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1. INTRODUCTION

This final report presents the results of a 12-month study of adaptive
filters for AMTI radar. The results are applicable to several types of

radars, including 41 and AEW systems. Adaptive systems, and édaptive fil;ers

in particular, sense the existing noise field'aﬂd optimize a set of system

. parameters.. In an adaptive filter, the filter weights and transfer functions

are adjusted to maximize the oufput signal—to—glutter (plus feceiVer'noisé)
ratié. |

The clutter spectrum in an AﬁTI radar is a function of several vériables
includting scan gngle, radar velocity, antenna pattern, and angular distribu—
tion of clutter. Rain backscatter is an important component of .clutter in
higher fréqpency radars. Its locaﬁion, mean radial yelbgity, and velocity
sprea&'due to wind shear are not génerally known a priori. An‘adaptivg
filter senses all'of these clutter properties and optimizes the filter re-
sponse for detection of targets with a selééted radial vélocity. In most

cases, a bank of adaptive filters will be fequired to cover the target

doppler spectrum. The theory of adaptivé filtering is discussed in Section 2

of this report.

During this study, a computer program was deQeloped for the 1n§estigation
of both the steady-state response and‘transiené performance of adaptive AMTI
filters. Provisions for both ground clutter and rain clutter were included.

A variety of parameters aré variables in this prégram, including: radar
velocity, scan angle, target radial velocity, adaptive loop parameters, number

of pulses processed coherently, and rain clutter properties (magnitude relative




to ground clutter, mean radial velocity, and spectral width). A large
number of sample cases were run to develop some insight into the performance
of adaptive filters and tb uncover problem areas. Selected results are pre-
sented in Section 3 of this report.

The suitability of adaptive filters for future AMTI radars depends both

on the performance of adaptive systems and on their complexity; Methods of

" reducing the complexity of adaptive control loops for filters (or adaptive

array}antehnas)‘were also investigated during this study. A techniqué for
reducing significantly the complexity of digital adapéive filters is discussed
in Section 4 and in Appendix B of this report.

Suggested areaé for further research on adaptive filters and conclusions
of this study are presehted in Section 5. A simplified and more accurate
method of computing‘the control loop noise power in adaptive filters is con-

tained in Appendix C.
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2. ADAPTIVE FILTERS

Considef an airborne coherent pulsed radar designed to detect moving
targets in a clutter background. Le# V denote a column vector of the consecu-
tive received signals from one range cell, VT = (vl,vz,.;.,vx), where v is
the complex video for the nth sample and T denotes the transpose, An MTI
filter output is obtained by forming the weighted sum of these Vs Wiv, whe?e
W is a column vector of complex weights LA The filter response is determined
by the Vo vhich are chbsen to maximize the output signalfto;interference

ratio (S/Q).

The interference (clutter plus receiver noise) power in the output is

C = E{]W¥V|2} = w;nw | (1)

where M is the covariance matrix of the interference process with elements

M= E{v:vn} - R

Both clutter and receiver noise (bu; not signal) are included in the computa-
tion of the covariance matrix. In these equations, * denotes the complex
conjugate and'E the expectation or average. The output volt;ge samples Vo
and weight$ w, are complex quantities retaining both phase and amplitude
information.

- In designingva filter, some assumption must be made é priori concerning
the target doppler ffequency. Consider the case where a separate filter is

synthesized for each of a set of target doppler frequencies, analogous to a

PEPRDRNEEIE




filter bank. Lét S denote a column vector of signal phases for the K con-

v,...,ei(K-l)w).

P .21
T = (l,e}w,e1 ¥

secutive samples, S A signal of amplitude A
received from a target with doppler frequency f is represented by AS, with
Y = 27fT, where T is the pulse repetition period. The corresponding signal

voltage at the filter output is‘AWTS and the output S/C ratio is

o 2
IwTsl |

*
WTMW
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‘E _
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In most cases of interest, the interference processes are Gaussian.
The optimum detection algorithm for these cases is to form a maximum sS/C

filter and compare the signal amplitude at this filter output with a detec-

tion threshold [l]. The filter which maximizes S/C has weights (1] propor-
tional to
-] *

W=M"S§ 4)

An adaptive filter will now be described which senses the interference spectrum ‘
ér cov;riance ﬁatrix M and generates a welght vector that approaches Eq. (4).

A K-pulse adaptive filtef is implemented with K separate adaptive control
loops, eachvgenerating one compléx weight W.» as illustrated in Figure 1. ATo
cover all range cells in a pulsed radar, K~1 delay lines are required, each
with a‘delay equal to the pulse fepetition pe:i;d. The operations indicated
in Figure 1, and in the control loops‘illustrated in Figure 2, can be performed
with either analog or digitél circuitry., The control loops are identical

% .
except for the steering signals Sn’ which are matched to the desired signal
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Figufe 2. Adaptive Control Lodp’
doppler frequency. With low-pass filters employed as integrators in

Figure 1, satisfying the equation
e +u = By 4 e (8)

(2]

the weight vector satisfies the equation

W40+ 1/ON =S , »(6).

QA

where I is the identity matrix. When the gain G is iargé (relatiye to the
eigenvalues of ﬁ), the_veights approach the steady-state solution of Eq. (4).
The theory:of adaptive filters is closely analogous to the theory of

adaptive array antennas, which is detailed in [2]. Since the covariance matrix

4
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M is Hermitian, the transient response of the system can be computed in

normal coordinates, The effect of control loop noise in these systems has

also been analyzed.[2] A simplified and more exact derivation of the con-

trol loop noise equétion is contained in Appendix C.




3. AMTI PERFORMANCE OF ADAPTIVE FILTERS

The basic criterion of performance used is the S/C (signal-to-clutter)
ratio.. Specifically we have set the input or unfiltered S/C ratio to one;
hence our S/C ratio is actually the ratio of the output to the input S/C ratios.
Some authors term this the MTI gain or improvement factor. The loop noise is
_not included in these ‘calculations; however, it does not significantly affect
them,

Another important criterion is ﬁhe rate of convergence of the adaptive
loops. To characterize this fnctbr we h-ve investigated the mean S/C ratio
as a function of the number of iﬁdependent samplés, subject to the constraint
that the time constant of the loops is chosen to give a constant loop noise
factor (n = 0.1). The expected aciual output under clutter conditions con-
sists of two factors--onc due to clutter and the other due to random varia-
tions in the filter weights (locp noise). The noise factor, n, is the ratio
of the output due to loop noise to the output aue to the clutter when the
system has reached steady state. (For mcre detail see Appendices A and C.)
The initial valuz of the weights has been chosen to be GS*. This is indepen-~
dent ot the clutter spectrum, optimum when only receiver noise is present,
and is considered a reasonable design when the clutter is unknown.

