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Abstract. In this work we prove the existence and uniqueness of pathwise solutions up to a stopping time to the stochastic Euler
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solution is also proved.
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1. Introduction

The Euler equations are a set of quasilinear partial differential equations which describe the motion of
inviscid fluid flow. The mathematical theory for the deterministic Euler equations have been studied by
numerous mathematicians in the past several decades ([5,11,13,22,28,45,46], references therein). The
global existence and uniqueness of solutions for the Euler equations is still an open problem in three
dimensions.

The two-dimensional stochastic Euler equations have been considered by several authors ([2,4,8,10,
14,15,24]). The existence of a martingale solution in a bounded domain is proved in [4] and in a smooth
subset of R? is proved in [8]. The stochastic Euler equations with periodic boundary conditions are con-
sidered in [10] and the existence of solution on Loeb space with prescribed Wiener process is proved
using nonstandard analysis. An existence and uniqueness theorem of strong solution is proved in [2] and
[24]. By considering Euler equation as the equation of geodesic on the volume preserving diffeomor-
phism group, the authors in [14] obtained the existence of global solutions to 2-D stochastic Euler equa-
tions. The weak existence of an H'-regular solution with Dirichlet and periodic boundary conditions on
bounded domains is obtained in [15]. The papers [25,33,34] considered the stochastic Euler equations in
3 dimensions with additive Gaussian noise and the paper [20] considered multiplicative Gaussian noise.
Navier—Stokes equations with Lévy noise is considered in the papers [7,18,19,36,37,42], for example.
We consider the stochastic Euler equations in two and three dimensions perturbed by Lévy noise and
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prove the local in time existence and uniqueness of strong solutions generalizing the frequency trunca-
tion method used in the deterministic context in [17] and [35], and this is a new technique for stochastic
quasilinear PDEs developed here. The use of Fourier-harmonic analysis techniques clarify the abstract
treatment of the noise covariance structure and other technical calculations found in the related litera-
ture. Moreover, to the best of the authors knowledge, this work appears to be the first in establishing a
unique solution to the stochastic Euler equations with jump noise.

The construction of the paper is as follows. In Section 2, we formulate the abstract stochastic incom-
pressible, Euler model of fluid dynamics perturbed by additive Lévy noise. By considering a truncated
model in the frequency domain, we prove a-priori energy estimates in H*(R"), for s > n/2 + 1 up to
a stopping time (Proposition 2.11). The existence and uniqueness of the local in time strong solution
(Theorem 3.11 and Theorem 3.14) is obtained in Section 3 by showing that the family of solutions to the
truncated incompressible, stochastic Euler equations is Cauchy. The existence of a unique maximal local
strong solution (Theorem 3.16) is also proved in this section. In Section 4, we consider the stochastic
Euler equations with multiplicative Lévy noise and discuss the existence and uniqueness of the local
strong solution (Theorem 4.4).

2. Stochastic Euler equations

Let (2, #, (%1)i>0,P) be a given filtered probability space. The incompressible stochastic Euler
equations (for n = 2, 3) are given by

ux, 1, w) + (ux, 1, ®) - V)u(x, t,0) = =Vp(x,t,0) +f(x,1,0), inR" x 0,7T) x Q,

o (2.1)
Veoulx,r,w) =0, inR"x(0,T)x <, (2.2)
u(x,0,w) =uy(x, w), inR" x Q, (2.3)

where u(x, t, w) is the velocity field p(x, ¢, w) is the pressure field and f(x, 7, w) is the external random
forcing. The equations are defined on the whole space R", n = 2 or 3 with the initial data

u, € L*(Q; H'(R")),

satisfying V - ug = 0 for s > n/2 + 1. Here H*(R") (= (H*(R"))") is the Hilbertian Sobolev space of
order s. Let us define the divergence free space H by

H:={uel*(R")|V-u=0}.

In order to eliminate the pressure, we project the equations onto the space of divergence free functions
on #, by taking the Helmholtz—Hodge orthogonal projection Pz from L? onto 7. Let us now express
the projection operator Pz : L> — # in terms of the Riesz transform. Let us define the Riesz transform
by

2

)
Rj=——(—A)2, j=1,....n sothat R;R, =

(-AN)7L jk=1,...,n.
8)6]'

0x; 0xi
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For f e L2(R") and j =1, ..., n, the Fourier transform of the Riesz transform R : L>(R") — L*(R")

is lfj\f &) = —it T f (¢). Hence, we have Z = —I (see [9]). The Riesz transform can also be
defined in terms of the singular integral operators (Example 2, page 4, [12], Chapter III, [44]). For
f e L2(R"), set

R, f(x) = C, lim T py) dy,
! e=0 Jpm\g, o) 1X — [
nil
where B, (0) is a ball centered at the origin of radius ¢ and C,, = al i ) is the volume of unit ball in
R”". For any u(x) = (u;(x), ..., u,(x)), one can deduce the Helmholtz—Hodge orthogonal projection

operator Py as

(Pyu) ;(x) = Y B + RROu(x),  j=1,....n.
k=1
Equivalently, by making use of the Fourier transform, we find

n

@,-(é)=2<6,-k EZ‘) (©. j=1l...n.
k=1

Hence, P4 is an orthogonal projection onto the kernel of the divergence operator so that Py (Vp) = 0
and is a pseudodifferential operator of order 0 and belongs to the class \IJ?’O ([21]). By using the Fourier

transform, it can be seen that the operators J* := (I — A)*/? and Py, commute:

PPy (§) = (1+ &) *Pru;6) = (1+|s|2)”22(6,»k 5’5") c(€)

AT
= (5jk 5fgf)(+|s| )P ) = Z(lk—ﬁ>ﬂk@>
par 3 — €|
= ij ), (2.4)

for all § € R" and hence J*Py; = PyJ°. Let us take the Helmholtz—Hodge orthogonal projection Pz on
(2.1) to get
ou(x,t,w)
ot
u(x,0,w) =uy(x, w), InR"x Q. (2.6)

= —Py(u(x,1,w) - V)u(x,t,w) + Pyf(x,1,0), inR"x (0,T) x Q, (2.5)

Then the stochastic Euler equations perturbed by additive Lévy noise can be written as an 1t6 stochastic
differential equation in (0, T') after taking Py as

du(x, 1) = —Py[(u(x, 1) - V)u(x, )] dr + ® dW(x, 1) +fy(t—, N (dr, dz), (2.7)
z

u(x, 0) = up(x), (2.8)
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where uy € L*(Q; H*(R")) for s > n/2 + 1 with V - uy = 0 and Z is a measurable space (where
the solution has its paths) such that Z € Z(H\{0}). In (2.7), ® is an operator having the properties
discussed below and W(-, -) is a cylindrical Wiener process defined on 4. The operator & has the
following properties:

(i) The operator ® € £ (H, H*), with Try (®*®) < oo,
(i) Try (P P)*FFd) < oo.

Here .Z (H, H*) denotes the space of all bounded linear operators from # to H*. For an orthonormal ba-
sis {e; (x)}fl?‘;l in H, W(-, -) can be written as W(x, t) = Zj’;lej (x)B; (1), where B;(-)’s are a sequence of
one-dimensional Brownian motions in (2, .%, IP). Let A(dz) be a o -finite Lévy measure on H with an as-
sociated Poisson random measure N (dt, dz). Let N (dt, dz) := N (dt, dz) —A(dz) dt be the compensated
Poisson random measure, that is, E(NV (dz, dz)) = A(dz) d¢ (Theorem 35, Section 4, [39]). The jump co-
efficienty : [0, T] x Z — H*N'H is an H* NH-valued function such that fOT Ly, 2D IfA(dz) df < oo,

for any T > 0. The processes W(-, -) and N (-, -) are mutually independent.

Example 2.1 (An example of the operator ®). The symbol class > " (R"), m € R, consists of the
C*°-functions a(-) on R” such that for any multi-index «, there exists a constant C, with

[%a(0)] < Cul1 + 1x12)

where |x|? = x + -+ + x> for x = (x1, ..., x,) € R". We shall say thata € Y." (R") is of order m.
A symbol a € " (R" x R") define an operator, denoted by P,, by the formula (Section 18.5, [21])

1
(2"

(Paut) (x) = / / e a(x, E)u(y)dy dE, (x,6) e R* x R",u € C(R").

Leta € Y "(R" x R") be a symbol. A pseudodifferential operator with Weyl symbol a is defined by
the oscillating integral

(2:[)”/ / ei(xy)éﬂ(%,é)u(y)dydé, MGCSO(R"),

An operator P, with Weyl symbol a is self-adjoint if and only if a is a real function ([21]). We can write

(Pau)(x) as

(Pau)(x) =

(Pau)(x) :/ K(x, y)u(y)dy, where K(x,y) = : / ei(x_>’)'§a<m,§> dé,
. )" Jen 2

and the Tr(P,) is given by

Tr(Pa)=/ K(x, x)dx = ! //a(x,é)dédx.
R~ (27'[)” n n
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Ifm < —2n (m = —k with k > 0), then P, extends to a trace class operator on H*(R") (Proposition 27.2,
[43]) and Tr(P,) < oo, since

_ 1 Co 2 2\7
Tr(P,) = Gy /ﬂ/ﬂa(x,é)dédxé oy /n/n(1+|x| +1€1°) * d& dx
o0 2n—1 k _
_ G / dy = Co L dr= Cor(zk " 00,  (29)
Qo) Jrw (14 yP): 27T Jo (14 r2)2 ')

if k > 2n,1i.e., m < —2n. It can be easily seen that

m+s—|a|

0°[(1 + 1€) " ax. ©)]] < Ca(1 + P+ 1ER) T

and hence (14[£]%)*/?a(x, £) € "7 (R" xR"). Also if —m > 2s and m+2s < —2n, then Tr(J>P,) <
00. We can take ®*® = P, witha € >_."(R" x R"), for m < —2n so that Tr(P,) < oc. In addition, if
m + 2s < —2n, then Tr((J* ®)*J* ) = Tr(J*P,) < oo.

