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Abstract

For a directed graph G, a t-identifying code is a subset S C V(G)
with the property that for each vertex v € V(G) the set of vertices of
S reachable from v by a directed path of length at most ¢ is both non-
empty and unique. A graph is called t-identifiable if there exists a t-
identifying code. This paper shows that the de Bruijn graph B(d, n) is
t-identifiable for n > 2t—1, and is not ¢-identifiable for n < 2¢t—2. This
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paper also proves that a t-identifying code for t-identifiable de Bruijn
graphs must contain at least d"~1(d — 1) vertices. Constructions are
given to show that this lower bound is achievable for t¢-identifying
codes when n > 2t. Further a (possibly) non-optimal construction is
given when n = 2¢—1. Additionally, with respect to B (d,n) this paper
proves upper and lower bounds on the size of a minimum ¢-dominating
set (a subset with the property that every vertex is at distance at most
t from the subset), that the minimum size of a directed resolving set
(a subset with the property that every vertex of the graph can be
distinguished by its directed distances to vertices of S) is d"~*(d — 1),
and that if d > n the minimum size of a determining set (a subset S
with the property that the only automorphism that fixes S pointwise
is the trivial automorphism) is {%]

1 Introduction

First introduced in 1998 [9], an identifying code for a graph G is a subset
S C V(G) with the property that for each v € V(G) the subset of vertices
of S that are adjacent to v is non-empty and unique. That is, each vertex
of the graph is uniquely identifiable by the non-empty subset of vertices of
S to which it is adjacent. Note that not all graphs have an identifying code;
those that do are called identifiable. A graph fails to be identifiable if and
only if it contains a pair of vertices with the same closed (in-)neighborhood;
such vertices are called twins. Extending these definitions to t¢-identifying
and t-twins is easy and is covered in Section 3. Identifying codes can be
quite useful in applications. For example, an identifying code in a network
of smoke detectors allows us to determine the exact location of a fire given
only the set of detectors that have been triggered. However, the problem of
finding identifying codes is NP-Hard [5]. The computational cost has so far
limited the real-world use of identifying codes.

The directed de Bruijn graph B(d,n) is a directed graph in which the
vertices are strings of length n from an alphabet A with d letters, and with
a directed arc from vertex z1zy...x, to vertex zs...x,a for each a € A.
When looking for a graph model for applications, it is useful to choose a
graph with relatively few edges, but many short paths between any pair of
vertices [2]. The de Bruijn graphs have both of these desirable properties.
In addition, given an arbitrary pair of vertices in a de Bruijn graph, there
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Figure 1: Vertex Subset Relationships

are routing algorithms that, with high probability, create a path of length
O(logn) between the pair [13]. The properties of de Bruijn graphs enable
some problems that are NP-complete on general graphs, such as the Hamilton
cycle problem, to be computationally solvable on de Bruijn graphs [11]. We
will see that for most directed de Bruijn graphs, the construction of minimum
t-identifying codes is indeed solvable (when they exist).

Other vertex subsets that we consider for de Bruijn graphs in this pa-
per are dominating sets, resolving sets, and determining sets. Dominating
sets provide complete coverage for a graph, while resolving sets provide an
identification of vertices in graphs using relative distances. Finally, deter-
mining sets provide a set of vertices that is only fixed pointwise by the trivial
automorphism. These types of subsets are also useful in applications. For
example, resolving sets have been used in aiding the navigation of robots
when distances to sufficient landmarks are known [10], and determining sets
are useful in graph distinguishing which can reduce graph symmetry to en-
hance recognition. These different vertex subsets are interrelated, as shown
in Figure 1. For example, each resolving set and identifying code is also a
determining set, but not vice-versa. This is discussed more fully in Section
4.1 and Section 4.3.

In Section 2, we give careful definitions necessary for working with di-
rected de Bruijn graphs. In Section 3, we prove that for every t-identifiable
de Bruijn graph, any t-identifying code must contain at least d"~'(d—1) ver-
tices. We prove by construction that this bound is achievable for ¢-identifying
codes when n > 2t. For n = 2t — 1 we show the existence of a t-identifying
code of size d"*(d — 1) +d', which may or may not be optimal size. Further-
more, when n < 2t — 2, we are able to show that B(d, n) has no t-identifying
code due to the existence of ¢-twins. In Section 4 we study dominating

sets, directed resolving sets, and determining sets for 5(d,n). Section 4.2
gives a proof that the minimum size of a directed resolving set for B(d, n) is
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d"!(d — 1), and Section 4.3 that the minimum size of a determining set is

[a=t].

2 Definitions

We will be considering various types of vertex subsets on the class of directed
de Bruijn graphs. The following definitions will be useful in working with
this class of graphs. We will use the notation [z] = {1,2,...,x}.

Definition 2.1. Let A4 = {0,1,...,d—1} and let A" be the set of all strings
of length n made up of letters of A. When d is clear from context we will
use A and A" respectively.

Definition 2.2. The directed de Bruijn graph, denoted g(d, n), has
vertex set A7. An edge from vertex xixs ...z, to vertex yiys ...y, exists if
and only if xox3... 2, = Y1Y2 ... Yn_1.

Definition 2.3. The concatenation of two strings r = z12,...2; and
Y=1Y2...Yp isgiven by t ®y = 129 ... T;Y1Y2 - . . Yp-

Definition 2.4. The concatenation of sets of strings S and 7' is given
by S&éT ={zdy|xzeSandyecT}.

Definition 2.5. The prefix of a string z = x25...2, is the substring
1%y ...Ty_1, denoted by x ™.

Definition 2.6. The suffix of a string x = zyx5...x, is is the substring
Tols . .. T,, denoted by xT.

Definition 2.7. When discussing substrings of a string z125...x,, we will
use the notation x(a : b) to denote the substring 2441 ... Tp.

Definition 2.8. If a string z = zyx5...x, contains a constant substring
x(a,b) = 2z...z, then we will denote the consecutive letters as 2°~% the
constant raised to the power denoting length. This will also be used for
repeated substrings, such as 0101...01 = (01)*.

