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ABSTRACT

Closed-form approximations for the probability of damaging surface
targets with aerially delivered weapons are developed and analyzed for six
different employment situations; single weapons against point targets,
multiple weapons against point targets, single weapons against area targets,
multiple weapons against area targets, single weapons against point targets
with location uncertainty, and multiple weapons against point targets with
location uncertainty. In each case, conditional damage and probability of
coverage functions are developed, the product of which defines the proba-
bility of damage or probability of fractional damage depending upon whether
the target is a point or an area, respectively. In addition, optimum damage
probability constrained by specific design characteristics and delivery
errors, is developed and compared with the capabilities of current systems.
Optimum pattern radii or pattern radii which maximize the damage probability
are also developed. Methodology which leads to preliminary design character-
istics is developed through determination of the number of submunitions or
weapon weight required to achieve any given level of damage for given employ-
ment constraints. Weapon preference methodology is developed which establishes
a parametric evaluation procedure for weapon system employment preference

and preliminary design characteristics. The methodology relates specifically
to continuous patterns, that is, to weapons impact patteérns bounded by singly
connected curves and containing a random distribution of submunitions over
the patterns. The principles are also extended to weapons systems with
impact patterns that are annular in nature, either circular or elliptic
(within established limits), and that are bound by multiply connected outer
and inner curves. For this application, the submunitions are constrained

to lie within the annular ring or the area between the outer and inner
curves. The methodology is accurate and requires very little manpower and
computer resources to employ. It is based on the mean arca of effectiveness
concept and can readily und accurately be used to assess the potential of

new designs and proposuls if accurate estimatee of the mean area of effective-
ness can be made from the lethal performance of existing munitions and sub-
munitions,

Distribution limited to U. 5. Government agencies only;
this report documents test and c¢valuation; distribution
limitation applied February 1972 Other requests for
this document must be referred to the Air Force Armament
Laboratory (DLX ), Eglin Air Force Base, Florida 32542,
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SECTION I

INTRODUCTION TO THE PROBLEM OF PLANNING AND DESIGNING
ATR ARMAMENT

A. Introductory Remarks
The purpose of this investigation is to develop closed form
approximations for the conditional damage and the probability of

coverage functions, products of which yield weapon system probability

of damage functions. Closed form solutions in terms of the various
weapon, target anl employment parameters, can be used both as a rapid
weans of accurately assessing the effectiveness of weapons aystems
and as a preliminary design tool for determining weapon systems de-
sign characteristics.

At present, the assessment of weapon system damage probability
18 accomplished by numerical {ntegration techniques which are time
consuming and require large exponditures of manpower and computer
resourcesl'z. Duncan3 suggested the use éf the Poisson distribution
85 a weans of approximating the hit probability of at least one wmissile
from a randowm circular salvo of missiles. Although narrow in scope,
it was this initial work which prompted the modifications and ex- .
panded applications herein., Utilization of the Poisson distribution
for approximating the conditional damage function sppears in reference
4. However, the probability of coverage Function appears in functional
form such that the probability of damage must still be comﬁuted nu-

merically or found parametricallv.

- ~
1,2 Superscripts are used to denote references




Efforts to date have failed to produce sufficiently accurate
and general closed form approximations of both the conditional damage
and probability of coverage functions to serve as useful sssessment and
design tcols.

The problem of planning and designing air armament is extremely
complex, involving a chain of decision junctions many branches of
which can lead to erromecus conclusions. Preliminary design is an
essential element of air armament and development plamnning, the deci-
sion making process of wespon system selection, An important but
often neglected consideration in the decision making process is whether
one system ia adequate or whether movre than onc system is required to
waiutain a realistic conventional minitions inventory capable of neg-

“ating existing and anticipated threats. A basic guuestion {8 whether
the membors of a family of veapon systems complement one another suf-
ficiently to Justify the additional expenditure that ault{ple systems
tmply.

When several measures of “ffectiveness that are basically dif-
ferent may all be important for amy given set of circumstances, sevious
consideration should be given to =more than one system. In addition,
1f the expected employment environsents ace quite diffevent, due
either to fututre uncertsinty or enemy tcounteraction, more than one
systea could yleld the flexibility of sction that is esseuntial to
perform at sny rcesonsble level of competance. A single rigid weapon
system {nvites enemy change which may negate the value of an otherwise

effective systen, !

i gt




Very often "analysis" situations lead to the adoption of weapon
systems which will never be called upon to operate in an average en-
vironment with respect to an average measure of effectiveness. These
highly specialized weapon systems are expensive luxuries and can find
justification only after a basic core of effective and highly flexible
general purpose systems have become a reality. The development and
maintenance of large numbers of highly specialized single purpose sys-
tems is prohibitively costly for the amount of anticipated return.

The development engineer is often too close to his programs to
render rational and blas free assessments pertaining to current needs
and future potentjal. As a consequence, it is essential that a periodic
review of extant explovatory, advancéd and engincering development pro-
grams be wade by research and developwent managoment to ascertain the
viability and curvency of the existing ptogtams_with existing and an-
ticipated levels of threat and tacttcél opcrational cavivonments,

Until a fow yeavs ago, rosearch and development of conventional
wanitions within the Aflr Force relied almost totally on the expurience
and judgment of developoent engincers., Although the basic analytical
tools for wecapons cffeciiveness analysis had been {n existence for
many years, they were used primavily as a wrans of assessing the of-
foctiveness of tho aunition after it had been developed, tested and
placed into inventory. Much of this was due Lo the fact that the
necessary a priori iaputs to a systed analysis were scanty, unreliable
and in wany cases nonexistant. Very few developwent programs were
actually justified based on predicted performance or anticipated pay-

off other than the "feelings" of development engineers.

(5]




More recent emphasis on pre-development|ana1ysis, promoted mainly
by a tightening research and development budget and an ever expanding
weapons systems inventory, has led to the establishment of more com-
prehensive physical testing and of a broad weapon effectiveness data
bank. As a result, sufficient target vulnerability, weapons character-
istics and weapons effects data have evolved which permit sound pre-
development elimination of poor designs or retention of the most pro~
mising programs.

Current analytic efforts are extremely complex and weapon system
analysis requires an expenditure of manpower comparable to that of
the actual research and development of the weapon system. Current
efforts involve extreme amounts of available computer resources. It
is the nature of existing brute force techniques that discrimination
between poor design and promising design can be made only after ex-
haustive cemputer studiea.l’2 In the final analysis the choice is
still dependent upon the integrity of the analyst to ascertain the
validity of the input data, the viability of the employment constraints
utilized in the analysis, and the interpraetation of the study results,

A major deficiency with current analytical efforts is the fact
that poor systems are su&jected to the same detailed scrutiny as the
promising systems since discrimination can be made only i{n the final
analysie, Analyses are conducted cautiously on all systems, promoted
~ basically by a desire in the end to be ahle. to discriminate between
the promising systems and not betwaen the t;o extremes. As a result,
highly sophisticated system analysis techniques have been developed
in ar attempt to couverge to true solutions with relatively small

2
error.l’
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Such techniqueg when appliad to all proposed designs and concepts,
result in a needless waste of resources, Techniques which are simple
and require a minimum of minpower and computer resources are needed
to reduce the ever increasing number of concepts and deﬁigns to the
few which offer the greatest poténtial. The remaining programs can
then be subjected to the detailed analysis necessary for establishing
a viable researcht and development program.

It is the purpose cf this effort to develop methodology which
approximates with sufficient accuracy the potential of proposed wea-
pons systems concepts and designs ito the extent that the above can be

realized.

B. Pattern for Employment of Tactical Air Forceas

The order of precadence in which combat air functions are accom-
plished cannot be prescribed by arbitrary methods and procedures. The
fundamental principle governing the priority of combat air functions
is the requirement to neutralize the enemy threat having the most pro-
found and comtinued influence on the total mission of the combat
area command. This principle is compatible with the inherent charac-
teristics of tactical air forces, since it provides for their employ-
wont at a decisive time and place.

