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1. Introduction

Let a: [0, 0) x R*w 8, and b: [0, 00) x R? w R? be bounded continuous
functions, where S; denotes the class of symmetric, nonnegative definite d x d
matrices. From a and b form the operator

2 d

0
+ ,-=Z1 bi(t, x) pr.

(1.1) L =

DO | e

x; 0x;

d

Y al(t, x) 3
ij=1 i0%;
A strong maximal principle for the operator (0/0t) + L, is a statement of the
form: “for each open ¥ < [0, c0) x R? and each (ty, xo) € 4 there is a set
G(ty, o) & ¥ with the property that (3f/0t) + L,f = 0 on 9(ty, x,) and
f(to, o) = SUPg(, xo) f(E, ) imply f = f(to, xo) on F(ty, x,).” Of course, in
order for a strong maximum principle to be very interesting it must describe the
set 9 (g, xo). Further, it should be possible to show that %(¢,, x,) is maximal.
That is, one wants to know that if (¢;, x;) € ¥ — %(t, o), then there is an f
satisfying (0f/0t) + L,f = 0 on ¥4 (perhaps in a generalized sense) such that
f(tO’ xO) = sup f(t’ :L‘), a'ndf(tl’ xl) < f(to, xo)-

In the case when a(t, x) is positive definite for all (¢, ), L. Nirenberg [6] has
shown that ¢(¢,, x,) can be taken as the closure in % of the set of (¢;, x,) € ¥ N
([to, ©) x R?) such that there exists a continuous map @: [¢,, ¢; ] » R? with
the properties that ¢ (o) = xo, P(t,) = x, and (¢, ¢(t)) € ¥ for all t € (¢, ¢,).
We will give a probabilistic proof of the Nirenberg maximum principle in
Section 3. Moreover, we will also prove there that Nirenberg’s % (ty, o) is
maximal in the desired sense.

If a is only nonnegative definite, the problem of finding a suitable maximum
principle is more difficult. Results in this direction have been proved by J.-M.
Bony [1] and C. D. Hill [3]. Both of these authors employ a modification
of the technique originally introduced by E. Hopf for elliptic operators and
later adapted by Nirenberg for parabolic ones. The major drawback to Bony’s
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work is his restrictive assumptions on the coefficients of L,. As we will point out
later, our own approach has not removed all his restrictions.

Before going into the details, we will conclude this section with an outline of
our method. Suppose P, , is a probability measure on C([¢,, ), R?) with the
properties that P, . (x(¢y) = xo) = 1 and

t
(1.2) J;o (a—au + Lu>f(u, x(u)) du
is a martingale for all fe Cg([to, ) x R?) (here and in what follows C§ (S)
denotes the space of infinitely differentiable functions having compact support
in 8). Given an open ¥ < [0, o) x RY let © = inf {t = o: (to, (})) ¢ ¥}.
Then it is easy to see that f(t A T, 2(t A 7)) is a submartingale if f € C}>*(¥) and
(0f/0t) + L, 2 0. (We use C;°2(S) to denote the class of bounded f having one

bounded continuous ¢ derivative and two bounded continuous x derivatives on
S.) Hence,

(1.3) flto, xo) < EPoxo[f(t A T, 2(t A T))].

In particular, if f(tg, o) = supg f(¢, ), then f(¢,, 1) = f(to, xo) at all (¢, x,)
for which there exists a path ¢ esupp (%, ,,) such that ¢(¢;) = x; and
(¢, #(t)) € & for t € [¢o, t;]. Thus, for example, if

(14) SUPP (Prg,5,) = {6 € O([0, ), RY): $(t) = o},

then (0/0t) + L, satisfies the Nirenberg maximum principle. What we are going
to do is study the measure P, , and try to describe its support.

0, X0

2. Background material

In this section, we discuss diffusions from the point of view introduced in
[9]. Our notation throughout is the same as it was in that paper. Namely,
Q = ¢([0, ), RY),
(2.1) xz(t, ) = x,(w) is the position of w at time ¢,
M= Bz, s Sust], M=Blx,uZs]
In order to discuss the weak convergence of measures on {Q, .#°), we will
sometimes think of a measure on {Q, .#°) as defined on C([s, ), R%). A useful

criterion for the relative compactness of a set I' of probability measures P on
{Q, #*) is the following:

(2.2) lim sup P(|z(s)| = R) = 0,
Pell

R-

(2.3) sup EP[|a(ty) — x(t))|*] £ Cr(t; — 1)), sS4, £, =T, T>0.
Per’

A proof of this fact may be found in [7].
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A function 7 on [s, 00) X Q into a measurable space is said to be s nonanti-
cipating if n is By, ) X A* measurable and #(t) is #; measurable for each ¢ 2 s.
If P is a probability measure on {Q, #°), then 1 is a P martingale if n is complex
valued, s nonanticipating, and

(2.4) EP[n(t,)| #;] = n(t,)  as.P

for s £ tl < tz
Let a: [0, 00) x R?w 8, and b: [0, 0) x R*-w» R? be bounded and measur-
able. Define

d
al(t, ) + Y, bi(t, x).

1 i=1

DO | =
™=

(2.5) L =
LJ
A probability measure P on {Q, .#*) is said to solve the martingale problem for
L, starting at (to, xo) if P(x(te) = o) = 1 and f(x(t)) — ft, L,f(x(x)) du is a P
martingale for all f € C(R?). In [9] it was shown that if @ is continuous and
a(t, x) is positive definite for all (¢, ), then there is exactly one solution P, , to
the martingale problem for L, starting at (¢, x). Moreover, we proved there that
the family {P, ,: (¢, ) € [0, o0) x R%} forms a strong Feller, strong Markov
process. The purpose of the present section is to extend this result to the case
when a and b are smooth in x and a(¢, x) is only nonnegative definite. The idea is
to reduce the martingale problem to a stochastic differential equation which can
be solved by the techniques introduced by K. It6 in [4]. For purposes of easy
reference, we state here the following theorem, whose proof may be found
in [10].
THEOREM 2.1. Leta: [t,, 00) x Q w Syandb: [ty, ©) x Q w R?bebounded
to nonanticipating functions and define

2

d a d
(2.6) DIRCl g L

N)ln-—-

i

Suppose «: [ty, 0) x Qw R? is a continuous (in time) t, nonanticipating
function and that P is a probability measure on {Q, M*). Then the following are
equivalent :
(i) f(a(t)) fto Luf(x(x)) du is a P martingale for all f € CF (R?);

(i) f(¢, a(t ) — i, [(0/0u) + L,] f(u, o(u)) du is a P martingale
Jor all fe C32([to, ) x RY);