Definition 2.9. Let w = w;...w, € A%. Define w®™ = wgt’m) L™
such that:

tm) | w+m (modd), ifi=t;

) wy, otherwise.



Definition 2.10. Let w = w;...w, € A and ¢ € Z* such that n > 2/.
Then we say that w has period length ¢ if w; = w;4, for all i € [n — £]. If we
have n < 2¢, then we say that w has almost period length (.

Definition 2.11. Let w € A7}, and suppose that w has period length ¢, and
does not have period length k for any k < ¢. Then w is called £-periodic.

Definition 2.12. Let w € Aj. If there exists some £ > % and word w' €

A% such that w @ w' is f-periodic, then w is called almost (-periodic.

We now provide some lemmas regarding string properties that will be
used later in the paper.

Lemma 2.13. [7] Let {1 > {3 and w be a word of length n > {1 + {5 —
ged(ly,03). If w has periods (or almost periods) of length 1 and {5 , then w
has a period of length ged(ly, ls).

Lemma 2.14. [3] Let {1 > ¢y and w be a word of length n > {1 + ly. If w
has a period (or almost period) of length £1 and w*™ has a period of length

5 for some m € Aq, then there is m' € Aq such that w*™) has a period of
length ged(ly, 0s).

Lemma 2.15. Let w € A}} such that w is {1-periodic or almost {1-periodic.
Let m € [d — 1] and also k € [n] with k < n —{y or k > (. Then for
any ly < 5 with 1 > Ly and n > £y + Lo, it is not possible that wkm) g
ly-periodic.

Proof. We proceed by contradiction, and suppose that w®™ is f5-periodic.
We have two cases. First, if £ > /1, then by Lemma 2.14, there exists some
m' € Ag such that w*™) has period of length ged(€y, £5). Then we have the
following chain of equalities.

wp = Wk—y, since w has a period of length ¢,
= wy_g, since w®™) has a period of length ged(¢y, £5)
= w,(f’m) since w®™ has a period of length £,

Hence this is a contradiction. For our second case, when k < n — {1, we note
the following.
_ _ _ ., (km)
Wy = wk-{-fl - wk-{-fz =w

This is also a contradiction. Therefore we must have that w®™ is not fo-

periodic. 0



Lemma 2.16. Let w € A} such that w has period length £y for some {1 < 3.
For allm € [d—1] and for alli, j, k € [n] withi <k < j, and for all {3 < ¢,
with j — i+ 1 > l; + {5 and with either k > i+ (1 or k < j — {1, we must
have that w*™ (i, j) does not have period ly.

Proof. Define w’ = w(i, 7) and w'*=»™ = w*™)(; 5), and then apply Lemma
2.15 to compare the two strings. U

Lemma 2.17. Let n = 2t and let w € A};. If u has period length t and for
some { <t andm € Ag, we find that v’ = u®™ (t4+1—( : n—1) is (-periodic,
then we must have that ¢ divides t and u' @ (u, +m) has period {.

Proof. First, we note that U,, = (u(tvm))(n’m) clearly has period length ¢,
and so Uy, (t +1 — ¢ : n— 1) has almost period length ¢. Additionally, since
Un(t+1—20:n—1) =1/, we know that U, (t +1—¢:n — 1) is (-periodic.
Hence by Lemma 2.13, U,,,(t+1—¢ : n—1) has period of length p = ged(¢, £).
However since v’ is given to be f-periodic, the minimum period length is ¢
and so we must have that p = ¢ and thus ¢ divides t.

To show that u' @ (u,, +m) has period ¢, we note that ' has period ¢, and
that uj, = ugt’m) = u¢ +m. Having period ¢ implies that uj, = u;+m for all k
that is divisible by ¢. Since u,, +m is the (¢t +¢)th letter in v’ & (u,, +m), and
this is divisible by ¢, we need that u,, + m = u; +m in order for v’ & (u,, +m)
to have period £. But this is given to be true since u has period t. O

3 Identifying Codes

We begin by building up to the definition of an identifying code. This requires
careful definitions of directed distance and t-balls.

Definition 3.1. The directed distance from vertex u to vertex v in a graph

G is given by d(u,v), and is defined as the length of the shortest directed
path from u to v in G.

Definition 3.2. Let v € V(G). The open in-neighborhood of v is given by
N~ (v) ={u e V(G) | (u,v) € E(G)}, and the closed in-neighborhood
is given by N~ [v] = N~ (v) U {v}.

Note that out-neighborhoods are defined analogously, but will not be
needed in this paper.
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Figure 2: A 1l-identifying code in the graph B(2,3) (black vertices). A 2-
identifying code in this graph requires all vertices but one of {000,111}, and
there are no t-identifying codes for ¢ > 3.

Definition 3.3. The in:ball of radius ¢ centered at vertex v is the set:
B, (v) = {u € V(G) | d(u,v) < t}. and the out-ball of radius ¢ centered
at vertex v is the set: B;" (v) = {u € V(G) | d(v,u) < t}.

—

The two following lemmas are useful in working with distances in B(d, n)
and their proofs are self-evident.

—

Lemma 3.4. In B(d,n) there is a directed path of length ¢t < n from = to y
if and only if (¢t +1:n) = y(1 : n —t). That is, if and only if the rightmost
n — t letters of x are the same as the leftmost n — t letters of y.

Lemma 3.5. In B(d,n) if vertices  # y have the same prefix, then for all

- -

u # {z,y},d(u,x) = d(u,y). In particular, B; () \ {z} = B; (y) \ {y} for
all t < n.

Definition 3.6. Given a subset S C V(G), the S t-identifying set for
vertex v is given by IDg(v) = B; (v) N S.

Definition 3.7. A t-identifying code is set S C V(G) such that each vertex
has a unique, non-empty t-identifying set. That is, for every u € V(G),
IDs(u) # 0, and for all pairs u,v € V(G) we have IDg(u) # IDg(v). The
variable t is referred to as the radius of the identifying code. See Figure 2
for an identifying code in the graph g(?, 3).