Tactical air furces are camployed in the following tasks which
produce area effects: tha attainment of air superiority by destruc-
tion or nevtralization o enemy air forces which thresten the area;

a

the progresaive neutralizatiou of the eneay strength to sustain combat

-~

by $solating air and surface combat forces from their means of supply
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and battle sustenance; the disruption of enemy actions in the immedi-
ate area of engagement between the opposing surface forces. The
priority of these tasks is dependent upon the effects desired In
terms of the area command mission and war strategy.

Timely, offensive action against well-chosen targets is fundamen-
tal to the full exploitation of the combat potential of tactical air
power. Timing of the action to dastroy or neutralize a target may
often be as important as the selection of the correct target.

The researck and analysis of this effort will be restricted to

tactical surface targeis, specifically to the preliminary design and

development planning methodology necessary to ascertain that a weapons
system inventory is developed and maintsined to meet all possible con-

tingencies within this mission avea,

C. Target Vulnatabilitys

The determination of target vulmnerability involves an analysis
of a number of complex factors. Premature commitment of forces withe
out proper consideration of target vulnersbility may vesult in needless
oxpenditure of effort and resources with little appreciable cffect
upon the enemy's ability to conduct combat operations.

A fundamental factor in considering target vulnerability is the
essentiality of the target to the enemy's combat effort. The breadth
of this factor lies in an examination of the entire spectrum of cargets
within an aves of operations. DPursuant to this exsmination, the tar-
gets chosen should dnvolve the most significant areas of enemy strength,
without which hiy rombat oparations may need to bu reduced drastically

or suspanded euntiraly.

v twgees g gt g @



In orderAto determine the susceptibility of targets to destruc-
tion o: neutralization, detailed knowledge of their physical features,
such as mobility, mass, construction, location, and density is required.
The vulnerability of a target or target system must then be measured
against existing weapons to produce varying degrees of effect depending
upon the specific tactical operational environﬁent. 1f voids or mar-
ginal capabilities exist, new weapons systems must be planned, designed
and placed ét the disposal of the tactical air forces. A detailed
understanding of weapon capabilities, limitations, and effects is re-
quired in ovder to mal.e the most efficient and economical selection.
Targets ray be vulnerable to attack, but impervious to the weapons
available at the time required. Capébilitiea must be sufficient to
insure that the effects produced ave commensurate with the effort

and resgurces expended,

D. Concepts From Weapons Systems Analysis
1. Damage anu Casualty Critet.a6

Because of the complexity of tactical air operations against
surface targets, the changing nature of order of prioiity from one
battle area to another, logistics, a*# a nonlinear depietion of avail-
able local munitions stockpiles; 1L hae besn necessary to assess the
effect of weapons systems at vari.us levels below the ultimate of
catastrophic taryet damage, Thus, a number of personnel incapacita-
tion criiesia have evolved which relate weapon effectiveness at
various levels balow inducing death. They are s.parated {nto three
main categories, with a time dependency within each category. The

most stringeant category is incapacitation to the extent that personnel

= gl Y s



can no longer defend themselves from attack. The second category
denies personnel the ability to assault, and the least stringent
criterion denies the ability to function in a supply effort.

Effects on material targets are also assessed at levels of
damage which are less than catastrophic., If a target possesses
mobility, a group of time dependent criteria relating to immobiliza-
tion has evolved and, 1f a target possesses firepower, criteria
have evolved which relate the potential of denying the target its
firepower.

The interpretation of "kill" probabilities requires an under-
standing of some of the basic principles underlying weapon systems
analysis. The term "kill" does not necessarily mean a kill in the
literal sense. It is defined in terms of the desired degree of damage
insofar as material targets are concerned and In terms of level of
incapacitation insofar as personnel targets are concerned. These
criteria have physical and not statistical interpretations.6

Each weapoa has a certain probability of defeating any target
(including the null probability) for any assigned damage or casualty
criterion. Some of the more commonly used criterial are listed in

Table I.




TABLE I.

6

SELECTED DAMAGE AND CASUALTY CRITERIA

Target Criterion Definition
Truck A Kil1 Vehicle Stoppage Within 2 Minutes
B Kill Vehicle Stoppage Within 20 Minutes
Tank F Kill Complete or Partial Loss of Fire-
. power
h%\\~ K Kil1l Castastrophic Damage
M Kill Immediate Immobilization
A Kill Immobilization Within 2 Minutes
Aircraft B Kill Control Loss Within 5 Minutes
C Kill Mission Abort
K Kill Control Loss Within 5 Seconds
Resulting in Eventual Catastroph-
ic Damage
KK Kill Immediate Catastrophic Damage
Bridge Sl Drop a Single Span
Rail Cut Cut @ Single Rail
Personnel 30 sec Def. Ability to function in & defen-
sive posture denied within 30
seconds
5 min Ass, Ability to function in an assault

role denied within 5 aminutes




2. Mean Area of Effectivencss (MAE)6

The MAE concépt relates the effectiveness of a weapon against a
particular target, about the target centroid, in terms of the weapon's
characteristics; target characteristics, both physical and vulnerable;
and a specified damage or incapacitatier criterion. It has been de-
veloped and can be defined such that if the target is located within the
mean area of effectiveness fér a specified weapon and damage or incap-
acitation criterion, then the damage or incapacitation criterion is at
least satisfied.

This definition applies directly to point targets but may be ex-
tended tu include all targets whose centroids are located within the
MAE, Certain targets having edge effects (unitary targets having
large distributed areas such as buildings) and of a class where partial
damage assesswent has military significance must be appreached in an
entirely different manner. The reader is referred to reference 6 for
further explanation.

The problem of assessing weapon system effectiveness is essentially
reduced to determining the probability that a target will lie within
the mean area of effectiveness subject to the constraints imposed
by the weapon delivery systom. The MAE concept may be wodified, with-
out loss of ganerality, for multiple weapons delivery, as will be

shown in later developments,

3. Delivery Accuracy
Dalivery accuracy with regard to current capabilities is a mis-
nomer, since in the most basic sense, both the standard deviation

(g) and circular probable error are measures of the pilot's inability

10




to place his weapon or weapon pattern center on a desired point on
the ground. Combat and testing experience has shown that errors in
range and deflection can usually be described by a normal (or a
Gaussian) distribution whose precise characteristics are well known6’7 .
The range error probable (REP) and deflection error probable (DEP)
measure the tendency of the impact points to differ from the target
center. When the REP and DEP are identical, the resulting distribu-
tion is called circular or radial. Circular distributions can further
be described in terms of the circular probable error (CEP).7 , When
REP and DEP are not equal, the CEP concept may still be employed as,re-
lated in paragraph (E.3) of this section.

Delivery accuracy is normally divided into two categories, one
being referred to as aiming error QJA) and the other as ballistic
error (OB). The aiming error is attributed basically to the pilot

and his ability or inability to place the mean point of impact (MPI)

of the weapon system on the target center. The magnitude of this

error depends significantly on pilot experience and initiative, the
physical and defensive environment, and the handling qualities of
the aircraft, The ballistic errors are attributed to the weapon and
are basically a measure of the divergence of impacts within & weapons
pattern with respect to the MPI. The magnitude of ' 1e errors depends
sigrificantly upon the quality control in the weapons production and
the ejection system,

Conversions for REP, DEP, CEP and o are given in Table II. For ease
of tabulation, both REP and DEP are referred to as the probable

error (PE).

