REPORT DOCUMENTATION PAGE

Form Approved
OMB No. 0704-0188

The public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data
sources, gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other
aspect of this collection of information, including suggestions for reducing the burden, to Department of Defense, Washington Headquarters Services, Directorate for Information
Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-4302. Respondents should be aware that notwithstanding any other
provision of law, no person shall be subject to any penalty for failing to comply with a collection of information if it does not display a currently valid OMB control number.

PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY) | 2. REPORT TYPE

06/01/2014 Technical Report - Final Report

3. DATES COVERED (From - To)

4. TITLE AND SUBTITLE
Isogeometric Phase-field Simulation of Boiling

5a

. CONTRACT NUMBER

5b

. GRANT NUMBER

5¢c

. PROGRAM ELEMENT NUMBER

6. AUTHOR(S)

5d

. PROJECT NUMBER

5e. TASK NUMBER

5f.

WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES)
University of Texas at Austin Austin TX United States

8. PERFORMING ORGANIZATION
REPORT NUMBER

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES)
Office of Naval Research Arlington VA United States

10. SPONSOR/MONITOR'S ACRONYM(S)

11. SPONSOR/MONITOR'S REPORT
NUMBER(S)

12. DISTRIBUTION/AVAILABILITY STATEMENT
A = Approved For Public Release 12/2/2015 No

13. SUPPLEMENTARY NOTES

14. ABSTRACT

In this work we consider the Navier-Stokes-Korteweg equations, a diffuseinterface

model describing liquid-vapor phase transitions. A numerical

this model is constructed based on functional entropy variables and a new time integration

scheme for

concept. The fully discrete scheme is unconditionally stable in entropy and

second-order time-accurate. Isogeometric analysis is utilized for spatial discretization.

Thao hnilina nrnhlam ie niimaricallvy invactinatad hv makina nranar aceiimntinne

15. SUBJECT TERMS

16. SECURITY CLASSIFICATION OF: 17. LIMITATION OF
a. REPORT | b. ABSTRACT | c. THIS PAGE|  ABSTRACT
U U u

18. NUMBER
OF
PAGES

19a. NAME OF RESPONSIBLE PERSON

19b. TELEPHONE NUMBER (Include area code)

Standard Form 298 (Rev. 8/98)
Prescribed by ANSI Std. Z39.18



|CES REPORT 15-16

June 2015

| sogeometric Phase-field Simulation of Boiling
by

Ju Liu, Thomas J.R. Hughes

The Institute for Computational Engineering and Sciences
The University of Texas at Austin
Austin, Texas 78712

Reference: Ju Liu, Thomas J.R. Hughes, "Isogeometric Phase-field Smulation of Boiling ," ICES REPORT
15-16, The Ingtitute for Computational Engineering and Sciences, The University of Texas at Austin, June 2015.



Isogeometric Phase-field Simulation of Boiling

Ju Liu and Thomas J.R. Hughes

This paper is dedicated to Tayfun E. Tezduyar on the occasion of his 60th birthday.

Abstract In this work we consider the Navier-Stokes-Korteweg equations, a diffuse-
interface model describing liquid-vapor phase transitions. A numerical scheme for
this model is constructed based on functional entropy variables and a new time inte-
gration concept. The fully discrete scheme is unconditionally stable in entropy and
second-order time-accurate. Isogeometric analysis is utilized for spatial discretiza-
tion. The boiling problem is numerically investigated by making proper assump-
tions on transport parameters and boundary conditions. Compared with traditional
multiphase solvers, the dependence on empirical data is significantly reduced, and
this modeling approach provides a unified predictive tool for both nucleate and film
boiling. Both two- and three-dimensional simulation results are provided.

1 Introduction

Boiling is a thermally induced phase transition process in which new liquid-vapor
interfaces are generated in a bulk liquid region [2]. It is an extremely effective mech-
anism in energy transfer and is widely used in energy conversion facilities. Despite
its importance in industry, the fundamental mechanism of boiling is still not well
understood [2]. A predictive model for boiling is highly desired for engineering de-
signs. Film boiling is regarded as most amenable to modeling, since its governing
mechanism is principally the Rayleigh-Taylor instability. However, existing simula-
tions all start with a preexisting perturbed flat interface as the initial condition [8].
In other words, none of those methods captured the film generation process. On the
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other side, very few simulations of nucleate boiling have been performed because
more physical mechanisms are involved in this phenomenon.