(iii) exp {<0, a(t) — a(to) — [}, b(w) dud — % [i, <6, a(u) 0) du} is a P mar-
tingale for all 0 € R°.
Moreover, zf P satisfies one of these and if &(t) — j‘ b(u) du, then di(t) stochastic
integrals [i, {B(u), dd(u)) can be defined when the integrand 0: [t,, c©) X Q w»
Riis t, nonannczpatmg and satisfies

v
s

(2.7) E“’Ut {O(u), a(u)8(u)> du] < o, t
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The process [;, <0(u), da(u)) is a continuous P martingale ; and if {6(u), a(u)0(x))
is bounded, then

t 1 L
(2.8) exp {J {O(w), da(u)) — EJ {B(u), a(w)f(u)) du}

is a P martingale. Finally, for f € C4>2([to. 00) x R?), one has

(2.9) f(t, a(®)) = flto, a(to)) = f (Vo f(u, a(w)), d&(u))

+ ,E, (;% + L,,) Slu, a(u)) du

where V, f(t, @) = [(2f /021) (4, 2), - -, (3f /00) (1, %))

In [9], we showed that if the a in Theorem 2.1 is uniformly positive definite,
then B(t) = [}, a~*/?(u) dé(u) is a P Brownian motion (that is, P(B(,) = 0) = 1
and exp {<0, B(t)> — %|0]*(t — t,)} is a P martingale for all 6 € R?), where a'/?
is the positive definite, symmetric square root of a. Hence,

(2.10) alt) — afly) = f‘ a'?(u) dP(u) + ﬁ "bu)du as. P

for some P Brownian motion . We will now extend this result to nonnegative
definite a. As we will see, this entails enlarging the sample space.

THEOREM 2.2. Let a, b, and o be as in Theorem 2.1 and suppose P is a prob-
ability measure of {Q, M'°) satisfying one of the conditions (i), (ii), or (iii) of that
theorem. Assume o [ty, 0) x Q w R? x R? is t, nonanticipating and satisfies
a(u) = o(u)o*(u). Then there is an extension P of P to (Q x Q, M* x M*) and

Brownian motion B such that

2.11) a(t) — alty) = f' o(u) d(u) + J" bu)du as.P.
to to
Proor. It suffices to treat the case when ¢ = a!/2 Indeed, if @ = o6* and

U = (a + &eI)"%q, then U, » U, as ¢ 0, where U, is an orthogonal trans-
formation such that a'’> = U,a. Hence, if

2.12) a(t) — ofty) = f' al(u) dBu) + f' bu)du as. P,
then
2.13) a(t) — ally) = f’ o(u) dfu) + f’ bu)du as. P,

where B (t) = {1, U(w) dB(u) is again a P Brownian motion.
To prove the assertion when ¢ = a'/2, defined(u) = llmcm a'?(u)(a(u) + 81)
Then d(u)a'’?(u) = a'/?(u)d(u) = Eg(u), where Eg(u) is the orthogonal projec-
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tion onto the range of a(u). Let B(¢) be a W Brownian motion on {Q, .#*) and
define P = P x W. Then, by Theorem 2.1,

t t
(2.14) ﬂ(t) = f a(u) da(u) + f Ey(u) dB(u)
to to
is a P Brownian motion, where Ey(u) = I — Eg(u). Moreover,

@15) [ awdbw = [ Baw diw + [ a'?@Ey) db(w)

= L:ERW)d&wx

and

4

(2.16) E"[ at) — aty) — j Eg(u) dé(u)

’ 2
- ]
= EPIZ Jt tr (B y(w)a(u)Ey(u)) du] =0,

where tr means trace. Q.E.D.

Theorem 2.2 is the multidimensional analogue of Theorem 5.3 in J. L. Doob’s
book [2].

TueEoREM 2.3. Let a: [0, 00) x R*w S, and b: [0, 0) x R? w» R* be bounded
measurable functions. Assume that there is a bounded measurable c: [0, 00) x R?
w S, such that a = 66* and

|

ft Ey(u) da(u)

0

(2.17) sup  ([la(t, @) = o(t, y)|| + [b(t, x) = b(t, y)|)
0Zt<T,|x|+|yI SR
< C(T, B)|x — y|
for all T, R > 0. Then for each (t,, x,) there is exactly one solution P,  , to the

martingale problem for

1 & o? d 0
2. = - J ; —
(2.18) L, 2“2:1 a'l(t, x) Fr. + ,-=z1 bi(t, ) o

Zj

starting at (to, o). Moreover, the family {P, .,: (to, o) € [0, ) x R*} forms
a Feller continuous, strong Markov process.

Proor. We will only prove the first assertion, since the second one follows
by standard methods used in [9]. Moreover, we will restrict ourselves to the
case when C(7T, R) is independent of 7 and R, because the general case can then

be handled by the techniques employed in Theorem 5.6 of [9].
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To prove existence, let f be a W Brownian motion on {Q, .#*)>. Define
Eo(t) = x4 and

@19)  &prlt) = o + [ olw &) aBw) + [ blu. &) du

Following H. P. McKean [5], it is easy to show that
(2.20) W( sup |[&,(t) — &) > &) >0

toSt=<T

for all T > ¢,, where

(2.21) Et) = x4 + j;t o(u, &(u)) dB(u) + f u, &(u))

Letting P be the distribution of £(¢) (that is, P is defined on {Q, .#") by
(2.22) P(x(ty)ely, -, x(t,)el,) = W) ey, -, Et,) €T,),

and using Theorem 2.1, one sees that P solves the martingale problem for L,
starting at (¢y, o).

Turning to uniqueness, suppose that P is a solution. Choose P and f(t) as in
Theorem 2.2. Using the technique of the preceding paragraph, we can find &, (¢)
such that

223) Gl =20 + [ a"u &) dBw) + [ blu &ylw) du.

and &,(t) — x(¢) in probability uniformly on finite intervals. Because the distri-
bution of each £,(¢) is uniquely determined, P is unique. Q.E.D.

We next state another theorem for reference purposes. Its proof can be found
in [9].

THEOREM 2.4 (Cameron-Martin). Let B(t) be a W Brownian motion on
{Q, M) and suppose c: [ty, 00) x Q w R* is bounded and t, nonanticipating.
Then

t 1 t
(2.24) R(t) = exp {j {c(u), dB(u)> — Ej |le(u)|? du}

is a W martingale. In particular, there is a unique probability measure ¢ on
{Q, M) such that
deQ

(225) d——W = R(t) on .//I:O, t

v

to.

