHUVDQGVRXUFHVGLUHFWLRQVE\PLQLPL]LQJDFRVWIXQFWLRQXVLQJ&0$
(6)LQDOO\WKHHIIHFWLYHQHVVRIWKHSURSRVHGPHWKRGVLVHYDOXDWHGWKURXJKQXPHULFDOH[DPSOHV
7KH UHPDLQGHU RI WKLV SDSHU LV RUJDQL]HG DV IROORZV +LJKUHVROXWLRQ '2$ HVWLPDWLRQ XVLQJ QRQ
XQLIRUPDUUD\VLVEULHIO\UHYLHZHGLQ6HFWLRQ,,7KHVLJQDOPRGHOLQWKHSUHVHQFHRIPXWXDOFRXSOLQJLV
DOVRSUHVHQWHGLQWKHVDPHVHFWLRQ,Q6HFWLRQ,,,'2$HVWLPDWLRQSHUIRUPDQFHRIGLIIHUHQWQRQXQLIRUP
DUUD\JHRPHWULHVLVHYDOXDWHGDQGFRPSDUHGIRUWKHFDVHRIXQFRPSHQVDWHGPXWXDOFRXSOLQJ6HFWLRQ,9
GLVFXVVHV WKH WZR SURSRVHG FRPSHQVDWLRQ PHWKRGV WKDW DOORZ DFFXUDWH '2$ HVWLPDWLRQ XQGHU PXWXDO
FRXSOLQJDQGSURYLGHVVXSSRUWLQJQXPHULFDOUHVXOWV6HFWLRQ9FRQFOXGHVWKHSDSHU
,,'2$(67,0$7,2186,1*12181,)250$55$<6
$ JHQHUDO ܰ െ HOHPHQW OLQHDU DUUD\ LV FRQVLGHUHG 7KH HOHPHQWV SRVLWLRQV DUH DVVXPHG WR EH LQWHJHU
PXOWLSOHVRIWKHXQLWVSDFLQJLHݔ ൌ ݊ ݀ ǡ ݅ ൌ ͳǡ ǥ ǡ ܰ ZKHUHݔ LVWKHSRVLWLRQRIWKH݅WKDUUD\HOHPHQW
݊ LVDQLQWHJHUDQG݀ LVWKHXQLWVSDFLQJZKLFKLVXVXDOO\VHWWRKDOIZDYHOHQJWKDWWKHRSHUDWLQJIUHTXHQF\
$VVXPHWKDWܦQDUURZEDQGVRXUFHVZLWKGLUHFWLRQVሼߠଵ ǡ ߠଶ ǡ ǥ ǡ ߠ ሽDQGSRZHUVሼߪଵଶ ǡ ߪଶଶ ǡ ǥ ǡ ߪଶ ሽLPSLQJHRQ
WKHDUUD\ZKHUHߠLVPHDVXUHGUHODWLYHWREURDGVLGH,QWKHDEVHQFHRIPXWXDOFRXSOLQJWKHUHFHLYHGGDWD
YHFWRUDWVQDSVKRWݐFDQEHH[SUHVVHGDV


ܠሺݐሻ ൌ ܛۯሺݐሻ  ܖሺݐሻǡ



ZKHUHܛሺݐሻLVWKH ܦൈ ͳVRXUFHVLJQDOYHFWRUܖሺݐሻLVWKHܰ ൈ ͳQRLVHYHFWRUDQGۯLVWKHܰ ൈ ܦDUUD\
PDQLIROGPDWUL[ZKRVHሺ݅ǡ ݀ሻWKHOHPHQWLVJLYHQE\


ሾۯሿǡௗ ൌ ሺ݆݇ ݔ  ߠௗ ሻǤ



+HUH݇ LVWKHZDYHQXPEHUDWWKHRSHUDWLQJIUHTXHQF\DQGߠௗ LVWKH'2$RIWKH݀WKVRXUFH8QGHUWKH
DVVXPSWLRQVRIXQFRUUHODWHGVRXUFHVDQGVSDWLDOO\DQGWHPSRUDOO\ZKLWHQRLVHWKHFRYDULDQFHPDWUL[FDQEH
H[SUHVVHGDV


 ܀௫௫ ൌ  ܧሼܠሺݐሻܠሺݐሻு ሽ ൌ  ܀ۯ௦௦ ۯு  ߪଶ ۷ǡ



ZKHUH ܧሼήሽLVWKHH[SHFWDWLRQRSHUDWRUሺήሻு GHQRWHVFRQMXJDWHWUDQVSRVH ܀௦௦ ൌ ሼߪଵଶ ǡ ߪଶଶ ǡ ǥ ǡ ߪଶ ሽLVWKH
VRXUFHFRYDULDQFHPDWUL[ߪଶ LVWKHQRLVHYDULDQFHDQG۷LVDQܰ ൈ ܰ LGHQWLW\PDWUL[





7ZRDSSURDFKHVFDQEHXVHGIRU'2$HVWLPDWLRQ7KHILUVWDSSURDFKLVEDVHGRQFRYDULDQFHPDWUL[
DXJPHQWDWLRQ>@ZKLOHWKHVHFRQGXVHVVSDWLDOVPRRWKLQJ>@6LQFHWKHDXJPHQWHGFRYDULDQFH
PDWUL[LQWKHILUVWDSSURDFKPD\QRWDOZD\VEHSRVLWLYHVHPLGHILQLWHZHFRQVLGHUVSDWLDOVPRRWKLQJEDVHG
DSSURDFKLQWKLVSDSHUZKLFKLVEULHIO\UHYLHZHGEHORZ
9HFWRUL]LQJWKHFRYDULDQFHPDWUL[LQ  ZHREWDLQ


෩  ܘ ߪଶ ǁǡ
 ܢൌ  ሼ ܀௫௫ ሽ ൌ ۯ



෩ ൌ ۯ ٖ כۯWKHV\PEROµٖ¶GHQRWHVWKH.KDWUL
ZKHUH ܘൌ ሾߪଵଶ ǡ ߪଶଶ ǡ ǥ ǡ ߪଶ ሿ் LVWKHVRXUFHSRZHUVYHFWRUۯ
5DRSURGXFWWKHVXSHUVFULSWµ¶כGHQRWHVFRPSOH[FRQMXJDWHDQGǁ ൌ  ሼ۷ሽLVWKHYHFWRUL]HGLGHQWLW\PDWUL[
7KHYHFWRUܢHPXODWHVPHDVXUHPHQWVDWDORQJHUDUUD\ZKRVHHOHPHQWVSRVLWLRQVDUHJLYHQE\WKHGLIIHUHQFH
෩ LVWKHFRUUHVSRQGLQJPDQLIROGPDWUL[>@
FRDUUD\RIWKHQRQXQLIRUPDUUD\VZKLOHWKHܰଶ ൈ ܦPDWUL[ۯ
$VVXPLQJ WKDW WKH GLIIHUHQFH FRDUUD\ KDV FRQWLJXRXV HOHPHQWV EHWZHHQ െ݀ܮ  DQG ݀ܮ  WKH GDWD
PHDVXUHPHQWVFDQEHUHDUUDQJHGWRIRUPDQHZሺʹ ܮ ͳሻ ൈ ͳYHFWRUܢ ZKLFKFRQWDLQVPHDVXUHPHQWVDW
WKHVHSRVLWLRQV


෩  ܘ ߪଶ ǁ Ǥ
ܢ ൌ ۯ



6LQFHWKHVRXUFHVDUHUHSODFHGE\WKHLUSRZHUVLQ  DQGWKHQRLVHLVGHWHUPLQLVWLFWKHVRXUFHVQRZDSSHDU
DVFRKHUHQWDQGVXEVSDFHEDVHGKLJKUHVROXWLRQPHWKRGVFDQQRORQJHUEHDSSOLHGGLUHFWO\WRSHUIRUP'2$
HVWLPDWLRQ6SDWLDOVPRRWKLQJLVXVHGWREXLOGWKHUDQNRIWKHFRYDULDQFHPDWUL[RIܢ >@7KHILOOHGSDUW
RIWKHGLIIHUHQFHFRDUUD\LVGLYLGHGLQWRሺ ܮ ͳሻRYHUODSSLQJVXEDUUD\VHDFKKDYLQJሺ ܮ ͳሻFRQWLJXRXV
HOHPHQWV7KHSRVLWLRQVRIWKHHOHPHQWVRIWKH݉WKVXEDUUD\DUHJLYHQE\WKHIROORZLQJVHW


ሼሺ݈  ͳ െ ݉ሻ݀ ǡ

݈ ൌ Ͳǡ ͳǡ ǥ ǡ ܮሽǤ



7KH UHFHLYHG GDWD YHFWRU DW WKH ݉WK VXEDUUD\ LV GHQRWHG E\ܢ  DQGWKH VSDWLDOO\VPRRWKHG FRYDULDQFH
PDWUL[LVWKHQFRPSXWHGDV
ାଵ



ഥ ௭௭
܀

ͳ
ൌ
 ܢ ܢு Ǥ
ܮͳ



ୀଵ

ഥ ௭௭ WRHVWLPDWHXSWRܮVRXUFHV
'2$HVWLPDWLRQWHFKQLTXHVVXFKDV086,&FDQQRZEHDSSOLHGWR܀





7KXVIDUPXWXDOFRXSOLQJKDVEHHQLJQRUHGLQWKHVLJQDOPRGHO+RZHYHULQSUDFWLFDODQWHQQDDUUD\V
FRXSOLQJEHWZHHQWKHDQWHQQDHOHPHQWVLVDUHDOLVVXHDQGWKXVQHHGVWREHWDNHQLQWRDFFRXQW7KHVLJQDO
PRGHOLQ  FDQEHPRGLILHGWRLQFRUSRUDWHPXWXDOFRXSOLQJDV
ܠሺݐሻ ൌ ۱ܛۯሺݐሻ  ܖሺݐሻǡ





ZKHUH۱LVWKHܰ ൈ ܰ PXWXDOFRXSOLQJPDWUL[1RWHWKDWWKHFRXSOLQJIUHHPRGHOGLVFXVVHGLQ  LVD
SDUWLFXODU FDVH RI   FRUUHVSRQGLQJ WR ۱ EHLQJ DQ LGHQWLW\ PDWUL[ 7KH FRYDULDQFH PDWUL[ RI WKH
PHDVXUHPHQWVLQ  LVJLYHQE\


 ܀௫௫ ൌ  ܧሼܠሺݐሻ ܠு ሺݐሻሽ ൌ ۱ ܀ۯ௦௦ ۯு ۱ு  ߪଶ ۷Ǥ



3URFHHGLQJ ZLWK WKH YHFWRUL]DWLRQ DQG VSDWLDO VPRRWKLQJ IROORZHG E\ '2$ HVWLPDWLRQ ZLWKRXW
FRPSHQVDWLQJIRUWKH0&0LVOLNHO\WRGHJUDGHSHUIRUPDQFHRZLQJWRWKHPLVPDWFKEHWZHHQWKHDVVXPHG
PRGHO  DQGWKHDFWXDOPHDVXUHPHQWV  7KHVHYHULW\RISHUIRUPDQFHGHJUDGDWLRQKRZHYHULVDIXQFWLRQ
RIWKHDUUD\FRQILJXUDWLRQDQGWKHFKRLFHRIDQWHQQDVDVVKRZQLQWKHIROORZLQJVHFWLRQ
,,,0878$/&283/,1*,03$&721'2$(67,0$7,21
:H TXDQWLI\ WKH SHUIRUPDQFH GHJUDGDWLRQV GXH WR PXWXDO FRXSOLQJ HIIHFW LQ WHUPV RI '2$ HVWLPDWLRQ
DFFXUDF\IRUWKUHHGLIIHUHQWQRQXQLIRUPOLQHDUDUUD\FRQILJXUDWLRQVQDPHO\WKHPLQLPXPUHGXQGDQF\
QHVWHGDQGFRSULPHJHRPHWULHV%RWK05$VDQGQHVWHGDUUD\VKDYHILOOHGGLIIHUHQFHFRDUUD\VZKHUHDV
WKHGLIIHUHQFHFRDUUD\RIDFRSULPHFRQILJXUDWLRQFRQWDLQVDVHWRIWKHFRQVHFXWLYHODJV$VVXFKVSDWLDO
VPRRWKLQJEDVHGDSSURDFKFDQEHDSSOLHGWRDOOWKUHHFRQVLGHUHGFRQILJXUDWLRQVIRU'2$HVWLPDWLRQ)RU
FRPSDULVRQZHDOVRSURYLGHWKHSHUIRUPDQFHRIDXQLIRUPOLQHDUDUUD\LQWKHSUHVHQFHRIPXWXDOFRXSOLQJ
,,,$&RQVLGHUHG$UUD\*HRPHWULHV
III.A.1. Uniform Linear Arrays (ULA)
$ XQLIRUP OLQHDU DUUD\ LV DQ DUUD\ ZKRVH HOHPHQWV OLH DORQJ D VWUDLJKW OLQH DW HTXDO LQWHUYDOV $Q ܰ െ
HOHPHQW8/$KDVHOHPHQWVZLWKSRVLWLRQVሾͲǡ ͳǡ ǥ ǡ ܰ െ ͳሿ݀ 
III.A.2. Minimum Redundancy Arrays (MRA)





