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1 SUMMARY

This report documents the work performed for the project entitled “Relative Motion Modeling and
Autonomous Navigation Accuracy” being performed at Texas A&M University under contract to
the Air Force Research Laboratory. The Pls of this project are Drs. Kyle T. Alfriend and Srinivas
R. Vadali.

The objectives of this project are:

e To develop a methodology for determining the required accuracy of the dynamic model
based on system requirements, the relative navigation accuracy and thruster accuracy.

e To extend the Gim-Alfriend state transition matrix (GA-STM) for relative motion to
include non-conservative forces and the effect of higher order gravitational terms on the
mean motion.

e Validate the developed models using numerical simulation.

In current practice, the dynamical model in a spacecraft navigation algorithm is often set ad hoc
without explicit regard for the level of measurement, guidance, or control errors expected. The
dynamic model for the relative motion of two satellites should be consistent with the accuracy of
the relative navigation system and the control system, otherwise fuel will be wasted or unnecessary
computation will be performed. For example, including more perturbations in the relative motion
dynamic model that improve the predicted motion over a few orbits by a few centimeters provides
no real improvement if the relative navigation accuracy is no better than 10’s of centimeters. The
purpose here is to develop a methodology that would simplify the workflow of designing
navigation systems so that the trade space between navigation system parameters and dynamical
model fidelity could be quickly surveyed in lieu of performing massive numerical simulations for
numerous scenarios and system parameter variations. First, the cost of a particular dynamical
model within the navigation algorithm was expressed as a combination of the computation cost
and the maneuver impulse, Av, cost to rectify the expected state error. A confidence value
accompanies the Av cost through its Mahalanobis distance with respect to the state estimate
uncertainty. Then two methods are introduced to reduce the cost computation burden. First, the
state transition matrices of different dynamical models were approximated as functions of the time
derivatives of the kinematic states. Then, a simplified form of the linear sensitivity of maximum a
posteriori state estimates with respect to errors in the state transition matrix was derived. The
accuracy of these approximations is deemed sufficient through a Monte Carlo simulation for a
wide range of formation geometries in low Earth orbit.

The GA-STM was the first development to include the effect of the absolute and differential effects
of the equatorial bulge term, J2, in the linearized equations for the relative motion of satellites. The
second objective of this project is to improve the dynamic modeling of the relative motion by
adding the effects of higher order gravitational perturbations, lunar-solar effects perturbations, and
the non-conservative perturbations to the GA-STM. This has been achieved. The accuracy of the
expanded GA-STM was evaluated using numerical simulations with the Goddard General Mission
Analysis Tool (GMAT).
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The results show that

e Including the effects of the higher order geopotential short period effects on the calculation
of the relative initial conditions reduces the secular drift. The J; effects are the most

dominant.

e Including the secular and long period effects of the lunar perturbations on the relative
motion of high altitude satellites, e.g., geosynchronous, is important.

e The use of an exponential density model for the relative, not necessarily the absolute
motion of the Chief or reference satellite, improves the accuracy of the relative motion.

Other developments are

e The evaluation of using other variables, such as Hoots variables, for the relative motion,
and

e A generalized formulation for computing the effects of higher order geopotential terms on
the relative motion.

The results of this program will improve the precise maintenance of satellite formations and
provide an approach for selecting the appropriate dynamic model used for the type of relative
motion mission. This will save costs in the analysis and formation design, and in the development
of on-board software because the dynamic model will be consistent with the required performance
and relative navigation system.
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2 INTRODUCTION

Accurate analytic modeling of inter-satellite relative motion is indispensable for fast and reliable
prediction, fuel-efficient formation maintenance, space situational awareness, and proximity
operations. In contrast to numerical propagation, analytic or semi-analytic solutions not only effect
faster long-term propagation of the system states, but also provide valuable insight for mission
analysis and parametric studies. One of the main challenges underlying the development of a
satellite relative motion theory for low and medium Earth orbits is the modeling of the effect of
nonspherical Earth gravity and other perturbations such as differential drag, third-body gravitation
and solar radiation pressure. For guidance, control, and navigation, the analytical model in the
form of a state transition matrix (STM) is most desirable. In addition, the sensing or navigation
modules of spacecraft use estimation theory to provide estimates of states, which are derived from
Kalman filters. The complexity of the dynamic model implemented in a Kalman filter to estimate
the relative motion of two satellites should be consistent with the accuracy of the relative
navigation system and the control system, otherwise fuel will be wasted or unnecessary
computation will be performed. For example, including more perturbations in the relative motion
dynamic model that improve the predicted motion over a few orbits by a few centimeters provides
no real improvement if the relative navigation accuracy is no better than 10’s of centimeters.

This report presents work performed to address the two main issues raised above.
2.1 Objective
The objectives of this project are:

1. To extend GA-STM [1] for relative motion to include non-conservative forces and the
effect of higher order gravitational terms.

2. To develop a methodology for determining the required accuracy of the dynamic model
based on system requirements, the relative navigation accuracy and thruster accuracy.

3. Validate the developed models using the GMAT [2].

2.2 Tasks
The tasks undertaken under this contract are:

1. Dynamic Model for Earth gravitational perturbation: This task extends the GA-STM to
include the mean and periodic effects of the higher order Earth gravitational perturbations,
1.e., the zonal and tesseral harmonics.

2. Dynamic Model Expansion to include non-Earth gravitational perturbations: Inclusion of
differential drag, luni-solar third body, and solar radiation pressure perturbations.

3. A method to determine consistency between the dynamic model, navigation accuracy and
thruster accuracy.
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2.3 Organization of the Report

Section 3 of the report presents the methods, assumptions, and procedures used. Section 3.1 of the
report presents the research undertaken to develop an extended GA-STM for Earth gravitational
perturbations. Section 3.2 of the report includes the development of the STM for non-Earth
gravitational effects. The analysis and the development of a method to determine consistency
between the dynamic model, navigation accuracy and thruster Accuracy is presented in Section
3.3. Section 4 presents the results and discussion. The report concludes with recommendations for
future research, the subject of Section 5.

Approved for public release; distribution is unlimited.

4



3 METHODS, ASSUMPTIONS, AND PROCEDURES

3.1 Dynamical Model for Earth Gravitational Perturbations

This section presents the development of relative motion theories to model zonal and tesseral
harmonics. The principal tool used for developing analytical satellite theories is the method of
averaging, either by formal perturbation theories [3, 4] or the perturbation approach of Kaula [5].
Lie-series based approaches can be used to determine long period and short period effects that
are closed form in eccentricity (at least for the zonals) and the algorithm is extendable to
compute effects up to any order. In contrast, Kaula’s approach produces compact expressions for
first-order short period effects due to the zonals and tesserals using eccentricity functions, which
involve infinite-series in eccentricity. These methods and their applications are discussed briefly
in the following subsections.

3.1.1 Principles of Averaging
The principles of averaging, as applied to satellite theory, are illustrated by using the zonal

harmonics expansion of the geopotential. For the zonal problem, the geopotential in terms of
spherical harmonics can be expressed as

vt ll_i I ("})”msmw»] M

The symbols 7, ¢, R,, i, J,, and P, represent the satellite radius, its geocentric latitude, radius of
Earth, gravitational parameter, zonal geopotential coefficients, and the Legendre polynomial of
the n' degree, respectively. The corresponding Hamiltonian can be expressed as a power series
in J, using a combination of Delaunay and classical orbital elements. The Delaunay and classical

elements are related: L =\/u/a, G=I\1-¢e’,H=Gcosi, =M, g=w,and h=Q.

3.1.1.1 Deprit’s Method

The Hamiltonian for the complete zonal problem can be written as

J2
H = Hy+ JoH, + ?ﬁHQ )

where
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[M]

—_1p
Ho=—312

Hy = 452 (2)® py(sin(¢))

Hy = Y02y Hon = Y0ty 35 n ki (4)"™ Palsin(9))

The above Hamiltonian H for the complete zonal problem can be normalized using Deprit’s Lie-
transform based canonical perturbation method. This approach works by separating the secular
and periodic effects with the help of two successive Delaunay normalizations of the gravitational
potential. The first normalization averages out the short period terms containing mean anomaly,
[, and produces a short period generating function. The resulting singly-averaged Hamiltonian
includes long period as well as secular terms. The second normalization is necessary to separate
the long period terms containing the argument of perigee angle, g, to produce a doubly-averaged
Hamiltonian (or Kamiltonian) consisting of only the secular terms. The Lie-transform based
perturbation equations up to third-order used for separating the secular and periodic effects can
be written as

Hy = K,

(Ho,W1)+ H1 = K3

(Ho, Wa) + (Hy + K1, W1) + Hy = Ko

(Ho, W3) + (2H1 + K1, Wa) + (Ha + 2Ko, W1) — (K1, W1),Wh) + H3 = K3

3)

where K, K;, K,, and K3 are the Kamiltonians of successive orders and similarly, W, W,, and
W5 are the generating functions of successive orders. The parentheses represent the Poisson
brackets, which are evaluated in terms of the canonical Delaunay element set D =

[l,g,h L,G,H]. The total Kamiltonian, K, up to order 3 and the generating function, W, up to
order 2 are respectively,

J2 J?
K =K, K+ 22K, + 22K. 4
o+ 2Ky + TRET 3+ 0(J3) @

JZ .
W =Wy + oWs + 2—2,W3 +O(J3)

Because /, is considered as the only first-order perturbation, the first-order Kamiltonian K; and
short-period generating function W; obtained during the first normalization of H, have no
contributions from the other zonals. The second-order perturbations in H, appear for the first
time at the second order in the perturbation equations and involves computation of Poisson
brackets only at the third-order. As a result, the second-order contributions K, ,, to the total
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Kamiltonian K, and W, ,, to the total short-period generating function W, due to any zonal
harmonic J,, (n > 3) can be computed as

1 27 ?“2
K n — 5 _ H n, —s d
> L % aZy/1 — e? !

2m (5)
Wap = ——t (K (1= f) / bit g f)
2,n = %% 2.n ) 2.n 0,2 1— 82

The subscript p of the integral sign indicates that the integration is performed for the periodic
part of the integrand only, i.e., terms involving cosine and sine functions of true or mean
anomaly. By making use of definition of the perturbing potential, the above integrals can be
written as

PR [T Psinge)) a7

Kop = — g Jy—te
T 2T g T =2 Jy N7

(6)
2 nR? a

a3 | n—1 .
Wop = \E (Kz,n(f —1)+ J—ngnm : (;) P, (sin(¢)) df)

The above integrals can be computed in closed form for an arbitrary zonal to produce
expressions for the single-averaged Hamiltonian and short period generating function. A similar
procedure can be used to perform the second normalization to average out the long-period terms
dependent on the perigee angle, g, to derive the long period generating function. Once the
expressions for averaged Hamiltonian and generating functions are available, the secular as well
as periodic effects on a satellite due to these perturbations can be easily computed. The secular
variations of the orbital elements can be derived using Hamilton’s canonical equations, which
propagates the mean elements, &,,, in time using the singly or doubly-averaged Hamiltonian. The
periodic contributions to the mean elements up to second-order can be computed using the
following near-identity transformation to get the osculating elements, £,:

2
€o = Em +J2(Em, W) +]2%(((8m, WD), W1) + (€, W2)) +0U3) )

3.1.1.2 Kaula’s method

Kaula’s approach [4] treats the full geopotential expansion, including zonal and tesseral harmonics.
The potential is expressed in terms of the classical elements as

U

[ee] [o'e) Re l .
% + Zl=2 Z£n=0 Z%}:O Zq:—oog (;) Flmp (l) Glpq (e)Slmpq (w, M' .Q, HGST) (8)
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The S functions contain the gravitational coefficients and the F'and G functions are the inclination
and eccentricity functions, respectively, and

G= Cym €0S O + Sy, sin O, if (I — m) even 9
=S4 €080 + Cppy sin O, if (1 —m) odd ©)

where
O = Onpq = (U-2p)w+{A—-2p+qM+m(Q—0B;sr)

where [ is the zonal degree, m is the tesseral order, p is the index of inclination function F, ¢
is the power of the eccentricity function G and 8¢ is the Greenwich Sidereal Time.
Explicit forms of the F and G functions have been tabulated in Kaula [5]. The averaged
Hamiltonian for J2 is obtained by setting in Eq. (8), [ =2,m =0,p = 1,q = 0 and the
averaged Hamiltonian for Jy is the potential when! = 4,m = 0,p = 2,q = 0.

Kaula’s linear solutions are useful for modeling short period corrections to the classical orbital
elements, especially for orbits of small eccentricity. The series expansions in the G functions can
be truncated at a suitable order for small eccentricities. According Kaula’s theory [5], the first
approximations to the perturbations of the orbital elements or the solutions of the Lagrange
planetary equations for the geopotential model are expressed as

uRE

Aalmpq =2 mFlmpGlpq (l—-2p+ Q)Slmpq (10)
Rb
Aelmpq = napz:—ge(;)FlmpGlpq [n(l - Zp + Q) - (l - Zp)]Slmpq (11)
. uRé .
Alynpq = mFlmpGlpq[(l —2p) cosi — m]Slmpq (12)
RL _ G .OFim -
AW pmpq = —r5s e ™ Fimp — 2% = coti — Gipg1Simpq (13)
_ #Relz OFim 3
MUmpq = sy smie ai CwwaSimpa (14)
AMypy, = —RE 12588 1 21 4 1)Gpp o 1 FompS, 15
Impq — m [—Tle ? + ( + ) lpq] Imp lmpq ( )

For near circular orbits, Kaula’s solution to the J2 problem is obtained by setting g=0 and /-2p+q+
0:
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3J,R3sin?i

Aasp - Aazooo + Aazozo ~ — oS ZA (16)

3J,R% sin 2i

Aig, = Aiygoo + Aizgzo = — o

cos 24 (17)

3JyR% cosi .
———Sl1
4q?

AQSP = AQZOOO + AQZOZO ~ — n ZA (18)

3.1.2 The Gim-Alfriend State Transition Matrix

An analytic satellite theory can be used to propagate multiple satellites using the results from the
previous section. Relative motion between satellites can be discerned by differencing the orbital
elements or the states of any two satellites in a formation. Even though this approach is
reasonable and applicable to arbitrary formation sizes, the drawback is the computational time
and the information exchange required. In addition, a direct analytic solution for the relative
motion problem also benefits in formulating guidance and control algorithms for rendezvous and
proximity operations. For formation control, especially for proximity operations, the differential
orbital elements of a deputy can be represented as a first-order variation of the orbital elements
of the reference or chief satellite. These differential orbital elements can be directly propagated
in time in the presence of the gravitational perturbations using the differential perturbation
effects. This approach originally used for computing the state transition matrix for the relative
motion in the presence of J, perturbation up to first-order, is known as GA-STM. It directly
propagates in time the relative states of the deputy in a curvilinear frame attached to the chief.

The GA-STM is composed of three different matrices: the geometric transformation matrix X,
the relative mean-to-osculating transformation matrix D, and the relative mean STM ¢. The
relative mean STM propagates in time the relative mean elements of the deputy with respect to
the chief, using the mean rates of the chief’s orbital elements. The relative mean orbital elements
are then converted into the relative osculating elements when operated on by D. Finally, the
geometric transformation matrix transforms the relative osculating orbital elements into the
curvilinear orbit frame. Using these three matrices, GA-STM, @, can be written as

O(t, to) = Z()D(®)P(t, to) D~ (t)Z 7" (to) (19)

where the propagation of the relative position and velocity states in the curvilinear coordinate
system is achieved from time ¢, to t.

3.1.2.1 The Geometric Transformation Matrix

The geometric transformation matrix converts the relative orbital elements into the relative
position and velocity states in the curvilinear orbit frame. The curvilinear frame is defined with
respect to an imaginary circle with its origin at the chief and its radius taken as the geocentric
radius of the chief. The relative position with respect to the chief can be defined in terms of three
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coordinates: x represents the difference in the radii of the two satellites, and y and z represent the
curvilinear distances from the chief, along and normal to the imaginary circle, respectively. If x
represents the relative states in the curvilinear frame and Ae represents the relative orbital
elements, then the geometric transformation matrix is defined as

x(t) = Z(t)Ae(t) (20)

where x = [x,v,2,%,7,2]7 and Ae = e; — e,. The subscripts d and c indicate the deputy and
chief, respectively, and the boldface letters represent vectors. The geometric transformation
matrix can be computed by taking the first variation of the chief’s radial distance and its
direction cosine matrix. The first three rows of X represent the position equations and are given
as follows [1]:

[x]c = [(SRc]c + Cci(SCcTi[Rc]c (21)
where [Rc]c = [Rc 0 O]Ta[x]c = [x y Z]Ta and Cci = R3(f + w)Rl(i)RS(‘Q) .