Moreover, B(t) = — f,o u) du is a Brownian motion.
COROLLARY 2. l Leta b, L,, and o be asin Theorem 2.3, and let c: [0, c0) x R
w R* be bounded and measurable. Suppose P, xo 18 the solution to the martingale

problem for L, starting at (y, x,), and choose Pro xo O0d B(¢) as in Theorem 2.2 so
that
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t t
(2.28) x(t) =z + J:O o(u, z(u)) df(u) + J:o b(u, x(u))du  as. T,

to, X0 "
Define
t 1 t
(2.27) R(t) = EPtoxo |:exp {[ (c(u,x(u)),dﬂ(u)) - 5_[ |c(u)|2 du} /{"0}
to to
and determine @, .. by the relations
tho X0 t
Vi, Xo _ (\ >
(2.28) aP, .. R(t) on MH,°, t =t

Then @, ., is the only solution to the martingale problem for
2

4 0
Z=: toc)a ax+2b+oc),(tx)———

i=1 i

I|

l\:il'—

(2.29)

starting at (to, xo). Moreover, the family {Q, .: (t, x) € [0, ) x R*} forms a
strong Markov process which is Feller continuous when c is continuous in x.

Remark 2.1. Ifa: [0, o0) x R? w 8, is bounded and measurable, then

(2.30) sup  |la'3(t, x) — a''?(¢, y)| £ C(T, R)|x — y|,

tsT,ix|+IyI=R

if a(t, x) is twice continuous differentiable in  and

2
a
2.31 max su
®31 151554 1Tl byisR | 02,0,
This fact is proved by R. S. Philips and L. Sarason [8].
ReMARK 2.2. Unfortunately there is no nice criterionona: [0, 00) x RYw S,
which guarantees the existence of a smooth ¢: [0, 00) x R? w» R? ® R? such

that @ = go*. Nonetheless, we will often assume in what follows that L, can be
written in the form

¢, 2)|| £ C(T, RB).

(2.32) L, = $6*V, - 0*V, + b-V,,
where
a 0
. *V. . c* .
(2.33) o*V, - 6*V, = ,2; %, < ax)

(Here, and in what follows, repeated indices are summed.) Notice that (2.32)
can be written as

_1 d 0% 1 d

2, 6.70 =1
where a = g6* and the vector ¢'c is defined by

(2.35) (0'6); = aia’.
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(We have used here, and will continue to use, the notation f,, to stand for
0f/0x,.) What specific assumptions are made about the smoothness ¢ will depend
on our immediate needs. But in any case, it will be necessary to assume that ¢
is once differentiable in x in order to even define 6*V, - 6*V,.

3. The nondegenerate case S

Throughout this section a: [0, c©) x R? w 8, will be bounded, continuous,
positive definite valued function and b: [0, ) x R*-w R will be bounded and
measurable. We will use P, . to denote the unique solution to the martingale
problem for

1 d 52 d
3.1 - i, bi(t, x) —
G- T2, 2.-_: z) Ox;0x; * ,-;l i(t ) Ox;
starting at (o, xo), and P2 . will denote the unique solution for
1 d 0?
2 L =- it,
32) T2, g %) Ox;0x;

starting at (¢y, o). Our aim is to prove that

(33) Supp (Ro,xo) = Q(tO’ xo):

where Q(,, o) is the set of w € Q such that x(ty, W) = z,.

Before proceeding, we make two simplifying observations. First, since P,  ,,
and P . are equivalent (that is, mutually absolutely continuous) on 4,° for
all t = ¢, it suffices to work with P,O x- Second, by an obvious transformation,
we can always assume that t, = 0 and £, = 0. Thus, what we need to show is

that
(3.4) supp (Py) = Qo,

where Py, = P§ o and Q, = Q(0, 0).

Lemma 3.1.  Let ¢: [0, 00) w R? be once continuously differentiable such that
$(0) = 0. Then for all T > 0 and ¢ > 0, Po(||z(t) — ¢(t)|? < &) > 0, where
|- | denotes the sup norm on the interval [s, T].

ProoF. Let Y(t) = yyo, n(t)d)(t) and define @, by

400

(3.5) 2P,

= R(t) = exp {L o™ Hu, z(w)), ¥ (u) dx(u))

- %J W), a™ (u, (w), Y @) du}
0

on A2, t = 0. Then QO is the unique solution to the martingale problem for
2

a d
6x,~0x + Y wi(®)

i =1 i

(3.6) — Z at(¢, x)
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starting at (0, 0). In particular, there is a Q, Brownian motion f(t) such that
(3.7) &(t) = f; a'*(u, 2(u)) dB(u),

where Z(t) = x(t) — ﬂ, V(u)du = x(t) — ¢(t A T). Hence, by Theorem 1 in
[ll] Qo(|z@)||% < €) > 0 for all & > 0. Since @, and P, are equivalent on
M2, this implies Py (||lx(t) — ¢(¢)|F < ¢) > 0 foralle > 0. Q.E.D.

Using Lemma 3.1, we see that supp(P,) contains all differentiable paths
which start at 0. Because these are dense in Q, equation (3.4) is now proved.
We have therefore proved the following theorem.

Tueorem 3.1. If P, ., is the solution to the martingale problem for L,
starting at (1o, xy), then equation (3.3) holds.

As we saw in Section 1, equation (3.3) implies Nirenberg’s strong maximum
principle. In fact, it implies more. Let % be an open set in [0, c0) x R? and let
(to, o) € 4. Define K (Lo, o, ¥) to be the set of f: ¥ w RU {— o0} which
are upper semicontinuous, bounded above, and have the property that
f(t A 1, z(t A 7)) isa P, ., submartingale, that is,

(3.8)  f(t; A T, x(t; A 7)) S EPoxo[f(t, A T, x(t; A T))|AS,.],
to St S 8y,

where t = inf {t 2 t4: (¢, z(¢)) ¢ ¥}. Note that 5] (ty, xo, ¥) is closed under
nonincreasing limits, multiplication by nonnegative constants, and maximums
(that is, if f,, f2 € H#L (Lo, To, 9), then so is f; v f,). Next define (¢, ;) to be
the closure in ¥ of the set of (¢;, ;) € 4 N ([t, 00) X R?) such that x5 = P(t,)
and x; = ¢(t,) for some ¢ € C([to, t,], R?) satisfying (¢, §(t)) € G, t € [, ¢,].
Observe that if fe C3'%(%) and ((8/0t) + L,)f 2 0 on %(ty, =), then fe
Hr, (ty, xo). Finally, define

(3.9) HL (%) = ﬂ KL (to, X, F).