Traditional interface-tracking and interface-capturing methods are designed based
on geometrical information of existing interfaces. This is perhaps the reason why
these methods become intractable for phase transition phenomena. Phase-field
or diffuse-interface methods were proposed as an alternative interface-capturing
method, that use thermodynamic state variables to distinguish different phases [1].
The solid mathematical and thermodynamic foundations of phase-field models al-
low them to describe these complicated phenomena without resorting to model-
ing “tricks.” The initial instantiation of phase-field methods is the Navier-Stokes-
Korteweg equations, which are constructed based on the van der Waals theory [1, 4].
In the past decades, this theory has been developed further [3], and a rational ther-
momechanical framework for the Navier-Stokes-Korteweg equations has been pre-
sented very recently [10].

For phase-field problems, the non-convexity of the entropy function precludes
the possibility of directly applying many existing robust numerical methodologies
[11]. To overcome the challenges posed by the non-convexity of the entropy, first,
functional entropy-variables are introduced to construct an entropy-stable spatial
discretization [9, 10]. Second, to develop a stable temporal scheme, we adopt the
methodology based on special quadrature rules [5, 9]. This time integration concept
can be viewed as a second-order modification to the mid-point rule. The modifica-
tions are designed so that the temporal approximation is provably entropy dissipa-
tive. Since this temporal scheme does not require convexity for the entropy function,
it is anticipated to be applicable to many more general problems.

2 The Navier-Stokes-Korteweg equations

We consider a fixed, connected, and bounded domain £ C R3. The time interval of
interest is denoted (0,7'), with 7 > 0. The dimensionless Navier-Stokes-Korteweg
equations are considered in the space-time domain Q2 x (0,7 as

ap

=, TV (pu) =0, 0
0

%—i—V-(pu@u)—i—Vp—V.f_v_g:pb’ @
J(pE
%—kV-((PE-H?)H—(’E—i—g)u)—ﬁ—V.qq_v.H:pb,u_Fpr. 3)

In the above equations, p is the density, u is the velocity, E is the total energy, p is
the thermodynamic pressure, T is the viscous stress, g is the Korteweg stress, q is
the heat flux; IT is the interstitial working flux [3, 10], b is the prescribed body force
per unit mass, and r is the heat source per unit mass. The constitutive relations are
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wherein 0 is the temperature, K is the conductivity, Re is the Reynolds number, We
is the Weber number, 7 is the heat capacity ratio, and 1 is the internal energy density
per unit mass. The mathematical entropy function H and the local Helmholtz free
energy ¥, are defined as

.8 p\__ 8
H:= 27p1n(1p> 27(17y)p1n(9),

- 8,8 Py 8
Hoe(p,0) = p+27(7—1)9+2791n(1—p> 27(1-7y)

In three dimensions, the vector of conservation variables is

6In6.

U" = [U),U,,U3,U4,Us| := [p, puy, pu, puz, pE].

Due to the appearance of the gradient-squared term, the mathematical entropy func-
tion H is no longer just an algebraic function of the conservation variables, but
rather it is a functional of the conservation variables. We define the entropy vari-
ables VI = [V}, V5, V3,4, V5] as the functional derivatives of H with respect to U:

Viow) = S 5], =1,

wherein §v! = [8v1, 8v,,8v3, 8vy, Svs] are the test functions. The entropy variables
V can be written explicitly as

1 2 11
Vi [5\)1] = — <V[(,c— |l12|> ovy + ——=Vp -VSV],

0 We 0
i 1
Vi[ovi] = ”615v,~, i=23.4, Vs[dvs] = —5 v,
wherein
8 p 8 86
Vipe = —2p+ﬁ91n <l—p> o= 1)G(In(G)— 1)—&-727(1 >y

is the local electrochemical potential. Inspired from the form of V;, we introduce a
new independent variable V as

1 lu|? 1 Vp
=2\ Viee——5 ) —5zV'| 3 |-
=% <V” 2 ) We ( 9
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The fundamental thermodynamic relation between p and v, allows us to express
p in terms of V as

plu? 1 Vp
= — v-(—).
p=pVO—pHoc+——+ 5P <9 C))

Making use of the relation (4), the original strong-form problem (1)-(3) can be
rewritten as

ap

8(pu) pluf? Vp
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The new strong-form problem (5)-(8) is an equivalent statement of the original
Navier-Stokes-Korteweg equations (1)-(3).