From now onwaers, we use the notation Tr for Try;. We also use TK] = Tr(®d*), K, = Tr(JF O (J* d)*),
K3 :=K3(T) = [, [,y 2)II7,A(dz) df and Ky := Ko(T) = [, [, Iv(t, 2)|IfsA(dz) de, forany T > 0

in the rest of the paper. Let us recall the commutator estimates of Kato and Ponce [23] used in this paper.

Lemma 2.2 (Lemma XI, [23]). Ifs > 0and 1 < p < oo, then

1 fe) = F(F) |, < Cp(IV £l g|

o EFNgl). (2.10)

Remark 2.3. From (2.10), it can be easily seen that for s > 0 and 1 < p < oo, the nonlinear term
satisfy the estimate:

[7[@-Vyu] = @- W), < C,(IVulli= |77 Val, + |u],, 1Vull~). 2.11)

If u is divergence free, then we have

((u- V)VVLZ—Z/

ik=1“R"

0 0
u,— vkdx_ Zf vk dx———Z/ ulv,fdx_O,

8Xj

for all u, v € H*(R"), s > 0. Thus it is immediate that
((w-V)(Fu), Fu), =0.
In Remark 2.3, if we take p = 2, then we get the following corollary:

Corollary 2.4. Fors > 0, there exists a constant C = C(n, s) such that, for allu € H*(R"), s > 0, and
V .-u =0, we have

|(P[(- Vu], Fu) ,| < CVullLulF. (2.13)
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Let us now define the notion of local and maximal strong solutions of the stochastic Euler equations
with Lévy noise.

Definition 2.5 (Local strong solution). We say that the pair (u, t) is a local strong (pathwise) solution
for the stochastic Euler equations (2.7)—(2.8) if

(i) the symbol 7 is a strictly positive stopping time, i.e., P(t > 0) =1,
(i1) for ¢t > 0, the symbol u denotes progressively measurable stochastic process such that

(@) u(-) € L2(2; D(0, t; H*(R"))), for s > n/2 + 1 with u(:) = u(- A t), where D(0, ¢; H*(R"))

is the space of all cadlag paths from [0, 7) to H*(R"),
(b) u(-) satisfies

INT

u(tAT) = uo—f PH[(u-V)u](s)ds+/ <I>dW(s)+/ /y(s—,z)ﬁ/’(ds,dz),
0 0 0 z

(c) u(-) satisfies the energy estimate

IE[ sup ||u(s)

0<s<INT

;] < 0. (2.14)

Definition 2.6 (Maximal local strong solution). Let u(-) be a predictable process and 7, be a strictly
positive stopping time. The pair (u, 7) is said to be a maximal local strong (pathwise) solution for the
stochastic Euler equations (2.7)—(2.8), if there exists an increasing sequence t, with

T 1 Too Q.S

such that the pair (u, 7,,) is a local strong solution to (2.7)—(2.8) so that

sup Hu(s)
0<s< 700

g = X
on the set {w € Q : T (w) < 00}.

We are now ready to state the main theorem of our paper.

Theorem 2.7. Let (2, .7, (%,):i>0, P) be a given filtered probability space. Let Ty be the stopping time
defined by

Ty = tlr>1£{l‘ :H Vu(t)HLoo + Ju@) > N}, (2.15)

Hs—1

and let the Fy-measurable initial data uy € L*>(Q; H*(R")), for s > n/2 + 1 be given. Then there exists

a local in time strong solution (u, T A ty) of the stochastic incompressible Euler equations with Lévy
noise ((2.7)—(2.8)) such that, for any T > 0
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(i) the energy estimate

E[ sup Hu(s)

0<s<T ATy ib] < (2E[||ll0||12.p] + K, T + K4)e4NT < oo

where K, = Tr((J*®)*J* @) and K4 = fOT lely(t, 2)|1EA(dz) dt,

(ii) for a given0 < § < 1,
Plzy > 8} > 1 — C8*{2E[ uollfy; ] + 18(K28 + K4(8))},

where C is a positive constant independent of u and §,
(iii) w € L*(Q2; L>®(0, T A tv; H*(RY))),
(iv) the (F;):c0.11-adapted paths of (u, T A ty) are cadlag,
(V) the solution (u, T A ty) is pathwise unique,
(vi) there exists a unique maximal local strong solution (U, Too), Where Too = limy_ oo Ty.

2.1. The truncated stochastic Euler equations

Let us define the Fourier truncation Sg ([17]) as follows:

Skf(€) = 15,(&) F(&),

where Bp, a ball of radius R centered at the origin and 1z, (-) is the indicator function. For s > 0, we
have

ISk fllus < CIl £ llws, (2.16)
1 k
ISk f — fllne < C(E) Il f s (2.17)
1\* /1\¥
1Sk = Sr) f s < Cmax{(ﬁ) <;) }ufuw, (2.18)

where C is a generic constant independent of R.
Let us consider the truncated (in the frequency domain with cut off Sg) stochastic Euler equations in
the whole space R" as

dul(x,t, w) _

o = —Sp(u®(x, 1, w) - V)uR(x, 1, 0) — VpR(x, 1, w) + Skf(x, 1, ), (2.19)
V-uf(x,t,0) =0, (2.20)
u®(x, 0, w) = Spup(x, w), 2.21)

for (x,t,w) € R" x (0, T) x Q. The divergence free condition for u” can be obtained easily as

VouR(E) = ik -uR(E) = i& - 1p, (E)U(E) = g, (£)iE - W(E) = 15, (E)V - u(E) = 0, (2.22)



74 M.T. Mohan and S.S. Sritharan / Stochastic Euler equations

and hence V - u® = 0. The cut off operator Sz and Helmholtz—Hodge orthogonal projection Pz com-
mutes, since

n n

P () = Z(a,-k - Sﬁ)&euk(s) Z(ajk - ﬁ)lm@)ﬁk@

k:1 BE v £
= 15, (£) Z(a fﬁf)uk(s) 1, (6)Pru; (§) = SPru;(€) (2.23)
k=1

and hence Py Sk = SgP%. On taking the Helmholtz—Hodge orthogonal projection, we get Py (V p*) =
0, since

PH(/V?*)j@) =Z(8‘,‘k é’5;‘)( R) (£) = Z( k= 5’%)'5@(&)
— €] — €]
=Z(s,»k ng)léleR(f)P@) —1BR(S>{Z< = Tﬁ;‘)zsk @)}
k=1 k=1
= SkP(Vp);(§) = 0. (2.24)

Let us consider the truncated stochastic Euler equations in the It6 stochastic differential form in (0, T)
after taking Py as

du* = —SpPy(u” - V)uRdr + 3 Spde; dB; (1) + / Sry(t—, )N (dt, dz), (2.25)
Z

Jj=1

u®(0) = Sgu,. (2.26)
By taking a truncated initial data, we ensure that u® lie in the space
Hr = {f e L*(R"): fis supported in Bg, V - f = 0}.

Note that Sgu® = u® for u® € Hy. Also, by using (2.12) (see (2.22) also) and Holder’s inequality, we
obtain

|(Se[(uf' - V)ur] = Se[(uz - V)uz ] uff —u3),,|
[((uf —u3) - V)ui = (w3 - V) (uf —ug), Se(ur’ —u3)),.|
(0 =) - V)uisuf —wg)o | + (w2 - V) (w1 —u3), uf —wg), |

of |2 | Vef

N

N

|u Fuf|?, 2.27)

[ <

for s > n/2 + 1. Thus, we have

| Sr[(ur’ - V)ur] = Se[(uz - V)uz]|. < Clut]y,

uf |, (2.28)
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and hence Sg(u® - V)uR is locally Lipschitz in Hz whenever u® € H*(R"), for s > n/2 + 1. Also, by
using (2.16) and the algebra property of H*~!'-norm, we have

[ S (@ V)ut] < (0" V)u

By using (2.28), (2.29) and Theorem 4.9, [29] there exists a pathwise unique strong solution of problem
(2.25)—(2.26) in L?(£2; D(0, T H r)), where T depends on R and N (N is defined in (2.67) below). The
solution will exist as long as ||uf lL2(:Lo0 0.7 1s (rny)) T€Mains finite.

We define a Cj°(R) function ¥y (-), for each integer N, as ([25])

[vu®

-1 < “uR Hs—1 -l X (2.29)

1, forallk <N,
Yn (k) = k>N

(2.30)

for all + 1.

Let us consider the truncated stochastic Euler equations with the cut off vy (-) (denoting kR =
IVuRlie + [[u?|lys-1) as

u® = —yy (k%) SgPy (u” - V)u® dr + ZSRCDej dp; () + / Sry(t—, 2N (dt, dz), (2.31)
— 4

u®(0) = Sguy. (2.32)
Note that the presence of the cut off function iy (-) makes the drift term bounded.