TrEorREM 3.2. If fe [ (L, xo, 9) and f(ty, xo) = sup f(L, x), then f =
flto, o) on G(ty, xo). Moreover, if (ty, x,})€G — F(ty, o), then there is an
fe Hy (9) such that f(t,, x,) = sup f(t, x) and f(¢1, ;) < f(to, Xo)

Proor. The first assertion follows from the argument given in Section 1.
To prove the second assertion, let (¢,,x,) €% — F(ty, xo). If t; < to, take
flt,x) =t A ty. If t; = ¢y, choose an open neighborhood N of (¢, x;) such
that N = ¢ and Nn%(ly, xo) = ¢. Let he Cg(N) such that —1 < h <0
and k(¢;, x;) = —1. Define

(3.10) ft, x) = EP‘-"[J‘“ e "h(u, x(x)) du],
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where 1, = inf {u = ¢: (4, z()) ¢ ¥}. Since {P, ,: (£, x) € [0, 00) x R%} is strongly
Feller continuous, f is continuous. Moreover,

(3.11) EP<[f(t A 15, x(t A T)))]
= EP""[x,ij‘" e"‘h(u, x(u)) du] = f(s, x),
¢
for (s, x) € 9 and't = s; and therefore
(3.12) EP<[f(ty A t5, (b2 A T,))| A5 00, ]
= EPurmxtins [ ft, A 1, (8 A T,))]
2 f(ty A T3, (8 A TY))

fors < t; < ¢,. This proves that f € #,_ (9). Clearly, f < 0, f(to, o) = 0, and
f(t, 2y) < 0. QE.D.

REMARK 3.1. It is important to know in what sense #_(¥) is an extension
of the class of f € C}'%(%) satisfying (0f/0t) + L,f = 0 on %. Using the estimates
obtained in [9], one can show that #;, (%) contains the class of f € W)**(¥) (see
[9] for the definition of W) satisfying (9f/dt) + L,f = 0 whenp > (d + 2)/2.
To give a complete analytic description of 7, (¥), consider the transition
function P(t, (s, x), - ) defined by

(3.13) B(t, (s, ), A x T) = ya(s + )P, (x(s + t) A 1,)€T)
for A € o,y and T € B[F], where 7, = inf {t 2 s: (¢, z(¢)) ¢ 4}. It is easy to

see that

3.14)  P(t; + ¢, (s, x),") = f: fg B(ty, (s, x), du x dy)B(t,, (u, y), ).

Thus, we can define a Markov semigroup {f‘,},go on #(%) by setting

(3.15) T.f(s, x) = fow J; B(t, (s, ), du x dy)f(u, y).

Furthermore, {TA’,}@O is the only Markov semigroup having the property that

(3.16)  Tf(s,2) — fls,2) = f (Tu[xg : (§§ + Luf)]) (4, z) du
0

for all f € C}*(%). Finally, #7, (%) coincides with the class of f on & such that
f is bounded above and 7, f(s, z) | f(s, ) for (s, x) € 4. When L, = 1A itis
easy to see that H#7_ (%) is just the class of subparabolic functions on ¥.

4. The degenerate case, part I

Let 6: [0, c0) x R* w» R? ® R*and b: [0, o0) x R? w R? be bounded measur-
able functions. In this section, we will assume that b and the first spatial
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derivatives of ¢ are uniformly Lipschitz continuous in x. From ¢ and b, we
form the operator

(4.1) L, =L6*V -0*V, +b-V,.

by the prescription given in Remark 2.2. Under the above assumptions, we
know from Theorem 2.3 that there is exactly one solution P, , to the martin-
gale problem for L, starting at (¢4, o). The purpose of this section is to prove
that

(4.2) supp (Fyg,x) E Zo.p(to- o),

to, X0

where &, ,(to, xo) is the class of ¢ € C([0, ), R?) for which there exists a
piecewise constant ¥/ : [¢o, c0) # R“ such that

(4.3) (b)) = 2y + f u) du + f u, P(u)) = t.

Clearly, it suffices to treat the case when t, = 0 and x, = 0.
Let B(t) be a W Brownian motion on {Q, .#°). Given n = 0, define ¢, =
[2n/2"), ¢ = ([2"] + 1)/2" and

(4.4) B () = 2"(B(t,) — Blty).

Next, let £™(t) be the stochastic process determined by the ordinary integral
equation

(4.5) £ty = f ol €7@)A" ) du + [ blu, E7w)

and denote by P, the distribution of ™(¢). Clearly, supp (£,) S ¥,.,(0, 0) for
all n = 0. Hence, if we show that P, tends weakly to Py o as » — oo, then it will

follow that supp (Pp o) & F%.5(0,0). Thus, we must prove that P, = P, .
Results of this sort are familiar in various branches of applied mathematics
when d = 1 (see E. Wong and M. Zakai [12]). However, to the best of our
knowledge, the proof which follows is the first complete one for d > 1.

The procedure which we will use consists of two steps. The first of these is to
prove that {P,},>, is relatively weakly compact. Once this is done, we will then
show that every convergent subsequence of {P,},5, converges to a solution of
the martingale problem for L, starting at (0, 0). For convenience in writing, we
will use the following notation:

(4.6) oty = fo o(u, E(u))B™ () du,

(4.7) am(t) = a(t, é‘"’<[22—",,t]>>3‘"’(t),
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(4.8) (a'a)l(t, x) = (i a“(t, x)) o’ (t, x),
Ox;

k ke
(4.9) AP = ﬁ( 2+ 1) - ﬁ(2n

LeEmMaA 4.1. The set {P,},», is relatively weakly compact.
Proor. It suffices to prove that

4.10)  sup EP[|x(t) — x(s)|*] £ Crlt; — 5%, O

I\

st

IIA

T, T>0.

To do this, first observe that
(4.11) EPn|a(t) — x(s)|*

é S(EWH”(VI)(“ — n(n)(s)|4] + EW[

J" b(u, EM(u)) du

)
Hence, it suffices to examine

(4.12) E"[|n"™ () — 1" (s)|*].

But

4.13) ") — n™s)

= f‘ a™(u) du + f' du f“ dv(a'c)"% (u, EN (1)) (v) B (v),

and

t 4 t 4
(4.14) E"’[ j o™ (u) du ] = E"’[ ja(u, E™ (u,))B™ (u) du ]

tn 4
= E'W[ f o™ (u) df(u) ] < Oyt -9,

where "
(4.15) o) = 2° [ " oo, €7w) v
Finally,

t u 4
(4.16) EW[ f duj dv(a’e)"’ (u, E7(2))BP (v) P (v) }

< (t - s)ﬁf?“’“t du

271 k+1/2n Lk \4
S0t -8 ) 28"J du(u - 2—> E¥[|AP|®]

k=[2"s] k/2m

f" dv(0'0)" (u, £ (v)) B (0) B (v)

Un

|

< Cy(t — ).
Q.E.D.
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We now have to show that if P is the limit of a convergent subsequence of
{P,}, then

t

(4.17) EP[F-(f(x(t)) — flx(s)))] = E’P|:FJ‘ L,,f(x(u))du:|

S

forall fe CF(R?,0 < s < ¢, and bounded .#° measurable F: Q w R. Clearly,
it will suffice to do this when s and ¢ have the form k/2¥ and F is continuous as
well as bounded and .#2 measurable. For the sake of convenience, we will use
{P,}»>1 to denote the subsequence which converges to P. Observe that

(4.18)  EP[F-(flx(t) — flz(s)))]
= EP"[F- f (V, flz(w)), b(u, x(w))) du]

+ EW[F- f (T F(E™(w), 2 () du]

+ Ew[ﬁ" fwxf(é‘"’(u)), 7" () — a®(u) du]

=17 + 1P + IP.

