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I. COMMENTS ON POWER VS. CURRENT CURVES

In the single-mode regime, the intracavity intensity of the single-mode determines the
strength of the parametric interaction with the sidebands. Therefore, we would like to
calculate the intracavity intensity from the measured output power. We remain true to the

distributed loss approximation, for which the output power is given by
am(E?) Lwh
Py = 2l AL0R (1)
Ve
where oy, = In[1/(R1R»)]/(2L), the length, width, and height of the cavity are L, w, and
%

h, and the time-average intensity of the single-mode is (E?) = 2|&|*>. We are assuming a

uniform field intensity in the transverse dimensions, and therefore not worrying about the

transverse overlap factor. We can rearrange this equation for the intracavity intensity

~ 2d2T1T2 \/ [L()/EQ
&l = KPTVT|E|? = Py 2
ol KTl h2nego,, Lwh ! (2)

With this equation, we can convert the measured total output power of each laser into the
intracavity intensity, using our measured values of the refractive index n.g and the dephasing
time Ty, our best estimates for d and 77, and in the case of the HR/AR laser we have used
Ry =1, Ry = 0.01. The result is plotted in Fig. S1 as a function of .J/Jyy,, which is the same
as the inset in Fig. 1 of the main text.

The theoretical formula for the intracavity intensity is

. —1
&P =L —, 3
o = T 3)

where p = w,,/wy, is the pump parameter. We emphasize that p is not the same as J/Jy,.
The slope of |¢S'~0|2 vs. p is always between 2/3 and 1, depending on the diffusion parameter
vp. The reference line in Fig. S1 is drawn with a slope of one to indicate that each of the
1£0|? vs. J/Ju curves has a slope greater than one. Therefore, we conclude that .J/.Jy, must
underestimate p. One factor that contributes to this underestimation is the transparency
current Jyans: a fixed amount of current that must be delivered to the active region simply
to raise the inversion from a negative number to zero. To understand this simply, suppose
that the equilibrium inversion scales like weq ¢ J — Jirans, and that Jiyans remains a constant
number at threshold and above. Then the pump parameter p = w,,/wy, is expressed in

terms of J as
J - Jtrans

_— 4
Jth - Jtrans ( )

p:
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FIG. S1. The measured output power of each QCL (from both facets) is converted to the intracavity
intensity |£o|?, and plotted against .J/.Ji,. Each curve is color-coded to indicate the range over which
the laser operates in a single-mode, harmonic state, or dense state. Note that the quantity |<‘:’0|2
is only meaningful in the single-mode regime, because we are interested in the intensity of the

single-mode before the harmonic regime sets in. A line with a slope of one is drawn as a reference.

For example, suppose that for a laser with Jy, = 500 mA the harmonic state kicks in at
550 mA, or J/Jy, = 1.1. If the transparency current was Jians = 250 mA, (in other words,
half of the threshold current, which is reasonable for QCLs), then the pump parameter
at the harmonic state onset would be p = (550 — 250)/(500 — 250) = 1.2. Thus, J/Ju
underestimates p.

A more rigorous study is required to determine Ji.,5 for each laser, which can be done by
measuring many lasers of the same active region but different lengths. Once Ji ans is known,
the slope of ]50]2 vs. p should fall between 2/3 and 1 and in principle a value for vp can be

extracted, allowing one to quantify the amount of diffusion present.

II. HYSTERESIS OF IV CURVE

The IV curve of device DS-3.8 shown in Fig. S2 demonstrates a hysteresis. When starting
below threshold and increasing the current (red), the voltage of the laser decreases (negative
differential resistance) when the noisy harmonic state transitions to the dense state at 523

mA. (In the spectra shown in Fig. 3(c) of the manuscript, this transition occurs at 502 mA.
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FIG. S2. The IV curve of DS-3.8 exhibits a hysteresis as the current is increased (red) and decreased
(blue). The hysteresis is correlated with the transition from the noisy harmonic state to the dense

state.

The exact current at which the transition occurs is not identical from one experiment to
another, but occurs predictably within a range of about 20 mA.) Once the laser reaches the
dense state and the current is subsequently decreased (blue), the laser persist in the dense
state at currents below 523 mA. This is responsible for the hysteresis loop. For the same
current, the voltage is 4.8 mV smaller when in the dense state than in the noisy harmonic
state. At 494 mA, the dense state transitions to the noisy harmonic state, and the two

voltage curves overlap again.

The lower voltage of the dense state indicates a larger radiative photocurrent, which
implies that the output power of the laser is slightly larger in the dense state than in the
harmonic state, for the same current pumping. (While we could have measured the output
power to demonstrate this, the IV measurement is more sensitive.) Thus, the dense state is
more efficient at extracting photons from upper state electrons and is, in one sense, more
stable. Therefore, once the laser enters the dense state, it likes to remain there even as the

current is decreased.
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FIG. S3. The spectra of the three uncoated devices as the current is ramped up and as it is ramped

down. Of the six plots, only (e) and (f) were not included in the main text.