There are many parameters which affect thevperformance of an adaptive
system. We have chosen to keep some fixed (e.g., the antenna pattern) and
have normalized others (see below). To depict the effect of all of these
parameters, we have chosen a baécline set of values and then (for the most

part) investigated the effect of varying just one of these parameters at one

time.

a1
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The radar backscatter from rain has been modeled as a gaussian-shaped
spectrum, its mean, variance, and power relative to the ground clutter being i

parameters. In the case of rain, the initial weights were not only chosen

to be GS*, but in some cases set equal to the mean steady-state value obtained
~under the corresponding no-rain condition. This latter initial value has
been termed "rain onset." Interestingly (for the cases considéred), only a i
slight improvement in the transient response takes place by using the latter
initial values. |

The maximum MT1 gain shown in these curves is roughly 60 dB. This gain
is limited by the sidelobe clutter speﬁtrum. A sideliobe level of 29.6 dB,
with a Dolph-Tschebycheff antenna pattern, was assumed in the model. The

corresponding two-way sidelobe gain is roughly 60 dB below the maximum main

beam antenna gain. This sidelobe level is representativé of existing radar

systems. Also, roughly 50 dB of MTI1 gain is adequate in most AMTI radars.,

In practice, the performance of an AMTI radar would typically be limited to

50 to 60 dB MII gain by receiver noise. By Assuming a lower sidelobe level,

better MTI gain could be attributed to the adaptive filters. However, this ?
would not be represcéntative of typical radars. - A ' V;

3.1 PARAMETERS

V., = mean rain velocity (relative to grouhd)

R
V, = target velocity (relative to ground)
VP = platform velocity (relative to ground)
A = wavelength

f_ = pulse repetition frequency.
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3.1.1 Antenna Pattern (Remains fixed throughout the plots
deplicted herein)

A Dolph-Tschebycheff design with elemcnﬁs spaced at A/2. Identical
receive and trénsmit patﬁefns and zero gain in the reverse half-circle.
NEL = 30 = nﬁmber of elements
SDLB = 29.6 dB = ratio of main Seam peak to any sidelobe peak
BEAM(DEG) = 4.1 = beamwidth' (in degrees) between 3 dB points.
3.1.2 Grouna Clurger (Assumes independent gaussian stationary‘
spatially homogeneous scatterers—-—

clutter spectrum being caused by the
moving radar platform)

NSC = 100 = number of equally spaced scatterers (over 180°) assumed
in computing the covariance M ’

NP = 2,5,10,20 = number of pulses in the filter
ALFA = o = 1,2,10 = normalized platform velocity = ZVP/}\fr

SCAN

Y = 0(11.25)90°,45° = scan angle = angle between platform

velocity and beam center (see Figure 3).

3.1.3 Rain Clutter (A gaussian-shaped spectrum)

RNM = 4 = 0.1 = normalized mean = 2VR/Afr‘

RNS

L}
Q
i

0.01,0.05,0.1 = normalized standard deviation

RNP = p = 1,10 = ratio of total rain power to total clutter power.
The total input power (rain + ground) is normalized
to one.

3.1.4 Loop (Applebaum Array--see Figures 1 and 2)

GAIN = G = 10,103,106 = loop gain

ETA = n = 0.1 = noise factor = ratio of the output due to random
variations in the weights to the output due to the
clutter in the steady state. This and the gain
determine the time constant of the loops.
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3.1.5 Signal (Normalized to unit power, point source)

BETA = B = 0(0.1)0.9,0.4 = normalized target velocity (relative to
' ground) '
= 2V /Af modulo 1
T r

GAMMA = Y = (ocosy+B) modulo 1 = design normalized doppler frequency
for the filter.

3.2 TYPES OF PLOTS

3.2.1 Transient Response

The S/C ratio (or MTI gain) is depicted vs. the number of independent

* *
samples. The initial value of the weights is chosen to be GS (where S

is the steering signal which is independent of the clutter), which is

considered a reasonable design when the clutter is unknown. The response

at this initial value .is shown by a small dash. Both the steady-state and

optimum performance are depicted as straight lines. Due to the high base-
line géin of 106 on most plots, the stehdy state and optimum merge into a
single line. Since the noise factor, n, is kept fixed, these plots show the

convergence rate of the loops at the same relative loop noise level. Please

" . note the logarithmic "number of samples" scale,

3.2.2 - Transient Response (Rain Onset)

Same as "Transient Response' except that the initial value of the\weights
is chosen to be fhebmean steady-state value for the corresponding no~-rain
condition. The small dash indicates the response at this initial value.
Another small dash labeled "NO RAIN SS" is the steady-state response under

the corresponding no-rain condition.
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3.2.3 Clutter Spectrum
The "folded" (due to the pulse repetition frequency, fr) spectrum of

the clutter is depicted. When rain is present, it includes the contribution

‘to the specﬁrum by the rain. It is normalized to unity (0 dB) total power.

3.2.4 SpectraQFilter, Clutter

Depicts two folded spectra on the same grid. One is the spectral re-~

‘sponse of the filter formed by the weights (easily distinguishable since it

~has one less peak than the number of pulses). It is normalized to O dB at

the desired désign fréquency of y. The other is the clutter spectrum as spé-
cified above.

3.2.5 Optimum Performance

Depicts the optimum $/C ratio (MTI gain) vs. the normalized target

' velocity (B). A numbér of curves are shown at various scan angles, V.

3.3 DISCUSSiON OF PERFORMANCE
Very good steady-state performance (S/C ratio in the 50 to 60 dB range)

is obtainable for all but extreme parameter values (just what these extreme

‘values are is discernible from the detailed discussion below).

Reasonable convergence rate of the loops is also obtainable for most

3 to 104 samples the mean response is with-

pavameter values, i.e., in about 10
in a few decibels of the steady state which is ﬁegligibly close‘to th2 optimum,
This is fbr a ndise factor df 0.1# hence the adaitional degradation of per-

formance due to random fluctuations in the weights at this point is negligible.