Obviously, I - EP[F- | (V. f(x(w)), b(u, x(u))> du]. Before examining the
limiting behavior of the other two terms, we need the following simple lemma.
Lemma 4.2. If ¢ and Y are bounded measurable functions on [s, t], then

t u 1 t
(4.19) Q"J dud)(u)f doy(v) — ij () (u) du.
Proor. Let y,(u) = 2" [4 W(v)dv. Then {y,},», is obviously relatively
compact in the weak topology on L!([s, ¢]) induced by L™([s, ¢]). Hence, it

suffices to prove the result when ¢ is continuous. Next observe that

(4.20) 2n f: dud(u) f dop(v) = 2"£ dup(u) f dvd(v).

u

Thus, by the argument just used, we may assume that both ¢ and  are con-
tinuous. But the result is obvious for continuous ¢ and ¥, and so we are done.
Q.E.D.

LemMa 4.3.  Let L) = 3(66*)Y(¢, x)(0%/0x;0x;). Then

(4.21) - EP[F-Jt Lgf(x(u))du].

s

Proor. We will use H(x) to denote the Hessian matrix of f. Note that
(4.22) EY o™ (u)| A,,] = 0,

and therefore
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423) I = E"'[F* j‘ VL f(EP W) — Vo f(E (), a""(u)>du]
= EW[F- J " du f ’ dvl{fi™(v), H(ﬁ‘"’(i}))d‘"’(%b]
+ E"’[F- j ' duj dv(b(v, E™()), H(é‘"’(v))a‘"’(u»]

= I + JP.

Clearly, |J$"| — 0 and

4.24) J® = EW[F . f du J’ ) dv{a™(v), H(E™(v)o™ (u)) ]

+ E"’[F : J " du f dv f dw{(a'0)"’ (v, E™(w))BP AP,

H[é(”’(v)]a‘")(u»]
=JP +JP.
Again, it is obvious that |J§ — 0 and that

4.25) JP = E”’[F-f du f dv{a™(v), H(é‘”)(u,,))a(”’(u)):l

+ EW[F : ft du J‘u dv{a™(v), (H(EM(w)) — H(é""(u,,)))oc‘"’(u))]
=JP + IO,

Since |J&| — 0, it remains to examine J{". Clearly,

(4.26) JP = EW[2”F . f‘ du J‘u dv tr [o*(v, E™(v,))H (™ (u,))o(u, C‘”)(u,,))]]

Un

= EP"|:2"F . '[t du J‘u dv tr [o* (v, x(v,))H (x (u,))] 6 (u, x(u,,))].

Hence, by Lemma 4.2 and the fact that P, = P, we have that

(4.27) JP - %EPIZF- j‘ tr [o*(u, v(u))H (x(u))o(x, z(u))] du:|.
Q.E.D.
LeMMA 44. Let (6'0);(t, x) = (a'a)“( x). Then

x
(4.28) P - —EPI: V. flx®)), (0'0)(u, x(u)) du].
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Proor. Note that

(429) IP = E'W[F ' J du r dv V. f(E¥(w)), (00"} (u, f‘"’(v))ﬁz(v)ﬁw(v):l

= EW[F- J V(€ w), (00) (SN ) (w — 1) du]

s

+ E"'[F- J t du j ’ dv V, f(E™(u,)),
[(ea"Y (u, &™) — (60') (u, E™(w,))] B, (v)B, (v)]
+ EW[F~ j du j AoV f(E™(u)) — V. f(E™(u)),

(6'0) (u, E™(v))B,(v)B, <v)>]
=JM + TP + TP

Clearly, |J$’| and |J%| tend to zero. Moreover,

(4.30) JM = E""[F- J t (Vo flx(wy), (007) (u, 2(u,))) ( — u,) du]

t
N %EP[F-J V. f(x (), (60")(u, z(u)) du].
Q.E.D. ’
THEOREM 4.1. Let P, be the distribution of the process £™(t) defined in (4.5).
Then P, converges weakly to Py o as n — co. In particular, equation (4.2) is valid
Sfor all (ty, x¢).
CoroLLARY 4.1. Ifc: [0, ©) x R? w Ris bounded and measurable, then for

each (ty, xo) the unique solution Py, , to the martingale problem for

(4.31) L = $6*V,. - 6*V, + (b + 0c)* V,
starting at (ty, x,) satisfies
(432) Supp (I)ti),xo) = yﬂ,b(t03 xO)'

%o and P, . are equivalent on .#;°
for all ¢t 2 t,. Hence, supp (P ,,) = supp (P, ). @-E.D.
REMARK 4.1. Let a;: [0, ©) x R w 8;,i = 1,2, and b: [0, ) x R*w R?
be bounded measurable functions which are uniformly Lipschitz continuous in
x. Define &, ,(to, o) to be the class of ¢ € C([0, ), R?) for which there exists

a piecewise constant ¥ : [0, 00) x R? w R? such that

Proor. According to Corollary 2.1, P

(4.33) o) = x4 + J:: a;(u, o(u))W(u) du + J:) b(u, P(u)) du, t =t
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Then Range (a,(¢, x)) = Range (a,(t, z)), (¢, ) € [to, ) x R, implies

(434) gyal,b(to’ x()) g yaz,b(t0> xO)‘

REMARK 4.2. Suppose a: [0, 00) x R? w S, satisfies the conditions stated
in Remark 2.1. Then for each (¢y, x,) there is exactly one solution P, , to the
martingale problem for L, = 1V, - (aV,) + b-V,, where

4.35 V~V—ii”ti
( . ) x (a x) —i,j=1axi a(3x)axj

and b: [0, ©) x R*w R? is bounded, measurable, and uniformly Lipschitz
continuous in s. Moreover, if a!/2(t, x) possesses first spatial derivatives which
are uniformly Lipschitz continuous in «, then L, can be written in the form

(4.36) L, =3%a'?V - a'?V, + (b + a'?c)- V,;
and therefore

(4.37) Supp (P x) S Far,p(to: o).