In the above definitions, if ¢ is omitted from the notation (i.e. identifying
code instead of t-identifying code), then it is assumed that ¢ = 1.

Note that not every graph has a t-identifying code for each ¢. In particular
if the graph has two vertices with equal in-balls of radius ¢, then the graph
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has no t-identifying code. The topic of such ‘t-twins’ and the resulting non-
existence of t-identifying codes is covered in Theorem 3.13.

—

Theorem 3.8. If B(d,n) is a t-identifiable graph, then the size of any t-
identifying code is at least d"1(d — 1).

Proof. Choose t < n and a # b in A. Suppose that for some w € A" 1,
neither = w @ a nor y = w @ b is a set S. Since x and y share a prefix,
by Lemma 3.5, B, (z) \ {z} = B, (y) \ {y}. Since neither = nor y is in S,
IDg(x) = IDg(y). Thus S is not a t-identifying code. Thus for each w € A",
a t-identifying code must contain, at least, all but one of w & a for a € A.
Thus a t-identifying code for g(d, n) must have size at least d"~1(d —1). O

Note that the result above is independent of the radius ¢. An interesting
consequence of this is the fact that increasing the radius of our identifying
code does not produce any decrease in the size of a minimum identifying
code. For example, consider the potential application of identifying codes
in sensor networks. One might think that by increasing the sensing power
(which corresponds to the radius of the identifying code) we would be able to
place fewer sensors and thus incur a savings overall. However, Theorem 3.8
implies that providing more powerful (and thus more expensive) sensors does
not allow us to place fewer sensors. Thus we should use sensors that have
sensing distance equivalent to radius one. In fact, in the case of 2-identifying
codes in 5(2, 3), we actually require an extra vertex for a minimum size of
seven!

The remainder of this section is organized as follows. We first provide
a construction of an optimal t-identifying code for g(d, n) with ¢ > 2, and
n > 2t in Theorems 3.9 and 3.10. Following the proof of this result, we
highlight some variations that provide identifying codes for several other
instances. Finally, we highlight an alternative construction for 1-identifying

—

codes for all B(d,n) when d # 2 and n is odd.
Theorem 3.9. Suppose that n > 5,d > 2,t > 2, and n > 2t. Thﬁen the
following set S is an optimal t-identifying code of size d"~*(d —1) in B(d,n).
S = {xeA}| for somem and ( <t, e (t 41— 0 :n—1) is l-periodic,
but ™ (41— 0:n—1)® (2, +m) is not. }
U
{ve Ay |z # 2, and "™ (t+1—0:n—1)
is not (-periodic for any m and ¢ <t}



Proof. First, let us note that for all x € A%, if 2™ (t 4+ 1 — ¢ : n) has period
¢ for any m and ¢ <t, then z ¢ S.

Let x be given, and define x; to be the ith coordinate of x. We also define
the following string z;;.

1, it k =t;
x(k), otherwise.

In other words, x;; is the string @y ... 2192441 ... Tp_1].

Next, we note that z;;(t+1—£:n—1) = 2= (t +1— ¢ : n — 1), which
implies by Lemma 2.16 that x;;(t + 1 — ¢ : n — 1) is {-periodic for at most
one { <t = 4 and for at most one i € Ag.

Next, suppose that x.(t +1 — ¢ : n) is f-periodic and consider z;;. We
note that x%’a_i) (t+1—0:n—1)=uz4(t+1—¢:n—1), which is (-periodic.
Hence z;; is a member of S if and only if atg-’a_i) (ti1—0:n—1)®(j+a—1)
is not ¢-periodic. In other words, if and only if ¢ — 7 # a — b mod d. On the
other hand, if z;;(t + 1 — ¢ : n — 1) is not ¢-periodic for any ¢ and i € Ay,
then z;; € S if and only if ¢ # j. Hence, there is exactly one j € A; such
that z,; ¢ S, and similarly there is exactly one i € A, such that z;, & S.
These pairings tell us that d*~! strings are not in S, leaving the cardinality
of S at d* —d"!, or d""}(d — 1).

Now that we have established the cardinality of S, we must show that no
two nodes have the same identifying sets. Let x,y € g(d, n), and consider
their identifying sets, called I(x) and I(y), respectively. Let k be the smallest
index such that zj # yi.

k = 1: Without loss of generality, we may assume that z; = 0 and y; = 1.
Observe that we have the following strings contained in the identifying

sets.
¥ = 0'e0@x(l:n—t) € B (),
7 = 0'elox(l:n—t) € B (),
y = 1"'ol1eoy(l:n—t) € B;(y), and
y' = 1"'e0@y(l:n—t) € B;(y).

Note that 2’ & B, (y) and ¢y’ & By (z), since B, (x) does not contain any
vertices beginning with 1! and B; (y) does not contain any vertices
beginning with 0. Next, we notice that at least one {2/, 2"} is in S.



To see this, we note that 2/ = 2/&1). By the same point, we must have

that at least one of 3/, 3" is a member of S.

Next, we note that if at least one of 2,1’ is a member of S, we can
use that string to separate y. Otherwise, if either 2" ¢ B, (y) NS or
y" & B, () NS, we can separate x and y with the given string. As a
last resort, we consider the case in which we have 2" € B, (y) N S and
y” € By () N'S. Then we must have:

7" = 0 loy(lin—t+1),
y' = 1"t'@a(l:n—t+1),

as xy is the only 1 in (1 : ¢+ 1) and ¥} is the only 0 in y"(1: ¢+ 1).
From this, we get the following string equalities:

x(l:n—t) = y2:n—t+1),
y(l:n—t) = x(2:n—t+1).

