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ABSTRACT

Methonds are explored for estimating Range and Range-Rate
frorn the geometry and kinematics of the air-alr homing;missile
combat situation rather than from direct measurements, The
methods reported herein use the various signals availlable from
the missile autopilot, plus the inertial rotation-~rate of the

Line of Sight provided by the seeker.

It is cshownr that acceleration of the target in the radial
direction, parallel to the Line of Sight, precludes successful
estimation by the classical technigues such as adaptive parame-
ter identification, Kalman fllter estimation, or the various
minimum-variance estimation methods. A nonilnear estimator is
described which estimates the target acceleration and velocity
components and can ylela accurate range and range-rate esti-
mates 1f correctly initialized at launch. This estimator.is
able to take advantage of the many inequalities which constrain
the maneuvering of an air-air target. Errors and performance

of this estimator are demonstrated by computer simulations.
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INTRODUCTION

Proper use of range and range-rate data, or the

equivalent "time-

to-go," can improve the performance of

an air-alr missile. At the same time, instruments whi-.

directly measure range and/or range-rate, such as radars,

are expensive.

The purpose of this study was to determine

whether adaptive parameter 1dentification technliques could

enable estimation of range and range-rate from less expen-

sive sensors which are used for example in infrared

seekers.

1.1 Background

The trajectory of an air-air homing missile may te

regarded as the response of a closed loop to an external

command. In this case, the external command is the tra-

Jectory of the target, which must be assumed tc te maneu-

vering elther to

conduct 1ts attack or to attempt to evade

the missile. The closed loop consists c¢f the gecmetry

which ylelds the

inertial Line of Sight (LOS) rotation-rate,

the navigation or guidance computer which forms ccmmands to

the missile as a
dynamic response
The inertlal LOS
dynamic function

perpendicular to

function of the LOS rate, and the missile's
to that command, which clcses the loop.
rate 1s, as viewed from the missile, a
of the target and missile acceleraticns

the LOS, and the range and range-rate.
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If signals of the LOS rate and the missile acceleration
perpendicular to the LOS are avallable measurements, it
might be possible to deduce the dynamlcs of the geometry,
which may be regarded as a "plant" within the closed loop of

the entire system.

As stated, the purpose of this research study was to
explore means of estimating the missile~target range and
range-rate by applying adaptive parameter ldentification

techniques to this "plant" or geometry.

This approach to estimation of range and range-rate
uses the misslile dynamics as a probe with which to examine
the geometry or kinematics of the system. It is therefore

called "Dynamic Ranging," or "Kinematic Ranging."

Figure 1.1, right, shows the cleced loop from target
acceleratlon through the kinematlcs and dynamlcs to the
missile respcnse, in the upper portion. The lower part of
the diagram shows, in a symbcllie f{orm, the paramzter estil-
mation computer whose ultimate outputs are the target range
and range-rate. Consider the "tox" containing the geometry
and kinematics: 1ts output, the LOS rate, is a measurable
signal, while the two inputs are the target and the missile
accelerations perpendicular to the LOS. But while the
missile acceleration 1s an available signal, the target

acceleration 1s not; estimation of range and range-rate
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therefore must depend significantly on the characteris-

tics of the target acceleration perpendicular to the LOS.

It wi'l be seen that the target acceleration parallel to

the LOS also has a strong effect on the estimation problem.

°
g

T, 1,7 M 1
t‘r e ' —’; ol
arget Inertial
Acceleration Line of Sight
1 o the LOS Geometry and
Kinematics Rate
‘MO 8
Missile r‘__c_ Navigation "_#
Missile Dynamics Missile Computer
Missile and Geometry Acceleration Acceierstion
Closed Loop Lto the LOS Command
Parameter Parsmaeter
Identifier ~ Identifier -
AN
| > r
Range and
Range-Rate
Estimates
Fig. 1.1

System Configuration
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1.2 Organlization of the Report

The principal results of this study and the
conclusions are gathered in Section 2. The problem 1is
described and mathematically posed in Section 3. A
nonlinear range and range-rate estimator is described
in Section 4, together with an error and performance
analysis. Several linear estimators are described in
Cection 5, together with comments on the conditions for
which the problem is mathematically observable. A
technological forecast is presented as Section 6.
References are gathered in Section 7. Appendix A
contains some details of the derivation of the nonlinear
estlmator, and Appendix B contalns tabulations of the

time-varying coefficients of its error propagation equa-

tion for a variety of typical trajectories.
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SUMMARY AND CONCLUSIONS

A summary of the findings of this study is presented.

The principal conclusions are stated and dlscussed.

2.1 Summary

Methods are explored for estimating Range and Range-
Rate from the gecmetry and kinematics of the ailr-air
homing-missile combat situation rather than from direct
measurements. The methods reported herein use the varlous
signals available from the missile autopilot, plus the
inertial rotation rate of the Line of Sight provided by the

seeker.

It 1s shown that acceleration of the target 1n the
radlal direction, parallel to the LOS, precludes successful
estimation by the classlical techniques such as adaptive
parameter ldentification, Kalman filter estimation, or the
various minimum-variance estimation methods, unless the
sensor nolse levels are very low and the geometry of the
combat is faveorable. A nonlinear estimator 1s described
which estimates the target's aspect angle, 1ts velccity and
acceleration components plus turn-rate and roll-rate, and
can yleld accurate range and range-rate estimates if
correctly initialized at launch. This estimator 1s able to
take advantage of the many 1nequallties which constrain the
maneuvering of an air-air target. Errors and performance

cf this estimator are demonstrated by computer simulations.

i
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2.z Conclusions

1. Target trajectories which have significant
acceleration parallel to the line of sight occur in most
ccmbat geometries except head-on and tail-chase configu-

rations., If the target has significant acceleration

parallel to the line of sight, then range and range-rate
are mathematically unobservable from the kinematics by f

linear methods.

In practice this means that range and range-rate o1

can be estimated only in favorable geometries and while

active maneuvering of the missile occurs and that the
sensor noise levels must be so low that very short aver-
aging times in the estimating filter will yileld acceptable

accuracy. Fillter averaging times of the order of one-

quarter second to one second ylield range-rate errors as

i
3

:
i

large as 30 to 50% when the target has 3 to 6g acceleration

parallel to the LOS.

2. Two approaches are avallable to resolve these
difficulties. A method which uses linear princlples
combines the kinematic techniques with stadimetric methods.
Stadimetric methods require that the seeker te able to :
measure some function of the target's area or angular si:ze

and rely on the assumption that the target 1s of constant

~{ze, Using stadimetric data relleves but does not eliminate

the difficulties noted in conclusion (1), above. A second H

method consists of a nonlinear estimator, discussed below.

6
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3. A nonlinear estimator which estimates the target
velocity vector components and acceleration components
relative to the line of sight and alsc estimates the
target turn-rate, and its rate of change, can be devised.
As a stand-alone unit, thils estimator requires initiall-
zation of range end range-rate. In combination with other
equipment 1t can be used as a filter to exclude impossible
target accelerations due to seeker noise or nolse origina-
ting in some other method of ranging. Its principle of
operation 1s based on tine constraints on the target
maneuverabllity dynamics, and, in particular, on the
fact that the target airspeed cannot be significantly

changed during an air-air missile engagement,
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THE MATHEMATICAL MODEL OF KINEMATIC RANGING

The study 1s restricted to the Maneuver plane.

The key assumption guiding and restricting this study
is that the seeker in the missiie provides the line-of-
sight (LOS) rate only; it does not yield any indication
of target-size, or shape or changes thereof, as television
or mosalc-type Infrared seekers can, nor dces 1t provide
any range or range-rate information directly, as a radar
dces, nor even yileld the variations of intensity of signal
from the target. The simplest type of seeker, simply
pointing at the target and carrying a rate gyro to sense
the LOS rate, 1s assumed. On the other hand, the missile
ls assumed to have a palr of accelerometers in the maneuver
plane, so that 1its accelerations may be resolved about the
line of sight. Similarly, it 1s assumed that missile air-
speed, or its estimate, can be provided if needed and that no
data are transferred from the launch-alrplane to the missile
after the missile has bteen launched. The two areas which

describe the problem are:

(a) The geometry and the equations which
define the kinematic relations from which we

hope to estimate Range and Range-Rate, and

(b) The constraints on the target.
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These areas are discussed in detall below. The
problem which we attack 1s estimation of Range and Range-Rate

from the kinematics and dynamics of the combat.

3.1 Kinematics

Under these circumstances, a pclar coordinate geometry
with the moving origin located at the missile is the logilcal

coordinate system. Figure 3.1 shows the geometry.

LOS
Line of Sight

————Xp, Yy e — = x
Missile T

“MYM

— X

Figure 3.1 - Ceometry

We first derive expressions for the velocity components
parallel and perpendicuiar to the LOS., Similar expressions

for the accelerations follow.

The instantaneous linear components of veloclty parallel
to the Line-of-Sight (LOS) yleld the polar coordinate com-

ponent,

r = Vg cos (YT-O)-VM cos (YM—O)
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while the components perpendicular to the LOS are

ro = Vg sin (Yp - a) - Vy sin (YM - 0).
. (3.2)

The angle ET may be called "The Target Aspect Angle"

as it represents the attitude of the target velocity

vector relative to the LOS, and is closely related to

the target body attitude with respect to the LOS.

As missile acceleration components are assumed to be
measured, we differentiate (3.1) and (3.2) so that the
acceleration terms willl become explicity evident,

yielding

P = [VT cos (YT—o) -VT Yo sin (yT-o)]—[VM cos(yM-o)

‘VMYM sin (YM-o)J+c[VT sin (YT-o)-VM sin(ym-o)]

(3.3)
and

rd+ro = [VT sin (YT'°)+VTYT cos (YT-O)J-

[VM sin (YM—0)+VM?M cos (yy-0)1-

o[VT cos (YT-c)-VM cos (YM-U)].
(3.4)
The components of acceleration of target and missile
parallel to the instantenecus line-of-sight are the first

two terms of the right of (3.3), respectively.
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Therefore define aTr = VT CcOS (YT'O)'VT§T sin (YT—c) (
, 3.5)

aMr = VM cos (YM-o)- MM sin (YM~0).

(3.6)
The third term on the right of (3.3) represents the

apparent acceleration due to the LOS rotation-rate.

. .2
Now multiply (3.2) by o and substitute (rc ) for the
third term on the right of (3.3); with this substitution

and the definitions (3.5) and (3.6), (3.3) ylelds

.2
' = rog - a + a = 0,

Tr
r (3.7)
Equation (3.4) is similarly simplified.
As before, define the components of target and missile

accelerations acrcss the instar.taneous line-of-sight by

a [ ] L ]
TosvT sin (YT-o)+VTyT cos (YT-o)
(3.8)
ay -QM sin (YM—0)+VM§M cos (YM-o)
° (3.9)
and substitute these for the first and second terms on
the right of (3.4). Again, the third term on the right
of (3.4) 1s the apparent acceleration due to the LOS

rotation-rate. Now multiply (3.1) by ¢ and substitute

11
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(r 0) for the third term on the right of (3.4), ylelding

the acceleration equation
ré+21rao - ap *ay = O.
o o
If we use the nctation
Sq

! M

then the velocity equations (3.1) and (3.2) may be

expressed as

g

r - VT cos &T + VM ¢os &M = 0

M

rd-\,lrsinET+VMsin£M=0

AL

and, with the more compact notation

VMI’ Vy cos &y , VTr = Vp c0S &,

Ko

E_
f
=

A V,, sin EM » Vp = Vg sin Ep >

M M

¢ o
for the components of target and missile velocity
parallel and perpendicular to the LOS, we have the

velocity equations in the form

12

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
(3.16)

T St T ST . e TR Y
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Equations (3.1) and (3.2) or their equivalents (3.12) and
(3.13) or (3.15) and (3.16), together with (3.7) and (3.10)
form the key elements of the mathematical model of the
kinematics. The assumed nolse levels, bias, initiallzation
errors, etc., which determine the errors of the proposed

solution, are gathered in Section 4.

The term réz in (3.7) deserves a trief discussion.
This term, a component of the range-acceleration, is due
purely to the geometry. Its physical significance can
easily be perceilved. Assume you, (M), are standing

metionless at the coordinates X = 0, Y = Y. where |Y

0
small,so that VW = VF =y =3, = 0. A vechicle, (7
'r o T ‘o .
aprroaching at constant velocity on the X-axis; X may te
positive or negative but r 1is negative as the vehicle is
approaching. The target is not accelerating,so that

ap =a, = 0. At the start of the problem, r - - Iil,
r oj

while at the end r X + |X|; Range-Rate, r, has charged

from -|X]| to + ]X|; the polar-ccordinate acceleration signal
which expresses this change isr‘éz. If the offset YO is
very small, the change from -|X| to +|X| can occur very
suddenly, implying large values of rP. In an air-air

combat situation, 1t 1s therefore possitle for very large

range-accelerations to occur, due to the geometry alcne,

even though neither missile nor target maneuvers.
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3.2 Constraints on the Target

The constraints under which the target alrplane operates
form an essentlal part of the system. An alirplane can increase
or decrease its airspeed by changing its thrust or by use of
the earth gravitatlion vector component; in either case or in com-
bination the longltudinal acceleration increment is not more
than lg. An airplane can also change 1ts alrspeed by lncreasing
its drag; this can be accomplished deliberately by use of speed
brakes or involuntarily as a result of the induced drag due to
the 1ift resulting from the airplane's evasive maneuvers. But
the target of an air-air misslile attack must try to maintain air-

speed to conserve maneuverabillty. We therefore consider that

. <
IVTl -1lg
I1s a plausible constraint for deliberate airspeed changes, and

we neglect the involuntary changes in this study.

The target turn-rate, ?T, 1s governed by several lnequality
constralnts. At high alrspeed, |VT§T| is limited by the ability
of the pilot (or structure) to withstand g-loads, equal to
VT*T’ while at low airspeed the turn-rate is limited by aero-
dynamic stall related to bank angle ¢T. In addition, the target
pillot and alrcraft roll-dynamics establish a minimum time 1in
which a maneuver can be performed or changed by the target so that

|¥pls or |épl, 1s limited.

The high-speed condition provides the acceleration

constraint, due to pilot or structural strength limits,

e
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. <
Further, turning is achieved by bank-angle. Taking
the pilot's characteristics into account, the bank angle, ¢T,

cannot be changed from hard-tufn in one direction to the

other in less than 1 second. This ylelds the constralnt

1dpl =2 Joqly
Figure 3.2 shows acceleration 1limit, turn-rate 1limit, and
the bank angle for & coordinated turn, as functions of V/VS
where VS is the stall speed for a fighter in combat configura-

tion and VS = 200 ft/sec. 1s assumed as a nomlnal value. The

relationships for a coordinated turn are

T

= 2 <
Acceleration Limit N, = {(VT/VS) , Vo = 2.45 Vg
6.0 y Vg 2> 2.45 Vg

g's

Bank Angle |¢T|L = cos™! (l/NL)'

Roll Rate léTIL =24y =2 cos™! (1/N))
Turn-Rate Limit IiTIL = %g;;s% .VEE:E = g;;% tan fonl;-
Turn-Acceleration Limit 151, = 2|§T|L

Airspeed change; |\./T|L 21.0 g.