By Remark 4.1, %,112,4(to, o) = Zup(to, %o), and so we have
(4.38) supp (B, x,) & Za,p(to, To)-

Using a localization procedure, it is possible to prove (4.38) under the
assumptions on a stated in Remark 2.1, without any further conditions on
a'’?,

REMARK 4.3. Supposeo: [0, ) x R? w R? x R%and b: [0, o) x R*w R*
are bounded infinitely differentiable functions. Define vector fields

d
(4.39) X, = a¥(t, x)—a-, 157/ <4,
i=1 ox;
and
a 0
4. Y = (L, ) —.
(4.40) X bilt. o) 5
Then
d
(4.41) Lo*V, 0*V, +b-V, =% ) X} +7.
‘=1

Using the techniques of Bony [1], one can show that &, ,(¢o, o) contains all
¢ € C([0, ), R*) such that

(4.42) b(t) = zo + J:) Z(u, d(w)) du + f; Y(u, d(w)) du, t > 4,

where Z is an element of the Lie algebra £ (X, - - -, X,;) generated by X, - - -, X,;.

In particular, if £ (X, --, X,) has rank d at every point, then &, ,(¢o, Zo)
coincides with the set of ¢ € C([0, 00), R?) such that ¢(t;) = .
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5. The degenerate case, part II

Throughout this section &: [0, c0) x R w» R* ® R? will satisfy ¢”e
Cy*([0, 0) x RY), 1 <4,j <d, and b: [0, ) x R? w R* will be a bounded
measurable function which is uniformly Lipschitz continuous in x. For each
(to, o), P, 5, Will denote the unique solution to the martingale problem for
L, = 16*V,.-6*V, + b-V,, starting at (¢y, o). Our aim is to prove that

(51) Supp( to, xo) = yn,b(tO’ .270),

where &, ,(to. xo) is defined as in Section 4. In view of Theorem 4.1, equation
(5.1) will be proved once we have shown that forall 7 > t,, & > 0, and ¢ in a
dense subset of &, ,(to, x,),

(5.2) Pzt — o2 <e) >0
and x, = 0.

Using Theorem 2.2, one sees that the desired result is equivalent to proving
that, for a dense set of ¢ € &, ,(0, 0),

(5.3) W(n@) — @)y < &) >0, T>0,¢>0,
where
(5.4) n(t) = f; o(u, n(w)) dfu) + f; blu, n(u))du  as. W,

B(t) being a W Brownian motion and & standing for b + }¢’c (see equation
(2.35) for the definition of a’a). Actually, what we will show is more; namely,
we will prove that if Y € C?([0, o0) x R?), (0) = 0, and

(5.5) o(t) = x4 + f u) du + f b(u, Pp(u)) du

then, foralle > 0 and T > 0,

(5.6) W(|nt) — ¢)|2 < el[|BE) — v < ) -1

as 610, where [Ja(t)||? = max; <;<q e (8)]|F. We will first prove (5.6) when

After some easy manipulations involving It6’s formula (see McKean [5]), one
can show that (5.4) is equivalent to

5.) n(e) = | b, nw) du + oft, n(®)B()

W7o
- [[(& + o s - s
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where

58) 8ty = ¥, [ (@o™)(u, nw)By(u) dBitw)
jEk Yt

+ % [ (et (. nw)) dBu).
J

Thus, in order to prove that

69) W(lnit) — o012 < ol I8N < 5) 1
as 6|0, where ¢(¢) = [}, b(u, ¢(u)) du, it suffices to show that
.10 Wl < el B0l < &) - 1

as 6 0.

LemMa 5.1. Let n(t) be given by (5.4) and suppose f: [0, 00) x R w R is
bounded and uniformly continuous. Then for all ¢ > 0

t (V]
(5.11) W(‘ L flu, n(w)) dB?(u) . <e||IBofIF < 5) -1
as 610, and
t V]
(5.12) W( L Slu, n(u))Bi(u) dB;(x) . < el[|Bll? < 5) -1

asd]0, wherel <i < dandj # i.
Proor. We will first prove (5.11) under the assumption that f € C5°([0, 0) x
R?). Applying It6’s formula, we have

613) [ flu, ) B
= f(t. )80 ~ [ B + Lot n(w) du
— 2 [[ Bu(w) (@* VS, n(w) d

= [ Bra<(@* V) . niw), dBtw.

Clearly, the first three terms on the right tend to 0 as || 8(¢)||% — 0. Moreover,
by standard estimates,

(5.14) W(

L B2 () <(0* V), 1)), dB))

—Blﬁz
< A, exp W—

0
T

> s Bl <)



STRONG MAXIMUM PRINCIPLE 351

and

—B,T
(5.15) w([Bw)r < d) z 4, eXP{ 57 }

Hence, (5.11) is proved in the case when f e C;°([0, o) x R?). Now suppose f is
uniformly continuous and choose {f,}5 = CP([0, ) x R?) so that f, > f
uniformly. Then

616) [ flunw) dBEw) - [ flu, nw) B2

=2 [/ = )y nw)Bw) dBiw) + [ (f = ) nw)) du.

Given ¢ > 0, and T > 0, it is clear that for large =,

(5.17) W(

Lf(u, () B2 () — Lfo(u, nw) dB?w)
w(

—Blsz
< .
= 4 exp {Ilf - f.,uw}'

Hence, for all ¢ > 0 and a > 0, there is an n(e, a) such that

0
">l < a)

A

L (f = f)(w, n(w)B;(u) dB; (u)

0
> Bl <o)

(5.18) W<

Lf(u, n(w) dB?(w)

- Lfn(u, n(w)) dp?(u)

0
> ollBollg <) <
T
independent of 0 < é < 1. Combining this with our original result, (5.11)
follows.
Next we will prove (5.12) under the assumption that fe Cy ([0, 00) x RY).

Again the general result follows from this by the technique used above. For
convenience, we will let £(¢) = | B;(u) dB;(u). Using It6’s formula, we have

(5.19) [} sl mw)Bi) dyta)
= ftn®)® = [ & + Lof) (. nw) du
= [ @ nw)Bitw) du

= [[ € <@ V) (. nw), dBw)).
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Applying Theorem A.1 of the Appendix, we see that only the last term on the
right need be examined. Let ¢ = (6*V,f),. Then

6200 [ &0 Vuf)lu, nw) dB(w)
= [ ¢l nw) d(e B w)

t t
— [} 9w, m)Bi(w)Bew) dBy) = 8y, [ Slu mw)Bitw) d.
The third term on the right gives no trouble. Moreover, the second term can be

handled by the estimates used to prove (5.11). Thus, we need only worry about
the first term. But

c21) [ $lunw)d(EwB,w)
= $( n)EOBD — [ 6w @y + L), niw) du
— [ e (@* Vo (w, nw) du
~ [ Bwhw (o* V. d)(u, nw) du

- fo CE(w) B (u) (0% V) (u, n(w)), dB(u).

Again, only the final term need be examined. Using y(t) to denote this term, we
have

(5.22) W(ly®[ 2 & | B < 6)
= W(ly@l? z & [|BOIF < 6. [E@)l7 < M)
+ W(lyol? z & [|Boll7 < 8. [E@l7 = M9).

