
PROCEEDINGS of the SECOND 
BERKELEY SYMPOSIUM ON 
MATHEMATICAL STATISTICS 

AND PROBABILITY 

Held at the Statistical Laboratory 
Department of Mathematics 

University of California 
Ju/,y 31-August 12, 1950 

EDITEDBYJERZYNEYMAN 

UNIVERSITY OF CALIFORNIA PRESS 

BERKELEY AND LOS ANGELES 

1951 



UNIVERSl'lY 01' CALIPORNIA PRESS 

BERKELEY AND LOS ANGELES 

CALD!'ORNIA 

+ 

CAJmlUDGE UNIVERSITY PRESS 

LONDON, ENGLAND 

COPYUGBT, 10511 BY 

TOE JlEOENtS 01' TBE VNIVBJtSnY 01' CALllOllNIA 

Papen in this volume prepared under contra.ct of the Of6ce of 
Naval Raearch may be reproduced in whole or in part for any 

purpose of the United States Government 

(l_...a.. ~' c:.;c,:.. . .,_Q" ~ 

GD'! 

PRIHTED IN TBE UHlT&D STATES 01' AmlCA 



HYDRODYNAMICAL DESCRIPTION OF
STELLAR MOTIONS

L. G. HENYEY
UNIVERSITY OF CALIFORNIA

1. Introduction

In the study of the structure of our galaxy and of the stars contained in it one
encounters the problem of the space and velocity distributions of stars belonging
to various sets. Of greatest theoretical interest are those investigations which deal
with sets whose members are selected on the basis of such intrinsic attributes as
luminosity or spectral characteristics. The general concern is with the properties
of a function

'k(X,Y,Z;x,,; t)
giving the number of stars, at time t, in the neighborhood of point x, y, z and veloc-
ity x, y, i, reckoned per unit volume and per unit range of velocities, which belong
to a particular set. The function Jt can and does depend on the set criteria.

Here we are not directly concerned with the methods that have been used to de-
termine the nature of such distributions from statistical treatments of observed
characteristics. It is sufficient to point out that our present knowledge is largely
confined to the neighborhood of the sun and has been derived only after involved
discussions of the effects of observational and sampling errors. Moreover the time
interval over which observations have been made is so brief as to be hopelessly
inadequate for revealing any significant changes.

In this paper we shall be concerned with the dynamical theory used in the study
of the function 4' and, particularly, with the specific methods that this theory may
employ. We consider first a brief summary of the main kinematical features that
observations reveal, secondly a statement of the basic theoretical formulation of
the problems to be considered, thirdly an account of methods that have been
utilized, and finally a proposed modification in the mode of attack on the basic
problem. This final section uses a representation of the statistics of stellar motions
in what is substantially a hydrodynamical scheme.

Before&proceeding with these points we must note that the problems encountered
in the study of our galaxy are paralleled by similar problems for other galaxies.
While the observational techniques are different, the theoretical problems are
similar. Moreover, facts discovered for these objects bear directly on the study and
interpretation of our own system.

2. Summary of kinematical characteristics
The general form of the function 4*(x, y, z; x, y, z; t) implies the possibility of

defining, for each point in space and time, an average velocity. Let

(1) n =fff (x, y, z; z; t) dxdy'dz
44I



442 SECOND BERKELEY SYMPOSIUM: HENYEY

be the number of stars per unit volume. Then the averages U, V, W, are defined
by the typical expression
(2) nU= fJ Jf J d dpdi.

O co _co

That the observed velocities of stars in the solar neighborhood permit of the evalu-
ation of such an average is an important verification of the whole concept of a dis-
tribution function. The velocity with components U, V, W we shall term the local
velocity centroid.

It is convenient to refer all the velocities of the stars under consideration to this
centroid. Let
(3) x= U+u, y=V+v, Z= W+w.

The velocity (u, v, w) defined in this fashion for a star is known as its peculiar mo-
tion with respect to the local centroid.