$Q05$PD[LPL]HVWKHQXPEHURIFRQWLJXRXVHOHPHQWVLQWKHGLIIHUHQFHFRDUUD\IRUDJLYHQQXPEHUܰ 
RIDQWHQQDHOHPHQWV>@7KHFRUUHVSRQGLQJGLIIHUHQFHFRDUUD\FRQWDLQVWKHORZHVWSRVVLEOHUHGXQGDQF\
ZLWKRXWDQ\PLVVLQJODJVRUµKROHV¶

III.A.3. Nested Arrays
$Qܰ െHOHPHQWQHVWHGDUUD\FRQVLVWVRIDFRPELQDWLRQRIWZR8/$VZKHUHWKHLQWHUHOHPHQWVSDFLQJRI
WKHILUVW8/$ZLWKܰଵ HOHPHQWVLVHTXDOWRWKHXQLWVSDFLQJ݀ ZKLOHWKHܰଶ ൌ ܰ െ ܰଵ HOHPHQWVRIWKH
VHFRQG8/$DUHVHSDUDWHGE\DQLQWHJHUPXOWLSOHRI݀ >@7KDWLVWKHILUVWHOHPHQWRIWKHVHFRQG8/$
LV SODFHG DW ሺܰଵ  ͳሻ݀  DQG WKH LQWHUHOHPHQW VSDFLQJ LV DOVR VHW WR ሺܰଵ  ͳሻ݀  7KH FRUUHVSRQGLQJ
GLIIHUHQFHFRDUUD\LVILOOHGDQGFRQWDLQVQRKROHV

III.A.4. Co-prime Arrays
$FRSULPHDUUD\FRPSULVHVWZRVSDWLDOO\XQGHUVDPSOHG8/$VZLWKFRSULPHVSDWLDOVDPSOLQJUDWHV>
@,QWKHEDVLFFRSULPHFRQILJXUDWLRQWKHILUVWDUUD\FRQVLVWVRIܯHOHPHQWVZLWKLQWHUHOHPHQWVSDFLQJ
ܰ݀ DQGWKHVHFRQGDUUD\FRQWDLQVܰHOHPHQWVZLWKVSDFLQJ݀ܯ ZLWKܯDQGܰEHLQJFRSULPHLQWHJHUV
>@7KHHOHPHQWVRIWKHWZRVXEDUUD\VDUHDUUDQJHGDORQJDVLQJOHOLQHZLWKWKHILUVWHOHPHQWVFRLQFLGLQJ
UHVXOWLQJ LQ D FRSULPH DUUD\ ZLWK ܰ ൌ  ܯ ܰ െ ͳ QRQXQLIRUPO\ VSDFHG SK\VLFDO HOHPHQWV 7KH
FRUUHVSRQGLQJGLIIHUHQFHFRDUUD\KDVKROHVEXWLVILOOHGEHWZHHQെሺ ܯ ܰ െ ͳሻ݀ DQGሺ ܯ ܰ െ ͳሻ݀ 
,,,%0XWXDO&RXSOLQJ0DWUL[0RGHOLQJDQG0HDVXUHPHQW
7KH PXWXDO FRXSOLQJ PDWUL[ IRU HDFK FRQVLGHUHG QRQXQLIRUP DUUD\ FRQILJXUDWLRQ LV PRGHOHG XVLQJ WKH
UHFHLYLQJPXWXDOLPSHGDQFHPHWKRG 50,0 >@7ZRFRQGLWLRQVPXVWEHVDWLVILHGLQRUGHUWRUHQGHUWKH
DSSOLFDWLRQRIWKLVPHWKRGIHDVLEOH>@)LUVWWKHDUUD\VKRXOGEHLQWKHUHFHLYLQJPRGH6HFRQGWKH
DQWHQQDHOHPHQWVVKRXOGEHWHUPLQDWHGZLWKDNQRZQORDGLPSHGDQFHܼ $VVXPLQJWKHVHFRQGLWLRQVKDYH
EHHQIXOILOOHGWKHUHFHLYHGYROWDJHDFURVVWKHWHUPLQDOORDGRIDSDUWLFXODUDQWHQQDFDQEHH[SUHVVHGDVD
VXSHUSRVLWLRQRIWZRH[WHUQDOH[FLWDWLRQV





 ൌ ܼ  ൌ    ǡ ݅ ൌ ͳǡ ʹǡ ǥ ǡ ܰ 



 

ZKHUH LVWKHWHUPLQDOORDGYROWDJHRIWKH݅WKDQWHQQD LVWKHFXUUHQWLQGXFHGLQWKH݅WKDQWHQQD LV
WKHYROWDJHGXHWRWKHH[WHUQDOVRXUFHVDQG LVWKHYROWDJHGXHWRWKHPXWXDOFRXSOLQJIURPWKHRWKHU
HOHPHQWVLQWKHDUUD\7KHFRXSOHGYROWDJH LVJLYHQE\


 ൌ ܼǡଵ ଵ  ܼǡଶ ଶ   ڮ ܼǡିଵ ିଵ  ܼǡାଵ ାଵ   ڮ ܼǡேಲ ேಲ ǡ

 

ZKHUHܼǡ LVWKHUHFHLYLQJPXWXDOLPSHGDQFHEHWZHHQWKH݅WKDQG݆WKHOHPHQWV6XEVWLWXWLQJ  LQ  
DQGUHDUUDQJLQJWKHXQFRXSOHGYROWDJHV ǡ ݅ ൌ ͳǡʹǡ ǥ ǡ ܰ FDQEHVWDFNHGLQDYHFWRUܟDV
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ZKHUH܈LVWKHPXWXDOLPSHGDQFHPDWUL[
,QRUGHUWRGHWHUPLQHWKHHOHPHQWVRIܭ܈SODQHZDYHVZLWKGLIIHUHQW'2$Vሼߠଵ ǡ ǥ ǡ ߠ ሽDUHLQGLYLGXDOO\
ሺሻ

XVHG WR H[FLWH WKH DUUD\ DQG WKH FRUUHVSRQGLQJ UHFHLYHG YROWDJHV  ǡ ݉ ൌ ͳǡ ǥ ǡ ܰ ǡ ݇ ൌ ͳǡ Ǥ Ǥ Ǥ ǡ ܭǡ DUH
ሺሻ

UHFRUGHG1RWHWKDW GHQRWHVWKHUHFHLYHGYROWDJHDWWKH݉WKDUUD\HOHPHQWZKHQWKH݇WKSODQHZDYHLV
LPSLQJLQJRQWKHDUUD\7KHVDPHVHWRISODQHZDYHVLVDOVRXVHGWRH[FLWHHDFKDUUD\HOHPHQWLQLVRODWLRQ
ሺሻ

ሺሻ

ሺሻ

LQRUGHUWRPHDVXUHWKHXQFRXSOHGYROWDJHV *LYHQ DQG IRUDOO݇WKHIROORZLQJV\VWHPRI
OLQHDU HTXDWLRQV LV VROYHG IRU HDFK DQWHQQD HOHPHQW LQ RUGHU WR FRPSXWH WKH FRUUHVSRQGLQJ PXWXDO
LPSHGDQFHYDOXHV
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,QRUGHUWRFRPSXWHWKHPXWXDOLPSHGDQFHEHWZHHQHDFKHOHPHQWDQGWKHUHPDLQLQJHOHPHQWVLQWKHDUUD\
WKHQXPEHURISODQHVZDYHVܭVKRXOGEHJUHDWHUWKDQRUHTXDOWRሺܰ െ ͳ >@2QFHWKHPDWUL[܈KDVEHHQ
GHWHUPLQHGWKH0&0LVFRPSXWHGDV۱ ൌ ି ܈ଵ ZKHUHሺήሻିଵ GHQRWHVPDWUL[LQYHUVH





,,,&3HUIRUPDQFH&RPSDULVRQV
,QWKLVVHFWLRQWKHHIIHFWRIPXWXDOFRXSOLQJRQWKH'2$HVWLPDWLRQSHUIRUPDQFHLVLQYHVWLJDWHGIRU
WKHDUUD\FRQILJXUDWLRQVGHVFULEHGLQ6HFWLRQ,,,$:HFRQVLGHUWZRGLIIHUHQWDQWHQQDW\SHVQDPHO\D
GLSROHDQWHQQDDQGDUHFWDQJXODUPLFURVWULSRUWKHVRFDOOHGSDWFKDQWHQQDDVDUUD\HOHPHQWV(DFKDQWHQQD
LVGHVLJQHGIRURSHUDWLRQDW*+]7KHGLSROHVDUHFKRVHQDVKDOIZDYHOHQJWKDW*+](DFKUHFWDQJXODU
SDWFKHOHPHQWKDVGLPHQVLRQVܮ ൌ ͵ͳǤͳͺDQGܹ ൌ ͶǤͶZKHUHܮ DQGܹ FRUUHVSRQGWRWKH
UHVRQDQWOHQJWKDQGUDGLDWLQJHGJHRIWKHSDWFKUHVSHFWLYHO\7KHSDWFKDQWHQQDLVSULQWHGRQDʹǤͺ
ORVVOHVV)5VXEVWUDWHZLWKGLHOHFWULFFRQVWDQWRIDVVKRZQLQ)LJ D 7KHJURXQGSODQHLVDVVXPHG
WREHLQILQLWH7KHSDWFKDQWHQQDLVPRGHOHGXVLQJ)(.2DQGWKHFRUUHVSRQGLQJJDLQSDWWHUQLVVKRZQLQ
)LJ E 7KLVDQWHQQDLVGLUHFWLYHZLWKDPD[LPXPJDLQDWߠ ൌ ͲιDQGQXOOVDWേͻͲι:HDVVXPHWKDWWKH
SDWFKHOHPHQWVLQWKHDUUD\DUHSRVLWLRQHGZLWKWKHLUUHVRQDQWHGJHVIDFLQJHDFKRWKHUDVVKRZQLQ)LJ F 
ZKLFKGHSLFWVDVL[HOHPHQWXQLIRUPOLQHDUSDWFKDUUD\ZLWKDQLQWHUHOHPHQWVSDFLQJRIKDOIZDYHOHQJWKDW
*+]
)RUHDFKDUUD\JHRPHWU\ZHYDU\WKHQXPEHURIHOHPHQWVܰ IURPIRXUWRWHQZLWKDVWHSVL]HRIWZR
7KHHOHPHQWSRVLWLRQVRIWKHFRUUHVSRQGLQJ05$FRQILJXUDWLRQVDUHSURYLGHGLQ7DEOH,ZKLOHWKRVHIRU
QHVWHGDQGFRSULPHJHRPHWULHVDUHSUHVHQWHGLQ7DEOHV,,DQG,,,UHVSHFWLYHO\1RWHWKDWLQWKHFDVHRI
05$VPRUHWKDQRQHDUUD\VWUXFWXUHLVDYDLODEOHIRUܰ  Ͷ:HFKRRVHWKHFRQILJXUDWLRQZKLFKKDVWKH
OHDVWQXPEHURIHOHPHQWSDLUVVHSDUDWHGE\KDOIZDYHOHQJWK)RUFRSULPHDUUD\VZHFRQVLGHUIRUHDFKܰ 
WKHFRQILJXUDWLRQZLWK ܯൌ ܰ Ȁʹǡ ܰ ൌ  ܯ ͳ7KLVFKRLFHZDVVKRZQWRKDYHRSHUDWLRQDODGYDQWDJHVLQ
>@DQG>@)XUWKHUIRUQHVWHGDUUD\VZHHPSOR\WKHFRQILJXUDWLRQVZLWKܰଵ ൌ ܰଶ ൌ ܰ ȀʹWKLVFKRLFH
PD[LPL]HVWKH'2)VIRUDJLYHQQXPEHURIDQWHQQDV>@)(.2LVXVHGWRPRGHOWKHYDULRXVPLFURVWULS
DQGGLSROHDUUD\FRQILJXUDWLRQVDQGPHDVXUHWKHUHTXLUHGYROWDJHVIRUWKH50,07KHFRUUHVSRQGLQJPXWXDO
LPSHGDQFHDQGPXWXDOFRXSOLQJPDWULFHVDUHWKHQFRPSXWHGIRUWKHGLIIHUHQWDUUD\JHRPHWULHVZLWKYDU\LQJ
QXPEHURIHOHPHQWV,QWKH50,0WKHQXPEHURISODQHZDYHVܭLVVHWWRIRUDOODUUD\FRQILJXUDWLRQV
7KHGLUHFWLRQVRIWKHSODQHZDYHVDUHXQLIRUPO\GLVWULEXWHGEHWZHHQെͶιDQGι