11
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TABLE II.
DELIVERY ACCURACY CONVERSIONS®
To Convert From To Multiply By
CE?P (o] CEP 0.8493
CEP PE CEP 0.5729
o] PE o 0.6745
o CEP o 1.1774
PE g PE 1.4826
PC CEP PE 1.7456

4. Damage Probability
In the most general sense, the probability of damage (PD) is

given by:1

Py = f[f p(x,¥,2)£(x,y,2) dx dy dz (1-1)

~®
where,
p(x,y,2) is the kill probability of a warhead detonating at
(x,y,2) and,
f(x,y,z) is the probability density function for the warhead
datonating at (x,y,2).
A closed form solution to this function does not exist and it
must be numerically integrated at discrete points in a manner 50 as

to converge to the optimal parameter values as efficiently as possible.

12
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An alternative expression for the damage function is:

= 1-2
Py = Ppic ¢ B (1-2)

c is the conditional damage given coverage and PC is the pro-

bability of converage.

where PD/

Accurate closed form solutions for the damage probability are
possible with this approach through utilization of the MAE concept
and provided the conditional damage and probability of coverage func-

tions exist., It is this'approach which will be followed throughout

this investigation.

For area targets, the form of the probability of fractiomnal

damage is the same and is given by:

F (1-3)

where PD/ is conditional damage given coverage and F, is the fraction

c
of the target covered.

c

E. Concepts from Statistics
1. Poisson Distribution

The discrete probability distribution

k =A
p(k) = 5—§$—- s kw1,2,3,...; p(k) = 0 otherwise (1-4)

.

is called the Poisson distribution after Poisson who developed {t {n

13
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the early part of the 19th century. The distribution has the fol-

lowing properties:

Mean b= A

2
Variance o =2
Standard Deviation o= 4 A

8,9
2. Bivariate Normal Distribution
The two dimensional bivariate normal population is the probability
space induced by a pair of random variasbles (x,y) having a joint den-

sity function given by:

2
_ . 1 X ) Kby Z:EX
Fe 2Tbx0y\/:-p_2 o { (l'pz) r( Ox ) * (°x )( Oy )
Yol
L)

Carrying out the required integration the marginal (Gaussian)

density function f(x) of x is: 9
2
X-pb
£(x) & —b—  oxp [ 3 ( ") ] (1-6)
S o,
J‘zn o

and g(y) of y is:

2
y-
“:;j)

'(y) = —ee .4
8(y) J—;cy oxp | z.( ] (1-7)
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Thus x and y are normally distributed random variables with
means p_ and By and standard deviations Oy and oy

The expectation

G2

X

[

is the constant p, the correlation coefficient of the random variables
xand y (0 < p < 1). If the correlation coefficient has an absolute
value of unity, the joint density function is meaningless, and the
variables x and y are said to have a singular normal distribution,
the entire probability mass being concentrated on a line. There is
complete linear dependence between x and y for this case.

If p = 0, x and y are uncorrelated, hence independenc, and the

Joint density function is a product of the marginal density functiona.g

t LI 2 ¥y 2

) +EH 1

£(x,y) = £(x)g(y) = EEEAE; exp {_ % [(
b 4

If in the bivariate normal density function above o, oy - g,
the distribution is said to be circular normsl., For mean values

ux = uy « 0 the function is normalized:g

2, 2
£(x,y) = -2-;-:-2— exp [- 3 (L:}L\] (1-10)

15
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In terms of the vector deviations from the mean value, when

only the magnitude of the radial error is significant, the density

function isfg -
by r 1 £‘2
£r) = S exp - 3 (-5) :‘ (1-11)
o

This function is often referred to as the radial or Rayleigh density

function. These distributions have the following ptoperties:8
|

a) Marginal Density Functions (Figure 1)
Stendard Deviations Gx, Oy
Probable Error in x 67449 o,
Probable Error in y .67449 Oy

b) Joint Density Function (‘J:It - Oy) (Figure l)‘
Standard Deviation v - J"z"g
Circular Probable Error CEP = 4r3—223?0
Circular Error Aveirage CEBA = [Uu/20

3. Equivalent Circular Probable Krror

The circular probable err;r. 48 a pavameter, is a unique function
of the circular normal distribution. Although it is not associated
with the non<circular (elliptic) divariate normal distribution, there
is a circle centored at the afming point of the nonecitcular distribu-
tion which contains helf of the sample points. The radins of this
circle {s often referred to as equivalent circular probable error
(ece).

16

o o o N . o i o En s B2 B M a A ATV S At ¢ AT N L SR . reh. & mh el Ak an s e




- -

ot -0y omfer 40y g—gm

¢ 8 L
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Radial distributions bas.. on an elliptical normal distribution
(gx # cy) must be integrafed numerically for accurate results, How-
ever, when the smallexr distribution is8 at least onz=-third of the
larger (.33 < Uxﬁjy < 3.0), good approximations can be obtained by a

straight line fit to the exact function:

ECEP

5 (% o -
0.615 Cy + 0.562 Oy ( y < x) (1-12)

fi

ECEP = 0.615 o+ C.562 oy Gfx < Gy) (1-13)
Other ¢-mmon approximations used irclude: the geometric mean

/ Gx Gy’ which-is accurate for very low values of cumulative probability

and is rcasorably accurate up to a cumulative probability of 0.4; the

arithmetic mean [(gx + Uy)/Z] which is excellent at 0.6 and is often

used for intermediate values including the 5U% point (CEI); and,

the root-mean~-square [(oxz + Gyz}/2]1/2, a good approximation above

a <unulative probability of 0.758.. The best cverall approximstion is

the curve fit since the interval of asccuracy extends over and beyond

the uther ‘three. These approximations in terms of ihe dimensionless

- +* KN M : g /O 3 1 P 21
parame*ers (EbLP/cx, UyﬂTx) and (ECEP{oy, x/ y} are shown in 1‘59?“
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SECTION II

OPTIMUM DAMAGE PROBABILITY AGAINST POINT TARGETS

A, Singly Delivered Weapons Againet a Point Target
1. The Probability of Coverage, Conditional Damage and Probability
of Damage Functions for Area Weapons.
This section contains the development of the damage equations
for an area weapon delivered against a point target, An area weapon
is defined as a weapon system which contains a number (n) of submuni-
tions which are released in a salvo (simultaneously). 1In most cases,
a cluster (packaged submunitions) is released as a unit and at some
point along its trajectory dispenses the submunitions in a salvo.
A point target is defined as a single target containing one or more
vulnerable components, any of which or any combination of which, satis-
fies the damage criterion if rendered inoperable.
a. The Probability of Coverage Function
The probability of coverage function P, can be approximated

c
by the radial distribution. It has been shown in reference 6, and is

briefly discussad in the introduction, that the circular normal or
vadial distribution function is an excellent approximation of the
elliptic normal distribution for .33 ¢ °x/°y ¢ 3.0, 1In these cases

it is genorallv wore appropriate to convert from standard deviation to

c¢ircular probable error (CEP).

- vt the case of 8 point target (RT < RP) centered at (0,0), the
probability that the target centroid will lie withiu the weapon's pattern

radius RP is the denaity function integrated over RP‘ It can be assumed

that the pilot can {dentify and is delivering weapons to the target

20
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center with standard deviation error 0., Thus the expected position

of the munition's pattern center is the target centroid.

R
P(R,) = Iop[ :5 exp(-rzlzoz)] dr (2-1)

Po = B(R) = [1-exp(-RP2/202)] (2-2)

This is a special case of the probability of covering an area
target with an area munition with the area target radius degenerating
to zero. The devélopment of the more general problem will be covered
in Section III. The point target problem is separatedAfrom the general
problem primarily due to the higher frequency wéth which the former
appears in relation to the latter. Approximately 80% of all aerially
attackaed surface targets can be classed as point targets.

