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INEQUALITIES FOR COMPLEX LINEAR DIFFERENTIAL
SYSTEMS OF THE SECOND ORDER

Prepared by:

Daniel C, Lewis

Naval Ordnance Laboratory
and .
Johns Hopkins University

ABSTRACT: Inequalities have been obtained for

solutions of systems of linear differential equations
of the form Jw =dw +@Ww where & ,

l‘b=rw'+sw @ ’ ¥ ’ 8
are complex functions of the independent variable.
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WHITE OAK, MARYLAND -
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This Repoxrt contains results of an investigation of certain systems of
linear differential equations with complex coefficients. Equations/of
this type are fundamental in the linearised theory of exterior ballistics
of symmetric projectiles, and results of this type are a necessary pre-
liminary for further investigation of the nonlinear equations. The work
was carried out at the Naval Ordnance Laboratory under the sponsorship

of the Office of Naval Research, project nmmber NR-0L4,003, entitled
"Numerical Analysis and Theoretical Mechanics". This information is for-
warded for use of outside research laboratories engaged in the development
of missiles.

W. G. SCHINDLER
Rear Admiral, USN.
Ccamander

H. H. KURZ¥EG, Chief
Aeroballistic Research Department
By direction
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INEQUALITIES FOR CUMPLEX LINBAR DIFFLRENTIAL
SYSTEMS OF [Hk SiCUND ORDER

1. The purpose of this paper 1s to obtain inequalities to
be satisfied by solutions of systems of the form

du/dt = dw ¢+ @ u

(1) ,
du,dt = ¥w ¢ 8u,

where & , e, ¥ , & are complex valued functions of the real
variable t,. These functions are assumed to be of class C!
on some interval tg & t < T, where T may be 0O . We also
restrict attention to the "general case' in which

(8 - )2+LBY¥+0 and ¥¥ 0 on this interval. The inequalities
obtained are the best possible ones of their type and are
especilally adapted to the case in which &, @ » ¥ & have
numerically small derivatives.

2. In terms of the notation,
A = r(t)el®C) = (8 - 412 - 4BY,

R = R(t) =|]A]/bYY
(t) [lw(t)}?» (27)" (5~K)wr T+ @) '(s-a)@ w+( Jar[™|s-d[ ¥ R)ul ]2'
oct): d+d+S+E

NE) = +e*°>r%(5"°‘~)+(n+c Y B2 )+R (ﬁ.—(L)]

where W, u, d ¥ , etc. are used to indicate the con jugats
imaginaries of the corresponding undashed quantities, namely

W, U, A , ¥ , etc,, our fundamental inequalities can be written
in the following reasonably compact form,

2 DRI gl Toti-{(ohideost o)+ (R/1R) /ot ]dt <D @K
D, (R/R )e"Pf Y—s_/‘”{(h/'f)%I@/z)i’(R/‘/R) -hﬂ./q} L]obt

where, of course, the functions w(t) and u(t) are assumed to
constitube an arbitrary solution of (1). Here, as in the
svquel, a dot over a letter indicates differentiation with
respecs to t, and Dy = D(ty) and Ry = R(tg).

3. These inequalities are greatly simplified in case d = & ,

as one sees at once from the definition of JU .+ It is also
oasigr to establish the above inequalities in this special case;
moreover it is possible to obtain certain inequalities

1




(

NAVORD Report 186l

quite simiiar, but not identical, to (2) in the case 0(365
by means of a preliminary transformation on the dependent
variables, such as

W= wy, (D -A)/2r, ut=u
which reduces (1) to a similar system,
W= o,\ w”"+ @-::- wr
W o= ¥E o, 8-:1- u*,
in which 8"=&"=2"'(4+8), e* = A/‘f‘ + (d/&f )[(Sw(.)/zx]

and ¥* = Y . But there are certain disadvantages in setting
up inequalities in this manner. For instance, if the trans-
formation cited above is used, we must later assume that

o * @ % ¥¥ ape of class C', and hence we would have to
assume that the original coefficients are of class C" or at
least that (§ - & )/2Y is of class C". We shall therefore
establish (2) without any assumption as to a relationship
between A and 8§ . Our proof runs as follows:

Consider the positive definite “ermitian form,
Q = wW + Awus AWu4 Buu,

were A=(g-d) v B= (Is-al*+[al) V¥ =AR +R

Assuming that w and u satisfy (1), we differentiate Q with
respect to t anu replace W Dbydw+@u, W by LW+EU, u by
Yw +8u, and uby ¥Ww +8u., We thus find that

Q (M T+Av+ AV wa + (A ;E+AS+B Y+ R Yur

+(AF+@ +AS+BF+ A)Fu+ (ABTAE +BS+Bs+B)uL.