From these string equalities, we see that z; = y;11 = x;12 and y; =
Tip1 = Yo foralli =1,2,...,n—t—1,and so z(1 : n—t) and y(1 : n—t)
are both 2-periodic (since x; # y; we cannot have 1-periodic). Hence,
Z(t—1:n)=001®x(1:n—1t)is also 2-periodic (recall that 1 =0
and y; = 1), so 2” ¢ S. Hence we must have 2’ € S, and so we may
use 2’ to separate x and y.

2 < k <n —t: We know that there must exist some s such that z;...z,_1 =
y1...Ys—1, and these substrings are constant. Without loss of generality
we may assume that z;...2,_1 = 0! =y;...y,_; and 7, = 1, and so
2 < s < k. Define the following strings.

y = 1"®y(l:n—1t)and
y' = 1o 0ey(l:n—1t)

As we saw in the previous case, we have that {y/,y"} C B; (y) and
{y,y"} NS # 0. Now consider an arbitrary vertex v € B; (). Since
s 1xs =01 and 2 < s < k < n —t, we know that v(i — 1 : i) = 01 for
some i € [s, s + t].

Additionally, we consider " and i € [2, s+t—1]. Fori < ¢, we know that
y'(i—1:4) =11, and for i = ¢t + 1, we have that y/(: — 1 : i) = 10, and
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finally for t +2 <1i < s+t —1 we have y'(: — 1 : ) = 00. Similarly, for
i€ [2,s+t—1], we must have y"(i — 1 :7) € {00, 10, 11}. This implies
that y/(1 : s+¢t—1) and y”(1 : s+t —1) do not contain the substring 01,
and so if ¢’ or y” is a member of B; (x), we must have either d(y/, z) =t
or d(y",xz) = t, respectively. Hence we must have y; , = x; or y,;, = ;
for i € [1,n —t], and therefore that x, = y;,, = v/, = Y&, which is a
contradiction. Thus neither 3’ nor y” can be a member of B, (z), and
hence both strings separate x and y.

k >mn —t: Since we must have z; = y;, we may assume without loss of
generality that x1 = y; # 0. Define the following strings.

u = 0" "@x(l:k)and
0" F@y(l:k)

Clearly we have u € B, () and v € B, (y). Additionally, we have
u(l:n—1) =v(1l:n—1) and u, = xx # yp = v,. Note that this
implies that for a = 4,4, we have u = uy,, and v = u,,, with
T # yYg. By our argument at the very beginning of the proof, at most
one of these can lie outside of S, and so we must have {u,v} NS # 0.

We now have two cases. First, if both v ¢ B; (y) and v € B, (),
then any string from {u,v} NS separates x and y, and we are done.
Otherwise, assume without loss of generality that v € B; (y). Then we
must have u = w & y(1 : p) for at least one p € [n — t,n|. Take p to
be the largest such p possible. Since y; # 0 = w; for all i € [1,n — k],
we must have p < k. Additionally, if p = k then we have y(1 : k) =
y(1:p) =x(1: k), which is a contradiction since yy # 5. This implies
that we must have p < k. Hence we must have the following string of
equalities:

0" Fex(l:k) = u
wey(l:p)
= wdx(l:p).

Thus we have z(k —p+1: k) = x(1 : p), or x; = xp_py; for i =

11



1,2,...,p. Additionally we note the following equalities hold:

2(k—p) = 2k—2p
< 2k—2(n—1)
< k+4+2t—n
< k.

Hence since x; = xy_py; for i € [1,p] and 2(k — p) < k, we know that
x(1 : k) has period (k — p). In fact, since we chose p to be maximum,
x(1: k) is (k — p)-periodic.

Next, we show that u(t+1— (k—p) : n) is also (k — p)-periodic. First,
we note the following inequalities:

n—@t+1-(k-p)+1 = n—t+k—p
> 2(k—p).

The last line comes from the facts: n—t > ¢ > n—p > k—p. Hence our
string length is at least 2(k — p), and from our previous paragraphs, so
long as u(t+1— (k—p) : n) is contained in u(n —k+1:n) =z(1: k),
we know that it must have period (k — p). For this we note that

t+1—(k—p)>n—p)+1—-(k—p)=n—-k+1,

and so u(t+1— (k —p) : n) indeed has period (k — p), and thus u & S,
except if (n—1)—(t+1—(k—p))+1 < 2(k—p). In this case we must
have k —p=t, k=n=2t, and p =t.

If u®™) (t+1—£ : n—1) is ¢-periodic for some ¢ < k—p = t and m, then
by Lemma 2.17 we must have that u®™ (t4+1—¢ : n—1)® (u,+m) is also
(-periodic, and hence v ¢ S. On the other hand, if u®™ (t4+1—¢ : n—1)
is not (-periodic for any ¢ < t and m, then we note that u, = ugy; = uy,
so again u ¢ S. Therefore in all cases we have u ¢ S, so we must have
veds.

All that remains is to show that v ¢ B; (z). We note that if v € B, (x),
then y(1 : k) is ¢-periodic for some ¢ < k +t — n (using the same
argument as we used to show that z(1 : k) was (k — p)-periodic). Since
2(1: k) = (y(1: k)*™ for some m, by Lemma 2.15 it is not possible
that both x(1 : k) and y(1 : k) are periodic. Hence we must have
v & B, (x), and so we may use v to separate x and y.

12
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When we combine the previous theorem with the following result, we have

—

a complete set of constructions for optimal t-identifying codes in B(d, n) with
t > 2 and n > 2t.

Theorem 3.10. Let n > 3 and S = A} \ {x1axs2y... 2410 | a € Ag}.
If n is even, then S is a 2-identifying code for B(d,n). If n is odd, then

S = (SU{(a)zb| a#be AN\ {(ab)za| a#be A} isa?2-

—

identifying code for B(d,n). In both these cases, the 2-identifying code is of
optimal size d"(d —1).

Proof. Consider an arbitrary string x = z12275...2, € A}, and define the
set T'= IDg(z). We'll consider the contents of 7" in four cases based on the
equality of xq, 2,1 and of x5, x,. First let C' = {ax™" |a € A\ {x,_2}}.