Proposition 2.8. Let u® € H*(R"), for s > n/2 + 1. Then the nonlinear operator

F(u®) := vy (k*)Sk[(u”® - V)uF]

satisfies

(2.33)

[E(uf) —F@f) [ < (€ +C(fuffg + [uf]2)) uf — ],

Proof. Let u® € H*(R"), fori = 1,2 and for s > n/2 + 1. Then for proving (2.33), we use integration
by parts, (2.12) and Holder’s inequality to the term (F(uf) — F(uf), uf —uf);» to get

|(F(ur) = F(uz), uf —u3),,|
= [ () (- V)ur] = vw (k) (0 - V)ur], Se(ur - u3))|
< (ED)((of —u3) - V)ui uff —w3), |

+ [ (Wn (k1) = v (k) (u - V)urts uf’ = ug) |
+ | (Wn (k) (uz - V) (0 = u3), uff —ug), |
KOVt | Jurf =y,

[V (0 —w) ] + o —uy

R R
o) [0z o [ V| e ot =]
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< Cy Huf - ug H uf - ug“]} + ZCHuf - u§ H uf HS u§HL2 Hllf - ugHLZ
< (Cy +C(fuffg + [of [22)) fuf = uf ] fuf —uf],., (2.34)

where in the third step we used the fact that (yy (kX)(@F - V)@ — uf), uf — uf);» = 0. Thus the
estimate (2.34) implies (2.33). O

2.2. Energy estimates

Let us first prove the L2-energy estimate for the stochastic Euler equations (2.25)—(2.26), which is the
truncated stochastic Euler equation without the cut off function ¥y (-).

Proposition 2.9 (L’-energy estimate). Given the initial data wy € L*(Q; L>(R")) with V - uy = 0 be
Fo-measurable, then we have

t
E[[[uf®)]?,] < E[lluol2.] +  Tr(d*®) +/0 ny(s,z)Hizx(dz) ds, (2.35)
Z
foranyt > 0 and

E[ sup [uf0)]5.] < C(E[Iuol.]. 7, K, K3), (2.36)

\t\
forany T > 0.

Proof. Let us define the sequence of stopping times 1), to be

oy o= inf{r : uf @), > M} (2.37)

=0

Let us apply the 1t6’s formula (Theorem 3.7.2, [30], Theorem 4.4, [41], Section 2.3, [32]) to lu®() ||i2
to obtain

AT

|uk@ A a2, = [uf O], - 2f0 (SkPy (uf(s) - V)ur(s), u(s)) . ds

+ 2/ Z(SRCDej, u®(s)),, dB;(s)
0 =1

j=
o0

tATY INTM )
w [ sl as+ [ [ Isreolfad o
0 . 0 Z
Jj=1

4 / f [2(Sky(s—. 2. uk(s0), - + |Sry(s. [ L] @s. d), (238
0 Z
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for 0 < t < T. By using the divergence free condition (see (2.22)) and Sgu® = u® in Hy, we get
(SkPy (u” - V)u* u®) , = (Py(u”® - V)u*, Spu®) , = (Py(u®- V)u* u®),
= ((u®- V)u®, Pyu®) , = ((u*- V)u* u®), =0. (2.39)
By using the cut off property (2.16), we obtain
- 2
> Snes i+ [ Sevtr. o
z

j=1
< lvejli +f||y(z,z)||i2x(dz) = Tr(®*®) +/||y(t,z>||izx(dz). (2.40)
o z z

On Substituting (2.39) and (2.40) in (2.38), taking expectation, and noting that the stochastic integrals

o]

/ rMZ(SRCDej,uR(s))deBj(S) and
0 P

/0 /Z [(Sky(s—, 2, uf(s2) 2 + || Srv(s, 2|1, ]N (ds, dz)

are local martingales having zero expectation, we get

E[|u @ A fM)\]i2] < E[lluoll;, ] +E[/ Tr(* @) ds:| —|—]E|:/ /”y(s, Z)Hizx(dz) dsi|
0 0 Z
< E[lluolifz] + ¢ Tr(*®) +/ /||y(s,z)||i2x(dz) ds, (2.41)
0 JZ

where we used the fact that [[u®(0)||?, = [|Sguoll?, < |[lug|l;,. Note that the right hand side of the
inequality (2.41) is independent of M. On passing M — oo, t A Ty — t and then using the dominated
convergence theorem in (2.41), we have (2.35).

Let us take supremum from O to 7 in (2.38) and then take expectation to get

E[ swp Juto}]

0<t<T ATy

T Aty Trty
< E[lluol?.] —HE[/ Tr(®*®) dr +/ f\\y(z,z)uiz/\/(dz,dz)]
0 0 zZ

; 00
[nggiPA‘L’M 0 ]Zl( R e] (s))LZ B,I (S) }
t
+ 2E[ sup / f(SRY(S—, 2), “R(S—))sz\/'(ds, dz) ]
0<t<T ATy 10 JZ

T
< E[fluol.] + Tr(®" @) T + f f v P ardz) de + (1) + (1), (2.42)
0 Z
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where

(L) = 2E|: sup

0<t<T ATy

/0 3 (Ske;, uF(5)),. 4B (s)
=1

:| , and (2.43)

(L) = 2IE|: sup

0<I<T ATy

f /(SRy(s—, 2), uR(s—)) N (ds, d2)
0 Jz

i| ) (2.44)

In the last step of (2.42), we used

T T
E[ / Tr(®*®) dr + / / ||y(t,z)||i2./\/'(dt,dz)]
0 0 Z
T T »
= / Tr(®*®) dr + / / lv@. 2]l >2(dz) dr, (2.45)
0 0 Z

since fOT Tr(®*®) dr + fOT Ly, z)llizj\/(dt, dz) is the Meyer process of u®(-) and fOT Tr(®*®) dr +
fOT lely(t, 2) IIiz)L(dz) dt is the quadratic variation process of u®(-) (Section 2.3, [32]).

Let us apply the Burkholder—Davis—Gundy inequality (Theorem 1.1, [31]), Holder inequality and
Young’s inequality to the term (/) in (2.42) to get
%

oo T Aty
(1) <2V2 ZE( / ISr®e; 12, [uk ()] dt)
j=1 O

OgT/\‘[M

1 %0 Trty 3
gzﬁE[( sup HuR(t)”i2> Z(/O ||¢ej||izdt) }
j=1

N

1 R 2 r *
ZE( s uFo]f) +38 fo Tr(®* ®) dr. (2.46)

0<I<T ATy

Let us now apply the Burkholder—Davis—Gundy inequality, Holder inequality and Young’s inequality to
the term (/) in (2.42) to obtain

TAty %
() < NEE( / / |Sry(t, 2) ||i2 [u® () ||i2k(dz) dt)
0 Z

1 TAty %
<2f2E[( sup ||uR(z)||i2)2</O fz||y(t,z)||i2x(dz)dt>]

0<I<T Aty
1 T
<ZB( s [uto}) +8/ /Hy(t,z)uizx(dz) dr. (2.47)
0<r<T Aty 0o Jz

Substituting (2.47) and (2.46) in (2.42), we get

1 T
SB[ sup w7 ] < E[juol] + 9 Tr(@ @) 7 + 9f /Hy(t, Dy de. (2.48)
0 zZ

0<t<T ATy
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Hence, we have

B[ sup  [uf@)f.] < 2B[luol.] + 18K T + Ko). (2.49)

0<t<T Aty

The right hand side of the inequality (2.48) is independent of M, on passing M — 0o, T Atyy — T and
applying the dominated convergence theorem, we get (2.36). [J

Remark 2.10. Proposition 2.9 is also true for the truncated stochastic Euler equation with the cut off
function ¥y () (see (2.31)—(2.32)) as (Yy (k®)SgPy X - V)uF, uf); > = 0. Note that the Lz—energy
estimate for the truncated system (2.25)—(2.26) exists for all 7 > 0.

Proposition 2.11 (H*-energy estimate). Let the given initial data uy € L>(Q2; H*(R")), for s > n/2 + 1
be Fy-measurable. Then for any t € (0, T), we have

E[||uR(r)||;] g( [luol?.] + ¢ Tr((P @) T / /Hy(s z)|HY)L(dz) ds)ech’ (2.50)
and for any T > 0, we have
E[ K H < C(E[lluollgs ] K2, K4, N, T) (2.51)
0T

and the quantity on the right hand side of the inequality (2.51) is independent of R.
Proof. An application of the operator J® on the truncated Eq. (2.31) gives
Al uf = —yy (k*)SgI* Py (uf - V)u® dt+Z SgI¥de; dB; (1) + / Se¥y(t—, DN (dr, dz). (2.52)
j=l1

Let us define the sequence of stopping times 7,, to be

T = tigg{t @), = M) (2.53)

Let us apply the Itd’s formula to [|Ju®(-) ||i2 to obtain

|7uR @ A ], = [Fuf O], -2 / (¥ (KB)SpIPy[(uF () - V)uR ()], Fuk (), dr
0

0 ATy R

INTM
w2 [ e o)+ [ ls oo
=1 0 =1

/ : / (SrIy(r—, 2), Puk(r-)) , N (dr, dz)

+ / ’ f | SeFy(r. 2) | 2N (dr, d2), (2.54)
0 Z
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for 0 <t < T. Let us consider the term %

ISR ®ellE, + [, ISrIY(r, 2)II7,N (dr, dz) and use the
cut off property (2.16) to get

ZHSRJ P A / |SrIV(r, 2| N (dr, d2)

j=1

= Tr((JS o /”y(r 2)