Equation (2-2) 1s not necessarily restricted to point target
applications, As a matter of fact, it is an excellent approximation
for most area targets of interest in tactical conventional and counter-
insurgency warfare.lo For target radii to standard deviation ratios
on the interval (0 g RT/q < 0.5), Equation (2-2) accurately describes
the circular coverage functionlo over the entire range of
‘ RP(O < R?ﬁ3 < ®), Restrictions or the latter interval increase the
range of RTﬁU. For exemple, for RPﬂU 2 3.0, the function {8 accurate
over the interval (0 ¢ atﬁv < 1.5), for Rphy 2 4.0, it is extended
over the interval (0 < RTﬁo < 3.0), and for R?/U 2 5.0, it applies

to (0 < RT/U < 4.0).

2l
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Even for the best contemporary combat delivery accuracies, the
ratios RP/C and RT/G wili not normaily exceed 5.0, However, the ad-
vent of improved delivery accuracy necessitates an extension of the
principles over larger intervals. As the standard deviation.of error
is improved, the range on RT must be reduced proportionately to main-
tain the specified intervals of RT/U. Developments in the next

section will relate the extension over the interval (0 < RT/U < ©)

for all RP(O < RPA’ < ®).

b. The Conditional Damage Function
For weapons systems having a random uniform distribution
of bomblets within the pattern area (AP) bounded by a singly connected
curve, the Poisson approximation adequately represents the conditional
damage probability (PD/C).

fined as the average damage over the weapon pattern (Figure 3).

The conditional damage probability is de-
Let
Kot
p(k successes) = exp (=) p /ki (2-3)
where
. 2,2
b= rpn MAE /A, = Eyn Ry Ry (R << Rp)
The mean value , is the ratio of the total area within which the damage
criterion is satisfied to the total pattern area. The total area of
effectivencss is the product of the number of bomblets with the system

and the individual bomblet MAE. Therefore,
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2, 2
PD/C = l-exp (-rlnRLB /Rp )
23

Figure 3. Conditional Damage for a Single Area Weapon




. o
PD/C = 1 - p(0 Successes) = 1 - exp {-3) y /0!
or
P =z |1 - exp (-r 2/ 2) 2-4
D/C [ P I“RLBRP] (2-4)
c. The Probability of Damage Function
The product of Equations (2-1) and (2-3) leads to:
Po=1-exp (-r 2/ T - exp (-R.2/26%) (2-5
D [ P (-Tyn Rpp RP:H: p (-Rp ] 2

2. The Probability of Damage Function for Unitary Weapons.

Unitary weapons are divided into two separate groups for class-
ification but can be treated identically in the development of the
damage function, One class of unitary weapons is characterized by
high-explosive/blast/fragmentation warheads for which the MAE concept
is defined., Another class is comprised of kinetic energy and shaped-
charge penetration warheads, for which the vulnerable area (Av) con~
cept is defined. For unitary weapons characterized by the MAE cun-
cept, the conditional damage probability is unity. The MAE is defined
in such a manner that, given the target centroid is located within the
MAE, the damage criterion is satisfied, thus reducing the problem to
coverage expectancy. The vulnerable area concept is defined such that,
given an impact within the vulnerable area, the damage criterion is sat-

isfied thereby reducing this problem to one of hit expectancy. Thus,

24
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the two concepts are equivalent. Since in the case of unitary warheads,
MAE = AP’ the damage probability based on the Rayleigh distribution
becomes:
P = [1 - exp (=MAE/2n 02)] (2-6)
and for the vulnerable area concept:
P=[1- exp (-A /2 o) (2-7)
D p (-Ay/2m o
2 2
and since MAE = ﬂRL and Av = ﬂRv ’
py = [1- exp (-R*/26D)] (2-8)
D &
and

Py = [1 - exp (-RVZ/ZoZ)] (2-9)

3. Maximization of the Damage Functions

The damage function in Equation (2-5) may be maximized to:
P.=|1- - 2/ 2) 2-10
p=[1 - exp Ry /20 (2-10)

simply by increasing the number of bomblets within the weapon without
bound, or both. None of these alternatives is economicaliy feasible
and even if such was the case, the limiting case (2-10) becomes
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snalogous to the already limiting case for unitary weapons as reflected

in Equations (2-8) and (1-9). Within practical employment and economic
constraints, the damage function may be maximized for a fixed munitions
design concept by controlling pattern size as a function of the standard
deviation of error (g), the number of submunitions (n) and the MAEB

of the individual submunitions. This approach is practical since pat-
tern size is a unique function of the aircraft weapon release parameters
and weapon (fuze) function altitude. Thus, for a given standard devia-
tion or error, a fixed number of submunitiors each having a mean area of
effectiveness characterized by (RLB), the damage function may be maxi-
mized by determining the optimum patternrradius for the above constraints,
The optimum pattern radius may be achieved by specifying aircraft re-
lease parameters and a fuze function altitude (altitude at which the [/
cluster releases the submunitions) which may be preset or electronically
set from the cockpit.

As previously related, the damage function may be specified by:

Py = Ppg - B

Operating on the damage function

o, 3Pg 3P

~+ P

D/C
— . 2~

26




Equating dPD/dRP.to zero and solving for 4

Fo _ /B
Poic 3Fp/c/oRp

<

(2-12)

Then in terms of Equation (25),

ke R o2, 27
Sﬁ; = ;7 exp [-RP /2 ] (2-13)

2
P 2r.n :
’S%ﬁg - - ;?3RLB exp [-rln RLBZ/RP2] (2-14)

Substituting these relations and the expressions for PC and PD/C into

(2-12) yields:

[1 - exp (-RPZIZUZ)] RPQ exp [-RPZ/Zczj
[1 - exp (-rln RLBZIRPZJ 2r1n RLBZ 02 exp [orln RL82/RP2]
(2-15)
Equation (2-15) 1is satisfied when:
Ry = 2rn g2 o7 (2-16)
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The pattern radius which maximizes the damage function is:

1/4
Rp = (2rym Rmz o)) (2-17)

Substituting this expression into Equation (2-5) and simplifying,

yields the damage function for the optimum péttern radius:
2
B = [1 - exp (-R / rln// 2 c)] (2-18)

In many instances, it is desirable to determine the weapon system
characteristics which will yield a desired level of damage (PD) for any
given submunition type and standard deviation of error g. The number
of bomblets required to obtain a level of damage PD with standaxrd devia-

tion of aiming error g can be determined from (2-18).

n= @) /Ry o (L - [ﬁ,‘)]z (2-19)

The number of submunitions n (of a given type) completely speci-
fies the weight, volume, and physical characteristics of the weapon
system required to yield the desired probability of damage for any
given submunition design constrained by a standard deviation of ervor 4.

It is significant to note that the condition

2

RPA = Zrln RLBZ o

[T —




is equivalent to the following expressions:

This implies that the damage function is maximized when the conditional
damage over the weapons pattern is equal to the probability of coverage

P

(Ppc = o)

4, Optimum Cluster Weapons Versus Optimum Unitary Weapons
a, Optimum Cluster in Terms of Circular Probable Error
The circular probable error can be expressed in terms of

the standard deviation of aiming error:

CEP = /2%2 o

or

g™ CEP/[ 2 gn 2

substituting this expression into Equation (2-18)

2
P = [1 - exp (R, Wczr)]_ (2-20)
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or, in terms of CEP

2
2_ 1" Ry dn?

. GEP 7.
ot -]

(2-21)

b. Circular Probable Error in Terms of weapon Weight
It is desirable ;o compare the effectiveness of cluster wea-
pons and unitary weapons ;n an equal weight basis or cost/weight basis
since weapons weight is a primary penalty on aircraft performance in
terms of acceleration, range and endurance. Cost may enter the pro-
blem since usually minimization of the penalty must be traded off against

an increase in costs.

Define a constant Rl such that:

Total Cluster Wejight wc |

1 " Total Bomblet Weight = n ?