By the standard estimates,
Bg?
B2 WIS 2 o 180 5 5. 60l < 10) s 4 exp{ - 2}

By Theorem A.l,
W(ly@lz z & Bl < 8. 1E@lz = M)

5.24 lim su = 0.
R o3 w(IBIE < 9)

Combining these, we see that

(5.25) w(lvolz z e[l Bz < 8) » 0

as 000. Q.E.D.
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Clearly, (5.10) is an immediate consequence of Lemma 5.1. Hence, we have
proved (5.6) when ¥ = 0.
THEOREM 5.1. Let 1(t) be given by

(5.26) () = x4 + f,‘ o(u, n(u)) dB(u) + f: Blu, n(w)) du as. W, &2 t,,

where P(t) is a W Brownian motion. Given € C*([0, o), R?) satisfying Y(to) =
0, define ¢(t) by '

(527) ) = xo + f w, dlu)W(u) du + f (u, d(u)) du, t 2t
Then for all e > 0

(5.28) W(|n@t) — @)l < &|llBt) — vl < 8) -1

asd]0.

Proor. We may assume that {, = 0 and xy = 0. The case when = 0 has
just been proved. To handle the general case, define W so that

(5.29) L4 = R(t) = exp {J P(w), dB(u)y — —I |l//(u |2du}

aw
on #2, t 2 0. Then, by Theorem 2.4, B(t) = B(t) — ¥(t) is a W Brownian
motion and
t —
(530) () = f’ o(u, n(u)) dB(u) + f u, nw)du  as. W, 20,

where ¢ = b + oy and é = ¢ + 10'0. Hence,

(5.31) W(l|nt) — @3 < lIBONT < 6) = 1
as 8|0, where ¢(¢) = [ c(u, $(x)) du. But this means that

(6.32)  lim W(ln(t) - gz < e|ll ) — v)I? < 8)

o (0 = S0l < e 1B — w08 < 9
310 ¥ [R(D)x10,0([1n(8) — o)1 2)x10.6([ B2) — ¥(@)[[2)]

EV[R(TD)x0.0([I B&) = ¥@)lI2)]
Wl ) — v)I? < o)

=1,

since

. ! . 1{* .
(5.33)  R(t) = exp {n/z(t)ﬂ(t) - L <Biw), Py du — - L |9 ) du},

is a continuous functional of f. Q.E.D.
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THEOREM 5.2. Let c: [0, ) x R* w R* be bounded and measurable, and set
(5.34) L, = 36*V, - 6*V, + (b + 0c)' V,

(as before). If P, . is the solution to the martingale problem for (5.34) starting at
(Lo, o), then equation (5.1) obtains.

Proor. By Corollary 2.1, we may take ¢ = 0. Choose P,
Theorem 2.2. Then

and B(t) as in

0sX0

(5.35) x(t) + (u x(u dﬁ +f u, x(u )du a.s. P

to, X0°

Hence, by Theorem 5.1, for all T = ¢, and ¢ > 0,
(5.36) By (=) = @l < |lIB@) = vl < 6) -1

as 0|0, where lﬁ € Cz([to, ), R?) satisfies Y(to) = 0 and (5.27). By Theorem
3.1, P,o Jco(|||ﬂ e < 5) > 0 for all T > ¢, and é > 0. In particular,
supp (B, x,) contains a dense subset of &, ,(ty, xo).

ReMark 5.1. Let (X, p)> be a metric space and suppose that u is a prob-
ability measure on X. Given a y measurable transformation 7': X w X, we say
that x € X is a continuity point of the transformation 7 if for all ¢ > 0,

. w(T~YB(T(x), &)) " Bz, 9))
5.37 lim
(6:37) 510 u(B(x, 8))
where B(y, ) = {z € X: p(y, z) < a}. In the terminology of continuity points,

Theorem 5.1 says the following. Define 7': C?([0, c0), R?) w Q so that T(¢) =
¢, where

=l’

(5.38) 8) = [ o p@liiw du + ] b(u. dw) t20,

and let W be Wiener measure on Q (that is, z(t) is a W Brownian motion). Then
the transformation 7' such that T(w)(¢) = y(¢, @), where

(5.39) n(t) = J: o(u, n(u)) dx(u) + f; g(u, nw))du as. W,
is a W measurable extension of T of Q with the property that all elements in
C?([0, o), R%) are continuity points of 7.

REMARK 5.2. It seems likely that the hypotheses under which Theorem 5.1
was proved are close to the best possible. However, the authors believe that
Theorem 5.2 is valid under weaker assumptions. In particular, it seems likely
that if a: [0, c0) x R? w S, satisfies a'/ € C3*%([0, o0) x R%), 1 £ i,j < d and
b: [0, ) x R%w RYis a bounded, measurable function which is uniformly
Lipschitz continuous in x, then

(540) Supp (Ro,xu) = yﬂ,b(to’ xO)’
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where P, , is the solution to the martingale problem for L, = V.- (aV,) +

bV, starting at (¢q, x).

6. Applications

Let ¢ and b be as in Section 5 and define &, , (¢, To), (o, o) € [0, ) X RY,
accordingly. Given an open 4 < [0, o) x R% take ¥, ,(to, o) to be the closure
in 9 of {(t, ¢(t)): t 2 to, d € &, ,(to, o), and (s, ¢(s)) € & for t, < s < t}. Let
c: [0, ©) x R* w R? be bounded, measurable, and continuous in z. Denote
by P, ., the solution to the martingale problem for L: = 36*V, - ¢*V, +
(b + ac)-V,, starting at (9, xo). We will use H#7 ({0, xo, ¥) to denote the class
of upper semicontinuous functions f on ¢ into RU {— o0} which are bounded
above and have the property that f(t A 7, z(t A 1)), ¢ 2 t,,isa P, , submartin-
gale, where © = inf {t 2 t,: (¢, z(t)) ¢ ¥}. We use #[ (%) to denote the class
Ng H#7 (Lo, o, ¥). Observe that H#y (ty, 2o, ) and H#, (¥) have the same
closure properties as the analogously defined classes in Section 3. Further, note
that if f € C}°2(9), then fe #7, (¢, xo, ¥) if and only if (3f/0t) + L,f = 0 on
G(to, xq)-

THEOREM 6.1. If fe Ay (Lo, xo, 9) and f(ty, xo) = supg f(t, x), then f =
flto, 29) on G (ty, xo). Moreover, if (t,,x,)€ G — Y (ty, o), then there is an
J € Hp, (F) such that f(ty, xo) = supg f(t, x) and f(¢;, x1) < f(to, Zo)-

Proor. The proof is exactly the same as that of Theorem 3.2. The only
difference lies in the fact that the P, , are no longer strongly Feller continuous
and therefore EP*[{ e™“h(u, x(u)) du] will not, in general, be continuous.
Nonetheless, if A < 0, then it will still be upper semicontinuous, by virtue of
the Feller continuity of the 7, .. Q.E.D.