Case 1. Ifzy =1x, and 2y = z,_, then T = A®C. Thus |T| = d* —d.

Case 2. If 29 # z, and 1 = z,_1, then T' = (A& C) U {z}. If
x € A® C then zt = az~ for some a € A\ {x,_o}. In this case,we have
ToXg Ty = AX1Xo -+ Tp_o. This implies that we have x1 = 23 =25 = - - -,
and also that x9 = x4 = ¢ = ---. Since this case requires that z; = z,_1,
we must have that either n is even or that z; = 29 = 23 = --- = x,,. In
either case, this contradicts our assumption that xs # z,. Thus z ¢ A ® C,
and we conclude that |T'| = d* —d + 1.

Case 3. If 29 = 2, and ¥y # 2,1, then T = A {C U {z"}}. If
x~ =ax~~ forsome a € A\{x, o}, then az1zy -z, 9 = 2129 -+, _1. This
implies that we have x1 = 29 = 23 = --- = x,,_o = x,_1. This contradicts
our assumption that z1 # x,_1. Thus 2= # ax™ for any a € A\ {x,_2},
and we conclude that |T'| = d*.

Case 4. If 5 # z, and 1 # x,_1, then T = (AG {C U {z~}}) U {zx}.
As in Case 3, since z1 # z,_1, A® {C U{z~}} contains d* distinct elements.
Let us consider whether x € A& {C U {x~}}. If not, then |T| = d? + 1.
There are two cases to consider.

a. f z € A® C, then 27 = 2~. In this case, we must have that
ToX3Ty- Ty = T1T9 - - - Tp_1, Which implies that we have the following chain
of equalities: 1 = 2o = 23 = -+ = x,_1 = x,. This contradicts the
assumptions that xy # x, and x; # x,_1. Thus, this case does not occur.
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b. If x € A® {z}, then 27 = azx™ for some a € A. Then
ToX3: - Ty = QX1T9---Ty_o. This implies that 1 = 3 = x5 = ---, and
also that o = x4 = ¢ = ---. If n is even, this contradicts our assumptions
that x9 # x,, and xy # x,_1. Thus for even n, this case does not occur. For
n odd, this case only occurs if z € {(ab)"2 a}.

Thus, if n is even, or n is odd and z ¢ {(ab)"z a}, we can see that
T = IDg(x) completely determines the string z. In particular, given T" we can
decide which case we are in based on |T'|. We can then determine zy, ..., z,
based on the content of 7. Thus in these cases S is an identifying code.

However, if n is odd, and z € {(ab)%a} we must change S to get an
identifying code. Note that By ((ab)"= a)U{(ab)"= b} = B; ((ab)"= b). Since
our set S contains vertices of the form (ab)"= a but not (ab)“z b, these two
types of vertices must have identical identifying sets with respect to S. Thus
by adding the vertices in {(ab)"z b}, we are able to create distinct identifying
sets with respect to S U {(ab)"z b}. However, we note that we now have
the vertices of {(ab)"z b} and {(ab)"= a} in our identifying code, but that
B+((ab)"%1a) U {b(ba)"> "2 1} = B} (b(ba)"z ). This implies that the inclusion
of both (ab)"z b and (ab)"z a in our 1dent1fy1ng code is only necessary if they

are required to 1dent1fy vertex (ab)"z a from vertex b(ba)"z . So, as long as
we can identify (ab) "z a dlfferently from b(ba) "2 without using b(ba) "z, we
need only include (ab)"z b and not (ab)"z a in our identifying code. Smce
these two vertices have disjoint in-balls of radius 2 for n > 3, they must have
distinct 2-identifying sets. Thus S’ is a 2-identifying code in this case. [

Finally, we provide additional constructions of identifying codes. Theo-
rems 3.11 and 3.12 have proofs very similar to that of Theorem 3.9, so we
omit them here.

Theorem 3.11. Assume that d > 2, and n > 3. Then t@e following subset
S is an optimal 1-identifying code of size d"~*(d — 1) in B(d,n).
{z € A} | for some m and ¢ € {1, 2} Lm)(1 = 1) ds L-periodic or
almost (-periodic, but 5™ (1:n —1) @ (x, + m) is not. }
U
{z € A} | 21 # x, and g™ (1 n — 1)
is not L-periodic for any m and ¢ € {1,2}}
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Theorem 3.12. Assume that d > 2. Then the following subset Sjs a t-
identifying code of size d"1(d—1)+d" in the directed de Bruijn graph B(d,n),
ifn=2t—12>05.

S ={z € A% |for some m and | < t—1: ™ (t +1 —1:n — 1) is I-periodic,
but 2™ (t4+1—1:n—1)® (x, + m) is not.}
U
{z € A} |2, # x, and 2™ (t +1 —1:n—1) is not l-periodic
for any m and [ <t —1.}
U

{z € A% | 2™ (1 :n — 1) is almost t-periodic, for some m.}

We note that the construction in Theorem 3.12 is not optimal. To find
an optimal t-identifying code when n = 2t — 1 is an open problem to be
considered in the future. For the cases when n < 2t—1, we have the following
theorem.

Theorem 3.13. There is no t-identifying code in the directed de Bruijn graph

B(d,n) when n < 2t — 2.

Proof. Let u=0""® 140 2?@®1land v=0""® 14024 0. Since B; (u)
and B; (v) contain all vertices that end with 0"~ or 0"~ & 1 & 0% where
k=0,1,...,n—t—1, uw and v are t-twins. Thus E(d, n) has no t-identifying
code. O

As an additional treat for the reader, we provide a simple construction

—

for 1-identifying codes in B(d,n) whenever we have either d > 2 or n odd.

Theorem 3.14. Ifn is odd, or n is even and d > 2, then

S=A\{ap Al *®alac Ay}

—

is an identifying code for B(d,n). Further this identifying code has optimal
size (d — 1)d™ .