(3.17)

i
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Equations 3.17 and Figure 3.2 thus represent the
statement ~f the constraints which form part of the
mathematical model. In an air-sair combat situation, it
willl usually be the case that the target will be flying
at a relatively high speed, so that the left of Fig. 3.2,
representing the condition VT < 2.45 VS’ may te disregarded,
and only a relatively narrow range of VT/VS can be realisti-

cally expected.

YRS ¢
0.7~ 140
NL
L 08 120 -
- 05 - '00
. 04L 80
////A\\\\\ !
- 03 A -
. 60 < &
\ TL
’\
— 02} 40 \‘_#
- 0V} 20
L ool o ,
0 1 2 3 4 5 V/Vs

Figure 3.2. Bank-Angle and the Limits of Target Turn-Rate and Acceleration versus
V/VS (VS = VSTALL =200 YS)
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A NONLINFAR ESTIMATOR

A derivation of a nonlinear range/range-rate estimation

filter 1s presented below.

This filter has a format such that it is very easy to
Impose and take advantage of the physical constraints which
limit the maneuverabllity of an airborne target. It there-
fore could be appropriately used alone if initlalized cr
preset at launch with range and range-rate; thereafter it
wlll correctly keep track of those variatles. Alternately
it may be used as a nonlinear fllter in conjunction with
other ranging mecthods, whether direct or indireet. The
analysis telow assumes that this estimatcr will te initialized
or preset at launch. 7The error analysis and perfcrrarce of
Sections 4.2 and 4 3 show the effects of errors 1irn initializing

as well as the effects of various other error sources.

This nonlinear filter has as 1its physical origin, and
therefore motivaticn, the hypotheses that (a) the target cannot
easily change alrspeed, and (b) range-acceleration is noct

trivial and must be estimated.

4,1 Theoretical Basis

The equations which present the components of veloclity
parallel and perpendicular teo the LCS are, respectively, from

(3.15) and (3.16),

p=V _V
T.. M., (4.1)
r¢ = V. -V ‘
To Mg (4.2)
17
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where the subscripts (T) and (M) refer to target and

missile, respectively, while the subscripts (r) and (o)

refer to the components parallel to the LOS ~»pendicu~

lar thereto. Thus, for example, the targ. velocity .

component perpendicular to the LOS 1s VT .
o

Similarly, the equations which present the components of

acceleration parallel and perpendicular to the LOS are,
respectively, from (3.7) and (3.10),

.2
P-ro -~ap; +a =0 (4.3

:
i
i
:
L
%

i) o

=
"

ré + 2ro - a, + ay = 0, (b, 4)

WL el

wher. .he components use the same subscript code described

above, so the target acceleration across the LOS 1is an
o
= Consider Eqn. (U4.3); we can measure o direct?; from the

2

E seeker and can therefore compute r6~; as initial values of

r and r are assumed given, We can also directly sense the

missile acceleration component a,, - If we could also estimate an
r r
we could compute I and then by integration continue to estimate ’

r and r. This would enable us to close a computaticn locp
and keep the estimation process going. It will be shown that
we can estimate aT by using the assumption that target
alrspeed 1s quasi-Zonst.nt during the btrief interval of an
alr-alr encounter. This is significant, as linear estimators
uniformly fall to operate successfully whenever ap is not

r
negligible, as will be seen In Section .
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Let us solve Eqns. (4.1) and (4.2) for the target
velocity components VT and VT . We know that the total
r o
velocity, or alrspeed, VT » of the target can be de-

termined from these components by .>e relationship

2 2 2
vTr + v&c = Vo, (4.5)
due to the definitions VTr = VT cos ET and VTo = VT sin ET'

An air-air combat target cannot easily change 1its

alrspeed VT‘ Since VT is nearly constant, QT is nearly

zero, so that differentiation of (L.5) ylelds

r r o to (4.6)

where am and ap are the components of target acceleration
r o}

parallel and perpendicular to the LOS. The considerable

algebraic effort required to show that tnis differentiation

is valid is presented in Appendix.A.

We may solve (4.6) for 8p , 80O that we may estimate
r
n Yt 2
aT s = ~. (u.7)

r - Tr

We now substitute for ap VT ,and VT fram (4.1), (4.2)
o o r
and (4,4) so that (4.7) becomes

rc + V (r6+2£'6+a>
. _( ,) M

aq‘ =

o (5 + vM> ' (4.8)

19
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- All quantities on the right of (4.8) may be measured or

~

estimated in the missile, s¢ that we can compute ap But

r
we also have, from Section 3, Eqn. (3.8)

aTO = VT sin ET + VT Ypcos ET

and 1if VT ~ 0, then (4.9)

aTo ~ VT YT cos &T = vTr YT .

We may therefore compute arp in a different way, as
r

N Vv i cos & s A
. T Y7 T . 6
am =~ (ro+v, ) = -(ro+v, )T = - v_y
T, M/ Vg cos Ep M T,'T
R (4.10)

where ;T is the estimate of %T , the target turn-rate.

% Eqns. (4.8) and (4.10) rresent different forms cof the
same result; elther may be used as appropriate to the aveila-

ble physical constraints. 1In particuiar, the relationship

. _ o
Yo 7 (4.11)

may te used to estlmate Y

PR T
~<
"3
-3
]

If we substitute (4.11) into (4.7) we have

A

a = .V

r ¥
Tr To T . (4,12)

This 1is an obvious result: VT is the target velocity
¢

across the LOS, and ;T 1s 1ts turn-rate, therefore the

product 1s the acceleration of the target in the range
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direction. Its magnitude 1s at a maximum when the target
is flying perpendicular to the LOS and vanlshes in a head-on

or tall-chase combat configuration.

1L Ml

Equation (4.11) is a very convenient result, for it

enables implementation of the constraints, described in

W

Section 3, on the target maneuver capabillity:

~ ~

(1) The estimates =& and a may be

0, g " . S LT 2

T T
r o
limited to 6g magnitude. A
am
~ 1
(2) Since Yp may be estimated as Yo =2 ,
v
T
r

it 15 possible to 1limit the quotient to a

1 billhat

realistic turn-rate which may te either &

: nominal constant or a function of the target's
E

estimated alrspeed VT’

(3) Further, if §T is formed in a rate-limited
net, 1t 1s possible to impose a physically
motivated constraint on VT’ to represent the é

finlte time required by the target to change 1ts

SRR

turn-rate, €.g., a right turn to a left turn.

These limit-properties are of great value, for
they make 1t possible to estimate %T. /ithout
these 1imits, the division in (4.11) weuld fail

due to a "divisilon by zero" whenever the target

L RO g A L, L ML,

velocity vector is nearly perpendicular to the
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LOS. This condition c¢an occur in a dogfight
situation. Further, the 1limit on %T noted
-above 1in (3) enables exclusion of noise which
implies impossible roll-rates, just as the
limits (1 & 2) preclude undue sensitivity to
noise implying impossible turn-rates and

accelerations.

The result of the analysis above 1is the

estimator

ay - VT Yo (4.13)

Fig. 4.1 shows an estimator configuration, which re-
quires 6 multiplications for its instrumentation in the given
format. The locations and character of the limits which impose
the pnysical constraints are shown. The adaptive algorithm
which determines $T 1s shown as part of the overull diagram.

It 1s assumed that missile acceleratlion components are sensed
with respect to the seeker centerline; 1t is also assumed that
the missile velocity components with respect to the seeker
centerline are avallable. This net can be formed in a varlety
of equivalent ways; the configuration shown in Fig. 4.1 1s

representative but not unique.

22
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A brief discussion of Fig. 4.1 follows. The block
at the extreme upper left shows the process of inserting
the initial values of range and range-rate at launch.

The three blocks immediately below show the various
signals used in this estimator, gathered by thelr several
sources.. Block A shows the two integrations relating
§ to § and ;. Block B shows the formation of ;T from

o

the relationship

)

a . (4,1k)

= r§ + 2§'c's+aM

TO o

Blecks C and D show the formation of VT and VT s

r g
respectively, from the relationships
VT = r ¢ VM (4.15)
r r
VT = rg + Yy (4.16)
0 o
Block E shows the formation of ¥ as
~ A.z ~
P = ro? - ay *+ap . (4.17)

r r

We have stated that the term ap 1s estimated as
r

~

arp
r

A

~V,, v (4,18
To T
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and that this may be limited to 6g, or some similar
limit representative of the abilities cof the target

alrplane and pilot. This limited product 1s contalned

within Block F.

We now consider estimation of QT , hoting that 1if

Voo 2 0, then

T
Yo = a
T T /V
W/ Tr

We do not have the true values of an and VT , but only
g r

their estimates. The procedure for estimating ;T is to

form an error

e = - vV (4.19)
T~ Yr'p_

as shown in Block G. A least mean magnitude algorithm

is

~

.'Y'T = kVTr sgn(e) (ll.20)

where sgn(e) is defined as

sgn(e) 5;} 1, €>0

1 £ < 0

i.e., "the sign of €". One simple way to limit VT

2U

{
;
§
3

e e

A1 o
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to the values permitted by the constraint relationship is

to replace VT by sgn(vT ) , and to choose Kk equal to
r r
the constraint limit. It 1s essential that the algorithm

contaln at least the sign of V aud the sign of ¢ 1f it

T,
is to be stable for ?T > 9 and 2lso for ;T < 0. With these

comments, the ;T algorithm 1is now

Yoo = K sgn(V,, ) sgn(e). (4.21)
T Tr

The least mean magnitude algorithm 1s preferred to the
least mean square as it yields more rapid solution for
this class of probtlem, and 15 less complex to instrument.
In some extreme trajectories the target is flying nearly

perpendicular to the L0OS and V may be quite small.

T
ra

To preclude instability of the Qm alporithm it 1s useful

r
minimum value, such as 60'/sec. Assume a target alirspeed

to disable integration of ¥, when IVT | 1s less than some

of V,, = 1000'/sec. This 1limit 15 €% of the airspeed,
implyling that the angle {m Detween the LOS and the target
velocity vector 1is in the range 86° < |g.| < 9qu°,

1

With this restrictior, algorithm (4.21) tecomes

-~
)

~ ~

AR : aon ( o . g0
Yo K sgn(/T ) sgn{e) , IMT | > \T C(h,22)

r r r
min ?

0 , otherwise .J

An alternate form of (U4.22) which contains the entire

algorithm in one expression 1s
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1 + sgn (IQ | -~ v ')
T T
r r
min .

= Kk sgn(VTr) sgn(e) =

~

Yo

(4,22a)

We found that x = 0.4 and GT = 60 ft/sec are satis-
factory values for the “min missile and target which .
we assumed. Eqn. (U4.22) is instrumented in Block H.

The integration of §T to form $T and the 1;mitation of $T

to the constrained range appear in Block K. The expression

in the square brackets [ ] in (4.22a) introduces the dead-
space in the algorithm and is visible in Block H. The
nonlinearity in the feedback path in Block K is an analog
representaiion of a saturation limiter which imposes the
constraint QTL on turn-rate estimate $T' The net of

Fig. 4.1 can be mechanized in analog or digital formats

with equal ease. The choice of an analog format for this

Figure 1s arbitrary.

26
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4.2 Error Analysis

The true value of the range acceleration is

and we have shown that

ap = VT cos &q = VpYq sin &g = (VTVT_VTGaTO)/VT

r r

where VTr = VT cos €T = r+VM cos EM
VT = VT sin ET = ro + VM sin EM
a
and = g - = "~ o
aT0 VT sin ET + VTYT cos ET ro+2rg  + aMo.
Disregarding the effects of target velcclity-change QT’
the algorithm estimates ap as
r
- ~o oy £ ~ s. 3y
(ro+'M sin>M) (rd + 2 ro + o),
aT = - (F e K ) (u n \
r r+VM cos EM . 23)

~

imposing limits on IaT |,|§T|, and |YT| in the process.
r :

We consider in this sectlon the several sources of
error and theilr significance. The principal sources of

error are dlscussed below.

(1) QT' The target may change its airspeed, although

relatively slowly.

(2) s ;o' Range and range-rate may be initialized

with errors.

v




(3)

(4)

(5)

(6)
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QM‘ The missile airspeed is required. It may be sensed
or may be provided adaptively, but with an error in
elther case.

EM. The missile angle of attack must be estimated

to form EM = - a - A 1n order to resolve the missile
veloclty into the components VM sin EM and VM cos &M.
Errors enter as incorrect estimates of A and a, as
discussed in the simulation results. The angle A 1s
the angle from the misslile centerline to the seeker
centeriine.

o. The LOS rate may have random ncise errors plus

a bias.

ay » 2y » The accelerometers sensing missile accelera-
tign pagallel and perpendicular, respectively, to the
LOS may have bilas errors and random noise.

A~ ~
"

. . ? 133 L33
We define x=r-r, Xx=r-r,X=r-r,so that x is the range error,

and Vi = Vi * r\‘il vhere

V1 = aMr

V2 = 0; N2 = QT; shows OT ¥ 0
Vi3 = Vy

V, =0

Vs = &y

V6 =g

Y7 7 e
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Thus, Ni represents the deviation from the actual value
of Vi, 1.e., the additive nolse. The error x(t) 1s then

governed by the equation

7

X + al(t)x + a2(t)x = 2_ bi(t)Ni (4.24)
i=1
where the coefficlents ai’bi are defined =s
a; = 20 tan gT - Yo tan ET
. 2 . 3 .e
a2 = -0 + YTG + ¢ tan ET
bl = -1
b2 = sec €T
b3 = -Yp sec ET sin (YM—YT)
bu = -ryT -2r tan €T +2ro
b5 = —VMYrI sec ET cos (YM_YT)
b7 = =tan ET .

The coefficlents of x and x are functions of time. The
trajectory of the errors of range estimate, X, and range-rate
estimate, i, may be found by solving this linear differentlal
equation with time-varying coefficients, subject tc the 1nitial
conditions X and io’ which are the assumed initialization
errors of range and range rate. As (4,24) 1s linear, super-

position is valid so that it may be solved for the individual

terms. The coefficlients a2, and bi are tabulated in Appendix X

A

for a number of typical trajectories.

29
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4.5 FPerformance

The air-air missile homing sitnation was programmed
on the digital computer. The simulation used parameters
from a typical short-range>highly maneuverable alr-alr

missile. The guidance method used for the simulation was

~ the conventional proportional guidance:

a, = 5 Vy 0,
where ¢ 1s the LOS angular inertial rate and 2, is the
acceleration command across the LOS. The transfer function

describing the missile characteristics was

a(s) _ -5332+1O6.6s+27000
5! =
a,'s) 2421605+27000

c s3+725

where a3 1s the cross~body acceleration. Thils corresponds to
a simplified and linearized second order model for the missile
airframe comblined with a first crder model for actuator lag.

The estimates of range and range-rate were thus not used in

the guidance loop as they might be in an actuazl missile system.

The missile was started with a specified veloclty wlth the
alrframe state variables at rest at the beginning of the tra-
jgectory. The geometry of the combat situation is shown in

Fig. 4.2.