The notation [ ] represents a vector with components expressed in the chief’s orbital frame and
the prefix o represents the variation of the quantity. The symbol R represents the simple rotation
matrix, with the subscript specifying the type of rotation. In a similar fashion, the relative
velocity of the deputy in the curvilinear frame can also be computed by making use of the
transport equation:

[ + @ x x], = [8V.]c + Ci0CH V] (22)

where [V.]. = [V, V; V,]7. The symbols, V., V;, and V,, represent the chief’s velocity
components in the radial, tangential and normal directions, respectively. The symbol @
represents the angular velocity of the chief satellite, which can be expressed in terms of the
osculating orbital elements as

. T
_ Qsini 0 \ UP (23)
= [sin(f + w) RZ
Vo1 R _
where = nabsini 0i and Rp _]ZHl.

The symbols, p, n, and b represent the parameter of the chief’s orbit, mean motion, and the
semiminor axis, respectively. The symbol R, represents the perturbing potential and is needed to
compute the nodal angle rate. In the case of original GA-STM, R,, consists of J, effects only,
however the effects due to an arbitrary zonal harmonic can be incorporated by including the
corresponding perturbing potential in R,,. The equations for relative position x and relative
velocity x can be expressed in terms of the orbital elements. Expressions for the elements of X in
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terms of nonsingular and equinoctial elements for the first-order J, problem are given in [1]. The
inverse of X is required to transform the initial relative osculating states in the curvilinear frame
to the relative osculating orbital elements; it can either be computed numerically or by reversion,
using symbolic algebra.

3.1.2.2 The Relative Mean-to-Osculating Transformation Matrix

The matrix D converts the relative mean elements into the relative osculating elements. It
captures the short-period and long-period effects on the differential orbital elements and is
defined as the Jacobian of the contact transformations as given in Eq. (7). The D matrix can be
computed using the following relations

D = DSPDLP (24)

o€ o€
where D, p = [ﬁ] and Dgp = [ﬁ].

In the above relations, the symbols &,,, €,, £, p represent the chief’s mean elements, the
osculating elements and the elements with short-period effects averaged out, respectively.

3.1.2.3 The Relative Mean STM

The relative mean STM, ¢, propagates in time the relative mean differential elements of the
deputy relative to those of the chief. It models the secular effects on the differential mean
elements by using the first-order variation of the mean rates of the chief. The following equations
define the relative mean STM:

0EM(8) = P(t, to) & (to) (25)

9Em(t)
9Em(to)
at time t and initial time ¢, respectively.

where ¢ (¢, ty) =

and the symbols &,,(t) and &,,(t,) represent the chief’s mean elements

3.1.3 Extended Relative Motion Model based on Nonsingular Elements

The addition of the higher-order corrections to the orbit theory allows one to extend the
capabilities of the GA-STM. Brouwer’s theory [3] incorporates the secular, short periodic
long periodic effects .J2, and the secular and long periodic effects of J2* and J3-Js. For the
geopotential, the magnitudes of J>* and the higher coefficients are of the same order. Thes
effects have been used to extend the GA-STM significantly. In addition, the short period «
of J>* have also been incorporated. The nonsingular elements are: [a,A = M + w,i,q; =
e cos(w),q, = esin(w),h = Q.
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3.1.3.1 Short Period Terms due to J;?

Kinoshita [6], in his third-order theory, provides an expression for the short-periodic generating

function of O( J2?) valid for small eccentricity. His expressions for the mean-osculating
transformation can be simplified considerably by setting eccentricity to zero and retaining

second-order accuracy. These correction terms for the nonsingular elements are

2 21 51
qsp22 — ]_2 [(_ —si% + —si4> cos 54 +

BN 64 128
9 +173 L, 449, 314 75 2_|_231 4 1
( oa st 1285L)cos ( 851 oa si*) cos 1]

2 21 51
qsp22 _]_2[< —si? +—si4) sin 54 +

2 "N\ e T128
9 155 , 395 , . .. 63 21, 465 .
( et @ 12851)sm ( 231 6431)51n ]
/157’22——22[(1—151 —251 )sin4/1+<—1—551 +% i
N3z 64" e 4 32“)51“2’1]
J2 9 3 9
Sp22:_ . - = Y - .2 .
h LBCl[( 32 3251 >5m4/1+851 sin 21]
15 27
L5P22 = ]LZ7 [64SL cos4/1+<§51 —ESL )costl
+(9 45 +141 _4>
5 6% e sl

(26)

27)

(28)

(29)

(30)

where si = sini, ci = cosi. From these expressions, the corrections to the other elements are

asp22 — ZLSPZZ\/H

Lsp22

——coti
L

jSP22 —

gSP22 = )sp22 4 Zquz sinl — Zqu22 cos A
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3.1.3.2 STM with Kaula’s Theory for Zonal and Tesseral Harmonics

Assuming small eccentricity, the Kaula’s corrections for the nonsingular elements are computed
as [7]:

Ré
Aalmpq =2 7M:IT@FlmpGlpq (l-2p+ CI)Slmpq

_ ﬂRé < aGlpq e i aFlmp _1
Aﬂlmpq - naz+3®Slmpq [["Flmp 6_e m — cot1t Y Glpqn +

2(1 + 1) Fynp Gy |

. RL .
Allmpq = mFlmPGqu[(l - Zp) COSl — m]Slmpq (32)

AQ1impq = DAeimpq €0S w — (eAW) jmpq SiN W
AGzimpq = Aeimpq SN @ + (eAW) impq COS W

uRL OF imp
nalt3ysini® ai

A'lepq = Glpqglmpq

For the numerical example, gravity coefficients of the 20x20 gravity field are obtained from the
JGM-2 Model. The above equations are used to obtain the orbital elements of the chief and
deputy, using their respective mean elements. The unit sphere approach is used to compute the
relative motion variables in the local vertical local horizontal frame. Equivalent results from
GMAT are also obtained for the 20x20 gravity field.

3.1.4 STM for the Complete Zonal Perturbation Problem

The nonspherical gravitational problem, including all the zonal harmonics is referred to as the
complete zonal problem. This subsection describes in brief the methodology for deriving the
STM for satellite relative motion that includes the perturbation effects, closed-form in
eccentricity, due to zonal harmonics up to an arbitrary degree. The secular as well as the periodic
effects up to second-order of any zonal harmonic on the orbital elements of a satellite are
modeled using the Deprit’s method. By making use of the GA-STM framework described in the
previous subsection, these effects were then incorporated into a STM solution for the relative
motion problem. Secular or mean rates up to 3™ order, long-period and short-period effects up to
2™ order for two different sets of orbital elements have been computed: the nonsingular set
(nonsingular for zero eccentricity) and the equinoctial set. The nonsingular set is singular for
equatorial orbits, but the equinoctial element set is completely nonsingular for equatorial and
circular orbits. It is noted that the expressions for secular and periodic variations of the
equinoctial elements are significantly larger than those for the nonsingular set.

A complete second-order analytic solution for an artificial satellite as well as a STM for relative
motion incorporating the perturbation effects due to /, — J4 has been computed for the
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nonsingular element set [9]. Even for nonsingular elements, the expressions for secular and
periodic effects, especially short-period effects at 2"¢ order, are too large and cumbersome for
computations by hand. Therefore, the Maple symbolic algebra package was used to compute the
STM in terms of nonsingular element sets. Because of the use of nonsingular elements, this
version of relative motion STM has singularities for reference orbits that lie in the equatorial
plane. Additionally, extending this STM beyond J¢ by computing expressions explicitly for each
zonal proved to be a very time consuming and computer resource expensive process, even with
the use of a symbolic algebra package.

To address these limitations, a slightly different approach was used to compute the STM in terms
of equinoctial elements. This approach extended the earlier work done by Saedeleer [8], in which
generalized expressions for first-order averaged Hamiltonian and generating function for the
short-period effects, closed form in eccentricity, due to an arbitrary zonal harmonic were given.
These formulae were originally derived for the classical orbital elements. Using the Deprit’s
method, generalized analytic formulae were derived for second-order secular and short-period
and first-order long-period variations of the equinoctial elements due to an arbitrary zonal
harmonic J,, (n > 3). To derive the STM, analytic formulae for partial derivatives of the mean
rates, short-period and long-period transformations with respect to equinoctial elements were
also derived by hand. All these formulae are valid for any elliptic reference orbit without any
singularities related to zero eccentricity or inclination values. Because J, causes the dominant
effect, it is considered as a first-order perturbation while all the higher zonals as second-order
perturbations. To validate the accuracy of the proposed STM, results were compared with direct
numerical propagation using GMAT. The following subsection provides the analytic expressions
for propagating a single satellite used to propagate the equinoctial elements of the chief. It is
noted that the analytic propagation of the chief is needed to compute the STM for the relative
motion.

3.1.4.1 Secular Effects

This subsection presents the secular effects on the equinoctial elements of an artificial satellite
for the complete zonal problem. For any harmonic J,, (n > 3), the generalized analytic formulae
for second-order mean rates are provided here. For J,, the expressions for secular rates up to
third-order are explicitly computed using Maple. By using the analytic formulae, the
contributions to the secular effects due to the zonal harmonics J,, (n > 3) can be conveniently
added to the J, secular rates without having to go through the process of two Delaunay
normalizations of the perturbing potential. In order to derive the secular effects due to an
arbitrary zonal, the closed-form expression for the doubly-averaged Hamiltonian or Kamiltonian
K; ,, 1s sought. Equation (6) provides the integrals necessary to be evaluated for finding
expressions for K, ,,. Appendix A.1 provides helpful formulae for evaluating the integrals in Eq.

(6).

Using the expressions for K; ,, , the formulae for the secular or mean rates of the orbital elements
can be derived by using the Hamilton’s canonical equations. It is noted that the Equinoctial
elements are not canonical. Therefore, the secular rates of the Delaunay elements are computed
first, which can then be used to compute the rates of the Equinoctial elements. Using the
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canonical equations of motion, the formulae for the mean rates of Delaunay elements D due to
even harmonics are computed as follows:

L5] n—1 '
P : . ak,n(e) n—2j EN 1 "'72
" 671(&76) JX(:J Bj’n(Z) eve%c::() 2% ( % - J) (g) E {_3 * ke_z}
in = 0n(a e)%ﬂ (i) S ag.n(€) (n—Qj) (k)l{_(2n_l)_k772+(n—2j)}
’ j=0 : even k=0 2k %_3 % G 2 tanQ(z') (33)

b = 6n(a, ) %éﬁj,n(i) nf ak;k(e) (nﬂ_ QJ) (iz) % {_ (:ar;?$)}

even k=0 2~ J 2

where

JIn pRY
dn(a,e) = 2J_22 onp2n—1gn+1

(=1)7(2n — 25)!'sin" =2 (i)
J(n— ) (n — 2)127%

agn(e) = e* (n; 1)

The total secular rates of the Delaunay elements, D, are found by adding the secular rates due to
J2, Dy, , to the contributions of the higher degree zonal harmonics, D,,,from the above formulae,
as shown below:

Bin(i) =

) : J3 o=
D=Dy+23 D, (34)
n=3

The Equinoctial elements (a, e,and i represent the three classical orbital elements: semimajor
axis, eccentricity and inclination, respectively.) are
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a=a

A=l+g+h
p1 = tan (%) cos(h)

p2 = tan 2) sin(h)

g1 = ecos(g+ h)
g2 = esin(g + h)

(35)

The Equinoctial elements of the reference satellite can be propagated from the initial time ¢ to
time t as follows:

A(t) = Alto) + (l+9+h)(t—to)
)) — pa(to) sin(h(t — to))
s((t — to)) + p1(to) sin(h(t — to))
5((9 + h)(t —to)) — qa(to) sin((g + ) (t — to))
(94 h)(t — to)) + qu(to) sin((g + h)(t — to))

(36)

3.1.4.2 Short Period Effects

Using the expansion formulae given in Appendix A.1, the analytic expression for the second-
order short-period generating function W, ,,, closed form in eccentricity, corresponding to an
arbitrary zonal J,, (n > 3) can be computed from Eq. (6). This expression for W, ,, can be written
succinctly as:

W2:n = Wl(a,e,i,f,l,g) +W2(a,e,i)W3(f,g) (37)
where
a3
W]_((I, €, T’fgﬂg) - \/;KQ,H(JC - Z) (38)

Approved for public release; distribution is unlimited.

16



L5 n—1

Ko =sia0) ) Y. 259 (37)(4)

Jj=0 even[odd] k=0 2
. k (9)
+ Z Vp.jn (M) (COS[SiIl] (n — 27— Qp)g)
2

p=0

(—1)7(2n — 25)!sin™=%/(4)

Bin) = i ) (n — 251272 (40)
15] n—l
Wha(a,e,i) =5, ae)ZﬁJ, )Z kn (41)
w9 =0 (7 )ew)
5 —.]
L2t ]=i 1554
20 (k\ (sin[—cos|((k —2s+¢)f + cg)
R AW )
p—zﬂ P ; s k—2s+c (42)
17+
: (k=25 )f —cg)\ _ | (F)sin=coslief +eq)
N ;) ( ) (SIII cos|( (k_zf_: cg )‘*‘M(g) sin| cos]c(c cg
s#s*

In the above equations, the square-bracketed terms applies for odd harmonics and ¢ = n — 2j —
2p. The formulae for second-order short period contributions due to any zonal harmonic J,, (n >
3) can now be derived by evaluating the Poisson brackets with equinoctial elements. The
formulae for these short-period contributions are derived by hand in this work and are given as
below:

(a, Wap) = —2 \/g N%Kzﬂ (Z_{ - 1) + Wy (85}23) af ] @)
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(A, Wap) = _Wl + [{ DKEST + Ko fro}

cos kn? dWs (44)

n\/_{l-&-cos (n—=2j)+@2n—-1)+ 1+T]}W3+W2( of )fLG

(W) = e [— sn(h) { “7 = 1) (~Kan(n = 24)) = Wa(a - Zj)wg}

) a3 6K2n 6W3 (45)

—cos(h) { E(f —1) dg Wza—g}]

(W) = e [ os(h) { “F = ) (~Kan(n - 24)) ~ Waton - 2;)w3}
46)
_ @ 0Ky, W

(q1, Wa,n) = —sin(g + h) {\/:( i)KEGH %%%Kz.n

L LI ALY
N W, Wy === 47
( de \/}E—l_q\/ﬁl-l-cos(i) de \/ua 2 af (47)

—cos(g+ h) {Wige + nge}

al a3 0
(42, W2n) = cos(g + 1) {\/;(f ~DE5GT ~ a—f \/”_K
oW, n e 1 i Bf n 6}/\}3
B ( de \/pa * ny/pa l +cos(i)w2) Ws = De \/_W } (48)

—sin(g + h) {W{ge + W!ge}
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In the above equations, frequently occurring expressions are replaced by defining new terms to
save space. The definition of these terms are provided in Appendix A.2. The expressions for
short-period corrections up to second-order due to J, are computed explicitly by using the Maple
software. The osculating equinoctial elements £, can be computed by using the following near-
identity transformations:

J3 .
Eo=ELp + J2 (ELp, WPT) + 2—2; (((ELp, W) WPP) + (ELp, W5T)) + O(J3)

(49)
J3 i .
Erp =& — T2 (£, W) + T3 (€6, W), W) = (£, W5'T)) + O(J5)

In the above equations, W;¥ represents the first-order generating function due to J, and W;*
represents the complete second-order generating function due to J, and higher zonals. The
second of the above equations is the inverse near-identity transformation.

3.1.4.3 Long Period Effects

Once short-period effects are averaged out, a second Delaunay normalization of the singly-
averaged Hamiltonian is required to compute the long-period generating function. Since the
long-period generating function is not a function of [, the perturbation equations given in Eq. (3)
simplify because the first Poisson bracket involving H, vanishes. As a result, the first-order long-
period generating function W¥ can be computed using the following second-order perturbation
equation

(Hi + K1, WiT) + Hy = K (50)

In the above equation, H, represents the second-order singly-averaged Hamiltonian that includes
long-period terms dependent on g due to the zonals J,, (n > 3), K, is the second-order
Kamiltonian with only the secular terms. Because the J, potential has no long-period terms
dependent on g, H; = K;. The Poisson bracket in the above equation can be evaluated to result in
the following equation for Wy, for an arbitrary zonal hamronic J,, (n > 3).

ln _28K [Kang (51)

The subscript [p on the integral sign denotes the integration of the long-periodic terms of the
integrand only. The first-order Kamiltonian K; has contributions from J, only and its value is
given as [9].

