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The total yaw angle is the angle between the velocity and symmetry axis of a projectile. The total yaw angle can be related to the
pitch and yaw angles through a widely available expression. Recently, we needed the total yaw angle and attempted to derive
that expression as an exercise. We obtained a different, and seemingly contradictory, expression instead. The 2 expressions are
actually equivalent, which we demonstrate.
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1. Introduction
The total yaw angle, γt , of a ballistic projectile is the angle between the velocity,
V, of the projectile, and the axis of symmetry, S, in the plane defined by those
2 vectors.∗ The symmetry axis can be aligned with the velocity by moving down
through the pitch angle, α , and across through the yaw angle, β . These angles are
related to the total yaw angle through the equation

sin2
γt = sin2

β + cos2
β sin2

α. (1)

Recently, we had reason to use the total yaw angle in some system effectiveness
studies. As a first step, we attempted to derive Eq. 1 but obtained a different ex-
pression (see Section 3.2) that, at first, appears to be incorrect. In the process of
investigating the discrepancy, we discovered a minor mistake in a reference text
and that the expression we derived was actually equivalent to Eq. 1. We document
these in the following sections.

2. Mathematical Notation
We first provide a few remarks on the mathematical notation we have adopted.
Points in space are denoted by italicized text, such as A, and B. Any 2 points can be
joined by a line segment, which we specify by its endpoints, as in AB. The length
of the segment AB is written as |AB|.

Vectors are written in boldface, as in V. The length of vector V is simply V , which
is not to be confused with a point. We only use 2 vectors, V and S, so this should not
cause too much confusion. Technically, S is not a vector; it is simply a line in space
with no set magnitude. For convenience, we treat it as a vector whose magnitude
can be adjusted as needed.

Triangles are specified using the symbol4 followed by the vertices of the triangle,
as in 4ABC. The vertices may be listed in any order. Specific angles are specified
by Greek letters, such as α for the pitch angle and β for the yaw angle. Other
angles between line segments are specified by using 6 followed by the endpoints.
For example, 6 AOC would the be angle between the segments AO and OC.

∗Various references we have seen list the total yaw angle as αt . We chose to use γt to avoid
confusion with the pitch angle.
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3. Total Yaw Expression Derivations
The derivations for the different total yaw angle expressions generally follow the
same pattern. Given the vectors V and S, and the angles α and β , we can set up a
series of triangles and compute the lengths of each side. Through some elementary
trigonometry, the lengths can be related to the angles and eventually an expression
for γt emerges. Certain triangles will, by construction, be right triangles for which
the trigonometry is particularly simple. For other triangles, though, care must be
exercised to determine if the triangle is a right triangle or not.

3.1 First Derivation
The basics of the first derivation of sinγt can be found in various reference texts,
such as Carlucci and Jacobson.1 We are given V, S, α , and β from which we im-
mediately set up a series of triangles, as shown in Fig. 1. We label the endpoint of
V as the point A. We draw another line through O such that the line is both an angle
α down from S and an angle β from V. There is only one such line. Along this line,
we choose the point C such that AC is perpendicular to OC. By construction, we
must have

|OC|=V cosβ and |AC|=V sinβ . (2)

Next, choose the point B along S such that the segment CB is perpendicular to OB.
This makes the triangle4OBC a right triangle, and so we must have

|BC|= |OC|sinα =V cosβ sinα. (3)

V	

β	

α	
A	

C	

B	

S	

γt	
O	

Fig. 1 Layout for the first derivation
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We must also have

|OB|2 = |OC|2−|BC|2 =V 2 cos2
β −V 2 cos2

β sin2
α, (4)

which will be useful later.

The next triangle to examine is 4ABC. We chose the points B and C to make cer-
tain segments perpendicular. As such, there is no particular reason to assume that
4ABC is a right triangle. As it turns out, 4ABC is a right triangle with the angle
6 ACB being the right angle. This provides a very minor correction to Carlucci and
Jacobson’s book,1 which stated that 4ABC was not a right triangle.∗ Recall from
earlier that the segment AC is perpendicular to OC. Further, OC lies along the pro-
jection of OB, so AC must also be perpendicular to OB, and thus AC is perpendicular
to the plane defined by OC and OB. Since the segment BC is in that plane, we con-
clude that AC is perpendicular to BC, and thus 6 ACB is a right angle. We already
know the lengths of AC and BC from earlier, so we must have

|AB|2 = |AC|2 + |BC|2 =V 2 sin2
β +V 2 cos2

β sin2
α.

