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READER 'S REFERENCE

This report is Volume IV of IDA Study S-341 "Determination of
Winds and Other Atmospheric Parameters by Satellite Techniques.™

The volumes describing the study are the following:

Volume I Summary
ITI Potential Needs for Determination of
Atmosphieric Parameters
III Techniques for Determining Winds and
Other Atmospheric Parameters
IV Physics of the Atmosphere
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PREFACE

The work reported in this volume was accomplished under IDA's

3 . Independent Research Program. It is inciuded here as part of S$-341
because of its relevance as a background to tne measuremencs of
winds and densities f-om satellites and to the ~omputational simula-

tion of winds.
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ABSTRACT

The physical characteristics of the terrestrial atmosphere
are reviewed for the purpose of providing a physical background
for a study of requirements and techniques for the determination
from satellites of winds and other atmospheric parameters. The
nature of the atmosphere, its physical processes, and the vari-
ability of its parameters are described. Topics treated, in turn,
are solar radiation as its affects the atmosphere, the troposphere,

stratosphere and mesosphere, the thermosphere and the ionosphere.
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INTRODUCTION

Physics of the Atmosphere, Volume IV of a study of requirements
and techniques for the determinacion of winds and other atmospheric
parameters by measurements made from earth orbiting satellites, is
a review of the physical characteristics of the terrestrial atmosphere
which is to be observed. The nature of that atmosphere, its physical
processes and the variability of the parameters by which they may be
described are essential knowledge required for the understanding and
evaluation of measurement data, for the design of instrumentation
systems, and for the computational simulation of the atmosphere.

Much of the material contained in this description may seem either
unnecessarily complicated for the needs of the pragmatic reader, or
Too elementerily tutorial for the knowledgeful specialist. The
meteorclogist, for instance, will f£find little new in the discussion
of the troposphere. The radio communications physicist will not be
particularly enlightened by the discussion of the ionosphere. How-
ever. in this volume is the background essential for a proper appre-
ciation of the requirements and of the measurement techniques discussed
in Volumes IT and TII. It is hoped that even the specialists will
find some value in this review of the total picture.

In the following pages, the influence of the solar radiation
on the terrestrial atmosphere is described first. The sun provides
the driving energy of the atmosphere and causes its large variability.
Most of the sun's energy arriving at the earth is absorbed by the
sclid earth, the oceans and by the lower atmosphere, the troposphere.
A very small fraction of this energy is deposited in the upper atmos-
phere; however, its effect is very large.
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With the energy derived from insolation as the primary cause of

variability, the terrestrial atmosphere varies most strongly as a

function of altitude. In trying to characterize the variation with

altitude, a number of models of the atmosphere have been described

as "standards" for use in detailed studies. Of these, a recent

example commonly cited is the U. S§. Standard Atmosphere of 1962.
3 Shown in Fig. 1 is the variation of temperature, pressure, density,

and molecular weight, with altitude, according to the U. S. Standard
Atmosphere, 1962.

Also, in PFig. 2 is the variation with altitude of
other atmospheric parameters: number density, collision frequency,

mean free path and particle speed, according to the same standard.
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FIGURE 1. Temperature, Pressure, Density, Molecular Weight (U.S.
Standard Atmosphere, 1962 )( After Valley, 1965)
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of excursions of two of the parameters: mass density and tempera-
ture. Mass density may vary from plus 60 to minus 40 percent of
standard magnitude at altitudes below 120 km, and by a factor of 100
at altitucdes of 600 km. Temperature may vary over a range of 10 to
25 percent of standard value at altitudes below 120 km, and by a
factor of three at an altitude of 600 km.

The variation of the atmospheric temperature profile has been
the basis for the nomenclature of the atmospheric regions, which is
currently common and which will be used in this report hereafter and
is given in Fig. 5. The extrema .f the temperature profile are
called the tropopause, the stratopause and the mesopause, and occur
at altitudes of about 20, 50, and 80 km, respectively. Below the
tropopause is the troposphere; between tropopause and stratopause
is the stratosphere; between the stratopause and the mesopause is the
mesosphere, and above the mesopause is the thermosphere. The physics

of each of the regions is distinctive.

The review of the physics of the troposphere is concerned mainly
with estimating the characteristic dimensions of the large-scale
phenomena which are of importance to numerical weather prediction, and
with a treatment of the theory and examples of the atmospheric wave
motion largely a paraphrase of Eliassen and Kleinschmidt (1957),

Mintz (1961), Lorenz (1965), and Starr (1968). Such wave motions,
including both impulsive and quasi~continuous phenomena, have a highly
complicated theory, which is however a powerful tool for understanding

" the dynamic processes of the atmosphere.

In the review of the physics of the stratosphere and the meso-
sphere, some distinctive characteristics of this stable altitude re-
gion are given. The region is quite unlike either the thermosphere
above it, or the troposphere below. To a degree, it behaves as an
energy trap, it inhibits the transmission of several forms of energy
flux from outer space to the earth, and from the earth outward. 1Its
importance lies in the fact that it possibly serves as an upper bound
to the troposphere (and thereby affects our weather) and certainly

™
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of excursions of two of the parameters: mass density and tempera-

ture. Mass density may vary from plus 60 to minus 40 percent of
standard magnitude at altitudes below 120 km, and by a factor of 100
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is involved in the full exploitation of radio communications and in
the military problem of targeting of weapons from higher regions in

ot e o

the atmosphere and outer space.
150
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FIGURE 5. Atmospheric Temperature Profile and Different Regions
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In the review of the physics of the thermosphere and ionosphere
are given some features of a quite distinctively different region
which affects radio communications, targeting of bhallistic weapons
and the predictability of low orbits of earth satellites.