)RUHDFKFRPELQDWLRQRIDUUD\FRQILJXUDWLRQDQWHQQDW\SHDQGWRWDOQXPEHURIHOHPHQWVZHSHUIRUP
0RQWH&DUORUXQVZLWKWZRVRXUFHVDWDIL[HGVHSDUDWLRQLQWKHUHGXFHGDQJXODUFRRUGLQDWH ݑൌ  ߠ
7KDWLVIRUHDFKUXQWKHILUVWVRXUFHGLUHFWLRQݑଵ LVUDQGRPO\FKRVHQWROLHEHWZHHQDQGDQGWKH
VHFRQGVRXUFHGLUHFWLRQݑଶ LVVHOHFWHGVRWKDWο ݑൌ ȁݑଵ െ ݑଶ ȁLVNHSWFRQVWDQW7ZRVRXUFHVHSDUDWLRQV
ο ݑൌ ͲǤͳDQGο ݑൌ ͲǤʹDUHFRQVLGHUHG7KHPRGHOLQ  LVXVHGWRJHQHUDWHWKHDUUD\PHDVXUHPHQWVZLWK
WKHVLJQDOWRQRLVHUDWLR 615 VHWWRͲ7KHWRWDOQXPEHURIVQDSVKRWVSHUUXQLVFKRVHQDV7KLV
KLJK QXPEHU LV VHOHFWHG WR UHPRYH WKH LQIOXHQFH RI L  YDU\LQJ FRDUUD\ UHGXQGDQF\ RI GLIIHUHQW DUUD\
FRQILJXUDWLRQV DQG LL  VPDOO VDPSOH VL]H IRU FRUUHODWLRQ PDWUL[ HVWLPDWLRQ DV D VDPSOH DYHUDJH 6SDWLDO
VPRRWKLQJPHWKRGLVDSSOLHGLQFRQMXQFWLRQZLWK086,&WRHVWLPDWHWKH'2$VZLWKRXWFRPSHQVDWLQJIRU
WKH0&01RWHWKDWLQFDVHRIFRSULPHFRQILJXUDWLRQVWKH'2$HVWLPDWLRQRQO\H[SORLWVWKHFRQWLJXRXV
SDUWRIWKHFRDUUD\7KHHVWLPDWLRQDFFXUDF\LVHYDOXDWHGLQWHUPVRIWKHDYHUDJHURRWPHDQVTXDUHHUURU
506( ZKLFKLVJLYHQE\
ேಾ
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ZKHUHܰெ LVWKHWRWDOQXPEHURI0RQWH&DUORUXQVDQGݑොௗǡ LVWKHHVWLPDWHRIWKH݀WKVRXUFHDWWKH݊WK
UXQ

III.C.1. Dipole Arrays
)LJ  D  GHSLFWV WKH DYHUDJH 506( DV D IXQFWLRQ RI WKH QXPEHU RI HOHPHQWV IRU DOO FRQVLGHUHG
JHRPHWULHV ZKHQ ȟ   ݑZKLOH WKH 506( IRU ȟ ݑൌ ͲǤʹ LV SORWWHG LQ )LJ  F  )RU UHIHUHQFH WKH
FRUUHVSRQGLQJ506(SORWVLQWKHFRXSOLQJIUHHVFHQDULRDUHVKRZQLQ)LJ E DQG)LJ G UHVSHFWLYHO\
&RPSDULQJ)LJ D WR)LJ E DQG)LJ F WR)LJ G ZHREVHUYHWKDWWKHUHVXOWVIRUWKHFRXSOLQJIUHH
VFHQDULRH[KLELWPXFKVPDOOHU506(YDOXHVWKDQWKRVHLQWKHSUHVHQFHRIPXWXDOFRXSOLQJ7KLVFRQILUPV
WKHGHWULPHQWDOHIIHFWRIPXWXDOFRXSOLQJRQWKH'2$HVWLPDWLRQSHUIRUPDQFH%\H[DPLQLQJ)LJ D DQG
)LJ F VHYHUDODGGLWLRQDOREVHUYDWLRQVFDQEHPDGH)LUVWWKHHVWLPDWLRQHUURUGHFUHDVHVDVWKHDUUD\VL]H





LQFUHDVHVIRUDOOFRQILJXUDWLRQV6LQFHPXWXDOFRXSOLQJGHSHQGVRQWKHGLVWDQFHEHWZHHQWKHDUUD\HOHPHQWV
ODUJHUDUUD\VSURYLGHDPXFKVSDUVHU0&0DVFRPSDUHGWRVPDOOHUDUUD\VWKHUHE\UHGXFLQJWKHRYHUDOO
HIIHFW RQ SHUIRUPDQFH 6HFRQG LUUHVSHFWLYH RI WKH QXPEHU RI HOHPHQWV WKH 8/$ SURYLGHV WKH ZRUVW
SHUIRUPDQFHZKLOHWKH05$DFKLHYHVWKHEHVWSHUIRUPDQFHIRUERWKVRXUFHVHSDUDWLRQV7KLVLVH[SHFWHG
EHFDXVH L  WKH 8/$ KDV WKH KLJKHVW QXPEHU RI HOHPHQW SDLUV WKDW DUH KDOIZDYHOHQJWK DSDUW  LL  DOO
FRQVLGHUHG05$VKDYHDUHGXFHGQXPEHURIDQWHQQDSDLUVVHSDUDWHGE\KDOIZDYHOHQJWKDQGLLL WKH05$V
SURYLGHERWKWKHODUJHVWDUUD\VL]HIRUDJLYHQQXPEHURIDQWHQQDVDQGODUJHVWILOOHGFRDUUD\DSHUWXUHOHDGLQJ
WREHWWHUUHVROXWLRQFDSDELOLW\)LQDOO\IRUȟ ݑൌ ͲǤʹWKHFRSULPHDUUD\SURYLGHVEHWWHUSHUIRUPDQFHWKDQ
WKHQHVWHGDUUD\IRUܰ ൌ ͺDQGͳͲDVVHHQLQ)LJ F 7KLVLVH[SHFWHGVLQFHWKHQHVWHGDUUD\KDVD
JUHDWHU QXPEHU RI HOHPHQW SDLUV VHSDUDWHG E\ KDOIZDYHOHQJWK )RU ܰ ൌ Ͷ KRZHYHU WKH QHVWHG DUUD\
RXWSHUIRUPVWKHFRSULPHDUUD\7KLVFDQEHH[SODLQHGE\H[DPLQLQJWKHWZRFRUUHVSRQGLQJDUUD\VWUXFWXUHV
LQ7DEOHV,,DQG,,,:HQRWHWKDWERWKDUUD\VKDYHWKUHHFRQWLJXRXVHOHPHQWVDWKDOIZDYHOHQJWKVSDFLQJ
ZKLOHWKHIRXUWKHOHPHQWLVFORVHUWRLWVQHDUHVWQHLJKERULQWKHFRSULPHDUUD\DVFRPSDUHGWRWKHQHVWHG
DUUD\,QWKHFDVHRIȟ ݑൌ ͲǤͳWKHUROHVDUHUHYHUVHGIRUܰ ൌ DQGͺZKHUHWKHQHVWHGDUUD\RXWSHUIRUPV
WKHFRSULPHDUUD\7KLVLVSULPDULO\GXHWRWKHGLIIHUHQFHLQWKHFRUUHVSRQGLQJUHVROXWLRQFDSDELOLWLHV$V
PHQWLRQHG HDUOLHU VLQFH WKH GLIIHUHQFH FRDUUD\ FRUUHVSRQGLQJ WR D FRSULPH DUUD\ KDV KROHV D UHGXFHG
FRDUUD\DSHUWXUHLVHPSOR\HGIRUVSDWLDOVPRRWKLQJEDVHG'2$HVWLPDWLRQ(YHQWKRXJKWKHFRXSOLQJHIIHFW
LVODUJHULQQHVWHGDUUD\VLWVHIIHFWRQWKH'2$HVWLPDWLRQSHUIRUPDQFHLVRXWZHLJKHGE\WKHUHVROXWLRQ
FDSDELOLW\ZKHQWKHVRXUFHVDUHFORVHO\VHSDUDWHG

III.C.2. Microstrip Arrays
7KH0RQWH&DUORH[SHULPHQWVWKDWZHUHSHUIRUPHGIRUGLSROHDUUD\VDUHUHSHDWHGIRUWKHPLFURVWULSDUUD\V
)LJVKRZVWKHREWDLQHGDYHUDJH506(SORWVIRUWKHGLIIHUHQWDUUD\FRQILJXUDWLRQVDQGGLIIHUHQWVRXUFH
VHSDUDWLRQVERWKLQWKHSUHVHQFHDQGDEVHQFHRIPXWXDOFRXSOLQJ%\FRPSDULQJWKHFRUUHVSRQGLQJSORWVLQ
)LJDQG)LJZHREVHUYHDQLQFUHDVHLQWKHDYHUDJH506(ZKHQXVLQJPLFURVWULSDUUD\V7KLVFDQEH
DWWULEXWHGWRWKHSUR[LPLW\RIWKHHGJHVRIWKHFRQVHFXWLYHHOHPHQWV)XUWKHUVLPLODUWRWKHFDVHRIGLSROH