Rp (3 cos? (i) — 1)

1
K= 4 s’

(52)
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Substituting the above value for K; and the formulae for K, ,,, the formulae for the first-order
long-period generating function for even zonal harmonics (n > 3) can be written as

WiF = sin(i)Wi(a, e,i)Wa(g) (53)
where
=k T ()
Wila,ei) =8 (@e) Y BIRG) Y, =5 (54)
3=0 even[odd] k=0
o= (b sl =25 -
> 2 pimn k—(n—221—2p_) (n—2j — 2p) (55)
P B 2 {17/2?]‘4
0y (a,e) = 3 \/Megdn(a’e) (56)
LP () = (—1)7(2n — 2j)! sin™ %71 (i)
= 5 eos2(i)j! (n— §)! (n — 2j)1 202 (57)

Using the above expression for the long-period generating function, the analytic formulae for the
long-period effects due to any zonal harmonic J,, (n > 3) can be computed by evaluating the
Poisson brackets for the equinoctial elements. These formulae for the first-order long-period
effects are derived and given as follows:

(a,WEE) =0 (58)

Approved for public release; distribution is unlimited.

20



(A, W{f) _ sin(z‘)wl(a’ e,) {_ 2n—35 nk 10cos(i)(1 — cos(2))

N n o 1+n ' n(l—=5cos2(i)

+n—2j ( —cos(t))):| Wa() (59)

7 2 cos? (%

Lr i% sin 1 n— _M 2 — COS 1rva
(WD) = sin(myw { (n = 27) = T2m s kW —costrmioms| - (60)
ey cos(i) — cos n—9i __10sin®(i) —sin
(2 Wi) = G iacos? (3) [t {0 20) - 1250 b (h)WIW_“] b

sin(g + h)

(‘II 1.) sin(z) n/Ha

5esin(2i) tan (%) ecos(z n — 2j)
4%t {e(?n—5) e 2cos? (1) Wa
) (©)

+n2W3kW2] + sin(i) T cos(g + h)W3Wy

Sesin(2i)tan (&)  ecos(i)(n — 2j)
+ . N
1 —5cos?(i) 2cos? () 63)
+7?2W3kw2] + sin(z) Za sin(g + h)WsWy

(qz, Wf[‘f) = —sin(i)——=

Wi {e(?n —5) —

It is noted that the order of terms in a product in the above equations must be preserved because
of presence of the summation indices. The long-period effects can be added to the mean
Equinoctial elements &, to compute Equinoctial elements with short-periods effects averaged
out, ; p, using the following near-identity transformation up to second-order.

Jz2 .
Sur = ot o 6 W) + 5 (W) WED 4 BT 400D

2

+J—,(((€LP,W Py WEPY = (ELp, WED)) + O(J3)

Em = ELp — Jo (Epp, WET) 5
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3.1.4.4 STM for the Perturbed Relative Motion

The perturbations effects computed in the previous subsections due to an arbitrary zonal
harmonic J, (n > 3) were incorporated into the GA-STM framework by computing the partial
derivatives of the formulae for mean rates, long-period and short-period effects with respect to
the equinoctial elements. These analytic formulae for the partial derivatives are derived by hand
and implemented in a MATLAB code, however they not included in this report to save space.
The partial derivatives of the mean rates are incorporated into the differential mean STM,
whereas the partial derivatives of the long-period and short-period formulae are used to update
the D; p and Dgp matrices of the GA-STM as defined in the previous subsections. To update the
geometric transformation matrix given in Subsection 3.1.2.1, the chief’s nodal angle rate
formulae must be updated to include the effects of higher zonals by using the following
perturbing potential (This equation is not numbered.)

]2
R, = J,H, + Z—Z!H2 (65)

3.1.5 Gim-Alfriend State Transition Matrix in Terms of Hoots Elements

This portion of the study reformulated the GA-STM for linearized satellite relative motion in
terms of Hoots elements [10]. The Hoots elements are y; =7, ¥, =7, y3 = 1f, ¥4 =
sini/2sinu, ys = sini/2 cosu, and yg = u + h, where r is the orbit radius, f is the true
anomaly, i is the inclination, h is the right ascension of the ascending node, u = f + g is the
argument of latitude, and g is the argument of perigee. The Hoots elements are completely
nonsingular for all eccentricities and inclinations.

3.1.5.1 Sensitivity Matrix D

The sensitivity matrix D(t) is defined as D = dy/dy", the Jacobian of the osculating elements

with respect to the mean elements. Considering the osculating elements as a vector of nonlinear
functions of the mean elements, and expanding the elements for a deputy satellite as a Taylor
series about the reference or chief satellite, yields the following:

0y
Ya(®) = y.(t) + 3y

= yne

(y"a(® - y"e®) + - (66)

This shows that D can function as a linearized operator for relative motion, mapping the
differences in mean Hoots elements into differential osculating Hoots elements:

8y(®) = D(®) [y"a(t) = y"c(®)] (67)
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Importantly, this relationship can be inverted at the initial time, providing a way to convert the
osculating initial conditions to mean relative initial conditions:

8y (to) = D™ (to) [ ya(to) — (o) (68)

Given correction terms y — y'’ from the mean-to-osculating transformation of a particular

a(y—y")

perturbation theory, we can compute the sensitivity matrix as D = Iy + , where [ is the

yr

identity matrix. If the perturbation theory uses successive transformations (fo_r example, long-
period and short-period corrections), then we can apply the D operators in succession:

dy dyr aly—yr alyr—yrm
D = DSPDLP = B_;IW_H = (16><6 + —(Ey,_ )> (16><6 + (_ay; )> (69)

It is possible to compute D based on the first-order J,-only corrections from Hoots theory
(equivalent to Brouwer theory, but with singularities removed and certain other improvements)

olyr—yrr oly—yr
as D = Igyg + DUP) + DOP) where D) = %, DGP) = %, and the product

DGP)DUP) has been neglected as second-order in J,. Once the corr_ection terms y' — y" and y —
y' are expressed in terms of only the Hoots elements, forming matrices D () ang D(sg) isa -
s_traightforward matter of taking partial derivatives. Note that using mean elements y'’, rather
than intermediate elements X” as inputs when computing D?) would constitute yet_another

approximation, introducing error of second order in /,.

3.1.5.2 Mean State Transition Matrix 5;

Considering the state y''(t) as a vector function of the initial conditions, and expanding the state

for a deputy satellite as a Taylor series about the chief, yields the following:

ay"'(t)

") = v (t = "ot — v (t
X d() X C()+ay//(to) (X d( 0) X C( 0)>+ (70)
- y11c(to)
ayrr
or 8y"(6) = g2l 8y (eo) + - an
- 6XII(tO) -
yr1c(to)
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dyr(t)

Fyi(es) is the linearized relative state transition matrix
Y 0

Z”c(to)
(STM), so that (neglecting terms of second order in the relative coordinates) §y''(t) =

This shows that Ey(t, ty) =

Ey(t, to)8y' (t,). Finding the partial derivatives of y''(t) with respect to the initial conditions is

most conveniently accomplished through a change of variables to a set of elements x: x; = a,
X, =esinl, x3 = ecosl, x, = sini/2sinh, xg = sini/2cosh,and x, =1 + g + h, where e is
eccentricity and [ is mean anomaly. Then we can say that

dy"(t)  9y" () ax"'(t) dx"(t,)
0y"(te) ~ 0x"(t) 9x"(to) dy" (to)

(72)

Hoots found the partial derivatives of y with respect to x , and these can be assembled into J =

ay . . .
PP the geometric transformation between the two sets, which has the same form whether
- ayrr azl

. . . . . dy
computed using mean, intermediate, or osculating elements (i.e. = ;). The vector x

>oxn oxr
is expressed in terms of the initial conditions as

xil(t) — xil(tO)

x5 (t) = x5 (o) cos[(n” + i;,’)(t — to)] + x5 (t,) sin[(n” + i;,’)(t — to)]
x5 (t) = —x3/ (to) sin[(n” + l';,’)(t - to)] + x5 (to) cos[(n” + l';,’)(t - to)]
(73)
x4 (t) = x4/ (to) cos[h{a’ (t— to)] + x2 (ty) sin[h{a’ (t— to)]

x5 (t) = —x4 (to) sin[hz’g’ (t— to)] + x5’ (o) cos[h;,’ (t— to)]

x6" () = X" (to) + (" + Iy + gy + hiy)(t — to)
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where n = \/u/a3 is the mean motion (so that n"’ = /u/x;" (t,)3) and the subscript p indicates
the secular rates due to perturbations (which can be found from Brouwer theory [3]). Let

— oy (t)
(py(t; tO) = —

. Th
oyne)

Ey(t. to) = JO)P5(t, te)J " (to) (74)

where all initial conditions are for the chief satellite. Note that x and @.(t, ;) are nonlinear

functions of the perturbed mean secular rates and will have to be re-derived to account for J,2 or
higher zonal harmonics.

3.1.5.3 Relative Transformation Map ¥

Reference [1] reports expressions for the spherical curvilinear coordinates of a deputy satellite’s
relative position r(t) and velocity v(t) in terms of the chief’s osculating nonsingular elements
(a,u,i,q =ecosg,q, = esing, and h) and the deputy’s relative osculating nonsingular
elements (da, éu, 6i, 8q4, 6q,, and §h). These can be easily mapped into expressions in terms
of chief and relative classical orbit elements using the variations, §q; = cos g e — e sing dg,

8q, =sing de + ecos g bg, Su = 6g + 6f, and 6f = af6 + afé‘l Some terms in v(t)
depend on the perturbed rates of change in u and h, Wthh can be found from Gauss’s Variational
Equations in terms of the perturbing acceleration vector due to the Earth’s gravitational zonal
harmonics. The expressions for r(t) and v(t) can then be transformed into Hoots elements via
the following relationships (all derived from the deﬁnitions of the Hoots elements given above):

: Y _ Y21 _ ( ) _nys” 2y3?
sinu = cosu = - = ,cosf =—(—" -1 ,sini/2 =
sini/2’ in f sf e\ y; un? L/

\¥4? + y5?, and cos i/2 = ,/ 1—y,? — ys?, where n = V1 — e2. Solving these relations for the

final variable, e, yields a 4th-order polynomial whose only rooton e € [0,1) ise =

i\/ V12y3* + y12y,%y32 — 2uy y3% + p?. The differential elements are transformed using a

linearized map containing the partial derivatives of the classical orbit elements with respect to
the Hoots elements. Finally, the coefficients of the differential Hoots elements are formed into
matrix X' (t), so that

[r@®" v®OT" =Z(O)sy(©) (75)

The portion of the transformation due to the perturbing acceleration can be partitioned into a
separate map B(t), so that X(t) = A(t) + B(t).
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3.2 Dynamical Model Expansion: Non-Earth Gravitational Perturbations

The dominant perturbation on satellite motion for objects in LEO is the equatorial bulge term, J>.
Atmospheric drag affects objects up to about 1000 km altitude. At higher altitudes, particularly,
geosynchronous altitude, the perturbations resulting due to the moon and sun can be as large as
the Earth gravitational effects and need to be evaluated. Also, at these altitudes the solar radiation
effects, which are not a function of altitude, can also have a significant effect. At altitudes under
1000 km atmospheric drag effects can be significant and need to be considered. The effect of
these perturbations on the relative emotion of satellites are addressed in this chapter. Lunar and
solar effects are addressed in Section 3.2.1, solar radiation effects are covered in Section 3.2.2
and atmospheric drag in Section 3.2.3. These effects are incorporated into the Gim-Alfriend
STM.

3.2.1 Dynamic Model Expansion: Third Body Perturbations

The effects of lunar perturbations on satellites have been studied extensively, using perturbation
methods and averaging. The first lunisolar disturbing function was developed for the secular and
long periodic terms in the 1950s by Kozai [11] and expanded by Musen et al [12]. Kaula [5]
investigated a general method to represent the disturbing potentials in terms of orbital elements.
The advantage of this approach is that specific terms can be studied in a convenient and general
manner. For example, for the secular motion, the averaged Hamiltonian is the potential obtained
by setting the coefficients depending on the satellite mean anomaly and argument of perigee to
zero. The method was revisited by Giacaglia [13] and a treatment is presented in Vallado [14].
Although this infinite series summation method provides a general formulation, efficient
numerical implementations require recursive formulations [15]. Kozai [11] developed an
alternative method to compute the lunisolar perturbations. The disturbing function was expressed
in terms of the orbital elements of the satellite and the polar geocentric coordinates of the Sun
and the Moon. From the disturbing function form, the short periodic terms can be eliminated by
taking the average with respect to the mean anomaly of satellite motion. The summation of the
terms in the potential is carried up to order five. Prado [16] applied a double averaging
technique to obtain the third-body disturbing potential using the formulation of the restricted
three-body problem. Since the short periodic terms are removed from the model, it is convenient
for the study of long-term orbit stability and leads to fast computations. Recently, the accuracy of
the doubly-averaged model has been improved by including the lunar orbit’s eccentricity and
inclination in the studies presented in References [17-19].

Since the perturbed relative motion problem is very complex, our effort has focused on
simplifying the dynamic models of relative motion. This section considers the third-body
perturbation to extend the fidelity of the GA STM, based on the previous work by Roscoe, Vadali
and Alfriend [12, 21]. The second-order effect of the averaged lunar perturbation is modeled with
nonsingular elements. For nonlinear simulations, the relative motion of the Moon with respect to
the Earth is incorporated from ephemerides data obtained from the Jet Propulsion Laboratory’s
HORIZONS website. The initial conditions for the averaged model are determined by a least
squares method developed in Reference [18]. The nonlinear solution is validated by the General
Mission Analysis Tool (GMAT) [2].
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3.2.1.1 Averaged Disturbing Potential

In the following, the subscript “m” refers to the variable related to the Moon and the symbols “S”
and “C”, written with subscripts, stand for sine and cosine functions, respectively. The disturbing
potential due to the Moon is

1,G(m,+m,)

R=
2 2
\/r +r, —2rr, cosS

(76)

where p,, = m,,/(m, + m,,), G is the gravitational constant, me is the mass of Earth mass, mm
is the mass of the Moon, r is the distance from Earth to a satellite, and rm is the Earth-Moon
distance. The included angle between the vectors r and rm , denoted by S, can be obtained from
the dot product of the unit vectors r and r'm.

In the Earth centered inertial (ECI) frame, the unit vector 7, can be expressed in terms of the
components

5(\: = CQm Cgm - SQW Sﬁm q”,
$,=8,C, +Cq S, C, (77)

The ECI components can be expressed in the perifocal frame as

w1

P =(=CaS, =508,C,) %, +(=84S, + CoC,C) 5, +C, 5.2, (78)

w 1

2 . = SQS[)%m _CQS[.)’}m + Clgm

m

%, =(CoC,=848,C )%, +(SaC, + CoS,C)) 7, + 5,52,

In the perifocal frame, the unit vector # has components

X, =cos f
j/p =sin f (79)
: —0

where f is the true anomaly. From Egs. (77-79), we have
cosS=acos f+ fsin f (80)
where

a = (CaaCy» — SaaSwCi)Ca,, + (CaaSwCiCi, + SaaCuwCi,, + SwSiSi, )Se,,
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B = —(CraSw + SaaCwCi)Co,, + (CraCuCiCi, — SaaSwCi,, + CuSiSi,,)Se,,

AL=Q-Q,,

Equation (76) is expanded in terms of the Legendre polynomials as

R ,umG(mO + mm)

= (r\\
ZLF—J R(cosS) (81)

m n=2 m
Taking only the first term in the summation, the approximate disturbing potential is obtained as

iL—J > (cosS)

R = Mo (m0+m

7

2
R /’lm];zaz(a ] (1] (3COSZS_1)
l’m a

The time-averaged potential is defined by the relation

(82)

1 2
(F)= %fo (F)dm

where M is the mean anomaly and F is an arbitrary potential function. Taking the first average
over the mean anomaly of the satellite orbit [7] yields the averaged potential

(R,) = ”m”z'"“ ("—mj {(1+%e2j[%(az + —1)} +%5e2 (o - p? )} (83)

v

m

The identities (S5 ) = (C5 ) = % and (Sp_Cp_) = 0 have been used to derive the above
equation.