If we denote by QF the Hermitian rorm on the right, we have
(3) min (Q¥/Q) £ @/Q £ max (Q*/Q).

Evidently the problem of minimi#ing or maximizing Q*/Q is
equivalent to minimizing or maximizing Q° for values of w
and u which make Q = 1, This problem can be handled by the
method of Lagrange, which yields the result that the minimum
and maximum values of Q%/Q are preclsely the two roots of the
following determinantal equation in A :

A +& + A¥+AY¥ <) A4+@+AS +BY+A- AN 0

AZ+@+AS+BY+A-AA R e+ AE+BE +Bs+B-B)

{
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When we replace A and B by their expressions in terms of
A B s ¥ , © we find that

A+&k +AYHAY = (OWI‘*S”‘@/Z =o [z
Hat B+As+ By= {lal+& +o (5~ R/ 4 ¥
Ad+erAstBT = (Jalta +o (5-0) /4y
AB +AGHBE +BS= [o*(IAH [6-)2)4 (6-0(al+B )+(5- ")a“l*“)}/g”
B-AR = {a] iyF =

The above determinantal equatlon can be expanded with the help
of these relationships and we thus arrlve at the quadratic
equation in A ,

W A= (o RTROA e = (a4 B3%) +20 RR)-S1=0,

where A 1/2 and & 1/2 are chosen 8o as to be conjugate
imaginaries of each other, The roots of (L), both real, of
course, are

A= 2 (e +RRYE 2 (4% A e R R-MQ]/’“
= 2'(+R'RVE [ h e (8/2)+4 'R*R? +-~Q1 ~

The + sign is to be taken + to yield the maximum for Q“/Q
and - for the winimum. Both, of course, are functions of t.
Our fundamental inequalities (2) follow at o??g upon inter-
gration of (3) aud upon observing that D = Q-/<,

. We add the following two remarks:

a. In case &, B , ¥ and § apre constants e roots
of (L) reduce to 2"‘1(“’34.,;;5) I T7§ =~ }h which
are precisely twice the real parts of the roots of the ususal

characteristic equation{
o =M @ 0
y 8-

in )L. It follows that in this case of constant coefficients
there will always exist a solution for which either one of
the £ signs in (2) may be replaced by an equal sign. This
remark explains the precise meaning of our claim that our
inequalities are the best of their type, and it.was in order
to reach this result that the Hermitian form Q was chosen

in the peculiar form stated. Certain other forms would lead
to a similar result, but the form chosen seems to be the
simplest. The algebraic bYackground behind our choice of Q

was given in a previous paper!,
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b. As simple corollaries of our inequalities, we may
read off criteria for boundedness of the functions [w(t), u(t)]
constituting a solution of (l). For instance, 1f the larger
of the two roots of (L), namely

A= 27 (o RIR)F LR cwo™(0/2) + 47 R /R 0L

does not exceed ﬁ/R (or even if it has only the property that

'1'/2_
i

t
f(?( — R/R)ds
0

5

is bounded from above); then the function u(t) must be bounded.

T Fee DU = (Jurp () (5-4) k[ 2+ R [4]2) /24 Dyexp [*(A/2) k-
anc -~ € -} o
ot Wl¢ R “Doexp [ (An)de = DR exp [ (ha- gor) ot

from which the italicized statement is obvious.

5. A slight generalization of a theorem of Leighton is to
the affect that every solution of the equation
(a/at) (Gel? du/dt) + Fel? u = 0 is bounded, if F » 0, G» 0, and
are real and of class C!' in t, and if FG is monotonically increas-
ing on (to £ t¢oo), This is an extremelz epecial case of the
above corollary. For, if we take w = GelPu, the differential
equation may be writben_ in the form (1) with & =6 = 0,

= - pel¥ Y = g-le-19,
Hence o =zfL = 0, & = ~4PG=1,6= T (mod 277 ), R = FG. Re'gegx?ering .
that this R 1s monotonlically increasing, we can write (R<) 2 x 4 R.
A simple calculation, now shows that X\=z R/R, so that the aoove
criterion is satisfied.
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