2 N(dr, dz). (2.55)

Now let us take the nonlinear term (Yy (k®)SgJ*Py[(uf - V)u®], J'u®),» and use the Kato—Ponce com-
mutator estimates (Corollary 2.4) to obtain

| (W (K*)SpI P (u* - V)u'], 5u) |
= [(w ()7 [(@" - V)u®], FPyu’) .|

< [l () [(® - V)ut]| . |30 .
< [y (kF)[[ Vu (2.56)
where we used Spu® = u® in Hy and (2.4). Let us use (2.55) and (2.56) in (2.54) to get
) ATy
Ju v < O +20x [
0
tATy R
+2 / D (Sk¥ de;, Fuf (1)), dB; ()
0 o
tATY . INTM )
+ / Tr((P®) V@) dr + / /Hy(r, 2) || NV (dr, dz)
0 0 z
INTY ~
+2 / / (SeTy(r—, 2), Pu®(r—)) N (dr, dz). (2.57)
0 z
Let us take the expectation in (2.57) to find
2 INTM
B[ ) < E[Iwoll3,] + chE( [ dr)
0
t
+tTr((F @) T D) + / / |v(r, 2|7 1 (d2) dr, (2.58)
0 Jz
where we used (2.45), [[uf(0)||Zs = |SruollZs < |luoll?s, and the fact that

]

f MZ(SRJSd)ej,unR(r))deBj(r) and f ! / (Sk¥y(r—, 2), Fuk(r—)) LN (dr, dz)
0 =1 0 z
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are local martingales having zero expectation. Let us apply the Gronwall’s inequality in (2.58) to get
Effu’@ A, ]
t
< (E[Huol@ls] + 1 Tr((F D) T D) + / f v (s, 2) |}§F,\(dz) ds)eZCN’, (2.59)
0 Jz

for any ¢ € (0, T). On passing M — 00, t A Tyy — t and using the dominated convergence theorem in
(2.59), we get (2.50).
Let us take the supremum from 0 to 7 in (2.57) and then take the expectation to obtain

]E( sup HuR(t) is>
0<t<T ATy

TA‘[M
<E(luol?) + 2CNE( /0 |u® @)

2
)

T T
+/ Tr((J*®) T ®) dt—i—/ f||y(z,z)|
0 0 zZ

2
2 A(dz) d

o]

> /O (SgY @e;, FuR(r)), dB; (r)

0<t<T Aty j=1

+ 2E< sup

)

/ / (SrIy(r—, 2), Puk(r—)) N (dr, dz)
0 JZ

)

/ / (SrIy(r—, 2), Puk(r—)) N (dr, dz)
0 JZ

+ 2E< sup

0<I<T ATy

) ) (2.60)

Let us take

o]

> [ (Ser e ut), a0

j=1

(L) = ZE( sup

0<t<T Aty

and

(Iy) = 2E< sup

0<t<T Aty

)

Now by applying the Burkholder-Davis—Gundy inequality, Holder inequality and Young’s inequality to
the term (/3), we get

1
2

00 TNty
i <2ZLE( [ e Lt ol )
j=1

1 T Aty %
gzﬁl{{( sup [uR(r) ;)Z(fo HJSQDejHizdt) }

0T ATy j:1

1 r .
< ZE( sup HuR(t)‘iF) —|—8/0 Te((1°®) "1 @) dr. 2.61)

0<t<T ATy
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Once again by applying the Burkholder—-Davis—Gundy inequality, Holder inequality and Young’s in-
equality to the term (I4), we get

1
2

T Aty
(I) < NEE( / / |Sr¥ v, 2|1 ]| uf )]}, 1(dz) dt)
0 z

1 TAtm %
<2f21E[( sup k) ;)2(/0 /ZHJXy(t,z)”izA(dz)dt) }

0<t<T Aty

1
<ZB( swp ot > A(dz)dr. (2.62)

T
2
HS) +8/ /HV(I,Z)
0<t<T Aty 0 Jz

By using (2.61) and (2.62) in (2.60), we obtain

1
EE( sup HuR(t)

0<t<T Aty

) T Aty
) < E(luoliy) + 2CNE< [ o

2
)

T T
+9U Tr((JScb)*JSob)dtJr/ f”y(l,z)
0 0 V4

? A(d2) dt:|. (2.63)

Thus from (2.63), we have

2

]E( sup HuR(t) Hj>

0T Aty

r 2
< 2E(Jluoll3) + 18(KoT + Ki) +4CN/ E( sup  [uf(r) H) dr. (2.64)
0 0<r<iATy
An application of the Gronwall’s inequality yields

E( sup  [uke) il) < (2B[llg )12 ] + 18(KoT + Ki))e 7. (2.65)

0<t<T ATy

Note that the right hand side of the inequality (2.65) is independent of M and R, on passing M — oo,
we see that T A 1)y — T. Hence by using the dominated convergence theorem, from (2.65), we finally
obtain

E( sup [0t ) < CE[Iuol] + 18(K-T + Ko)e'™", (2.66)
0<I<T

where Cy is a constant depending on N and independent of R. [J

Remark 2.12. From Proposition 2.11, it is clear that for the stopping time

Ty = l11>1£{t : || vu® (1) ||Loc + ||uR(t)||HH > N}, (2.67)
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the quantity E[supy<, <7z, [lu®(t)||%:] is uniformly bounded and the bound is independent of R. Also
the solution of the problem (2.25)—(2.26) can be defined up to a time 7' A ty, where 1y is defined in
(2.67) and it can be easily seen that

IE( sup ||uR(t)|

0<t<T ATy

v ) < CE[luolid] + 18(K-T + Ko)e#™. (2.68)

In the estimate (2.68), we cannot take N — 00, as the right hand side of the inequality (2.68) is expo-
nentially growing in N.

Theorem 2.13. Let 0 < § < 1 be given. Then, we have
Plry > 8} > 1 — C8*{2E[|luollf;: | + 18(K28 + K4(8)) } (2.69)
for some positive constant C independent of 5.

Proof. For the given 0 < § < 1, there exists a positive integer N such that

1
<6< —.
N+1 N
Thus, we can choose a § so that (u®, T A ty) is a local strong solution of (2.25)—(2.26) with

o= inf s [VurO)] o+ [0 O] > V).

Then it can be easily seen that

Plzy > 8) > P sup (V'@ Ao+ 0@ AT ) < N}
> P{OZIIIEBHHRO‘ At < KN}, (2.70)
where K is a positive constant defined by
K = sup{C € R*|C([VVllL= + [[Vllgs-1) < [IV]lus, Vv € H (R") with V - v = 0}. (2.71)
By using (2.68), we get
IE< sup [uf(t A )| f{) < (2B[lluo 2] + 18(K28 + Ka(8)))e*™, 2.72)

0<r<é
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where K4(5) = fos fz Iy (e, z)llﬁsk(dz) dr. Then by making use of Markov’s inequality and (2.72), we
obtain

P{ty > 8} > IP’{ sup ||uR(t A ‘EN)|

0<r<é

- <ICN}

2
H*

= IP{ sup HuR(t A Ty)
0<1<8

< ICZNZ}

1 2
>1-— WE(OZ?E(SHHRU A rN)‘ Hs)

WV

1
1= s CE[luolif ] + 18(Kad + Ka(3)))e”?

> 1 — C8*[2E[ugll3:] + 18(K28 + Ka()) ], (2.73)
where C is a constant independent of u and §. [

Similar ideas for proving the positivity of stopping time for stochastic quasilinear hyperbolic system
can be found in Theorem 1.3 [26].

3. Existence and uniqueness

We are now ready to prove the existence of local strong solutions of the stochastic Euler equations
with Lévy noise (see (2.7)—~(2.8)). In order to establish this we first prove that the solutions (u®, T A 7y)
of smoothed version of the Eqs (2.7)-(2.8) is a Cauchy sequence in the L?-norm as R — oo with
probability 1. Let (u®, T A ty) be a local strong solution of the truncated Eqs (2.25)—(2.26), where
Ty () is the stopping time defined in (2.67).

Proposition 3.1. Let uy € L?(Q; H (R")) be .Zy-measurable for s > n/2 + 1 with E[lluollfp] < 0.
Then, the family of local strong solutions (u®, T A ty) of (2.25)—(2.26) is Cauchy (as R — ©0) in
L2(Q2; L®(0, T A Ty; L2(R"))), i.e.,

lim sup IE( sup HuR — uR/} iz) =0, 3.1

R—>00p>R  Noi<T Aty
where ty is the stopping time defined in (2.67).

Proof. Let (uf, T A Ty,) and (uR/, T A ty,) be two local strong solutions of (2.25)—(2.26) in Hg and
‘Hr respectively. Let us define Ty := Ty, A Ty, and take the difference between the equations for the
processes u®(-) and u® (-) (R’ > R) to get

d(u® — uR,) = —(SgPy (u® - V)u® — Sp Py (uR, . V)uR,) dt

+ Z(SR — SR/)CDBJ' dBJ(f) + /(SR — Sr)y(t—, Z)N(dl, dz). 3.2)
j=1 z
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Let us apply Itd’s formula to [|(u® — u®) (") |17, to obtain

| (f —u®) @ AT |7

INT
= [u®(©0) —u®(0) ||i2 -2 / N([SRPH(uR -V)uF — SpPy(uf - V)uF ] uf —u®) , dr
0

e ¢]

INTN ATy
+ 2f Z((SR — Sp)®Pe;j, uf —uf )2 dB;(r) +/ ZH (Sg — Sr)De; H; dr
0 i1 0

j=1

t2 f N / ((Sk — Se)y(r—, 2), uf —u®) ,N (dr, dz)
0 Z

+ / f |(Sk = Se)v(r )N (dr, da). (3.3)
0 Z

for 0 < r < T. We write the term ([SgPy (u® - V)u® — S Py u® - V)uX'], uf — uf),2 from (3.3) as

([SrPx (u”® - V)u® — SR/PH(uR/ . V)uR/], uf — uR/)L2

= ((SR - SRr)PH(uR . V)uR, uf — uR/)L2

+ (SrPu((u® - uR/) - V)uf, uf - uR/)L2

+ (SR/PH(UR/ . V) (uR — uR/), uf — uR/) 3.4)