As an example we may consider the sun's peculiar motion. Since in the first
instance we measure motions with respect to a coordinate system in which the sun
is at rest, the sun's peculiar motion is simply the reflex of the centroid motion in
the coordinate system.

It is convenient to investigate the statistical nature of stellar motions in terms
of peculiar motions. Accordingly we define a new function p giving the distribu-
tion in this scheme:

(4) P (-Ty ,7z;u,v,)=,W ,(xT,y, z; U+ u, V+v,W+w;t.
The observational results may now be summarized in terms of facts (a) about
U, V, W and (b) about-the distribution of u, v, w.

(a) Observed stellar motions are not sufficiently extensive to provide the means
for mapping U, V, W over the entire galaxy but they are sufficient to reveal first
order trends in the solar neighborhood. If AU, AV, AW are components of the
centroidal motion at a point, not too far from the sun, as referred to the local
centroid, then we have
(5) AU d Ax + -U y+ a z

with similar expressions for the other two components. Here Ax, Ay, Az are the
displacements of the point in question from the sun. We do not consider second
order terms because the observations do not provide any definite information
about them.
An analysis of stellar motions reveals that the pattern of these differential effects

has a very special form. The results are compatible with, and in fact suggest, the
notion that the stars are moving with a rotational motion about the center of the
galaxy with the rotational speed decreasing outward. If certain other data are used
to implement these results, we may summarize in numerical form as follows:

Linear speed of rotation ................. 275 km/sec,
Gradient in rotational speed ............. 0.005 km/sec/parsec',
Distance of sun from center .......... ... . 9000 parsecs.

1 A parsec is the distance at which the semimajor axis of the earth's orbit around the sun sub-
tends one second of arc ( 3.1 X 1013 km).
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(b) The nature of the function (p, giving the distribution of stellar peculiar ve-
locities, may be studied observationally only for the immediate neighborhood of
the sun. This ranges from a few hundred to a few thousand parsecs depending on
the class of objects considered.

In a general way the velocities exhibit a high degree of randomness with, how-
ever, some preference for a particular direction in space. A number of analytic
representations have been proposed for the frequency function. Of these the most
satisfactory appears to be that of a generalized three dimensional normal distribu-
tion. For this case the function defined by (4) assumes the following form:

(6)' (p = n (DetQ)l/2 _ Q/2

where Q is a quadratic function of the variables u, v, w. For numerical purposes it
is preferable to consider the inverse quadratic form Q-1 which gives the mobility in
various directions directly. It is represented by an ellipsoid whose semiaxes are
the standard deviations of the velocities from the centroid.

Since the numerical results depend on the classes of stars that may be con-
sidered, any summary that we may consider here must necessarily be limited to
such as gives the main features only. It is found that the axis of greatest mobility
has a direction falling in the galactic plane and pointing nearly in the direction of
the galactic center, deviating only by about 15 degrees. It is believed that this de-
viation is probably real and not a result of random or systematic errors. The devia-
tion is in the sense that stars moving in toward the center tend slightly to prefer
peculiar motions in the sense of the galactic rotation rather than the reverse. The
standard deviation in this direction has an approximate value of 24 km/sec. The
other two axes are nearly equal although most recent investigations attempt to dis-
tinguish between them. While, as a result of the near equality, the directions are
somewhat indeterminate it may be said that the statistical results are not in-
compatible with the picture of one axis in the galactic plane and one perpendicular
to it. The deviations are around 15 km/sec with the one in the galactic plane,
possibly larger by one or two kilometers per second.
To the extent that the law given by (6) may be extrapolated to other regions of

the galaxy and into the past and future, the parameters entering it must be func-
tions of position and time.