S ammers varas

e

v A BRGSO



I, TINFLUENCE OF SOLAR RADIATION IN THE ATMOSPHERE

The driving source in producing the variability of the terres-
trial atmosphere is the sun which is, itself, a very complex system.
The regions of the visible sun have been named in a manner illustrated

in Fig. 6.
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FIGURE 6. Regions of the Sun ( After Friedman, 1965)
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The interior of the sun consists mainly of hydrogen which by exo-
thermic nuclear transformation produces heavier elements. The heat of
the exothermic process is transferred from the outer shell by a com-
bination of cotivection and radiation processes and from the inner core
by radiation alone. Only a small fraction of the exothermal energy
escapes. It is thought that the sun has been in essentially its pres-
ent form for about seven billion years, and will remain essentially
in its present form for another three billion years; then it will be-
come a "red giant." BAs @ "red giant," it will expand to a diameter
which will extend to the present oriit of Mars. It will consume the
interior planets (including the earth).

Be that as it may, the present sun is for the time of recorded
observation in an essentially stationary, although complex, state.
The most obvious visual feature of the sun is the photosphere, which
we may see with the naked eye, It subtends about a half-degree. Its
minimum surface temperature is about 5700 to 4oqo°c. The sun suffers
small temporal variations of apparent size and Eemperature that are
due principally to the variations of orbital geometry. and to the ab-
sorption in so called sunspots by cooler gases of a small fraction of
its total radiation., The chromosphere and corona, on the other hand,
are at much higher temperatures and are much more wvariable,

The chromosphere extends from the surface of the photosphere out
about 10,000 km and is extremely variable in thickness. It is made
up of cool spicules which penetrate into the corona and of hotter
inter-spicules. Its temperature and density, illustrated in Fig. 7,
range from about 440C %% and (10)15 cm“3 ﬂear the photosphere to
about 40,000 %K and (10)° em™> at a distance 19,000 km from the

photosphere.

Shown in Fig. 8 is a model of chromospheric and coronal temper-
ature and density. One may see that at about 10,000 km from the
photosphere, there is a sudden transition to the much higher temper-
atures of the near corona (millions of degrees Kelvin). The density
distribution and the temperature are strongly variable according to
magnetic fields in the sun.

10
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FIGURE 7. Density and Temperature in Chromosphere

H. W, Babcock (1961) has given the most plausible explanation
of the principal mechanism that produces the variability of the
visible sun. His ideas are illustrated in Fig. 9. The magnetic
field of the sun, thought to have an exterior expression like that of
a in Stage 1 of Fig. 9 is dragged at different s;eeds in the interior
by the solar plasma. The solar piasma, located within the phetosphere,
is known to rotate more rapidly at the solar equator than at the solar
poles. The distribution of the angular velocity (w) is as shown in
b in Stage 1 of Fig. 9. Moreover, the magnetic field lines do not
penetrate to a great depth within the sun, but rather as illustrated
by H in b. As a consequence of the shallow penetration, and of the
dragging, the magnetic field lines are wound around the solar sphere,
as illustrated in Stage 2 of Fig. 9. With more and more lines pressed
ever more tightly together with successive rotations of the solar
equator with respect to the solar interior, the consequent lateral

11



Mﬁm.znu P T e R P

16
+
3 15+
14 \
i Bl + SPICULE (COOL)
\
I INTERSPIC .\\
B +
10l \
(1] 9 | .;
y4 d
&
8 sl ViR wax (£Q)
Q8 o8
. MAX (POLE)
V4 o b
. MIN (EQ)/ = 3
— A
MIN (POLE)Y” .\
8 A
o o\
° \\ l
3 .y
Y I T IO L1 i
2 8 X
$ 28 8 8% e xg
o - — =) 8 "3
7 = =]
®— 2
6} T~ _F
K INTERSPIC ¢ Ny
(L) -
g° drt
4k ++37 sPicuLe
301 2 £ 5 6 7 B8IAU
LOG h (km)
STH1-20-68-8
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Pressure may cause one of the lines to be extruded as a small loop,

as illustrated in Stage 3 of Fig. 9. The small loop of magnetic

field is the site of the sunspot as cooler gases from below are
entrained in the magnetic field to flow along the loop into a higher
region of hot gas. The sunspot itself is the region of the sun in
which radiation normally visible from the hot gas is self-absorbed

by the cooler entrained gas. Seen from the side, the hot gases in the
magnetic loops are the "solar prominences™ which project cut in the
corona where the temperature is the maximum.

-—

d @ A STAGE 1

S

STAGE 2 STAGE 3
ST11-20-68-9 -

FIGURE?. Development of Bipolar Field (After H.W. Babcock, 1961)
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We now begin to have a basis for understanding some reasons for
the variability in character of the solar sources of radiation that
affect the terrestrial atmosphere. Some ¢f the ideas are outlined

in Fig. 10.
4 2 X
- te 8 KZ g 2hRZ n
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FIGURE 10. Source Location of Solor Emission

The atomic processes that give rise to the radiation may be
classified as transitions from bound to bound states, from bound
to free (and vice versa) states, and from free to free states. The
energy relations characteristic of the three types of transition are
listed in Fig. 10 as functions of density, temperature, and frequency
according to Aller's classification (1963). By using the energy rela-
tions, and the temperature and density distributions of Fig. 8, one
perceives that the visible spectrum originates within the cool photo-
sphere, that the Hydrogen Lyman-alpha line originates within an area
of about a 1C00 km above the photosphere, that the Schumann-Range
continuum originates in the mid-chromosphere about 6000 km above the
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photosphere, and that the X-radiation of wavelength greater than a few
Angstroms originates in the near (hot) cecrona. In general, the radio
frequency radiation must originate in the far corona where the smaller
densities make possible the radiation to earth without self-absorption.
Although the mechanism is not clearly understood, particles radiated
to the earth from "solar sources" do not originate within the sun, but
also come from a location in the far corona. Apparently they, like
the X-radiation, arise from the interaction of jets of magnetically
confined cooler gases from the sun into the hot solar corona. Travel-
ling at slower speeds than the electromagnetic radiation, the par-
ticles travel from the source to the earth by a different route, and
once within the magnetosphere are further constrained to travel along

N . T AR

the lines of the earth's magnetic field.