L2

The third term from the right hand side of the equality (3.4) is zero, by using the divergence free condition
(see (2.12) and (2.22)). For R’ > R and for the stopping time defined in (2.67), let us take the first term
from the right hand side of the equality (3.4) and use the Holder’s inequality, cut off property (see (2.18)
and (2.30), with k = ¢, 0 < & < s — 2) and the algebra property of H*~!-norm to obtain

|((Sk = Sw)P[(u" - V)u'] u —u),,

< [[Sr = Se (0 V)ut; Ju® — "],

! C /
N B AR T
¢ R R R R’ C R R R ®
<ﬁ||V-(u @uf)| o fuf —u® <E||(u ®uf)| i [uf —u®
c . CN? ,
< F||uR iIH ”uR _uR L < Rel ||uR _uR . 35)




86 M.T. Mohan and S.S. Sritharan / Stochastic Euler equations

Note that V- (u ® u) = (u- V)u for V - u = 0. By using the Cauchy—Schwarz inequality and Hélder’s
inequality, we estimate the second term from the right hand side of the equality (3.4) as

|(SwPx((u® —u®) - V)ut,uf —u¥),,|
< [ ((@* = u®) - V)ut] u® —u®

L < CNyfJuf — w7, (3.6)

I

< C[[vur] . fu® —u®

Let us combine (3.5), (3.6) and use it in (3.3) to obtain

| (uf = u®) @ AT |7

2CN?

< Ju*© —u* O + =

IATN , IATN —_
[ e =l 2em [ Jut o
0 0

o0 oo

INTN INTN
+ 2/ 3 ((Sk — Sw)®ej uf —uF) L dB;(r) +/ 3 Sk — Sw)@e; |}, dr
0 =1 0 Jj=1

+2 / ' f ((Sk — Se)y(r—, 2), uf —u®) ,N(dr, dz)
0 Z

INTN
2
[ [ = Sewve N @ . @)
0 z
Let us take the supremum from O to 7 in (3.7) and then take the expectation to get

E( sup |(u*—u®)0)];)

0<1<3y

<E([u*© ~u* O)]})
2 ™ i
+ 20 E(/ [ (u® = u®) 1)) dt) * 2CN1E</ |(w® —w) @ dt)
0 0

00 T T
+ Z f |(Sk — Sg)Pe; Hiz dr + / / 1Sk — Sr)v(2, Z)Hizk(dz) dt
=170 0 Jz

o t
+ 2 sup Z/ ((SR — SR/)CDe/, llR — URI)LZ dBJ (}’)
0<i<ay | 2 Jo ’
t
+ 2]1-3[ sup f / ((Sg — Sg)y(r—. 2), u® —u®) ,N'(dr, dz) ] (3.8)
o<i<ivlJo Jz

where Ty := T A Ty, A Ty,. Let us denote

o0

Z/o ((Sk — Sp)De;, u* — UR/)Lz dp;(r)

0<I<Tv |5

|

(Is) = 2IE|: sup
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|

Now we apply the Burkholder—Davis—Gundy inequality, Holder inequality and Young’s inequality to the
term (/5) to obtain

and

(Ig) = 2IE|: sup

Ogtg?]v

/ /((SR — Sp)y(r—, 2),uf — uR/)Lzﬁ(dr, dz)
0 Jz

1

00 ?N , 2
(Is) < 2«621@:[/0 |(Sk — Sk ®e; |1, Juf — |7, dt]
j=1

1 ® 7 3
<zﬁE[( sup ”uR—uR/|i2>ZZ(/NH(SR—SRr)QDej’|i2dt>2:|
0<1<7y o \Jo

1 : = [T
< ZE( sup [uf —uf ||i2> +82/ | (Sk — Sk De; |7, dr. (3.9)
=170

0§t§?;v

By applying the Burkholder—Davis—Gundy inequality, Holder inequality and Young’s inequality to the
term (/g), we get

1

(Ig) < 2ﬁE[ / / 1Sk — Sr)v(2, Z)Hiz [u® - uR'Hizx(dz) d,} 3
0 Z

1 ™ %
< mE[(Ksug Juf —u|.)" ( [ / [(Sk = Sr)v(t. )72 () dt> }
SIST™V

1 : T
ZE( sup Juf —u®[l,) + 8/ /H(SR — Sr)y(t, 2)|Fr(d2) dr. (3.10)
0 Z

0<t<?,v

N

Substituting (3.9) and (3.10) in (3.8) and then using the inequality 2ab < a® + b?, we obtain

1 ,
SE( swp [[(uf —u®))[},)

0<r<Ty
, CNI}T  (CN? o :
<E(Juf©) —u® ©O)]7,) + =+ ( o T 2CN1>IE(/ | (@® - u®)®) |, dt)
0
@ T ’ T 2
+ 92[ |(Sk — Sg)Pe; | dt + 9/ /||(SR — Sp)y (1, 2) | A (dz) dr. (3.11)
=170 0 Jz

Let us take the term E(|ju®(0) — uRI(O) ||iz) from the inequality (3.11) and use (2.18) to find

/ C C
E(u*(©) - u* O)}) = E(|Sruo — Sewol|12) < 2-E(Imolli) < E(luol). (3.12)
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Let us take final term from the right hand side of the inequality (3.11) and simplify using the cut off
property (2.18) to get

o) T T
9. /0 |8k = Sw)Pey 2 dr +9 /0 / |8k = Se)vit, 2|7 rd2) dr
j=1 z

9C & /T 5 9oc (T >
< — || De; || gdt—l——f / v(t, 2)| L. A(dz) dt
R? JX_; 0 S R® Jo z“ H
9C X [T 9c [T 2 9C(K,T + K4)
< = e |7, dt + — t AMdz)dt = ———————° 3.13
R;fo 19t dr+ 7 [ [ e ol = G.13)
for 0 < & < s — 2. Hence from (3.11), we have
E( sup [(@* ~u®)0)]})
0<r<Ty
o 2C(E(ugllZs) + N2T + 9(K>T + Ky))
~ RE
2CN? T ,
+< - —|—4CN1>/ E( sup | (@ —u®))7,)dr, (3.14)
R 0 0<r<inTy

where Ty := T Aty = T A Ty, A Tn,. An application of the Gronwall’s inequality in (3.14) yields

E( swp (@ —u®)0)7)

0<r<ty

2C(E 2) + N2T 4+ 9(K,T + K. 2CN}
<< E(haolfs) + 11e€ + (KT + 4)))exp{( Rgl +4CN1>T}. (3.15)

Note that the right hand side of the inequality (3.15) is independent of N, and on passing N, — oo
yields Ty = T A ty, A Ty, = T A ty,. On passing No, R, R* — oo and applying the dominated
convergence theorem, one can easily see that the right hand side of the inequality (3.15) goes to zero and
hence the sequence of solutions defined by (u®, T A ty) (by redefining N; = N) is Cauchy (as R — 00)
in L2(Q; L®(0, T A ty; L>(R"))), where Ty is the stopping time defined in (2.67). [

Proposition 3.2. Let uy € L*(Q; H*(R")) be Fy-measurable for s > n/2 + 1. Then, the family of local
strong solutions (R, T Aty) — (u, T Aty) strongly in L?(2; L0, T A Ty; HS/(]R")))for any s’ <s.

Proof. It follows from (3.15) that (u®, T Aty) — (u, T Aty) strongly in L2(2; L>°(0, T Aty, L2(R"))).
By using the Sobolev’s interpolation inequality (Theorem 9.6, Remark 9.1, [27] with exponents — and

s’



M.T. Mohan and S.S. Sritharan / Stochastic Euler equations 89

%) and Holder’s inequality for 0 < s” < s, we have

B swp /1% ] <CE[ swp UFIESY sup g

0<t<T ATy 0<t<T ATy 0<t<T Aty
5 1—s'/s 5 s'/s
<[ s usE]) B s} (3.16)
0<r<T ATy 0<t<T Aty

Let us take f = u® —uin (3.16) to obtain

IE[ sup HuR ]
0<1<T Aty
2 1—s'/s 2 s'/s

< CS{E[ sup ||uR —uHL2“ {E[ sup ||u —u HY]}

0<t<T ATy 0<t<T ATy

R 2 ’ s'/s

< CS{E[ sup ||u —u||L2“ { [ sup ||u s+ sup ||u||Hs]}

0<t<T Aty 0<t<T ATy 0<t<T ATy

s'/s 1=s'/s
< CRC(N, T, Ko, Ko B[l DI B sup Juf—u3,]} 7 =0, (3.17)
0<I<T Aty

as R — oo. Combining Proposition 2.11 and Proposition 3.1 and using the Sobolev’s interpolation
yields (u®, T A ty) — (u, T A ty) strongly in L2(Q2; L>°(0, T A ty; H*' (R™))) for any s’ <s. [

Remark 3.3. Since u® — u strongly in L2(; L®(0, T A ty; H¥ (R"))), we get V - uf — V -uin
L2(Q; L0, T A y; H 1 (R"))), for any s’ > n/2 + 1 and hence V - u® = 0 implies V - u = 0.

Next let us prove a simple estimate to deal with the nonlinear terms.
Lemma 3.4. Fixs > n/2 and letu, w € H* with V - v = 0. Then we have

v V)w

ot S ClVIas Wil

Proof. Since, V-v =0, we have (v- V)W =V . (v® w). For s > n/2, H*~! is an algebra and hence

v V)w

=1V ew

o SCIVOWlas < ClIviias [Iwles- (3.18)
U

Proposition 3.5. Let ty be the stopping time defined in (2.67), then for s’ > n/2+ 1, the nonlinear term
SrluX - V)uR] converges to (u - V)u strongly in L' (2; L®(0, T A ty; H 1 (R"))) as R — 0.