The second average is taken with respect to the lunar period. Considering the lunar orbit’s

3
eccentricity, we have from [20], (( ) ) = (1 — e2)z. Hence, the second average of Eq. (83) is

3

((R,))= —’“‘m;"gaz (1-€2) 2 [(6+9¢*) A +15e'B~12¢* 8 | (84)

where
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1
A= Cio(1+CPCE )+ SRa(CP + C2 )+ SESE + 5 52i,52iCan

1
= S21nS2iCa| Cao

—(S200CiSE. = SaaSiS2i,,)S20

B = |ca(1 - C2C2) + SkalC2, - €7) - 752, -

3.2.1.2 Secular and Long Period Rates

Lagrange’s planetary equations can be obtained for the double-averaged potential as

a=0
. N 9{Ry))
€ m dw
.1 O((R2)) DRz
L= na?nsini [COSl w a0 (85)
1 9{(R2))
" na?nsini 9i
n_9{Rp))  cosi 9{Rz))
" na?e Qe na2nsini  9i
c 1% 0R2) 2 (R
M= naZe Oe na da
where 7 is the mean motion and n = V1 — e?. The required partial derivatives are
0{(R nz.a
<§3a2)) = “’"8’” [(6 + 9e2)A + 15e2B — 12¢% — 8] (86)
o{(R 3u,n2a’e
(R2)) _ 3hmMin [3A+SB—4] (87)
de , 8
a«RZ» .umnma aB
= 6 + 9e?)—+ 15e%2 — 88
o 6 ( + 9e ) + e’ =] (88)
0((R2))  pmnia® A , 0B’
= 6 +9e?)— + 15e%? — 89
70 6 ( + 9e ) g+ 15e% oo (89)
0((R;)) _ umnia? , 0B
= 6 + 9e? —+ 15e? — 90
dw 16 ( e’) ¢ Jw] ©0)
04 2 2 2 91
T (82 — CRaC2 — Sia)Szi + S2i,C2iCa o1
d0A 1
== (C2 = C2C2 = S7)Sana — 5 S21,52in0 (92)

2
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04

5-=0 (93)

oB 2 2 2 2
FTin [C2aC2 Sai + SZaS2i — S2iSE, — S2i,,C2iCh0] Cawo (94)
+(S2005:S2, + SaaCiSai,,)S20
0B 1
30" [SZAQ(CiZCifn_SiZm ~C?)+ ESZimSZiSAQ] Coe (95)
—(2C240CiS?, = CaaSiSai,,)S2e
0B 1
P —2 [CAZQ(l — CPCE )+ S3a(CE —C?) — SPSE — ESZimSZiCAQ] S20 (96)
—2(5200CiSE, — SaaSiSa2i,,) Cow
The doubly-averaged lunar perturbation model is obtained by substituting Eq. (84) into the
Lagrange’s planetary equations (85).
3.2.1.3 Extended GA STM Including Third Body Perturbations
The development of the STM for long period effects of the 3™ body perturbations is now
addressed, hence, set D(t) as the identity matrix.
3.2.1.3.1 Secular and Long Period Terms
The STM of the current set of orbit elements with respect to the initial orbit elements,
¢., considering only the secular and long period terms, can be calculated from the following
relationships:
a=a,
A=A+ AAt
=i +IiAt
15un 0B :
q, :ecosw:[1—ETnﬁAt](qlocosAw—q20s1nAw) (97)
: 15u,n’ OB :
g, =esinm = (I_ETHB_CON (qm sinAm +q,, cosAa))
Q=Q, + QA

where the subscript “0” means the initial state and Aw = w(t — t,). The STM is obtained by
assuming that the orbit element rates £, ¢ ,and A are constant and that Aw is small. The details
of the derivations are presented in Appendix B.
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3.2.1.3.2 Geometric Transformation Matrix

The relative motion is best visualized in a local vertical local horizontal (LVLH) frame centered
on the chief or a curvilinear system [2]. The Z(t) matrix is used to transform the osculating
elements to LVLH coordinates. The normal acceleration is

B hsini -

U Q (98)

h

rsin@
From Lagrange equations

1 OR,

-1 R
na’nsini di

(99)

3.2.1.4 Nonlinear Simulation Model and Initial Conditions

The ECI reference epoch is set at the J2000 epoch. The XY plane is the plane of the Earth’s orbit
at the reference epoch. The X axis points to the ascending node of the instantaneous plane of the
Earth’s orbit and Earth’s mean equator at the reference epoch. The Z axis is perpendicular to the
XY plane in the directional sense of the Earth’s North Pole at the reference epoch. The Y axis is
determined by the right-hand rule. The simulations include the gravitational perturbations and the
lunar perturbations. The high fidelity ephemerides data for the lunar motion are obtained from
the Jet Propulsion Laboratory’s HORIZONS website; the data is then interpolated using the
method described in Reference 23.

Lagrange’s planetary equations provide the rates of change of the classical orbital elements due
to the doubly-averaged lunar perturbation. However, because the disturbing potential has been
averaged, these now represent the rates of a new set of “lunar’-averaged orbital elements, rather
than the instantaneous osculating elements. If equation (85) is applied without correcting the
initial conditions for these differences, the results will become increasingly inaccurate as the
equations are propagated forward in time. In the absence of an accurate conversion between the
osculating and averaged elements, a least squares method is used to correct the initial conditions.

In our problem

Ax = (aosco — Qs 90560 - 915' ioscO - ils' Q10sco — 91150, 920sc0 ~ q21s0, QoscO (100)
- leo)

Y = (a5, 015, Uis, q11S) Qis) is) (101)

f(f) = (aosc' eosc' iosw Q1osc) Q20sc) 'Qosc) (102)

where the subscript “osc” stands for osculating elements and “Is” represents long and secular
averaged elements, while “0” refers to initial values.

Approved for public release; distribution is unlimited.

31



3.2.2 Dynamic Model Expansion: Solar Radiation Effects

Solar radiation pressure (SRP) is a nonconservative perturbation. For high altitude orbits, solar
radiation pressure can be the dominant perturbative force, particularly for satellites with large
area to mass ratio. By intentionally aligning a satellite’s orientation with respect to the sun, this
perturbative force can be used to maneuver the vehicle. For many years, the focus of SRP studies
was confined to the minimization of its effects on spacecraft. More recently, considerable effort
has been put into the development of applications to exploit the SRP effects for purposes of
interplanetary propulsion, namely with solar sails [22]. Zeng, et al. [23] presented a time-optimal
trajectory design for a novel dual-satellite sailcraft to accomplish mid or far-term interstellar
missions

Application of SRP for formation flying has been investigated by various researchers. Williams
and Wang [24] considered a satellite formation with a solar wing and it was shown that a solar
torque can be generated roughly along the orbit direction. This torque can prevent the secular
out-of-plane growth in a low-Earth orbit formation that is caused by differential nodal drift.
Kumar, et al. [25] and Gong, et al. [26] demonstrated the feasibility of using SRP for maintaining
the desired satellite formation for different scenarios.

In this section the GA STM is extended to include the differential SRP for relative motion. The
SRP model is developed and the short and long period dynamics due to SRP are presented. Only
the SRP perturbation is considered. The differential SRP is primarily caused by the differential
area-to mass ratio (AMR) perturbations. The contribution here is that a new variable AMR 1is
introduced to the GA STM to deal with the AMR perturbations. Numerical results show relative
position errors are significantly reduced after the differential SRP is included in the GA STM.

3.2.2.1 Solar Radiation Pressure Model

The acceleration due to SRP is [14, 27]

. PA - C . .
a=M{2[—d+CYcosan}njt(l—Cv)s} (103)
m 3 ‘ ‘

where P is the solar radiation pressure (P=4.56e-6 N/m?), A is the cross sectional area, m is
mass, ¢ is the incident angle, 7 is the unit vector of the cross sectional plate, s is the unit

mc

vector from the satellite to the Sun, andC,, C,,C, are the coefficients of absorption, diffuse and

specular reflectivity, respectively. Notice C, +C, +C, =1and assume the satellite is spherical

o= 2 PkC,3 (104)
m

where k=1+C, +§C , and the area-mass-ratio is C, = é .
m
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The components of the acceleration in the radial, transverse and normal direction are

U, =-PkC, (ljr cos@+U, sin 6’)
U, =-PkC, (Ut cos@—U, sin ¢9)

U,=-PkC,U,
and
U, =cosQcos A, +sinQsin 4, cos&
U, =—sinQcosicos A, +cosCcosisin A, cos¢ +sinisin A, sing
U, =sinQsinicos 4, —cosQsinisin 4, cos & +cosisin A, sing

3.2.2.2 Secular, Long Period Rates and Short Period Terms
3.2.2.2.1 Secular and Long Period Rates

Substituting Eq. (106) into the nonsingular Gauss equation yields

da 2: {(qlsm@ q,co0s0)U, +pU}

dt r
df h rsinfcosi
—=-—""U,

dt r hsini

dl rcosH

dr
—<sinOU, + l+—]cos¢9+ ql}U+ q,sinfcotil,
p p p
r . r roo. :
cosHU+ 1+—]s1nt9+—q2}U,——qlsmﬁcotzUh
p p p
rs1nt9
dt hsmz
dCB:()
dt
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Assuming small eccentricity gives
0=A1+2q sinA-2q,cos A
r
—=1-q,cosA—q,sinA
a ql q2 (108)
sinf =-q, +sinA+q,sin24—q, cos 24
cos@ =—q, +cosA+q, cos2A+¢q,sin21

Substituting Eq. (108) into Eq. (107) gives

= szCB {Ur sinA—U cos A+ (Urq1 -Ugq, )sin 2A— (ﬁrqz +Ugq, )cole}

n

1 _
= —PkCBUh{3q1 —2cosA—q,cos2A—q, sin2l}

2na

Q= — PkC,U {3q —2sinA—g¢,sin2A +gq, cos2)u}
2nasini

=G 20 410 cos2A+~0 sin2A+~ (U +30 ¢, )sin A

= cos sin sin
4 na (2 2 2 g T

(SU q,— 3Uql)cosit+ (U q,-U q1)51n3/l+4(U q, +Uq1)cos3/'t}+§2q2 cosi (109)

PkC 3 _ 1, — _
g, =——-= {—— ~(30.q,-50 4,)sin A
na 4 !

—%(3(7/11 +Ugq, )cosﬂ, + %(Urqz +Ugq, )sin3l+%(ljrql - thz)cos3/l} - qu cosi

A=n+ PC, {—3((7};]1 +l7[q2)+4l7t sinA +4U cosl+(l7rql —U{qz)cosﬂu

2na
+(l7rq2 +Ugq, )sin2i} —Qcosi
C,=0

Averaging Eq. (109) by the mean argument of latitude over one orbit and ignoring the shadow
effects yields the long period and secular rates [28].
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. 3PkC, -
' 2na wh
~  3PkC, —
Q="
2nasini w2
. 3PkC, -
q,=— Ut (110)
2na
. 3PKkC, -
s g
%2 2na "
= 3PkC ., , — _ 3cosi _
A=n-— B(U g +U - PKC U
" 2na ( & ‘qz) 2nasini 57
C.=0

3.2.2.2.2 Short Period Terms

According to the method of averaging the zero order terms of the right sides of Eq. (109) should
keep the same formulations, but in terms of the mean elements. Subtracting Eq. (110) from the
zero order expansion of Eq. (109) and integrating the remaining terms, the short period terms are
[28]

da=- 2PnszB {UV cosA+U, sin A +%(l7rql —thz)cos 22 +%(Urq2 +Uq, )sin 2/1}
§i:—PkLzBU” 2sinﬂu+lq1 sinZ/I—lqzcosZ/I
2n"a 2 2
T
129 :% 2cos/“t+lc]1 cos2A +lq2 sin24
2n~asini 2 2
PkCy (= . — — — — = .
0q,=— e, {Ut sin2A-U, cos2/1—(Urql +3U,q2)cos/1+(5Urq2 —3th1)s1n/1
—(—Urq1 +Uq, )cos 3/1+((7,4q2 +U g, )sin3/1} +g, cosid) (111)
PKC, ( = = . — — = = .
0q, =— o {—Ut cos2A+U, sin 2/1—(3Urq2 —5th1)cos/1—(3U,ql +th2)s1nﬂ
—((7rq2 +ljtq1)cos 34 +(l7rq1 —U,qz)sin 3/1} —q, cosidX2
PkCyr = . — — — . — — :
oA =—; [U, sinA-U, cos/1+(U,q1 —thz)sm2/1—(U,q2 +thl)cos 21]—&20051
na
0C, =0

The elements on the right sides of Egs. (110-111) are the averaged or mean elements.
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3.2.2.3 Extended GA STM Including SRP Perturbations
3.2.2.3.1 Differential Mean Elements

The STM or the partial derivative matrix of the current orbit elements with respect to the initial

: . . = oe
orbital elements in the mean space is represented by @ (t,to) = Fe Assume the secular and

€

long period rates are constant. The mean propagation equations are

a= a0+c7(t—t0)

A=+ A(t-1,)

i=iy+i(t—1,)

q1:q10+q;1(t_t0) (112)

4, =4 +q—2(t_to)

Q=0 +Q(t-1,)

C,=C, +C,(t—1,)
The expressions for ¢, are presented in Appendix C.
3.2.2.3.2 Mean to Osculating Transformation
The osculating elements are obtained as functions of the mean elements

e=e+oe (113)

where € are the mean elements and Je are the short period terms as shown in Eq. (112) and Eq.
(113), respectively. Taking derivatives with respect to the mean elements for Jacobian matrix, we
have the mean to osculating transformation matrix or D matrix, as shown in the Appendix C.
3.2.2.3.3 Geometric Transformation
The Sigma matrix, X, is used to transform osculating elements to LVLH coordinates. Although
the solar radiation pressure or atmospheric drag is a nonconservative perturbation, the velocity
components have the same formulations as those of two-body problem. The normal accelerations
are given in Eq. (105).
3.2.3 Dynamic Model Expansion: Drag Perturbations
Atmospheric drag is one of the major perturbations that influence satellite motion, especially for
satellites in low earth orbit (LEO). Extensive modeling has been accurately built up for the

gravitational field, but analytical treatment of atmospheric drag is very difficult since
atmospheric density is fluctuated and tabular due to solar activity. It is well known the dynamic
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system with drag is nonlinear and nonconservative and the analytical solutions of the dynamic
system are unavailable. The best we can do is to derive approximate analytical solutions with
desired accuracy.

Brouwer and Hori [29] obtained the analytical solutions for gravity and drag perturbations using
von Zeipel transformations in Brouwer [3] on the basis of an exponential density model. The
density function was expanded into a series of the ratio of the eccentricity to the density scale
height. The resulting theory is limited to Earth satellite orbits with small eccentricities. Lane, et
al. [30] improved the Brouwer-Hori work. By using a power law density model, the expansion of
the density function was avoided so that a better convergence for low perigee heights is

achieved. Hoots [31] further improved Lane's theory by eliminating small eccentricity divisors in
the differential equations. Moreover he applied an averaging method so that the differential
equations, rid of the mean anomaly, could be integrated more easily.

The differential drag has been used for controlling relative positions between satellites [32-33].
For formation flying, the difference between the effective cross sectional areas leads to the
differential drag, either by change satellite attitude or by using deployable drag panels. Most
papers about differential drag for formation control are based on CW equations or more
accurately based on Schweighart and Sedwick equations [34] in which the differential drag is
projected into the LVLH frame or along-track direction.

Reid and Misra [35] revised the Schweighart and Sedwick equations to include differential drag
and extend the equations for reference orbits with small eccentricity. Recently Kumar, et al [36]
examined the feasibility of formation maintenance using environmental forces, especially solar
radiation pressure and aerodynamic forces. It is assumed that the satellites are equipped with
solar flaps or aecrodynamic flaps. By appropriate rotation of these flaps, it is possible to influence
the relative motion between satellites in a formation.