The spectrum of the solar electromagnetic radiation in the visible
range may be roughly characterized as a group of lines and continua in
an envelope like the black-body characteristic of &000 %K. For shorter
wavelengths (less than 2000 A) the radiative spectrum is as shown in
Fig. 11. For wavelengths 1000 to 2000 A, the radiation appears in
general to emanate from a black-body of temperature 4500 to 5000 %.
Notably differing from this generalization are lines of helium and
hydrogen. Since these gases, however, are the principal constituents
of interplanetary space, the lines represent an accumulation, in de-
graded form, of energy originating in much more energetic form, but
not reduced to the lowest energy levels (HLyA, He I, He II) charac-

teristic of the two species.

In contrast to the radiation at wavelengths greater than 1000 A,‘
there is the radiation at wavelengths less than 200 A. This appears
(as we have already shown to be plausible) to originate from different
sources; a black-body of highly variable area (peak energyv varying by
factor ten between minimum and maximum of eleven-year solar sunspot
cycle) and of temperature about 500,000 % seems to be a source of
radiation greater than 20 A, and a different black-body of even more
variabls area (the shaded zones in Fig. 11 which vary according to
solar flare activity) and of tempe*ature of about two billion °k. The
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FIGURE 11. Solar Spectral Energy Below 2000 A
(After Friedman, 1962)

dotted lines of Fig. 11 show an energy flux curve expected of an area
like that of the photosphere at various black-body temperatures. One
may see by comparing the actual flux curves with the hypothetical
black-body curves (dashed lines), that the solar radiation at wave-
lengths greater than 1000 %k seems to emanate from a source area ap-
proximately that of the photosphere, but that solar radiation at wave-
lengths less than 200 A emanates from a source area that is orders of
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magnitude smaller than the photosphere. Photographs of the sun, made
with X-radiation, confirm that the solar sources are indeed spots on
the sun in locatiens roughly coinciding with solar sunspot activity
and of area of the order of one millionth of the photosphere area.
Seen in profile, the activity which causes the X-radiation is at the
extremes of the solar prominences where the chromosphere penetrates

the corona.

The measured variability of the solar X-ray flux is shown in Fig.
12 in which is compiled measurements by a number of observers. Rasdia-
tion in the band 44-60 A varies over a factor of about ten between
solar minimum and the maximum. Radiation in the band 2-8 A, on the
other hand, is seen to vary over five orders of magnitude between
solar minimum quiet conditions and solar maximum (2 + flare) conditions.
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FIGURE 12. X-Ray Solar Flux Measurements
(After Kreplin, 1963)

The occurrence of radio bursts and flares has been described by
H. W. Dodson (1959), as shown in Fig. 13. Also shown in the figure
are the minimum distances from the photosphere of the sources of the
radiation perceived at the earth, as indicated by the limiting plasma

frequency
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where n, is the electron number density (it is assumed to be equiva-
lent to the number density of the model of Fig. 8). Of particular
note in Fig. 13 is the 3000 MHz radiation which roughly correlates

in time with solar ultraviolet radiation and is indicated as possibly
originating similarly in the chromosphere about 2000 km from the
photosphere. Radiaticn at 3000 MHz is taken as an index of solar
activity as a parameter differentiating between CIRA 1565 (COSPAR
International Reference Atmosphere of 1965) models of the thermc-
sphere. Such an index, while a feeble measure by which to character-
ize variability of the thermosphere, is better than none at all.
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FIGURE 13. Radic Bursts and Flares
(Adapted from H, W, Dodson, 1959)
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- not radial. One hypothesis; proposed by Parker (1958), holds tha
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The delayed arrival of particulate radiation on earth is due to
transit time. An example is the cosmic ray burst of February 23,
1956, pictured in Fig. 14. The originating flare observed in Hy
apparently started at 03 hr 31 min #+ 1 min UT. The first cosmic ray
particles arrived at earth's nightside at 03 hr 45 min & 1 min. The
time distribution of relative increases as observed at Stockholm,
Chicagce and Berkeley are chown in the figure. The earth's magnetic
field acts as a spectrograph separating particles of different
energies accerding to geomagnetic latitude. The energy may be

B e L TR

parameterized as rigidity, 2, defined to be
=RCc

Z Qe 1.2
wherein qe is the electric charge of the particle, p is momentum, and
¢ is velocity of light in a vacuum. 2 is usually measured in units
of (10)9 eV (i.e., GeV). The vertical cutoff rigidity at the equator
is 14.9 GeV; only particles with energies greater than 60 GeV can
approach the earth from any direction. Stormerfs theory has shown
that the cutoff rigidity for vertical incidence is

Zc = 14.9 cos4e 1.3

where ¢ is the geomagnetic latitude. Particles with a rigidity of
somewhat less than Z, can reach the earth at latitude ¢ at large

zenith angles and at certain azimuths, For positively charged particles
in the northern hemisphere, the minimum rigidity is realized for
particles arriving from the western horizon.