DUUD\VWKHPLFURVWULS05$SURYLGHVWKHVPDOOHVWHVWLPDWLRQHUURUZKLOHWKHPLFURVWULS8/$KDVWKHODUJHVW
HUURUIRUERWKVRXUFHVHSDUDWLRQV,QDGGLWLRQWKHHVWLPDWLRQHUURUGHFUHDVHVZLWKLQFUHDVLQJQXPEHURIDUUD\
HOHPHQWVIRUDOOFRQILJXUDWLRQV+RZHYHUXQOLNHWKHFDVHRIGLSROHDUUD\VQHVWHGDUUD\VRXWSHUIRUPWKHFR
SULPH DUUD\V IRU ERWK VRXUFH VHSDUDWLRQV ZKHQ PLFURVWULS DQWHQQDV DUH HPSOR\HG 7KLV SHUIRUPDQFH
GLIIHUHQFHEHWZHHQWKHFRSULPHDQGQHVWHGDUUD\VIRUWKHWZRDQWHQQDW\SHVLVGXHWRWKHIDFWWKDWPXWXDO
FRXSOLQJLQPLFURVWULSDUUD\VFRPSULVHVQRWRQO\WKHHGJHFRXSOLQJEXWDOVRWKHFRXSOLQJGXHWRWKHSUHVHQFH
RIVXUIDFHZDYHVLQWKHVXEVWUDWH6LQFHWKHDSHUWXUHRIFRSULPHDUUD\VLVVPDOOHUIRUWKHVDPHQXPEHURI
DQWHQQDVWKHVXUIDFHZDYHFRXSOLQJLQIOXHQFHVWKHSHUIRUPDQFHRIFRSULPHDUUD\VPRUHWKDQWKDWRIQHVWHG
DUUD\V
7RVXPPDUL]HPXWXDOFRXSOLQJDIIHFWVWKH'2$HVWLPDWLRQSHUIRUPDQFH7KHGHJUHHRISHUIRUPDQFH
GHJUDGDWLRQ GHSHQGV RQ WKH DUUD\ FRQILJXUDWLRQ WKH QXPEHU RI HOHPHQWV DQG WKHLU W\SHV WKH VRXUFH
GLUHFWLRQVDQGWKHVRXUFHVHSDUDWLRQV
,90878$/&283/,1*&203(16$7,21
7KH0&0PRGHOLQJSURYLGHVDFKDUDFWHUL]DWLRQRIWKHPXWXDOFRXSOLQJZKLFKFDQEHXWLOL]HGWRDFFRXQW
IRUWKHFRXSOLQJLQ'2$HVWLPDWLRQPHWKRGV+RZHYHULQSUDFWLFHWKHPRGHOFDQVXIIHUIURPLQDFFXUDFLHV
DQG DV VXFK UHTXLUHV IUHTXHQW UHFDOLEUDWLRQ LQ RUGHU WR DFFRXQW IRU DQ\ FKDQJHV LQ ORFDO FRQGLWLRQV
0DLQWDLQLQJDQH[DFW0&0PRGHOFDQEHFXPEHUVRPHLIQRWLPSRVVLEOHLQPDQ\SUDFWLFDODSSOLFDWLRQV
,QWKLVVHFWLRQZHSURSRVHWZRFRPSHQVDWLRQPHWKRGVIRUDFFXUDWH'2$HVWLPDWLRQXQGHUXQNQRZQRU
LPSHUIHFWO\NQRZQ0&0V7KHILUVWPHWKRGWUHDWVWKHPRGHOLQJLPSHUIHFWLRQVDVSHUWXUEDWLRQVLQWKH0&0
DQGHPSOR\VDQLWHUDWLYHDSSURDFKWRHVWLPDWHWKHVRXUFHGLUHFWLRQVDQGWKHSHUWXUEHG0&07KHVHFRQG
PHWKRGSHUIRUPVMRLQWHVWLPDWLRQRIWKH0&0DQGWKHVRXUFHGLUHFWLRQVVLPXOWDQHRXVO\
,9$,WHUDWLYH$SSURDFK
:H PRGHO LPSHUIHFWLRQV LQ WKH FRXSOLQJ PDWUL[ DV DULVLQJ IURP SHUWXUEDWLRQV LQ WKH PXWXDO LPSHGDQFH
PDWUL[LH܈௧௨ ൌ ܈ௗ  ȟ܈ZKHUH܈௧௨ LVWKHDFWXDOPXWXDOLPSHGDQFHPDWUL[܈ௗ LVWKH
LQLWLDOPRGHOHGPXWXDOLPSHGDQFHPDWUL[DQGȟ܈LVWKHSHUWXUEDWLRQPDWUL[:HDVVXPHWKDWWKHVRXUFHV





DUHVSDUVHLQDQJOHZKLFKLVWUXHLQJHQHUDOIRUGLUHFWLRQILQGLQJDSSOLFDWLRQV7KHDQJXODUUHJLRQRILQWHUHVW
LVGLVFUHWL]HGLQWRDILQLWHVHWRIܳJULGSRLQWVZKHUHܳ ܦ ب6XEVWLWXWLQJሺ܈ௗ  ȟ܈ሻିଵ IRU۱LQ  
DQGYHFWRUL]LQJ ܀௫௫ \LHOGV
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ZKHUHµٔ¶GHQRWHVWKH.URQHFNHUSURGXFW,QRUGHUWRVROYHIRUWKHXQNQRZQVQDPHO\WKHSHUWXUEDWLRQVȟ܈
VRXUFHGLUHFWLRQVDQGSRZHUVDQGQRLVHYDULDQFHDQHVWHGRSWLPL]DWLRQSUREOHPFDQEHSRVHGDV
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ഥ LVWKHܰ ൈ ܳDUUD\PDQLIROGPDWUL[
 ௫௫ LVWKHFRYDULDQFHPDWUL[REWDLQHGDVDVDPSOHDYHUDJHۯ
ZKHUH܀
ഥ ௦௦ LVWKHFRYDULDQFHPDWUL[RIWKHSRWHQWLDOVRXUFHVDQG
FRUUHVSRQGLQJWRWKHJULGRISRWHQWLDOGLUHFWLRQV܀
ഥ ௦௦ DUHWKHSRZHUVRI
ߣLVD/DJUDQJHW\SHUHJXODUL]DWLRQSDUDPHWHU7KHHOHPHQWVRQWKHPDLQGLDJRQDORI܀
WKHSRWHQWLDOVRXUFHV7KHܦQRQ]HURGLDJRQDOHOHPHQWVFRUUHVSRQGWRWKHSRZHUVRIWKHDFWXDOVRXUFHV
ഥ ௦௦ ሻDQGߪଶ  LV FRQYH[ DQG FDQ EH VROYHG XVLQJ VSDUVH
7KH LQQHU RSWLPL]DWLRQ LQ   RYHU ሺ܀
UHFRQVWUXFWLRQWHFKQLTXHVZLWKWKHFRQVWUDLQWWKDWWKHXQNQRZQVDUHQRQQHJDWLYH7KHκଶ െQRUPWHUPLQ
 LVWKHOHDVWVTXDUHVFRVWIXQFWLRQWKDWPDLQWDLQVGDWDILGHOLW\ZKLOHWKHκଵ െQRUPWHUPHQFRXUDJHV
VSDUVLW\ LQ WKH UHFRQVWUXFWHG SRZHU VSHFWUXP 7KH ZHLJKW RI WKH VSDUVLW\ FRQVWUDLQW LQ WKH RYHUDOO FRVW
IXQFWLRQLVFRQWUROOHGE\ߣ7KHFKRLFHRIߣLVWLHGWRWKHVRXUFHVSDUVLW\DQGWKHQRLVHYDULDQFH6HYHUDO
PHWKRGVKDYHEHHQSURSRVHGWRHVWLPDWHߣLQFOXGLQJFURVVYDOLGDWLRQ>@DQGWKHGLVFUHSDQF\SULQFLSOH
>@,WLVQRWHGWKDWWKHVRXUFHGLUHFWLRQVDUHDVVXPHGWREHORFDWHGRQWKHJULG+RZHYHUVHYHUDOPHWKRGV
FDQEHXVHGWRPRGLI\WKHPRGHOLQRUGHUWRGHDOZLWKRIIJULGVRXUFHV>@7KHRXWHUPLQLPL]DWLRQRYHU
ȟ ܈LQ   LV QRQFRQYH[ DQG FDQ EH VROYHG E\ JHQHUDO QRQOLQHDU RSWLPL]DWLRQ PHWKRGV 7KH QHVWHG
RSWLPL]DWLRQLQ  LVVROYHGLWHUDWLYHO\XQWLOWKHPD[LPXPQXPEHURILWHUDWLRQVLVUHDFKHGRUXQWLOWKHFRVW
IXQFWLRQVWDJQDWHV
,QWKLVSDSHUZHVROYHWKHRXWHURSWLPL]DWLRQSUREOHPLQ  XVLQJ&0$(6>@ZKLFKLVDQDWXUH





EDVHG JOREDO RSWLPL]DWLRQ DOJRULWKP 1DWXUHEDVHG RSWLPL]DWLRQ DOJRULWKPV WU\ WR HPXODWH QDWXUDO
SKHQRPHQD VXFK DV VZDUP LQWHOOLJHQFH DQG WKH 'DUZLQLDQ PRGHO RI QDWXUDO HYROXWLRQ LQ RUGHU WR ILQG
RSWLPDO VROXWLRQV 7KHVH DOJRULWKPV FDQ GHDO ZLWK KLJKO\ QRQOLQHDU FRVW IXQFWLRQV ZKLFK UHTXLUH
VLPXOWDQHRXVRSWLPL]DWLRQRIDODUJHQXPEHURISDUDPHWHUV1DWXUHEDVHGRSWLPL]DWLRQDOJRULWKPVLQFOXGH
PDQ\ FDWHJRULHV VXFK DV *HQHWLF $OJRULWKPV >@ 3DUWLFOH 6ZDUP 2SWLPL]DWLRQ >@ (YROXWLRQDU\
3URJUDPPLQJ >@ DQG (YROXWLRQ 6WUDWHJLHV >@ &0$(6 KDV EHHQ VKRZQ WR RXWSHUIRUP RWKHU
HYROXWLRQDU\DOJRULWKPVLQPDQ\FRPSOH[HOHFWURPDJQHWLFSUREOHPV>@
&0$(6LVDVHOIDGDSWLYHHYROXWLRQVWUDWHJ\ZKLFKUHTXLUHVQRSDUDPHWHUWXQLQJ)LJVKRZVWKH
EORFNGLDJUDPRIWKHPDLQRSHUDWLRQRI&0$(67KHDOJRULWKPVWDUWVE\LQLWLDOL]LQJWKHSDUDPHWHUVWR
WKHLUGHIDXOWYDOXHV,WWKHQVDPSOHVDQHZJHQHUDWLRQRISRWHQWLDOVROXWLRQVIURPDPXOWLYDULDWH*DXVVLDQ
GLVWULEXWLRQXVLQJ
ሺାଵሻ

ܡ
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FRQVLVWVRIWKHSDUDPHWHUVRIWKH݅WKSRWHQWLDOVROXWLRQDWWKHሺ݃  ͳሻWKJHQHUDWLRQܕሺሻ LV
ሺሻ

WKHPHDQSDUDPHWHUYHFWRURIWKHEHVWSHUIRUPLQJPHPEHUVRIWKHSUHYLRXVJHQHUDWLRQߪ LVWKHVWHSVL]H
ሺሻ

DQG ۱  LV WKH FRYDULDQFH PDWUL[ RI WKH SDUDPHWHUV 7KH SDUDPHWHUV RI WKH PXOWLYDULDWH *DXVVLDQ
GLVWULEXWLRQDUHWKHQXSGDWHGVHTXHQWLDOO\XVLQJWKHEHVWSHUIRUPLQJPHPEHUVRIWKHJHQHUDWLRQ>@7KH
SHUIRUPDQFHRIWKHPHPEHUVLVPHDVXUHGE\WKHLUILWQHVVYDOXHRUVFRUHRQWKHRXWHURSWLPL]DWLRQLQ  
7KLVSURFHVVLVWKHQUHSHDWHGXQWLODWHUPLQDWLRQFULWHULRQLVPHW7KLVFULWHULRQFDQEHIRULQVWDQFHDWDUJHW
ILWQHVVYDOXHRUDPD[LPXPQXPEHURIJHQHUDWLRQV
,9%6LPXOWDQHRXV$SSURDFK
,Q WKLV DSSURDFK WKH VRXUFHV GLUHFWLRQV DQG WKH 0&0 DUH VLPXOWDQHRXVO\ HVWLPDWHG UDWKHU WKDQ LQ DQ
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HVWLPDWHGDVVKRZQLQ)LJ G 
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3.7. Generalized Coprime Sampling of Toeplitz Matrices for
Spectrum Estimation

Abstract
Increased demand on spectrum sensing over a broad frequency band requires a high sampling rate
and thus leads to a prohibitive volume of data samples. In some applications, e.g., spectrum estimation,
only the second-order statistics are required. In this case, we may use a reduced data sampling rate
by exploiting a low-dimensional representation of the original high dimensional signals. In particular,
the covariance matrix can be reconstructed from compressed data by utilizing its speciﬁc structure,
e.g., the Toeplitz property. Among a number of techniques for compressive covariance sampler design,
the coprime sampler is considered attractive because it enables a systematic design capability with a
signiﬁcantly reduced sampling rate. In this paper, we propose a general coprime sampling scheme that
implements effective compression of Toeplitz covariance matrices. Given a ﬁxed number of data samples,
we examine different schemes on covariance matrix acquisition for performance evaluation, comparison
and optimal design, based on segmented data sequences.
Index Terms
Compressive covariance sampling, structured matrix, coprime sampling, overlapping data segmentation

