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1.0 SUMMARY 

There are many potential and present applications for high power microwave (HPM) devices, 
including electronic warfare, imaging, etc.  For such coherent radiation sources, both high power 
output and wide bandwidth are required.  However, the most studied HPM devices in the last 30 
years, the relativistic klystron and the relativistic magnetron, are intrinsically narrow-band 
devices.  Considered here is a new device, a traveling-wave tube (TWT) driven by a large-
diameter annular electron beam in a Disk-on-Rod slow-wave structure (SWS).  This device 
potentially offers wide bandwidth and high power and this research investigates its viability.  In 
particular, the traditional TWT metrics, such as Pierce’s gain parameter C and the space-charge 
parameter QC were derived so that comparisons may be made with currently operating TWTs. 
The cold-tube and hot-tube dispersion relations were also derived.  The cold-tube dispersion 
relation compared favorably well with simulations using the simulation code HFSS.  The hot-
tube solution yielded the Pierce parameters C and QC.  These parameters were used to calculate 
the gain according to Pierce’s classical theory of TWTs, which was then spot-checked against 
three simulation codes, ICEPIC, MAGIC, and CHRISTINE.  Fair agreement was found.  The 
preliminary conclusion is that the Disk-on-Rod TWT is a viable, high power extension to the 
conventional TWT which uses a pencil beam.  New issues of harmonic generation, proper 
accounting of QC, and TWT stability are identified. 

2.0 INTRODUCTION 

At the present, there are few high power amplifiers with wide bandwidth capability.  The most 
studied HPM devices in the last 30 years, the relativistic klystron [1] and the relativistic 
magnetron [2], are intrinsically narrow-band devices [3].  Here we examine the alternative of a 
traveling-wave tube configuration in the multi-kA, 100 kV range.  The amplifier configuration 
that is the focus of this research can potentially provide much higher power outputs than current 
high power commercial microwave amplification tubes while still maintaining the large 
bandwidths required by modern communications and state-of-the-art radar systems. 

Instead of the traditional pencil beam, we will use a large-diameter relativistic annular electron 
beam for the Disk-on-Rod TWT (Fig. 1).  A Disk-on-Rod slow-wave structure (SWS) will be 
used to provide wide bandwidth.  It is placed coaxially with the annular beam and the outer wall 
of the TWT, which is a cylindrical metallic waveguide.  Because of the increased cathode 
surface area for an annular beam, this large-diameter relativistic annular electron beam and SWS 
will have a much higher limiting current than a pencil beam.  It is this combination of annular 
beam and SWS that provides both high power output and wide bandwidth.  

Approved for public release: distribution unlimited.
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Figure 1.  Schematic diagram of the Disk-on-Rod TWT 

3.0 METHODS, ASSUMPTIONS, AND PROCEDURES 

To evaluate the gain and bandwidth of a TWT, the most natural place to start is to use Pierce’s 
classical TWT theory [4], and the Disk-on-Rod TWT is no exception [5].  Since we are facing a 
rarely studied device, this involves several steps:  (a) the derivation of the cold-tube dispersion 
relation, (b) the construction of the hot-tube solution, (c) the extraction of Pierce’s gain 
parameter C and space-charge parameter QC from the hot-tube solution and usage of them to 
evaluate the small signal gain from Pierce’s standard 3-wave theory, and (d) the comparison of 
the analytic theory with simulation code results.  

3.1 Cold-Tube Dispersion Relation 

To characterize the electromagnetic property of the SWS, the electron beam is removed.  We 
consider transverse-magnetic (TM) electromagnetic waves in regions outside of the vanes and 
assume transverse electric and magnetic (TEM) waves in the cavities. Inhomogeneous wave 
equations for the magnetic and electric fields (decoupled) can be derived from combining 
Maxwell’s Equations. Assuming 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗−𝑗𝑗𝛽𝛽𝑛𝑛𝑧𝑧  (harmonic) dependence for the fields and employing 
the Floquet Theorem for periodic structures, the equations for the fields are derived [6,7]. We 
next apply the appropriate boundary conditions: (1) tangential electric field must be zero at 
𝑟𝑟 = 𝑎𝑎 − ℎ, (2) tangential electric field must be continuous at 𝑟𝑟 = 𝑎𝑎, (3) the spatially-averaged 
(across the cavity opening) magnetic field must be continuous at 𝑟𝑟 = 𝑎𝑎, and (4) the electric field 
must be zero at 𝑟𝑟 = 𝑏𝑏.  With some algebra, the field equations are rearranged to give the cold-
tube dispersion relation of the form [6,7]: 

Approved for public release: distribution unlimited.
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We may rearrange this cold-tube dispersion relation into a more familiar form [6,7]: 

→ 𝜔𝜔2 − 𝜔𝜔𝑐𝑐2(𝛽𝛽0) = 0, (8) 
where 𝜔𝜔𝑐𝑐(𝛽𝛽0) is the cold-tube circuit (angular) frequency as a function of the propagation 
constant of the fundamental circuit mode. 