(a) TL-4.6:HR/AR: increasing current
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FIG. S4. The spectra of TL-4.6:HR/AR as the current is (a) ramped up and (b) ramped down.

Only plot (b) was not presented in the main text.

III. ADDITIONAL DATA ON SPECTRAL HYSTERESIS

In Fig. S3, the spectra of the three uncoated devices are plotted as the current is increased
starting from below threshold, and also as the current is decreased. For devices L1-9.8 and
TL-4.6, once the dense state is reached it persists as the current is decreased until the single-
mode state reappears. Device DS-3.8 also exhibits noisy harmonic states as the current is
decreased. For all three devices, it is true that the clean harmonic state never reappears

once the laser has reached the dense state.

In Fig. S4, the spectra of TL-4.6:HR/AR are plotted as the current is increased and then
decreased. As the current is decreased, the dense state persists until a noisy harmonic state
appears at 1.29.J;;,. Interestingly, in this device—unlike the uncoated ones—the clean harmonic
state with one pair of sidebands reappears at 885 mA, which is quite close to the instability
threshold of 880 mA found when the current is ramped upwards. The reappearance of the
harmonic state may also suggest that the sidebands are in the parametric enhancement
regime, in addition to the two pieces of evidence discussed in the main text; namely, the
large sideband spacing (46 FSR) and the large range of intracavity power over which the

harmonic state persists.



IV. THEORY: SINGLE-MODE SOLUTION

This section gives a more detailed derivation of the single-mode solution, including the
intracavity power as a function of pumping, and the population inversion as a function of

position and pumping.

For a two level system with upper state |a) and lower state |b), the material equations in

the non-rotating frame and the field equation are

dp, , d a
fl)tb = —iWpaPab — %E(t)w — % (5)
dw — —2id . Weqg — W 0*w
E - B E(t)(pab - pab) + T, + D 922 (6>
0’E 1 0°FE 0?
e 0 Nap L -,
622 CQ at2 d:uat2 (pab + pab) (7)

We emphasize that these equations are in the non-rotating frame, whereas the equations we
have used in the main text [1] were already in the rotating frame and the RWA had already
been applied. However, since we are here dealing with two counter-propagating waves, we

chose to more closely follow the approach in [2]. We make the following ansatzes:

1 . ,
E(z,t) = 7 [Er(z, t)e Wik g (2, t)e Witk 4 c.c.] (8)
pan(2,1) = m(z, )e "R gy (2, e ) (9)
w(z,t) = wpc(z,t) + wy(z, £)e* 4 wh(z, t)e M. (10)

(We use the subscript “DC” rather than “0” for the spatial average of the population inver-
sion, wpc, because the subscript 0 is used throughout the text to refer to the primary mode.
No such ambiguity occurs for the subscript “2.”) Plugging the ansatzes into the differen-

tial equations, and making the RWA as well as the slowly-varying envelope approximation
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(SVEA) yields the following equations:

dggz = 2_—\;/;(53101)0 + Epws) — (T% + ZA) MR (11)
dg} = ;—\j;(&;ch + Epws) — <Ti2 + ZA) m (12)
d?fj—lt)c = i_Z(anR + & —c.c.) + weq;—leC (13)
% = %(537% —&EMR) — %2 S L T (14)

where x = 2d/h, a = NwThd? \//T/e/ h is the Beer absorption coefficient of the material, and
A = wp, — w is the detuning of the field from the atomic resonance frequency. The loss term
/oy has been added to the field equation heuristically, and in this context it represents only
the waveguide loss.

We solve for the single-mode solution by setting the time-derivatives to zero and the
slowly-varying envelope functions to be constants. In doing so, we are now making the
distributed loss approximation because we are not allowing the fields to grow in space.
Thus, ¢y must now be taken to be the total loss, waveguide plus mirror loss. We take A =0
for simplicity, because the single-mode will lase very close to the peak of the gain spectrum.
We denote the steady-state field amplitudes by £z = £ = &y and find the LI curve

Eol* = % (17)
where vp = (1 + 4k*DTy)~ ! is the diffusion parameter. The steady-state population wg(z)

is given by
v p-—1 p—1

—— — Y= 2k . 18

wo(z) = wy, |1+

V. THEORY: POPULATION PULSATIONS

This section gives a more detailed derivation of the population pulsations, and demon-
strates how to include nonzero detuning A and GVD into the formalism.
We begin by imagining a small volume of dipoles subject to a spatially uniform FE-field

to develop an understanding of the non-linear effects caused by the Bloch dynamics. The

8



electric field is given by
E(t) = E(t)e™ + c.c. (19)