Proof. Define S as in the statement of the theorem. First, we will see that the
identifying set for every vertex has size either d or d — 1. Let x = x125 ... 7y,
then

N~ (l’) ns = {A Dr12o. .. xn—l} \ {l’n_ll’lllfg NN In—l}-
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If 1 = x,, then IDg(x) = N~ (z) NS has size d — 1. Whereas, if x1 # z,,
then IDg(z) = {z} U N~ (x) NS has size d.

From this it is clear that every vertex has a non-empty identifying set.
However we must also show that every identifying set is unique. Suppose
there are two distinct vertices x,y € V(B(d, n)) such that IDg(z) = IDg(y).
Call their identical identifying set 7. We look at the two cases, |T'| = d and

|T| = d — 1, separately below.
Suppose that |T'| = d. Then {z,y} C T by our assumption on 7" and our

earlier reasoning. Since x # y, this means that Bi (d,n) contains both directed
arcs ¥ — y and y — x. This allows us to conclude that {z,y} = {(ab)*, (ba)*}
for some distinct a,b € A with k = n/2. In particular we must have n even.

Below are the precise identifying sets for  and y.

IDs((ab)*) = {(ab)", (ba)*} U {c(ab)*'a | c € A\ {a,b}}
IDs((ba)*) = {(ab)", (ba)*} U {c(ba)*"'b | c € A\ {a,b}}
If d > 2 these two identifying sets are in fact different, which is a contra-

diction.

Suppose that |T'| = d — 1. Then neither = nor y is in 7', which means
neither is in S. However since their identifying sets are identical, this means
that they have identical first neighborhoods. By definition of first neigh-
borhoods, this means that x and y have the same prefix but different final
letters. By then definition of S, one of x,y (if not both) is a member of S,
which is a contradiction. 0

4 Dominating, Resolving, and Determining
Sets

In this section we examine other types of vertex sets which identify or classify
vertices up to some graph property. The properties used to define these sets
are adjacency, distance, and automorphisms.

4.1 Dominating Sets

Definition 4.1. A (directed) t-dominating set is a subset S C V(G) such
that for all v € V(G) we have B; (v) NS # (. That is, S is a (directed)
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t-dominating set if every vertex in G is within (directed) distance t of some
vertex in S. We denote the size of a minimum ¢-dominating set in a graph

G by %(G)-

Note that by definition every identifying code is also a dominating set,
but not conversely.
Theorem 4.2. [I1] Ford>2,n>1, y( 3(d,n)) = [%-‘.

—

In [11] a construction of a minimum dominating set for B(d,n) is given.
Key to this construction is the fact that every integer m corresponds to a
string (base d) in Z}j, that we call X,,. The construction utilizes a special
integer m defined by:

Cfdrdt e+ d 4+ 2+ 1T mod d7, if nis even;
Tl d A 4+ d 4+ B+ d mod d,if nis odd.

Let D = {m,m+1,...,m+ [dd—:J — 1}. Now let S be the set of strings

—

{X;| i€ D}. Then S is a minimum size dominating set for B(d,n).

Next we provide constructions for t-dominating sets. While others have
considered some variations of t-dominating sets (such as perfect dominating
sets in [12]), it does not appear that the general t-dominating sets have been
considered in the directed de Bruijn graph.

Theorem 4.3. The set SU{0"} where
S ={x € A} | xrpt1) # 0 for some k € Zy and x; =0 for all it < k(t + 1)}

s a t-dominating set of size

o 1 — g~
14+ d" ! 1(d_1) ( 1 — d—+D)

in B(d,n).

Proof. Let x be a vertex in A}. Assume that there are k zeros at the begin-
ning of x, but not k + 1 zeros, i.e. z =0"or z = 0*®a P x(k+ 2 : n) for
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some a # 0. Let [ € [0,t] be an integer so that k + 1 =t (mod t + 1), i.e
k+l=t+m(t+1)=(m+1)(t+1)—1 for some m > 0. Now

0@zl:n—-0)=0a0Fdadzk+2:n-0)=0"®adz(k+2:n—-1)

belongs to S except if k+1 >mn. If k+1>n, then 0" *@z(1: k) =0" €
S U{0"} dominates x. Therefore every vertex is dominated by S U {0"}.
There are d"*¢+1 . (d — 1) vertices which begin with exactly k(¢ +1) — 1
zeros. Moreover, every vertex of S\ {0"} begins at most n — 1 zeros. This
needs that k(t + 1) < nor 1 < k < LLJ Finally, 0™ is added to the

+1
dominating set S U {0"}. Therefore the size of S U{0"} is

[ #4]
1+ dn—i(t-‘rl) . (d . 1)
1

2

+

(2

_1+dn dtl

—1+4+d(d—1)| -1+ Z (1)

—add—1)[—1+12 <d—t—i>u—uﬂ)

d-(t+D) — (d-(+D) L7 ]+

=14+d"(d—-1) )
1—-d (H'l)LtHJ

o nm—t—1 _

=1+d (d 1)< Py :

O

This result gives us the following lower bound on the size of a t-dominating
set in B(d,n).

Theorem 4.4. Bounds on the size of a t-dominating set in g(d, n) are given
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by:

N 1—d—(+1)

14+dt1(d—1) M) ifn=t (modt+1)
d,n Z n
%( ( >> dn—t—l(d _ 1) (ﬂ)

1—q- G+ otherwise.
Proof. Suppose that the set S’ is a t- dominating set in g(d, n). Choose a €
A\{0} and i € Zso thati < s and w € Ad ) et = wDa@O -1
We note that B, (x) contains the following elements.

Bi(z)={y|y=v'®wea® 0" for some & € [0,t],w € Ak}

Note that for all v # z such that v = v/ @ b @ VD! with b € [d —
1, j < 45, and v' € A;“N“), we must have that B; (z) N B; (v) = 0.
Hence each of these types of strings must dominated by a different element
of S’, and so we must have the following lower bound on [S’|. Define A =

{v\vzv’@b@oﬂt“)—l with b € [d—1],7 < 20" € A~ Jt+1},

t+17

ST = |A]

t+1J

— Zdn J(t+1) _1)

s 1 — g~ [
= d t l(d—l) ( 1—d_(t+1)

Finally, we consider the string 0™ and note that

B (0" ={z]2=2®0"° with 2/ € A}, s <t}.