Since the mean weights during adaptation are not equal to the steady-

state weighés,-the loops form a biased estimate of the weights. This causes
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rather slow convergence in some casés. The staircase-like convergence.pf .
the mean response (even on a 1ogarithmic scale) indicates that there are longg
intervals of sémpling when no significant improvement in the meanlresponsé,
takes place (whether the variance of the weights at this time is beiné sig-
nificantly reduced has not yet been investigated). For éxample, for the.
baseline case (Figure 4) from 100 to 1000 saﬁples, there is only.éﬁout a
2 dB improvément.

For some extreme cases (very heavy rain) (Figure 44), the mean response’
even diverges (after almost achieving the steady-state value)‘to a value
even less than the initial value (after about 30,000 samples) befo:é.again
converging to the steady-state. This occurs when the average magnitude of
the initiél weights differs widely from thé magnitude of the steady—stgte

* ,
1S , tend to be large when the tovari-

weights. The steady—stqte weights, M
ance matrix contains one or more very small eigenvalues. It might be prefer-
able to have an unbiased estimator, i.e., one in which thé mean magnitﬁdes
of the weights would always be comparable to the steady-state weights. iﬂ
this case the effect of additional samples would be to adjust the relative
magnitudes and phases of the weights, which would improve the respogsg.
Such estimatofs can be found--the préblem is that they markedly increase
the complexity of the calculations.

It is felt that better estimators thaﬁ the investigated loops are pos-
sible; however, probably at an increased complexity. The investigated loops
do however give a sufficiently good performance that is probably satisfactory

‘for many applications. The simplicity of the loops then makes them a good

overall design for some systems.
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3.3.1 Base Line

The base line has those parameter values which are underlined in Sec-

tion 3. Figure 4 shows the mean transient response with its characteristic

staircase-like (even with a logarithmic abscissa) approach to the'steady-
. state value. About 104 samples are seen to be required toycomplete adapta-
tion. The duration of one sample is the radar (compressed) pulse length,

. typically around 1 microsecond.

Figures 5 through 10 show the filter response (of the mean value of the
weights) as adaptation takes place. The clutter spectrum is superimposed on
all of these figures. Initially (samples = 0) no specific éttempt at sup~
pressing the broad peak of the clutter spectrum is evident. As tﬂe number of
samples increases, two.main effects are discernible. The lobe peaks of tﬁe
filter in the region of the clutter spectrum maximum are decreasing and more
filter lobes are being squeezed into the extent of the clutter lobe (from 2 -
to 4 lobes). The main filter lobe which includes the selected target doppler
frequency also widens a bit. This is believed to be a necessary consequence
of narrowing the other lobes. A very slight shift in the peak of the main
filter lobe may also be noted. This effect is more pronounced under more

extreme conditions (e.g., see Figure 51),
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3.3.2 Optimum Performance

Figufe 1lvinvestigates the variation of performance with target doppler
velocity (8) and scan angle (y). The optimuﬁ S/C ratio is shown. However,
for a loop gain of 106‘this is pr%cti;ally (within 0.1 dB) the same as the
steady-state performance. |

As expoected, performance drops sharply as the target doppler approaches

0 (or 1) since in this limiting case the target is spatially stationary (cr

appears so duc to the doppler ambiguity). It is interesting to note that

performance in this case is worst at 0 scan angle. This occurs because the
platform métion clutter spectrum becomes more spread out with increasing scan
angle (éee Figgres 12 throuch 16), thué making discrimination possible.
However,'as the target doppler moves’awny from 0 (or 1), this same increasecd
clutter spread causes decreasced performance since it'is more difficult to
place a broad null in tne filter spectrﬁm. The erratic behavior of the per-
formance with scan angle in the target dopplef midrange is believed to be
due to the relative difficulty of achieving specific separations between the
filter main peak and predominant broad null. In the midrange of target
doppler the adapted performance is seen to be relatively insensitive to scan

angle, .showing that the adaptation manages to compensate Jor the disparate

clutter spectra (Figures 12 to 16).
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3.3.3 Variation with Scan Angle

3.3.3.1 Clutter Sgcctfa. Figures 12 through 16 depict the variation

of the clutter spectrum with scan angle. Two main effects are to be noted.

~ The primary peak broadens with increasing scan angle and the location of

‘this peak moves towards decreasing normalized doppler frequency, making two

complete circuits for the 90° variation in the scdn angle. These two cir-

 cuits are specifically due to o being 2. The spike at O (or 1) is due to ¢

‘being an integer which is also the cause of the spike and the main lobe

being superimposed at O scan angle (refer to Appendix A, Eﬁuation‘7).

03.3.3.2 Transient Response. Figures 17, 18, 4, and 19 show the tran-

sient response variation with scan angle. 'Note‘that at 0° scan angle the
initial filter does extremely well since the clutter spectrum has only a very
narrow peak; however, considerable samples ére required to improve upon it |
since the loops find it difficult to place a very decb null at this specific
point; However, even at a slight scan angle (11.25°), the initial filter is
seen to belrather poor and rapid improvement ensues under adaptation., At 90°
the initial responsc is even worse, yet the adapted response is bnly slightly

worse that at 0° scan angle. With increasing scan angle, the transient

.response becomes more and more step-like.
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3.3.4 Variation with Target Velocity (B)

(Figures 20, 21, 4, 22, and 23) It is interesting to note that,
though the stcady-state performance changes significantly with target doppler
(as discussed above), thé number of samples required to achieve this steady-
state reéponse remains essentially 104 samples. A more and more pronounced

staircase-like transicnt response is evident with worsening steady-state

. performance.
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3.3.5 Variotion with Number of Pulses

(Figures 24, 25, 4, and 26) With increasing number of pulses, the

~ variety of filters possible increases rapidly, so it is not surprising that

the éteady-state'performance improves. However, the complexity of the system

also incrcases markedly so that by 20 pulses the additional gain in performance

probably docs not warrant the increased complexity.
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3.3.6 Variation with Platform Velocity (a)

(Figures 27, 4, and 28) ~ Small a is seen ﬁo give better steady-state
performance. However, it is to be noted that after 104 samples, essentially
the same performance results for a =‘l.and q = 2, Since a = 2VP/Afr, small @
requires a low platfofm‘veIOCity, high pulse repetition rate, or a long
wavelength., These parametérs are usually decided on the basis of other

system tequirements than filter performance, e.g., the PRF may be selected

to avoid sccond-time-around returns and range ambiguities.
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3.3.7 Variation with Loop Gain

(Figures 29, 30, and 4) Note that the time constant of the
changed so as to maintain a constant noise factor (n) of 0.1. It
that low loop gain causes a steady-state performance considerably

the optimum performance. The transient response is identical for

gains except that with lower gain the asymptote is reached sooner.