The Bloch equations in the rotating wave approximation are
1 K
7= | 1A — — —wé& 20
o (z T2> o+ 5 (20)

w=1ik(E0 —Ed") — W= Weq

- @
where o is the off-diagonal element of the density matrix in the rotating frame, w is the
population inversion (positive when inverted), A = wy, — w is the detuning between the
applied field and the resonant frequency of the two-level system, T} is the (longitudinal)
population relaxation time, Ty is the (transverse) dephasing time, k = 2d/h is the coupling
constant where d is the dipole matrix element (assumed to be real) and f is Planck’s constant,
and we, is the equilibrium population inversion in the absence of any electric field which is
determined by the pumping. (Note that these equations are identical to Eqs. 3.19(a)-(c)
in [1], except that we have allowed £ to be complex and left the off-diagonal component of
the density matrix in complex notation rather than writing o = (u + iv)/2.) With these

conventions, the macroscopic polarization P (dipole moment per volume) in a region with

a volume density of N dipoles is given by
P(t) = Ndoe™' + c.c. (22)

First, we consider the effect of a monochromatic field at frequency w, obtained from Eqgs.
20-21 by setting £(t) = & and all time derivatives to zero. The result is a steady-state
polarization oy and population inversion wy given by

ilﬁ?TQ

- e 23

70T o —iATy) (23)
Weq

W = e (24

L+ Gy
Note that the population inversion wy is saturated as the field strength &y increases: this is

responsible for saturable loss (when w,, < 0) and saturable gain (when w,, > 0).

A. Two-frequency operation

Next, we consider the E-field
E=E + E et (25)



which consists of the strong field &, at frequency w superposed with the much weaker field
&, detuned from w by dw. A polarization will of course be induced at w + dw. However, a
polarization at w — dw also results due to the beat note at dw which modulates the intensity:
the resulting modulation of the population inversion with time (i.e., a population pulsation)

leads to nonlinear frequency mixing. We express the full polarization as

P(t)= Y Pue'+cec (26)
m=—,0,+
where w; = w + dw and w_ = w — dw. We can solve for the polarization as done in [3],

keeping only terms to first order in the weak field £,, which gives

. 1€ _ g()
Po = C-awor AT, (27)
p. - 5 £ b ATEEE (28)
T e O T (A dw) Ty 00
P_ = i@woAfgogogi (29)
Wha,
where
At — —[1 4+ i(A + dw) o] (1 + idwTr/2)
! [1 = i(A = 6w)T)(1 +iAT) [(1 + i6wTi)[1 + i(A + 6w)T][1 — i(A — 6w)Ty] + (1 + idwTy)|Eol?
(30)
AF —(1 — idwTy/2)
(1 —iAD) [(1 — i0wT))[1 4 i(A — 6w)Ta][1 — i(A + 6w)Ty] + (1 — i6wTs)|E?
(31)

are the self-mixing and cross-mixing coupling coefficients, respectively. We consider the
dipoles to be embedded in a host medium of permittivity e and permeability pu. (We adopt
the convention of [4]: €, u and the speed of light ¢ = 1/,/ep always take their values in
the background host medium.) Many of the material properties of the two-level system are
lumped into the “Beer loss rate”

Nd?Towpacr/ 1] €
h )

a= (32)

which is related to the more familiar Beer absorption coefficient o (with units of inverse
length) that appears in Beers law of absorption by & = ac. (Note, however, that in our

expressions for the polarization due to the two-level system, all factors of € and u drop

10



out; that is, these expressions do not contain the polarization contributions due to the
background medium.) The central mode amplitude & has been normalized such that E:’O =
kv T1ToE. Note that Py is unaffected to first order in £,. The polarization P, comes from
two contributions. First, there is the linear contribution from the Lorentz oscillator which
&, would induce even in the absence of the strong field &. Second, there is a contribution
due to the PP which is described by the term AT. The term P_ is due solely to the PP and
is governed by AT. Note that the full polarization is directly proportional to the steady-
state population inversion wg; this will be important when we generalize our results to
standing-wave cavities, where wq varies with position.