The path traveled by a particle from the sun to the earth is

the ejected particles, having been ionized, travel along magnetic
field lines that are anchored to the emissive region on the sun.
Since the sun is rotating counterclockwise (see Fig. 15), its rota-
tion produces a curvature of the field lines which intercepts the
earth's orbit along which the earth moves ccunterclockwise (see

Fig. 15). The angle between the magnetic f£ield path of particles
and the radial path of the electromagnetic radiation can be computed

in the following manner
19
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6 = tan * (253) 1.4 é
¥
. wherein ¢ is the angular rotation velocity of the sun, r is distance %
from the sun, and v is the velocity of the particle. %
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ST11-20-68-15
FIGURE 15. Solar Magnetic Field Lines us Viewed from Sun's North Pole ‘

(Atter Parker, 1958)

A spectrum of solar barticles energies is shown in Fig. 16
: which also indicates the integrated intensity of particles and cosmic
rays of galectic (non-solar) origin.
21
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FIGURE 16. lIntegrated Energy Spectrum of Solar Particles Associated
with Solar Flares (After Obayashi and Hakura, 1960)

ATMOSPHERIC ENERGY SOURCES

The sources of atmospheric energy are the difference between the
solar-originated energy abscrbed by the atmosphere and the energy
emitted by the atmosphere.

At the distance earth is from the sun the solar flux is given by .
the so-called "solar constant™ (1.99 cal cm’2 min_l, or 1.388 (10)6
erg om™2 sec'l)(Allen, 1963). Of this energy a fraction of about 0.99

is absorbed at the surface and by carbon dioxide and water vapor in
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the troposphere, primarily in the visible range of the spectrum. The

distribution of absorbing water vapor and of reflecting water particles
in the troposphere is strongly variable in time, latitude, longitude,

and altitude.
Above the troposphere, the distribution of absorbers is not so

strongly variable. A measure of the absorption capabilities is the

absorption cross section g; the fraction of incident 4lux that is
absorbed in unit distance (dx) of a radiation path in which the

number‘density is n is given by
1.5

g——g=cndx

The principal constituents of the atmosphere below 200 km are atomic

oxygen (0), molecular oxygen (02), and molecular nitrogen (N2).
These constituents have the absorption cross sections shown in Fig. 17.

As we have shown in Fig. 6, the hydrogen Lyman-alpha line is a

very intense one. It penetrates to the mesosphere because it coincides

with a minimum in the wavelength versus absorption cross section plot

of the principal absorber molecuvlar oxygen. This minimum appears in

the illustration of the absorption cross section for O,, shown in

Fig. 18.
A principal absorber in *he stratosphere is ozone 03. {Its

absorption cross section is shown in Fig. 19.) It may be noted that

the absorption cross section of O3 at the wavelength of hydrogen
Lyman-alpha (1215.7 A) is larger than that of 02. However, in
the region where Ly-A is absorbed (70 - 90 km), the number density

of O3 is not large enough to match the absorption by 02 in spite of
the larger absorption cross section.

In summary, then, ths solar heat sources in the atmosphere above

the troposphere are as indicated in Table 1 which shows the magnitude
of the solar flux absorbed in the altitude regime, and the spectral

band of the solar radiation from which the heat is derived.

In Fig. 20 is shown the rate of energy absorntion of X-rays --
220 to 900 p and 1300 to 1800 p wavelength bands.
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TABLE 1. SOLAR HEAT SOURCES IN THE ATMOSPHERE
(After Craig, 1965)

FLUX
REGION ION REG ALTITUDE SOLAR HEAT SOURCE 2 -1
3 () (ergs em “sec” )
Thermosphere
Upper F 150 - 300 Conduction From Corona 0.25 -
Lower E 80 - 150 | Schumann~Runge Cont. 1300-1750A 33.0
3 EUV (A<1000R) From Chromosphere
Mesosphere D S0 - 80 Schumann Runge Bands 1750-1950A 100.0 .
From Chror.0sphere
Stratosphere 30 - SO Hartley Continuum 2000-3000A 1.8( 10)4
From Lower Chromosphere
Troposphere 0 - 30 Absorption From Photosphere And 1.3 10)5
Re-Emission From C02, H20, Surface
300
-,
£ -
E 200
—
w
=
- n'.'.}.
; -..“‘l. .... _
2 ]00 vsansssasssnusnaner® ..--l“"'
1300-1800 A
0 } J 1 1
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10°1% 10 10 10 1c 10 .
-1 -3
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FIGURE 20. Rate of Energy Absorption
(After Johnson, 1958)
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In addition to the sources of heat in the atmosphere, it is

necessary to consider the sinks of energy.
radiative emission of energy out of the atmosphere.

Chief among these is the
In Pig. 21 is

shown a composite plot of vertical radiance, as measured by a number

of observers from balioons, aircraft, rockets and satellites in a

varievy of observation zenith angles.

The daylight radiance appears

to emanate from a source like a black-body at about 6000° X, and
An
. exception to the latter generalization is the nighttime Ly-A, fuvr

the nighttime radiance as from a black-body of about 300° X.

which there may be several explanations.