. . -1 %

. loop gains, the weights approach values ([¥+(1/G)] 1S ) which are
-] % - :

than the optimum (M 1S ). This bias in the steady-state solution

ble when 1/G is small compared to the smallest eigenvalue of M.

loops'ié

is seen

lesé than

thé various
Af low

different

is negligi-
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3.3.8 Rain Base Line

(Figﬁres 31 through 36) A gaussian-shaped rain spectrum with mean of
0;1,.standard deviation of 0.05, and with total power equal to the total
clutter power ig added to the baseliné clutter spectrum. Note that the total
power is then normalized to one so that the S/C ratio depicted is still the
‘ratio of output pﬁ inputvs/C ratio (MTI gain). 1In practice, there would be
.-an increase in total clutter power so that the input $/C ratio would decrease.
' Thus to maintain the outéut S)C rStio, the MTI gain would actually have to
increase. Spccificaliy, with a relative rain power of one, the MTI gain
-would have to increase 3 aB to main;ain the output S/C ratio at the pre-rain
levci.

Some improvémcnt (about 4 dB maximum) in transient response results from
initializing the weights at the pre-rain steady-state values (Figure 32).
Hdwever, as the number of samples increases, this improvement diminishes and
disappears before the steadf étate is approached. The baseline rain is
rather severe (compare Figureé 5 and 33); ﬁence the adaptation is governed
mostly by the rain--not the ground clutter.

Note in particular that even for this relatively severe rain the adapted
HII gain’is essentially the same aé for the no-rain case. As shown below,
for lighter rains the MTI gain may actually improve.

Figures 33 through 36 show the filter spectra during adaptation; the
clutter (rain and ground) spectrum is superimposed to show how the filter

nulls out the broad clutter spectrum peak.
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3.3.9 Rain at 0° Scan Angle

(Figures 37 throﬁgh 40) The broadness of the rain spectrum (comﬁare
Figures 12 énd'38) can clearly be seen in this case. Of particular intérest
‘is the tremendous'drép iﬁ performance when the initial filter is used (recall
that in the no-rain case at 0° scan angle,‘the initial filter was vety good,
as shown in Figure 17). There is a siight (2 4B) drbp in the MII gain at

 steady state.l
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3.3.10 1Increased Rain Power

R

(Figures 31, 37, 41, and 42) Increasing the rain power relative to

the clutter power has the curious effect of increasing the adapted MTI gain.

Note however that the input S/C ratio would now drop 11 dB; hence the output'.

§/C ratio would actually be worse. Figures 31 and 41 show the comparison at -

45° scan angle; Figures 37 and 42 illustrate the effect of increasing rain

~clutter power at 0° scan angle.
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3.3.11 Varijation with Rain Spectral Width

(Figures 31 and 43 through'Sl) When the rain specﬁral widtﬁ is reduced
to 0.01, the MTI gain increases by about 2 dB over the no-rain case, which is
almost enough to compensate the 3 dB drop in input S/C ratié. Thus thé‘effect
of fhis narrow spectrum rain is almost compensated for by adaptation‘and thg
actual output S/C ratio drops only 1 dB.

Under extreme rain spectral width (RNS = 0,1), a very curious phenomenon
occurs in the mean transient response. Adi,tation proceeds reasonably well
until 4000 samples (Figure 44), but thereafter it diverges most significaﬁtly
before converging again. Setting the initial weights to their no-rain steady-
state mean values (Figure 45), though having a slightly better initial per-
formance and achieving the final steady-state value a little sooncr, also has
a more serious interim drop in performance. Of particular note is that after
30,000 (afger initial weights of GS*), the performance is worse than initially,

Figurrs 46 through 51 show the filter response during adaptation for
this extreme rain casce. The dip in pgrformance is seen to be duc to a large
filter lobe at other than the design frequency, y. This is believed to be‘
caused by the relative changes‘caused in the transformed weights (see Appendix
A) as each ttansformcd weight in succession (determined by its corresponding
eigenvalue) approaches its asymptotic value. The latter is also believed to
be the cause of the staircase-like transicnt responce. We have not yet

found a simple way of compensating for this effect,
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4, STMPLIFICATION OF ADAPTIVE FILTERS

The complexity of adaptive filters which are implemented digitally
dépends strongly on the number of bits.required at various points in the
sysgem. Both the data storagé requirements ana the amount of. computation
depénd on number of bits. Under earlier contracts, TSC has investigatea
.the effects of quantization noise at various points in the adaptive control
loops. These sfudies were performed for adaptive array antenﬁas, but the
results apply directly to tﬁe closely analogous case of adaptive filters.,

It was found by introducing fhe effects of quantization in an adaptive array
simulation that a single bit (one bit in-phase, one bit quadrature) is suffi-=
cient at the v: input to the cross-corrclator (see Figure 2). An analygis

of this simplification was performed under this contract which verifies the
simulation results, Thisvanal§sis appeared in the July 1972 issue of I1EEE
Trans. AES, and was included in the interim report[8] on this contract.

1t is shown that the estimated covariance matrix differs only by a scale
factor when this v: input is represented by a single bit per quadrature.
compdncnt. This result permits a major simplification of adaptive filters. .