When we compare B; (0") with B; (z), we note that since a # 0 we must
have that the closest element of B, (x) to 0™ is z itself. Next we note that
the string closest to 0" in the set A will occur when j = [ ]. This will
give us the string with the most 0’s packed at the right end. Finally, if
n = pmod t + 1, then this string looks like v & b & 0"~ with ' € AL and
b # 0. If p=t, then we are still unable to reach 0", and so we must have at

least one additional string in S’ to cover 0. O
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Figure 3: A directed resolving set in the graph B(2,3) (black vertices).

4.2 Resolving Sets
Definition 4.5. A directed resolving set is a set S such that for all

u,v € V(G) there exist s € S so that d(s,u) # d(s,v). The directed
metric dimension is the minimum size of a directed resolving set. An

—

example of a directed resolving set in B(2,3) is given in Figure 3.

Note that this definition is not quite the same as that given in [6] (which
requires that there exist s € S so that d(u,s) # d(v,s)). Our definition
corresponds better to the definitions of domination and of identifying codes

for directed graphs that are used in this paper.

Theorem 4.6. The directed metric dimension for B(d,n) is d"(d — 1).

Proof. The following shows that for each w € A"! a directed resolving set

for B(d,n) must contain (at least) all but one of the vertices with prefix w.
Suppose that w € A" and i # j € A so that neither of w @ i,w @ j is

in our set S. Note that if z,y € V(B(d,n)), with & # y, then the distance
from x to y is completely determined by z~ (and y™). Since neither w & i

nor w & j is in S, and both have the same prefix, cf(w @i, ) = cf(w @ g, x) for
all z € S. Thus S is not a directed resolving set. Thus for every w € A",
S must contain (at least) all but one of the strings w @ j for j € A. Thus
|S| > d"'(d —1). Since {w® 0 | w € A"} can easily be shown to be a

directed resolving set, we have the desired equality. O

The combination of Theorem 3.8 and Theorem 4.2 yields:

—

Corollary 4.7. The directed metric dimension for B(d,n) is equal to the

—

minimum size of a t-identifying code for B(d,n) if 2t < n.
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Figure 4: A minimum size determining set for B(2,3) (black vertex).

4.3 Determining Sets

In this section we will use a determining set to help us illustrate the auto-
morphism group of B(d, 2), study the relationship between Aut(B(d,n — 1))

—

and Aut(B(d,n)) and use the result to find the determining number for each

—

B(d,n). First let’s recall some definitions.

Definition 4.8. An automorphism of a graph G is a permutation 7 of
the vertex set such that for all pairs of vertices u,v € V(G), uv is an edge
between u and v if and only if 7(u)m(v) is an edge between 7(u) and 7 (v).
An automorphism of a directed graph G is a permutation 7 of the vertex
set such that for all pairs of vertices u,v € V(G), uv is an edge from u to
v if and only if 7(u)7(v) is an edge from 7(u) to m(v). One automorphism
in the binary (directed or undirected) de Bruijn graph is a map that sends
each string to its complement.

Definition 4.9. [!] A determining set for G is a set S of vertices of G
with the property that the only automorphism that fixes S pointwise is the
trivial automorphism. The determining number of GG, denoted Det(G) is
the minimum size of a determining set for GG. See Figure 4 for an example.

Note that an alternate definition for a determining set is a set .S with the
property that whenever f,g € Aut(G) so that f(s) = g(s) for all s € S, then
f(v) = g(v) for all v € V(G). That is, every automorphism is completely
determined by its action on a determining set.

Notice that since for both directed resolving sets and for identifying codes,
since each vertex in a graph is uniquely identified by its relationship to the
subset by properties preserved by automorphisms, the subset it also a de-
termining set. Thus every directed resolving set and every identifying code
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is a determining set. However, though domination is preserved by automor-
phisms, vertices are not necessarily uniquely identifiable by their relationship
to a dominating set. Thus a dominating set is not necessarily a determin-
ing set. However, the relationships above mean that the size of a minimum
determining set must be at most the size of a minimum identifying code or
the directed metric dimension. For de Bruijn graphs we have shown that the
latter numbers are rather large. Does this mean that the determining num-
ber is also large. We will see in Corollary 4.13 that the answer for directed
de Bruijn graphs is a resounding ‘No’.

Lemma 4.10. S = {00,11,22,33,...,(d — 1)(d — 1)} is a determining set
for B(d,?2).

Proof. Suppose that o € Aut(B(d,2)) fixes S pointwise. That is, o(ii) = ii
for all i € A. Choose ij # rs € V(B(d,2)). Then either i # r or j # s (or
both). If i # r then d(ii,rs) = 2 which is distinct from d(ii,ij) = 1. Since an
automorphism of a directed graph must preserve directed distance, o(ij) # rs
if i #r. If j # s, then d(rs jj) = 2 which is distinct from d(zj jj) = 1.
Thus, again using that o preserves directed distance, o(ij) # rs if j # s.
Thus, o(ij) = ij for all ij € V(B(d,?2)) and therefore ¢ is the identity map
and S is a determining set. O

Note that we are using directed distances both from and to elements of
the set S. Thus S does not fit the definition of a directed resolving set for
B(d, 2) (by [6], this would require that each vertex v € V(@) be distinguished
by it directed distance to the vertices of the resolving set). However directed
distances both to and from a set can be used in determining automorphisms
of a directed graph.

Lemma 4.11. Aut(B(d,2)) = Sym(Ay).

Proof. Let ¢ € Sym(Ay). Define ¢, on V(g(d, n)) by applying o to each
vertex coordinate-wise. That is ¢, (ab) = o(a)o(b). It is easy to show that
v, preserves directed edges and thus is an automorphism. Further, distinct
permutations in Sym(.A4) produce distinct automorphisms since they act
differently on the vertices of the determining set S defined above. Thus we
have an injection Sym(Aq) < Aut(B(d, 2)).