Now that we have the polarization, we can calculate the gain seen by the sideband field.
We define the gain g (with dimension of frequency) of the sideband as the power density
generated at w + dw by the interaction of the field with the dipoles—considering only field
and polarization terms oscillating at w + dw—divided by the energy density of the exciting

sideband field, or

_wp,
g+ = 2€|5+|2 (33)
'i(x).,. (g+73j- - 517)+)
= 4
2e|E4 |2 (34

1. A=0

Here we consider the case of zero detuning, A = 0, which simplifies the mathematical
expressions considerably and is a prerequisite to understanding the case of non-zero detuning.
Under this simplified scenario, we denote the self-mixing coefficient AT by A, where
—(1+idwTy/2)

A= - )
[(1 FidwT) (1 + i6wTy)? + (1 + iéwT2)|50|2]

(35)

and it is simple to show that the cross-coupling coefficient AT is simply A*. The gain of the

sideband field is found to be

- 1 -
gL = Qg {W + R&%I(A)’gol :| . (36)

(We have used (w+dw)/wp, =~ 1.) Thus, the gain can be nicely divided up into a contribution
from the Lorentz oscillator and a contribution from the PP. All of this is proportional to

awy: @ gives you the gain of a weak field tuned to line-center in a perfectly inverted medium

11



(or alternatively, the loss seen by a weak field tuned to line-center in a material in its ground
state), and wy gives you the expectation value of finding an electron in the excited state
(equal to 1 when excited, -1 when in the ground state, and 0 at transparency). Note that

Real(A) can be positive or negative, which we will discuss shortly.

B. Three-frequency operation

Of course, the polarization created at w — dw will create a field at that frequency, which
is precisely why in the experiments we always observe the two sidebands appearing simul-
taneously. One sideband cannot exist in isolation when the mixing terms naturally couple

them together. Therefore, we need to consider the field
E=E +E et 4 £ et (37)

The polarization at each sideband frequency now contains a Lorentzian term, a self-mixing

term, and a cross-mixing term:

_ € o L a a s
Py = o awp [[1 “ (A — o)) +ATEEEL + A+80505] (38)
-5 = —&. & +& G o
P_ = Wbaaw() |:[1 _ Z(A i (SW)TQ] + A_gogog_ + A_gogog+:| (39)

where A” and A7 are obtained by making the substitution dw — —dw in the expressions for

AT and AT, respectively, given in Egs. 30-31 .

1. A=0

Let us again focus on the case A = 0, for which the polarization at each sideband

simplifies to

. 1€ _ 8+ s Ox c S ox
Pr= Wha o [[1 + i0wTs)] T Aol + Agogog_} 10)
1€ _ — * O O% xS O O
73_ — w—baawo {m + A 5[)50(9_ + A 50505+:| 3 (41>

where A is simply AT evaluated for A = 0. We see the nice property that when A = 0,
AT = A7 (= A), and AZ = AT (= A*); in other words, the self- and cross-mixing coupling

coeflicients are equal.

12



The gain g, of the positive sideband is

1 . £
G, = awy{ —————— + Real |A|E2 [ 1+ =2= : 42
" 0{1+<6wT2>2 ! ( |6o|26+)” "

and a similar expression holds for the minus sideband. This equation tells us that the PP
contribution to the gain depends on the phase and amplitude relationships of &, £€_, and
&, which is not too surprising because the amplitude of the PP itself is sensitive to these
parameters. Without loss of generality, we can take & to be real. If &, = £*, then the
two sidebands’ contributions to the beat note at dw add constructively, resulting in a field
whose amplitude modulation (AM) is twice the strength of a field with only one sideband.
If £, = —&*, then the two sidebands’ contributions to the beat note at dw destructively
cancel and there is no longer any amplitude modulation at frequency dw. We refer to such
a field as frequency-modulated (FM). We see from Eq. 42 that the AM sidebands therefore
experience a PP contribution to the gain that is twice as large as the single sideband case,
while the FM sidebands experiences only the background Lorentzian gain, consistent with
the fact that there is no PP in this case. We summarize this with the formula for the gain
g of each sideband for the case of equal-amplitude sidebands (|, | = |E_]),

2 ; AM

L Real(A)E)? . (43)

g=aw |————
g 0 1+ (dwTy)? 0 ; FM

Note that for a superposition of AM and FM, the gain due to the PP will fall between 0
and 2 times the factor Real(A)|&)?.

VI. THEORY: INSTABILITY THRESHOLD

This section gives a more detailed derivation of the instability threshold, combining the
populating grating and the population pulsations into.

When a continuous-wave (cw) laser is pumped at its lasing threshold, only a single
frequency of light—the one nearest the gain peak that also satisfies the roundtrip phase
condition—has sufficient gain to overcome the roundtrip loss and begins to lase. As the
pumping is increased, the single-mode solution yields to multimode operation; this is known
as the single-mode instability. Our goal is to determine 1) how hard to pump the laser to

reach the single-mode instability and 2) which new frequencies start lasing.

13



Consider a laser pumped above threshold that is lasing on a single-mode, which we
refer to as the primary or central mode. If another mode is to lase, it must be seeded by
a spontaneously generated photon at a different frequency. This photon will necessarily
create a beat note through its coexistence with the primary mode, resulting in a population
pulsation. The gain seen by the new frequency must therefore account for this parametric
gain in addition to the background Lorentzian gain. Furthermore, the PP couples the
sideband to the symmetrically detuned sideband frequency on the other side of the primary
mode, so we should in general assume the presence of both sidebands. Because the instability
threshold depends on the cavity geometry, we will consider a traveling-wave laser as well
as a standing-wave laser. In both cases, the strategy is the same. First, we solve for the
single-mode intensity & and the population inversion wy(z) as a function of the pumping,
entirely neglecting the sidebands. Knowing this, we can then calculate the sideband gain in
the presence of the primary mode.