EZ ¥B1

1=1

K

Kl is the reciprocal of the packaging efficiency. Define a con-

stant K, such that:
Ky =¥
Then, the number of bowblets in the cluster can be expressed as:

n
“'E Wy Mg

i=1
30




and the cluster weight as:

e = (wc/ S "Bi)(“ni)" = KKyn

i=1

or in terms of n,

ns= Wclxlxz

Substituting this expression into Equation (2-21)

2
R I T

cee’ ;
2 lma - [rp)

i (0ePp< 1) (2-22)

¢, Optimum Unitary in Terms of Circular Probable Brror
The expression for g can be subatituted into Equation (2-6)

yielding:
]
Pp= |1 - exp (- MAE g 2/ c'sp“)] (2-23)

In terms of CEPZ,

CEpt w - —AE G2

nﬂn(l'PB) ; 0<PD<l o (2-24)

3l
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d. Circ:lar Probable Error in Terms of Unitary Weapon
Weight
Examination of the behavior of MAE (Figure 4) as a
function of weapon weight for unitary weapons reveals a linear
logarithmic-logarithmic relationship for constant (or nearly constant)
charge mass to metal mass ratios (C/M). Of particular interest is
the family of general purpose unitary weapons (C/M o 1.0) (Figuve 4).

The mean area of effectiveness may be expressed as:
on MAE = gy K + “’”2wu

where K is the MA¥Y of the smallest weight being considered (equivalent
to the MAE axis intercept), o« is the slope of the line, and wu is the
weight of the unitary weapon being evaluated.

Alternatively,

o«
MAE = K W
u

substituting this expression into Equation (2-24}

5 ngg,,,z
CEP” = - 3o <y < (2-25)
m o (1-PD)

e. Oluster Weight versus Unitary Weight
By equating Equations (2-25) énd (2-24) the following

expression is cbtained:
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MAE - FtZ x 107

-
-1 1. Light Material 1
2. Light Material
- 3. Motor Vehicle (Target 1)
4., Prone Personnel (Target 2)
5. Motor Vehicle
6. Light Armor
2
100. 0~
ﬂ
-
- 3
- 4
= 5
6
10,0~
-l
b
¢-1
IR AR/ ] T 11
1.0 ot 10.0

3

Weapon Weight - LB x 10~

Figure 4. Typical Unitary NA£7
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Iy We Rg 2 R W) dn 2

= - s O<P < 1)
lez[pm(l-\/-;;)lz mn (- By ot

This approach permits the development of a weight comparison when
both weapon systems are delivered with the same aiming error, or
equivalently, from identical delivery aircraft,

Solving for W, in terms of Wg

2
STRVICERNEN)

2
nrl% m(l-PD)

o -
Wl (O<PD<1) (2-26)

For any specified level of damage desired (PD) and for equal
weapon system weights ch = wu) where the weapon systems designs are

specified:

2
K KR [en a- JP_D)]

"r]_ Bmﬂz &l(l'PD)

ﬁu- ;(0<PD<1)

and Equation (2-26) becomes

wc -8 we

u




or
Waawa-.-;al‘

and finally,

: K1K2K\ [p,n(l-‘/_ﬁ—n)]z-{-i'_a)

Wo=i-
rlnRLBZI %(1 - PD)

; 0O<Py<l)  (2-27)

-

By employing the relationship for weight in the above expression
with either Equation (2-22) and (2-25) and parametric values of
PD (0 < PD < 1.0), weight and CEP; a curve is obtained which divides
the CEP-weight plane into distinct areas where either cluster
weapons or unitary weapons are preferred. In addition, Equations

(2-22) and (2-25) will yield a family of constant P curves (parallel

]
straight lines in the logarithmic CEP2 vs weight plane) which may be
utilized both as a weapon effectiveness tool or as a parametric design

tool.

B. Multiply Delivered Weapons Against a Point Target
1. The Probability of Coverage, Conditional Damage and Probability
cf Damage Functions for Multiply Delivered Area Weapons
This section contains the development of the damage equations
for multiply delivered area weapons against a point target. The de-
velopment is an excellent approximation for multiple cluster patterns
!

which are circular (Figure 1) and does not diverge severely from the

numerically integrated solution for rectangular weapons patterns in
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the interval (.33 < PW/PL < 3.0) vhere Pw is the pattern width and

PL is the pattern length. In this case, the pattern area PhPL is
approximated by 1y sz. |
a, The Probability of Coverage Function

The coverage function is identically the same form as de-
fined in paragraph (II-A-l-a). However, in this case it is desirable
to determine the probability that the target lies within the multiple
area weapons pattern of radius RW' The damage function will be de-
veloped later in terms of Rw{

In a procedure identical to the approach in paragraph (II-A-l-a)

the coverage function can be developed. It becomes:
' 2, 2.1
P, = [1 - exp (- R,"/20%) | (2-28)

b, The Conditional Damage Function
The product of the conditional damage within a single
cluster pattern and the pattern area is defined as the mean area

of effectiveness of the cluster (Figure 5).

The mean value can then be determined

2 2
Pprc’ Ry

poo N(MAEC)/A" = N Rp




N
2 2 2 2
b= ¥ MRy /My = NRPy /RS (Area)

m
we R Z/me? = or 287 (Unttary)

i=1

PD/C a 1 - exp (-NRPZPD/C/RwZ) (Area)

PD/C = 1 - exp (-mRLlewz) (Unitary)

Figure 5. Conditiona! Damage for Multiply Delivered Weapons
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It should be noted that the mean value in this sense is not the
same as would be derived for the case of the product Nn bomblets

distributed uniformly over Aw determined by
2, 2
h=T MRy /Ry

When area weapons are delivered multiply, n bomblats per pattern
are constrained to lie in N pattern areas, the N patterns distributed
randomly over AW' The two terms converge on:y for N coincident pat-
terns of radius Rp = RW'

Therefore, the conditional damage for multiply delivered area

weapons becomes:

t

2 2,
P prc [1 - exp (- N PD/C/RW,)} (2-29)

where Rp 1s determined by Equation (2-17) and P by Equation (2-4).

D/C

c¢. The Probability of Damage Function
The probability ol damage is determined by the product

of Equations (2-2fP) and (2-29)

P'D = [1 - exp (- anz Pn/clxwz)] [1 - exp (-awz/z 02)] (2-30)
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2, The Probability of Coverage, Conditional Damage and Pro-
bability of Damage Functions for Multiply Delivered Unitary
Weapons

The substitution of Rw for RP and RL for RLB in Equations

(2-3), (2-4) and (2;5) yield respectively, the probability of coverage,
conditional damage and probability of damage functions for m unitary
weapons distributed uniformly and at random over an area Aw delivered

against a point target.

Pc‘ - [1 - exp (- \\Jz/z 02)] (2-31)
P =T1-exp (-mRZRH] (2-32)
pic = [} exe (- mRRD]
p' - [1-ewp (- n Y [1- e (- RE2 6%) (2-33)
where

pemw R2MRS < a R /R
is the mean value over the pattern Rw.

3. Maximization of the Damage Functions

a. Multiply Delivered Area Munitions

] ] 1
E—...I:.l-)—.p' -?—P-—C—+P.3_E’2L§ nO
al\, D/cal\q C 3 R
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1
PC i ) Pcla R,

Poic © Ppic/d Ry

operation on Equations (2-28) and (2-29) results in:

[1- exp (-R,/2 02)1 ) Fﬂjexp (-8,/2 02)]

2
1 - exp -NR

2
P /R 2 2 2 2
e/ ) 2R " B oo exp(-NR " By /R

which is satisfied when

2 1/4

' 2
R, = (ZNRP Po/c © ) (2-34)

the radius which maximizes the damage function.