Since the vertices of S are precisely the vertices with loops, every auto-
morphism of B(d,2), must preserve S setwise. This provides the necessary
injection from Aut(B(d,2)) < Sym(A). Thus, Aut(B(d,2)) = Sym(Ay). O
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Note that we can consider the automorphisms of B(d, 2) as permutations
of the loops, but we can simultaneously consider them as permutations of
the symbols in the alphabet A,. It can be useful to view the automorphisms
in these two different ways.

Note that as shown in [1], B(d, n) can be built inductively from B(d, n—1)

—

in the following way. The vertex z;...x, € V(B(d,n)) corresponds to the
directed edge from xq...x, 1 to x2...x, in B(d,n — 1). The directed edge

—

B(d,n) from zy...x, — xs...T,T,41 corresponds to the directed 2-path

—

X1 Xpy_1 = To...Ty — T3...Tpeq in B(d,n —1). That is, B(d,n) is the

—

directed line graph of the directed graph B(d,n —1). Thus, by [8] (Chapter

— —

27, Section 1.1), Aut(B(d,n—1)) = Aut(B(d,n)) = Sym(.A). In the following
paragraphs we see detail this correspondence.

—

Suppose that ¢ € Aut(B(d,n)). Since ¢ preserves directed edges, we
know that both ¢(zy...x,) = ay...a, and p(xs...Tpe1) = by...b, if and
only if as = by, ...,a, = b,_1. Thus if p(zy...2412,) = a1 ...a,_1a, then
for every b€ A, p(xq...2,_12) = ay...a,_1c for some ¢ € A. In particular,

—

this allow us to define an automorphism ¢’ € Aut(B(d,n — 1)) correspond-
ing to ¢ € Aut(B(d,n)). Define ¢’ by @' (21...24_1) = ay...an_, where
o(ry...2,) = ay...a,_1. By the preceding discussion, ¢’ is well-defined. It
is also clearly a bijection on vertices of g(d,n —1). Consider zj...2, 1
and z5...x,_11,, the initial and terminal vertices of a directed edge in
g(d, n — 1). Since ¢ preserves directed edges if p(z1...2,) = a1...a,_10,
then for any z € A, p(xs...2,2) = ay...a,w for some w € A. By defini-
tion of ¢',¢'(x1,... 2y_1) = a1...a,1 and @' (z3...2,) = as...a,. Thus ¢’

— —

preserves the directed edge. Thus we get Aut(B(d,n)) — Aut(B(d,n — 1)).

In the other direction, suppose we are given ¢’ € Aut(l?(d, n—1)). Since
¢ preserves directed edges, and directed edges of B(d,n — 1) are precisely

— —

the vertices of B(d,n), ¢’ defines a map on vertices of B(d,n). That is, (with
some abuse of notation)

oy ... x) = ©(T1.. . Tpog — Ta... Ty)

= O(T1.. . Tu_1 > Ta...Ty)

= O(r1.. . Tu1) = (0. .. 1,).

Thus, given ¢'(x1...2,-1) = ay...a,_1 then ¢'(zs...2,) = ay...a, for
some a, € A and we define p(zy...x,) = ay...a,. Further, since ¢ pre-
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serves directed 2-paths, ¢ preserves directed edges. Thus we get

— —

Aut(B(d,n — 1)) — Aut(B(d,n)).

—

Since the automorphisms of B(d, 2) are permutations of the loops, and of
the symbols of A, by induction, so are the automorphisms of B(d, n) for all
n. Thus we have proved the following.

—

Theorem 4.12. Aut(B(d,n)) = Sym(Ay) for all n > 2.
Corollary 4.13. Det(B(d, n)) = [=1].

n

Proof. Let S be a minimum set of vertices in which each letter of Ay_; occurs
at least once. It is easy to see that |S| = [©1]. Any permutation of A,
that acts nontrivially on any letter of A; must act non-trivially on any string
containing that letter. Thus if o € PtStab(S), then ¢ must fix every letter
contained in any string in S. Thus o fixes 0,1,...,d — 1 and therefore also d.

We can conclude that o is the identity in both Sym(.4,) and in Aut(B(d,n)
and therefore S is a determining set. Thus Det(B(d,n)) < [41].

Further if |S| < [£1] then fewer than d — 1 letters of A, are used in
strings in S. If a,b € A, are not represented in S, then the transposition (a b)
in Sym(A,) is a non-trivial automorphism of B(d, n) that fixes S pointwise.

Thus S is not a determining set. O

Thus for directed de Bruijn graphs, the determining number and the
directed metric dimension can be vastly different in size.

5 Future Work

There are several directions that future work in this research area could take.
The first is to continue the research on identifying codes in directed de Bruijn
graphs. One key result missing from this paper is the determination of the

size of a minimum ¢-identifying code in the graph B(d,n) when ¢ = 2n — 1.
It would be ideal to determine both a formula for which graphs B(d, n) are
t-identifiable for a given ¢, as well as constructions when it is known that
such an identifying code exists.

An alternative direction for future research is to consider these same
vertex subsets (identifying codes, dominating sets, resolving sets, and de-

termining sets) on the undirected de Bruijn graph. Little work has been
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done and even foundational results like the size of a minimum dominating
set are currently missing. Basic Matlab programs have shown that many
more undirected de Bruijn graphs are t-identifiable than directed, and also
that the minimum size of an identifying code is much smaller. For example,
through brute force testing we have determined that the minimum size of a
1-identifying code in B(2,5) is 12, whereas in the directed graph 5(2, 5) we
have shown that the minimum size is 16.

Finally, variations on the concept of identifying code would be useful for
real-world applications. For example, one type of variation known as a k-
robust identifying code allows for up to k sensor (identifying code vertex)

failures without disruption of the identifying code properties.
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