ZA =

10
1
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FIGURE 21. Vertical Radiance (Dayglow, Nightglow)
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In Fig. 22 is shown a schematic representation of the infrared
spectrum of air. The curve shows black-body emittance at 300° K in
relative units. The hatched areas represent the spectral regions of
appreciable absorption and emission due to C02, H20, and 03. In
Fig. 23 are given the cooling rates due to the 15 micron CO2 band
and to the 9.6 ozone band, according to calculations by Plass (1956).
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FIGURE 22. Infrared Spectrum of Air and Spectral Regions of Appreciable
Absorption Due to CO3, HyO, and O3 (After Craig, 1965)
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II. PHYSICS OF THE TROPOSPHERE

The following review of the physics of the troposphere is an
attempt to summarize, from a very large body of literature, the
features of the troposphere vhich are pertinent to observations
made from satellites. A particular need is to relate the teatures
by some sort of generalization which makes possible an appreciation
of the techniques for determination of tropospheric parameters.
Treated first is an effort to appraise in general the magnitude and
range of variation ("scale"™) of important atmospheric parameters in
terms of spectral distribution in frequency, lifetime and dimension
and in particular, the scale of those parameters treated in numerical
weather prediction. By "numerical weather prediction' is meant the
forecasting of weather for more than 24 hours ahead. This, as well as
the analysis of the current weather situation, is accomplished by the
use of high-speed electronic computing machines.

Following this general description of particular features of the
troposphere is a review of some important features of the hydrodynamic
theory of wave motion in the troposphere. Finally, some of the gross
features of the general circulation of the atmosphere, involving both
friction and heat sources and sinks, are described.

GENERAL DESCRIPTION OF PARTICULAR FEATURES OF THE TROPOSPHERE

The climate that we experience is affected by a variety of in-
fluences. Of these influences on climate (some of whict have been
listed by Landsberg [1945], and are shown in Fig. 24), & dominant one
is insolation which has effects listed in Tables 2 to 4. At the
surface of the earth some of these parameters of the weather have had
extreme values (see Table _5). The scales of various phenomena

fﬂl!g PAGE BLANK
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TABLE 2. ALBEDO OF SOLID AND SMOOTH SEA SURFACES

SOLID SURFACES
CULTIVATED SOIL SAND FRESH OLD SNOW
TYPE OF SURFACE AND VEC ETATION AREAS SNOwW AND SEA ICE
PERCENT REFLECTION 7-9 13-18 80~90 50-~60
SMOOTH SEA SURFACE
SOLAR ELEVATION, DEGREE 5 10 20 30 40 50-9¢C
PERCENT REFLECTION 40 25 12 6 4 3

TABLE 3. MERN DATLY HEAT SUM RECEIVED ON CLEAR DAYS
IN VARIOUS LATITUDES OF THE NORTHERN HEMISPHERE

LATITUDE, GEGREE

HEAT SUM, CAL/CMz/DAY 510 510

470 380 300

75

220

TABLE 4. HEAT BUDGET OF THE EARTH AS A WHOLE FOR AVERAGE

DAY OF THE YEAR

HEAT RECEIVED BY CAL/CMz/ DAY HEAT LOST 8Y CAL/CMz/DAY
DIRECT SOLAR RADIATION 170 OQUTGOING RADIATION 790
DiFFUSE RADIATION 140 EVAPORATION 120
BACK RADIATION FRCM ATMOSPHERE 600
TOTAL 910—— TOTAL 210

AFTER H. E. LANDSBERG, IN F. E, BE"«Y ET AL, HANDROOK OF METEQROLOGY 1945
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TABLE S. EXTREMES OF SOME CLIMATIC ELEMENTS OBSERVED ON EARTH®
IN THE UNITED STATES
ELEMENT VALUE LOCATION
VALUE LOCATION
ABSOLUTE MAXIMUM TEMPERA~ 136°F  |AZIZIYA, TRIPOLITANIA | 134%F GREENLAND RANCH,
TURE DEATH VALLEY, CALIF,
ABSOLUTE MINIMUM TEMPERA- -108°F [OIMEKON, SIBERIA, US-| -46°F RIVERSIDE, YELLOWSTONE
TURE SR PARK, WYO.
ABSOLUTE MAXIMUM PRESSURE 1,078 MB |WESTERI ! SIBERIA 1,060 M8 | LANDER, WYO.
ABSOLUTE MINIMUM PRESSURE 887 M |[PACIFIC OCEAN, OFF 892 ME | LOWER MATECUMBE
PHILIPPINES KEY, FLA.
ABSOLUTE MAXIMUM RAINFALL IN 46 IN [BAGUIO, PHILIPPINES 2585 IN | CAMP LEROY, CALIE.
24HR
ABSOLUTE MAXIMUM RAIMFALL IN 241 IN |CHERRAPUNJI, INDIA
1 MONTH
HIGHEST MEAN ANNUAL RAINFALL | 476 IN [MT. WAIALZALE, T.H.** | 150 IN | WYNOOCHEE OXBOW,
WASH.
ABSOLUTE MAXIMUM RAINFALL 1.02 IN | OPID'S CAMP, CALIF,
MEASURED 1N 1 MIN,
ABSOLUTE MAXIMUM WIND SPEED, 225 MFH| MOUNT WASHINGTON,
ACCURATELY MEASURED NLH,
MAXIMUM MEAN WIND SPEED, *es e 188 MPH] MOUNT WASHINGTON,
ACCURATELY MEASURED FOR 5 N.H.
MIN,
MAXIMUM MEAN WIND SPEED, 173 MPH| MOUNT WASHINGTON,
ACCURATELY MEASURED FOR 1 HR NLH.
MAXIMUM MEAN WIND SPEED, 129 MPH| MOUNT WASHINGTON,

ACCURATELY MEASURED FOR 24
HR

N.H.

* THE VALUES GIVEN DO MCi INCLUDE MEASUREMENTS IN THE FREE ATMOSPHERE.