Substitution of (2-34) into (2-30) yields the damage function for

the optimuh pattern radius

Px; - [1 - exp(-R [ PD/C/FO)]Z (2-35)

and

2
v @y 6y ma - )] 2-36)

is the number of clusters, with individual pattern radii Rp and overall

pattern radius RW’ required to achieve a specified level of damage

'
P when delivered with aiming error g.
40
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b. Multiply Delivered Unitary Weapons
Similar procedures applied to Equations (2-31), (2-32)
and (2-33) yield:
The pattern which maximizes the damage function,

9 o L/
Ry = (mR o) (2-37)

The maximized damage function,

2
P]; = [1 - exp (- R J]Z/? c)] (2-38)

and,

2 ]
n= /R m - [7)] s 0<By<D) (2-39)

t
is the number of bombs necessary to achieve a level of damage PD

when distributed over Rw and delivered with aiming error o.

4, Optimum Cluster Weapons vs Optimum Unitary Weapons for Multiple
Weapons Against a Point Target
Converting ¢ to CEP in Equations (2-35) and (2-38) and solving

for (Il!’.l’2 :

N Py R 2 2
[ - [opT?

cEp®

i 0<r <l (2-40)
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e
i
2
92 m RL in2 '
CEP" = s 5 (0 < Py < 1) (2-41)
(- o]
In Equation (2-40) there gre N clusters each having weight
WC = Klen as defined in paragraph (II-A-4-b).
Mg = Wer
N = wCT/Wc
Therefore,
v 2 on 2 !
. or B s (0 <P <) (2-42)

- —
wc[e"(l"\/—;l;)]

In Equation (2-41) there are m unitary weapons each having weight

wu. The total weight of the m unitary weapons is:

uT u
or

a= qu/wu
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Therefore,

2
2- quRL on 2

e o J0]

To compare the effectiveness of these two systems for equal air-

|}
CEP ; (0 < PD <1) (2-43)

craft loadouts in terms of total weight of mnitions expended and

equal delivery accuracy, equate (2-42) to (2-43) and solve for W

CT
in terms of qu.
W = R—Li o) L Wo 3 0<P g 1) (2-44)
- ’ -
CT sz Wu PD/C ul D/C

This relationship is independent of the damage probability as
previously stated. It is assumed that both systems are delivered
with the same accuracy. The following can be accertained from Equa-
tion (2-44);

Clusters are preferred if:

2
Bl (el (2 |

(-1-1_2 W) \Byd <t @<FoesV (2-454)
p

Unitary weapons are preferred if:

2
-:R—l‘— ?-9 - s1; (0OcP <1) {2-45b)
4 -4}
R 2 Hu PD/ B/C
P
where PD /C is determined by Equation (2-4),
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C. Single Massive Clusters versus Multiply Delivered Small Clusters
Many questions have arisen concerning the desirability of develop-

ing single massive clusters as opposed to large numbers of smaller

clusters. These systems will be compared in the following paragraphs

on an equal weight basis,

Let W

MC Weight of the Massive Cluster

x
[

Weight of N Small Clusters

Tk . clusters are assumed to contain identical submunitions, the
number in the massive cluster will be denoted as M and each small
cluster will cuntain n bomblets.

The damige function for the massive cluster is:
2,2, 2 2 ] ,
- - - - - u 3.
Py [1 exp (- x) MR y°/Ry )]l;l_exp( R, /29%) (2-46)

and that of N smaller clustars is given by:

2

EX T I
P, = [1 - exp (- 88 By /R ] [1 exp (- B;'/2 )] (2-47)

whare_PD!C

small cluster, RLB is the lethal radius of a single bomblet, and nw

is takem from (2-4), Rp is the pattern radius of a single

is the radius of the overall munition patterm on the ground.
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Equation (2-46) is maximized when R\J = (2MR, “Bz 02)

PD- [1 - exp (- RLBWF(!)]Z
and (2-47) has a maximum given by (2-35).

Py [1-exp - R “"n/c/F °’]2

In terms of CEP2 (2-48) becomes

2
2 M1ty 2

Kk - J?n)]z

CEP

and (2-49) becomes

-2
2 ‘HG‘IPD!C R 5"2

B CEP® = >
Wofma - fop)]

For oqual delivery accuracy and -ﬂc - KIK.z'n

2

R 2
nm_ pD[C Rg &n <

Fy Vg Ry 02
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(2-48)

(2-49)




or,

2
r.n
_ (2 hs .
Werp = 7 g 3 (O <Ppe= D)
p D/C

The smaller clusters are preferred if:

2
rln RLB
R 2

<1 ;(0 <P
P
p “D/C

p/c = 1)

and conversely,
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SECTION III
OPTIMUM DAMAGE PROBABILITY AGAINST AREA TARGETS

A, Singly Delivered Weapons Against an Area Target

1. The Probability of Fractional Coverage, Conditional Damage
and Fractional Damage Functions for Area Weapons

a. The Conditional Damage Function

The conditional damage within the area of overlap between
the target area and the pattera is identically the average probability
. of damage over the weapon pattern given in Equation (2-4) (Figure 6).
It is repeated here for convenience.

| 2,02
Porc ® [1 - exp (- 0 Ry IR, ] (3-1)

b. The FractionalNCovaraga Functions
No single closed form approximation for the fractional
coverage function could be found which yielded the desired accuracy
over the entire RT/U vange (0 « ﬁTfa £ ®), It vas found thaﬁ-two

expregsions over appropriaste intervals ylelded scceptable agccuvacy

over the applicable range of values,
In the previous section, it was shown that the coversge function

given in Equation (2-2) was accurate for all tactical surface targets

whesre RT/o « 0.5 and (0 < Rp[“ s @),

For the trange (0.5 < RTId < RPIU) the coverage functiva {s wore

accuratels ipproximated by:

P - . . 2,2 " enly
Fo = & [L- exp (- CR A;_)] _ -2)
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Target Area

Pattecrn Area

Fo» AC/nR.r2 = Percentage of Target Area Covered

Figure 6. Single Arca or Single Unitary Weapon Cover Function
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Over the interval (R.p/c < RT/° < =), the coverage function is

approximated by:

2 |
R
2
Fo = G, & [1 - exp (- G, R o )] (3-3)

Ry

A sequential unconstrained minimization technique employing a
non-gradient parameter search was used to determine the values of
the coefficients Ci which minimized the error between the computed
values of the coverage function and the numerically integrated values

from reference 10, The initial error function utilized was:

n

BR=Y)  |Fec - Fer |
cc, - fer
R

where F are the calculated values of the cover function and, F

Cc1 cTy
ave the numerically integrated values. The relative minimum program
searched for values Ci which minimized this error function, The re-
sulting coefficients while producing extremely accurate results over
nirt y-five percent of the range, produced unacceptable deviations for
RT/O Q,Rp/g. This error func*ion was discarded in favor of minimizing
the magnitude of the largest error, such that the maxiwum negative

error watches the maximum positive orroxr, Por this fit the coefficients

have the following velues,

G, = 0.436
49 “
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¢. The Fractional Damage Functions
The fractional damage functions over the two intervals
are given by the products of Equation (3-1) and (3-2) or (3-3),re-

spectively.

FD = [1 - exp (- r,n RLBZ/Rp2] [1 - exp (- .41 szﬂgz)] (3-4a)

2
' FD = [1 - exp (- r,n RLBZ/RPZJ Eki [1 - exp (-.436 RTZ/G?)]

Ry

(3-4b)

2. The Probability of Fractional Coverage, Conditional
Damage and Fractional Damage Functions for Unitary Weapons
The conditional damage for unitary warheads is unity,
a cousequence of the manner in which the MAE is defined for any given
damage or incapacitation criterion. The fractional damage is iden-

tically the fraction of the target covered.