Most authors considered the differential drag as a means to control satellite formations. Mishne
[37] introduced mean rates due to drag into relative motion, which is a basis for control. Carter
and Humii tried to include the aerodynamic forces into the analytical solutions of relative motion.
Carter and Humi modified the Clohessy-Wiltshire equations to include the effects of atmospheric
drag in two separate papers. The relative motion equations developed included a drag force that
was proportional to linear velocity [38]. Then the relative motion equations developed included
the effects of a more realistic drag model, one where drag is proportional to the square of
velocity [39]. Based on these simplifying assumptions, a set of linear differential equations were
obtained which can be solved in terms of integrals. This enables the representation of the
solution of the problem in terms of a state-transition matrix. Palmerini et al. [40-41] showed the
performance based on the Carter and Humi solutions is more efficient than CW equations if the
aerodynamic perturbations are modeled into the analytical solutions.

In this report we extend the GA STM [1] to include differential drag. The exponential
formulation is selected as the density model. The method of averaging is used for setting up the
STM for mean element propagation. The short period terms are ignored. The extended GA STM
includes parameter variables that allow modeling different ballistic coefficients.
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3.2.3.1 Drag Perturbations

The satellite accelerations due to atmospheric drag are given by
U=-1C,C,pwv (114)

Assume a non-rotating atmosphere, the acceleration in the normal direction is zero and the radial
and tangential components are

U =—3kpw,
U =—1kpw, (115)
U,=0
where
k=C,C,

v, =\/‘77esinf
v, =\/%(l+ecosf)
v:\/%(l+2ecosf+e2)%

and p is the atmospheric density, v is the speed of the satellite relative to the atmosphere, Vv is a
velocity vector in the direction motion, Cb is the dimensionless drag coefficient.

The atmospheric density model in Eq. (114) is
p= ppe’ﬁ(”’;r) (116)
where 1, is perigee altitude and f is the inverse of the atmospheric scale height.

3.2.3.2 Secular, Long and Short Period Terms from Drag Perturbations

Since the normal perturbed acceleration is zero, the extended nonsingular Gauss equation
becomes
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2
%:%{(c]lsine—qzcosﬁ)@+€Ut
ﬁ=n—i U[2+ T_ecos ]—Ui[lwtljesinf
dt na| "\a 1+n "1+7 p
di_
dt
d
Y _Plsingu + (1+1]cos49+1q1 U (117)
dt h " p )% !
dq2 p r . r
—=="9-cosOU, +|| 1+—|sinf+—gq, U,
dt h " )4 P
a@_,
dt
dcC, 0
dt
Assuming small eccentricity, we have approximately
0=A+2q sinA-2q,cos A
(118)

izl—qlcos/l—qzsinxl
a
sinf =—g, +sinA+¢q,sin21 —gq, cos24

cosd =—q, +cosA+q,cos2A+¢g,sin21
With small eccentricity assumption, expanding Eq. (116) to the second order by Taylor series
pP=p, exp(—ée)[l + %fzez + §(q1 cosA+q, sinﬂ) +i§2 (qlz - )cos 22 +%§2q1q2 sin 21} (119)

where & = fa.
Substituting Eq. (115) and Egs. (118-119) into (117) gives
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a= —naZCDCBpp exp(—fe)[l + iézez + (5 + 3)(q1 cos A+ g, sin l) +

1 1 )
252 (%2 -q; )COS 24+ Eﬁquqz sin2A]

A=n +%naCDCBpp exp(—ée)(q1 sind—gq, cosl)

i=0

] ——lnaC C.p ex (—56)[(1+§) + 2+§§2 2+l§2 2 lcos A+
ql_ 2 D Bpp p ql 4 ql 4 q2

1 ) .
Eéquqz sml+(f+3)(glcos2ﬂu+q2 sm2l)+ (120)

1 1 .
252 (97— 42 )cos32+ Eéquqz sin31]

. 1 1 3 .
g, = —EnaCDCBpp exp(—ﬁe)[(1+ f)q2 +(2+Z§2q12 +Z§2q22]sm/l+

%équqz cosA+ (5 + 3)((]1 sin21 — g, cos 2/1) +

1 . 1
252 (qlz -4, )SIHM - Eéquqz cos31]

Q=0

¢,=0

Averaging Eq. (120) over the mean argument of latitude over one orbit, we obtain the long

period and secular rates
. 1
a=-na’C,Cyp, exp(—&e)[l + Zgzezj

/"L=n—iﬁdAt
2a

i=0

6, = —%naCDCBpp exp(—e)(1+£)q, (121)

q,= —%naCDCBpp exp(—ée)(l+§)q2
Q=0
C =

B
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The zero order terms of the right sides of Eq. (120) should keep the same formulations, but in
terms of the mean elements. Subtracting Eq. (121) from the zero order expansion of Eq. (120)

and integrating the remaining terms the short period terms are
Sa=-a’C,Cyp,exp(—Ee)[(£+3)(g,sinA—g,cos 1)+

1 . 1
36 (@ a3 )sin 22— £q.q, cos27]

oA = %aCDCBpp exp(—¢e)(g,cos A +q, sinﬂ)—%jﬁé'adt
a
0i=0

4, = =5 C,Cop, exp(-£e) 243 £ 4 €% Jsin -
%ffquqz cos/1+%(§+3)(q1 $in 24— g, cos24) +
1 . 1
—652(6112—‘];)31113/1——52%6]2 cos31]
12 6
1 1 2 2 3 2 2
0¢, ==5aCCyp, exp(—ge)[- 248G 7,87, |cos A+

%52%% sin A —%(5 +3)(g,cos24+¢,sin21)—

I s 1., .

— —q, )cos3A—— sin3/4

1298 (ql 92) 698 9,9, ] (122)
xN=0
0C, =0

The long period and secular rates Eq. (121) are obtained through the second order expansion of
the density function; however, a more accurate method to obtain the mean rates is to use

modified Bessel functions of the first kind [14]:

a= —aznkppf1
ée= —anknzppf2

I
(e

Q=0 (123)
w=0
Mzno—éﬂat

2a
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where

S
/5

=[10+2e11+%e2(10+ )]exp( Bae)
y=[ 1 +te(l,+1,)+te (31, +1,) |exp(~Bae)

I ( ﬂae) are modified Bessel functions of the first kind,

or

I,(z) :i Oz”emsg cos(n6)do (124)

» n+2k
) E s 12

3.2.3.3 Extended GA STM Including Drag Perturbations
3.2.3.3.1 Extended GA STM for Differential Mean Elements

It can be shown that the solution difference is very small between Eq. (121) and Eq. (123) for
small eccentricity. Here we use Eq. (123) to set up the mean STM. Assume the constant mean

rates

where

a=a,+a,At

/1:10+(

Q=Q,
CB :CBO

3n.
n——ﬁaDAtjAt
4a

q, = ecosw = (e, +éAt)cos a, :[1+ © At quo (1+ fiA1) g, (126)
)

q, = esinw = (e, + éAt)sin o, :[1+ © At ]%o (1+ f3A1) gy
€
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fi = =anC,Cy’p, 22 (127)

e

From Eq. (125), we have
L =55 (1= 1) (128)
We can remove the zero eccentricity in the function f3
fi=—tanC,C,i’p, [(1+a,8)10 +(1—ap)l,++e(31, +1, )]exp(—ﬂae) (129)

Taking the derivative of Eq. (126) with respect to the initial mean elements, we have the mean
STM, as shown in Appendix D.

3.2.3.3.2 Mean to Osculating Element Transformation

Taking the derivative of Eq. (122) with respect to the mean elements yields the Dp matrix, as
shown in Appendix D.

3.2.3.3.3 Geometric Transformation Matrix

Since Ui , the normal acceleration caused by drag perturbations, is zero, substituting in Eq.
(126) gives the geometric transformation matrix.

3.2.3.4 Drag and Gravity Combined Perturbations
3.2.3.4.1 Extended GA STM for Mean Elements

The combined mean element propagation
a=a,+a,At

A=AO+[n+)LG—§£aDAtjAt
a
i=i

q, (1+./gAt)(qmcos(AwG)—qzosin(AwG)
q, :(1+f3At)(qmsin(Aa)G)+q20 cos(A(oc))

(130)

S~————

Q=Q,+Q,
C,=Cy

Taking the derivatives of Eq. (130) with respect to the initial mean elements, gives the mean
STM for drag and gravity combined perturbations.
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3.2.3.4.2 Mean to Osculating Element Transformation

The mean to osculating transformation is
D=D_+D, (131)

The drag perturbations do not change the geometric transformation matrix.
3.2.3.5 Correction for Coupling Effects from Combined Perturbations

The complexity of the oblateness and drag interactions was illustrated by Brouwer and Hori [30].
Green [41] expanded the combined perturbations to the second order and considered the crossing
terms to be the coupling effects. The simple way to deal this problem is to use osculating height
for air density when calculating mean drag functions [10, 42-43]. This is because the osculating
height variations due to the Earth oblateness for LEO satellites can be several kilometers, which
greatly influence the atmospheric density.

The correction for the height or radial distance [4] is

2 2
5,,:1J2 R (l—ésinz ij 1+2L+ecosf —ljzﬁsinzicos20 (132)
2 °p 2 an  l+n 4 " p

Notice the variables on the right sides of Eq. (132) are the mean variables. The corrected density
is

p _ ppe—ﬂ(wrﬁr—rp) (133)

Substituting Eq. (132) into (133) then Eq. (130) gives the mean rates for the combined
perturbations.

3.2.4 Semi-Analytic Extended GA STM Including Drag and Gravity Perturbations

Accurate modeling of drag perturbations can be achieved by the use of semi-analytic schemes.
Arsenault et al [44] suggested using a lower-order numerical integration scheme for drag
perturbations. Hoots [10] applied the Gauss-Legendre formula to integrate the averaged drag
functions.

Since the short period terms are averaged out, we use the lower order integration methods to
propagate the mean elements. The Euler method is an example:

x, =%, +f(x,_.t)h (134)

n—1°"n-1
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where /4 is the step size. The GA STM semi-analytic propagation is achieved using the steps
outlined by Eqgs. (135-137). The differential orbital elements at the initial time 7, are obtained

from the initial relative state vector as
se(1,)=D"(2,)=7 (¢,) X () (135)

The averaged elements of the chief and deputy are propagated for an arbitrary time period
[IO,IN] by using the Euler method with n steps

€c (tn) =€c (tn—l ) + f(ec (tn—l )’tn—l)h
€ (tn) =€y (tn—l ) + f(eD (tn—l )’tn—l h
ec (1) =e(t) (136)
e, (1,)=e(t,)+5e(t,)
e.(1y)=ec(t,)
e, (ty)=¢,(t,)
Finally, the relative state vector at the desired final time is obtained as
X(ty) =Z(y) Dty )(en (1) —ec (1)) (137)

where e is the vector of the averaged elements and the subscripts C and D indicate the chief and
deputy satellites, respectively. An alternative option is to use integration methods with variable
step sizes, such as ODE45 in MATLAB. The averaged semi-major axis and eccentricity values are
obtained by the Legendre-Gauss-Lobatto integration rule over one orbit using the rates

2
a’k Y

q,=—— p[(1+ecosEi)% (l—ecosEi)_% w,
T =
7 (138)
6, =— a?; Zpi (1+ecosE, )y (l—ecosEl.)% cos Ew,
i=0

p is the atmospheric density model, which in general is represented by a complex model, such as
a tabular data model, here the exponential model is used as an example.

3.3 Dynamic Model, Navigation Accuracy and Thruster Accuracy Consistency

Although the guidance, navigation, and control (GNC) subsystems are commonly grouped
together in the spacecraft design process, in practice, there are still inefficiencies caused by a
lack of interdependency between them. Notably, the dynamical model in the navigation
algorithm is often set ad hoc without explicit regard for the level of measurement, guidance, or
control errors expected. We understand qualitatively that the “best” dynamical model will meet
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some user-defined criteria on state uncertainty and maneuver cost while minimizing
computational effort. For example, it is operationally suboptimal to implement a high-fidelity
gravity model when the measurement hardware is known to be wildly inaccurate [46]. On the
other hand, maneuvers executed to cancel out the effects of known yet ignored perturbations, if
frequent enough, would deplete on-board fuel very quickly and shorten mission lifespan. A
quantitative study is thus warranted, preferably via an analytical approach, on the consistency of
GNC hardware subsystems versus dynamical modeling algorithms.

In this chapter, we tackle a subset of this problem: namely, we develop methods to quickly
survey the trade space between navigation system parameters and dynamical model fidelity. We
focus our efforts on forces that have precise deterministic physical models, e.g., the Earth's
gravity, such that modeling errors may be regarded as biases. Our contributions are as follows.
First, we show that a change in the dynamical model may be related to its corresponding change
in STM via an explicitly defined vector function. This result not only allows us to compute the
state transition matrix for multiple dynamical models efficiently, but also demonstrates that the
change in the STM is typically on the order of 10° % over tens of orbit periods of the chief
satellite. As such, as our second contribution, the linear sensitivity relating dynamical model
fidelity to maximum a posteriori state estimate bias is derived. Although the dynamical model
error cannot be factored out as a linear operator like the observation covariance or cadence, we
may still gain approximate yet quick design insight into choosing an appropriate dynamical
model for a set of given navigation system requirements. Finally, the cost of employing a
particular dynamical model will be characterized through a maneuver metric first proposed by
Schaub and Alfriend [47]. That is, the state deviation of the estimated trajectory from the
reference is analytically transformed into a Av via Gauss' planetary equations. The three results
presented will simplify the workflow of designing GNC systems by mitigating the need to
conduct a large-scale numerical validation of system performance.

3.3.1 Relating Dynamical Model and State Transition Matrix Fidelity

Suppose x(t; x;) is the trajectory given by a high-fidelity dynamical model x(t; x,) that we
regard as truth, and xg(¢; x) is that given by the approximated dynamics xg(t; x,). The
semicolon separates the time variable t from the initial conditions x,, which are treated as
parameters. We define a scaling function m(t) such that

m'(£) X:(1; Xo) = X'(£; Xo) (139)

for all 7 and all i, where the superscript indicates a vector or matrix index. We assume that the
vectors are expressed in an inertial reference frame.

The state transition matrix (STM) of the true dynamics is given by

O (1 x0) = 0% (140)
0x6

Then, for ®Vr # 0,
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O 3x"/8xé ~ [Xi(f; Xo +e/) - x/(; Xo)] /e xi(t:x + &) — X! (£;X)

— = X : , = — , - (141)
o Ox/ox], [x;(t; Xo + /) — XL(1; xo)] Je  Xp(f:Xo +€7) — Xp(7, Xo)
where € is a small variation along the j-direction with magnitude ¢ << 1. Now,
. r . . r . . .
X'(1;X0) = f X' (73 %0)d7 + %), = f m'(1)X;(7, X)d7 + X (142)
0 0
Applying integration by parts,
!
X/(1;X0) = [mi(1)x(7:%0)]| - f i (1) (7; Xo)d7 + X, (143)
0

) Ot m' (1) xp (T, xo)dr ~ 0 is a good assumption to order 10°% or better over 10° days for many
Earth orbiters. Therefore,

X'(t;X0) ~ m' ()X (1; Xo) — m'(0)x{, + X;, (144)

m(0; x,) ~ m(0; x, + e/) = 1is, again, a good assumption to order 10°% or better. Thus, we
can rewrite Eq. (141) as

om0 [Xk(:%0 + €) = X (5:%0)| i) (145)

o Xp.(1: X0 + /) — X.(; Xo)

As such, one may compute the STM of the approximated dynamics ®r(z; xo) solely through the
solution flow of the true dynamics x(#; xo), its corresponding STM @(#; x0), and the function
m(¢), which is readily available via xr(#; x0). That is, for some ¢ such that m'(¢) # 0,

OY(1;x0) (146)

(DE(I;XO) = T(r)

Since there is no need to solve ODEs for each component in ®@r, the method above significantly
speeds up the propagation of the secondary, assuming it is within the linear dynamical regime of
the primary. Furthermore, the scaling function m(¢) provides insight into the accuracy of the
approximated STM with respect to the truth. The difference between the true and approximated
STMs A® is given as

AD(1;x0) = Dp(t;X9) — D(t;X0) = [M(1) — 1] D(1; X0) (147)
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where M(t) is a matrix with m(¢) along its diagonal and I is the identity matrix.
For instance, consider the simple 1-dimensional case

X=X
(148)
Xp = mx
where m is held constant. Then, the solution flow for the true dynamics is given as x(t; x,) =
xoef~to. Next,
t

xp = | mxpetodt + xy = mxget Tt = mx (149)
to

such that & = m® as derived.