ReEMARK 6.1. The class J#, (%) admits the same semigroup interpretation
as we gave in Remark 3.1, only it is no longer true that every measurable function
f which is bounded above and satisfies 7.f| f is upper semicontinuous in the
ordinary sense. However, it will be upper semicontinuous in the ‘intrinsic
topology” of the time-space process; and one can still show that such an f will
be constant on the intrinsic closure of {(t, ¢(t)): ¢ = ¢, ¢ € &, ,(to, o), and
(s, p(s)) e G for t, < s <t} if f(to, xo) = supg f(¢, ).

O R VR R

APPENDIX

Let B(t) be a W Brownian motion and set £(¢) = (4 B;(u) dp;(u), where i # j.
The purpose of this section is to prove that for all 7 > 0,

(A1) lim inf W(||E@®)||F < MS|||B@||E < &) = 1.

M- 0<d=1

It is clear that we may assume that d = 2,4 = 1, and j = 2.
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For each (s, x) € [0, 0) x R?, let W, , be Wiener measure starting at (s, x)
(that is, W, , is the measure on {Q, .#°) such that x(¢) — x is a W, , Brownian
motion). Define

(A.2) 1, = inf {t = s:|z,(8)] v |2,(8)| 2 6},
and let
(A.3) Q,.x(4) = W, (4| {z, > T}), Ae M

LemMa A.l. Letg(s, x) = W, (1, > T)andh(s, a) = W, q 0|1 (0|7 < 9).
Then g(s, x) = h(s, ) h(s, x,), and ke C*[(0,T) x (—08,0)]. Next, let b(s,a) =
h,(s, a)/h(s, a) in (0, T) x (—98, 8). Then b(s, -) is nonincreasing and b(s, —a) =
—b(s, a). Finally, define B(s, x) = (b(s, z,), b(s, x;)). Then for all s € [0, 7) and
x such that |z,| v |x,| < 6,

(A4) B(t) = x(t) — x — J:MB(u, (u)) du

is a @, , Brownian motion.

Proor. The first assertion is trivial. To prove the second assertion, note
that ky, + $h,, = 0 and that kA, = 0. Hence,

hh,, — h?

(A'5) ba(sa a) = ~L’L2_a é 09
and so b(s, - ) is nonincreasing. Also, note that h(s, —a) = h(s, a), and therefore
hu(s, —a) = —h,(s, a). Hence, b(s, —a) = —b(s, a).

Finally, to prove the last assertion, let {3,}T < (0, é) such that 6,16 and
define

(A.6) ™™ = (inf {t = s: |z, (8)] v |22(t)] 2 0a}) A T.
Then, by It6’s formula,
(A7) gt At z(t A ) — g(s, x)

= [ gl 2(0) (Bl @), de)y a5 Wi

s

Hence,
(A8) gt A ™zt A ™))
g(s, x)
= R™(1)
tAgd 1 tat™
= exp {J; {B(u, x(w)), dx(u)) — 3 J; | B(u, z(u))|? du}

as. W, ..
Given 4 € M;, 4, we now have
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Wold 0 {z, > T}) _ E¥==[yug(t A 1, 2(t A "]
g(s, x) - g(s, x)
= B"<[R™ (1]
Thus, by Theorem 2.1,
(A10)  X{M(t)

(A.9) Qsx(4) =

= exp {(9, x(t AT —x — f‘u(;‘)B(u, x(u)) du)

—WWA@—%,

is a @, , martingale for all @ € R2 Since 7”17 as n — o and
(A.11) E2~[|X{(8)|*] = EZ=[X3(¢t) exp {|0]3(t A T — 8)}]
< exp {03779},

it follows that

tAT

(A12) exp {(9, 2t AT) —x — J‘

B(u, x(u)) du) — 3|0)%(t A T — s)},
is a @, , martingale for all § € R2. Combining these, we have that
(A.13) x(t) —x — f u x(u))

is a @ , Brownian motion. Q.E.D.
LemMMa A2, Let &(t) = | 2, (u) dxy(u). Then

(A.14) sup E%=[|&T) — &9)]?] < 06

0SsST,|xi|viIx2| <8

Proor. Note that by Lemma A.1

@15 0 = [awdp + [ @bl zsw)du

where B,(t) = z,(t) — x; — ["T b(u, z,(u))du is a one dimensional @,

Brownian motion. Hence,
2 2
] + 2EQ""[ ]

(A18)  E%=[|&(T) — &e)|%]
é 2EQs,x[
Since z,(u) < das @, fors S u =T,

T
j xy(u) df; (u)

T
j x4 (u)b(u, z, (u)) du

(A.1T) Eam[

T 2
f x4 (u) dBy(u) :I = 52(T — ).
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Using the independence of x,(-) and x,(*) under @, ,, we have
]
=2 jf B[y (uy)ay (uy)]

sSu1 Sus ST

(A.18) EQS»{

T
j xy(u)b(u, 24 (u)) du

E%x - [b(uy, x5 (uy))b(uy. x5 (u,))] duydu,.
Observe that
(A19) B [b(uy, 2 (uy))b(uy, 2 (15))]
= B0 [b{uy, a uy)) B0 <0 by, 3 )]

Since (b(, -) is nonincreasing and antisymmetric, it is easy to see that v(u,, -) =
E%1:©[b(u,, ,(u;))] has the same properties. In particular,

(A.20) E%<[b(uy, x5 (uy))b(u, x5 (us))] 2 0.

Hence,
T 2 T
J x(u)b(u, ;5 (u)) du ] < 52EQ""|: .[ b(u, x,(u)) du

= 02E%<[| Bo(T) — x(T) — x,|*] < €%

(A.21) EQw[

|

QE.D.
THEOREM A.l1. Define £(t) as in Lemma A2 and let W = W, . Then
(A.22) lim int W(IE@2 < Ma|l=0ll? < 8) = 1.

PrOOF. Let o be a stopping time which is dominated by 7. Then for 4 € .4,

(A.23) E" [Yanie> 1 |8T) = &(0)]?]
= EW[XAn{rs>0)EWG’X(U)(X{1'O>T}Ié(T) - é(a)‘z)]
= EW[XAn{ts>o') Wo\x(a)(To- > T)EQU'X(U)[lé(T) - 6(6)12]]
< C8*W(A N {z, > T}).

Thus if @ = @ o, then

(A.24) EC[|UT) = &o)|?|47] < €82

Now let g, = (inf {¢t = 0:|&(¢)| = #6) A T.Then

(A.25) Qo2 < T} {|E(D)] < ¢6})

< Q{020 < T} N {|ET) — E020)| = £6})

C
é 72' (0'2[ < T).
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Thus,

Qe > 28) _ ¢ Cy
(A.26) Qo <T) = w = F(l h ﬁ)
Q.E.D.
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