I. I NTRODUCTION
Various applications require spectrum sensing over a broad frequency band, which demand on the
sampling rate and produce a large amount of data. In some cases, the original signal is known to be
sparse. This property allows the exploitation of compressive sensing and sparse sampling approaches that
enable effective sparse signal reconstruction [3], [4], with no loss of information. The signal reconstruction
can be carried out by a number of algorithms, such as orthogonal matching pursuit (OMP), least absolute
shrinkage and selection operator (LASSO), and Bayesian compressive sensing [5]–[8].
Spectrum estimation based on the second-order statistics adds to the abovementioned applications for
signal reconstruction. In this case, the covariance function and the covariance matrix can be constructed as
low-dimensional representations of the original high-dimensional signals [9], [10]. This fact has motivated
the development of an alternate framework, referred to as compressive covariance sampling, in which
the signal sparsity is not a requirement [11]–[13].
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In this paper, we consider spectrum estimation of wide-sense stationary (WSS) processes utilizing the
Toeplitz property of the covariance matrix. Note that, while our focus in this paper is limited to the
second-order statistics, extension to techniques based on high-order statistics [14] is straightforward.
Several methods have been developed to tackle similar compressive Toeplitz matrix sampling. For
example, a generalized nested sampler [15] was proposed to recover Toeplitz matrices from a compressed
covariance matrix. However, this approach assumes an inﬁnite number of data samples and does not
consider the achievable reconstruction performance when the number of samples is ﬁnite. In addition,
it imposes a minimum sampling interval that follows the Nyquist criterion, which makes it ineffective
to implement low sampling rate systems for wideband spectrum estimation. In [16], a minimal sparse
sampler was proposed through a set of properly designed analog ﬁlters and then down-sampling the signals
at a reduced rate. A ﬁnite number of outputs was divided into multiple blocks without overlapping, and
the compressed covariance was estimated by averaging over these blocks. However, the requirement of
using the designed analog ﬁlters complicates the implementation. In addition, the effect of utilization of
overlapping blocks were not considered.
The proposed work is based on the recently developed coprime sampling structure [17], which utilizes
only two uniform samplers to sample a WSS process with sampling intervals, M and N . The integers
M and N , which represent the down-sampling rates, are chosen to be coprime. As a result, it generates

two sets of uniformly spaced samples with a rate substantially lower than the nested [18] and with fewer
samplers than the schemes in [19]–[21].
In this paper, we design a sampling matrix to compress Toeplitz matrices based on a coprime sampling
scheme. In particular, our focus is on effective estimations of the Toeplitz covariance matrix and signal
spectrum from a ﬁnite number of samples of a WSS sequence. Toward this objective, we generalize the
coprime sampling approach to achieve a higher number of degrees of freedom (DOFs) and low estimation
error. The generalization is carried out in the following two aspects: (a) The ﬁrst generalization is to use
multiple coprime units to obtain a higher number of DOFs and improved power spectrum density (PSD)
estimation performance. This is achieved through the use of an integer factor p, where a coprime unit
is deﬁned as a full period of the output sample pattern between x[bM N ] and x[(b + 1)M N − 1] for
any non-negative integer b. (b) The second generalization is to exploit overlapping blocks in performing
sample averaging, enabling an increased number of blocks to be used for sample averaging, leading to
a reduced estimation variance.
The concept of generalized coprime sampling was ﬁrst developed in [1] where only the abovementioned
ﬁrst generalization is considered, whereas the second generation was introduced in [2]. In this paper, we
extend these preliminary results by providing comprehensive theoretical support and performance bound
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analysis of the developed techniques, and describe the spectrum estimation algorithm based on the crosscovariance between the outputs of the two samplers. A number of simulation results are presented to
clearly reveal the relationship between the achieved performance and various parameters related to the
sampling strategies and signal conditions.
The rest of the paper is organized as follows. We ﬁrst introduce the signal model in Section II.
Generalized coprime sampling that exploits multiple coprime units is presented in Section III. Section IV
describes spectrum estimation based on the generalized coprime sampling scheme, and the corresponding
spectrum identiﬁability, compression factor, and Cramér-Rao bound (CRB) are examined. In Section V,
we propose the exploitation of overlapping samples, and show analytically that the overlapping sampling
scheme achieves reduced variance in the estimated covariance matrix and signal spectrum. Simulation
results are provided in Section VI to numerically verify the effectiveness of the proposed generalization
and the analysis. Section VII concludes the paper.
Notations: We use lower-case (upper-case) bold characters to denote vectors (matrices). In particular, IN
denotes the N × N identity matrix. (·)∗ implies complex conjugation, whereas (·)T and (·)H respectively
denote the transpose and conjugate transpose of a matrix or a vector. E(·) is the statistical expectation
operator and ⊗ denotes the Kronecker product. R and C denote the set of real values and complex values,
respectively, while N+ denotes the set of positive integers. x ∼ CN (a, b) denotes that random variable
x follows the complex Gaussian distribution with mean a and variance b. · denotes the ﬂoor function

which returns the largest integer not exceeding the argument. diag(x) denotes a diagonal matrix that uses
the elements of x as its diagonal elements, and Tr{A} returns the trace of matrix A.
II. S IGNAL MODEL
Assume that a zero-mean WSS process X(t), t ∈ R, which consists of signals corresponding to a
number of sparse frequencies, is conﬁned within a bandwidth Bs . To obtain its PSD, the covariance
matrix needs to be provided from a speciﬁc realization of X(t), t = 0, . . . , T − 1. It sufﬁces to consider
the discrete-time random process, X[l], obtained by sampling the analog signal X(t), with a Nyquist
sampling rate fs = 2Bs . Note that the discrete-time process X[l] remains WSS in the discrete-time
sense. Let xL [l] = [x[l], x[l + 1], . . . , x[l + L − 1]]T be a realized vector of X[l]. Then, the resulting
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semi-positive deﬁnite, Hermitian and Toeplitz covariance matrix can be given by


Rx = E xL [l]xH
L [l]
⎛
r[0]
r[−1]
⎜
⎜
r[0]
⎜ r[1]
⎜
..
.
⎜
..
=⎜
.
⎜
⎜
⎜r[L − 2] r[L − 3]
⎝
r[L − 1] r[L − 2]

⎞
. . . r[−L + 1]

⎟
⎟
. . . r[−L + 2]⎟
⎟
..
⎟
⎟,
.
...
⎟
⎟
...
r[−1] ⎟
⎠
...
r[0]

(1)

in which the entry r[τ ] = E [x[l]x∗ [l − τ ]] only depends on the lags τ = −L + 1, . . . , L − 1. It is clear
from (1) that r[−τ ] = r∗ [τ ]. In addition, the Toeplitz structure of Rx implies that many of its elements are
redundant. As a result, Rx can be obtained from a sparsely sampled data sequence. This fact motivated
compressive covariance sampling [11]–[13].
In this paper, we consider the problem of estimating an L × L covariance matrix of xL [l] and the
signal PSD from an observation of X(t) with an available length of KTs , where K ∈ N+ and K ≥ L.
When sampled at the Nyquist interval Ts = 1/fs , it yields K samples of discrete-time observations
x[k], k = 0, . . . , K − 1. A common practice for covariance matrix estimation is to segment the entire

discrete-time observation of length K into multiple length-L blocks, and average the respectively sample
covariances [22]. As shown in Fig. 1, the entire observation period is segmented into multiple, possibly
overlapping, blocks. In Section III-B, we ﬁrst consider the non-overlapping segmentation to illustrate the
signal model, as shown in Fig. 1(a), whereas the overlapping case depicted in Fig. 1(b) will be discussed
in Section III-C. Denote B as the number of data blocks for the non-overlapping case. We assume for
convenience that the B blocks cover the entire sequence, i.e., BL = K .
Denote by xb [l] = x[l + (b − 1)L], l = 0, . . . , L − 1, and xb = [xb [0], . . . , xb [L − 1]]T for b = 1, . . . , B .
We sparsely sample each data block using a V × L sampling matrix As to obtain yb = As xb , where
V  L. The estimated covariance matrix obtained by averaging the available B blocks and is expressed

as

B
1 
R̂y =
yb ybH = As
B
b=1

%

B
1 
xb xH
b
B

&
H
AH
s = As R̂x As ,

(2)

b=1

where R̂x is an estimated covariance matrix of Rx . The compressed covariance matrix R̂y with size V ×V
can be exploited to reconstruct the L × L matrix R̂x , provided that it includes all lags τ = 0, . . . , L − 1.
Note that covariances corresponding to negative lags τ = −L + 1, . . . , −1 can be obtained through the
Hermitian operation r[τ ] = r∗ [−τ ] and thus does not contain additional information. Reconstruction of
full covariance matrix Rx from the compressed covariance matrix R̂y can be made possible by designing
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a proper sampling matrix As . It is clear that, since there are V 2 entries in R̂y , the number of samples
√
required to enable reconstruction of the Hermitian Toeplitz matrix R̂x is O( L). In this end, R̂x can
⎛

be reconstructed as

⎞
r̂[0]

r̂[−1]

⎜
⎜
r̂[0]
⎜ r̂[1]
⎜
..
..
⎜
R̂x = ⎜
.
.
⎜
⎜
⎜r̂[L − 2] r̂[L − 3]
⎝
r̂[L − 1] r̂[L − 2]

. . . r̂[−L + 1]
...
...
...
...

⎟
⎟
r̂[−L + 2]⎟
⎟
..
⎟
⎟,
.
⎟
⎟
r̂[−1] ⎟
⎠
r̂[0]

(3)

where r̂[τ ], τ = −L + 1, . . . , L − 1 are estimated by averaging all the entries with the same lag τ in R̂y .
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Fig. 1. Illustration of segmentations. (a) Non-overlapping segmentation; (b) Overlapping segmentation.
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III. G ENERALIZED COPRIME SAMPLING
Coprime sampling exploits two uniform sub-Nyquist samplers with sampling period being coprime
multiples of the Nyquist sampling period [17], [23]. In this section, the generalized coprime sampling
scheme is presented in two operations. A multiple coprime unit factor p ∈ N+ [1], aiming to increase
the number of lags in the compressed covariance matrix, is ﬁrst introduced. Then, the utilization of
overlapping samples between blocks is pursued to yield a reduced estimation variance through the use
of a non-overlapping factor q ∈ N+ .
A. The concept of coprime sampling
In coprime sampling, the sampling matrix As can be denoted as As = [ATs1 ATs2 ]T , where As1 and
As2 are the sub-sampling matrices corresponding to the two coprime samplers.

Deﬁnition 1: The (i, j )th entry of the sampling matrices As1 and As2 can be designed as:
⎧
⎪
⎨1, j = M i, i ∈ N+ ,
[As1 ]i,j =
⎪
⎩0, elsewhere,
and
[As2 ]i,j =

⎧
⎪
⎨1,

j = N i,

⎪
⎩0,

elsewhere,

i ∈ N+ ,

(4)

where M ∈ N+ and N ∈ N+ are coprime integers.
From a data acquisition perspective, there are two sets of uniformly spaced samples of the input WSS
signal X(t), t = 0, . . . , T , from two samplers with sampling intervals M Ts and N Ts , respectively, as
illustrated in Fig. 2. Without loss of generality, we assume M < N . Then, the highest sampling rate of
the system is 1/(M Ts ) = fs /M and the two sampled stream outputs can be given as
y1 [k1 ] = x[M k1 ] = X(M k1 Ts ),
y2 [k2 ] = x[N k2 ] = X(N k2 Ts ).

(5)

Note that, due to the coprime property of M and N , there are no overlapping outputs between the
two sets other than x[bM N ] for any non-negative integer b. The outputs between x[(b − 1)M N ] and
x[bM N − 1] are referred to as a coprime unit, positioned at

Pb = {bM N + M k1 }

{bM N + N k2 }.

(6)

Over an observation with an available length of KTs , K/M N coprime units can be obtained, each
consists of M + N physical samples. As such, the total number of physical samples is given by
'
(
'
(
M +N
1
1
Ks = K
=K
.
+
MN
M
N
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(7)
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ܶܯ௦
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ݕଶ ሾ݇ଶ ሿ

Fig. 2. Coprime sampling structure.