3 The fully discrete scheme

The time interval (0,T) is divided into N, subintervals (¢,,f,41), n =0, N;s — 1,
of size At, = t,+1 —t,. We use the notation

h h

u u

1n "2n
Yh: ph 5 5

) n —1 h
L

’Gr}l/l’n

to represent the fully discrete solutions at the time level n. We define the jump of
density, linear momentum, and total energy over each time step as

[ea] == pnsr =Py [onwi] == pylyusy — pyuy,
[p;il (p,,,u,,,(-),’})] = (pqlloc)(pn+l79 ) (pl}lloc)(Pn+lveh)
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0", (H(p 1641~ H(pl6]))
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With the jump operators defined above, the fully discrete scheme can be stated as
follows. In each time step, given Y” and the time step At,, find YZ 41 such that for

allwh € 7, wh = (whywh;wih)T (”//h) whe 7" and wh € 7,
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In our work, Non-Uniform Rational B-Splines (NURBS) basis functions are used to
define 7" as well as the computational domain. Consequently, this approach may



6 Ju Liu and Thomas J.R. Hughes

be considered as isogeometric analysis method [7]. The main results of the fully
discrete scheme (9)-(12) are stated in the following two theorems.

Theorem 1. The solutions of the fully discrete scheme (9)-(12) satisfy

h
H(pr’zl+l79,?+1)*H(Pf,9,f‘) i , . qn+%
/9 ( Aty v (H(pn+%’9n+%)un+%> -V 6h+|
ntz
! h 2
Pary” 1 K[Ve |
2 = h . h n+y
+ eh 1 >de/{2 eh 1 T’H’% Vun—&-%dvxi/gizdvx
n+» ntx <9h+1>
nTa

1 [o2]* *Vige , 4 h [6)]* 9°H , , I

_ — S ! <0.

/529h+1Atn( 24 9p3 (p"+51’9"+%) 24 003 (pn+%’9n+.§2) dVyx <0
nrz

T
Theorem 2. The local truncation error in time O (t) = (('Dp (1):05(1);0p (t)) can

be bounded by |@(t,)| < KAt1s for all t, € [0,T], where K is a constant indepen-
dent of At and 15 = (1;1;1;1;1)7.

The proofs of the above two theorems can be found in [10]. Theorem 1 states that the
method is unconditionally entropy stable, because 9> V;,./dp> > 0and 9°H /963 <
0, which follow from properties of the van der Waals fluid. Theorem 2 establishes
the second-order time-accuracy of the method.

4 Boiling

To obtain successful boiling simulations, there are several additional modeling con-
siderations. First, the transport parameters need to be density dependent in order to
differentiate the properties of the liquid and vapor phases. In our simulations, the
dimensionless viscosity coefficient and the dimensionless conductivity are modeled
as

'a — Cﬁoilp, K= Cgoilp,

with CZ”” and C2" being constants independent of p. Second, the gravity ef-
fect need to be taken into account to generate buoyancy. The dimensionless body
force b is chosen as b = (O;O;—O.OZS)T for the three-dimensional case and b =
(0; —O.OZS)T for the two-dimensional case. Third, the ninety-degree contact angle
boundary condition is used for the density variable, and the slip boundary condition
is applied to the velocity. To specify the boundary condition for ¥s = —1/6, the
boundary 9 is divided into three non-overlapping parts:

0Q =L UL, UL, I} ={x€dQIn(x)-b <0},
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I, ={x€dQn(x)-b>0}, I={xcdn(x)-b=0}.