We start with the wave equation

O’E 10°E o0*P

2 a2or FaE (44)

Following the approach used to calculate the optical parametric oscillation threshold in

optically pumped microresonators [5], we expand the field in terms of the cold cavity modes,
E(z,t)= > En(®)Tm(2)e™m + cc. (45)
m=—,0,+

The spatial modes obey the normalization condition

1 [t )
f/o dz [T ()2 = 1. (46)

When group velocity dispersion (GVD) is non-zero, the two modes w, and w_ will not be
equidistant from wy. We have also assumed that the spatial and temporal dependence of the
modes can be separated. This is a good approximation in the case of a laser, because we
know the intracavity field will be sharply resonant at the modes. The spatial variation of the
polarization can be described by making the substitution &,, — &, T,,(z) and wy — wo(2)

into the polarization Eqs. 38-39, which results in the polarization

P(z,t)= > Pulz.t)e™" +cc. (47)

m=—,0,+
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where

Po(2,t) = :—;awo(z) :[1 —f(fi(;fu)Tz] + AT ()| To(2) PY 4 (2)|EPEx + AT (2) Yo (2)2T" (2)e ™t E2 gi:
(15)
P(e0t) = Zoaun(s) | o s + A TP Y EPE + AT (Yol T (e ez .

(49)

We have introduced & = 2wy — wy — w_, the deviation of the cold cavity modes from equal
spacing. Note that the As now depend on 2z due to the term in their denominators dependent
on the primary mode amplitude. Because we no longer demand that the two sidebands have
the same detuning dw, AT and A* should, strictly speaking, be calculated using the detuning
dwy = wy — wp, while AZ and A should depend on dw_ = wy —w_. In practice, we can

ignore this difference in the As; the term ¢! captures the most important effect of GVD.

Plugging everything into the wave equation gives

; (d;’;m + u;—’z”Tm) Eemt — % > wmf—;nTmeiw”t = ,u; —w2 (P — Prnoss )€™

(50)
where the slowly-varying-envelope approximation allowed us to ignore second time deriva-
tives of &,, on the left-hand side, and first and second derivatives of &,, on the right-hand
side. The spatial modes Y,,(z) are chosen so that the first term on the LHS equals zero. The

loss of each mode has been added to the equation in the form of a polarization contribution;

we assume each mode has the same linear loss, which can be expressed

Protons(2:8) =~ 0T, (2)En(D). (51)

Wha

Equation 50 couples all of the modes &,,. We can project this equation onto each mode
by multiplying by Y,(z) and integrating over the length of the laser cavity, thus taking
advantage of the orthonormality of the spatial modes T1,,(2), and then equating terms which
oscillate at the same frequency (since terms with different frequencies will not affect the

time-averaged gain seen by a mode). The result is one equation for the central mode

: / a dz 2
&= ) + m/f wo(2)| To(2)[° | o, (52)
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one for the positive sideband

o le @ & dz z
] e KOl O]
~ dz
HEPE: [ F wiA o PIT- )
- . d
sggere [ @A ETEPT ETE], 63
and one for the negative sideband
Ll @ 2" N z
¢ =56+ 5 limarion | T e
~ d
HEPE [ F wiA@ITo( T ()
+5~'35j‘rem/% wo(2)AL(2)Lo(2)*T* (2)TE(2)] - (54)

These three equations will be used to understand the instability threshold. In general, one
must first apply the steady-state condition & = 0 to Eq. 52 which, together with the Bloch
equation relating the field to the inversion, will yield the amplitude of the primary mode &
along with the resulting population inversion wg(z), both as a function of the pumping we,.
This information is then used in Eqgs. 53-54 to determine the minimum level of pumping we,
at which a pair of sidebands with detuning dw experiences more gain than loss. This is the
instability threshold.

So far, we have kept Eqgs. 52-54 as general as possible to account for arbitrary spatial
profiles, GVD, and detuning A between the lasing mode and the peak of the gain spectrum.
From here on we will simplify the problem by taking @ = 0 (zero GVD) and A = 0, and

apply these conditions to the simplest possible traveling-wave and standing-wave cavities.