3.3.2 Linear Sensitivity Analysis Between Dynamical Model Fidelity and Maximum A
Posteriori State Estimates

We now derive below such a function for the batch least squares.

Nominally [48],

% =A"'N
Py = A (150)
N
A=) (H'R;'H) + Py
y (151)
N = (HR'y) + Py'%o
H; = Hi®(1;; Xo) (152)

where X, and Po are the state deviation estimate and associated covariance at epoch, respectively,
A is the information matrix, N is the normal vector, R; is the observation covariance, P, is the a
priori covariance, yi is the observation deviation vector from the reference trajectory, H; is the
linear observation-state relationship, and ®(¢;; x,) & &; is the STM. Subscripts indicate values
for the i-th observation, and the summation is over all NV observations. We assume that the
observations are uncorrelated in time; thus, both the information matrix and normal vector may
be accumulated as a summation.

Now, suppose we have an approximate dynamical model such that the new trajectory is given as
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Xp(i; X0) = X(t;5 Xo) + AX(;; X0), Pr(to; X0) = P(t;; X0) + AD(;; X0)

& Xp; = X; + Ax;, Op; = ©; + AD; (153)
Then, let

%r = (Ap)” Ng, Pr = (Ap)™ (154)
denote the state deviation estimate and associated covariance, respectively, obtained from the
approximate model. The goal is to express analytically AX, = X o — X, APo = Pro— Po. First,

simply plug in

Ar = )@+ AQ)TAIR Hi®i+ A®)| ~ A+ ) [AHRT Hi + HIRT'A]] - (155)

where AH; = H;A®; and any second-order terms are ignored. Similarly,

Ne = > (@ + A0) AR, yei] + Py'%o (156)

Now, given yp; = y; +Ay; = y; — HiAx; since Y; — G(xp;) =Y; — G(x;) + Ay; © Ay; =
G(x;) — G(xg;),

Ne =N+ > [AHTR 'y - HIR; Hisx;|. (157)
So,
(A+ > |AHTR'H; + HIR, AH | 8e; = N+ Y [AHIR'yi - HIR'Hidxi|  (158)
Rp = [A+ L] (N +7) (159)
where

I = Z [AH,TR(_]H: +H;FR,_IQH;],?? — Z [AH;FR:])’: _H?R;lﬁ;ﬁx;] (160)

Note that for some square matrix Q such that 0" — 0 (n — o),
I+Q'=1-Q (161)
Then, for some square matrices 4 and B with the same dimensions and 4 is semi-positive

definite,
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(A+B)'=A T -ATBA™! (162)
if (A" BA™!)" — 0 (n — ). Substituting4=Aand B=1L,
%p ~ (A" = AT'LA™)(N + ) ~ PN + Py — PLPN (163)
where P = A"! and again ignoring second-order and higher terms. So,

A% = Pp— PLPN = Py + APN
AP = —PLP (164)

These expressions show that, unlike the measurement covariance matrix (if assumed constant
over all observations) or the measurement cadence, the effects of STM bias cannot be factored
out from the normal equation. Nonetheless, if we substitute Eq. (159) into the expression for Ar,

Ap =) | MR HM,] (165)

But M;H"R; Y H;M; < (mM)?HTR;*H; where m! is the component of m(t;) & m; with the
maximum absolute value. Thus,

Ar— A <|(ml)" = 1| A = s = 1] [l + 1] A (166)

where mlf is the maximum of m over all observations. If m}} — 1 is on the order of 107 as in
Fig. 43, then the difference in the information matrix between the two models is also, at most, on
the order of 107, In conclusion, a small bias in the STM has an equally small effect on the
information matrix, and thus the estimated covariance.

Although we omit the details of the derivation for brevity, we may derive similar results for the
Kalman filter such that, for the i-th observation,
AX; = AX; + AKj(y; - ﬁi,—) - K;ﬁ(Ai,‘ + AX;)

ot o o N (167)
AP; = (1 - K;H)AP; — AK;HP; = (1 - K;H)AP;(I — K;H)"

where

AX; = &(Dﬁ;_l + (DA)‘EJ‘_I
AP; = AOP;_®" + ®P;_,ADT + DAP;_; O
AK; = (1 - K;H)APH*(HPH" + R)™!
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4 RESULTS AND DISCUSSION

4.1 Gravitational Perturbations
4.1.1 Kinoshita and Kaula Models

Figure 1 shows the errors in the three components as well as the r.m.s. error in the relative
position obtained from the Kinoshita theory when compared with a numerical simulation. The
effects included are J2, augmented with those due to the mean and long periodic effects of J2%, Ju,
and Js.
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Figure 1. Modeling Jo, J2%, J4, Js (mean and long-periodic effects)

Effects of the J>* Short-periodic terms

Figure 2 shows the effects of including the short periodic contributions from J2*. It shows the
errors resulting from modeling J2 (mean, short and long periodic) and including J>* mean, long
and short periodic effects. Figure 2 shows that the errors are uniformly lower in all the three
axes with respect to those in Figure 1. Hence, modeling the J»* short-periodic terms, albeit for
e=0, is beneficial and improves the accuracy of the relative motion STM. Figures 3-5 show the
differences between the augmented Kaula and GMAT solutions in the radial, along-track and
cross-track directions.
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Table 1. Root mean square error for the Extended GA-STM

propagation (10 days)

Effects modeled for Modeling Perturbations ICs obtained from the
determining the initial | in the extended GA STM | classical Kaula model
conditions for propagation (km)

J> only J> only 0.009433

o, J? Jo, J7 0.006497

Jz, J22, J22 Sp Jz, J22 0.004661

Jz, Jzz,ng Sp, J3 Jz, J22 andJ3 0.006539

Jo, J2, I sp, Iz, Ja Ja, I T3, Iy 0.005952

Jz, J22, J22 Sp, J3, J4, J5 Jz, J22, J3, J4, J5 0.006566

Jg, Jzz, J22 Sp, J3, J4, J5, Jg, Jzz, J3, J4, J5, J5 0.005540

Js

4.1.2 GA-STM with Hoots Variables

The Hoots version of the GA-STM can be evaluated via MATLAB simulation. Its error (versus
a numerically integrated trajectory) can be compared with the results from directly differencing
the analytically propagated trajectories of both chief and deputy satellites. These numerically
computed differences can then be mapped into relative space, forming a rough lower bound on
the error for closed-form relative motion approximations (such as the GA-STM).

In Figure 6, the satellites are in a near-PCO (Projected Circular Orbit) formation: the zero-drift
constraint on da is turned off, the relative orbit size is 1 kilometer, and the deputy's initial phase
angle is 0. The chief's osculating initial conditions are semi-major axis 7100 kilometers,
eccentricity 0.01, inclination 50 degrees, and all other classical elements 0. J, is considered as
the only perturbation. The relative position and velocity error magnitudes are shown for the
Hoots-element GA-STM as well as for direct differencing of first-order orbit theories due to
Hoots [10] and to Kinoshita [6]. In this scenario, the STM shows error characteristics
competitive with the direct differencing models, especially for position error.
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Figure 6. First-order theory comparison: Direct differencing
vs. GA-STM

The new version can also be compared against previous versions of the GA-STM formulated in
terms of nonsingular elements and equinoctial elements. Figure 7 shows results from a chief
satellite in a near-circular low-Earth orbit; the LVLH components and the magnitude of the
relative position error are shown for all three STMs, as well as for both versions of direct
differencing. For this case, the STM errors are not significantly greater than those for direct
differencing.
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Figure 7. Relative position error for near-circular orbit

Figure 8 shows the same relative position error plots for

a different scenario. In this case, the

chief's eccentricity is approximately 0.1. Here, the STMs perform slightly worse than the direct

differencing models, not an unexpected result.
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Figure 8. Relative position error for eccentric orbit

Figure 9 shows the relative position error for a formation in geostationary orbit. Because the
chief's orbit is equatorial, both Kinoshita theory and the nonsingular-element STM are singular

and are not shown.
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Figure 9. Relative position error for geostationary orbit

Note that in many cases the STM errors are nonzero even at the initial time. In order to
propagate the relative orbit accurately with an STM, the relative initial conditions must
themselves undergo a linearizing transformation--this transformation introduces an offset at the
initial time, but prevents an accumulating error over the course of the propagation.

4.1.3 Numerical Verification using GMAT and a Graphical User Interface (GUI)

The analytic formulae for the second-order short-period effects, the first-order long-period
effects and second-order secular effects have been verified for the zonals J; and ], with the
published results. A MATLAB-based code for the relative motion STM, including all the
expressions for J, effects computed by using Maple, and the generalized analytic formulae for
the higher zonals, has been developed. A graphical user interface (GUI) has also been
implemented to easily configure and run simulations, as well as analyze results. An interface to
National Aeronautics and Space Administration (NASA) GMAT software is also implemented as
part of the GUI in order to compare the analytic STM accuracy with the direct numerical
propagation using GMAT. Figure 10 shows the screenshot of the Matlab-based Simulation GUI.
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For comparing the accuracy of the STM, two satellites: chief and deputy, are simulated using the
NASA GMAT software with 70 x 0 JGM-3 gravity model. The mean initial conditions of chief
are chosen with a= 7100 km and node angle, perigee angle as well as the mean anomaly all as
zero. Two different reference orbits are simulated: eccentricity 0.01 with inclination 50° and
eccentricity 0 with inclination 0. The mean initial conditions of deputy are computed according
to a projected circular orbit type formation with a baseline distance of 1 km. The osculating
initial conditions of chief and deputy required for numerical propagation are computed
analytically using the mean to osculating transformations as described in the previous sections.
The orbits of chief and deputy are propagated for ten days in GMAT and the relative position and
velocity states in the curvilinear frame are computed. Using the extended GA-STM, the same
relative states are also directly propagated for ten days. The maximum degree up to which zonal
harmonics are included in the extended GA-STM was successively increased. Figure 11 shows
the absolute position and velocity root-sum-square (RSS) error plots for chief satellite with
eccentricity 0.01 and inclination 50° after ten days of propagation as the maximum degree of the
extended GA-STM is increased. Figure 12 shows the relative position errors for a PCO type
formation with 1 km of baseline distance for the same chief reference orbit. It is noted that with
the maximum degree of the GA-STM J,,, the absolute position errors were reduced to less than 1
km and relative position error less than 1 m after ten days of propagation. Figure 13 and 14
shows the absolute and relative errors when the reference orbit is chosen as equatorial and
circular. The similar trend in the absolute motion as well as relative motion was observed for this
case.

Abs. Pos and Vel Error against 70x0 GMAT, 10 day, =0.01,i = 50
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Figure 11. Absolute Position and Velocity Error vs. Degree of
the Extended GA-STM.
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Figure 13. Absolute Position and Velocity Error Versus Degree
of the Extended GA-STM for Equatorial Circular Reference
Orbit
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Figure 14. Relative Position Error Versus Degree of the
Extended GA-STM for the Equatorial Circular Reference
Orbit.

4.2 Non-Earth Gravitational Perturbations
4.2.1 Third Body Perturbations

A representative example for which the lunar perturbation is significant is the NASA
Magnetospheric Multiscale (MMS) mission, designed to study magnetic reconnection, charged
particle acceleration, and turbulence in key boundary regions of the Earth’s magnetosphere. The
MMS orbit is highly eccentric and lunar perturbation cannot be ignored. The starting epoch is
August 5, 2013. The mean inclination, eccentricity, and right ascension of the lunar orbit are
assumed to be 19.65°, 0.0497, and 350.36°, respectively. The lunar position data at 30 minute
intervals is taken from the Jet Propulsion Laboratory Horizons website.

The reference orbit is assumed to have the following initial mean elements: a=42095 km,
e=0.81818, i=28.5°, Q=357.857°, ®=298.2253°, and Mo=180°. The initial phase angle oo is
selected to be zero and the relative orbit size p, is 10 km. Because of the high eccentricity, the
relative orbit undergoes an expansion near perigee and therefore, p as well as the relative orbit
element differences do not remain constant along the orbit. The simulation time is 100 days.
Earth's gravitational perturbations are not included in the simulations presented in this section.
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4.2.1.1 Results for the Reference Orbhit

The equations of motion for the chief are propagated and the position and velocities are
converted into osculating orbital elements. In Fig. 15, these results are compared with the
respective solutions obtained from Egs. (85).

X 10
4.21 0.82
§/ 4.2095 } { o 0.818 \/\/W\/\//\/\
o 50 100 o 50 100
t (day) t (day)
__ 288 2 -2
8 o
g 28.6/ g 2.5 ]
~ 28.4 ‘ G 3 ‘
0 50 100 0 50 100
t (day) t (day)
X 104
. -60 —~ 4
$ ¢
S 62 ‘ Z 0 ‘
0 50 100 0 50 100
t (day) t (day)

Figure 15. Averaged Lunar Model vs. Nonlinear Model

The blue lines represent the averaged model, while the green lines stand for the nonlinear model
in Fig. 15. One can see that there are obvious differences in the semi-major axis and eccentricity
for the two models due to the use of the same initial conditions for both the simulation models.
The initial conditions for the nonlinear simulation should be corrected to fit the averaged model.
Application of the least squares method to correct the initial conditions results in the plots in Fig.
16.
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Figure 16. Averaged Lunar Model vs. Nonlinear Model after
Correction

Figure 16 indicates that the averaged model predicts the long-term behavior very well, providing
confidence that the effects of the third-body have been incorporated correctly. Only the first term
is taken in the infinite series represented in Eq. (81) for the averaged potential. From Fig. 16, we
can see the (n=2) term dominates the third-body perturbation, akin to the gravitational potential
of the Earth, in which J2 plays the dominant role. Figures 15-16 also show that it is important to
include the lunar orbit’s inclination in the averaged model for higher accuracy, as concluded in
Reference 8.

We compare the nonlinear simulation results with GMAT for further validation, as shown in Fig.
17.
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Figure 17. Differences between Nonlinear Simulation and
GMAT

GMAT is an open-source space mission design tool to model and optimize spacecraft trajectories
in flight regimes ranging from low Earth orbit to lunar, libration point, and deep space missions.
GMAT has been developed by a team of NASA, private industry, and public and private
contributors. Note that only the lunar perturbations are included in both the simulations.

4.2.1.2 Simulation Results for Relative Motion

The process outlined previously for the simulation of the reference orbit is repeated for the
deputy's orbit. In this section, numerical results produced by the extended GA STM are
presented. To isolate the third-body effects, we neglect the Earth’s gravitational perturbations
first. Figures 18-19, respectively, show the errors in relative position with and without modeling
the third-body effect.
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Figure 19. Relative Position Errors, STM includes Averaged
Lunar Perturbations

Note that the reference orbit for this example has a large semi-major axis and is also highly
eccentric. Figure 18 shows that the in-track component of the relative position error vector has
the largest growth, while the smallest error results in the cross-track direction. Comparing Figure
18 with Fig. 19, it is seen that the accuracy greatly improves with the inclusion of the lunar
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perturbation model in the GA-STM, especially in the cross-track direction. The residual errors
are mostly caused by absence of the short period lunar effects.

The J2 perturbation is three orders of magnitude larger than that due to the higher-order Earth
gravitational perturbations. It is necessary to investigate the combined effects of the /2> and the
third-body perturbations. In the examples presented for error comparisons, the initial conditions
for the numerical integration models are determined by the least squares approach.
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Figure 20. Relative Position Errors, Two-body STM vs.
Nonlinear Simulation With J,

Figure 20 shows the position errors as a result of neglecting 2, arising from the use of the two-
body STM model. A comparison of Figures 18 and 20 confirms that the position error due to the
J2 perturbation is larger than that caused by the Moon; although the semi-major axis of the MMS
orbit is large, about 42,000 km.

Figures 21-22 present the improvements obtained from the use of the extended GA STM for
propagating relative motion and for the least squares corrections for the initial conditions. The
extended GA STM models the J> and third-body perturbations. The in-track position error varies
significantly between apogee and perigee, proportional to the size of the relative orbit.
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Figure 22. Extended GA STM with Lunar Effect vs. Nonlinear
Simulation including J; and Lunar Perturbation

4.2.2 SRP Numerical Results

The mean orbit element of the chief satellite is a=43527.7589899 km; e=0.0005671; Q= 18.88
deg; ®=321.5388 deg; M=38.4719. The cross sectional area is 5.02 m” and the satellite mass is
611 kg. The simulation time is 10 days. Only the SRP perturbation is included in the simulations.
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The inclination i is set as 113 deg so that the satellites will be illuminated all the time to avoid
the shadowing effects.