This dispersion relation is next plotted.  The fundamental circuit mode along with the beam line 
for the test case are shown in Figure 2.  The parameters used for the test case are listed in Tables 
1 and 2. 

Table 1.  Dimensions for the Disk-on-Rod TWT for a Test Case 
Dimensions [cm] 

b 3.5 

R 2.8 

a 2.3 

h 1.3 

w’ 0.3 

w 0.3 

τ 0.1 
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Table 2.  Operating Parameters for a Test Case of the Disk-on-Rod TWT 
Operating Parameters 

V [kV] 124 
β01 [m-1] 100 
f01 [GHz] 2.832 

Figure 2.  Plots of the Fundamental Circuit Mode of the Cold-Tube Dispersion Relation 
(blue) and the Beam Mode (red) 

To validate the dispersion relation, (Eq. (1)) or (Eq. (8)), we designed the Disk-on-Rod TWT in 
the program High Frequency Structural Simulator (HFSS, [8]) and ran simulations to determine 
the eigen-frequencies.  Shown in Figure 3 are the plots of the results from HFSS compared to the 
analytic theory.  As can be seen, the HFSS simulations agree well with the analytic theory. 

Approved for public release: distribution unlimited.
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Figure 3.  Comparison of the Analytic Model of the Cold-Tube Dispersion Relation (blue) 
to Simulations in HFSS (green) for One Period 

3.2 Hot-Tube Dispersion Relation 

We next derive the hot-tube dispersion relation including the annular electron beam using the 
technique given by Lau and Chernin [7].  The four boundary conditions given in Section 3.1 still 
hold, but we now add two more to account for the electron beam:  (5) the tangential electric field 
must be continuous at the location of the beam (𝑟𝑟 = 𝑅𝑅) and (6) the normal electric field suffers a 
discontinuity (𝜎𝜎𝑛𝑛

𝜀𝜀0
, where 𝜎𝜎𝑛𝑛 is the surface charge density of the electron beam and 𝜀𝜀0 is the

permittivity of free space) at 𝑟𝑟 = 𝑅𝑅.  It can be shown that the hot-tube dispersion relation takes 
the form: 

𝐷𝐷(ω,𝛽𝛽𝑛𝑛) ≡
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(𝑝𝑝𝑛𝑛𝑅𝑅)
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𝑉𝑉′(𝑝𝑝𝑛𝑛𝑎𝑎)
𝑝𝑝𝑛𝑛𝑉𝑉(𝑝𝑝𝑛𝑛𝑎𝑎)� = 0 

(9) 

where 
𝑊𝑊𝑛𝑛 = 𝐼𝐼0(𝑝𝑝𝑛𝑛𝑅𝑅)𝐾𝐾0(𝑝𝑝𝑛𝑛𝑎𝑎) − 𝐼𝐼0(𝑝𝑝𝑛𝑛a)𝐾𝐾0(𝑝𝑝𝑛𝑛R). (10) 

𝑣𝑣0 is the unperturbed electron drift velocity and 𝜔𝜔𝑝𝑝 is the beam plasma frequency.  It should be 
noted that 𝜔𝜔𝑝𝑝2 ∝ 𝑠𝑠0(unperturbed electron number density) ∝ 𝐼𝐼 (DC beam current).  If we remove 
the beam (i.e. 𝐼𝐼 ∝ 𝑠𝑠0 ∝ 𝜔𝜔𝑝𝑝2 → 0), the above hot-tube dispersion relation collapses to the cold-
tube dispersion relation, as expected. 

The rather complicated hot-tube dispersion relation is to be casted into the standard Pierce theory 
[4,6], by extracting the gain parameter C and the space-charge parameter QC. 
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3.3 Pierce’s Parameters C and QC 

Two of the most important parameters used by Pierce in his analysis of TWTs are:  Pierce’s gain 
parameter, C, and Pierce’s AC Space-Charge Parameter QC [4,6,7].  C (or C3) is a parameter that 
measures the coupling between the electron beam and the operating circuit mode.  This 
parameter was calculated in two very different ways.  In the first method, the coupling constant 
was extracted from an exact formulation of the space-charge wave on the SWS.  We shall denote 
this by C.  In the second method, the coupling constant was extracted from a consideration of the 
action of the beam on just the operating circuit mode.  We shall denote this by C’.  As seemingly 
different as these two methods (and hence values of the coupling constant) appear to be, the 
investigator’s graduate student who has been supported by this grant, Patrick Wong, 
mathematically proved that both of these methods yield identical results.  That is, 𝐶𝐶 = 𝐶𝐶′. 