A discretization cstep size of .00% seconds was found to
result in negligitle error in the numerical cutput of the
ailgital program as a substitute for the actual continuous

el alrframe beling analyzed.
g y
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Several different geometrical sltuations were simulated,
corresponding to different angular orientations and bank angle

of the target. Missile velocity was Mach 2.0 or 21Ul ft/sec

at 10,000 ft. altitude, ancd target veloclty 1,000 ft/sec. The

missile airspeed was assumed constant; this does not restrict

the generality of the results. T

The simulations which follow are arranged in ten groups,

each correspondinrg to a different starting situation. The %

angle ¢T is defined as the bank angle of the target. For i
exanple, 80° represents a hard left turn of approximately
5.7 g's lateral acceleration. The angle WT represents the
target's initlial heading, measured positive counter~clockwise
from a reference headlng parallel to the attacking missile's
initial centerline, which is the x-axils.

Most of the ten grouplngs of plots have six separate %
graphs, arranged in pairs on facing ﬁages. |

The first graph is a view looking down at the two dimen-
sional chase. In each case the target 1s intercepted as a
result of the homing navigation. This also shows initial
physical orientation of the target. Connecting the missile
and target at correspondlng successive instants of time are

dazhed lines representing the position of the line-of-sight

\ \aend
~ . e

(LOZ) as the chase evolves,

The second graph shows the actual values of range,

range~-rate, and range-acceleration as functions of time,

32
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from t = O.to t = time-of-intercept. These variables
represent the true values of the parameters which are

estimated.

Graphs 3 and 4 in the group plot the errors in the

-range estimate due to various error sources. The plot

lettered (a) has no error sources and represents the good
estimates of range and range-rate obtainable with this
method. The reason (a) is not :dentically zero arises
from the inaccuracies of the algorithn ana computation; 1t
is intended as a control in analyzing the other graphs.
The other plots show the effects cof various errors. For
example, in plot (bt) range 1s initialized incorrectly at
99% of its actual value. A listing of the sources of error
is as follows:
(a) No errors, except those inherent to the algorithm
itself,
(t) Range initialized with 1% error.
(c) Range-rate initialized with i% error,
(d) The signal 0 is erroneously biased by the
amount 0.5 deg/sec.
(e) The signal G, the lateral accelerometer
output, 1s biased by 3 ft/sec2
(f) The sigrnial H, the longitudinal azccelerometer
output, is blased bty 3 ft/secz.
(r) The seeker angle relative to the missile

centerline,A, 1s blased by 0.1 degrees.

(hy The error in measuring missile velocity Vg

k4

ic tazken as 1% or 21.44 ft/sec,
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(1) The error in estimating angle of attack,a,
was taken to be a hias of 1 degree.

(J) 1In this case the target velocity 1is increased
with an acceleration of lg, thus illustrating

the effect of violating the assumption VT=O.

In all cases, only the particular source of error mentlioned

was 1included, 1.e., the other error sources were removed,

Graphs 3 shows the errors from sources (a) through (e)

above. Graph 4 shows error sources (f) through (j).

In the case of Figure 4.6, an additional source cof error
is analyzed. Figure 4.6.4 shows the effect c¢f additive noise )
in the LOS rate as used by the kinematic ranging algorithm.

The corrupted LOS rate was also fed to the guidance loop.

Graphs 5 and 6 of each group show the corresponding
errors in range-rate instead of the error in range. Separation

of cases (a) through (J) 1s the same as above in graphs 3 and

4,

Figure 4,12 15 also an exception to the format specified.
This flgure displays the geometry when the target changes its
maneuver during the flight of the misslile. The target starts
with a turn to the left, changing to a turn to the opposite 1
direction of equal magnitude. {

Figure 4.12.2 shows both the error in range and range-
rate from the estimatlion algorithm. This error represents the
numerical accuracy of the algorithm, and is not due to other

sources.,
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FIGURE 4.3

Graph 1, the upper graph to the left, shows the plan view of
the geometry of the missile chase. The target has an initial range
of slightly more than 10,000 ft., and initially is traveling acrcss
the LO3. The target alrplane undergoes a 5.7g constant right turn
which 1s indicated by the bank ‘angle ¢p = -80°.

Graph 2, bottom left, plots actual range, range-rate, and range-
acceleration. One may note the decreuase in magnitude of range-rate
as the chase changes from a side attack to a tail chase.

Graphs 3 and 4, top and bottom immediate right on the facing
foldout page, show the errors in the range estimate due to various

error sources for the geometry describea abuve.

Curve (a) represents no errors except those due to the computation
process and shows the ablillty tc track the target when perfect signals
are used in the algorithm. Maximum error for range is approximately
5 ft. Curves (b) thru (J), on Graphs 3 and 4 represent the effects
of the error sources specified in Section 4.3.

Graphs 5 and 6, on the far right of the facling page display the
errors in range-rate from the error sources. Curves (a) thru (J)
again correspond to the errors mentioned in Sectlion 4.3. Curve (a)

shows a maximum error of 3 ft/sec.

Curves (J) on Graphs U4 and 6 represent the largest errors, and
appear reasonable since the basic assumption gf the algorithm (VT=O)
is violated. Curve (J) thus shows the error due to target airspeed

changes,reading a maximum range-error of 350 feet.
For convenience, the labels a...j in the curves imply:

a. no error sources f. ©€.1 g bias in a

L. 1% error in r (0) g. 0.1° btas in seeker gimbal angle
c. 1% error in r (0) h. 20 ft/s bilas in Vy

d. 0.5° blas in ¢ 1. 1% error in a

e. ¢.1 g blas in Ay J. VT =1g

o]
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FIGURE 4.4

This grouplng of curves shows a non-maneuvering target,
with initial heading 90° relative to the attacking missile's
centerline. In this situatlion, the LOS rate approaches zero
after the missile response to the guldance. As a result, one
can say in general that errors in the estimates will tend to
grow larze after LOS rate gets small. This 1s somewhat
apparent to the curves on the right. It 1is also noted that
curves (a) are not small compared to the others, as was
cbserved in Figure 3. This is explained by the sane reason,
namely, that when neilther the target nor misslile maneuver,
the estimation of range and range rate i1s difficult and more
sensitlive to computation error. The algorithm exhitits
moderate sensitivity to initial range error and to acceleroumeter

blasses.
a. nu error sources f. 0.1 g bias in aMr
b. 1% error in ; (0) g. 0.1° vias in seeker gimbal angle
¢c. 1% error in r (0) h. 20 ft/s bias in V,
a. 0.5O bias in o 1. 1° error in ; i
e. 0.1 g bias in aMo i. QT =1lg
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FIGUKL u.S

Figpure 4.% shows the target with an initlal heading of 90O
relative to the missile centerline, and a tank angle of 800,
implying a hard turn to the left.

through 90°.

With this configuration, the
aspect angle &T is close to 90° at all times, in fact it passes

The error analysis equatlon predicts that the

estimates would be extremely sensitive in this case. However,

the nonlinearity in sensing the sign of V

T

, which is not

considered in the error analysis equation,rprevents the estimates

from becoming sensitive, and in fact the errors from all sources

are conly slight; this can be observed on the curves to the right,

d.

e.

no error sources

1% errcor in r (0)

1% errcr in r (0)

0.5° bias in o

0.1 g bias 1in ay
o

i.

J.
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Without the dead space in Block H of Fig.
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FIGURE 4.6

This shows the target with an initial relatlive heading
of OO, and a bank angle of 80°. The largest error appears
to occur for case (j), target ailrspeed change, 1n agreement
with previously explained simulations. The other significant
error source, (d), is LOS rate bias. .

FIGURE 4.6.4, belcw, shows the errors when nolse is added to the

LOS rate, instead of the fixed bilas present in curve (d). This
random noise war constructed to have zero mean and standard
deviation egual to 5.0/Range; thus the noise teccmes quite large
as range decreases.

2. no error sources f. 0.1 g bias in aM1

b. 1% error in ; (0) g. 0.1° bias in seeier gimbal angle
¢. 1% error in p (0) h. 20 ft/s bias in V, /]

d. 0.5° bias in & 1. 1° error in ;

J.o Vo =1¢g
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PRESENT IN LOS SATE.
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FIGURE 4.7 | ' i

This geometry displays a head-on situation where the

target and missile are aprroaching each other with maximum
closure rate. The target is turning left. Error curve (a)
remains small. Curve (b) 1s worthy of note, as it demonstrates
that an error in initial range estimate need not lead to
divergence of the range-rate estimate. Curve (c¢) shcws readily
that an error in range-rate leads to an increasing error in
range. {Curve (J) agaln shows the largest errors, due to target
airspeed change.

a. no error sources f. 0.1 g bias in ay

b. 1% error in ; (0) g. 0.1° bilas in seeier gimbal angle
c. 1% error in r (0) h. 20 ft/s bilas in GH

d. 0.5° tias in o 1. 1° error in &

e, 0.1 ¢ vias in a J. QT = 1 g
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FIGURE 4.8

The figure shows a2 head-on situation, with the target
Initially at slightly more than 20,000 feet range, flying
straight (no turn rate). Range-rate is qQuite constant, and
range acceleration is negligible and barely discernitle
from the time axis. Errors in the estimates are very small
except for a few cases. Curve (c¢)} again shows that a con-
stant range-rate error leads to an increasing range error.
Again, the range error in curve {(b) does not lead touv a range-

rate error. Curves (j) show the largest errors. !

a. no error sources f. 0.1 g blas in amr
t. 1% error in ; (0) g, 0.1° bias in seeker gimbal angle
1% error in ; (0) L. 20 ft/s blas in GM
d. 0.50 bias in ¢ 1. 1% error in ;
e. C.1 g blas in aMo 3. x'-'T =1g j
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This fipure has targct heading 0°, and bank angle -80°.
Thus pursuit starts as a tall chase, and ends with a rear-cide
attack. Target initial ranpe is slightly more than 10,000 ft.
The estimate errors generally fcllow the same pattern established
n previcus trajectories, with the largest errcr sources bveing

i
o btias {(d) and target airspeed change (3).

1 a. no error sources f. 0.1 ¢ bias in a,

1 b. 1% error in ; (0} g, 0.1° bias in seeker gimbal angie
¢. 1% error in ; (0) h. 20 ft/s bias in GM
d. 0.5O bias in G i. lo error in ;
e. 0.1 g blas in a, J-Vp=1leg
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.

FIGURE 4.10

L This trajectory displays a head-on trajectory with
inditiz2l range around 10,000 ft. The target 1s executing
a hard right turn. The estimate errors are somewhat re-
lated to the errcrs portrayed in Flgure 4.7, where the
turn vas in the opposite direction.

a. no¢ crrcr scurces £f. 0.1 ¢ bias in a

My,
t. 1% error in ;(C) g. 0.1° bias in seeker gimbal angle
c. 1% error 1in ; (0) h. 20 ft/s bias in GM
d. 0.5° bias in o 1. 19 error in ;
e. 0.1 g blas 1n a J VT =1lg
o
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FIGURE 4.11

Figure 4.11 portrays a side attack. Initial range is
slightly niore than 20,000 ft., and the target is not
maneuvering. As is evident, the guidance system has
established an intercept course at around 3 seccnds, and
after this point, missile maneuvering is negligible. This
results in the signals ¢ and consequently § approaching
zero, and thus the main signals being used by the algerithm
have little significance. Thus after 3 seconds it can be
ar.ticipatcd that if the algorithm is not set up properly at
that pcint, then serious errors can and will result. This

is evident ir the curves to the right.

a. nNo errc. sSources f. 0.1 g blas in ay
- r
b. 1% error in r (0) g. 0.1° in seeker gimbal angle
c. 1% error in r (0) h. 20 ft/s blas in V.
d. 0.50 bias in © 1. 19 error in o1
e. C.1 g tias in ay i vT =1g
0
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FIGURE 4.12

T

Lnis firhre displays a situatieon wlhiere the target performs
a rarld change 1n acceleration by changing its turn from left
te r'yht. This trajectery 1s identical to that of Fig. 4.6 for
ths irst three seceonds; at t = 2, the rtarget bank angle was
cl.anred from 80° left turn to 80° right turn, requiring one
ceeernd to do so; the bank angle 1s 80° right turn for t>4. The
zlrerithn, which estinates range must therefore re-adapt to accom-
nGdate the change In target turn rate. The bLank angle was changed
i a linear fashion; however as acceleration 1s related to tan ¢,

L zcagleration of the target changed in a nonlinear fashion.

i ds evident on oinspection of the P trace, on ths left, at
- < < N
~ -t - 4 seconds. Ac the acceleration changed 1n a way which

viclates vhe estimater's assunptlons, en error is formed while the
Paleuver ehanpe cecurs. oput there are many ways Iln whict an air-
[-lane can change 1ts maneuver, and any cne 1s as likely =z, another.
The estiraror properties 1ie in the mid-ranpge of the likely types
¢l vancuver change methods. The curves on the facing page are

the errors in the range and range-rate estimates with range error
on the upper graph, and range-rate error on the lower. HNc addi-

Lionz) curves rerresenting sources of ervor viere made.

The trace a' the lover right shows the error of range-rate
cotirate,  lLcetice that this error jumps from U ft/sec to € ft/sec
st Uhee Line of 1y t at the end of the run. Thils change 1s due

.2 »
te Irjerfect tracking of the term(ro ) since o 1s extremcly large
ol drgpact while r o is not exactly equal to ry in Lhls connectlon
. 2
diveucoion of the physlcal meaning of the term (ro ) on

fare ds. aetlice alon that the error of tracking the chunging maneu-
< < .

- L - 4 geconds ceguses the ranpe-rate cutinmute error to
inrrenoe tromn 1 ft./see at L= 3 to 4 fL./sec at t o= L Lhe inervease

]

Soorpor o Y L e 1o considered to be mintnal and Jdemonstiate:

cwrprianng o of thile nonlinear estinator,
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. INEAR ESTIMATORS

Linear estimators may, for the purpose of this dis-
cussion, be divided into two classes, dependini on whether
a gradient technique 1s used to achleve convergence. We
term "adaptive" those methods which use a gradient technique
in some form. A matrix-inverse problem 1s always implicit
in the fermation of an "adaptive" or gradient-seeking solu-
tion. In the "matrix-inverse" technique, that inverse

problem appears explicitly and must be treated explicitily.

The adaptive methods lead to simpler instrumentations
than the matrix-inverse methods and were therefore considered
first. The adaptive methods failed, whether with simple
single-error nets, or with multiple-error nets or Kalman
filters, principally due to target acceleration effects.
The mode of fallure was that the estimated range-rate was as
much as 30% to 50% in error at the eﬁd of the major maneuvers
of the missile. The study then turned to matrix-inverse
methods; these falled to converge for some encounter geometries
end converged to erroenecus solutions for cther geometries. The
modes of fallure were larvge crrors of range-rate cotlnate or
a provlem of Lll-conditiconing which precluded convergence., Ve
thercfor: Lentatlively concluded Lhat fundamental questions of

tuthemationl observaebd ity vwere involved und then verifled that

Ly othesls,

e bt
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This sectlon presents a brief outline of the adaptive
methods, and of the matrix-inverse methods, with comments
on the physical reasons for their deficiencies, follcowed by
a discussion on mathematical observabllity, as applied to
this situation. The section concludes with some comments
oen the possibilities available by combining the kinematle
ranging linear estimator with other linear devices, 1in

particular with a stadimetric ranging method.