** VALUE BASED O 7 YEARS OF INTERRUPTED RECORD.

A COMPUTATION BY USING THE NORMAL VALUE

AT A BASE STATION WITH LONG RECORD ( FORMULA ON P, $58) YIELDS 462 IN. BOTH VALUES ARE
DEFINITELY ABOVE THE LONG RECCID VALUE OF 428 IN. AT CHERRAPUNJI, INDIA,

«** ZOR WINDS THE VALUES GIVEN FOR MOUNT WASHINGTON IN THE COLUMN FOR THE U.S. EXTREMES
ARE THE HIGHEST THAT ARE ACCURATELY MEASURED AT STATIONS ON THE EARTH'S SURFACE. THEY
ARE KNOWN TO HAVE BEEN EXCEEDED IN THE FREE ATMOSFHERE.

AFTER H. E. LANDSBERG, IN F, £. BERRY ET AL, HANDBOOK OF METECROLOGY 1945




characteristics of the troposphere are essential features to be borne
in mind in any analysis. These are the scales of the weather as we
know it, to be sure, but the dimensions of the phenomena are not
a.ways clearly understood.

FREQUENCY SCALES OF TROPOGPEERIC MOTIONS

The characteristic spectrum of atmospheric motions is not well
known. Its range of frequerzy may be comparable to its range of
characterlstlc lengths, which ranges from the equator—to pole distance
(about 10/ m) to atomic dimensions (about 107t o m), a total range of
17 orders of magnitude. Some idea cof wind speed spectra, made by
measurement of wind speeds at Brookhaven, Long Island, and Caribou,
Maine, from towers about 100 and 30 m high, respectively, and cocvering
many orders of magnitude of frequency, has been described by van der
Hoven (1957) and Oort and Taylor (1969}, as shown in Fig. 235. The peak
of power at periods of about fcur days corresponds perhaps to planetary
wave propagation represented, for example, by the propagation of
cyclones and anti-cyclones. The lesser peaks near the 12 and 24 hour
periods correspond to the semidiurnal and diurnal tides. The peak near
one minute seems to correspond to the motion associated with small-
scale turbuience, familiar as gusts and lulls of wind. Oort and Taylor
(1969) have also shown effects of aliasing from periods of one minute
(the basic averaging period of the wind speed of the wind reports) and
the two hour Nyquist frequancy of their own study, with the assumption
that the true spectrum at high frequency is the dotted curve which has
been drawn to correspond with an der Hoven (1957) data. The difference
between the true data (the dotted curve) and the apparent but erroneous
spectrum (solid line) is a dramatic demonstration of possible error of
using one minute averaged observational data as inputs at two or three
hour intervals for purposes of numerical weather analysis and prediction.

TIME SCALES FOR ATMOSPHERIC MOTIONS

In numerical weather analysis and prediction it is important to
distinguish betweenr large and small length-scales of weather phenomena-
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In the past, the effort has been chiefly concerned with weather
phenomena of large dimension on the supposition that the small-scale
activity is embedded within the large-scale effects and is carried
aleong with it.

6 T T T T T . !
o - BROOKHAVEN, LONG ISLAND, M.Y. :
Y, (VAN DER HOVEN, 1957) 4
Ng i
13
‘E 2
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3 0
-2 -1 3
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PER (hr) 100 10 1 0.1 A 0.0 0.001
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K ! ‘ vt h "' cAmBOu, MAINE |
- (OORT & TAYLOR, 1969)  —
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- fe— OF CARIBOU, MAINE
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~F 20 \J POSSIBLE HIGH
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SPECTRUM WIND SPEED AT CARIBOU, MAINE .
( AFTER OORT AND TAYLOR, 156%)

FIGURE 25. Horizontal Wind Speed Spectra




G. D. Robinson (1867) has suggested one basis for identifying
specific time scales with specific space scales. He notes that the
Navier-Stokes ecuation, the basic equation of hydrogynamics, is in

the form ;
aul_au . oo - 2
dt[" 3¢ tu o etc] forces + vvu, etce. (2.1)

where v is a coefficient of viscosity and u is a velocity component.

It is concerned with the equation of motion of a fiuid.

The lifetime of the "formsY of the fluid variations may be
estimated to be of order

2

?p =~ 12/ (2.2)

if L is a characteristic dimension and D is the coefficient of
diffusion. Then, if the bulk velocity is U, the time for a form to
travel distance L is L/U. B form cannot travel more than this

distance as a recognizable entity if

L/u > L2D (prediction impracticable)
or if

Wwop=1f5 <1 (2.3)
In turbulent conditions, the analog of Bq. 2.3 is

o
L/u> L' /X (prediction impracticable)

or
‘LU/K < 1 (2.4)

wherein K is a lateral eddy diffusion ccefficisnt for momentum
appropriate to the length scale.
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The scales L, K and v are not independent of time; however, as
an example by which the predictability time may be estimated, Robinson
considers the following model: a region of diameter L with parabolic
velocity distribution, zero at the boundary, maximum U. He has also

taken:
2 2
- 2 du u 3 u gu
u = £U, |uss) = o5, S5 = =5 (2.5)
3 X L ay2 L2
Taking a particle to be accelerated to its maximum velocity by
external forces and thereafter retarded by lateral diffusion of
momentum, he eguates average inertial and dissipative terms
B . g 2 (2.6)
|u 22 2 .
and finds that
k=2 (2.7)

The rate of dissipation of the enercy of the large scale motion is

2
_ o= du _ 16U _ 21
¢ = K = =K = £5 (2.8)

By deriving U from (2.8) in terms of €, and by subt,cituting into
(2.7), we find

1/3 1/3 &/3
x=%(§) e (2.9)

=

This is the Richardson's law (132¢), which predicts that the diffusicn

of a pair of particles separated v a distance I has a diffusivity

/
K praoportional to L4/3. The mnumerical coefficient 1{3\1/3 = 0.14
g\2

obtained here is, however, at varian.s with thit proeposed by

Richardson.