A. Traveling-wave cavity

For the traveling-wave laser, the spatial modes are
Too(z) = e m= (55)

so every point in the cavity sees the same intensity. At and above threshold, the population
inversion is everywhere saturated to the threshold inversion, so wy is independent of z. For

A = 0, the inversion is

Q1] e

(56)

Wy = Wy =
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and the intensity of the primary mode is given by
&> =p—1 (57)

where we have made use of the normalized primary mode amplitude & = rv/T112&, and p
is the pumping parameter defined as p = w,,/wy,. Because |(‘fo|2 is independent of z, all of
the As are independent of z. Furthermore, since both wy and the As are independent of z,
they can be pulled out of the spatial integrals in Eqs. 53-54. These integrals are then equal
to one, where we have used the zero GVD condition w = 0 in order for the cross-overlap

integral (the last integral in each equation) to equal one. The sideband equations become

[ awn[ & - .,
— A A *
&L 25+ + 5 [1 ol + A& "€+ + AEFET (58)
s g dwth E_ 1 & 12 * &2 Oox
E_ = 2€_+ 5 [1_2.5WT2+A |Eol?E- + N EFET (59)
which can be written in matrix form
E M. R E
'+ _ + Ly + (60)
E* R* M* E*
where
g AWy, 1 512
M, =M =—— A 1
+ - 2t 2 (1+i5wT2 + A& ) (61)
R, =R = O“;’thA|éo|2. (62)

(In the last step, we have finally taken the freedom to choose &, to be real, which we can do

at this point without loss of generality.)

At

Now, if we assume a solution of the form £, ~ e, we find the two solutions for A

1
A= [My + M2 & (M, — M2)2 4 4R Y], (63)

The net gain seen by each sideband is given by Real(2\) (the factor of two is for intensity
gain rather than amplitude gain), which includes the gain minus the loss. Subtracting off

the loss, the gain g seen by each sideband is

1 2 Real(A)|&|? ; AM

— (64)
14 (0wT3)? 0 ; FM
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FIG. S5. The sideband gain gaas// of a traveling-wave laser, given in Eq. 66, is plotted at various
pump strengths, for three different values of Z: 1, 10, and 100. The largest value of p in each plot

is equal to the instability threshold given in Eq. 69.

where the two solutions correspond to AM and FM sideband configurations. Finally, we
recognize that the gain is pinned at threshold, so awy, = £, and we write down the sideband

gain normalized to the loss

g_ 1 AP
7 TH Gany TRl iG]

2 ; AM

. (65)
0 : FM

When the gain g exceeds the loss £, the weak sideband amplitudes experience exponential
growth, therefore the single-mode solution becomes unstable. Note that the Lorentzian term
is always less than 1. This is a direct result of uniform gain clamping in the traveling-
wave laser, which clamps the net gain of the mode at the peak of the Lorentzian to zero,
and therefore any mode detuned from the peak will see slightly more loss than gain. FM
sidebands therefore never become unstable because they only see the Lorentzian gain. On
the other hand, AM sidebands induce a PP and with it a coherent gain term, which can
provide enough extra gain on top of the Lorentzian background to allow the sidebands to

lase,

gam 1

7 1+ (0wTy)? +2 Real(A)[&/* (66)

To get a feel for the sideband gain, we have plotted gaas/¢ in Fig. S5 at various pump
strengths p for Z = 1, 10, and 100, where Z = T;/T,. Graphically, we see that at large

enough p sidebands will become unstable. Analytically, it is a simple matter to calculate
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how hard to pump the laser p before the sidebands appear, starting from Eq. 66. We start

by replacing |E|> with p — 1, and note that this substitution must also be made in A,

which implicitly varies with |5~0|2. Then, setting gaas/¢ equal to one, we can solve a simple

quadratic formula for dw?,

Finally, we must apply some physical reasoning: as p is increased past 1, the sideband gain
increases. Right at the moment when the instability threshold is reached, dw? must take
on a single value. Thus, we set the radical in Eq. 67 to zero and solve for p. After solving

another simple quadratic equation, we find that

3 3 1

How do we choose between the plus and minus sign? By plugging this expression for p back
into Eq. 67, it is simple to check that only the plus sign yields real-valued solutions for dw.

Thus, we have found the instability threshold, which we denote prycH,

3 3 1
PrRNGH =9+ - T \/ toz Ton (69)

because it is the well-known instability threshold found by Risken and Nummedal (see Eq.
3.10 in [6]) and Graham and Haken (see Eq. 7.35 in [7]). Plugging this value of p into Eq.
67 yields the value of dw of the sidebands when the instability sets in

4 6 3 1
(5WRNGHT2>2 = ? + E <1 + \/1 + ﬁ + ﬁ) . (70)

One thing to notice is that in the limit Z > 1 (transverse relaxation must faster than

longitudinal relaxation), the instability threshold prngy — 9 from above and dwryauTs —

V12/Z.