Further study of this problem has shown thﬁt’a single-bit representation
of the v: input to the cross-correlator can be used, i.e., one-bit representa-
tion of just one quadrature component. The analysis supporting this conclu-

sion is contained in Appendix B,
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5. SUGGESTID AREAS OF RESEARCH AND CONCLUSIONS

As discussed in Section 3 of this report, the Applebaum type of adap-
tive array gives very good performance for its relatively simple implementa-
tion. One way to obtéin considerable improved performance would be to
estimate the covariance matrix directly, to invert it, and to calculate the
yeights by W = ﬁ'ls*. Thié procedure is not as complex as it first appears

" since the estimation and inversion only have to be done once for the whole
bank of filtcrs'(eaqh'filter requires its own set of loops), the different
filters being obtained by a matrix multiplication. The inversion of the
matrix would be the most complicated portion of this procedure. However,
the covariance matrix has a peculiar natpre (i.e., an is a function only of
m-n--see Appendi# A), which allows it to be inverted in a particularly
simple manner (sce [6]) and [7]). The promise of a considerable improvemenf
in performancc'at‘a modest increase in complexity makes this procedure worthy
of invcstigationm. Such an investigation may aléo shed some light on what
minor (in complexity) modifications of adaptive loops would yield the most
improvement in performance.

The sometimes aberrant behavior (i.e., temporary divergence of the s/C
ratio during adaptation) of the loops considcred does raise the question of
whether variations of adaptive loops (e.g., the Widrow array) also exhibit
this behavior.

The effect of thebloop noise on the S/C ratio has been determined for

tic steady-state condition; however, its transient variation during adapta-

tion remains to be investigated.
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An important area for further research is AMTI radars with adaptivity

in both spacé and time, i.e., adaptive control of both the antenna pattern
and doppler filter response. One important optimization study in space- ' .
time adaptive systemé is related to the choice of degrees of freedom. For . i
example, a system with 12 degrecs of freedom could use a single antenna
output with 12-pulse adaptive filtering, three separate antenna outputs on
four consecutive pulsecs, etc. Antenna outputs could be obtained from sub-
arrays or separafe beams, e.g., sum and difference beams iﬁ‘a reflector
antenna with multiple fceds;‘vMethods of spcéding convergence in these
systems and of simplifying the implementation are important areas for‘study.
The results reported here show that adabtive filters can provide im-
portant improvements in AMII radars. One advantage of adaptive systems is
the ability to sensc the presence of rain clutter and re-optimize .the filter —
response. The convergence rates of the adaptive filters are adequate for
some applications-~the typical convergence times df 1000 to 104 samples
'correspéud to 1 to 10 milliseconds in a radar with a 1 microsecond compressed
pulse length. The change in clutter due to antenna scan is usually small in
this time interval, 1n other cases, more rapid convergence may be required,

e.g., to follow changes in clutter spectrum with range.




1.

[38)
.

77

REFERENCES

L. Brennan and I. Reed, '"Optimum Processing of Unequally Spaced Radar
Pulse Trains for Clutter Rejection," IEEE Trans. AES, May 1968.

L. Brennan, I. Reed, and E. Pugh, "Control Loop Noise in Adaptive Array
Antennas," IELE Trans. AES, March 1971. : '

C. Dolph, "A Current Distribution for Broadside Arrays which Optimizes
the Relatienship between Beam Width and Side Lobe Level," Proc. IRE and
Woves and Electrons, June 1946..

F. Kathanson, Radar»Dosigﬁ Priﬁriples, McGraw-Hill, 1969, p. 206 ££f.

A. Papoulis, The Fouricer Inteﬁral and Its Applications, McGraw-Hill,

1962, p. 25, 246.

S. Zohar, "Toeplitz Matrix Inversion: The Algorithm of W. F. Trench,"

J. Assoc. Computing Machinery, Vol. 16, No. 4, October 1969, pp. 592-601.

S. Zohar, "Propagation'Studies: The Solution of a Toeplitz Set of Linear
Equations," JPL Space Programs Suwmary 37-61, Vol. II1, Part K.

I. Bottlik, L. Erennan, and G. Lank, i'Adaptive Filtering in AMTI Radar,"
Technology Service Corporation Report TSC-PD-083-1, 28 April 1972.




APPENDIX A

COMPUTATIORAL EQUATIOXNS

1.0 INTRODUCTION

" The cq;atién; used in‘computing.the clutter spectrum (ground and rain),

. ‘covafiance matrix, filter weights (optimum, steady—statc, and mean transient),
and the resulting S/C ratio are outlined in this Appendix. We consider the
azimuthaltantennﬁ patterﬁ with sidelobes and homogéneous spatiallyvstationary
ciuttcr both in azimuth and range. Ve neglect éonsiderations of the varia-
tion of antenna paétcrn due to radome apd near field scatterers, clutter

; inhonmogeneities due to terrain type andrincidcnce ang1e, elevation antenna

pattern, and depression angle. The coordinate system ir shown in Figure 3.

2.0 NORMALIZED PARAMETFRS

v’It;is‘conVenient to measure the platform velocity VP' and the targert
radial velocity'(relétive to ground), VT' in terms cf the wavelength, XA, and

the pulse repetition frequency, fr'

. a - 2 VP/Afr
g =2 VT/?\fr (mod 1)

Y*=a cés(w) + 8 (mod 1)

vy is the target doppler frequency modulo the pulse repetition frequency.




5.0 EQUATIONS

3.1 ANTENNA GATN

A Dolph-Tschebycheff antenna pattern (see Ref, 3) is used: The
two-way antenna powef pattern is given by (identical receive and transmit

patterns are assumed):

. A _ - 4 ‘
. g(sing) = Gl‘(?? = {TH [Zo o <—%‘-’- sinqb)}/fl‘M(o) } - -g— <4¢ _<_-g-

= 0 '  otherwise (1)

vhere

Ty = Mth order Tschebycheff polynomial

M = KEL-1 = 29

ft

NEL 30 = number of elements
d = /2 =lspacing between elements

2
o

1.01 = parameter determining sidclobe level and beaﬁwidth'

All cases considered herein use the same antenna pattern with parameter
values as shown above, which yield a main beam 3 dB width of 4.1 degrees and

a sidclébe level (ratio of rmainbeam peak to any sidelobe peak) of 29.6 dB.