5.1 Adaptive Estimators

. . i
Adaptive identifiers, as a class, share the use of the 3

gradlient of the 1index of performance as the guide to improv-

ing the parameter estimates from one instant to the next,.

The two principal well-kniown methods of forming parameter

2
identifying nets are known as the response-error and equa-

1e¢395
- tion error methods. The response-error method is known to

te relatively slow, and relatively insensitive to ncilse, as

cempared tc  the equatlon-error method, The alr-alr intercept

problem clearly requires rapld soiution; efforts were therefore

[ OO,

concentrated on the equation-error method,

e AL Rt ot i

A brief analytical ocutline of thc method 1s followed by
discussion of the representatives of tle various adaptive &

Lystems.

Lesume that the cutput of the plant whose para eters are

g
H
E

to be ldentified is designated y, and that a scu of slgaals v :

3
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consisting of various functions of the plant's input and

output, 1is avallable. If the true values of the unknown
*

parameters are represented by the vector x then the plant

output takes the form
*
y = vT X . (5.1)

Given the same set of signals, v, and a vector of estimates

of the parameter values, x, we may form an estimate of the

plant output

y = vT X. (5.23

Then we may form an error as y - y =y - vT X = e, (5.3)

and the error w.1ll become ldentically zero if and only
*
1f x = x . The common and simplest gradient algorithm

o

for adjusting the parameter estimates, x, minimizing J=e?, is

x = +k ve (5.4

which on substituting e from (5.3) yields

{Is + k v vT) x=kvy.
The gain k must be positive definite; 1t may be a scalar
or a matrix. If the value of k 1s chosen small enough to
ensure averaging, and if the parameter x* is constant,

then the steady state is reached when

with solution x = (____T

i

i

U (8l
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The covariance matrix v vT is implicit in all adaptive
techniques as they use the algorithm (5.4). The convergence
properties and noise sensitivity of the solution are de-

termined by the properties of that matrix.

Matrix-inverse methods, to be discussed in Section 5.2,
find the solution vector x directly from (5.5). The co-

varlance matrix v vT 1s obviously involved explicitly.

If the parameters x* are known a priori to be variable
or to be related, the known properties may advantageously be
used in a modified algorithm., Assume that it 1s known that
ii = xs and ig = bt, or in general, x* = Ax* + B(t), then an 3

algorithm equivalent to (5.4) is

X = AX +B(t) + k v e,

(5.6) :
and the term k v e 1s required only to correct for the
unknown errors in the parameter estimates.
Cur initial approach was to use the identity
ro + To = yo - vy (5.7)

as a starting point for an adaptive algorithm. This equa-

tion results from the inertial space geometry %
T

T =Y
T M
M'_//WO//.'-—-I- :

- \
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e L

which shows

r sin o =

Yp = Iy

For small o, this equatlion has the approximate form

rg =

with first derilvative (5.7). Taking current estimates for

range and range rate, which in general are different from

the actual values, the equation error is

xlv +X VX,V +yM = e

1 722 7373 1

(5.8)

~
A
~ ry .

where x1=rl,x2= rl,x3= Yps V1=01,V, = 0, v3 = -] and X =%, ,

0 0 O
0 0 O

or X = AX, A = (o 1 o)
where 6, o and &M are known. The index of error 1is defined
as

= o
J - el.

et R

A A

s T !
The algorithm for updating the estimate x = (r,rlyT) is :

X = AX = ¥ Vv el which is then readlly implemented for a §
suitable choice of k > 0. Using this method assumes that the

variables T and &T are constant, But in an actual dogfight

AT WY @I =

situation, toth target and missile are accelerating, and the

i Sl

assumptlion 1s tco optimistic., This approach therefore failed

and was abandoned.

b B R g
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A second approach, consistent with the mathematical
model of Sec¢tlon 3, was taken. In this development, the
frame of reference is pclar coordinates centered at the
missile, with the instantaneous radius vector parallel to

the line of sight. The error equation which holds in this

case 1is
ré + 2r 0 - a, + a, = e,,
To NO 2
and the error index is then chosen as J = eé .
Again, let Xy =T, X5 =T, x3 = aT and let v, = 0, V,y=0,

c
v3 = -1. Then that error =quation can be put into the

form
vTx +oa, = e, (5.9)
'ln (4
The complete statement cf the components of accelera-
tion is from, Section 3,
Accelerations
perpendicular ré+2ro- ap +t ay = 0
a o
to the LOS
(5.10)
Accelerations
, 2
parallel r-ro - ap +a, = 0.
r Tr
to the LOS
(5.11)

The first of these may te used to form the "observation

equation", or, in adaptive terminology, the eguation error.

59

Ml WNHUWW I HH“HE‘”HL

R . 4

ity

R T R T R T
ot s Al - T

AR LW'

A,

G RE Pt [ S

&
=
i
g



Bell Aerospace Company

But the second expression provides a statement of the value

of T which has previously been lacking. Let us define xl=Iu

c ~ ~
X, Tr, X3 = ag and x, = agp - We can directly sense the

o r
LOS angular rate and acceleration and the unit gains

vy = -1, vy = +1, and also the missile accelerations ay and
o
ay Then the equation error to be minimlized is again in
‘r
the form T
vi X + a = e (5.12)
M 3
o}
and the algorithm which minimizes J = e§ , 1s
§<=Ax+B(t)-kve3
where 0. 1 0 o0 0
A=|c 0 0 1 , B =l-ay
0o 0 0 O of
0 0 0 O 0

The matrix A expresses the differential relationship
tetween range and range-rate on the first 1line; 1t expresses
the definition of ¥ from (5.11) on the second line, and on
the thlird and last lines expresses the assumption that the
target accelerations with respect to the LOS are quasi-

constant.

.2
The term ro in (5.11) can easily be as large as
100 ft/sec% e.g., when 1in the initial geometry the target at

a range of 10,000 feet has 1,000 ft/sec veloclty and 1s

f1lying perpendicular to the LCS, Thils is not negligible.

{5.13)

(5.14)

3
=
3
%
3

A

g

R

T



e e S . a s irree

[ SR

Bell Asrospace Company

The kinematic ranging estimation method expressed by
equations (5.13) and (5.14) was examined for a variety of

geometrical conditions.

The simple adaptive schemes following (5.13) and (5.14),
with the adaption-rate parameter k as a scalar constant,
were quite unsatisfactory as there was no single constant
value of k which worked well for all combat geometries or
throughout any single trajectory. The difficulty 1s that a

large value of k 1s required to find the correct values of

r and r at the start of the trajectory, while a low value

is required to prevent undue sensitivity to nolse 1n later
parts of the trajectory. PFurther, the rate parameter k
should ideally be proportional to (7%) so as to accommodate
both to large and small maneuver gegmetries. The gain k
must thus vary with time and also with geometry to achleve

satisfactory results.

It was therefore necessary to replace the scalar adaption-

rate parameter k by a Kalman Fillter type matrix, X, where the
values of K are time-varying, according to the well-known®
rule

= K v N"l VT K

Re

(5.15)

where N 1s the nolse covarliance. Even so, whlle this

approach would generate good estimates of r and r for
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some trajectories, it falled when the trajectory was such

that aTr ¥ 0.

In the geometrical conditions in which this Kalman-
filter type algorithm works well, 1.e., when the target
acceleration along the LOS, ap is negligible, a signifi-
cant simplification is possiblg. Consider (5.11) and
"transform-differentiate-integrate"® by premultiplying by

Tis

TIETT s s T, # T4, ylelding, if » < 0,

i by

T.s T,s T, s
i ( R ( i u) . (2 i »

r 0+2ro - a + a = r g JdfJ + r ——— O +
Tis+l To MO) Tis+1 Tis+l

Ti Tis T! )
(T, s+1)? gj - T. . s+1 a'r * T,s+1 ay
14 i to i a

(5.16)

For these geometries, it is a reasonably good assumption
that anp is gvasi-constant. It therefore follows that
c

Tis

Tis+l

e

a 0 1s valid. The result 1is that the estimating

TO

a

I

variable X3 T may be omitted, and there is one less un-

ol
known parameter. Equaticn (5.16) may be put into the equation

error form

T -
Vi X Yy T eui

62
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where x = (r, })T,
;is L 2115 Tis

» T
*s+1) o ’L(Tis+l> +(Tis+172] o}

<
-

"
~
~

-3

LA AR i S RD T P =y ymEBe

and yl = TITS—H amo . (5-1/)

If this transform-integration, (£.16), is instrumented

ol

for several different values of T,, a vector of errors

(eu s €l «e.) T2y be generated. This is one of the several
1 2

multiple-errcr tecnniques:’

B Ju“‘l"\/;JJJA?uL{“J il

® This technigue did nect work in

an adaptive approach although it was better than single-error E

technigues. The soluticon usually involved an 1ill-conditicned ?ﬂ
T

v v c¢ecvariance matrix and was therefore novise-sensitive.

When averag.ng over a sufficlently large interval was used,

the unkncwn acceleration ap caused r tc be as much as 30% to
r
50% in error in 1 to 2 seconds.

The difficulty 1s that 1f the filter time -constants T,

F 0l O, L

are small, then the several vectors v, are almost

i

i

4

parallel resulting in an ill-conditiocning probliem and a pooriy

g

defined sclution. Cn the other hand, if T, are large enough

to aveld ill-ccnditioning then the invalid assumpticn %that

o~

r = éT = (0 caused excessive error in the range-rate estimate,
r

€3 i
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The éifficulty common to all the methods is that
whenever the averaging time must exceed 1/4 to 1/2 seccnd,
to enable the vectors which carry the information to be
linearly independent, tiien 1t 1s essential to take into
account the target acceleraticn along the LCS. On the
other hand an averaging time of 1/2 second or less 1s
not sufficient as the LOS does not rotate sufficlently ia
that interval to\permit determining a solution in the
presence of noise, and also to correct the initial estimates,
For these reasons, the varlcus adaptive gradient-seecking

methods of parameter estlmation were atandoned.

5.2 Matrix-Inverse Methods

?
Severai scheines were derived from the classical pcint

of view of least mean square estimation. ‘The general theory
of thls method can be explained qulte briefly, as follows.

Consider the linear homogeneous vector differentlal system

x = A(t)x .
(5.18)
Assume the observed output of the system 1s the vector
yo= Et) x4y (5.19)

where H(t) 1s kncwn and v represents additive random nolse.

It is desired to estimate x knowing only A(t), y(t) and the

statistics of v.

=yl R

o ANl e

B S o IR 1
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Knowing A(t), generate the state transition matrix,?,
for the system so that the state at any time can be

written as a function of the state at another time. Thus,

x (t+3) = & (t+r,t) x (),
- (5.20)
Many estimates ¢can be ¢~...".ucted. The one which 1s

usually coercilered the most uesireble jhowever, has the

properi; that 1t 1s an "unblased" estimate of x and further-

more, it mi~imilzes the varigzace of the evpected errcr in the

estimmate. This estimate 1s founad' by computing

oo T T (5.21)
X = (Tn Tn) T Y(n)
where Y(n) =/ y(t,)
y(t, 1)
yl(tl)
(5.22)

n-L,tn

- ——— — ———— - - -
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The matrix Tn 1s thus a "continuously updated observa-
tion matrix" and the vector Y(n) is a "series of output
observations". The expression (5.21) 1is valid provided
the nolse v 18 independent from computing instant to
instant and has 2zero mean. The construction of the
matrix Tn is often a formlidable task as it requires
keeping in storage a large amount of past data H(ti) S0
that 1t can be updated by the state transition matrix

@(ti,tj) which 1s at times also difficult to obtain,

Apply this theory to, typically, the reduced
dimensionality protlem defined by (5.16) and (5.17);
assume that ¢ ls constant, thus X, is constant after
convergence., But X; =1 and 1s not constant. Now we

have, at some specific instant, and with only one value

of 1 =1,

vl(tl)xl + vz(tl)x2 ty, = eg-

At the next instant we have

vl(tz)x1 + v2(t2) X, + ¥y, e5.

But while the value of X5 is 1deally the same at
these two instants, the value of X4 changes contlnuously,

for x, = r,and r 1s the integral of ﬁ We may modify

1
(5.24)s0 that x; 1s the same for the two lnstants. If At

(5.24)

(5.25)
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is the time between samples, we may rewrite (5.2H4) as
valEy) xp(ty) + xy 68) + vy (8)) x5 +y) = eg
which may be rearranged as
) =
vi(xg) x3(t,) + (v2 (t1) + vy (ty) At)x2 ty) = es.

(5.26)
Now Eqns. (5.25) and (5.26) represent two measurements

referred to the same instant, and may be solved jointly.

More generally, a larger sequence of such instants may be

gathered in the more general form of (5.23). |

This method exhibited several modes of failure,

Whenever any two of:

the missile velocity vector

the target velocity vector

~e LOS
become coi rar, or 0 = 0, the matrix (TnTTn) became 111-
corditioned -~ indeterminate, yielding inaccurate and noise-
s sitive ¢ wutlons, 1In gecmetries when this mode of failure
du nr cur, this algorithm has a different mode of
fallure, 1If the duration of the stored memory exceeds
1/2 second, the neglected target acceleration parallel to
the LOS, ap , causes the estimate of T to be 30% to 50% in
error withiz 1l to 2 seconds, as the assumption that r = 0 is

too incorrect. On the other hand, a shorter duration memory

results in high nolse sensitivity. But these algorithms work

67




well (Range-Rate errors of 1%) if ap = 0.
r

In any case the computational complexity and memory
storage requirements of this algorithm are excessive. An

alternate was therefore examined., If

r=r, + I rdt

(5.27)
and xl = ro, X, = f, etc.,
then a much simpler algorithm results. At a number of
successive instants we have
v, (2) v, (2) + vy At X, I v,
: N :
(5.28)
and both X4y and X, may be assumed constant. If the nth
row of the left of (5.28) is
vl(n) v2(n) + At v, (n-1) |
then the matrix(Tng) may be recursively formed as
T _ T T
(Tn Tn) - (Tn-l Tn-l) * VnVn
(5.29)
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Although sufficiently simple to be feasible for
an air-air missile, this approach to range estimation
also failled for the same reasons:

(a) Tll-conditioned matrix for some

geometries,

(b) High noise-sensitivity for short

averaging times,

(¢c) Large errors in range-rate estimates
for longer averaging times due to

the invalid assumption that aT = 0.
T

When failure-mode (a) did not occur, and ap = 0 was
r

valid, the algorithm ylelds estimate errors of the orcer
of 1%.

No attempt at estimating &p target acceleration
parallel to the LOS, by linear mZthods was successful.
Any algorithm which neglected ap ¥ 0 when 1t was signifi-
cant operated unsuccessfully; eiiher excessive noise sensi-
tivity became a problem, or the neglected acceleration

*

caused excessive errors in the estimation of Range-Rate, r.

In summary, except for encounter geometries which
yield 1ll-conditioned matrices, the matrix-inverse algorithms

work well with long-filtering times which eliminate noise

effects 1if the assumption that ap = 0 is valid, 1If that
r
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assumption is invalid, the matrix-inverse schemes fail
due to the bias in range-rate estimate caused by target

acceleration, or due to noise.