For illustration, an example is presented in Fig. 3, where two coprime samplers with M = 3 and N = 4
are considered. The length of K = 60 output streams consist of 5 coprime units, and Ks = 35 physical
samples are distributed between x[12(b − 1)] and x[12b − 1], for b = 1, . . . , 5, where 5 pairs of samples
overlap between the output of the two samplers at positions 0, 12, 24, 36, and 48.
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Fig. 3. An example for coprime sampling (M = 3, and N = 4; •: Nyquist sampler; : ﬁrst sampler outputs; ∇: second
sampler outputs.)

Denote yb1 = [yb1 [0], . . . , yb1 [N − 1]]T as an N × 1 vector, and yb2 = [yb2 [0], . . . , yb2 [M − 1]]T as
an M × 1 vector, with yb1 [k1 ] = x[(b − 1)M N + M k1 ] and yb2 [k2 ] = x[(b − 1)M N + N k2 ], where
0 ≤ k1 ≤ N − 1 and 0 ≤ k2 ≤ M − 1, for 1 ≤ b ≤ K/(M N ). In addition, let yb = [ybT1 ybT2 ]T . As
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such, the (M + N ) × (M + N ) covariance matrix Ry can be expressed as
⎞
⎞ ⎛
⎛
Ry11 Ry12
E[yb1 ybH1 ] E[yb1 ybH2 ]
⎜
⎟
⎟ ⎜
⎜
⎟
⎟ ⎜
Ry = ⎜
⎟.
⎟=⎜
⎝
⎠
⎠ ⎝
E[yb2 ybH1 ] E[yb2 ybH2 ]
Ry21 Ry22

(8)

In Ry , matrices Ry11 and Ry22 contains self-lags of the two sampler output streams, while their cross-lags
are included in matrices Ry12 and Ry21 . Note that Ry21 = R∗y12 . In addition, because the two sampler
outputs share the ﬁrst sample in each coprime unit, the self-lags can be taken as cross-lags between
every sample from one sampler and the ﬁrst sample from the other sampler. As such, the self-lags form a
subset of the cross-lags. Thus, Rx can be reconstructed by using only Ry12 , whose cross-lags (including
the negated ones) are given by the following set,
L = {τ |τ = ±(M k1 − N k2 )},

(9)

where 0 ≤ k1 ≤ N − 1 and 0 ≤ k2 ≤ M − 1.
The prototype scheme uses one coprime unit samples to generate all lags in L. However, it should be
noticed that they are distributed in the range [−M (N − 1), M (N − 1)] with some missing integers at
(aM + bN ), where a ≥ 1 and b ≥ 1, as shown in Fig. 4(a), for M = 3 and N = 4. That is, they are not

sufﬁcient to reconstruct R̂x with dimension L = M N . To overcome this limitation, two coprime units
from the ﬁrst sampler and one coprime unit from the second sampler are used to form one block in [17],
and the resulting lags are contiguous in the range [−M N − N + 1, M N + N − 1], as depicted in Fig.
4(b). This scheme is referred in this paper to as the conventional scheme. In this case, the maximum
achievable L is Lmax = M N + N .
B. Generalized coprime sampling scheme using non-overlapping blocks
In the sequel, an integer factor p ≥ 2, representing the number of multiple coprime units, is ﬁrst
introduced to achieve a higher value of L. In each block, outputs from p coprime units from both
samplers, i.e., p(M + N ) physical samples spawning a time period of pM N Ts , are used to estimate the
covariance matrix. In this case, the resulting lags fall into the following set,
L̃ = {τ |τ = ±(M k1 − N k2 )},

(10)

for 0 ≤ k1 ≤ pN − 1 and 0 ≤ k2 ≤ pM − 1. Note that varying p changes the set L̃. The following
proposition about the set L̃ reveals the property of the resulting lag positions.
Proposition 1: The set L̃ contains all integer lags in the range −(p − 1)M N − M − N + 1 ≤ τ ≤
(p − 1)M N + M + N − 1.
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Fig. 4. An example for different schemes (M = 3, and N = 4; : ﬁrst sampler outputs; ∇: second sampler outputs; •: lags;
×: holes. (a) Prototype; (b) Conventional.)

The proof is provided in Appendix A. Note that, all resulting lags using conventional scheme are
included in L̃ as a special case of p = 2. For the generalized scheme, the maximum achievable value of
L becomes
L̃max = (p − 1)M N + M + N,

and the number of the corresponding non-overlapping blocks is given by
)
*
K
B=
.
pM N

(11)

(12)

An example for different values of p is illustrated in Fig. 5, where K = 120, M = 3, and N = 4 are
assumed. For the case of p = 2, i.e., the conventional scheme, each block forms consecutive lags within
[−18, 18]. That is, R̂x can be reconstructed with a maximum of dimension L̃max = 19 by averaging
B = 5 blocks. For the case of p = 5, L̃max = 55 can be obtained by a consecutive lag range of [−54, 54]

in each block, whereas the number of the blocks is reduced to B = 2.
We examine the compression factor, which is deﬁned as the ratio of the number of entries in R̂x over
the corresponding number in R̂ỹ12 , expressed as
κ=

L×L
L2
= 2
.
pM × pN
p MN
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(13)
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Fig. 5. An example for different values of p (K = 120, M = 3, and N = 4; (a) p = 2; (b) p = 5.)

Because the maximum value of L is L̃max = (p − 1)M N + M + N , the maximum achievable value of
κ is given by
κmax =

[(p − 1)M N + M + N ]2
.
p2 M N

(14)

Fig. 6 shows κmax , as a function of M , N , and p. It is clear that κmax improves as M and N increase.
Notice that, while the number of entries in R̂ỹ12 increases with p, κmax does not signiﬁcantly change. It
asymptotically approaches M N when p  1.
For a given number of compression factor, i.e., the constant value of M N , the optimal coprime pair
in terms of total number of physical samples, Ks , can be derived by solving the optimization problem:
'
(
1
1
Minimize Ks = K
+
M
N
subject

to

M N = constant,

(15)

0 < M < N.

It is demonstrated in [23], [31] that the valid optimal coprime pair is the one that has M and N as close
as possible. This is satisﬁed by choosing N = M + 1. This relationship is assumed in the remainder of
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the paper. In this case, Ks becomes

'
Ks = K

1
1
+
M
M +1

(
,

(16)

and the corresponding compression factor, κmax , can be expressed as
κmax =

L̃2max
∝ M 2,
p2 M (M + 1)

(17)

with L̃max = (p − 1)M 2 + (p + 1)M + 1.
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Fig. 6. κmax , as a function of M , N , and p.

C. Utilization of overlapping blocks
The variance of the estimated covariance and spectrum is generally reduced by utilizing a higher
number of averaging blocks. In addition to averaging over non-overlapping segments, as discussed earlier,
a general and more effective alternative for spectrum estimation is to exploit overlapping segments. In
so doing, the number of applicable blocks for sample averaging can be substantially increased. The
overlapping samples used are set by non-overlapping factor q ∈ N+ .
As shown in Fig. 1(b), we maintain the same segment length pM (M + 1), and let the starting points
of two adjacent blocks D = qM (M + 1) units apart, where 1 ≤ q ≤ p. Similarly, we assume, for
convenience, that (B̃ − 1)D + pM (M + 1) = K covers the entire recorded sequence.
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Deﬁnition 2: Assume that D consists of the length of q coprime units, i.e., D = qM (M + 1), where
1 ≤ q ≤ p. Then, the number of blocks can be expressed as
)
*
)
*
K − pM (M + 1)
K
p
B̃ =
+1=
+1
−
D
qM (M + 1) q
)
*
p
p
=
+ 1.
B−
q
q

(18)

It is straightforward to conﬁrm that B̃ ≥ B since q ≤ p. In addition, B̃/B approaches p/q when B is
large. As such, p/q can be considered as the overlapping ratio that approximately describes the level of
additional blocks used for sample averaging. It is clear that B̃ increases as q decreases and is maximized
when q = 1. Note that the non-overlapping case can be considered as a special case of q = p and B̃ = B .
For illustration, an example of p = 5 and q = 1 is considered in Fig. 7, where K and M are assumed
to be the same as those in Fig. 5. It is shown that B̃ = 6 blocks can be used in Fig. 7, whereas only
B = 2 blocks are obtained in the corresponding non-overlapping scenario, as depicted in Fig. 5(b).
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Fig. 7. An example of utilization of overlapping samples (K = 120, M = 3, p = 5, and q = 1.)

Denote ỹb1 [k1 ] = x[(b − 1) × qM (M + 1) + M k1 ] and ỹb2 [k2 ] = x[(b − 1) × qM (M + 1) + (M + 1)k2 ],
where 0 ≤ k1 ≤ p(M + 1) − 1 and 0 ≤ k2 ≤ pM − 1, for 1 ≤ b ≤ B̃ . In addition, let ỹb1 =
[ỹb1 [0], . . . , ỹb1 [p(M + 1) − 1]]T and ỹb2 = [ỹb2 [0], . . . , ỹb2 [pM − 1]]T . The covariance matrix R̂ỹ12 , using

the generalized scheme, can be estimated as
R̂ỹ12 =

B̃
1 
ỹb1 ỹbH2 .
B̃

(19)

b̃=1

Note that, for each 1 ≤ b ≤ B̃ , the entries rb (k1 , k2 ) = ỹb1 [k1 ]ỹb∗2 [k2 ] corresponding to the same position
(k1 , k2 ) in covariance matrix are still independent. As discussed above, the value of B̃ is increased from

that of B approximately by a factor of p/q . Thus, utilizing overlapping blocks for averaging, the variance
of the estimated covariance is generally reduced to q/p of the corresponding non-overlapping case.
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Then, R̂x with dimension L × L, where L ≤ L̃max , can be
⎛
ˆ
ˆ
r̃[0]
r̃[−1]
...
⎜
⎜ ˆ
ˆ
r̃[0]
...
⎜ r̃[1]
⎜
..
..
⎜
R̂x = ⎜
.
.
...
⎜
⎜
ˆ − 2] r̃[L
ˆ − 3] . . .
⎜r̃[L
⎝
ˆ − 1] r̃[L
ˆ − 2] . . .
r̃[L

reconstructed as
⎞
ˆ
r̃[−L
+ 1]
⎟
⎟
ˆ
r̃[−L
+ 2]⎟
⎟
..
⎟
⎟,
.
⎟
⎟
ˆ
r̃[−1] ⎟
⎠
ˆ
r̃[0]

(20)

ˆ ], τ = −L + 1, . . . , L − 1, are estimated by averaging all the entries with the same lag τ in
where r̃[τ
R̂ỹ12 .

We make the following two remarks:
1. In the generalized coprime sampling scheme, (B̃ − 1)qM (M + 1) + pM (M + 1) = K , where
p, q ∈ N+ , is assumed to cover the entire recorded sequence. When B̃ = 1, factor q does not have a

physical meaning. Thus, B̃ ≥ 2 needs to be guaranteed, which is equivalent to
p+q ≤

K
.
M (M + 1)

As such, the range of the pair of (p, q) falls into the following set,
+
,
K
+
Πp,q = (p, q) | p + q ≤
.
, 1 ≤ q ≤ p, p, q ∈ N
M (M + 1)

(21)

(22)

2. The covariance matrix Rỹ12 is estimated using the B̃ available samples. In practice, p and q are
generally chosen to yield the large number of blocks B̃ to achieve to rigid estimation of Rỹ12 .
3. As p increases, a higher number of DOFs in the compressed covariance matrix Rỹ12 can be achieved.
As a result, we can reconstruct covariance matrix R̂x with a higher dimension, yielding an improved
spectrum resolution and estimation accuracy. When q increases, the estimation accuracy can be improved
because a higher number of blocks are used in the averaging. However, such higher dimension and higher
number of blocks result in a higher computational complexity.
IV. S PECTRUM ESTIMATION AND THE CRB
Spectrum estimation deals with the problem of estimating the PSD of a random process, and ﬁnds
applications in the context of dynamic spectrum sharing [24]. In this case, a broad frequency band
should be sensed in order to locate the unoccupied spectrum before establishing a communication link.
Sub-Nyquist sampling for cognitive radios is a widely studied topic, e.g., in [25]–[30].
Generally, power spectrum sensing can be classiﬁed into two major categories. The ﬁrst category
reconstructs the signal waveforms and then estimate the power spectrum, whereas the second category
estimates the power spectrum from the signal covariance, i.e., the second-order statistics. The approach
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discussed in [25]–[27] belongs to the former where the signals are assumed to be sparse in some domain
and sub-Nyquist sampling is implemented to recover the signal waveforms through compressive sensing.
The approach adopted in this paper, along with [28]–[30] and several other references [11]–[13], [15],
[16] belong to the second category. Note, however, that this paper makes signiﬁcant difference to the
papers in its category, as our major contribution is the generalization of the coprime sampling, where
the multiple unit factor p is used to improve the degrees-of-freedom (DOFs) and spectrum resolution,
and the non-overlapping factor q is used to improve the estimation accuracy. Such generalization and the
related analyses are novel.
A. Spectrum estimation
The well-known Wiener-Khinchin theorem proves that the PSD of a signal and the covariance function
form a Fourier transform pair, expressed as
P [f ] =

∞


r[τ ]e−j2πτ f /fs .