< AW U CTUTTER SPVOTIOM

Ve arsune epatially stationary homogencous clutter. The doppler
f{reguency duv to a stationary scatterer at angle 8 relative to the platform
velecity (Fig. 3) is

f,=2V_cost/x . 2
4= 2V, cose/ )

However, the deppler frequency "folds over" at the pulse repetition
frequency, fr’ hence

2 V cosh
—r

fd/fr == fr = o cosd (modulo 1)‘. | (3)

’

The clutter spectral density is thus

s(£) df = Z ¢* oy 192 ar . (4)
8 3 mod(a cosb,1l) = f

Let n be an integer, Arccos be the principal [0,7] inverse function. Then

(£) = 4 d¢ be-gy 198
si) = o et g o+ Y e 1§ (5)
f:n)-w ¢ = Arccos (-f—:—-[l)#w

¢ = Arccos (

-sim,’;_<_£?—<l sinwf_-f—?f_ 1




1 ~Q a

T, = 2% | Then

2 ¢

sing = Tl cosy - T2 siny (for the 1St sumration)

(6)

= T2 cos +'T2 sinV (for the an summation) .

ey

Noting that Id?w = 1/0'1‘1 for either summation and recalling that

Gé(¢) = g(sin¢) we obtain

S(f) = 2{: g(Ty cosy - T, siny)/aT; + :E: g(-T1 cosy - T, Sfﬁw)/aTl (7)
naNl ncN2

where

| A
-
~——

fin
= - siny < ——
Hl {nl siny < =&

N, = {n] siny 5.;22

oA
—
St

2
N2
Ty =41~ <£§2)
N
fin
=

g(siny) is defined in Eq. 1.




3.3 GEOUND CLUTTIR COVARIANCE -

. ' ‘ ~ o -t
Let N be the number of pulses to be processed coherently. The n b
pulse voltage return from a scatterer at angle 9 is given by (normalized

to the first pulse):

. - c -1 I _
| | a = iZni(n ) cos?d 2(6 V) (8

- . The contribution of this clutter element to the clutter covariance is given by:
*
M.=A A _ ©(9)
where A is column vector of the a .

' _ -i2n(n-1)acosH 2
Thus M. (m,n) =/e G~ (8-y)

127(n-1)acosH 2
xe G (6-v) d8

»

4 -127(m-n)acosd ) '
=/c (6-9) e de . (10)

Since G*(3) = G*(~¢), G(8) = 0 for |¢] > n/2

2

-127(m-n)acos ($-) ~12n(m-n) acos (¢+y)
! (n,n) = fG (o) [ .+e . d¢ (11)




The preceding integral is approximated by a sum of NSC/2 equally spaced
angles ever the region (0,n/2). This matrix is scéled so that the diagonal
teris (vhich are all equal) have the value of which corresponds to unity

input clutter pover. . Note that the covariance matrix is really only a

functicn of m-n.

3.4 PRATN CILUTT R SPLCTRUM

i S8

Following hathenson [Ref. 4], we assume that the rain spectrum is
Caussian. It is again convenient to introduce rormalized parameters for
the mean rain velocity (relative to ground), VR’ and the standard deviation

of the spectrum.(mainly.dua to wind shear effects), o Thus let

.R.

= RN ’
u=RM=2 VR/lfr

o = RNS

]

2 oR/Afr .

Due to platform motion, the normalized mean relative to the radar is

¥ + acosy. The rain clutter spectrum (normalized to unit power) is hence

1 -(f-u-acosw)2/202 . '
e ’ (12)

21 ©

5(£) =

The above analysis ignores the '"fold over" of the doppler frequency due
to the pulse repetition frequency, however, it 1s an excellent approxima-

tion as long as o is say less than 0.1.




3.5 PATY CLUTTER COVARIANCE

The rain clutter -correlation function is the inverse Fourier trans-
- fornm of its spectrum, i.e.

R(x) =g 18, () = [ s (03T | (13)

From Reference 5

hence,

' JZﬂ(u+acosw)f.r -2(nof r)z
Rt =e e T, aw -

and the clutter covariance matrix is

27 (utacosy) (m-n) v--2(,.1rc(m-n))2 .
MR(m,n) = e o e , o (15) P

v3.6 COMBINING RAIN.;HD GROUXD CLUTTER

Let p = RNP be'the ratio of the total rain péwgr to the total ground
power. The rain and ground cbyariances and spéc;ra have been normalized IE
to unit power. Hence, sincé.thé rain and ground clutter are assuﬁed |
statistically independent, the total covariance (also normalized to unit

power) is given by




M@,n) = T Mo mn) 4 g Mmn) @)

Note again that all the covariances are really only functions of m-n.

The total speétrum is given by

S(f) = -1—1-5 5(F) + 1%5 5, (E) . | an

3.7 OPTIMU! I'TLTER

As has becn shown in Section 2 of this report, the weights for an

optimum filter are g ven by (or proportional to):

- * s
w=M1ts , (18)

*

~12n(acosy + 8 ) (n-1)
where S (n) = e ’ -

Since the eigenvalues and eigenvectors of M will be requffed for the
", analysis of the transient behavior we obtailned the optimum weights by a
different computational procedure. We compute Q and A such that A is

*T
diagonal, Q 'Q = I, and
-1 :
Q " MQ=A (20)

WrQA Q s =M"5 (21)

Note that since A ;s diagonal, the computation of A-l is trivial,




3.8 FI17ER RESTONSE

N 1i2n7f(n-1) 2
S(£) ={ ) e W(n)
n=1

(22)

The spectral response is normalized to 0 dB at £ = vy which is the
observed deppler {requency of a target with a normalized radial velocity
8 relative to ground.

3.9 OPTI!IUM S/C RATIO

The optimum S/C Ratlo has been shown to be

- *
sjc=sTutls

(23)

Again since certcain routines and items will be needed for the transient

anaiyses, we used the equivalent computational formula

k& A-l * A—l *
W, 8 S.W 5 s s s
s/C = T m T = T T
w,r Aw

where W= Qw
* *
S =Qs .,

(24)

SOOI+ i R b YR NI
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3.10 LOCP LOTISE FACTOR

N . - -

It has been shown{ (when the loop noise is small) that the total noise.
in the filter output is increased by the following factor due to control
lecop noise. This equation.is derived in Appendix C.