5.3 Observability

The failure of these various adaptive and matrix-
inverse parameter identification methods, whether continuous
or discrete, 1s fundamentally due to the existence of target

{ acceleration in the radial direction, parallel to the line of
; flight., That acceleration component cannot be estimated
by linear techniques because it is "unobservable" in the
mathematical sense. This section relates the concept of

- "observability" to this application and problem. ]

The state of a linear system with constant coefficents
in the dynamics and constant coefficients in the output
relation can be e:timated from knowledge of the output pro-
vided the system 1s mathematically observable. For this

discussion, we view the quantities of range, range-rate,

etc., as states which are to be determined and consider the
signals of LOS-rate and missile acceleration as time-varying
parameters. In state-variable notation a plant may be

described as

Ax + Bu

Plant Dynamics: X

. L

Output: N Hyx + v

(5.30)
o where v 1s zero-mean Gaussian white noise, and x is an

N-component vector.




I
|

I A TR T

PRI T G-

Bell Aesrospace Company

The observability of the system 1s specified by a
relationship between the A matrix, specifyling the dynamics,
and the H matrix, relating the state to the output. If

the order of the system is N,

then the matrix

N-1 :

] 1 2 | 1 :
og = CHT * AT HT « Ty'W" v Loovaay THT ) ;
t t ' '
(5.31)
must have full rank for the system to be observable. Let ‘
us now apply this to one of the possible formulations of
the problem. For the system definition, use the accelera-
{ tion-component equations from Section 2 :
accelerations
.2
parallel to the T - I 0 - a + a =0 z
T M
r r "
LOS (5.32)
Perpendicular to rd8+2rao - ap +ay = 0.
c o] E
the LOS :
(5.33)

In order to cast this into the standard form of (5.30),

define state variables

U S IPTISUMIP SRS AR AR P T T
s bl >
w n o
" 1t u
> P> e o>
-3
-

(5.34)
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i.e. the variables x are the estimates of the unknown
parameters. The last two lines of (5.34) express the fact
that the two components cf target acceleration must be

estimated and are assumed to be unknown constants.

The state varlable expression of the relationships

among the several variables may be found from (5.32) and

(5.34) as
Xy 0 1 0 0 X4 0
- .2
x2 =0 0 1 0 x2 + -am .
r
x3 0 0 0 0 x3 0
Xy, 0 0 0 0 Xy 0

The first row of (5.35) expresses the difrerential
equation relating range and range-rate estimates. The
second row consists of (5.34) while the third and fourth
rows express the assumption that the target's unknown
accelerations a;, and aj are constant. From (5.35), the

r o
matrix A is

(5.35)
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Equation (5.33) ylelds the output relationship

~

( -d —20 0 Xl = aMa ’

1)

comparison of the estimate, 8y s with the measured
o]
acceleration 8y ylelds an error whose minimization will
g
presumably yield optimal estimates of the range, Xy and

range-rate, Xx,. From (5.37),

Ha (=6 =20 0 1 ).

Combining (5.36) with (5.38) in the format of (5.35)
yields the observability matrix

o W 2 o3
. -2G -0 -20
L[] ' .’ .2‘
0,= | 20 -0 =20 -0 d |,
. .3
0 =20 -0 -&a
1 0 0 0

. . z
The fourth column of(5.39) is exactly equal to o

times the second column, and the rank is less than the

order. This system is unobservable; experiment confirmed

this result.
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In realistic combat trajectories it is generally

; erroneous to assume that aTr, target acceleration in the A
range-direction, is zero. If, however, that assumption 1ls

valid for somg situation, then we can simplify (5.35) by 1

ocmitting the third row and column and similarly simplify

H, so that if ap =0,a priori, then .-
r
0 1l 0
.2 . .
A31 = o 0 0 , H31 = (- =20 1)
0 0 0
. .3 2
-0 =20 -0 o
and O = . .3
31 -20 -0 -20 ]
i
1 0 0

(5.40) i
In this case rank equals order and the system is
observable if § ¥ 0 and ¢ ¥ 0. This result was experi-

mentally confirmed.

Returning to (5.35), assume that the target accelera-

tion perpendicular to the LOS, a is identically zero,

T 2
o
0, a priori, but the other component,

i.e., Xy = ag

- g

x3 = aT s 1s a non-zero constant. Then, making the
r

;
5
;
£

It

appropriate changes in A and H, we have

0 1l 0
.2 . .
A32 = o 0 1 s H32 = (= =20 0) |
0 0 e
\ 7h
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and . .3 .2
-0 -20 -0 ¢
[ L ] 3

o32 = ~20 -0 -20

0 -20 0

(5.41)

.2
In this case the third column equals ¢ times the

first; therefore the system 1s unobservable,

The result may now be stated: If the target has
significant acceleration parallel to the line of sight,

(aT ¥ 0), it is not possible to estimate range and
r

range-rate; the system 1s unobservable. 1If the target

acceleration a is known to be zero, a priori; then the

T
r
system 1s observable, and 1t may bte reduced to a problem

in the three states,x, = r, Xy = r and Xy = ap . In this
g

1
case, Equation (5.32) can be exactly instrumented. If

Xy = ap = constant 1s a reasonable assumption, it is
c

possible to reduce the problem from three states to two
by differentiating the output expression (5.37) and

eliminating X, = a;p , as in (5.16).
o

It is, however, an important restriction that the
theorems on observabllity do not apply perfectly to
systems whose coefficients are time-varying. In our case

the system dynamics are constant, while the oubservation

matrix 1s not. Intultlvely, 1t seemed possible that if
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the coefficlents of the output equatlion vary sufficient-

ly 1n the observation interval, then a result might be
obtained which is of value. Many variations of the above
development, using different models of the system dynamics
and output equations were therefore examined to pursue this
question, The results were disappointing whenever 8p ¥ 0,

. r
or g was small. The Bystem 1s unobservable, despite the

uncertainty of the theory on this question, whenever &n # 0.

r
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5.4 Other Linear Systems

It is advantageous to unify the results of the
above discussions on kinematic linear parameter identifilca-
tion systems 1in order to form a basis for considering other
possible linear systems., We therefore re-present the problem
from a geometrical viewpoint and then consider possible ex-

tensions beyond the scope of this contract.

Consider the equation of acceleration components per-

pendicular to the LOS, from the kinematics,

rd +2r ¢ - a + a = Q.

(5.41)

Assume that the range acceleration, y, 18 2zero, and may

therefore be neglected., Assume further that ar i1s quasi-
g
constant, i.e., cannot change slgnificantly in less than

1/2 second. Then differentiation of (5.41) with a high
T
i m
pass filter such as T;gTT , where Ty is of the order of

1/2 second or less, reduces (5.41) to

(Tis > ( Tisé TG F&s \a

where v, = 0; v,= + ), v = m. .
1 TysH 27 \Ty ¥ Tip eyl o (TyS¥LL o
If in (5. 42) we replace r and r by the estimates r and ;,

(5.42) may be expressed as rv., + }v + v = e,; then the
y 1 2 o 6

~

(5.43)

solution for r and r lies on a locus such that e,=0. In this
[

&
%
5
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7
*
£
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case (5.43) forms a straight line, as shown in the

sketch below for some particular instant,

The

cessity

(a)

(b)

r
) -
- V2
Sl(o&e \
T - 1 Ki \\
V\) Nemg+
S aty
€ Olutlonc ‘\~\\“‘-5\~\~
Flg. 5.1

Geometrical View of Equation Error.

entire problem of estimation is based on the ne-

of finding another line in the (r, r) space :

h’s
The multiple-error adaptive process, by

using a varlety of values of T, generates a
number of other lines which are, more or less,
linearly independent. This approach may be
categorized as achleving distribution in the

Ti—lag space at one instant of true tilme,

The various single-error adaptive nets and the
Kalman net take advantage of thc fact that, at
some other instant than that shown in Fig. 5.1,

the line of zero error in the (r, P) space is

78
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differently oriented, if 0 # 0,and 1s therefore
linearly 1independent. These approaches thus
use the idea of distribution in true time, t,

rather than in the T1 space,

(¢) The matrix inverse schemes gather all lines
. over the computing interval, thus achleving

distribution in time, and then find the solution.

A physically different approach to finding a second
linearly independent 1line in the (;,; ) space is obviously
preferable 1f possible. Stadimetric ranging provides such
an approach. Seekers which enable measurement of some
function of the target size, or area, such as mosalc IR,

TV, area, or correlation, have this capability. 1In a

single plane we have the geometrical relationship

r8 =D
(5.44)
- where r Range
;v 8 Angle Subtended by Target, assumed a small angle
D Target Size

as shown in the sketch below.
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Assume that D is constant; this assumption 1s fair 1f
D is the diameter of the least circle which contains the
target as viewed from the seeker in both the maneuver and
cross maneuver planes. From (5.44), by differentiating, *
rd+ r =0

and -, ’
ré + rd

.
7 (5.45)

~

The choices of r and r for which e. = 0 lle or a
~ e
straight line which passes through the origin of the (r,r)
space at every instant. Combining this with the kinematlc

ranging sketch, Fig. 5.1, ylelds the sketch below.

r
«S‘j :
L) %
Y
2 /(?
d// N
So\NQy
JQ 26
& &
Jo &4
Ope \
& v
~/. K1
e e _
|
e i
Joint * 6%0 .
Solution e !
2%
Fig. 5.2

Combining Kinematic and Stadimetric Ranging.
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If we solve (5.44) and (5.45 simultaneously, we get
one equation for ; and one for ;. These are independent and
their joint solution may therefore be determined. It 1s
usually better tc solve the two equations in a decoupled format
as the solution can always be accomplished more rapidly, more
simply and more accurately. A Least Magnitude algorithm may
be used. They are analytically valid in such cases and are
attrac:ive for they estimate a moving parameter with smaller
lag than quadratic algorithms, and thereby decrease the effect

of target accelerations.

However,. this argument rests on the rather uncertain base
of the assumptions, One assumption is thet the target cross-
track acceleration (aT ) 1s quasi-constant, i.e., changes

o}

negligibly within two time-constants of the high-pass fillter

TiB , in (5.42). The other assumption is that ¥ < 0, or

Tis+1

at least the unknown portion (aq ) thereof. In fact, in any
r

maneuver of the target, arp ang an change continuously and
o) r
can change rapidly. This scheme is therefore less powerful than

appears at first.
However, stadimetric data can be valuable in reducing

the difficulty of range estimation. Eguation (5.41) states

one relationship between three of the unknowns in the kinematic

ranging problem. Stadimetric data provides another relationship,

S0 that the effective total number of unknowns may be reduced
by one. The possibility therefore exists that linear esti-
mation of range and range rate could be accomplished with

acceptably small error, due to the unobservability of ap , by
r

combining kinematic and stadimetric methods.

it
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It should be observed that stadimetric ranging has an
advantage over kinematic ranging. In stadimetry, the sub-
tended angle © 1s positive-definite, and 1ts rate 6 1s zero
if and only 1if r = 0; this almost never occurs. On the other
hand, in kinematic ranging, the objective of a proportional
navigation homing system 1s to keep o0 at ali times; conse-
quently an 1ll-conditioned covarlance matrix must result at

least occasionally.

This observation leads to describing the possible weak-
ness in the idea of combining kinematic and stadimetric
ranging principles. In both schemes, express r as a function

~

of r, and assume ¥ < 0. Then, using (5.42) and (5.45)

® v, vy oA
Kinematic: r=o- -5 r
2 2
(5.46)
Stadimetric: r =-@/9)I;
(5.47)

under the simplifylng assumption that ap = 0.
o]

As previously observed for the stadimetric method, in (5.47)
6 1s always positive, and & 1s almost always positive,
Neglecting the rare and anomalous case of § = 0, implying
increasing range, é/e 1s positlive and the solution for ;
as a function of ; passes through the origin with a time-

varying negative slope which 1is a quotient of non-zero

finite quantities. 1In the kinematic approacn (5.46), the
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coefficient of r will normally have a negative value but is

~a quotient in which the numerator and denominator rapidly

approach small values and ultimately zero, in favorable
geometries, and start and remain at small values in unfavorable
geometries. The slope of (5.46) and the joint solution of
(5.U46) and (5.47), therefore are increasingly sensitive to
instrument and computation noise as the maneuver bgcoTes

small. In geometric terms, the two lines in the (r, r)

space of Flgure 5.2 become parallel as the maneuver becomes

small.

In consequence, it 1s evident that the stadimetric/linear-
kinematic methed cutlined above could be improved by use of the

nonlinear kinematic method described in Section 4,
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TECHNOLOGY ASSESSMENT

It appears that linear methods of kinematic ranging
can work effectively only for favorable combat geometries
and 1f the sensor noise levels are quite low. This implies

high accuracy sensors, and frequent ineffectivity.

The nonlinear filter described in Sectlion U4 estimates
the target veloclty-vector compcnents and therefore can be
used to deduce the target velocity and aspect angle. The
filter also estimates the target's acceleration components,
the turn-rate,and its derivative. It therefore estimates
the entire specification of the target dynamics, and can be
used to estimate the target future trajectory, and time to go.
This may be useful not only to the air-air missile terminal-
control guldance problem but also to a varliety of terminal
fire control systems in alrcraft or helicopters instead of
missiles. This nonllinear filter can also be used to eliminate
Impossible target accelerations from data provided by other

tracking systems such as radar or laser rangers.

Many of the newer seekers of TV or IR types provide
some indicatlion of the target size or shape. Target size
data can be used as a partilal basis for a ranging system, as
outlined in Section 5. 1In addition, information on the
target shape or its aspect-angle can be used to provide
clues enabling nonlinear filtering. For example, 1if the

target 1s viewed from a head-on or tall-chase aspect it 1s clearly
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difficult fer the target to accelerate parallel to the

Line of Sight; 1{ can accelerate across the line of sight

with relative ease.

Libear stadimetric ranging cannot by itselfl estimate
range and range~rate, but only their ratio. However, com-
bing linear stadimétry and kinematic schemes has the effect
of reducing the number of unknown variables to be determined
simultaneously. The parameter identification problem may in
fact bé reduced to a problem in 2-space, without using the

poor assumptions that r, ap , and a, are guasi-constant,
: r o

In this situation, two or (preferably) more independent
measurement instants enable an unique solutlion. The problem
of updating the hyperplane of Figs. 5.1 or 5.2 to another
~instant is then reduced, It 1s not eliminated, therefore
the solution 1s not rigorously observable; however, the

combination may be useful.

In a review of the present technology and an estimate of
the trends and potentials,the interaction of cost with systems
technology 1s perhaps mest important in the air-air missile

problem. These points =tund out:

a) Seekers of all k:nds are very expensive; a
small radar seeker is very costly in welght,
space and dollars. A TV seeker may be less
expensive in each sense, but is not cheap. The
various sophisticated IR seekers are cheaper but
are still quite costly compared to the simplest
IR geekers.

(b) Sensors such as rate gyros are an order

of magnitude less costly than simple seekers.
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¢) The introduction of medium or large scale
integrated digital and analog chips has at
onice improved the rellability of the compu- - -
tation process and reduced the cost by
orders of magnitude.

Taken together, these elements suggest that cost/effectivity
considerations lead to improving missile system performance
by combining a wide range of the inexpenslve sensors with a
relatively sophisticated computation capability. This may
enable use of a relatively unsophisticated seeker of rela-

tively low cost.