The closeness with which the law represents the observations may be considered
as satisfactory to the extent that we may interpret the deviations from it as arising
from the relative smallness of each of the samples used in its study. This belief is
probably justified for the majority of the stars, namely those possessing peculiar
velocities not excessively large. On the other hand the law fails for the stars of high
velocity in that they display a pronounced asymmetry amounting to a complete
avoidance of one hemisphere of directions at the very highest speeds. A qualitative
interpretation of this phenomenon is apparent as soon as one notes that the avoided
directions are precisely those that would add numerically to the speed of galactic
rotation. Hence with respect to the galaxy as a whole the speeds would be very
large and, above a certain level, would exceed the critical speed for escape from the
system. Stars possessing such velocities could only have come from outside or have
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attained their status through a close encounter with another object. The remote-
ness of either possibility provides the explanation of the avoidance.

In the other case, namely that in which the peculiar velocity numerically sub-
tracts from the speed of galactic rotation, we have stars that are in reality slow
moving. These must have come from the region of the galactic center and are pre-
sumably destined to fall back into that neighborhood. One of the chief sources of
interest in these objects is the indication that they possess physical characteristics,
probably basically connected with their chemical composition, distinguishing them
from stars of low peculiar velocities. These facts make their study much more sig-
nificant than their relatively low numerical frequency in the solar vicinity might
seem to indicate. Some investigators have suggested that their motions should be
represented statistically by considering that they constitute a separate stream and
that a significant point of view is to regard the function ,6 as consisting of two
separable parts: one for stars of ordinary velocities and one for these objects. All
this is in the spirit of Baade's suggestion of the existence of two distinct types of
stellar population in our galaxy. Recent results have tended to minimize the com-
plete distinctness of the two extremes, providing some evidence of a more or less
continuous transition between them.

3. The dynamical problem
The dynamical study of the structure and motions of our galaxy, and of other

similar systems, proceeds mainly with a consideration of the limitations imposed
by general dynamical laws on the statistical scheme used in the representation of
the significant features suggested by observations. One of its primary tasks is to
identify the nature of the forces acting and to clarify their main characteristics.

Existing evidence indicates that the nature of the forces is basically gravita-
tional. The source of the force modifying the motion of a single star is to be found
in the gravitational fields contributed by the other stars and by the interstellar gas
and dust permeating large parts of many galactic systems. In the main, the effects
produced by most of this matter can be regarded as those arising from a smoothed
distribution of matter, since the precise disposition of a star out of 101" is of little
consequence. An exception must be noted for the chance encounters of stars in
which a close approach may contribute, at least cumulatively, to a significant
alteration in the state of motion of the individuals. Actually these effects are of
negligible importance. Various ways of representing this fact are available. The
time of relaxation for the observed density of stars near the sun is of the order
of 1014 years while the period of rotation is of the order of 108 years. Moreover
the life of the galaxy is thought to be something like 3 X 109 years. The mean
free path of a star is a very large multiple (- several thousand) of the diameter
of the system [1].

As a consequence of the primary importance of the smoothed gravitational field
we may regard the force acting on a star as being given by a general potential field,
depending possibly on time. The components of the forces derived from this we
shall represent by (X, Y, Z), all functions of x, y, z and t. It may then be shown
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[1] that the function 4' is subject to the condition:

(7) + x + a +X ++ Y +Z d
at ax ay az 0±t ag

This expression differs from the Maxwell-Boltzmann equation of gas kinetic theory
in the absence of the collisional term.

To complete the basic requirements of the theory we must next include Pois-
son's equation or its equivalent to provide the basis for computing the force. This
requires a knowledge of the distribution of stellar masses and of the density of in-
terstellar matter. This latter in turn requires a suitable dynamic theory of inter-
stellar matter. Since the properties of interstellar matter are only partially under-
stood at present, the complete theory is yet to be formulated. In the present paper
we shall confine our attention to a discussion of (7).

4. Theoretical methods
We consider here one important type of solution of (7), which has been studied

in various forms and degrees of generality or rigor since the early part of the present
century. We present it in its most general form, indicate important deductions
from it in special cases, and finally discuss its deficiencies.