-

GAt ) '
C=1+2rTr | . {25)

~ vhere G = control locp gain
At = time between independent samples
T = control loop time constant
Tr = Trace of the covariance matrix (Trace (M))

3.11 MFEAN TRANSTENT WEIGHTS

It has been shown that the mean transient transformed weights are

given by#
Gt
* h - — * N
s Ot 1o T , | :
AR A +1/6 © * A +1/6
n ( n / ) -
. : , ‘:2-
1
. X 3
where wno = initial transformed weights w %
W= Qw v
s* « Q s | | - (26)

A_ = elements of A

#See Ref. 2.
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o A S P

' G(At)T
We definen=C- 1= 57 as the loop noise factor. Then the mean -
transient weights are i
, % ; B |
s, -(_ +1/6) -%—'l 1 s | ! ,
v (1) =fjw - ———te : r +-—(027) |
n %y +1/6 : : A+ 1/6 -
n g . /
where 1 = the number of independent samples, spaced At apart ‘
G = control loop gain (determined by allowable steady-state ' ;
degradation frem optimum performance) \
T =

r trace of covariance matrix (total clutter power in all N

pulses)

|
[}

loop noise factor (was shown to be 0.1)

3.12 MFAN TRAUSTLCNT RESPOXNSE

We have calculated the mean transient response using

*

S S.w

v, T

*{3 »

S/C =
oWy AW

]

where w are the mean transient transformed wéights. This neglects the
effcct of loop noise on the S/C ratio, however, loop noise is by design
(choice of noise factor ) quite small so the above approximation is close.

As shown in Appendix C, the 2nd order transient moment of the weights

1s required to determine this loop noise, which can be determined by an




-

12

iterative procedure. For the steady-state a direct solution has been found

(i.e., the noise factor) but no simple solution for the transient loop

~noise has yet been found.
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APPENDIX B

GENERAL FFTECT OF ENVELOPE NORMALTZATION IN

ADAPTIVE ARRAY CCRTROL LOOPS

G. W. Lank

INTRODUCTION

The properties of an adaptive array antenna, including transient
response rate and control loop noise, aepend on the intensity of the exter-
nal noise fiéld. The dependence can be reduced by a general eanlope
normalization. This can be done without degrading the performance of the
adaptive array. Special cases of the normalization are envelope limiting,
considered in [41, andlonc—bit digitization of thé real and imaginary parts
of the signal frem which the envelopes are formed, considered in [5].
Another important special case is one-bit digitization of the imaginary
part of the signal fronm which the envelopes are formed while the real part

is set to zero.

DISCUSSION

Adaptive array antennas have been discussed in [1], [2], and [3] by,
respectively, Widrow, Applebaum, and Brennan, et al., In [4], by Brennan
and Reed, it is shown that envelope limiting in thé control loops reduces
the cffcects of varying noise intensity without degrading array performance.
In [5], by Lank and Brennan, this is also shown to be true when one-bit

digitization of tne real and imaginary parts of the signal from which the

o




cavelope is obtained is performed instead of envelope limiting., It will be

shown that the results of [4] and [5]'are special cases of a general en—
velope nermalization to be detined.

| Another important special caée of the general fcsult is to digitizé to
one bit the iﬁaginary part of the signal from which the envelope is obtaiued. o ?
while setting the rezl part to zero. This eliminates one-half the multipli-
cations in the concrol loop (as well as eliminating the storage of the real
parf‘of the signal fromlwh_-h the envelopevis formed in some adaptiVe systems).

The loops.considered are those ahalyzed‘in [3] and t&].

Let v = the complex video input to the mth array element, vi = the
complex conjugate of Vo andlf(v:) = the function of the envelope applied to
the control loops.

As a direct conscquence of the results of [3], the average valuc of the ;—J
‘transient responsc of the loops as well as the stead?—statc RS noise are

only dependent on the covariance matrix
A= El£G)v ] | |
= Y .
T Y’ Yn (1)
This is true, ansuhing the loop time constants are long compared to the

correlation times of v, and the steady-state RMS noise is small.

Let

v = Re L , (2)

Then assure




Thus (3) assumes that the function of the'anvelope’applied to the
Joops is only a fundtion of ¢ . lHence it is a general normalization in .
that f(v ) is independent of h . o o Q

eferences [4] and [5] can be considered- special cases of (3). In {41,

R
f(V J = ( ) =e O 4)
thle in [5],
| © -3, 04 <2
N -j¢ -1-§ , w/2%¢ <7 :
f(v) = g(e m) = Lo (5)

14, WS¢ < 3u/2

1+j , 3n/2 < ¢ < 2%

As in [4] and [5], we shall calculate the covariance matrix in (1) for
the case where vy is a zero mean complex stationary Gaussian process.

The joint probability density of R n? ¢ » R, ¢ 1is glven as in [4] by

Ran R24R2—29Q R co<(¢ -b -g)
PR R, ,0 ) = —5———5— exp {~ = A (6)

4170 (1-p”) _ 20_ (l-p')




fron the above, the elements of the covariance matrix A are

27 o pais . v - E . 3
T ‘ _"J¢n) L
: = O R R | R R '
’\mn d&'mj d mJ’ d n d n"\® ' {8 p(Pm’}xl’¢nl’¢n) , @ :
0 0 0 0 ' : ' '

let ( = ¢n - ¢,q -0 in (7). Theh, ‘using (6) and the periodicity of the

cosinz function, (7) becounes

27 . . ' ‘ §
1 [ : -.'Jcbm J¢m o '
A = m HonB\® ¢ dd’)m o @)
vhere
r :[n' 2} R Rz R2+112—20R R cesf ) ‘ ;;
u o= Fer JaR f 4B TR exple - 0D + 3@ i
LN m nj '”2 {i(l 2 ‘( 22 2 J“"’j ’
0 0 0 10 (1-p7) , o] (l—p ) . :
€))
In [4], Wy, 1S obtained (sece Eqs. (8) to (13) inclusive of [4]), as
S .
m ‘ 8 ¢ . (10) . ' 3
Thus, substitutiang (1) into '(8), one obtains .
2n o
Mmﬂ -j(blil j¢m '
Amn £ e— gle (4] d¢m (11)
¢/32n 0 : :
45 in [4) and [5], the eicments of the covarlance matrix A differ from ' ) ‘
the elements of M only by a common factor whish is proportional to 1l/¢, ‘Thus ‘




N

. e

the transigat rcsponse will be incependent of O and the performance will not
be digraded as a result of a general envelope normalization as specified by
f(v. ) in (3). . ' | |
.7 If the particular cases of (4) and (5) are substituted into (11) for
-j'.:'l . L. : . -
g(ur' n), then .the results in [4] and [5] for Amn are obtained.