The hot-tube dispersion relation (Eq. (9)) may be cast into the following form: 
(𝜔𝜔 − 𝛽𝛽0𝑣𝑣0)2 = 𝜔𝜔𝑝𝑝2 ∙ 𝑅𝑅. (11) 

This is an exact equation, where 𝑅𝑅 = 𝑅𝑅(𝛽𝛽0,𝜔𝜔) is the plasma reduction factor.  Let us decompose 
this plasma reduction factor into a singular part (RS) and the remainder (RN) [7]: 

𝑅𝑅 = 𝑅𝑅𝑆𝑆 + 𝑅𝑅𝑁𝑁 . (12) 
The singular part (RS) is singular at the cold-tube circuit frequencies and essentially gives rise to 
the coupling constant.  Hence, we may write: 

𝑅𝑅𝑆𝑆 ∝
𝜔𝜔𝑝𝑝2

𝐺𝐺(𝜔𝜔,𝛽𝛽0) =
𝜔𝜔𝑝𝑝2

𝜔𝜔2 − 𝜔𝜔𝑐𝑐2
∝

𝐶𝐶3

𝜔𝜔2 − 𝜔𝜔𝑐𝑐2
(13) 

and upon substitution of this into (Eq.(11)) and ignoring the remainder, we get [7]: 
(𝜔𝜔 − 𝛽𝛽0𝑣𝑣0)2 ∙ (𝜔𝜔2 − 𝜔𝜔𝑐𝑐2) ≈ 𝜔𝜔4𝐶𝐶3, (14) 

which is Pierce’s dispersion relation to lowest order.  The term (𝜔𝜔 − 𝛽𝛽0𝑣𝑣0) is the beam mode, 
and the term (𝜔𝜔2 − 𝜔𝜔𝑐𝑐2) is the circuit mode.  The product of these two modes gives us a term that 
is proportional to C3.  C is extracted from an exact formulation of the space-charge wave on the 
SWS. 

Alternatively, we derive C (now called C’) from the action of the beam on just the operating 
circuit mode.  We again begin with the inhomogeneous wave equation for the magnetic field 
obtained from combining and decoupling Maxwell’s Equations, 

�∇��⃗ 2 −
1
𝑐𝑐2

𝜕𝜕2

𝜕𝜕𝑡𝑡2
�𝐻𝐻��⃗ =  −∇��⃗ × 𝐽𝐽. (15) 

Taking the inner product of this equation with 𝐻𝐻��⃗ ∗(the complex conjugate of the magnetic field 
𝐻𝐻��⃗ ), approximating the field with the vacuum field:  𝐻𝐻��⃗ ≈ 𝐻𝐻��⃗ 𝑣𝑣, and using the corresponding 
equation for the vacuum fields:  ∇��⃗ 2𝐻𝐻𝑣𝑣����⃗ =  −𝑗𝑗𝑐𝑐

2

𝑐𝑐2
𝐻𝐻𝑣𝑣����⃗  (Helmholtz equation), we may derive an 

equation of the form [7]: 

𝜔𝜔2 − 𝜔𝜔𝑐𝑐2 =
∭𝐽𝐽1��⃗  �𝐸𝐸1����⃗ � ∙ 𝐸𝐸1∗����⃗ 𝑑𝑑𝑉𝑉

𝑈𝑈
, (16) 

where 𝐸𝐸�⃗  is the electric field, U is the normalized energy content, and the volume integral is taken 
over a period of the structure. 
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7 

Equation (16) gives the modification of the cold-tube frequency ωc [cf. Eq. (8)] by the current 
modulation.  If the integral in (16) is evaluated, we arrive at the following equation: 

(𝜔𝜔  − 𝛽𝛽 0𝑣𝑣 0)2 ∙ (𝜔𝜔 2 − 𝜔𝜔 𝑐𝑐
2) = 𝜔𝜔 4𝐶𝐶 ′3,                                  (17) 

which is also the Pierce’s dispersion relation to lowest order, of the same form as Equation 14. Mr. 
Patrick Wong, the graduate student of the investigator, has rigorously proven that 𝐶𝐶 3 = 𝐶𝐶 ′3. 