The nonlinear range/range rate estimator shown in
Fig. 4,1 requires a considerable computation capability, and
requires input signals from a pair of accelerometers. It
also requlres the missile airspeed components which may be
obtained from relatively inexpensive sensors or may be
estimated from accelerometer and rate-gyro data. But the
least sophisticated seeker 1s sufficient. Our approach was i

to maximlize the information which could be extracted from

an 1nexpensive seeker by combining several inexpensive sen-
sors with a relatively sophisticated yet inexpensive

computer which will scon be available.
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APPENDICES

APPENDIX A

The Nonlinear Estimator; Derivation and Instrumentation

It 1s posslible, due to the particular form of the
equations and constraints of the Mathematical Model of the
system, to develop a nonlinear range and range-rate identi-

fler. This type of 1ldentifier 1is discussed in this section.

A.1l Analysis

The key elements cf the Mathematical Model are gquoted

from Section 3:

Velocity component equatlons parallel to the Line-of-

Sight: )
r - Vp cos (yq-0) + Vy cos (y,-0) =0, :
or .
r -V + VvV = 0,
Tr Mr
(A.1)
Velocity compcnent equations perpendicular to the
LOS
r ¢ - Vp sin (Yp-0) + Vy sin (y,-0) = 0,
or raog - VT + VM = 0, .
o] o} 1
(A.2) y
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We also demonstrated that the acceleration compouent

equations parallel and perpendicular to the LOS are,

respectively:

.2
P -ro - a, + = 0
TI‘ aMI‘

and rd + 2ro -~ a +a = 0,
Ts Mg

The target and missile velocity and acceleration

components parallel and perpendicular to the LOS are:

Velocities:

Parallel: VTr = VT cos ET

VM = VM cos EM
r
Perpendicular: VT0 = VT sin &T

VMo = Vy sin &y,

Accelerations:

Parallel: &ap = Vp cos &n = Vpyp 8in &n

8, = VM co8 EM - VMYM sin ET
Perpendicular: ap = VT sin ET + VT Yp cOS ET

ay = VT gin €T + VMYM cos ET

where
89

(A.3)

(A.4)

(A.5)

(A.6)
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Angles: § = Ym - O

T T (A7)

dw = YTM - O, :

The principle of thils approach is simply to solve
A.3 for ¥ as )
o2 g
r = ro +ay - ag (A.8)

Integration of r will yield r and r if the terms on the

right of (A.8) are available,

2

The term rd can be computed easily while a the

" H
I\‘r'

missile acceleration parallel to the LOS, canr be measured

directly The problem therefore is now to estimate ar

~ r ~

in some way. It 1s assumed tihat inltlal values of r and r
are provided.
It was shown that the target acceleraticn in the range

directicen, ap , can te determined from available data. The
r

procedure is first to calculate VT’ the target alrspeed, by use
of (A.1) and (A.2) as

. , s N2 . 2 _
(r + Vj, cos § )%+ (ro + Vy sin §.)° =
2 - 2 12 2p o 2 2 o y2 (A.9)
VT cos “§q + Vg sin Er VTr+ VTO Ve

It was stated in Section (4.1) that this expressicn

may be differentiated to yield VT”aTr + VTOaTc = Vg ?T; .

This is demonstrated belcw. Therefcre, let us differentiate
(A.9) with respect tc time, yielding

2{(r+VM cos EM)[r+(VM cos gM—VMYM sin EM)+VM0 sin EM]

+ (r0+V' sin EM)[ro+ro +(VM sin EM+VMYM cos &‘) -

M

VMo cos EM]} = 2 VTVT.
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Substitute from (A.5) the simplifying notation for the

s il i

acceleration components of the missile,aM and ay
r c

parallel and perpendicular to the LOS, respectively; these

BN

accelerations are gathered 1n parenthesis within the same

e

brackets in the expression above [( )].

[

This ylelds

(r + Vv, cos £,)(F + aMr+ Vo sin §.)
+(ro + Vy sin EM)(rB + ro + aMo— Vo cos &) =
..7
VeVrpe (£.10)

Now solve (A.2) for VM sin EM’ multiply by 0 ard replace

SRR e e W\IWWWWB?WWH*WWW%Yll‘i‘k‘mmif“E TR R

the term (V,0 sin £14) on the Tirst line of (A.10) by the

term thus formed. Similarly, sclve (A.1l; fer VV CCS &..,

11

QWM

08 G s DA N

multiply by ¢ and eliminate the term (Vﬁé cos §M) frem the

second line of (A.10Q0). These substitutions yield

* 02 .
; — r - + +oV M Yo+
(r + V) cos g£,)(r - ro ay *oVp sin Eq)

r
. ’ ve N Y - . - c \ -
(ro + XM sin EM)(ro + 2ro + aNG oVT cos Lo}
T.’
VT'T'
Keeping the right side of this expression, gather the &
ol
. coefficients of VrI on the left; this reduces to

R W 2 .
(r+V,, cos &£,,)(r -ro + a,. ) + (ro + V. sin &)
M M Nr M M
(ré +2ra + a2, )*to {(r+V.. cos £.)(V,. sin £.) -
i"lo M M L T

. = 7 y
—(ro + V. sin g,)(Vp cos &0)) = Vg, (A.11)

M
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The term in curly braces { } in (A.11) is identically
zero. This follows from (A.l), r + VM cos gM = VT cos ET’

while from (A.2), ro + Vi sin £M= V., sin ET’ s0 that the

T
brace hac the value {Vy cos ﬁéVT sin £p)- Vg sin EJVT cos Eiﬂ=0.

SO,

As a consequence, (A.11) takes the simpler form

. e 02 .
(r+VM cos £M)(r—ro + aMr) + (rc+VM sin EM)
(r¢ + 2roc + ay ) = VTVT. (A.12)

r

By use of (A.l) through (A.6), this may be expressed

a., + V. a., =VV_., (A.13)
e T, T, °T, VT

in the intultively satisfying torm VT

which is the form used in the discussion in Section 4,

where we use the simplifying notatisn, from (A.5),

VTr VT cos ET .

VT = VT sin ET

a

to express the target velocity componen: s parallel and

perpendicular to the LOS,

The exact solution for an is thus
r i
) x’ a {
. ) VTVT _ T0 T0
Tr VT
r (A.1H)
and . .
o 2 VpVr VTG aTc
I’ = I‘O - a + 3
Mr VT
r (A.15)
while aTU ’ .
V;_ = YT 1f VT = (

r
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Usually V., 1s small and can te neglected, and all other

T
terms on the right of (A.15) can be estimated.

The mechanization of this algorithm is discussed in

3ection (A.2), following.

A.2 Mechanization of the Sig. .als for the
Ideal Algorithm

The range acceleration is glven by (A.15); it may be

. .2
integrated to yleld r and r. The term ro¢ can then be

formed, while the mlssile acceleration component, a can

Mr’
be directly sensed.

The mechanization of (A.15) requires that missile

airspeed VM’ the missile acceleration components ay and
r
ay and the angle EM be avallable as signals or be esti-
o
mated, It will now be shown that this can be accomplished.

(a) Acceleration Components

The accelerometer components, 8y »
r

speclal case; two easy solutions are available:

and aM , are a
o

(1) Mount the accelerometers on the seeker;

then one ylelds aMr and the other yields aMo
directly.

(2) Mount the accelercmeters on the missile
body; then thelr slgnals are amx, and ay fore -
aft and cross-body, respectively; and resolution

of the signals from the accelerometer through
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é the "look-angle," X, yields

£ S

: aMr cos A =sin A ay

5 = X . ( A . 16 )

. a sin A cos A a

’ "o My .

As the "look-angle," A, between the missile
centerline and the LOS can easily be made
physically avallable in a seeker gimbal, the
resolution of the acceleration components 1is

easlly accomplished,

(b) Velocity Estimation

If the missile body pitch rate, g, or equivalent,

1s an avallable signal, and further, if the cross-

iy
avallable as a signal, it is relatively easy to

body acceleration of the missile, ar » 1s also

estimate misslle velocity, V

MO
% The pertinent equations of motion of the missile
are, ay
& =q - . N (A.17)

where a angle of attack

ap cross-body acceleration

6 control displacement

q body pltch rate

VM alrspeed
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N, G cross-body acceleraticns per
radian, due to angle of attack
and control displacements,

respectively

Assuming quasi-constant conditions, the transfer

function detfining acceleration 1s

_ N g + Gsé
M, T sV (A.18)

The acceleration due to centrol displacement may

usually be neglected so that

K a ‘N/Vr-' )
L s YmilsmAael e
M S"' * i N /
H, N/V,, M\ S+

where T = Y;/&. Then VM may te estimated by the algorithms

A~

0, = k a

M (a; =V @)

M M,
y Y
(A.20)

or \./].] RS I - V]',' IO.! ) (A.2l)

"
~
—
v

where k > 0 has the appropriate value.

Somewha’ superior algorithms which will lag less
are achleved by blassing the algorithms given by the milssile

longitudinal acceleration cocmponent 2
‘X
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Algorithm (A.21) is obviously simple to instrument,

requiring only one multiplication.

(¢) Estimaticn of the Angle EM

The angle EM is defined as &M = Yy=O-
But as Yy = BM-a, where GM 1s the centerline
attitude, then &M = QM-G-O, and as the
angle from missile centerline to the seeker LOS 1s

A =0 - BM

we have EM ==\ -~ 0O
where o 1s the angle of attack between the missile
centerline and the velocity vector, But this can

easily be estimated as

N
Ts+l

where T was defined above,

The missile velocity components VM and VM
r o

can then be computed as V, = VM cos £y, and
T
VMc = VM sin £M.

O
()

(A.22)
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APPENLDIX B

Error Analysis Coefficilents

The numerical data presented in this appendix represent
the time varying cpefficients of the error equation. As dis-

cussed in Chapter U4, the error equation is of the form

X +a,x +a,x = E b,N,,
1 2 byt

and the data here represent the coefficients a, and b, tabulated

i i

ior every 0.25 seconds. There are six tables, representing a
selection of six cholces of initial geometry configuration. They
are ordered, and correspond respectively to Figures 4.3 through
4.8 inclusive; however, each graph is labelled to show the initial
gecmetry. These data permit more general stochastic analyses of

the effectcs on the estimates due to errors in the . —reral signals

which are used in the algorithm. The coefficients N and a, are:

a; = 20 tan &T = Y tan ET , and

'? L] [ ] .
a2 = ~0 < YTO + 0 tan ET.

The coefficilents bi and error sources Ni are:
by = -1 Ny 2y s accelllLO5 error

r
b2 = sec ET N2 Vp, target airspeed change

~A

3 VM’ missile ailrspeed error

=

b3 =  -Yp BeC ET sin (YM-YT)

%
:

i B ML LD




Bell Asrospace Company

bu = -r§T -2r tan ET + 2ro Nu 6, 10S rate error

b5 = 'VMYT sec ET cos (YM-YT) N5 EM’ error of estimating «
be = -r tan §{n N¢ 0 LOS acceleration error
b, = -tan &g : No aMo , accel. L LOS, error

All angles are in radian measure unless specifically stated

otherwise.

The data of this appendix are presented in a conventional

"exponential format" for digital output data. Thus the tabulated

R e R A O BB

item 0,422E 01 is interpreted as (0.1422)10+l = 4,22, while -0.244E-01
1

hin

is interpreted as (-0.244)107 " =-0,0244,
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The matrix Tn is thus a "continuously updated observa-
tilon matrix" and the vector Y(n) is a "series of cutput
ovservations". The expressicn (5.21) 1is valid provided
the nolse v is 1independent from computing instant to
instant and has zero mean. The constructlion of the
matrix Tn is often a formidatle task as 1¢ requlres
keeping 1n storage a large amount of past data H(ti) ¢

that 1t can be urdated by the state transitiocn matrix

¢(ti,tj) which 1s at times also difficult tc ottaln.

Apply this theory to, typlcally, the reduced
dimensionality protlem defined by (£.1€) and (5.17);
ascume Lhal p lo constent, Lhus X is constant after
convergence. But Xp=7Ur and 1z not constant. Now we

have, at some specific instant, and with only one value

>of 1 =1,
t+ =
vl(tl)xl + v2(«1)x2 t Vv, e
(5.24)
At the next instant we have
1r {+ v ar { \ ¥ o o=
1V72’71 * 2 e’ T2 * v 2 C5'

But while the value of %5 1s 1ideglly the same at
these two instants, the value of %y charges continuously,

for x, = r,ard r is the integral of r, We may modify

Q

instants. Ir 4t

€6
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s the time between samples, we may rewrite (5.24) as

vite) {xg(en) + x, at) + vy

1)

which may te rearranged as

+

v, (x x,(t,) + v, (t.) + v
1( 1) l( 5) ( 5

(5.26)
How Eqns. (5.25) anrd (£.26) rerresent twc measurements
referred tc the same instant, arnd may bte solved Jointly
liore generally, a larger sequence of such instants may be

]
/.

gathered in the more general Tcrm of

—_
wn
(W8

.2

T

Thiz method cxhicited ceveral mcdes of faellure,

Whenever any two of:

the miscile velocity vector
the target velocity vector
the LOS

-
.
J

become colinear, cr ¢ = G, the matrix (']‘n

T N

I ) became 111~

n

cnditioned or indeterminate, ylelding inaccuratce and noise-
sensitive soluticns. In gecmetrles when this mode of failurc
dees not occur, this algerithm has a different mcde of
faillure. 1If the duraticn of the stored memory exceeds

1/2 second, the negclected target

~
W

cceleration rarallel to

the LOS, &, , cuauses the estimate of  to be 2WE Lo 567 in

PAVES
l'i

error within 1 tc 2 seconds, as the assumption that © = 0 is

Pul

too lIncorrect. On the oither hend, a shorter duration memcry

o

results In high nolsc sensitivity. Lut these algorithns work

o
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well (Range-Rate errors of 1%) if ap = 0.
r

In any case the computaticnal compiexity and memory

storage requirements of this algorithm are excessive. An

alternate was therefore examined. Ir

’

r =r, t rdt
(,1-27)
and X; TP, X, 0= f, ete.,,
then a much simpler algorithm results. At a number of
successive instants we have
/' (1) (1) | I
vy Vs Xy [ Y
I3 (o A - .
vy (2) vy, (2) + vy At X, Yo
(5.28)
and both X4 and %, may bte assumed constant. If the nth
row of the left cf (5.28) 1s
vl(n) vz(n) + At vy (n-1)
then the matrix(TETn) may be recursively formed as
T T . T
3 = m °
(Tn Tn) (‘n—] r1n-l) vy vn
(5.29)

L T T T, = ey . ol o L

e e——— r . = o
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Although sufficiently simple to be feasible for
an air-air missile, thls approach to rangs estimation
also falled for the same reasons:

(a) Ill-conditioned matrix for some

geometries,

(b) High noise-sensitivity for short

averaging times,

(c¢) Large errors in range-rate estimates
for longer averaging times due to

the invalld assumption that ap = c.
r

When failure-mocde (a) did not occur, and ap = 0 was
r

velid, the algerithm ylelds estimate errcrs ¢f the order
of 1%.