"Consider tiw: following case:

¢ <7

%
S 'j¢p , . i.e., Im v 20
f(vm) = g(e ") = < : . 12)

J.mSe < 2w

%
i.e., Inv_< 0
\ m

Substitutfng (12) into (11), one has

. M
A 1 mn

m " = o ' (13)

‘ *
Equatior (12) corresponds to digitizing the imaginary part of Vo to

. *
one bit while setting the real part of v, to zero.
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APPIRIDIX C

MEAN STEADY STATE OUTPUT CLUTTER -~ APPLEBAUM ARRAY

In an adaptive filter or array, the weights are a stochastic process.
Exprassions for the steady state mean and covariance of the weights are
derived. From these an explicit relationship for the mean steady state
ou'_;pﬁt cluvtter isvcalculated. An iterative solution to the mean transient

output clutter is inherent in the method.

1.0 System Descrirntion

1.1 Schenatic

Solid 1ines denote column vectors |

y ’ ~ Fig. 1 = Applebaum Array (Filter)




1.2 Equations

. T

4+ [VAV© + I/GIW = S* ‘ Y

x
G
V (when no signal is present) is a vector of zero mean complex
. Gaussian stationary random variables with covariance
EVAVY = M. , 2

where E denotes the expcctation or average.

ok
Output = UL vavTy - 3)

, T™* T T* T ‘
Kote that EW V*V'W # EV. EV*V" EW unless the time constant of the

integrator, 1, 1s chosen sufficiently lérge.

2.0 Difference Eaquation

Let At = time between saoples of V, then (1) becomes

- -G-Q—t- * (VX T.
"t+At X [S (Vt\lt + I/C)‘J:]'i- Wt | (5)

3.0 Steady-state maan weights

T&king the expectation of (5), noting that since Ht is determ! .d by V
; u

uct-At it is statistically independent of Vt,




GAt

W = ;'_ A, W 5
Wesae R [s (.&I/G)t«rt]fwt .

I e steady state W_. =W =W '
n the cady sta Yeine . hencg

(M + 1/C)W = §*

~1 GAt

27

© 4.0 Output Clutter related to weiocht statistics

T* T
From (3) Output = W v*vlw

= WAVAY 1 = SV W Wk
Z AN Zvivjqjui

1,3 i,]
Thus
E output = 2{: Mij zj1~
i,]
where
*
Z=EW W,
| | . T . T
hence E output = Trace (MZ) = Trace[EV*V  EWW ]l

W= (Q41/G) " $*| For.convergence: S (A +1/6) <1

(6)

A7)

€]

(9

(10)

1)

Now let P be the diagonalizing rotation for the positive aefinite matrix

M, 1.e.

3

PH "~ = A

(12)




The trace is invariant to reotations hence

..1\
/

|
|

1

Pz P'-l) = Trace(AP Z P

I[E (Output) = Trace (P M P (13)

5.0 Steady state output

Froa (5)
* GAt ,C«.\t T T T* T
W W = =!I gx 7 3 W *
erar Veae . \( - [s §T 4+ (VWVT 4+ T/G)W W T (VAVT + 1/G)
* oo .
- S*th (v*vT + 1/G) -(V*VT + I/G)WtST]
: T* T *T
* - *
+ S wt VAV + 1/(;)wtwt
T T* T T*
- * 4
+ wts wtwt (VAV™ + I/G)} + wtwt (14)

Taking expectations, again noting that Wt is indebendent of Vt, and using

the relationship (see Section 7 of this appendix)

EVAVIW W T VYT = MZ M 4+ M Trace(Z )
e t t

*x )
z NT GAt { GAt

’ T .
™ *
CHAL Ewt+At cbAr = ” T [ S*S” + MZtM + M Tracc(ZtM) + Zt/G
+ ZtH/C + Mzt/G

- s*‘ﬁtT*(n +1/6) - + L/G)W, sT]
+ ST cM+ 1/6)2 + W st -z o™+ I/G)} (15)
¢ . t ot _

+ Zc




In thc stcady state Zt+At

it [S“ST +HZM + M Trace(ZW) + /6% + Z/G + NZ/G
P *
- st _ s ST]

.* - -
+ 8" sTau1/0) 1y (M+I/G).1 s*s?

(H+I/C)Z - ZQ+HI/G) = 0

Next diagonalizé as in (12) and (13). Llet z = PVZP'“1

. *
s* = PS .
Equation 16 has the following form after transformation

9_‘3} [Azl\"r 'z‘/c;2 + zA/G +/\z/G] - (AM+1/G)z = z(A+1/G)
~ St [S*ST - ATrace(Az)] - s*sT (/)Y - A1/ sk

Takin'g the 1,1 component of this matrix equation we obtain

. %—AT-E- Trace (Az) li/(ki-!-llc)‘
N v ) c.
2., " 3131/_(li+1/G) + bt

1~ 2T (}.14-1/0).

= Zt and Wt is given by (7). Hence

T

(16)

an

©8)

(19)




’ 2 : .3 is:si At D lzl(l + 1/6)
Tra.ﬁ(\ Y= ) A + Trace(\z GAt
.I e e e 4 e -——~—*‘- o e .—‘.‘ = e e - Sy %
v . A, 15154 X z/kl.+1/G)
.?E Cutput = Trace(Az) = 2 *——-——~§' 1 - 7T (21)
. ) ‘Ai+l/G _ i‘ GA -2 +1/G)
’ It is easily shown that
* .
" ALs, s, ok :
25 S S W T MW. _ (22)

T2
i (Ai+1/G)

;Hence

#
2 .

xi /(xi+1/c;)
2T
GAt

—TH
E{(Output) = W MW/ {1~

| and et ]

- (Ai+l/G)

6.0 Relationship to previous result

1

Suppose —--— Z X <<] and 6G>> )
min

) Then Ecuation 23 becdmes

21 GAt

1 i AL

-wTuwl+C'\t

1 M
h (24)

A-»which is the result obtained in Reference 1.

i |
b (23)
,i |

(20)




* T
7.0 Derivation of E V¥ VT W WT vk

The following expression was used in Lquation 15,

| ] vVivow vy
-Aij' e iom omok k3

2 E V V V V E W w since V and W are independent.
13 m,k i k k

* *
: sfo 2 =
Using Reference [2] E Vi Vm Vk VJ E V V E Vk VJ +E Vi f E V V

Thus
A= 1w “kj ; 15 Yem Zmi
m,k
= (M2 H) Trace M 2
j j
or
A = MZM + M Trace (ZM) ‘ (25)
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