Finally, we examine4OBA, which includes the γt angle we are looking for. This is
a right triangle since |OB|2 + |BA|2 =V 2 = |OA|2. As such, we have

V sinγt = |AB|

=

√
V 2 sin2

β +V 2 cos2 β sin2
α

sinγt =

√
sin2

β + cos2 β sin2
α, (5)

which is our answer.
∗The correction has been noted and will appear in errata for the text.
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3.2 Second Derivation
Another, perhaps simpler, derivation is to create a coordinate system where V lies
along the x-axis, with S arbitrary, as shown in Fig. 2. In such a system, β and α

become the familar azimuthal and elevation angles from spherical coordinates.∗ We
again place point A at the end point of V. Now imagine a plane parallel to the
y-z plane that includes the point A. Let the point B lie at the intersection of this
plane and S. The result is shown in Fig. 2. Using the spherical coordinate transfor-
mations, the coordinates of A are (Scosα cosβ ,0,0) and the coordinates of B are
(Scosα cosβ ,Scosα sinβ ,S sinα). In the plane, we have

|AB|2 = |OB|2 cos2
α sin2

β + |OB|2 sin2
α.

Since the plane was chosen to be perpendicular to the x axis, we know that 4OAB

is a right triangle with 6 OAB being the right angle. This means we must have
|OB|sinγt = |AB| and thus

sinγt =

√
cos2 α sin2

β + sin2
α. (6)

y	

z	

x	

V	

S			

β	

α	

A	

B	

C	

O	

Fig. 2 Layout for the second derivation

∗α is the elevation angle. Spherical coordinates typically uses the inclination angle, θ , which is
related to α by α +θ = π/2.
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The result in Eq. 6 is functionally identical to the result in Eq. 1, but α and β are
interchanged. At first look, this may suggest that either Eq. 1 or Eq. 6 is incorrect.
However, the 2 expressions are equivalent. Starting from Eq. 6,

sin2
γt = cos2

α sin2
β + sin2

α

= (1− sin2
α)sin2

β + sin2
α

= sin2
β +(1− sin2

β )sin2
α

= sin2
β + cos2

β sin2
α. (7)

Thus, Eq. 6 is simply an alternative expression for finding γt .

3.3 Other Expressions
We can obtain other expressions for γt by modifying the derivation or manipulating
the known expressions. For example, we can use the coordinate system from Sec-
tion 3.2 to derive another expression by drawing the plane perpendicular to the line
segment that makes an angle β from V. Working out the side lengths of the var-
ious triangles will lead to an expression for cosγt . Alternatively, we could simply
manipulate the earlier sinγt expressions to find

sin2
γt = sin2

β + cos2
β sin2

α

1− cos2
γt = 1− cos2

β + cos2
β − cos2

β cos2
α

cos2
γt = cos2

β cos2
α. (8)

Since the sinγt and cosγt are now known, it would be a trivial matter to construct
expressions for tanγt . We again find multiple expressions:

tan2
γt =

tan2 β + sin2
α

cos2 β
=

tan2 α + sin2
β

cos2 α
. (9)

Note that, once again, multiple expressions are found that have the same functional
form but have α and β interchanged. The same was true for cosγt .
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4. Conclusion
We have presented multiple expressions relating the total yaw angle, γt , to the pitch
angle, α , and the yaw angle, β , of a ballistic projectile with velocity V and sym-
metry axis S. The derivations all follow roughly the same procedure of drawing
triangles and working out the lengths of their sides. None of the derivations are
particularly difficult; however, care must be taken to determine which triangles are
right triangles and which are not, as it is seldom obvious.

It is well worth noting that the multiple expressions for sinγt (and also cosγt and
tanγt) have the same functional form but allow α and β to be interchanged. This
type of symmetry between α and β does not appear to be noted in various reference
texts. This can easily cause confusion as one may derive the alternative expression
and not realize that it is equivalent to the often quoted expression shown in Eq. 1.
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