4.2.2.1 SRP Model Verification

Figures 23 and 24 show the accuracy of the analytical model, with and without corrections for
the initial conditions of the analytical model, respectively. The solid lines stand for the solutions
from Eq. (107) and the circles represent the results from Eq. (110). Biases in the semi-major axis
and right ascension are observed in Figure 23. Generally, a least squares method is applied to
correct the initial conditions to remove these biases. Here we apply the short period corrections
of Eq. (111) at the initial time to remove the biases, as shown in Figure 24.
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Simulations Without Corrections for the Initial Conditions of
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Figure 24. Comparisons Between Numerical and Analytical
Simulations With Corrections to the Initial Conditions of the
Analytical Model

4.2.2.2 Relative Errors for Formation of Identical Satellites

The deputy satellite has the same area and mass as the chief satellite. The mean orbit of the
deputy is determined from e, =€ + Ae,. The initial phase angle ¢, is selected to be zero and
the relative orbit size p is 1 km. Using the corrected initial conditions, Eq. (107) is integrated
for the chief and deputy satellite, respectively. Then nonlinear relative position and velocity are

obtained by the unit sphere approach [18], which are the reference values for evaluating the
accuracy of the extend GA STM.

Figures 25 and 26, respectively, show the effects of differential SRP due to orbital element
differences for a formation. The relative position error due to the use of a two-body STM is less
than 0.06 m in 10 days, and it is reduced to 0.03 m by modeling differential SRP due to orbital
element differences. Notice part of the relative errors is from nonlinearity. The theory does not
include the effects due to differences in solar areas of the satellites, which is a more significant
effect.
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4.2.2.3 Relative Position Errors From Differential Area

Now we assume the cross sectional area of the deputy satellite is 5.07 m? or about 1% more than

that of the chief satellite, as shown in Figures 27-28.
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Figures 27 and 28 show relative motion errors between the solutions of the extended GA STM
and nonlinear simulations. The effect of differential area is modeled into the solutions of the
extended GA STM in Figure 28 while the differential SRP due to only orbital element difference
is included in the solutions of the extended GA STM. Comparing Figure 27 with Figure 28, one
can see the relative motion errors due to the effects of differential area are much larger than those
due to orbital element differences. The reason is described as follows: taking the normal
direction of the acceleration due to SRP as example and differentiating Egs. (105-106), we have

oU, :—P—kﬁhéA—P—kAsﬁh
" " (168)
:—5—"((7,,57/1+q§i+02&2j
m
where
C, =sinQ2cosicos A, —cosdcosisin A, cos& —sinisin 4, sing
C, =cosQsinicos A, +sinQsinisin A, cos &
From Eq. (112), we have
8i=8i,+5i (t—1
+7(-1) -

3Q=80,+82(t-1,)

The long and secular rates are assumed constants. The estimated values are approximately 107%/s
for the inclination and right ascension right rates at the initial time. Substituting Eq. (112) into
Eq. (169), then Eq. (168) after ignoring the rate terms, we have

SU, =

_Pk[ g o4,
Am A

C ﬁ} (170)

a

Equation (170) clearly demonstrates even one percent of the area variation will dominate the
differential SRP.

Similar to the drag problems, modeling differential area into the STM is very important as this
can be seen in the same scale of Figures 27-28. The root mean square (RMS) is 0.686 m with
modeling differential area while it is 4.18 m without modeling differential area into the extended
GA STM for one percent difference between the cross sectional areas of the chief and deputy
satellite. Table 2 shows the effect of modeling differential area into the STM to deal with the SRP
perturbations due to different differential area among the satellites and presents the RMS
variations as the percentage of the area difference increases for a 10 day simulation. There is
about six times reduction for relative motion errors for the example.
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Table 2 RMS Variation With Area Difference

Deputy Area (m?) Area Diff (%) RMS without Diff RMS with Diff Area
Area (m) (m)
5.07 1 4.18 0.69
5.12 2 8.36 1.37
5.17 3 12.54 2.06
5.22 4 16.71 2.74
5.27 5 20.90 3.43

4.2.3 Perturbations due to Drag

The Chief satellite orbit is a=6700km, e=0.004, i=48deg, =0, ®=10 deg, and M=120 deg. The
simulation time is 3 days. The satellite is 100 kg and the cross sectional area is 1 m?. The relative
orbit size is 1 km and initial phase angle is zero. The deputy satellite orbit is determined in the
usual manner for the PCO. All the initial conditions are obtained by analytical methods.

4.2.3.1 Drag Only Problem

We use the two-body GA STM to get the solutions of relative motion, and integrate nonlinear
equations including drag perturbation only for the chief and deputy orbits and get the real
relative solutions. The errors are the differences between the former and latter, as shown in Fig.

29. Then we analytically model the drag into the extended GA STM, the corresponding errors are
shown in Fig. 30.
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Figure 29. Relative Position Errors From Two-Body Modeling
For Drag Only Problem
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Figure 30. Relative Position Errors From Modeling Drag Into
Extended GA STM for Drag Only Problem

There is more than one order of magnitude improvement by including drag in the extended GA

STM, as shown in Figs. 29-30. Since the assumption on the constant rates perturbed by drag is
inaccurate [44], the accuracy is not high.

The cross sectional areas are the same for the chief and deputy. Now we assume there is one
percent difference in the area, i.e. the area of the deputy is 1.01e-6 m? and the chief area is still
1.00e-6 m?. The simulation time is one day, as shown in Figs. 31-32.
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Figure 31. Relative Position Errors Without Modeling Diff.
Area Into Extended GA STM
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Figure 32. Relative Position Errors With Modeling Diff. Area
Into Extended GA STM

Figures 31-32 indicate the differential area has significant effects on the accuracy, especially in
the in-track direction. Modeling the differential area into the extended GA STM remarkably
alleviates the effect. As the differential area percent increases, it is necessary to modeling the
differential area into the extended GA STM, as shown in Fig. 33 for a one day simulation.
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Figure 33. Effect of Modeling Differential Area in the Extended
GASTM

Figure 33 demonstrates it is important to introduce the area-mass-ratio variable C» into the
extended GA STM, especially for the perturbations sensitive to the cross sectional area.
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4.2.3.2 Drag and Gravity Combined Perturbations

Comparing Figs. 29-30 with Figs. 34-35, one can see the effect of the gravity perturbation is
about four times more than that of the drag perturbation for this example. The accuracy modeling
J2 1s much higher than that modeling the drag perturbations since the mean rates caused by the
gravity perturbations are exactly constants.

The accuracy of the extended GA STM is shown in Fig. 36 for the drag and J> combined

perturbations.
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Figure 34. Relative Position Errors From Two-Body Modeling
For J2 Only Problem
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Figure 35. Relative Position Errors From GA STM For J; Only
Problem
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Figure 36. Relative Position Errors From Modeling Combined
Perturbations Without Height Corrections

The errors for the combined perturbations are larger than those obtained by a superposition of the
individual effects, due to a coupling effect.
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Figure 37. Relative Position Errors From Modeling Combined
Perturbations With Height Corrections

Fig. 37 illustrates the coupling effects are greatly reduced by applying the height correction given
by Eq. (132). The cross sectional areas are the same for both the chief and deputy for the
combined perturbations. Now we want to see the effect of the differential area on the drag and
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gravity combined perturbations for one day simulation. Fig. 37 shows the RMS position errors
vary with the differential area percent changes.
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Figure 38. Effect of Modeling Differential Area Into Extended
GA STM For Combined Perturbations
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Figure 39. Relative Position Errors From Modeling Drag and
J2 By Semi-Analytical Method

Fig. 38 indicates there are little changes if the combined perturbations are considered for the
effect of the cross sectional area, possibly due to gravity perturbations being insensitive to
variation of the area. Figure 39 shows the results of using the semi-analytic STM. Comparing
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with Fig. 38, one can see the relative position errors are effectively reduced by using the semi-
analytic STM.

4.2.3.3 Effects of Different Density Models

We only consider perturbations from drag only. All the simulations are nonlinear. We integrate
the equations of motion for the drag only problem for chief and deputy, respectively, and then get
relative distances that are compared with the GMAT solutions with the same initial conditions.
The density model is the Jacchia-Roberts model in GMAT simulations. We use two kinds of the
density models, the first one is the 1976 US standard atmosphere and the second is Harris-
Priester density model.[45]

The epoch time for GMAT simulations is April 15, 00:00:00, 2015. Fig. 40 shows the relative
distance error from nonlinear two-body simulation and GMAT simulation with Jacchia-Roberts
model. Fig. 41 illustrates the relative distance error from nonlinear simulation with 1976 US
standard density model and GMAT simulation with the Jacchia-Roberts model. Fig. 42 shows the
relative distance error from nonlinear simulation with the Harris-Priester density model and
GMAT simulation with Jacchia-Roberts model.

The standard density model only considers a spherical atmosphere while the Harris-Priester
density model introduces the effects of oblateness and diurnal bulge. From Figs. 40-42 we can
see the nonlinear modeling errors obviously decrease as we use more accurate density models.
Assuming we exactly model nonlinear systems by the extended GA STM with the standard
density model or Eq. (116), there is about an 0.8 km errors at the end of three day simulation if
we compare with Jacchia-Roberts model, as shown in Fig. 41.
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Figure 40. Relative Position Errors By Using Two-Body and
Jacchia-Roberts Model
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4.3 Navigation and Thruster Inaccuracies

0 5 10 15 20 25 30 35 40
Time [Mean orbital periods]

Figure 43. Time history of ®¢/®' — 1 (lines) and m' — 1
(crosses) color coded by i (1 =blue, 2 = green, 3 = red, 4 = teal,
5 = purple, 6 = gold) for all j. Values plotted once every orbit
for clarity.

As a practical example, suppose the true dynamics include zonal terms of the Earth gravity up to
sixth order whereas the approximate dynamics include those only up to second order. Figure 43
is the time history of ®/r/®¥ — 1 compared with m’ — 1 over 40 orbital periods for an object
whose orbital elements are

(a,e,i,Q,w, M)
= (7554.9 km, 0.050078, 0.83775 rad, 0.34859 rad, 0.17984 rad, 2.089 rad)

at epoch. We see that the two plots match well for the entire analysis timespan of 3.0256 days.

We further find in Fig. 43 that the difference between values in the two STMs are on the order of
0.1 %, suggesting that a linear function relating STM bias and maximum a posteriori state
estimates will sufficiently capture sensitivities between them for many relative navigation
scenarios of interest.
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We now demonstrate how the tools developed in this research enable rapid design of relative
navigation algorithms. Consider a formation of two spacecraft where the initial orbital elements
for the chief are as given and the differences in orbital elements between the chief and deputy at
epoch are

(Aa, Ae, Ai, AQ, Aw, AM)
= (0.00055381 km, 5.7624 x 107>, 1.0515 x 107 rad,
—9.2463 x 107% rad, —4.939 x 107° rad, 5.0279 x 107° rad).

For this work, we assume the absolute state of the chief is perfectly known and that the true and
reference relative trajectories are set equal. This assumption shall be relaxed in future work.
The observations are instantaneous range measurements made every 0.081001 seconds,
corresponding to approximately 100 measurements over the course of a single orbital period for
the chief. Measurement noise is assumed to be Gaussian white noise with a constant standard
deviation of 1 meter. The measurements are simulated over 3.0256 days or approximately 40
orbital periods of the chief, resulting in 4001 range measurements total.

A batch processor is run for the true case whose dynamical model includes a 40 x 40 gravity
field. State estimate and covariance biases are then computed for three approximate models
which includes a 20 x 20, 10 x 10, or 2 x 0 gravity field. Any deviation from the estimated
trajectory based on the true dynamics would indicate extraneous fuel expenditure attributed to
dynamical model error. The total deviation AX is the sum of the state estimate bias and the
deviation in the reference state

AX(f) = AX(1) + AX(7) (171)

This vector may be converted into an approximate Av cost as a consequence of Gauss' planetary
equations. Suppose AX(t) = (8a, Se, 5i, 5Q, Sw, SM) are expressed in the mean orbital
elements. An osculating-to-mean transformation including first-order J2 effects such as Brouwer
theory [3] will suffice for this computation regardless of dynamical model used. Then, assuming
that the sensitivity between the mean and osculating elements are sufficiently close to unity,

Avy, = (h/r) V6i2 + 6Q2 sin? i

Av,, = —(na/4){[(1 + e)*/n| (bw + 6Qcos i) + M

1\ Av,, = —(na/$){[(1 - e)*/n| (6w + 6Q cos i) + M (172)
Avrp = nan/4[éal/a + de/(1 + e)]

Av,, = nan/4[6a/a — de/(1 — e)]

where subscripts 4, 7, and ¢ indicate that the thrust is made along the angular momentum
direction, radial direction, or a direction perpendicular to the two, respectively, and subsubscripts
p and a indicate that the maneuver is executed at periapsis or apoapsis, respectively.
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The state estimate uncertainty, however, may be so high such that AX cannot be distinguished
from noise. Here, noise is attributed solely to measurement error, but in subsequent studies, we
hope to add the effects of process noise. We would, nonetheless, like to compute another metric
characterizing the magnitude of AX with respect to true state deviation estimate X; i.c., if AX is
much smaller in magnitude compared to representative values of X, then it may safely be
ignored. We define a non-dimensional distance d, similar to the Mahalanobis distance [49],
where AX is normalized by the diagonalized true state estimate covariance [P

d(t) = JAX(t)TP(t)—lAX(t) (173)

Thus, a d metric value of 1 would indicate that the magnitude of AX(t) in each coordinate
direction is equal to their respective true 1-o uncertainty level. We choose to ignore the
correlations in P as we are not interested in quantifying the direction of AX(t) with respect to the
state uncertainty for this particular metric.

We find for this problem that, in under 10 orbits, AH; becomes small such that

AX =~ Pnp =P {Z[H?Ri_lAYi]} (174)

based on Egs. (160) and (164). 7 is nearly parallel to N = Y HTR; 'y, as the STM term
dominates (4). Therefore, after running the true batch processor, one only needs to compute Ayji,
which is often available as a closed-form function of the solution flow, and subsequently n
across approximate dynamical models to evaluate

AX(t) = ®(t; x0) P + AD(L; x0) X, (175)

accurate to order of magnitude. Table 3 corroborates this reasoning based on numerical
simulations. That is, the truncated expression Eq. (175) for AX(t) results in the d distance metric
computed accurately to at least order of magnitude.

Table 3 compares for each approximate dynamical model, the non-dimensional distance metric d
using the truncated form of AX(t) in Eq. (175) (dtrunc) and subsequently substituting into Eq.
(173), and by running individual batch processors to compute AX(t) (drur). A is the relative
error of the two methods in terms of percentage.
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Table 3 Metric Comparison For Various Gravity Models

Gravity dTrunc dFull A [%]
20 x 20 5.0496 x 107 4.6012 x 102 9.7454
10 x 10 2.8434 x 10! 2.8231 x 10! 0.7177
2x0 2.5473 x 10° 5.7479 x 10° -55.682

For both the 20 x 20 and 10 x 10 models, the total deviation of the state estimate due to
inaccurate dynamical modeling is an order of magnitude smaller than the magnitude of the state
estimate noise. If we are to implement these in our navigation algorithms, then, it is unlikely that
fuel will be spent to correct effects due to unmodeled terms in the geopotential. The same cannot
be said, however, for the 2 X 0 model, as the magnitude of the bias in the state estimate is well
over the 3-o level of the diagonalized state covariance, as indicated by drun = 5.7479. For the
given measurement parameters, then, a 2 x 0 model may be deemed insufficient as it leads to
wasted fuel. On the other hand, the dimensional value of AX(t) throughout the analysis
timeframe is, at most, meter-level in position and mm/s-level in velocity. Qualitatively, we
expect that correcting such a small state deviation is within the bounds of thruster error. Future
work is to directly relate the Av value based on Eq. (172) and control system errors.

Finally, we note that, if the sensor were precise to 0.1 meters 1-c, then without running any
additional simulations, linearity suggests that d will accordingly increase by approximately an
order of magnitude compared to those in Table 3, bringing the bias of the 10 x 10 model close to
3-o level of the estimate noise.