B. Standing-Wave Cavity

As before, we restrict ourselves to the case A = 0 and w = 0. We will see that calculations
for the standing-wave cavity are significantly more complicated than for the traveling-wave

cavity. The spatial variation of the primary mode causes the inversion wy and the coupling
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A to both depend on z, which makes the integrals more difficult to compute. For this reason,

|2, which allows us to

we treat the problem to first order in the primary mode intensity |<‘:’0
compute the integrals analytically. However, the theory can be extended to higher order at
will, or the integrals can always be computed numerically.

For the standing-wave laser with perfectly reflecting end mirrors, the spatial profile of

each mode is given by

Th(2) = V2 cos(kmz). (71)

The spatial modulation of the intensity is responsible for the spatial modulation of the
population inversion wy(z), though mitigated somewhat by carrier diffusion. We calculated
wp(z) in Sec. IV of the supplementary information. The result is

o p—1 p—1

wo(z) = wy, |1+ —

TR P os(2k2) | 72
2 1+ p/2 7D1+VD/2COS< 02) (72)

to first order in |£y|?, where wy, = /@, and yp = (1+4k2DTy)" is the diffusion parameter.
The spatial variation of the inversion has important consequences. For one, it reduces the

power of the laser, which is given by

. —1
|50|2: p

T (73)

Secondly, the gain is no longer uniformly clamped by the primary lasing mode, which will

allow new modes to lase even in the absence of PPs.

The spatial variation of the primary lasing mode also causes A to vary with position. In

keeping with our approximations, we can expand A to zeroth order in |€y|? because in our

equations A always multiplies |£y|?, so the final result is first order in |£|?. We define the

zeroth order expansion of A to be

(1 idwTh) (1 + i6wTy)?’

X

where the symbol x® was chosen to emphasize that this term now plays the role of a

third-order nonlinear coefficient.

We start with the sideband Eqs. 53-54, replace wo(z) with Eq. 18, A(z) with x®), and

keep only terms to first order in |£y|?. The resulting equation for the growth of the positive
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sideband is

- l awy, |1+ VTD\gOP
Cr= b T | T o
(3)(6 12 dz 2 2
+XNElE [ [To(2)P|T+(2)]
(3) o2 o dz 2k *
+XWEFET T To(2)" YT (2)Y(2)], (75)
and a similar equation can be written down for £&.. We define the longitudinal overlap
integrals
" dz 2 2
Laar = [ FIToPIT )P =1 (76)
0
Lz
e = / EAX( P () TH(=) = 12 (77)
0

The implication is that the self-mixing interaction of a sideband with itself, mediated by
the primary mode intensity, is twice as large as the cross-mixing interaction of one sideband
generating gain for the other sideband, again mediated by the primary mode intensity. This
is true only for the cosine-shaped modes that we have assumed, and the overlap integrals
will change when the longitudinal spatial profile changes, as when the non-unity reflectivity

of the facets is taken into account. The sideband Eqs. 53-54 become

. f_ QWyp, -1+w|go|2 ~ ~

E. =—-€ 2 Er 4 Lot PNEPEL + Toposs YD E2E* 78

T 5 ++ 5 1+ iswD A+ Tearx™ o764 + Xehe (78)
E_ QWyp, -1+7_D|5‘~0|2 — * ~

E =—-€& 2 E 4 Doty P ENPE. + Topes X E2E 79
76T 1 —iswT, + Dsarx™ &0l 7€ + X ol | (79)

which we express as

E M. R &
'+ _ + + + (80)

E* R M* E*

where
Z QWep 1+ 'Y_D|50|2 o
M, =M = 2 Larx® (& 81
+= M=t <l+z’5wT2 + Laairx ™|l (81)
. aw 5

R+ =R = i (Fcrossx(3)|€0|2)' (82)

As we did for the traveling-wave laser, the sideband gain is easily calculated from these two

coupled first-order differential equations. Normalizing the gain to the total loss, we find

;. AM

’

;FM'

g 1+ ,YTD’(?()F N & Lself + Devoss =
2= 27 4 Real[yP&E]?- 83
AT eal[x"]|Eo] (83)

NI—= NwW

Fself - 1—Wcross =
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There are two things to notice here. As the laser pumping is increased, the term ~vp|&|?/2
grows, and consequently the gain is not clamped at the threshold value. This is due to spatial
hole burning, or more precisely, the imperfect overlap of the standing-wave modes together
with a finite amount of carrier diffusion. We view this background gain as a Lorentzian-
shape whose amplitude increases with the pumping, and is therefore fully capable of pulling
the sidebands above threshold, without any additional PP contribution to the gain.
Secondly, the PP contribution to the gain never vanishes. Even when the sidebands are
phased such that an FM waveform is emitted from the laser, there is still a PP within the
laser cavity. The reason for this is the imperfect overlap of the two sidebands’ spatial modes,
which means that at any given position within the cavity, the plus and minus sideband are
likely to have different amplitudes. Therefore, even if the two sidebands are phased such
that their contributions to the beat note at dw destructively interfere with each other, the
destruction is not perfect. The amplitude of the PP varies with position in the cavity, and
in locations where the two sideband amplitudes are equal the PP will not exist, but the
spatially averaged effect of the FM PP yields the factor of 1/2 in Eq. 83. By the same
token, sidebands phased for AM will not fully constructively interfere, yielding a factor of
3/2 for the PP contribution to the gain rather than the factor 2, as it would be for the

traveling-wave laser.