Proof. For s’ > n/2 + 1, by using (2.16), (2.17), Lemma 3.4 and Holder’s inequality, for 0 < ¢ < 1,
we obtain

E[ sup  ||Sg[(u® - V)u*] = (- V)u

jacd l]
0<t<T Aty

<E[ sup [ Se[((u* —u)- V)u ]| |+ E[ sup [ Se[w- Vy* = u)] ]y ]

0<t<T ATy 0<t<T Aty
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+ E[ sup HSR[(U . V)u] —(u-Vu HJ"*1:|
0<t<T Aty
< CE[ sup  ||((u® —u) - V)u® ”Hx/—l] + CIEE[ sup ||(w- V) (u® = u)|H$,_l]
0<t<T ATy 0<t<T ATy
C
+ FE[O@?TPMN H (- Vu HSLHS]
< CE[ sup  (u® —u, [u’] HY)] + CE[ sup  ([u® —uf,, ||u||HS,)]
<t<T Aty SIST Aty

C
+ B[ sup  ullyulye |
R Lo<i<T Aty

gCE( sup HuR—u”IZ{S,>]/2E< sup HuR|}12{S,>1/2

0<t<T ATy 0<t<T ATy
1/2 1/2
R 2 2
+ CE( sup ||u —u HS,> IE( sup ||“||H.«)
0<t<T Aty 0<t<T Aty

C
+5E s ul ]+

2R® Loci<Tany

— 0 as R — o0, (3.19)

C
E[ sup ful]
2R Locicrney 7

since (uR, T Aty) — (u, T Aty) strongly in L2(22; L>°(0, T A Ty; Hs,(]R”))) and fors > 5" > n/2+1,
uf, u e L*(2; L=, T A ty; H*(R"))). Hence, for the stopping time ty defined in (2.67), we have
Srl(@® - V)uR] — (u- V)u strongly in L' (€2; L>®°(0, T A ty; H‘V/_I(R"))). O

Remark 3.6. From Proposition 3.5, it can be easily seen that Sg[(u® - V)u®] — (u - V)u strongly in
L'(Q: L2(0, T A ty; H'~'(R"))), since

L'(Q: L(0, T A 7y; H(R"))) cC L'(2: L*(0, T A my; H ' (R"))),
for the stopping time 7y defined in (2.67).

Proposition 3.7. Let uy be Fy-measurable and E[||uy||3] < oo for s > n/2 + 1. Then, for any s' >
n/2+ lands' < s, Sguy — ug as R — oo in L2(; H'~'(R")).

Proof. By using (2.17), for 0 < ¢ < 1, we have

C C
E[1Sruo — ol ] < - Elwolf 1] < <Eflwolli] — 0.

as R — oco. [
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Proposition 3.8. Let ty be the stopping time defined in (2.67), then for any s’ > n/2 + 1 and t €
[0, T A Tv),

SR(f CDdW(s)) —>/ O dW(s), as R — oo,
0

0
inL2(Q: 120, T A y; H' =L (R™))).

Proof. By using (2.17) and the Burkholder—Davis—Gundy inequality, for 0 < ¢ < 1 and T > 0, we get

t t 2
SR</ <I>dW(s)> —/ O dW(s) ]
0 0 By -1
t 2 C
/ ® dW(s) ] < —IE[ sup
0 R®

2
s —1+e 0<r<T ATy HS}
t
/ PO dW(s)
0

] < %E[ /0 o Tr((J‘dD)*(J‘YCD))dt]

E[ sup

0<i<T ATy

C
< —E|: sup

&
R lo<i<T Aty

C
= FE[ sup

0<t<T ATy

/ ' AW (s)
0

2

12

CTTr((JD) (D))
< —

0,
R€

as R — oo. [

Proposition 3.9. Let ty be the stopping time defined in (2.67), then for any s’ > n/2 + 1 and t €
[0, T A Tv),

SR(f /V(S—,Z)./v(ds,dz)> —>/ fy(s—,z)ﬁ/(ds,dz), as R — oo,
0 Jz 0 Jz

in L2(Q; L0, T A y; HY~1(R™))).

Proof. By using (2.17) and the Burkholder—Davis—Gundy inequality, for 0 < ¢ < 1 and T > 0, we

obtain
t - t - 2
IE[ sup SR(/ /y(s—,z)/\/(ds, dz)) —/ /y(s—,z)/\/(ds, dz) i|

0<t<T Aty 0 Jz 0 JZ Hs' -1
c I ' - 2

< —E| sup f /y(s—, 2N (ds, dz) }
R® lo<i<tawyllJo Jz HY - 1+e
c T ' . 2

< —E| sup f /y(s—, 2)N(ds, dz) i|
R Lo<i<tanllJo Jz H

CK
4 — 0,
RS

C r rTATy 5
<<p f / vee, 2 a2y di =
R Lo z

2 c (7
A (d2) dz] < o / / v 2)
0 Z
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Remark 3.10. Since

L?(Q: L(0, T A 7y H'(R"))) cC L'(Q: L=(0, T A Ty H ' (R")))
and

L'(QL°(0, T A oy H7'(R"))) cc L'(@: L*(0, T A Ty HH(R))),

for the stopping time 7 defined in (2.67), we have

t t
Sk (/ d>dW(s)) — / ®dW(s), asR — oo and
0 0

SR(/ /Y(S—,Z)/T/(ds,dz)) —>/ /y(s—,z)./\N/'(ds,dz), as R — oo,
0 Jz 0 JZ

fort € [0, T A ty), in L'(2; L2(0, T A 7y; HY L (R"))).

Theorem 3.11. Let ty be the stopping time defined in (2.67) and let uy € L*(Q2; H*(R")) be Fo-
measurable for s > n/2+ 1. Then there exists a local in time strong solution of problem (2.7)—(2.8) such
that

() u e L2(Q; L>°(0, T A ty; H'(R"))),
(ii) the Z;-adapted paths of (0, T A ty) are cadlag.

Proof. From the above construction, we can easily pass the limit as R — oo in the equation

uR(t) =SRuo—/ SRPH[(uR-V)uR] ds—{—SRf CDdW(s)—f—SRf /y(s—,z)./v(ds,dz),
0 0 0 Jz

for any t € [0,T A ty), so that (u, T A ty) solves the stochastic Euler equations (2.7)-(2.8) in
LY($2; L20, T A ty; H~'(R"))), for s' > n/2 + 1. From Proposition 3.1, Remark 3.6, Proposi-
tion 3.7 and Remark 3.10, we conclude that (u, T A ty) solves the system (2.7)—(2.8) as an equality
in L'($; L20, T A my; H' 1(R"))), for s’ > n/2 + 1.

Let us now apply Banach—Alaoglu theorem (Theorem 4.18, [40]) to the Fourier truncated sequence
(u®, T A ty), the solution of the truncated stochastic Euler equations (2.25)—(2.26). From Proposi-
tion 2.11, the sequence u® is uniformly bounded in L2(2; L>®(0, T A ty; H*(R"))) and the bound is
independent of R for the stopping time ty defined in (2.67). Since L?>(Q; L>°(0, T A ty; H*(R"))) is
the dual of L>(Q; L'(0, T A ty; H*(R"))), the separability of L2(Q; L'(0, T A ty; H*(R"))) (Re-
mark 10.1.10 and Theorem 10.1.13, [38]) and the uniform bounds for u® in [0, T A Ty) guarantee the
existence of subsequence u®" such that

w*

" 2w in LZ(Q; L°°(O, T Aty H (]R”)))
From the above weak star convergence, the limit u satisfies

u e L?(Q:L°(0, T A ty; H'(R")))
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and (u, T A Ty) solves (2.7)—(2.8) for s > n/2 + 1. From Proposition 3.1, (uf, T A ty) is almost surely
uniformly convergent on finite intervals [0, T A ty) to (u, T Aty), from which it follows that (u, 7 A ty)
is adapted and cadlag (Theorem 6.2.3, [1]). O

Remark 3.12. From the existence of local strong solution (u, 7 A ty) to the stochastic Euler equa-
tions (2.7)—(2.8), one can easily see that

E[ sup ||u(t)

2
HS] < (2E[Jlugli% ] + 18(K2T + K4)e*T < oo, (3.20)
0<t<T Aty
for the stopping time 7 defined in (2.15) and for any 7" > 0.
Theorem 3.13. Let 0 < § < 1 be given. Then, for the stopping time ty defined in (2.15), we have
Plry > 8} > 1 — C8*{(2E[lluoll | + 18(K28 + K4(8)))}. (3.21)
where C is a positive constant independent of 3.
Theorem 3.13 can be proved in the same way as that of Theorem 2.13.
Theorem 3.14. Let Ty be the stopping time defined in (2.15) and let uy € L*(Q; H*(R")) be F-
measurable for s > n/241. Let (wj, T Aty), j = 1,2 be two %;-adapted processes with cadlag paths
that are local strong solutions of (2.7)—(2.8) having same initial value w;(0) = o, such that
u; € L*(2; L™(0, T A y; H'(R"))),
fors > n/24 1. Thenu(t) = uy(t), a.s., for any t > 0, as functions in L>(2; L>°(0, T A ty; L2(R™))).
Proof. Let Ty be the stopping time defined in (2.15) and let (u;, 7 A ty) and (uy, T A Ty) be two local
strong solutions of the system of Eqs (2.7)—(2.8) having common initial data u; (0) = u,(0) = ug such
that E(|lug||3s) < oo. Let us take the difference between the two equations satisfied by (u;, T A Ty) and
(uy, T A Ty) to obtain

d(u; —wy) = —Py[(u; - VIu; — (uy - V)uy] dr. (3.22)