FD - Ll - exp (=.41 RLEAJZ)] (3-5a)
2
Fp = ELE [1 - exp (-.436 KTZ/@Z)] (3-5b)
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3. Maximigzation of the Damage Functions for Area Targets
In a manner similar to the procedure in paragraph
(1I-A-4), the fractional damage functions may be maximized by deter-
mining the constrained optimum pattern radius, The fractional damage

function

Fp = Py - Yo

is maximized when

FC . aFG/aRR
p/c  OPp/g/ky

P

a. Singly Delivered Area Weapons
On the interval (0.5 < RT/g < Rp/c), this expression

results in:

4

2,2 2, 2
(1-exp(-.41Rp I )] 41 R Texp(-.018 /g )]

[l-exp(-rlnRLglkpz)] rlnRLsgziexp(-rlnRLilkpz)]

which is satisfied when

1/4
R, - (rlnRLg o?/.41) (3-6)
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the pattern radius which maximizes the fractional damage. However,
on the interval (Rp/q < RR/c < ®) the result is:
R 2
—LLl-exp(- 436R.%/6%) | 4 2,2
2 IR ) | g exp(-h36R) /7 |
2, 2 = 2 2, 2
[1 exp(-rlnRLB/Rp )] rlnRLB[exp(-rlnRLB/Rp )]

or
2 2,.2
LRt/ |

P [l-exp(-rlnRLglsz)]

R

substituting x = rInRLélsz yields after simplification:
X+ 1 = exp(x)

This expression is satisfied only at x = 0 and X = », This implies
that at x = 0, Rp a o covresponding to a minimum conditional damage

(P . 0,0) and a maxiwum coverage probability (FC s 1.0). Also

b/C
fuplicit {8 at x = » , Rp s 0 covresponding to a maximuw conditiomal

damage (P 1.0) and a minisum coverage probability (¥, ¢ 0.0).
c

/c

In both cases, v., n and RLB are positive rveal numbers, and the damage

1
probability is tdentically zevo (PD s 0.0).

The result s expoctaed since by the fmposed constraiuts (Rp < RT)'
at Rp T, RT e w., The two solutions form a coincident pair of

global minima for the dawmage function, and being the only two solutions,

existence of a maximum {8 precluded. Bocause of the constraints imposed
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as a consequence of the interval being considered (R /g < RT/° < ®)
. P

the optimum damage function is not obtainable identically. That is,

the condition (P - Fc) i8 non-existent. Therefore, the best

D/C
choice of pattern radius for any given munition/target/damage criterion
combination must be detefmined numerically by iterating the pattern

radius and evaluating the damage functionm.

This interval is academic insofar as conventional munitions
design is concerned but is of considerable value for weapons effective-
ness assessments purposes, Although conventional munitions caunot be
designed specifically for vast area targets (due to their low yield),
it is often the case that the damage potential of multiple sortie or
multiple mission strikes must be predicted. If Equation (3-6) is sub-

stituted into (3-4a) the following expression is obtained:
2
£y = [1-exp- S R /o) ] (3-7)

This is the maximum damage for the optimum pattern vadius, Solving
for the numbor of bouwblets neccasary to achieve a given fraction of
damage for any specified target, damage criterion and aiming ervor,

ylelds:

2
D= (1/.&1:0[(0/%) tn (1 ﬁ)J P (0 <Fye 1) (3-8)




4. Optimum Cluster Weapons versus Optimum Unitary Weapons
Equations (3-7) and (3-5a) are converted to terms of CEP
and solved for CEPZ.
Equation (3-7) becomes:

2
.82 r.n on 2
et e 1 2 o g (3-9)

EXSVES) ’

or, in terms of weapon weight,

2 .82 r WCRL.B n 2

CEP 3 (0 < F < 1) (3-10)
K[ 1= [F) T
Equation (3-5a) becomes:
cepl o - BLMAE2 . o Fp < 1) (3-11)
™ in (l-FD)
and in terms of weapon weight
o
2 B2 K wu on 2 < “1n
CEP” = - m i (0 I‘D < 1) (3-12)

Equating (3-10) and (3-12) and solving for

R K K [9" (- I"D)Ta

. 2 gn (1-F)
by "Ry K D

which is identically (2-26) for F

wg p (0< Fy<l)  {3-13)
D" PD'
For equal system weights, this oxpression becomes:

-2 1
K KX [""‘(1' *n)] T-a

W - . « P (0 < By < 1) (3-16)
TR @ -Fy)




By comparing Equations (2-27) and (3-14), it can be concluded

that target area does not influence the choice of weapons systems

for singly delivered weapons as long as the target comnsists of a dis-

tributed simple multiple of a point target. The term simple multiple
refers to an area containing a number of identical or equally vulner-
able point targets. An area containing a mixture of bare trucks and

ordnance laden trucks as an example is excluded.

B. Multiply Delivered Weapons Against Area Targets
1. The Probability of Fractional Coverage, Conditional Damage and
Probability of Fractional Damage Functions for Area Weapons
a. The Conditional Damage Function
The conditional dsmage function for multiple area weapons
was developed previously as reflected in Equation (2-29) and is re-

peated here for convenience,
P, = [1-cxp(-ne e/ | (3-15)
D/C e To/c’ B

b. The Fractional Coverage Function
Two different cases must be considered since the ratio
Rw/o may differ significantly from the ratio RT/G. For RT/o < 0.5

and the interval (0 ¢ RN/° < ®) the coverage function is given by:

' : 2,.2
Fo = [l-exp(*ﬂu /20 )] (3-16a)

The general case of fractional coverage for multiply delivered

weapons is shown in Tigure 7.
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Figure 7.
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and for the range (0.5 < RT/g < Rw/o it is approximated by:
' 2,2
7y = [lrexp(-.41 By o )] (3-16b)

For theoretical completeness, the interval R /0 g RT/G <o

must also be treated.

2
7, ?r—i [1-exp(-.436 By'/oD) ] (3-17)

Again, the interval upon which (3-17) is based 18 of no practical
value in conventional weapons systems design, and is included omly
for theoretical completeness,
c. The Fractional Damage Functions
The probability of fractional damage is found by taking

the products of Equations (3-15) and (3-16a), (3-16b) or (3-17) re-

spectively:
' 2 2 2, 2
) -,[I-exp(-NRp Po/c/® )l [l-exp(-ﬂw 2% )] (3-18a)
Fy = [l-exp(-NszPD/c/Ruz)] [1-exp(-.61n“2;202)l (3-18b)

2
' e 2 2 -
R, o [1*ex?('ﬂap Ppsol Ry )] zii [1.axp(,436 arzlaz)] (3-18¢)
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2. The Probability of Fractional Coverage, Conditional Damage
and Probability of Fractional Damage Functions'for'Unitary
Weapons
a. The Conditional Damage Function
The conditional damage function for amultiply delivered
unitary weapons was developed earlier, in Equation (2-32), and is

repeated here for convenience:
p w1 2R 4 C(3-1
b/c [ mexp(-mRy /Ry :\ (3-19)

b. The Fractional Coverage Functions
The fractional coverage functions for wmultiply delivered
weapons with pattern radius Rw ave {dontical to those for multiply
delivered arca weapons developed above. Equations (3-16a), (3~16b)
and (3-17) are utilized ovar the appropriate {ntervals,
¢. The Fractiounal Damage Punctions
YToking the appropriate products, the fractional damags

functions become:

b 1 W2, 20 Ty iy 3, 4 20
?u v [ -exp(*ka /Rw )} ? “uxp{-Rw {2 )J A (3-20a)

LS 2, 271 2.2 :
fD’ . {1~axp(-mﬁt“lﬁu )J iifexp(-‘&l RM {26 )] {3-20b)

2
sﬁ' g_[x-axp(fanglawzg] iﬁs {l-oxp(-.&3ﬁvﬁtgéug)‘ {3-200)
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3. Maximization of the Damage Function
"It can be shown in the manner described in the previous
chapter that the damage functions are approximated by:
J 1 :
Fc oF,. IBR“

P EYNEN

D/c

a; Multiply Uelivered Area Munitions
Operation on Equations (3-15) and (3-16a) leads to Equa-
tione (3-15) sud (3-16a) leads to: |

[luexp(-.&l szlqz)] 41 wa[axp(h.hl 892102)]

R 2 26 ] r 2 FG
[1-axp(-unp Ppc/By ,] NR By 0 07| exp(-NR) Pysc' B )]

This rvelation is satisfied when:

2 . 1/4

By = (NR "R, o®/.41) o | . (3-21)

the pattern radius which maximizes the Eractional damege.