With the above partition, the boundary condition for Y5 is

1
YS = 7@4’6}/’5./1()(), OHE X (O,T')7

1
Y5 = 7W+8Y5‘(X), OIII_;X(O,T‘)7
_q‘n:()a OHRX(OvT)a

wherein 6y, (x) and dy; (x) are small scalar perturbation functions that mimic the
uneven temperature distribution on the solid surface. The initial conditions represent
a static free surface, with liquid in the bottom region and vapor in the top region. It is
worth emphasizing that, in contrast to existing boiling models, there is no artificial
manipulation used to serve as boiling onset in this model; the initial liquid and vapor
densities are uniform with no perturbations.

4.1 Two-dimensional nucleate boiling

In this example, we simulate boiling flows in a two-dimensional rectangular domain
Q = (0,1) x (0,0.5). The material parameters are chosen as We = 8.401 x 10°,
y=1.333, Ci*" = 1.150 x 10~%, and C2" = 1.725 x 10> The initial conditions
for this problem are

—0.35
po(x) = 0.3660 —0.2971 tanh <x22\/We> :

ll()(X) =0,
6o(x) = 0.775.

The perturbation for the temperature on the boundary dy; , (x) and Jy; (x) are uni-
form random distributions and satisfy

8y,,(x) €[-5.0x107%,5.0x 107%], 8y, (x) €[-5.0x107°,5.0x 1077].

The spatial mesh consists of 2048 x 1024 quadratic NURBS elements. The problem
is integrated up to the final time 7 = 100.0 with time step fixed as Az = 5.0 x 1074,
In Figure 1, snapshots of the density are depicted at different time steps. It can be
observed that tiny vapor bubbles are generated at discrete sites of the heated wall
surface during the initial times. The increase of bubble size leads to the increase of
buoyancy. At about r = 18.75, the first three bubbles get detached from the bottom.
More bubbles are generated on the bottom surface subsequently. Interestingly, small
droplets can be observed at = 62.5 and ¢t = 100.0 as a result of the breakage of the
liquid film when the vapor bubbles reach the free surface. There are 30 bubbles
formed in the time interval of 0 < ¢ < 100.
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omar
ous
|3

(b)

Fig. 1 Two-dimensional nucleate boiling simulation: Density profiles at (a) t = 0.0, (b) t = 1.25,
(c)t=18.75,(d) t =31.25, (e) t = 62.5, and (f) r = 100.0.

4.2 Two-dimensional film boiling

In the second example, the same two-dimensional problem considered in the preced-
ing section is simulated again with a different parameter CZ”I. Here, the parameter
CZ"” is chosen to be 4.600 x 10~*, which is four times larger than that of the pre-
vious example. Since the fluid motion in this example is slower, the simulation is
integrated in time up to 7 = 500.0. All the other conditions are identical to those
of the previous case. In Figure 2, snapshots of the density at different time steps
are depicted. A thin vapor film is gradually generated at the bottom during the early
stage of the simulation. As time evolves, the interface becomes unstable and there
are vapor bubbles formed. From ¢ = 200.0 to r = 225.0, the first two vapor bubbles
pinch off from the vapor film and rise upward in ellipsoidal shapes. This process
repeats itself periodically. By final time ¢ = 500.0, there are seven bubbles detached
from the vapor film.
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(e) ®

Fig. 2 Two-dimensional film boiling simulation: Density profiles at (a) ¢ = 0.0, (b) t = 100.0, (c)
t =175.0, (d) t =200.0, (e) t = 225.0, and (f) r = 500.0. The generation of the thin vapor film is
visible at r = 100.0.

4.3 Three-dimensional boiling

As the last example, we simulate the Navier-Stokes-Korteweg equations in a three-
dimensional domain Q = (0,1) x (0,0.5) x (0,0.25). The material properties are
chosen as We = 6.533 x 10%, ¥ = 1.333, ;" = 1.289 x 10~*, and Cp*" = 7.732 x

1073, The initial conditions for this three-dimensional problem are

~0.15
Po(x) = 0.33565 — 0.26675 tanh (”T \/We) ,
up(x) =0,
—0.15
Ys,0(x) = —1.2334 —0.0569 tanh <’“3T \/We> .