The limiting values of the frictional dissipation cf kinetic
. . L . 2 -3 as .
energy tabulated by Robinson are 1 < € < 10 cm® sec ~, estsblished

r Pare i o
G e

from the observed radlation [ield without regar

Q

atmospheric motion.
z > k4
N 2 - - J -
Actually other observers have reported values 07 € ~ 10 cm® sec 7,

38



using Eq. 2.9, Robinson found, with his assumptions, the limits of
K are

3

0.150%3 <x <o0.3%/3 (2.10)

Robinson's values of the eddy diffusion coefficient X, bulk velocity
U and predictability time T = L/U = L2/8 X for the various scales of
atmospheric motion are given in Table 6. For values of dissipation
rate greater than those assumed by Robinson, predictability times are

even shorter than tnose of Table 6.

Robinson's suggested relationship assumes that predictability
time {or time interval over which a state is predictakt.e) is the same
as the lifetime (or the time over which a state may be expected to
exist). That they are the same is controversiai. Also, neither is
likely to be the same as the scale time, which for phenomena of
interest (length scale of 1000 km), is more than 10° sec, say about
four days, as described in later paragraphs.

SCALE OF ATMOSPHERIC PARAMETERS FOR NUMERICAL WEATHER PREDICTION

The need for exact knowledge of atmospheric parameters for the
purpose of numerical prediction of weather for more than 24 hours in
advance has been reviewed by Phillips (1960}. In his review, Phillips
rotes that J. G. Charney (1948) made useful estimates of space and
time scales of the meteorologically important motions of the tropos-
phere which may be numerically simulated with electronic computer
computations.

Charney (1948) and FPhillips (19¢€C) have been guided by the
experience of synoptic meteorolcgists who have found that the weather
producing motions of the free atmosphere can be characterized as
quasi-hydrcetatic, quasi-adiabatic, quasi-horizontal and quasi-
geostrophic. The theory is “ased on a kind of dimensional analysis
similar to that used in th. “oundary layer theory of zerodynamics,
in which the motion Is crz:s terized by a length parameter and a
velocity parameter, in terms of whicn the orders of magnitude of the

individual terms of the equationg of motion are evaluatred. In the
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Charney treatment, the parameters characterize the horizontal and
vertical scales of motion, the speed of propagation of the streamline
pattern, the horizontal particle speed, and the internal static
stability.

Since the governing equations are non-linear and the small scale
motions are not superposable on the large scale motions, it is not
strictly proper to regard the two scales of motions as independent.
However, in the atmosphere, since the bulk of the energy is asso-
ciated with the large-scale systems, the small-scale motions may be
regarded as turbulent fluctuations giving rise to small Reynolds'
stresses and heat transports which, in the first approximation, may
be ignored.

Charney's analysis begins by assigning the following orders of
magnitude for the large-scale motions, which are assumed to be wave-
like in shape:

S = horizontal scales mean horizontal distance between
velocity extremes C~106 m)

H = vertical distance scale, mean vertical distance between
velocity extremes (~104 m)

V = mean horizontal velocity (~10 m sec’l)
C = mean speed of propagation along horizontal streamlines
~10 m sec™¥)

X = non-dimensional parameter characterizing the static
stability of the atmosphere

K= % (%d - %) where Yg = dry adiabatic lapse rate % and
P .
v is the actual lapse rate in the atmosphere leo'l)
G = acceleraticr. due to gravity (~10 m sec—g)

f = the z-component of the earth's vorticity, f = 2nQsing,
where Q is the angular speed of the earth's rotation
about its axis and & is the latitude (<1077 sec™t)y

i = the y-~component of the earth's vorticity, j = 2MQcosd,

6~10-4 sec"l).
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The first four of these are determined by observation of weather naps;

values of K are given for normally observed lapse rates in the tropos-
phere; values of f, j hold for latitudes between 0.5° and 75°.

The basic equations for the motions in the atmosphere are given
by the equation of motion,

dv  ov o -
-.‘.: = ——’: = e - e— .ll
FT-SETL vy, 20 %y 5 gk + F (2.11)

for which the components are written if we neglect external forces
E, and viscous forces vT

3u  fusu , vou  wdul} _ o= ~& 9P
, at'+( 3% + >y + az) fv + jw

av  fwv  wvev  wv - -132p
at“‘(ax+ 3y ¥ az)+f“‘ p oY

aw [, ww, ww), sy, 5o -L22

at+\ > eyt ez )Mt p 32 (2.12)
The equation of continuity of density p

%% ==y . 9p (2.13)
and the equation for the conservation of entropy s

%§+g.vs=% (2.14)
In Eq. 2.14, the atmesphere is considered as a perfect gas,

s =c,4inp- e Inp = cp inT-RInp (2.15)
and the equation of state is

T = R (2.16)

Rp

In these equations, v is the velocity (three dimensional in u, v, w)
relative to the rotating earth, ﬁ is the vertical unit vector, T is
the s~component of earth's vorticity 2nsing, 3 is the corresponding
South versus North (y axis) component (2Qcosg), Q is the angular
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speed of earth rotation, ¢ is the latitude, F is the frictional force
per unit msss, p is the density, p is the pressure, s is the specific
3 entropy, q is the rate of heating per unit mass, T is the temperature,

iad

cp and c, are the specific heats at constant pressure and volume,
and R = ey - o = 287 m? 2 deg—l

Additional equations are required to describe the flux of water vapor

sec” is the universal gas constant.

and the condensation process.