(23)

τ =−∞

Therefore, once R̂x is reconstructed, then P [f ] can be estimated by employing the discrete Fourier
transform which does not require the assumptions of signal sparsity in the frequency domain. The
applicability to continuous spectrum signals will be demonstrated using a simulation example in Section
V.
For signals with sparse and discrete spectrum, however, we can further achieve high-resolution spectrum
estimation by exploiting subspace-based spectrum estimation techniques, in lieu of the Fourier transform.
As such, in the following, we focus on the spectrum estimation of sparse spectrum signals which consist
of a sum of multiple sinusoids, and the corresponding CRB analysis is provided.
Assume that x[k], for k = 0, 1, . . . , K − 1, are samples of the analog signal X(t), which can be
presented as a sum of I independent frequency components
x[k] =

I−1


σi e

−j2πkfi
fs

+ n[k],

(24)

i=0

of frequency fi and complex magnitudes σi , i = 0, . . . , I − 1. The additive noise n[k] is assumed to
be an independent and identically distributed (i.i.d.) random variable following the zero-mean complex
Gaussian distribution with a variance σn2 , i.e., n[k] ∼ CN (0, σn2 ).
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Using the generalized coprime sampling scheme, in the bth block, 0 ≤ b ≤ B̃ − 1, the received outputs
at the two coprime samplers can be respectively written as
ỹb1 [k1 ] = x[(b − 1) × qM (M + 1) + M k1 ]
=

I−1


σi e

−j2π[(b−1)×qM (M +1)+M k1 ]fi
fs

+ nb1 [k1 ],

(25)

i=0

ỹb2 [k2 ] = x[(b − 1) × qM (M + 1) + (M + 1)k2 ]
=

I−1


σi e

−j2π[(b−1)×qM (M +1)+(M +1)k2 ]fi
fs

+ nb2 [k2 ],

(26)

i=0

where 0 ≤ k1 ≤ p(M + 1) − 1, 0 ≤ k2 ≤ pM − 1, and the range of the pair (p, q) is given in Πp,q .
Stacking ỹb1 [k1 ] for 0 ≤ k1 ≤ p(M + 1) − 1 and ỹb2 [k2 ] for 0 ≤ k2 ≤ pM − 1, yields the following
received vector data
ỹb1 =

I−1


ab1 (fi )e

−j2π[(b−1)×qM (M +1)]fi
fs

σi = Ab1 sΦ + nb1 ,

i=0

ỹb2 =

I−1


ab2 (fi )e

−j2π[(b−1)×qM (M +1)]fi
fs

σi = Ab2 sΦ + nb2 ,

(27)

i=0

where s = [σ1 , . . . , σI ]T , Ab1 = [ab1 (f1 ), . . . , ab1 (fI )], and Ab2 = [ab2 (f1 ), . . . , ab2 (fI )] with


−j2πM fi
−j2π[p(M +1)−1]M fi T
fs
ab1 (fi ) = 1, e fs , . . . , e
,


−j2π(M +1)fi
−j2π(pM −1)(M +1)fi T
fs
fs
ab2 (fi ) = 1, e
,...,e
.

(28)
(29)

In addition, Φ is a diagonal matrix given by
Φ = diag([e

−j2π[(b−1)×qM (M +1)]f1
fs

,...,e

−j2π[(b−1)×qM (M +1)]fI
fs

]).

(30)

Note that the noise vectors nb1 and nb2 follow the complex Gaussian distribution CN (0, σn2 IpM ) and
CN (0, σn2 Ip(M +1) ), respectively. Then, the compressed covariance matrix Rỹ12 is obtained as
2
Rỹ12 = E[ỹb1 ỹbH2 ] = Ab1 Rss AH
b2 + σn iỹ12

=

I−1


2
σi2 ab1 (fi )aH
b2 (fi ) + σn iỹ12 ,

(31)

i=0

where iỹ12 returns a pM ×p(M +1) matrix with ones on the main diagonal and zeros elsewhere. Note that,
the following vector with elements corresponding to different lags, a(fi ) = [1, e

−j2πfi
fs

,e

−j4πfi
fs

,...,e

−j2(L−1)πfi
fs

can be extracted based on ab1 (fi ) ⊗ a∗b2 (fi ) for 1 ≤ i ≤ I . Thus, Rx ∈ CL×L , where L ≤ L̃max , can be
reconstructed and expressed as
Rx =

I−1


σi2 a(fi )aH (fi ) + σn2 IL .

i=0
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(32)

]T ,

In practice, R̂ỹ12 is estimated by averaging the available B̃ blocks as in (19), and R̂x is reconstructed
as in (20). The spectrum can be estimated using a variety of methods (e.g., [33]), with respect to R̂x . It
is well known that subspace-based methods are popular candidates to achieve a high spectrum resolution
with a moderate computational complexity. The multiple signal classiﬁcation (MUSIC) algorithm [34] is
used to evaluate the performance of our approach. Note that the extension of other spectrum estimation
techniques [35], [36] is straightforward.
The MUSIC approach is based on eigen-decomposition of the reconstructed covariance matrix R̂x ,
given by
R̂x = ÛΛ̂ÛH ,

(33)

where Λ̂ = diag{λ̂1 , λ̂2 , . . . , λ̂L } is the diagonal matrix of the eigenvalues in a descending order, and the
L × L matrix Û contains the corresponding eigenvectors. The MUSIC algorithm requires the information

of the rank of the signal subspace, i.e., the number of carrier frequencies of the signal arrivals. Various
mathematical criteria, such as Akaike information criterion (AIC) [37], minimum description length
(MDL) [38], and Bayesian information criterion (BIC) [39], can be employed to achieve the rank
estimation. In this paper, we apply the BIC on R̂x to obtain the value of I . It was shown that that
BIC based methods [40]–[42] generally outperform other methods, such as those developed based on
AIC and MDL [43]–[45] due to the stronger consistency, particularly when the number of array sensors
is large and the number of samples is small. Then, Eqn. (33) can be decomposed as
H
R̂x = Ûs Λ̂s ÛH
s + Ûn Λ̂n Ûn ,

(34)

where Ûs ∈ CL×I and Ûn ∈ CL×(L−I) contain the signal and noise subspace sample eigenvectors,
respectively, and the corresponding sample eigenvalues are included in the diagonal matrices Λ̂s =
diag{λ̂1 , λ̂2 , . . . , λ̂I } and Λ̂n = diag{λ̂I+1 , λ̂I+2 , . . . , λ̂L }. Then, the spectrum can be estimated as
P̂ (f ) =

1
aH (f )Û

H
n Ûn a(f )

,

(35)

where f is deﬁned as the collection over all possible grids in the spectrum and the values of f that produce
peaks in the estimator P̂ (f ) are taken as estimates of the frequencies fi , i = 1, . . . , I . The spectrum
identiﬁability and resolution are improved as L increases, and they are optimized when L = L̃max . This
relationship is assumed in the remainder of the paper.
B. The Cramér-Rao Bound (CRB)
The CRB offers a lower bound on the variances of unbiased estimates of the parameters. The speciﬁc
CRB expressions given in [46]–[48] are valid only when the number of frequencies is less than the number
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of physical samples (I < Ks ). This is because the expressions are based on the inverse of the matrix
AH A, where A is the so-called array or frequency manifold matrix. However, the assumption I < Ks

is not requirement for the existence of CRB, because even when I ≥ Ks , with proper prior information,
the Fisher information matrix (FIM) can remain nonsingular (invertible) under a much broader range of
conditions. Thus, we use the inverse of FIM as the CRB expression. After we have submitted the previous
version of the manuscript, several papers have been published on the CRB analysis of the directions of
arrival estimation when more sources than the number of sensors are handled in the context of coarrays.
We have cited these papers as references [49]–[51]. However, none of these papers provide revealing
solutions in a compact matrix form.
For a set of vectors ỹb = [ỹbT1 ỹbT2 ]T , b = 1, . . . , B̃ , the CRB is calculated by the well-known expression
[47] involving the FIM elements
Fα i α j

+
,
−1 ∂Rỹ −1 ∂Rỹ
= B̃Tr Rỹ
R
,
∂αi ỹ ∂αj

(36)

for unknown variables αi and αj , where Rỹ is expressed as
Rỹ =

E[ỹb ỹbH ]

=

I−1


2
σi2 ab (fi )aH
b (fi ) + σn Ip(2M +1) ,

(37)

i=0

and ab (fi ) = [aTb1 (fi ) aTb2 (fi )]T .
In the underlying case, the unknown parameters are the I signal frequencies fi and powers σi2 for
i = 1, . . . , I , as well as the noise power σn2 . Therefore, the elements in the (2I + 1) × (2I + 1) Fisher

matrix F can be written in terms of the block matrices, for i, j = 1, . . . , I , given by
+
,
−1 ∂Rỹ −1 ∂Rỹ
Fi,j = B̃Tr Rỹ
R
,
∂fi ỹ ∂fj
.
∂R
∂R
ỹ
ỹ
Fi,j+I = B̃Tr Rỹ−1
R−1
,
∂fi ỹ ∂σj2
+
,
−1 ∂Rỹ −1 ∂Rỹ
R
,
Fi,2I+1 = B̃Tr Rỹ
∂fi ỹ ∂σn2
+
,
∂Rỹ −1 ∂Rỹ
Fi+I,j = B̃Tr Rỹ−1
R
,
∂σi2 ỹ ∂fj
.
∂R
∂R
ỹ −1
ỹ
Fi+I,j+I = B̃Tr Rỹ−1
R
,
∂σi2 ỹ ∂σj2
+
,
−1 ∂Rỹ −1 ∂Rỹ
R
,
Fi+I,2I+1 = B̃Tr Rỹ
∂σi2 ỹ ∂σn2
+
,
−1 ∂Rỹ −1 ∂Rỹ
F2I+1,2I+1 = B̃Tr Rỹ
R
,
∂σn2 ỹ ∂σn2
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(38)

where



∂aH
∂Rỹ
2 ∂ab (fi ) H
b (fi )
= σi
ab (fi ) + ab (fi )
,
∂fi
∂fi
∂fi
∂Rỹ
= ab (fi )aH
b (fi ),
∂σi2
∂Rỹ
= Ip(2M +1) .
∂σn2

Then, the CRB of estimated frequencies is obtained as


CRB(fi ) = F−1 i,i .