Let us apply 1t6’s formula to ||u; — uzlli2 to find

[ —w)( A TN)”iz = —2/ (- Vyu; — (uy - Viup, uy — ), ds. (3.23)
0

Now we take the nonlinear term, and use the divergence free condition and Holder’s inequality to get

|— (- Vyuy — (uy - Viug, up — ), |
= |—[(((w; —w) - V)uy, (u; — uz))Lz + (((u2 - V)(uy — w)), (uy — uz))Lz]}

< luyp — w2 Vg fliellup — wolli2 < CNJuy — ol (3.24)
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An application of (3.24) in (3.23) yields

Wm—mmAww;<CNf | —u) ()|, ds, (3.25)
0

Let us take expectation in (3.25) to get

t
E[] @ — )t A )] < CN/ E[] (@ — w)(s A wy)])1,] ds. (3.26)
0
An application of the Gronwall’s inequality in (3.26) yields

E[| (@ —w)(t A ty)||}.] <O, (3.27)

forall 0 < r < T.Hence, we getu;(t A Ty) = up(t A Ty), a.s,, forall 0 < ¢ < 7. In a similar way, one
can prove that

T
E[ sup H(ul—uz)(t)uiz]gczv/0 E[ sup [ —u))]n]dn (3.28)

0<t<T ATy 0<s<EATY

for any 7 > 0 and then we obtain

E[ swp [ —wo)]]<o. (3.29)

0<I<T Aty
Hence, we get u; () = u,(t), a.s., for any ¢ > 0 as functions in L2(Q; L*(0, T A ty; L2(R"))). O

Theorem 3.15. Let Ty be the stopping time defined in (2.15) and let vy € L*(Q; H*(R")) be F-
measurable for s > n/241. Let (w;, T Aty), j = 1,2 be two %;-adapted processes with cadlag paths
that are local strong solutions of (2.7)—(2.8) having same initial data w;(0) = w, such that

u; € L?(2;L2(0, T A y; H(R"))),

fors > n/24 1. Thenu(t) = uy(t), a.s., for any t > 0 as functions in L>(Q; L0, T A ty; HS/(R"))),
forany 0 < s’ <s.

Proof. Using the Sobolev’s interpolation theorem and Holder’s inequality for 0 < s” < s, we find

E[ sup fu - wsf ]

0<t<T ATy
) 1—s'/s s /s
<CfE[ s pw-wi]} B[ s —wld]]
0<t<T ATy 0<t<T ATy
5 1—s'/s 5 5 s'/s
<CfE[ s pw-wiR]} U{E[ s puido+ swp jw])

0<t<T ATy 0<t<T ATy 0<t<T Aty

§' /s 1—s'/s
<. K. T.E[luol )" B[ sup w —wi]} " =0, (3.30)

0<t<T ATy
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forany T > 0, since u;(-) = u,(-), a.s., in L>(Q; L®(0, T A ty; L2(R"))). Hence we get u;(¢) = u,(t),
a.s., forany t > 0in L2(Q; L®(0, T A ty; HS/(R”))) forany0 < s’ <s. 0O

Theorem 3.14 and Theorem 3.15 prove the uniqueness of strong solution (u, 7 A ty) of the stochastic
Euler equations perturbed by Lévy noise. Now if we take (u;, T A ty,) and (uy, T A ty,) are two local
strong solutions of (2.7)—(2.8), then from (3.24), we get

|=((r - V)u; — (12 - Viug, uy — ) 5| < CNylluy — wpff. (3.31)

Thus by Theorem 3.14, we obtain u;(t) = uy(¢), a.s., forall # € [0, T A 1y,). A similar calculation to
(3.24) also shows that

|— () - V)uy — (- Vg, u; — llz)Lz‘ < CMlluy — waf, (3.32)

and hence we find u;(#) = uy(¢), a.s., for all # € [0, T A ty,). Combining the two cases, once can
easily see that u;(t) = uy(¢), a.s., forall t € [0, T A Ty, A Ty,) and hence u; () = uy(t), a.s., for all
t € [0, Ty, ATn,), since T > 01is arbitrary. If both are maximal local strong solutions, then it is immediate
that Ty, = t,, a.s. Since, if (u;, Ty,) is a maximal local strong solution, then SUPo< <oy, |[ay () ||gs = o0,
and this must imply that Ty, > 7p,. Otherwise, SUPo<r<y, |lu;()|lgs = oo, by using the equality of u; (-),
fori = 1,2 and the maximality of u,(#) in [0, Ty, A Tn,) = [0, Tv,) and we arrive at a contradiction.
A similar argument on (uy, Ty,) imply Ty, < Ty, and hence Ty, = Ty,.

Now, let (uy, T A Ty) be the unique local strong solution to the system (2.7)—(2.8) corresponding to
the stopping time (2.15). Then, for N; < N,, by using Theorem 3.14 and Theorem 3.15, we have

uy, (t) =uy,(t), as,forallt [0, Ty, A T,],

since T > 0 is arbitrary. Thus from the definition of stopping time (2.15), we have ty, < Ty,, a.5. We
can now define 7(w) := limy_,  Tn (w), a.s., and

limy_ o uy(), for0 <

t <,
0, fort >,

u(t) :=

a.s. Hence, (u, 7) is a local strong solution (in fact maximal) to the problem (2.7)—(2.8) and for a given
0 < § < 1, we have

P{r > 8} > 1 — C8*{(2E[lluoll, | + 18(K28 + K4(3)))}.

since {ty > 8} C {t > 8} (see Theorem 3.13 and Theorem 2.13). A characterization of the maximal
solution for stochastic Euler system (2.7)—(2.8) is given in the next theorem (Theorem 3.16).

Theorem 3.16. Assume that Theorem 3.11 and Theorem 3.14 hold. Then there exists a unique pair
(w, 7o), Which is a maximal strong solution of (2.7)—(2.8) such that

sup ||u(s)

0<s<T00

=00, (3.33)

on the set {w € Q : Too(w) < 00}
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Proof. Let us denote by L, the set of all stopping times such that t € L if and only if there exists a
process u(-) such that (u, 7) is a local strong solution of the stochastic Euler equations (2.7)—(2.8). It can
be easily seen that

T, HEeELSTIVT, TIAT € L. (3.34)
For each k € N, let us take t; € £ such that (ug, ;) be the unique local strong solution of (2.7)—(2.8).

Then for each i, the process u(-) having cadlag paths such that (u, t;) is a local strong solution of
(2.7)—(2.8) with

T = [igg{t I Vu@ | o+ Jue@ | = kAT, keN, (3.35)

for some T > 0. Now for n > k, let us define a sequence of stopping times 7, such that

Tin = tigg{r V@ |« F o @] s kAT, koneN. (3.36)
Since
T, = tigg{t Ve || + [un® ]|y =0} AT, neN, (3.37)

it is clear from the definition of z, that t; , < 7,, a.s., forn > k. Thus (u,, 7 ,) is a local strong solution
of (2.7)—(2.8). But (ug, ;) is also a local strong solution of (2.7)—(2.8). Hence from the uniqueness
theorem (Theorem 3.14, Theorem 3.15), we get u,(t) = u,(¢), a.s., forall ¢ € [0, tx A 7¢,,). This proves
that u; () = u,(¢), a.s., for all ¢ € [0, 7;) and hence 7, < 71,, a.s., for all k < n. Thus {7; : kK € N} is an
increasing sequence in £ and hence it has a limit in £ (Proposition 3.9, [6]). Let us denote the limit by
Too = limy_, xT¢. By letting k — o0, let {u(z), 0 < ¢ < 7} be the stochastic process defined by

u(t) =w(t), te€[n_r,w, k=1, (3.38)
where 7y = 0. By making use of uniqueness results, we have u(t A 1) = w;(f A 1;) forany ¢ > 0. As

k — oo, we are thus justified to define a process (u, 75) such that (u, ) is a local strong solution of
(2.7)—(2.8) on the set {w : To(w) < T} and hence we have
]

)| = o0, (3.39)

tim [l 0] = fim| sup [ucs)

HS] > lim[ sup Hu(s)}
TooLogs <t ktoologs<ry

. =lim[ sup [lug(s)
H ] kTOO 0§s<rk ”

> Klim| sup (| Vo) + Juats)

ktoologs<r

where K is defined in (2.71).