The perturbations of the temperature on the boundary 6y, , (x) and Jy; . (x) are uni-
form random distributions and satisfy

8y, (x) € [-5.0x 1072,5.0x 107%], 8y, (x) € [-5.0x 107,50 x 1077,
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The spatial mesh consists of 600 x 300 x 150 quadratic NURBS elements. The prob-
lem is integrated in time up to 7 = 20.0 with a fixed time step size Az = 2.0 x 1073,
In Figure 3, snapshots of density isosurfaces and velocity streamlines are presented.
At the initial stage, there is an unstable vapor film formed over the heated wall sur-
face. This film soon separates into isolated vapor bubbles located at random sites.
Since the simulation domain is very shallow in the vertical direction, these bubbles
reach the free surface before they get fully detached from the bottom. When these
high-temperature vapor bubbles reach the cooled top surface, they condense into
liquid droplets instantaneously (see Fig. 3 (e)). Att = 20.0, a second round of vapor
bubbles is clearly generated on the bottom and the liquid droplets on the top surface
merge together.

(© ®

Fig. 3 Three-dimensional boiling simulation: Density isosurfaces and velocity streamlines at (a)
t=0.0,(b)r=0.6,(c)r=5.0,(d) r=11.0, (e) r = 14.0, and (f) t = 20.0.
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5 Conclusion

In this work, we presented theoretical and numerical methodologies for the study
of boiling, capable of describing complicated phase transition phenomena without
resorting to empirical assumptions. Our algorithm is provably entropy-stable and
second-order accurate in time. It provides a unified predictive framework for nu-
cleate and film boiling in two and three dimensions. In the future, the presented
methodologies will be applied to the study of other important phase transition phe-
nomena, such as cavitation, spray and mist formation.
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References

1. Anderson, D.M., McFadden, G.B., Wheeler, A.A.: Diffuse-interface methods in fluid me-
chanics. Annual Review of Fluid Mechanics 30, 139-165 (1998)

2. Dhir, V.K.: Boiling heat transfer. Annual Review of Fluid Mechanics 30, 365-401 (1998)

3. Dunn, J.E., Serrin, J.: On the thermomechanics of interstitial working. Archive for Rational
Mechanics and Analysis 88, 95-133 (1985)

4. Gomez, H., Hughes, T.J.R., Nogueira, X., Calo, V.: Isogeometric analysis of the Navier-
Stokes-Korteweg equations. Computer Methods in Applied Mechanics and Engineering 199,
1828-1840 (2010)

5. Gomez, H., Hughes, T.J.R.: Provably unconditionally stable, second-order time-accurate,
mixed variational methods for phase-field models. Journal of Computational Physics 230,
5310-5327 (2011)

6. Hughes, T.J.R., Franca, L.P., Mallet, M.: A new finite element formulation for computational
fluid dynamics: I. Symmetric forms of the compressible Euler and Navier-Stokes equations
and the second law of thermodynamics. Computer Methods in Applied Mechanics and Engi-
neering 54, 223-234 (1986)

7. Hughes, T.J.R., Cottrell, J.A., Bazilevs, Y.: Isogeometric analysis: CAD, finite elements,
NURBS, exact geometry and mesh refinement. Computer Methods in Applied Mechanics
and Engineering 194, 4135-4195 (2005)

8. Juric, D., Tryggvason, G.: Computation of boiling flows. International Journal of Multiphase
Flow 24, 387-410 (1998)

9. Liu, J., Gomez, H., Evans, J.A., Landis, C.M., Hughes, T.J.R.: Functional Entropy Variables:
A New Methodology for Deriving Thermodynamically Consistent Algorithms for Complex
Fluids, with Particular Reference to the Isothermal Navier-Stokes-Korteweg Equations. Jour-
nal of Computational Physics 248, 47-86, (2013)

10. Liu,J., Landis, C.M., Gomez, H., Hughes, T.J.R.: Liquid-Vapor Phase Transition: Thermome-
chanical Theory, Entropy Stable Numerical Formulation, and Boiling Simulations, Computer
Methods in Applied Mechanics and Engineering, submitted.

11. Shakib, F.,, Hughes, T.J.R., Johan, Z.: A new finite element formulation for computational
fluid dynamics: X. The compressible Euler and Navier-Stokes equations. Computer Methods
in Applied Mechanics and Engineering 89, 141-219 (1991)