Substituting Bquation {3-21) into (3-1tb) the following expression

tesults:

- #D' - [i-u&p(-m plo)] ' i (3:22)

This represents the maxfoum damage comzensurate with the optimum pitiern
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radius. The number of clusters required tc achieve a specified frac-

tion of damage is given by:
2 ' 1
W=/ ol ER) m - [R5 0B <) (3:29)

b. Multiply Delivered Unitary Munitions
Operation on Equations (3-19) and (3-1€a) leads to

Equations (3-19) and (3-16b) leads to;

[l~exp(-.41 RWZ/GZ)] 4l RWA[EXP('-41 sz/oz)]
[l-exp(-mRLz/sz)] ) 2mRL%32[exp(~mRL2/Rw2)]

This relation is satisfied when:

v 1/4
R, = (mR “5"/.41) (3-24)

This is the pattern radius which maximizes the fractional damage.
The maximum fractional damage is obtained by substituting this ex-

prassion into Equation (3-20b) ylelding:

! ———my Vi
P, = [1-exp(- 41m RL/G)J (3-25)

The number of unitary weapons of lethal radius RL rvequired to
1
achieve 1 specified fraction of damage FD against an area target of
radius RT when delivered with alming error 5 is found by solving the

above expression for:
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o= (1/.41)[(0/RL) - | F )]2 . (0 < FD' < 1) (3-26)

4, Optimum Cluster Weapons versus Optimum Unitary Weapons
Equations (3-22) and (3-25) are converted to terms of CEP and

solved for CEPZ. Equation (3-22) becomes:

2 82 N B Rgn2

CEP E&,(l- Jf_—v)]z ; (0 < FD' < 1) (3-27)

And in terms of weapon weight:

), 82U, P R %2 \

CEP __ﬂu%_i s O< By <1) (3-28)
Wl (= [ ) ]

Equation (3-25) becomes:

2
2 _ .82 mRL on 2

[% ey O cFy <) (3-29)

CEP

And i{n terms of weapon weight:

. 2
82 W o gn 2
cp? vy o<k

Wu[en - \/_!—’;r)]z ’

<1) (3-30)
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Equating (3-28) and (3-30) and solving for W :

CT
2
o= |2 Yo [ _1 W s (0<P 1) 3-31
e T T Z/iw P ur * \Y < ip/c S (3-31)
Rp u D/

This expression permits comparisons of the two weapons systems an
an equal weight basis, The expression is independent of the fractional
damage, inferring that it holds for any specified level of damage,
providing the respective systems being analyzed are capable of achieving
the specified level of damage. However, the weight requirements
for high fractions of damage against area targets may be prohibitively
Iarge.

it is seen from Equation (3-31) that clusters are preferred if:

nra— ——a———— < } . o 1] -
W P Ll U« 1D/C s 1

2
A (¥ 1
R e u b/C

P

and, unitary weapons aru preferved Lf:

2

W
R} Yo )

ol ===} s 1 D2 P., 1)
sz LIRS B/C

It is significant to note that Equation (3-31) is identically

(2-44) and it can be concluded that target arca does not influence

the choice of weapons systems for multiply delivered weapons.




This conclusion, with the conclusion reached in the preceeding
section on singly delivered weapons against area targets leads to the

general conclusion that:

The choice of weapon system for any specified target is indepen-

dent of the size of the target as long as the target consists of a

distributed simple multiple of a point target.

This conclusion has a far ranging impact on current weapon sys-
tem effectiveness analyses. Approximately 50-70 percent of all ana-
lysis efforts are devoted to analyzing the effects of target area
(area targets consisting of uniformly distributed point targets) on
weapon syatem preference. These studies have been shown to be redun-
dant, Elimination of these studies will eliminate a major workload

in weapon system effectiveness analysis.
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SECTION IV
OPTIMUM DAMAGE PROBABILITY AGAINST TARGETS

WITH LOCATION UNCERTAINTY

{

Independent mathematical derivations involving a point target
located at random within a specified area, where the actual location
uncertainty has some probability distribution about the area cen-
troid, lead to mathematical relationships equivalent to those in
section 1II.

The dynamic situation occurs when aircraft on search and destroy
missions, acquire a mobile target at some fixed ground coordinate,
but are not in position to deliver weapons against the target imme-
diately. During the relatively short time required for the aircraft
to convert to an offensive strike attitude, the target has the latitude
to maneuvves or seek cover of the local terrain and vegetation. Al-
though the pilot may not reacquire the target specifically, due to
possible masking which has occurred during the lapsed time 1n§erva1.
there is a realistic probability of damage associated with the de-
livery of weapons against the original acquisition coordinstes pro-
viding the lapsed time incremsnt is swmall compared to the target's
evasive capability.

An analogous situation 1is a mobile target wmoving through a tree-

1ine ylelding fleeting positious to the attack aircraft. The motion
and exect location are distorted, but a relative area of location

is identifiable,

It became apparent early in the development of the mathematics

of this section that this dynamic situation was equivalent to the
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static situation of the previous section. The conclusion reached

{ is that:
The probability of damaging a point target within an area
of radius Rw, where the location of the target is defined by standard

deviation g, the aircraft delivery error is defined by standard

1

deviation GA’ and the total error I is a convolution of the two
former distrubutions, is identically the probability of fractional
damage against an area target of radius Rw attacked with aiming error

Tpe Bryant'sg work adequately treats this problem and is recommended

-

to readers wishing to explore this subject further,

§ _ In the case of similar distributions in target location and aiming
l error, the variance of the total error distribution is the sum of the
: ) variances of the individual distributions. The mathematics of this
: s section are in this respect redundant and are excluded. The results
' ' of analyses involving area targets arxe interpreted with regard to
" this analogy.
¢
{
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APPENDIX
ANNULAR PATTERN METHODOLOGY

The coverage function for annular patterns may be determined
by considering the coverage probabilities of the associated outer
(Rb) and inner (Ri) radii. The probability that the target lies

within the area generated by Ro is:
P. = [1.-exp(-R 2/2 2)] (A-1)
Co ) o <@

and the probability that it lies within the area generated by the

R1 is;
Py [1.-exp(-Ri2/2¢2)] | (A-2)

Finally, the probability that the target lies in the annular ring

is the difference in (A-1) and (A-2);
2 2,,.2
Pc - [t-.xp(--ll1 1202) - exp(-!{o /20 )] (A-3)

The conditional damage function wust also be modified since
the lethal effoects are confined to the annular ring. The mean value

becowes ;

e = rlnHABB/(AO-Ai)
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137

oY !

2
o= TR/ (Roz'Riz)

and the conditional damage function is given by:

Pp/c = [}-exp(-rlnRLle(Rb?-Riz))] ' (A-4)
and finally, the damage probability is given by:

Py = [exn(-r *120")-exn-8 Fr20®)] x

[1'*”‘*’(‘1%2’ “‘oz"‘iz”] (A=5)

For multiple seapons employment, the area of the resulting
central void must be detormined and the coverage function modified
in & manner similar to the above. The conditional damage function
is found simply by replacing sz in Equation (2-29) with (sz - Riz)

and making the appropriate substitutions for auz.

Pn/c' = {1“”"['“(“02"‘12) Porc! P\aﬂ]}

where &% 1s a function of the difference betveen the overall pattern
are2a and the resulting central void if {t exists.

Appropriate combinations of the above equsations will yield (o
the damage equations for area targets as demonstrated in Section III.
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