We have thus shown how, with the tools developed in this work, one is able to bypass running
multiple batch processors per each dynamical model we'd like to test in navigation algorithm
design. Further computational gains may be reaped by applying analytical STMs or by
computing the STM bias based on a vector scaling function between said models. In order to
apply this methodology to a wider range of measurement types and mission scenarios, we are
working to develop a way to automatically determine ignorable terms in the linear sensitivity
function.
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5 CONCLUSIONS
The conclusions of this program sponsored by the Air Force Research Laboratory are:

e A systems approach for the selection of the dynamic model that is based on the accuracy
of the relative navigation system and the accuracy of the thrusters has been developed.
The methodology simplifies the workflow of selecting the dynamic model and designing
navigation systems so that the trade space between navigation system parameters and
dynamical model fidelity could be quickly surveyed in lieu of performing massive
numerical simulations for numerous scenarios and system parameter variations.

e Including the short period terms of higher order geopotential effects, especially J; , in

calculating the relative state initial conditions can reduce the secular error drift.

e Including the secular and long period effects of the lunar perturbations can improve the
accuracy of the relative state prediction for high altitude formations.

e The correction of the deputy semi-major axis for negating in-track secular drift has been
expanded to include higher order geopotential terms and this expansion will further
reduce the drift.

e The GA-STM uses a set of nonsingular variables for non-equatorial orbits and equinoctial
elements for near equatorial elements. Other sets of nonsingular variables, such as Hoots
variables, were evaluated and compared to those in the GA-STM. In some cases the
performance was better and others it was not. No general methodology for evaluating
different sets of variables was found.

The recommendations from this project are:

e The system methodology for selecting the dynamic model and relative navigations
system based on relative navigation requirements and thruster accuracy should be used to
reduce the analysis required in making these selections in formation design.

e To help reduce secular drift the higher order geopotential short period terms should be
included in the calculation of the relative state initial conditions.

e The extensive analysis performed in this project has revealed the need for Air Force
Research Laboratory to have a detailed formation system simulation that includes all
relevant perturbing forces, control forces and modules for thruster control, and modules
for different types of relative navigation.
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APPENDIX A. FORMULAE FOR ZONAL HARMONICS

A.1 Expansion Formulae

The following formulae are helpful in computing closed-form expressions for the integrals given
in Eq. (6). These formulae include the definition of Legendre polynomials and formulae for
converting powers of trigonometric functions into sums of their arguments.

L] ‘
L Cien-2) L,
Pal) = 30 2 i 21

( ) n 1(n—1)e co;k%f) (A2)

k=0
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(A.3)
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A.2 Intermediate Terms for Short-Period Corrections

The following intermediate terms are used in the analytic formulae for short-period contributions
due to an arbitrary zonal harmonic with degree greater than two.
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APPENDIX B. ® MATRIX FOR THIRD BODY PERTURBATIONS

Derivatives for a
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Derivatives for i

Derivatives for Q2
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Derivatives for Q2
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where

G=A-2(t,)=M(t,)+o(t,)+(M+0)(t-1,)
K = (—qlo sinA® +q,, cosA(u)
K,= (qlo cosAm + ¢, sin Aa)) (B.7)
K3=1+€(t—t0)
e
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APPENDIX C. ® AND D MATRIX FOR SRP PERTURBATIONS
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Derivatives of i

Derivatives of qq
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Derivatives of q;

Derivatives of Q)
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C.2 D Matrix
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Derivatives of 56
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Derivatives of i
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Derivatives of g,
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Derivatives of o¢,
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Derivatives of X2
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———C0si
Oa
ot _ A %—@cosz
00 06 00
PikC oU o0
%: nzaB (sin/1+qlsin2/1—qzcos2/1) alr_(cos/1+qzsin2/1+qlcos2/1)a—i’
+&Sinl.—COSl'aa%p
i
PkC, (C.15)
9t _ > (U sin24 - UcosZ/I)+/1 %—Cosz@
6% na aq, oq,
PkC,
9o __ > (U cos2A+U s1n2/1)+/1 %—0051@
aq, na aq, oq,
PikC oU o0
%: nzaB (sin}t+q1 sin24-gq, cos2/1) aQ’ —(cos/"t—l—qzsin2/1+qlcos2/1) 8Qt
—COSI——
o0Q
00

- PTk[(sin/i +¢,8in24—q, cos2/1)l7r —(cosﬂ,+ q,sin21+q, cos2/1)Ut]
. na

———cCosi
8CB

Derivatives of 5C »

05C, _06C, _05C, _06C, _05C, _05C, _, (C.16)
oa 00 &  oq doq, oC, |

2 B

1

where
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=0
Oi
ouU, ) .
=—sinQcos A +cosQsini cose
o0Q ¢ ¢
ou, . L o . .
Py =sinQsinicos A, —cosQsinisin A cos & +cosisin A sing
i
ou, ) . ..
=—cos{2cosicos A —sinQcosisinAd coseg
69 e e
ou, . . . o .
Py =sinQcosicos A, —cosQcosisin A cose—sinisin A sing
i
ou, . . .
70 =cosQsinicos A +sinQsinisin A, cos&
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APPENDIX D. ® AND D MATRIX FOR DRAG PERTURBATIONS

D.1 @& Matrix

Derivatives for a

Derivatives for i

a=a,+alt
da af, 1 )
a_ao_l anC CBpp[aa—a;+5f]]At—a nC Cf] pAt
da _,
20,
9a_,
di,
da ) df, o ) (D.1)
—=-anC,C & At— nC,C "At
dq. P G B f
da af, ae ap
=—anC,C —CAt—a’nC,C pAt
P et
da 0
0Q,
da
BTBOZ—GZI’ZCDPPflAt
i=i
a—.lzl (D.2)
Oi,
oi  0i 0i Oi 0i 0i _0
oa, 06, 0q,, OJq, 0Q, 0JC,

Approved for public release; distribution is unlimited.

109



Derivatives for (:

g, =ecosw = (eo +e'At)cosa)0 = [1+£Atquo = (1+ f3At)q10
e
0
""" 9a,

4 _p

Loy
0 (D.3)

0 df. d
Yy 1y fareqanh O
de, dq,,

99,

99, _ . a3 %%
g,y " e, 0,
99, _

2Q,

dq
BT] - _anCDnszfétqut

B0
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Derivatives for Q2

g, =esinw = (eo + e'At)sincoO = [1+£Atj%o = (1+ f3At)q20
e
0

dq, df,
—12 _ Af—3
da, 20 da,
9%, _
d6,
9, _
%, (D.4)
99 _, 7959
dq,, " Oe, dqy,
%: 1+f3At+q20At%%
9, de, g,
dq, _o
0Q,
q
aC:O = _ancnnzppfthzoAt
Derivatives for Q
Q=0,
Q (D.5)
20,

o _c_w_w_ow o

= = = = = =0
Oa, 06, 0, 0q, 0q, 0Cy
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Derivatives for ¢

96 [MA 3_Ga_‘13_GaL]/3_G

da, \da, g, da, dq,0da, )/ 06
90 _dG [IG
96, 06,/ 36

a_e— %At_aﬁ%_aﬁﬂ aG
o, \di,~ 9q, i, 9q, 3 |/ 96
30 =[ oA ,, 3G _9G dg, 3G o, ] /aG 0.6

1
dq,, \9q,  0q, 9, 0q, dq,3q, )/ 36

96 :( oA ,, 3G 3G dq, 3G dg, j/a_G
00, \ 9y 04, 94,3¢, 94,34y )/ 90
0

0Q,

26

aC

B0

=0

where

S, =| 1+ 2el,+3¢*(1,+1,) |exp(-Bae)
fy=[1,+%e(1,+1,)+1€ (31, + 1) [exp(~Bae)

f (D.7)
fy=—ankn’p == =—ankn’p f,
e
fi= %[(1+ aﬂ)lo +(1—aﬂ)12 +ie(3]1 +I3)}exp(—ﬂae)
Derivatives of f,, 15, f,
i ,Be[ +1,+2(el,—1,/Ba—el )+ e(2e[ eIO—eIZ—2]2/ﬁa)]exp(—,8ae)
—ﬂefu (D.8)

%:aﬂfn"{zll"'%e(lo )]exp( ,Bae)
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D.2 D Matrix

Derivatives of da

where

9 o
s _ =+nC,Cyn’p, fo —anC,Cyn’ p, =+ Y —anC,Cyn’ f, —=
da Oa oa (D.9)
5 .
A =2anC,Cyep, f, —anC,Cyn’p s —anC,C,n* f, i
Oe P e 0
Pa_if(1-e+3e* - fae) pl, + (2530 =3 fe)el, +
Oa
(,B—2a’1+%ﬁez—ﬂe+ﬂ2ae)l2 —%(3a’1+ﬂe)el3]eXp(—ﬂa€)
(D.10)
%:%[( 1 Bae+1 p*a e+%e—ﬂa—l)ﬂa]o+( —3e)pal, ——( ,Bae+l)
+(%ﬂae—%ﬂzaze+%e+ﬂa—1),Ba]2—%(1—ﬂa)ﬂ2a2e14]exp(—,6’ae)
5le)
dda _| 9da, +85a1 0, 5a2+85a2 sa,
oa da  0p, Oa a
06a_ s, 06, 01
00 oA 00
8561 _0
5lo)
a 85611 aé‘al pp 5a2+(65a2 +a§a2 %J&al (Dll)
0q, q, 0q, oA 0q,
00
_( 8da, , 85a, 0%, 5a2+(85a2 , 08a, 02 j 5a,
dq, Op, 0q, 0q, oA 0q,
ooa _0
o0
dda
0 -y, exp(-ce) 0,
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da=daoa,
Sa,=-a’C,Cyp, exp(—ée) (D.12)

Sa, = (§+ 3)(q1 sin A — g, cos /1) + %52 (%2 - qzz)sin2l - %fquqz cos24

0oa
Gal =aC,Cyp, exp(—fe)(§e—2)
00
8_“1 = a2CDCBpp§exp(—§e)cosa)
4,
00
8_“1 = azCDCBppfexp(—é‘e)sina)
9,
ooa, 5
=—a"C C, exp(—Ce (D.13)
@pp D~ B ( )
65pp Py (r—r)

o8p (r—-r)
p p 0
= p,sexp| ———— |cosw
o, 7P )
oop, (r,-n)
=p Sexp| —-L sinw
o, 7 )
0da 1 ) & ) &
8a2 = E(q1 sind—gq, cos/l)+ﬁ(ql2 —qzz)sm2/1 ~ 549 cos2
85 2 2
aZz :(§+ 3)(4]1 cosd+gq, sini)+%(q12 —qzz)c052/1+%qlq2 sin24
o | (D.14)
00 1+2q,cosA+2q,sinl
gl
p
Derivatives of i
001 001 00i 00i 00i 00i 001 0 (D.15)

da 00 8 oq dq, 0Q oC,
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Derivatives of o¢,

05q, _( 064, 069, 99p,) 5q.,+ %8
oa Oa 8p Oa Oa
o5 05

G _ 5q 9% O
o0 o4 0

49y,

004, 0
oi
05q, [ a5q, , 994, osp, ) , [ 8dq,, 05q, 01 . .16
aq, L aq, 6pp aq, J 2 og, o4 0q, J "
05q, _( 054, 064, 0p,) 50 [ 05q, 05q, 02) ,
50, \2a, " op, 0q, ) " ag, T Toa 3g,)0M
004, 0
oQ
00q 1
E=—EaCDpPexp(—§e)5qlz
where
8q, = 64,4,
1
0q, = —EaCDCBpP exp(—cfe)
. 1, (D.17)
o0q, =2+ é‘ +— § smﬂ—af q,9,c08 A+
1 . | YA 1,
5(5—1—3)((]1 sin21-gq, cos2/1)+E§ (‘11 —qz)sm3ﬂ—g§ q,9,c0834

00q 1
Wll: 2C CBppeXp(—gEe)(l—fe)

06
¢=laCDCBpp§eXp(—§e)cosa)

o4 2 (D.18)
0oq,, 1 . ’
W;:EaCDCBppgexp(—ge)sma)
00q 1
ﬁ:_EaCDCB exp(—fe)
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00q,,

3 1 < . &
e [—qz +Eq22j —s1nﬂ—§qlq2 cos A+

2! H

L (s L&, o\, 1€
E(c]l sin24A—gq, cos2/1)+g§(ql —q2)51n3/1—gﬁqlq2 cos3A

00q 3 1 1 .
aTu:[z+Z§2qf+Z§2q§] COS&+E§26]16]2S1H1+
(D.19)
. 1 ., 1, )
(§+ 3)(ql cos2A+gq, sm2/1)+Z§ (‘11 —qz)cos3/1+§§ 4,9,8in34
2

3 sin24 + %(ql sin34 — g, cos 31)

2
%(3% sind—gq, cosﬂ)+ ot
1
2 2
%(q2 sin A — g, cos /1)— %00521 - %(q2 sin34 +g¢, cos3/1)
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Derivatives of J¢q,

05q, [ 05, 25q,, 0%p,) 5.+ 0% 5

Oa L Oa 8,0p Oa J 2 Oa 2!

00q, _sq 65q22@

00 " a1 00

00q, _0

i

0sq, _[ 05, , 994, osp, ) , [ 954,  25q, o)
aq, L dq,  0Op, 0q, J 2 dq, o4 0q,

05q, [ 05, _26q,, 0%p,) o[ 000, 004, 24
oq, L 0q, 8,0p 0q, J 2 L 0q, 04 0Oq,

004, _0

60

00q 1

°C 2= —EaCDpP e><p(—§e)5q22

B

Derivatives of /X

0

B N O S S O IO
éa 00 oi 0q g, 0Q oC

1 2 B
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Derivatives of 50

000

00 00
(1 +2g,cos A +2g,sin ﬂu)@+2sin/1—q1 “2c0sA 2202
Oa Oa Oa Oa

90 _ (1+ 24, cos 2+ 2g, 5in 2) 22 +25in2 2201 _ 90057 0%
00 00 06 00

2cosA

+2(—ql sin A + ¢, cos ﬂ.)% 5ﬂ.+2cosﬂ.g—/;5ql + 2sini%5q2

06 06
000 (1+2ql cosA+2q, s1ni)@+2s e R N ?2
i Oa 0i 0i
(D.22)
o (1 +2g,cos A +2¢, sin i)@Jﬂs nl—=+ 004, _ 2cosA 004, +20Acos A
86]1 0q, oq, oq,
00q, 06
000 (1 +2g,cos A +2g,sin l)@J& 122N 2c0s2 2% 257 5in 2
6q2 0q, 6q2 oq,
0dq, 06
009 (1 +24q,cos A +2q, sin i)@+2 Y ke R, N i
0 oQ 8(2 0Q
o (1 +2g,cos A +2¢g,sin l)@ﬁsinﬂ 004, _ 2cosA 094,
oC, ocC, ocC, ocC,
where
( o6p. )
004 _ 004, N 0OA, 00p, 57, + 007, 57,
oa oa 8pp oa oa
004 _ 004, 0A
00 EYREY
oL _
i
( a6p )
oor _[ 087, oeA, 09p, J% {a&z , 002, 04 5, ©23)
8q1 oq, 8,0 0q, oq, 04 0Oq,
(654, a4, 0%p,) — (0o4, 004, o4
0O _ L P, S, + L , 004 azJ&I
oq, 0q, ap oq, 0oq, 04 0q,
asL_,
o0Q
0oL 1
a—CB = EaC exp( fe)
and
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S =616,
1
8%, =5aC,C,p, exp(—Ze) (D.24)

oA, =q,cosA+gq,sind

=2 C,Cop, (-2 1)
6;;‘ = —% aCDCBppéexp(—é’e)cos ®
1

0OA 1 :
g; = —EaCDCBppéexp(—é’e)sma)

(D.25)

004, 1
W@; = EaCDCB exp(—fe)

004,
oa
004,
oA
004,
0q,
004,
oq,

=0

=—q,sinA+q,cos A
(D.26)
=cos/A

=sinA
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LIST OF ACRONYMS, ABBREVIATIONS, AND SYMBOLS

Acronym/ Abbreviation

AMR
GA-STM
GMAT
GNC
GUI
LEO
LVLH
MMS
NASA
PCO
RMS
SRP
STM

Description

Area-to mass ratio

Gim Alfriend-State Transition Matrix
Goddard General Mission Analysis Tool
Guidance, navigation, and control
Graphical User Interface

Low earth orbit

Local vertical local horizontal
Magnetospheric Multiscale

National Aeronautics and Space Administration
Projected Circular Orbit

Root mean square

Solar radiation pressure

State Transition Matrix
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