(39)

(40)

V. S IMULATION R ESULTS
For illustrative purposes, we demonstrate the spectrum estimation performance under different choices
of the arguments within the generalized coprime sampling scheme. Assume that I frequency components
with identical powers are distributed in the frequency band [−500, 500] MHz. Assume that K = 50000
samples are generated with a Nyquist sampling rate fs =1 GHz. In addition, the noise power is assumed
to be identical across the entire spectrum. The MUSIC method is used to estimate the power spectrum.
Our benchmarks are the spectrum DOFs and their statistical performance. The latter is evaluated in terms
of average relative root mean square error (RMSE) of the estimated frequencies, deﬁned as

500 I
1
1  ˆ
Relatvie RMSE(fi ) =
(fi (n) − fi )2 ,
fs 500I

(41)

n=1 i=1

where fˆi (n) is the estimate of fi from the nth Monte Carlo trial, n = 1, . . . , 500.
A. The performance of coprime sampling
We ﬁrst illustrate the performance of coprime sampling. Herein, the conventional coprime sampling
scheme is considered, i.e., p = 2. In addition, M = 3 is assumed. As such, the L × L = 19 × 19
covariance matrix R̂x can be reconstructed from R̂ỹ12 with dimension pM × p(M + 1) = 6 × 8. Thus,
the resulting compression factor is κmax ≈ 7.52 and up to L − 1 = 18 frequencies can be estimated.
In Fig. 8, we consider I = 18 frequencies with δf = 50 MHz separation in the presence of noise with
a 0 dB SNR. It is evident that all 18 frequencies can be identiﬁed correctly. In Fig. 9, the RMSE results
are shown as a function of the input SNR, where I = 1 is assumed. As expected, it displays a strong
inverse semi-logarithmic dependence on the input SNR. It is also observed that there is a gap between the
RMSE and CRB even in the high SNR region, due to estimation bias. The errors are mainly generated
in two aspects. On one hand, R̂ỹ12 is used to reconstruct R̂x . On the other hand, only consecutive lag
entries in R̂ỹ12 are exploited. It is observed that the bias errors increase with I due to a higher frequency
components, as shown in Fig. 10, where the input SNR is set to 0 dB.
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Fig. 9. Relative RMSE versus SNR (I = 1).

B. The generalized coprime sampling scheme versus other schemes
Next, we compare the generalized coprime sampling scheme with the nested sampler and the sparse
ruler based sampler, where the same number of physical samples is assumed. For the coprime sampler, we
set M = 3, and thus there are 2M + 1 = 7 physical samples in each coprime unit. The sampling patterns
corresponding to the nested sampler and the sparse ruler based sampler that yield the same 7-sample unit

198

−2

10

Est
CRB

Relative RMSE

−3

10

−4

10

−5

10

0

5

10
I

15

20

Fig. 10. Relative RMSE versus I (SNR=0 dB).

are [0 1 2 3 7 11 15] and [0 1 4 10 12 15 17], respectively. In this simulation, p = 3 coprime units are
used to form the covariance matrix for the generalized coprime scheme, whereas the nested sampler and
minimal sparse ruler based sampler each uses one unit as in [15] and [12]. Their relative RMSEs are
depicted as a function of input SNR in Fig. 11, where I = 5 frequencies are considered. It is clear that
the generalized coprime scheme outperform the other two sampling schemes due to the higher number
of DOFs and improved resolution.
C. Relative RMSE for various p
In Figs. 12–14, we compare the performance corresponding to different choices of p under different
criteria, where non-overlapping segmentation is used.
Figs. 12 and Fig. 13 examine the performance for different choices of p, based on the same compression
factor, where M = 3 is assumed. In Fig. 12, the distinction on spectrum identiﬁability is depicted for
the cases of p = 10 and p = 45. We consider I = 100 frequencies with δf = 2 MHz separation in
the presence of noise with a 0 dB SNR. It is evident that only the scenario of p = 45 can resolve all
frequencies correctly, although in the case of p = 10 the number of DOFs L − 1 = 114, is slightly higher
than the number of frequency components. Fig. 13 presents the RMSE and CRB with respect to p, where
I = 5 is assumed. It is observed that the estimation performance is improved as p increases. In addition,

the bias error between the estimated frequency and the CRB becomes smaller, since the ratio between
the number of consecutive lags and the number of total lags in R̂ỹ12 increases with p. In summary, a
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higher value of p can improve DOFs and spectrum estimation performance under the same compression
factor. However, the requirement of storage space and the computational load become higher, due to the
resulting higher value of L.
In Fig. 14, we present the relative RMSE as a function of the input SNR for different values of (p, M )
pairs, where the dimension of the covariance matrix is L = (p − 1)M 2 + (p + 1)M + 1 = 161, and the
number of frequencies is I = 5. It is clear that, as the value of M decreases (and so does the compression
factor κmax because κmax ∝ M 2 ), the estimated relative RMSE is reduced since a higher number of
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physical samples (Ks = K(1/M + 1/(M + 1))) can be used.
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D. Relative RMSE for various q
Finally, the advantage of utilization of overlapping blocks is demonstrated in Fig. 15, where M = 3
and p = 12 are assumed and I = 5 frequency is considered with a 0 dB SNR. In addition, q is chosen
within the range of {1, 2, 3, 4, 6, 12}. It is evident that the estimation performance can be improved as q
decreases, compared to the non-overlapping case, i.e., q = p = 12.
E. Relative RMSE versus K
In Fig. 16, we present the relative RMSE performance with respect to K , where M =3 is assumed,
and I =5 frequencies with a 0 dB input SNR are considered. It is evident that the estimated relative
RMSE performance is improved as K increases because a higher number of blocks is used to reduce the
noise effect. Asymptotically, when K is large, the relative RMSE asymptotically decreases with a factor
√
of 1/ K . In addition, various cases with different values of p and q are compared in this ﬁgure. By
assuming a large value of p and a small value of q , the generalized coprime sampling scheme improves
the RMSE performance as it beneﬁts from the high dimension of the reconstructed covariance matrix
and the utilization of overlapping blocks, respectively.
F. Estimation for continuous spectrum
Finally, we consider an example of continuous spectrum signals in Fig. 17, where x(t) is assumed
to have continuous rectangular spectrum supports in [−350, −230] MHz and [150, 280] MHz. Multiple
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coprime unit factors of p = 2, 3, 7 are considered. As p increases, it is clear that the mainlobe becomes
closer to the ideal signal bandwidth due to the larger dimension of the reconstructed matrix R̂x . For
comparison, the case of p = 7 and q = 1 generally outperforms the case of p = 7 and q = 7 because a
higher number of blocks, achieved by using overlapping segmentation, become available for averaging.
VI. C ONCLUSIONS
We proposed an effective approach to compressively sample wide-sense stationary processes. The
coprime sampling matrix was used to obtain a compressed representation for their second-order statistics.
Using a ﬁxed number of data, different schemes for the acquisition of a covariance matrix were presented,
based on segmenting the data sequence. The performance of these schemes was compared and numerically
evaluated. The effectiveness of the proposed technique was evidently veriﬁed using simulation results.
VII. A PPENDIX
Proof of Proposition 1
For the convenience of presentation, we deﬁne the function Γ ([k1min , k1max ], [k2min , k2max ]) as the
operation ±(M k1 − N k2 ) with k1 ∈ [k1min , k1max ] and k2 ∈ [k2min , k2max ]. Denote
L̃1 = {τ1 |Γ([0, pN − 1], [0, M − 1])},

(42)

L̃2 = {τ2 |Γ([0, N − 1], [0, pM − 1])},

(43)
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and the proposition 1 can be obtained by proving the following propositions:

1(a) L̃ = L̃1 L̃2 .
1(b) For the set L̃1 , it contains all integer lags in the range −(p − 1)M N − N + 1 ≤ τ1 ≤ (p − 1)M N +
N − 1, and the “holes” are located at ±[(p − 1)M N + aM + bN ], where a ≥ 0 and b > 0 are

integers.
1(c) For the set L̃2 , it contains all integer lags in the range −(p − 1)M N − M + 1 ≤ τ2 ≤ (p − 1)M N +
M − 1, and the “holes” are located at ±[(p − 1)M N + aM + bN ], where a > 0 and b ≥ 0 are

integers.
1(d) The ﬁrst pair of holes ±[p−1)M N +bN ] in L̃1 , where b ≥ 0, can be aligned by the non-consecutive
element in L̃2 .
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Proof of proposition 1(a): The lag set
L̃ ={Γ([0, pN − 1], [0, pM − 1])},
p

{Γ([0, pN − 1], [(p1 − 1)M, p1 M − 1])}

=
p1 =1
p

{Γ([(p2 − 1)N, p2 N − 1], [0, pM − 1])}
p2 =1

=L̃1

⎛
⎝
⎛

L̃2

⎞

p

{Γ([0, pN − 1], [(p1 − 1)M, p1 M − 1])}⎠
p1 =2

⎞

p

⎝

{Γ([(p2 − 1)N, p2 N − 1], [0, pM − 1])}⎠ .

(44)

p2 =2


− 1], [(p1 − 1)M, p1 M − 1])} and pp2 =2 {Γ([(p2 −

1)N, p2 N − 1], [0, pM − 1])} is the subset of L̃1 L̃2 . Therefore, (44) can be simpliﬁed as

Note that the union of the sets

p

p1 =2 {Γ([0, pN

L̃ = L̃1

L̃2 .

(45)

Proof of proposition 1(b): Given any integer τ1 satisfying
0 ≤ τ1 ≤ (p − 1)M N + N − 1,

(46)

we need to prove that there exist integers k1 ∈ [0, pN −1] and k2 ∈ [0, M −1] such that τ1 = M k1 −N k2
holds. The requirement k2 ∈ [0, M − 1] is equivalent to
0 ≤ N k2 ≤ M N − N.

(47)

Because M k1 = τ1 + N k2 , we obtain the following relationship by combining (46) and (47),
0 ≤ M k1 ≤ pM N − 1 < pM N.

(48)

This result can be equivalently expressed as 0 ≤ k1 < pN . Because k1 is an integer, this requirement is
equivalent to
0 ≤ k1 ≤ pN − 1,

(49)

which is satisﬁed in the underlying coprime array conﬁguration.
Next, we prove the hole positions by contradiction. We suppose M k1 −N k2 = (p−1)M N +aM +bN
holds for some integers k1 ∈ [0, pN − 1] and k2 ∈ [0, M − 1], where a ≥ 0 and b > 0 are integers, then
relationship

k2 − M + b
M
=
N
k1 − pN − a
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(50)

must be valid. From k1 ∈ [0, pN −1] and a ≥ 0, we ﬁnd M k1 −N k2 = (p−1)M N +aM +bN < pM N ,
and then b < M . As a result, |k2 − M + b| < M . Due to the coprimality between M and N , we cannot
ﬁnd a k1 to satisfy (50). Therefore, M k1 − N k2 = (p − 1)M N + aM + bN , i.e., there are holes at
(p − 1)M N + aM + bN in L̃1 .

Due to the symmetry of L̃1 , we can draw the conclusions that L̃1 all integer lags in the range −(p −
1)M N − N + 1 ≤ τ1 ≤ (p − 1)M N + N − 1, and the “holes” are located at ±[(p − 1)M N + aM + bN ],

where a ≥ 0 and b > 0 are integers.
Proof of proposition 1(c): We omit the proof of proposition 1(c), which can be proved by using the same
method as in the proof of proposition 1(b).
Proof of proposition 1(d): Based on the proposition 1(b), there are holes (p − 1)M N + aM + bN in
L̃1 , where a ≥ 0 and b > 0 are integers. If the holes are aligned by the elements in L̃2 , the following
relationship
(p − 1)M N + aM + bN = ±(M k1 − N k2 )

(51)

must be valid for k1 ∈ [0, N − 1] and k2 ∈ [0, pM − 1]. The requirement is equivalent to
(p − 1)M N + aM + (b + k2 )N = M k1 ,

or
(p − 1)M N + (a + k1 )M + bN = N k2 ,

i.e.,
b = −k2 ,

or

a = −k1 .

(52)

It is only possible for a = k1 = 0 when k1 ∈ [0, N − 1], k2 ∈ [0, pM − 1], a ∈ [0, ∝), and b ∈ (0, ∝).
Then, the requirement further becomes
(p − 1)M + b = k2 .

(53)

In the proof of proposition 1(b), it is shown that b < M , i.e., b ≤ M −1. As such, k2 ∈ ((p − 1)M, pM − 1] ⊆
[0, pM − 1]. Therefore, the holes (p − 1)M N + bN (a = 0) in L̃1 are aligned by the element in L̃2 for

some integers k2 ∈ [0, pM − 1]. As a result, the ﬁrst hole outside the consecutive range of L̃ becomes
(p − 1)M N + M + N . Then, the set L̃ contains all integer lags in the range
−(p − 1)M N − M − N + 1 ≤ τ ≤ (p − 1)M N + M + N − 1.
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