While the singular part of the plasma reduction factor RS in Equation (12) gave rise to the 
coupling constant C, the remainder of the plasma reduction factor RN gives rise to QC.  With 
knowledge of the coupling constant (and RS) from two different methods (above), we may now 
compute the remainder exactly.  The difference gives the remainder, which in turn gives QC, 
known as Pierce’s space-charge parameter.  To our knowledge, this is the first time that QC has 
been calculated exactly for a complex SWS. 

4.0 RESULTS AND DISCUSSION 

For the test case whose parameters are given in Tables 1 and 2, we varied the beam current and 
calculated the perveance, C, and 4QC.  Our results are tabulated below (Table 3). 

Table 3.  Tabulation of the Perveance [μP], C, and 4QC for Varying Beam Current I 
I [A] Perv. [μP] C 4QC 
6.25 0.1434 0.0287 0.1408 
25 0.5736 0.0456 0.2232 
50 1.1472 0.0574 0.2812 
100 2.2944 0.0723 0.3544 
200 4.5888 0.0911 0.4468 
300 6.8832 0.1043 0.5112 

In Table 3, the current of 50 A is highlighted.  For this case, the beam perveance, defined as 
I/V3/2, is 1.15 μP, C is 0.057, and 4QC is 0.2812; these values are comparable to current high-
performance TWTs.  This suggests that this high power Disk-on-Rod TWT has the potential to 
perform on-par with the well-studied, lower power TWTs. 

Lastly, we plot the spatial amplification rate βi as a function of beam current I (Figure 4). 
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Figure 4.  Spatial Amplification Rate as a Function of Beam Current Assuming QC = 0 
(black) and Including QC ≠ 0 (red) 

As can be seen from Figure 4, when QC is set equal to zero (no space-charge effect, black 
curve), the gain is an approximation to the case when QC is nonzero (red curve) for low current 
but deviates significantly for higher current.  There exists a critical current when QC is nonzero 
above which there is no further spatial amplification; this is a well-known effect in conventional 
TWTs.  For our case, this critical current is about 15 kA. 

The above analytic theory was compared with the results from the simulation codes ICEPIC [9] 
(ran by Dr. Brad Hoff of AFRL), MAGIC [10] (ran by graduate student David Simon of the 
University of Michigan), and CHRISTINE [11] (ran by Dr. David Chernin of Leidos 
Corporation) and are presented in Figure 5. 
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Figure 5.  Plot of the Spatial Amplification Rate as a Function of DC Beam Current for the 
Operating Parameters in Tables 1 and 2, using Analytic Theory, ICEPIC, MAGIC, and 

CHRISTINE 

According to Figure 5, there is general agreement between theory, ICEPIC, MAGIC, and 
CHRISTINE, validating to some extent not only the theory but the different simulation programs 
as well.  The estimated RF power gain over an interaction length, L, is approximately given by 
exp(2*βi*L).  So it is to be cautioned that while there is general agreement in the spatial 
amplification rate (βi), there could be significant difference in the predicted RF output power. 

Finally, the frequency dependence is examined.  Figure 6 shows the imaginary part of the 
propagation constant (i.e. spatial amplification rate βi) of the three modes of Pierce in the hot-
tube dispersion relation.  Thus significant gain from the amplifying mode (βi > 0) can be 
obtained over a wide band of the Disk-on-Rod TWT. 
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Figure 6.  Plot of the Imaginary Part of the Propagation Constant as a Function of 
Frequency for the Three Forward Waves in the Pierce 3-Wave Theory 

5.0 CONCLUSIONS 

The Disk-on-Rod TWT was analyzed using the classical Pierce theory of TWTs.  It does show 
the potential of high power and large bandwidth.  These conclusions were corroborated by some 
preliminary simulations. 

Several issues emerged from other studies which could be relevant to the Disk-on-Rod TWT. 

(a) TWT oscillations.  This is a generic problem in TWTs. The oscillations may be in the form of 
backward-wave oscillations, regenerative oscillations, and oscillations at the band-edge. 
Oscillations at the band-edge was analyzed by the investigator recently [12].  Because the Disk-
on-Rod TWT is overmoded, oscillations are the major concern. 

(b) The issue of QC.  Pierce’s space-charge parameter is very important for a high current beam. 
How to evaluate it reliably in general remains an outstanding problem. 

(c) Harmonic generation.  Even in the linear regime, there could be significant harmonic content 
in the beam current due to crowding of an electron orbit [13].  It would be of interest to see if the 
Disk-on-Rod TWT can function as a bi-frequency amplifier. 
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