Let us now prove that the maximal solution obtained above is unique. Let us assume that the pair
(u;, 0x) be another maximal solution. Here {0}, k > 0} is an increasing sequence of stopping times
converging to 0., and is defined by

or = inf{r : |[Vuy ()| o + |0 | s =k} AT, kel (3.40)

=0
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By a similar argument above and by the uniqueness theorem (Theorem 3.14 and Theorem 3.15) one can
prove that u(¢) = u;(¢), a.s., for all ¢ € [0, 7 A oy], for k > 0. Let us take £ 1 0o so that we get

u(t) =u(t), as.,forallr e [0, 70 A O] (3.41)

From (3.41), we can easily conclude that 7o, = 000, a.8. If Too 7# 00, then either 7o, > 04 OF Too < o
In the first case, we have

tim [ 1 <es0lleco,c)] = Tim [ sup [1pp, <eyu)] .
1 Too Moo 0<s<t

> K lim[ sup (HI{UOO<TOO}VII(S)HLOO + Hl{%o<,oo}u(s)
Mroobogegt

)]
)]

=K lim[ sup (||1{(,OO<,OO}VU1(S)||Loo + ||1{(roo<foo}u1(s)HHs—l)]

=K fim] sup ([1ion i) V) i+ [T crus)

ktoologs<oy
= 00. (3.42)
For 1o, < 0+, We have
lim|||1 u w.s:im[su 1 u (s ]
1Tfoc[|| {000 <Tco} l”L 0,t;H: )] Moo ogszt“ {000 <Too} l( ) Hs

)]

)]
=K fim] sup (oo VO i+ [T 00) )|

= 00. (3.43)

> K lim[ sup (||1{C,OO>,OO}Vu1(S)||Loc + [ Lo i ()|
oo bogs<t

= K%%rgo[ogsgak(\\1{%>foo}Vu1(S) |+ [ Lo ()

The first identity (3.42) contradicts the fact that u(-) does not explode before the time 7., and the second
identity contradicts the fact that u; (-) does not explode before the time o,. Hence, we must have 7o, =
0o0» a.8., and this proves the uniqueness of the maximal local strong solution (u, t,) of the stochastic
Euler equations (2.7)—(2.8). U

Similar ideas of proving maximal local solutions for modeling the flow of liquid crystals can be found
in Proposition 3.11, [6] and viscous hydrodynamic systems with multiplicative type of jump noise in
Theorem 3.5, [3].
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4. Stochastic Euler equations with multiplicative Lévy noise

The stochastic Euler equations perturbed by multiplicative Lévy noise in (0, T') (after taking the
Helmholtz—Hodge orthogonal projection Py) can be written in the It6 stochastic differential form as

du(t) = —Py(u(®) - V)u(@)dt + ®(u(r)) dW(r) + f y(u(-), z)/\Nf (dt, dz), 4.1)
Z

u(0) = u, 4.2)

where uy € L2(Q; H*(R")) fors > n/2 + 1 withV-uy=0and (x,¢,w) e R" x [0, T] x Q,n =2, 3.
We need some additional assumptions on the noise coefficient to prove the existence and uniqueness
of local strong solutions to the system (4.1)—(4.2). Let .4 (H, H*) be the space of all Hilbert-Schmidt
operators from #H to H® ([16]). For an orthonormal basis {e; }<>Q | in H, we know that

oo oo

Tr((® (W) @ (w)) :Z D) PWej, e;), Zcb(u)e,,cp(u)ej)L2

ZH‘D(“)% It = o ”zzm H)” -

Let us assume that the noise coefficient ®(-) and y(-, -) satisfy the following hypothesis of linear
growth and Lipschitz condition.

Hypothesis 4.1. For all s > 0, the noise coefficient ®(-) : H® — 4 (H,H*) and y(-,-) : H* x Z — H*
satisfy

(H.1) (Growth Condition) For all u € H*(R") and for all t € [0, T, there exists a positive constant
K such that

2
pA(d2) < K(1+ fullf).

|0 [+ [ w2

(H.2) (Lipschitz Condition) For all t € [0, T] and for all u;,u, € H*(R"), there exists a positive
constant L such that

2
| @ (u) — p A (d2) < Liwy —ua .

+ /z”y(““ 2) — y(uy, 2)|

The existence and uniqueness of local strong solutions for the stochastic Euler equations with mul-
tiplicative Lévy noise can be proved in the same way as of additive noise case. Proposition 2.11 and
Proposition 3.1 can be proved for multiplicative noise case with some changes in the proof due to the
presence of u(-) in the noise coefficient. Similar estimates in Proposition 2.11 can be obtained with the
help of growth condition in Hypothesis 4.1 and the Cauchy sequence result in Proposition 3.1 can be
obtained with the help of Lipschitz condition in Hypothesis 4.1. In multiplicative noise case, we have to
replace Proposition 3.8 and Proposition 3.9 from Section 3, by the following propositions.
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Proposition 4.2. Let Ty be the stopping time defined in (2.67), then for any s’ > n/2 + 1, s’ < s and
t €0, T A ty),

Sk (/t ®(uf(s)) dW(s)) — /t ®(u(s)) dW(s), as R — oo,
0 0

inL2(Q: L0, T A ty; H' =L (R™))).

Proof. By using (2.17), Hypothesis 4.1 and the Burkholder—Davis—Gundy inequality, for 0 < ¢ < 1
and T > 0, we get

t t 2
IE[ sup ||k < / ®(u*(s)) dW(s)) - / P (u(s)) dW(s) ]
0<r<T ATy 0 0 B -1
t t 2
< }E|: sup || Sk (/ P (u®(s)) dW(s)) — (/ D (uf(s)) dW(s)) ]
0<t<T Aty 0 0 a1
t 2
—HE[ sup f (@(u”(s)) — P(u(s))) dW(s) }
0T ATy 11/ 0O a1

/ t ®(u®(s)) dW(s)
0

N

2
Hs’l+£:|

R¢ [ P
0<t<T ATy

t 2
+E[ sup / (@(u”(s)) — P(u(s))) dW(s) }
0<t<T ATy 110 jocd
c [ ro 2
< — sup f D (uf(s)) dW(s)
R Lo<i<ran |l Jo H
t 2
—HE[ sup f F(@(uf(s)) — @(uls))) dW(s) ]
0T ATy I J0O L2
< o d(ur0)|> dt |+ E o @ (uk @ 2 d
SR, H (u (t))”,%(H,H-V) r =+ A H (u*®) - (u(t))Hi”z(’H,H-") t
CK T Aty Tnty
<= EUO (1+ [uR@) ip)dz} +LE[/O Juf@) — w7y dt]
CKT NT R 2
< R <1 +E[o<tsgu7PMN”u (1) HA]) + LTE[O@?JPMN Hu (1) —u(@®) HS,]

— 0, as R — oo,

since uf € L2(Q; L?(0, T Aty; H*(R"))) for any s > n/2+ 1 (a proposition similar to Proposition 2.11
in multiplicative noise case) and uf — u € L?(Q; L>®(0, T Aty; v (R™))) for any s" < s (a proposition
similar to Proposition 3.2 in multiplicative noise case). [J
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Proposition 4.3. Let Ty be the stopping time defined in (2.67), then for any s’ > n/2 + 1, s’ < s and
t €0, T A ty),

SR(/ /y(llR(s—),z)./V(ds,dz)> —>/ /y(u(s—),z)/v(ds, dz), as R — oo,
0 Jz 0 Jz

inL2(Q: 120, T A y; H' = (R™))).

Proof. By using (2.17), Hypothesis 4.1 and the Burkholder—Davis—Gundy inequality, for 0 < ¢ < 1
and T > 0, we obtain

t t 2
E[ sup SR(/ /y(uR(s—),z)K/(ds,dz)) —/ /y(u(s—),z)ﬁ(ds,dz) ]
0<r<T Aty B 1
<E|: sup SR(/ / ul(s—), zN(ds dz)) / / ul(s—), Z/\/(ds dZ) ]
0<r<T Aty g -1
[ sup / f (u*(s—).z) — (u(s—),z))/\/(ds,dz) }
o<ty HY -1
C ' o ?
< —E|: sup / /y(uR(s—),Z)N(ds,dZ) ]
R® Lo<i<rayllJo Jz 14
' 2
—HE[ sup / /(y(uR(s—),z) — y(u(s—), z))NV'(ds, dz) ]
<<ty jocd
< |: sup f / (uf(s—), z) N(ds dz) ]
0<t<T Aty
t , - 2
-HE[ sup / /JS (v(u®(s—), z) — y(u(s—), z))N'(ds, dz) ]
o<ty 1JO JZ L2

T Aty
<5l [ [t

T Aty
—HE[/O /;Hy(uR(t), z) —y(u(), 2) 12{

HV)\(dz) dt]

sA(dz) dt]

T At T At
< CI;KEU N(l + |uf) ip)dz} +LIE[/ NHuR(t) —u®)| dt]
0 0
< CKT <l + IE[ sup i{v]) + LTIE[ sup HuR(t ]
R# 0<I<T Aty 0<I<T Aty

— 0, as R — o0,
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since uf e L2(Q; L?(0, T A ty; H*(R"))) for any s > n/2+ 1 (a proposition similar to Proposition 2.11
in multiplicative noise case) and uf — u e L>(Q; L*®(0, T Aty; H* (R"))) for any s’ < s (a proposition

similar to Proposition 3.2 in multiplicative noise case). [J

Let us now state the main theorem for incompressible, stochastic Euler equations with multiplicative
Lévy noise (see (4.1)-(4.2)).

Theorem 4.4. Let (2, F, %, P) be a given probability space. Let Ty be the stopping time defined by

Ty = tlgg{t : H Vu(t)HLDo + ”u(t)‘ = N}, (4.4)

Hs—!

and the noise coefficient satisfy Hypothesis 4.1. Let the Fy-measurable initial data uy € L?(2; H*(R")),

fors > n/2 4+ 1 be given. Then, there exists a local in time strong solution (a, T A ty) of the problem
(4.1)—(4.2) such that, forany T > 0

(1) the energy estimate

E[ sup Hu(t) }

0<t<T Aty

i[] < (14 2E[lugI ) e"* M7 < o0,

(ii) fora given0 < § < 1,
Plry > 8} > 1 — C8*{1 + 2E[luoll ]},

where C is a positive constant independent of u and 6,
(iii) w e L2(Q2; L>®(0, T A ty; HX(RM))),
(iv) the F;-adapted paths of (u, T A ty) are cadlag,
(v) the solution (u, T A ty) is pathwise unique,
(vi) there exists a unique maximal local strong solution (0, Too), Where Too = limy_ o0 T

Theorem 4.4 can be proved in the same way as of Theorem 3.11.
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