Observations of stellar motions indicate that the distribution of stellar motions
is nearly normal in the vicinity of the sun at least. This fact suggests that we should
inquire concerning the general conditions under which (7) admits of a solution of
such a type. In effect we are regarding (7) as an equation for determining the po-
tential function. As has been pointed out [1], after substituting the appropriate
partial derivatives of the potential for the components of the force we obtain a first
order linear nonhomogeneous equation for the potential.
An alternative, but equivalent, approach to the problem can be presented. The

differential equations of the characteristics of (7), regarded as an equation for 4,
are precisely the equations of motion of a star in the force field given by X, Y, Z.
Hence 4, must be a first integral of these equations of motion, or, more generally,
any function of 4' must be such a first integral. For example, 2 log 4, is an integral.
In this case it is readily seen that we are demanding that the motion admit of a
first integral which is a second degree polynomial in the velocities. The integral
may contain linear terms and a term independent of the velocities, in addition to
the quadratic ones. The most general formulation of the problem requires the de-
termination of the conditions on the potential such that the motions admit of a
quadratic first integral. It should be noted that if either, or both, of the integrals
of energy and angular momentum exist then a solution can readily be constructed
from them. However, it would be too special and we desire more general ones.

It is not our present intention to consider the details of the subsidiary condi-
tions to which the general formulation leads. For these, reference should be made
to Chandrasekhar's monograph [1]. The most general form of the problem has not
been completely solved although some phases of it have. With additional assump-
tions concerning either the integral or the geometrical symmetry of the potential
even more progress has been possible, with complete solutions achieved for special
cases.
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Two important applications of special aspects of the problem have been made
to galactic structure. The first of these deals with the observed ratio of the axes
of the ellipsoid which fall in the galactic plane, while the second provides a basis
for studying the density of matter in the galaxy from the distribution of velocities
in the direction perpendicular to the galactic plane.

Under certain conditions, particularly involving the assumption of axial sym-
metry for the potential function, it is found that the ratio of the axes mentioned
must be equal to a quantity computed from the local characteristics of the galactic
rotation. If r is the distance from the galactic center and 0 is the linear speed of
rotation, it turns out that the ratio squared is given by

(8) 2 (r dd + 1)
Using the observed values, one obtains a reasonably good check. However, one
difficulty remains. An observed characteristic is the slight tilt of the long axis with
respect to the direction to the galactic center. The theory can explain this provided
a gradual expansion of the galaxy is admissible, and requires that a slow systematic
recession of stars from the sun, in amount linear with distance, be present. There
is, at present, no clear verification of this requirement. Admittedly the observa-
tional result is also open to some doubt.

The second application is based on the supposition that the motions perpendicu-
lar to the galactic plane are governed chiefly by the local concentration of matter
in the system. Under the assumption that these velocities have a normal distribu-
tion Oort [2] has been able to demonstrate a connection with the density and uses
the theory to get a numerical estimate of the latter. Recently [3] the assumption of
normality has been criticized and some evidence for the existence of preferential
perpendicular velocities has been presented.

The desirability of a complete exploration of the theoretical problem discussed
in the preceding paragraphs is, no doubt, apparent. Nevertheless certain criticisms
of the whole approach must be made on the basis of its inherent inadequacy as a
physical theory.

In the first place it must be noted that its strict adherence to a normal distribu-
tion does not enable it to cope with the problem of the so called high velocity stars.
There is good reason to believe that these objects represent a basically important
aspect of the galactic system and that their consideration is decisive to a profound
study of galactic structure.

From a theoretical point of view one must note the implausibility of the supposi-
tion that the complex phenomena represented by the behavior of interstellar mat-
ter, and the determination of the gravitational field by the actual distribution of
matter, conveniently adjust themselves to lead to just the right force field for pre-
cisely maintaining an exact normal distribution of velocities. It does not appear un-
reasonable to expect that even slight deviations from such ideal conditions may
be in the essence of the over all behavior of the galaxy. The very least that one
may ask is: why do we have a nearly normal distribution of velocities in the solar
vicinity?