No attempt at estimating ar target acceleratiocn
parallel to the LOS, by linear mgthods was successful.
Any algorithm which neglected am # 0 when it was signifi-
cant operated unsuccessfully,; eigher excessive nolse sensi-
tivity became a problem, or the neglected acceleraticn

~
*

caused excessive errors 1in the estimation of Range-Rate, r.

In summary, except for encounter geometries which
yield 1ll-conditioned matrices, the matrix-inverse algorithms
work well with long-filtering times which elimlnate ncise

effects 1f the assumption that an = £ is valid. If that
r

69
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assumption is invalid, the matrix-inverse schemes fail
due tc the bilas 1n range-rate estimate caused by target

acceleration, or due tc noise.

5.3 Observability

The fallure of these various adaptive and matrix-
inverse parameter ldentification methcds, whether continuous
or dilscrete,; 15 fundamentally due to the existence of target
acceleraticn in the radial direction, parallel to the line ¢f
flight. That acceleration component cannot te estimated
bty linear techniques beceause it is "unobservatle" in the
mathematical sense. This sectlon relates the concept of
' . NET

1 ) —~
ouLselvability Lo U

- -~
<

1 R N R S -~
[ iye] dppdidlvavaivii a

e

I o n
[ [O2eHN NN

The state ¢f a linear system vilth constant ccefflcents
in the dynamics and constant ccefficients 1n the output
relatlion can be estimated from knowledge of the output pro-
vided the system is mathematically observable. For this
discussicn, we view the guantlties of range, range-rate,
etc., a5 states which are to be determined and conslider the
sipgnals of LOS-rate and missile acceleration as time-varying
parameters. In state-variable notation a plant may be

described as

Plant Dynamics: X Ax + bu

Cutput: y Hy + v

(5.30)
where v 1s zero-mean Gaussian white nolse, arnd x is an

H-compconent vector.
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The ovservability of the system 1s specified by a

relationship btetween the A matrix, specifying the dynamics,

and the H matrix, relating the state to the output If

ERVY .

the order of the system is N, then the msatrix

'T"Tm' TZT' |TN-1"7‘
ON=[H"A HY * (A*) H* ' ...'"(A") Y]

N 1 1 ' '

must have full rank fcr the system to te ctservable., Let
us neow apply this to cne cf the pessitlie formulations of
the problem. For the system aefinition, use the accelera-

ticn-component equaticns from Sectien 2

accelerations

parallel to the r-ro -a. va, =0

LGS

Ferpendicular to rd+ 2rc¢-oza,. + a; =0
AG _G

the LGS

—~

(WAl

In order to cast this into the standard fcerm of (5.307),

define state variatles

X = r

1

X4 =

<

. = a

% T
r

X = a

4 m
‘o

71

()

(A}

w)

Mo

N

R bl

n

el i At T

La

ot e s

Lk WeVTe e

Lo

NSRRI R DU BIE Y 1 Ll b R i .

.



M

e ——

Bsli Aerospace Company

i.e. the variables x are the estimates of the unknown
parameters. The last two lines of (5.34) express the fact
that the two components c¢f target acceleration must be

estimaced and are assumed to be unknown constants.

The state variable expression of the relationships

among the several variables may be found from (5.32) and

(£.234) as
/ %5 0 1 0 0 x) /o
ig -5 0 1 g x5 | 4| -a
Sc3 o 0 0 0 X5 0
i c c 0 c \xu \

The first row of (5.35) expresses the differertial
equaticn relating range anc range-rate estimates. The
cecond row ccnsists of (5.34) while the third and fcurth
rows express the assumption that the target's unknown

acceleraticns aq and ap are constant. From (5.35%), the

r a
matrix A is
10 1 0 0
.2
hn = o G 1 C
b 0 0 0
0 0 0 0

and MN=4,

—
LW

A
i
N

. 36)
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Equation (5.33) yields the output relationship

~

( -0 =20 0 1) X\ = aMo H

(5.37)

A

comparison of the estimate, ay with the measured
o
acceleration aM ylelds an error whose minimization will
(4]
presumably yleld optimal estimates of the range, Xy and

range-rate, x,. From (5.37),

B Lt i -l Sl st i b -

H= (-6 =20 0 1 ).

(5.38)
Combining (5.36) with (5.38) in the fermat of (5.35)

yields the observability matrix

.3 .2 .5
-3 =20 -0 =20
014- 20 -d =20 -0 3

0 -20 -G -20
1 0 0 0

(5.39)
The fourth column of(5.39) is exactly equal to 5

times the second column, and the rank is less then the

order. Thils system 1s unobservable; experiment confirmed

this result.
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In realistic combat trajectories it is generaliy

erroneous to assume that ap target acceleration in the
r

range-direction, i zero. If, however, that assumption 1is
valid for some situation, then we can simplify (5.35) by
omitting the third row and column and similarly simplify

H, so that if & z0,a priori, then

r 1
0 1 0
L] 2 -
1 - ] = -~ - \
A31 0 0 0 s H31 (~0 20 1)
0 0 O}
.3 2
-0 -20 -C O
&and C, = . .3
31 -2a -d =20
1l V] V]

In this case rank eguals c¢rder and the system is
cbservable 1f § # 0 and 0 # 0. This result was experi-

mentally confirmed.

Returning to (5.35), assume that the target accelera-

tion perpendlcular tc the .08, ar > is i1dentically zero,
i.e., Xy = QT z 0, a pricri, tut zhe other component,
X., = ;T , is Z nen-zerc constant. Then, making the

r

ate changes In £ and H, we have

!
Q
o
=

, Ho., = ( =6 =20 0)

(&)

o

o
\_.—"
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and .3 .2
-0 -20 -0 @

. . 2

0 = -20 -3 -20

32

o

[
n)
Tie
o

o 2
In this case the third column equals ¢ times the

first; therefcere the system 1s uncbservatle

The result may now Le stated: I the tarpet hac

significant acceleration parallel to the line of zight,

I
Q.

(am ¥ 0, it 1s not possible to estimate range
“r

range-rat<; Lthe syvstem i¢ uncebservatle, I the tarset
£ \ £

acceleration a. 13 kncwn tc te zerc, a pricri; thern the
1 3 >

svstem 1is cbscrvarbrle, and it xay te reduzscc to a

in the threc states,x) = I'y X5 = T and X, = a, . In this
e

case, Equation (5.32) can te exactly instrumented. It
X, = a = constant is a reascnable assumrtion, It is

4 T : ’

o

possitle itc reduce the preblem from three states te (W
by differentiarting the cutput expressicr (5.37) and

~

eliminatirg x; = a, , as in (%.16).

[$a

It is, however, an importanl restricticn that the
theorems cn cbservability do not apply perfectly tc
the systemr dynamics are constant, whilce the cbservation

J A 3

matrix 1s not. Intultvively, 1t seemed [ossible that if

systems whose coefficlients are tine-varying. 1ln our casc

R

.

T b N

R

' e e T

g

™
'

¥
i;ﬁ
&

L

b
!
s
%




P - st R R R . e e e

e el

i aodiil
®ow ot '

Bell Aerospace Company

the coefficlients of the output equation vary sufficient-

ly in the observatior interval, then a result might be
obtained which 1s of value. Many varlations of the above
development, using different models of the system dynamics
and output equations were therefore examined tc pursue this
question. The results were dlsappointing whenever an ¥ 0,

r
or g was small. The system 1s unobservabtle, despite the

uncertainty cf the theory on thls question, whenever &, # G,
T

7€

*
i

Cakilll ahe L

-~
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5.4 CQther Linear Systems

It is advantageous to unify the results of the

above discussicns on kinematic llnear parameter identifica-

o oot 3 A AT

tion systems 1n order te form a basls for considering other
possible linear systems, We therefore re-present the problem
from a gecmetrical viewpcint and then censider pocsible ex-

tenslions beyond the scope of this centract,

Consider the equation of acceleraticn components por-

pendlicular tc the LOS, from the kinematics

ro + 2r ¢ - a. ta. = C. -
o iy
(5.6 .
Assume that the range acceleration, 5, is zerc, and nay -
therefore bte neglected. Assume further that a. s guasi-
e,
constant, i.e., cannct change slgrificantly In less than
1/2 seccnd. Then differentiation of (5.41 ) with a high
'I‘Ii
pass fllter such as T EF1 ¢ vhere Ti is ¢f the crder cf
RS 4
L
1/2 second c¢r less, reduces (5.41) to
P, 4 ey, 4 v =0 :
Yl 2 G (6.42)
12 - (_,. en 08 F -
(T1° ER RS Y
where vy =i\m g7/ 55 V5= e + —, V T = =) .
1 \_is+¢ 2 \‘Tib+1 (T‘S’rl)z’ o} {1184‘-} U
If in (5.42) we replace r andé r by tile estimates r and p,
(5.42) may be expressed as v, + pv, + v = €. then the
hd 1 2 ] &
~ : (0.57]
solutien for r and r lies cn a lccus such that e.=%, In this
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case (5,43) forms a straight line, as shown 1n the

sketch below for_ some particular instant.

=~
=

(a)

Y
(V )
c >
Vo
T
Slche N
T—
et bl
\'L Ki‘ )\
V’) Sor Mty -
a o ut+ ¢ \\
N
\
~—_ e -
=0

Fig. 5.1
Geometrical View of Equation Errcr.

entire problem of estimatiorn 1s based on the ne-

of finding ancther line in the (r, f) space :

436
The multiple-errcr adaptlive process, by

using a variety of values cf T, generates a
number cf other lines which are, mcre or less,
lineariy indeperncent. This apprcach may be
categorized zs achieving distribution in the

Ti—lag space at one 1Instant of true tirme.

R PN
Ho OLIIE)LC_(~

[y

r

m

v

[ed
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~ ~

the line or zero error in the (r, r,; space is
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agifferently oriented,if o # C,and 1s therefore
linearly independent. These approaches thus
use the idea cf distribution in true time, t,

rather than in the T1 space.

{(c) The matrix inverse schemes gather all lines
. cver the ceonmputing interval, thus zchioving

cdistribtution in time, and then findé the soluticen.

[

A phy

ica

n

1y cifferent apprcach Lo (inding a second
linearly independent linec in the (p,y ) space is cbviously

preferable if po

[¢Z]

sitie, Srvadimetric renging proevides such

.

ers which ecnable mezcurement of sane

-—

an approsch. See
function ¢f the targetl size¢, cr area, such as mcszic IF

™

TV, area, or correlaticn, hazve this capatbility. In &

single plane we have the geometrical rclaticnship

¢ ANngle Sublended ty Target, egsszumed & small angle
9] Target Size

as shown In the sketch below.

- =g )
g ¥ —_— l\f;—_ 1_ _
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Assume that D is constant; this assumption is fair if
D is the diameter of the least circle which contains the
target as viewed from the seeker in both the maneuver and

cross maneuver planes. From (5.44), by differentiating,

re+ r g =90

and ~

o]
D
+
e
@

it
o

-3

A

The choices of r anrd

*S e

for which e = 0 lie on a
straight line whlch passes through the origin of the (P,E)
space at every 1nstant. Combining this with the kinematic

ranging sketch, Fiw. 5.1, ylelds the sketch below.

—_———— Y

TAd e+

e e

Svlution

©

) -
c

Fig. 5.z

Combining Kinematic and Staedimetric Ranging.

$18]
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It we solve (5.44) and (5.45 simultanecously, we get
one equation for ; and one for ;_ These are 1ndependent and
thelr joint solution may therefore be determined. It 1s
usually better to solve the two equations in a decouplea format
as the solution can wlways kte accormpllshed more raplidly, more
simply and more accurately. A Least Magnlitude algorithm may
be used. They are analstically valld in such cases and are
attractive for they estimate a moving parameter with smaller
lag than quadratic algorithms, and therety decrease the effect

of target accelerations.

However, this argumert rests cn the rather uncertaln tase
of the assumptions., Cne assumption is thzt the target cross-
track acceleratlon (aT ) 1s quasi-ccnstant, i.e., changes

o]
f

negligibly within two time-ccnstante of the high-pass

m 4

T,S : . o o~
i , in (5.42). The other assumpticn 1is that ¥ < C
T,s+1

i

at least the unknown portion (aT ; therecf. In fact, wn any
maneuver cf the target, A and an change contilnuously and

can change rapldly. Tiiis scheme 1s therefore less pewerful than

appears at first.
tcwever, stadimetric data can be valuatle in reducing

the difficulty of range estimation. Eguation (5.41) states

orie rejatlionship between three of the unrnowns in the kinematic
ranging problem, Stadimetric data provides another relationship,
so thit the effectlve total number of unknowns may be reduced

by one. The possitllity therefore exlsts that linear esti-
mation of range and range rate could ve accomplished with
acceptably small error, due to the unobservability of T by

r
combining kinematlic and stadimetric methods,

81
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It srould be cbserved that stadimetric ranging has an
advantage: over kinematic ranging. 1In stadimetry, tle sub-
tended angle € is positive-definite, and its rate 6 1s zero
1f and only if r= 0; this almost never occurs. Or. the other
hand, in kinematic ranging, the objective of a proporticnal
navigatior homring system is tc keep G2 0 at all times; conse-

quently an 1ll-conditioned covariance matrix must result at

least cccasionally.

This observation leads tc describing the possible weak-
riecss in the 1ldea of conbining kinematic and stadimetric

ranging principles. In btcth schemes, express r zs z functicn

~

of rr, and assume ¥ ~ 0. Then, using (5.42) and (%.4%)

% v c \Y ~
¥inematic r== -5 T
2 Y2 .
(5.46)
Stadimetric: r =<-@/6)1;
(S.57)
under the simplifying assumption that ag = 0.

o}
ks previocusly observed for the stadimetric method, in (5.47)
¢ 15 zlways positive, and ¢ 15 almost always positive.
heglecting the rare and anomalous case of 5 = 0, implying
increasing rangec, é/e 15 pesitive and the solution feor ;
as a function cof ; passes through the criglin with a time-

varying negative slope which 1is a quotient of non-zero

finite guantities. In the kinematic approach (5.4%8), the

Pl
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~

coefflcient of r will normzlly have a negatlve value but 1is

a quetient in which the numerator and denominator rapidly
approach small values and ultimately zerc, in favorable
gecmetries, and start and remain at small values in unfavorzble
geometries. The slope of (5.46) and the joint scolution of
(5.46) and (5.47), therefcre are increasingly sensitive to
inctrument and ceniputaticn noise as the mazneuver b§coTes
small. In geometric termsg, the two lines in the (r, r)
space c¢f Flgure £.2 teccme parallel as the maneceuver bezome

5

small.

Irn ccnsequence, it is evident tiat the stadimetricsiinesr-~
Kinematlc methed outlined above could te imprcved by use of the

et

nenlinear kirnenmatic methed descrived in Secticn &

&3
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TECHNOLOGY ASSESSMENT

It appears that linear methods of kinematic ranging
can work effectively only for favorable combat gecmetriles
and 1if the sensor noise levels are qulte low. This implies

high accuracy sensors, and frequent ineffectivity.