VII. NUMERICALLY CALCULATING THE INSTABILITY THRESHOLD

In this section, we demonstrate the predictions of the theory for the three uncoated lasers,
and compare the results with the measurements.

Because the theory assumes end mirrors with unity reflectivity, we can only expect Eq.
83 to apply reasonably well to the uncoated QCLs. For each device, vp is calculated using
the theoretical value of Ty, (calculated from the bandstructure) and the diffusion constant
D = 77 cm?/s [8], giving 7p = 0.4 (DS-3.8), 0.49 (TL-4.6), and 0.93 (LL-9.8). For these
large values of vp, the incoherent gain increases rapidly with the pumping, and we find from
Eq. 83 that the FM instability will have a lower threshold than the AM instability, regardless
of the value of T}. The gain recovery time 73 of each QCL is not as easily calculable as T,
because it depends on a few other time constants of the active region, such as the escape time

of the electron from one injector region to the next active region. Therefore, we treat T} as a
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FIG. S6. Numerical solutions of the instability threshold obtained by setting the gain g in Eq. 83
equal to the loss #, yielding both (a) the sideband separation dwgT» and (b) the pumping py,. The
experimentally measured values of dwg,T» are compared to the theory to infer T /7%, which also

gives the theoretical prediction for the instability threshold pgp.

variable and calculate the instability threshold pg, and sideband spacing dwy, as a function of
Ty. The resulting curves are shown in Fig. S6. By comparing the curves with the measured
values of dwgp,, we can deduce the values 77 = 1.83 ps (DS-3.8), 1.15 ps (TL-4.6), and 0.91
ps (LL-9.8). For these values of T7, the theory predicts an instability threshold of py, = 1.02
(DS-3.8), 1.09 (TL-4.6), and 1.04 (LL-9.8). It is encouraging that these fitted values of T}
are close to the accepted value of the QCL gain recovery time, which has been shown by

pump-probe experiments [9, 10] and theory [11] to be around 2 ps. However, the predicted
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Psb 18 significantly lower than the measured values Jg,/Jy, = 1.12 (DS-3.8), 1.17 (TL-4.6),
and 1.14 (LL-9.8), and the discrepancy is made worse by the fact that J/.Jy, is likely an

underestimate of p (see the discussion in Sec. I of the supplement). The fact that the theory

underestimates the instability threshold is perhaps not surprising, as we have only made

sure that one of the two necessary conditions for sideband oscillation is satisfied (gain, not

phase). We hope that future work which accounts for the detuning A, the detuning between

the lasing mode and the cold cavity mode it occupies, and GVD can accurately predict the

instability threshold, which would be a milestone in the understanding of lasers, and also

yield a novel laser characterization method of lifetimes and diffusion rates by comparing

measured values of pgy, and dwg, to an established theory.

1]

2]

[10]

[11]

L. Allen and J. Eberly, Optical Resonance and Two-Level Atoms (Dover Publications, New
York, 1987).

A. Gordon, C. Wang, L. Diehl, F. Kértner, A. Belyanin, D. Bour, S. Corzine, G. Hofler,
H. Liu, H. Schneider, T. Maier, M. Troccoli, J. Faist, and F. Capasso, Phys. Rev. A 77,
053804 (2008).

R. W. Boyd, Nonlinear Optics, 2nd ed. (Academic Press, San Diego, 2003).

A. Siegman, Lasers (University Science Books, Sausalito, 1986) pp. 473-89.

Y. K. Chembo and N. Yu, Phys. Rev. A 82, 033801 (2010).

H. Risken and K. Nummedal, J. Appl. Phys. 39, 4662 (1968).

R. Graham and H. Haken, Zeitschrift fur Phys. 213, 420 (1968).

J. Faist, Quantum Cascade Lasers, 1st ed. (Oxford University Press, Oxford, 2013).

H. Choi, L. Diehl, Z.-K. Wu, M. Giovannini, J. Faist, F. Capasso, and T. Norris, Phys. Rev.
Lett. 100, 167401 (2008).

H. Choi, L. Diehl, Z.-K. Wu, M. Giovannini, J. Faist, F. Capasso, and T. B. Norris, IEEE J.
Quantum Electron. 45, 307 (2009).

M. A. Talukder, J. Appl. Phys. 109, 033104 (2011).

24