In view of these remarks the desirability for some extension in the theoretical
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mode of treating the statistical representation of stellar motions becomes apparent.
We examine one possibility here and propose its further consideration in the study
of galactic structure.

Statistical investigations of distributions of various types often revolve around
a consideration of the various moments that are defined by the properties investi-
gated. One uses the moments to describe the implied distribution function, at least
in an approximate way. A natural basis for the treatment of equation (7) is, there-
fore, through the limitations it imposes on the various moments for velocity as
defined by the distribution function 4t. Such an approach provides a convenient
method for developing an approximate theory in which any required deviation
for normalness may be handled. In particular we wish to allow for some skewness
but to neglect excess. The method may be extended to include coefficients of ex-
cess, with, however, considerable increase in complexity.

Negligible excess may be expressed numerically as the vanishing of the fourth
order semi-invariants. It appears desirable, therefore, to transform equation (7)
into one involving the logarithm of the characteristic function.

Let T(x, y, z; t; {, r, t) be defined by the expression:

(9) T = logJJfetx+e+ Y+rz# (x, y, z; x, y, z; t) d±dyd .

It may be shown, formally, that equation (7) implies that T must satisfy the dif-
ferential equation:
(10) + / 02' O+TT 0,XO

at lox cl ax

where the summation is carried simultaneously over all corresponding pairs of the
variables x, y, z and t, -q, r respectively.
We consider next the expansion of T into a series in powers of (, i,, P. It assumes

the following form:

( 1 1) T =log n + EU, (,+ E b,+ 6 ECa > e +***X
y#~~~~~j,I

where ,u, v and o- run over the set x, y, z or the set i, r7, t. The presence of log n is
necessitated by the fact that ,V, regarded as representing a distribution in the
velocities conditional to definite values of x, y, z and t, is not a frequency function
but contains n as an added factor. The first order terms contain the components of
the velocity centroid. The quantities b,,, and c,.v are the second and third order
moments respectively. The terms not explicitly shown are of order five and higher,
in accordance with our supposition that the excesses are negligible.

The series may now be substituted into (10) and corresponding powers of {, r,
and r isolated. This operation leads finally to the following set of expressions:

(12) t+ (n U) = O

(13) , +-

(14) U!+ab+b7 a-x-+b7U_-+1& [ncy J=O,
at clx7 ax, ax, n ax, /
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(15)
ac

+ ( U,7 -+ b, d + bvr a-X + b O7aXb
at
r

clx clx, Oa, OU, OM
+ C,-T dXU. + C,.' dXU + CWTr IX#=l °

It is apparent that (12) and (13) represent the equations of continuity and of
motion respectively, in a hydrodynamical sense. The tensor (nb,,v) represents the
general stress. Equations (14) and (15) serve to determine the behavior of the re-
maining variables. The first three are rigorous while the last lacks terms involving
the coefficients of excess.

These formulae constitute a generalization of the scheme defined by the require-
ment of a normal velocity distribution. This may appear intuitively obvious but
may be verified by substituting c,,.V = 0. The resultant expressions may then, after
suitable transformation, be proved equivalent to the equations expressing the re-
quirement of normalness in conjunction with the fundamental equation (7).

While a close parallel appears here with hydrodynamical concepts, too much
emphasis on this point may be misleading. The relatively long mean free path of
a star in the galaxy is indicative of the basic difference to be expected. Nevertheless
some quasihydrodynamic phenomena may be expected to play a role. In a funda-
mental way the content of expression (14) and (15) is completely analogous to the
concepts underlying the gas kinetic theories of viscosity, heat conduction, etc.
There is here also considerable similarity to recent developments in the theory of
turbulence, which involve consideration of moments.

It remains to consider a program for the study of these differential equations
and their application to the problem of galactic structure. Probably the initial
efforts should be directed to a study of systems possessing axial symmetry with
primary attention to the case of a steady state, that is, no dependence on time.
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