The nonlinear filter described in Section U4 estimates
the target veloclty-vector ccmpcnents and therefore can be
used to doduce the target velcecity and aspect engle. The
f2lter alsc estimates the target's acceleration components,
the turn-rate,and its derivative. 1t therefcre estimates
the entire specification c¢r the target dynamics, ana can be
used to estimate the target future trajectcry,., and time toc go.
This may bte useful not only to the alr-zir missile terminal-
contrcl guildance problem but alsc to a varlety of terminal
fire control systems 1n alrcraft or helicopters instead of
missiles. This nonlinear filter can alsc be used to eliminate
‘mpcssible target accelerations from data provided by cther

tracking systems such as radar or laser rangers.

Many of the newer seekers of TV c¢r IR types provide
som¢ indicaticn of the target slze c¢r shape. Target size
data can bte used as a partial basis fcor a ranging system, as
outlined in Section 5. 1In adcdition, infcrmation on the
target shape or 1ts aspect-angle can be used to provide
clues enablirng nonlinear filtering. For example, if the

targct 1s viewed from a head-on or tall-chase aspect it 1s cleurly

84
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difficult fcr the target to accelerate parallel to the
Line of Sight; it can accelerate across the line of sight

with relative ease.

Linear stadimetric ranging cannot by 1tself estimate
range and range-~rate, but only thelr ratio. However, com-
bing linear stadimetry and kinematic schemea has the effect
of reducing the number of unknown varlables to be determined
simultaneously. The parameter ldentificatlion problem may in
fact bé reduced to a problem in 2-space, without using the

poor assumptions that P, Bm and ap are guasi-constant.

r o]

In this situation, two cr (preferatly) more independent
measurement instants enrable an unique soluticn. The problem
of updating the hyperplane of Figs. 5.1 or 5.2 to another
instant is then reduced. It is not eliminated, therefore
the solution 1s not rigorously observable; however, the

combination may be useful.

In a review of the present technology and an estimate of
the trends and pctentials,the interaction of cest with systems
technology 1s perhaps most important in the air-air missille

problem. These polnts -~tund out:

a) Seekers of all kindés are very expensive; a
small radar seeker ls very costly in weight,
space and doliars. A TV seeker may be less
expensive Iin each sense, but 1is neot cheap. The
various sophisticated IR seelers are cheaper but
are still quite costly compared to the simplest
IR seekers.

(b) Senscors such as rate gyros are an crder

of magnitude less costly than simple seekers.
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¢) The introduction of medium or large scale
integrated digital and analog chips has at
onice improved the reliability of the compu-
tation process and reduced the cost by

orders of magnitude.
Taken together, these elements suggest that cost/effectivity
considerations lead to improving missile system performance
by cembining a wide range of the inexpensive sensors with a
relatively sophisticated computation capability., This may
enable use of a relatively unscphisticated seeker of rela-

tively low cost.

The nonlinear range/range rate estimator shown in
Fig. 4.1 requires a conslderable computation capability, and

ranyires 4irmyt zsiconale from
reqg AnNnpUl cignals Ircm 2

Aty A8 AralAar-~m tors
vvvvv [y b M e N N A ~ 4 e

ey -
i v

also requires tine missile airspeed cemponents which may be

obtained from relatively inexpensive sensors or may be

estimated from accelerometer and rate-gyre data. But the ;
least sophisticated seeker 1is sufficient. Our approach was , 

to maximize the informaticn which could be extracted from 5

an lnexpensive seeker by combining several inexpenszive sen- 3

sors with a relativel. sophisticated yet inexpensive Ly
computer which will soon be available. éf
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APPENDICES

APPENDIX A

The Nonlinear Estimator; Derivation and Instrumentation

It is possible, due to the particular form of the
equations and constraints of the Mathemetlcal Model of the
system, to develop a ncnlinear range and range-rate identi-

fler. This type of identifler 1s discussed in this sectlon.

A.l1 Analysis

The key elements cf the Mathematical licdel zare qguoted

from Section 3:

Velocity component equations parallel to the Line-cf-

-

Sight:
;. - -a) 1 ~ ;o =
b Y Vo cOs (YT o) + V. cos (v -0) 0,
°r p .V, +V, =0,
% T I
¢ r r
, (A.1)
Velocity compcnent equations perpendlcular to the
, Los
r o - Vg sin (yp-0) + Vi sin (yy=0) = 0,
or ro - VT + VM =0
G o
(4.2
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We also demonstrated that the acceleration component

equations parallel and perpendicular to the LOS are,

respectively:
.2
*~-r0 -a, +a, =0
Tr Mr
(A.3)
and rg + 2ro - aqp +3y = 0,
o} o]
(A L)
The target and missile veloclty and acceleration
components parallel and perpendicular to the LOS are:
Velocitles:
Parallel: VT = V., cos &T
r i
VM = VM cos EM
r
Perpendicular: VTc = VT sin ET
Vi = Vg sin &y,
o
(A.9)
Accelerations:
Parallel: aTr = Vp cos &n = Vaoyp Sin &4
- \-_ _ .
aMr iy €©S EM VMYM sin ET
Perpendlcular: an = VT sin ET + VT Y COS ET (L.6)

ay = VT sin &T + VMYM cos £T

where
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Angles: b T Yo - O

T I —
AT
. = Yy = O
b1 £ :
The princirle of this approach 1is simply tc scive
A.3 for r as
3 .2
ro= ro +a, - e (A.E)
r I
Integration of r will yield r and r if the terms or the
right of (4£.8) are available.
.« 2
The term ro can be computed ¢asliiy while &, , ithe
L
i missile acceleraticn paorallel to the 1OZ, Ccan bte roasured
directly. The problem therefcere is now to cstimate a.
N ‘r °
in some way. It 1s assumed that initial values of r znd r
are nrovided,
| It was shewn that the tarret acceleration in Lhe ranrge
‘ directicen, ap 5 car oe determined frerm avallztic data.  The
r
rrocedure it first to calculate VT’ the tarpret alrcpeed, bty use
cf (&£.1) ard (A.2) as
(r + V,. ccs §&,.)7°+(rc + V,. sin ¢, )% =
1r 2 cos 2& + \'2 5N 2€ = 2 + v oo \,'7 K;‘-E‘)
T - 1 T 7 1 . T T

It was stated in Section (4.1) that this expressicn

.
= 1% Py - 1 oo
T a,—l»r. + L e = \1.1. Py
kRl - -

c o
This is demrmcnstrated telow. Therefcre, let us differentiaze

> .~. N Ao FONM ps '\.y' = F oAV y inn i 3 city, ¥
c{(l+«H cos &H,[rv(.r cos &,=V,.y sin 5“)4/Mo sin gy]

v

+ (ro+v,, sin £ )[rd+ro +(V, sin & +V,.y,, cos &.) -

. P vV
V.0 cos &M]J 2

9G
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Substitute from (A.95) the simplifying notatlon ior the

acceleraticn components of the misscile, a and a,.

r C

[
rarallel and perpenalcular to the LOS, rcspectively; thece

acceleraticns arc ravhered in parenthesis within the came

trackets in the expression atcve [{ )].

sl . T A
Ihis yields

3 . * . .
i . : . . soon
+(rc + V.. vin &, Mrc + 16+ g, - V.o c £,.0 =
] . »! l' :'
C
.
IR
rs - - “
PR a.20
.
I 3 ALYV for ¢ aive g - r 1 ¥ PN ~
oW SCLlVe (A.Jd) Cl se DI G,., mULLIPLY UNV C 2L el LzCw
1
.
L DU I NPUNS A | IR IR =l T N RO LR RO I ~ ¢ FAE S Wat 1V EER S
viaiie VRSt Norre it Gres Tl v Lad v aa & [ \ PR -
) .
- Oy = A P S [P S AP T e~ o~ T
term Laous ZCormed. Slnllerltll, solve. ALY, Tor V.o ocos g N

. . oY -
multipiv by ¢ and eliminuie the term (V. o5 cos £,0 from the

second 1ine cf (A.10), oo suboclitutions viela

I. - . 0" - N H
(r + \H cos L, (r = rc¢ o+ & S oA & U S ;
i 1 s - a ‘:

L] e \/ A‘ L] "' , \ f

(rc + sir £.2{r&E + Zro 2. -SV- cou 50 = P

/s

1o cos &) {f -ro 4 &, ;o+ iro + V.osin &}

{ré +2rc + z,. :+0 {{r+V,. ccs £.){V. sin &,.) -

LR

~(rc + V.. sin

—
'aal
—
-
~
—
-
2
[
¢}
wm
Al
~
—
It
-
.
e
=
.
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The term in curly btraces { } in (A.11) is identically

(A.1), ces L. = V.. cos §

™ >t T

gs¢ that the

o}
+
<3

zerc. This follows from

fI‘,

wnile from (A.2), ro + Vi Sin &=V

_— c 1 v \r Y
rrace hac the value {VT ccs Eé'T sin CT) Ve

ts a consequence, (A.11) takes the simpler form

<

a2+ (ro+v
r

Tt N Y (S e 1 :
(r+Vy, cos g0 (r-ro poSin by

(rd + 2ro + 2,. ) = V. V..
1. 'l 1

r
v use of (A.1) through (A.6), thils wmay be erprecsed
ir the intultively satistying Jorm YT a,. + VT Gm o = Ve
r “r ¢ o -
which is the form used ir. the discussicn in Secticn 4,
vhere we use the simplifying wotzticn, from (4£.9),
Vv = V.. cos ¢
T 1 5T
1
VTF = VT sin ET
to express the tavget velccity componer. 3 parallel and

terrendicular to the LOC.

The exact sclution for aT is thus
r
. \" a
N .
_ VT'T - ‘o rl10
ép 7 v :
r T
dl’ld
s . \IT -
2 VoV L, T 7
. 7T - C 0
r=orc - &, = s
.r v r].
r
whiile aT
C ’ S
i = v~ 1f V. = C.
v i 1 1
“n

sin &TWT cos &9}=0.

(A.12)
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Usualily QT is small and can he neglected, and all other
terms on the right cf (A.15) can be estimated.

The mechanization of this algeorithm is discussed in

Secticn (A.2), follewing.

A.2 Mechanlzation of the Slg..als for the
Ideal Algorithm

The range acceleration is given by (A.15); 1t may be
. .2
integrated to yleld r and r. The term ro can then be

formed, while the misslle acceleration component, a. , can
r
be directly sensed.

The mechanization of (A.15) requires that nissile

alrspeed V,,, the missile acceleration components 2, and
i '11
ay and the angle EN be avallatle as signals or be esti-
o !

mated. £ will now tbe shown that thils can be accomplished.

{a) hcceleration Components

The accelerometer components, ay s and Ay >
‘r "o
speclal case; two easy solutions are avallable:

(1) Mount the accelerometers on the sceler;

then one ylelds a.. and the other ylelds .,
v 1
r a

(2) Mount the accelercmeters on the missiie

body; then thelr slgnals are ay and &y
¥ .r

> J
aft and cross-body, respectively; and resclution

of the signals from the accelercmeter through

fore
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the "lock-angle,"

yields

2,. cos A -sin A 3y
I' '
Ty x\V.
aIM sin A cos A aF
AO iy
As the "lcok-angle," ), betveen the missile
centerllirie and the LCS can easlly be made
rhysically available in a seckcer gimbal, the

reszclution

easily accemplished,

Velocity Estimeticn

If the missile boay plteh rate, ¢, or egulivalent,
1s an availzble gicnal  and furthor 3 the crcco-
bedy acceleraticn of the wmissile, & , is &alsc

eztimate missile velcocity,

The pertinent equzticns

vhere o angle of atlack
& crocs-tody
v
¢ contrel
4 Lody piltch rate
V.. alrspeed

cf motics -1 the missile

acceleration

disrplacement




e

-

H, G cross-bedy acceleraticns per

, Guc

c_,
(0]

angle of attuck

5 e R

ang control displacements,

Assumling guasi-constant cornditicne, the transfor

furiction detining acceleratiorn, is

) (folz:

te control dicplacoroent rmaey

o [ Y/, |
. ~ n: N _ = 1. .l !
T ol 3 LA TSN 1. \:+L/Tq, ~
M i "1
I'e
= i R |
' To+l Ve

whnere 7= \;//“ Theg Tr may bLe estimoted Ly the olgooritir:s
v/ “ =

4 ~ n
1 - -~ 18 i 3\
':ll - }I _ll. \ - Y- O/' ;i
\ in [ 1
(FeceC
4 -
or Voo = & ( |o.. | - g (o2
1! i'l i Bl N . o
“
y

vhere ¥ o> 0 has tnr apjrorriate value .

Comevhet sunorior leeritims: whiizh 111 1ag lecd
are o achidoeved by Liaccingr Lhe elporition. o lvon bw Lhe nisails

longitudinegl acceleration component . .

e
o
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Algorithm (A.21) is cbviously simple to instrument,

requiring only one multiplication.

(c) Estimaticn of the Angle EM

The angle EM is defined as §,. = Y40 -

But as v, - I

ep—a, vihere 8,. i1s the centerline

attitude, then §,, = 6, -u-c, and zs the

i

angle frem missile centerline to the secker LCS 1s

ve have 5“ ==2 - U

vnere o 1s the angle of attack btetwicen the

centerline and the velocity vecter,

eazily be estimated as

. q
o o~ =
Ts+1l

vhere T was defined above.

The missile veloclity compenrents VH

can then be computed ac VM = V. cos

Vi, = V. sin gF,

Eut this can

and \’,1
]1
o

E . and

I

L1s3iLC

—~
ol
ny
[A%]
~-

(A.23)
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APPENDIX B

Error Analycis Coefficients

The numerical data presented in this appendix represent
the time varylng coefficlents of the error equation. As dis-

cussed in Chapter 4, the error eguation is of the form

N

X+ a,x + a,x = 10

5]
1 2 1

:.]_'L
icients ay and b1 tabulated

for every 0.25 seconds. There are six tables, representing a

T e T

and the data here represent the coef

selection of six cholces ¢f initial geometry configuration. They
are ordered, and correspond respectively to Figures 4.3 through
4.8 inclusive; however, each graph is labelled to show the initilal
geometry. These data permit more general stochastic analyses of
the effects on the estimates due to errors in the eral signals

which are used 1in the algcrithm. The ccefficlients a4y and a. are:
(4

a; = 20 tan CT - Yp tan ET » and
- 2 . . v
8, = =0+ Y0 + 8 van g

The coefficients b1 and error sources Ni are:

b, = =1 I

L T accelllLOS error
‘ r

b, = sec & N ?., target alrspeed change
< T z T

~

by, © ";T sec ET sin (v ) HB VH’ riissile alrspeed error

2 R

|
I}

D LN il i
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bu = -r?T -2r tan CT + 2ro Nu 5, LOS rate error

bS = -VMYT sec £y cos (YM-YT) N5 &y» error of estimating «
b6 = -r tan &T N6 0 LOS acceleration error
b7 = -tan ET N7 aMo , accel. L LOS, error

All angles are 1in radian measure unless speclifically stated

ctherwicse.

The data of this arpendix are presented in a conventional

"cxponential format" for diglital output data. Thus the tabtulated

item 0,422E 01 is interpreted as (0.”22)10+1 = 1,22, while -0,

1

HNE-01

N

ic interpreted as (-0.244)10 ° =-0.0244.

98

! il e,

LY O}

A R
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