A convenient measure of the entropy of dry air is the potential
tenmperature which may be defined by s = cp&ne + constant, from which

D) Rie,
8 = D T (2.17)

Y
¢

If the right side of the Eqs. 2.11 to 2.14 is expanded, operators

like %;, %;, %E appear in addition to the %E operator. These may be
assigned the order cf magnitude
S~H~5=10Cn"t (2.18)
%E'” % =130"% n -1 (2.19)
g——t'v c %’; = 10"° sec™t (2.20)

Given these orders of magnitude; the following statements may be
made:

1. The continuity Eq. 2.13 sets an upper limit on the value of
the vertical velocity, which may also by the geostrophic
approximation to have the value

w= (_}ZVE = 10" sec"l) =~ 1072 p sec™t (2.21)

2. Introduction of the inequality relaticn of Eq. 2.21 into the
vertical component’ of the equation of motion (Eq. 2.11) shows
that all terms are smaller by a factor of 10"% than gravity
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4.

(g) and the vertical pressure force. This justifies the
use of the hydrostatic equation

glzz = ~pg (2.22)
in place of the vertical component of Eq. 2.1l in which the
second ard third term of the left hand side effectively
cancel each other.

Introduction of Charney's original scales and the inequality
of Eq. 2.20 into the horizontal components of Eq. 2.11 shows
that the horizontal components of the Coriolis acceleration
{~ fV) and the pressure forces are about ten times as large
as the horizontal acceleration terms (~ V2/S). In this

way. the geostrophic relations are justified:

= .1 3P =21 _3p
u 5 3y ° v 5T ox (2.23)

Here the differentiation of p is carried out on a surface
of constant z, which yields the same result if the
differentiation of p takes place on a constant pressure
surface whenever the hydrostatic relation Eq. 2.21 is valid.
Phillips notes that the geostrophic approximation is not

as good as the hydrostatic approximation and becomes worse
at higher velocities (when V/S increases) and at low
latitudes (when f decreases).

Introduction of the hydrostatic Eq. 2.21 and the geostrophic
approximations 2.12 into the first law of thermodynamics
Eq. 2.14 and disregarding q/T, as though the process were
adiabatic, leads to a refined estimate of W, given by the
equality of Eq. 2.21. The small value of W so implied means
that the vertical advection terms E%% and E'—g-%on the left
side of the component Eq. 2.11 age even less important than
uu

the horizontal advection terms —S§-by factor T% and shculd

be neglected in any theory based on Eqs. 2.22 and 2.23. The
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B - v

acceleration of the horizontal wind may be computed as if

the motion were purely horizontal. A further conclusion
stemming from the inequality (W/B) < (V/S) is Chat the

horizontal divergence

" " W ,
v (tu + jv) ~ 7 (2.24)

is smaller than the vorticity of the horizontal wind
g:k.gvpx(1u+jv)~§- (2.25)

By a slightiy different analysis, Burger (1958)

has shown that the inequality (W/H) < (V/S) becomes an
equality when S is as large as 107m, comparable to the
radius of the earth. This invalidates the geostrophic
theory for predicting motions of such great horizontal

extent,

The horizontal increments of the pressure and density
fields are of the same magnitude as their mean values,

and vary in the same horizontal scale S as do the velocity
increments. Similarly the vertical increments of pressure
and density vary in the same vertical scale H as do the
velocity increments, and are of the same order as the

pressure and density itself. Accordingly, Charney notes

by using Eqs. 2.22 and 2.23

atnp 3 L5 .58, R,
X ay an Q'H 10 5 X Y gH \2-2b)
and
? 1_ .44, 3 1 _ 4 -
S 1w ~F= 10 3 Y Anp ~ § = 10 (2.27)

Differentiating Eq. 2.17 with respect to x or y, and sub-
stituting Eqs. 2.26 and 2.27 yields
£V

=~ 1078,
(me)~§§— 10 73

|

(ng) ~ L = 1078

v o (2.28)

o/

45

R TR G 3

R AR v s, Kogrie, i VRN

feaa

-
— - e e e - - [y




RreT

Then using Eq. 2.20 yields

= (2ng) ~ =~ (2.29)

Applying the geostrophic and hydrostatic Eqs. 2.22 and 2.23 and the
equality 10 giving W into the equation
dv. 4V v,

dg = gtn + ‘*32 (2.30)

Charney obtains

2 ~2
du dv cv , fev -4 10
qaE~ I~ s g~ 0 @+ ) (2.31)

So it may be seen that the term in d§h/dt involving w is one order of
magnitud: smaller than the other. Similarly, Egs. 2.22, 2.23, and the
equality of 10, taken with Eq. 2.26 yields

d, (4np)
a_ =_h 3
gt (anp) = & v (4np) ~
Feev 1, _ 4n=7 -6] watnp
[——-—QH {1+ ]—(-) = 10 + 1C J~ s (2.32)

The Implication of Eg. 2.22 is that the individual change in pressure
is due almost entirely to the vertical motion, and hence,

e S (2.23)
t ® dt
By similar reasoning, Charney shows
d(tnp) = wRing (2.34)

de o0z

Using Egs. 2.318, 2.20, 2.21, and 2.34 in the equation of continuity
(fq. 2.13 written our cempenent by component) yields
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au sV fCev -6 -1
*-6;-(- +-§§~m~10 sec (2'35)

Contrasting this result with %ﬁ ~'%¥ -% = lOb5 sec—l shows that the

terms %ﬁ and %; comprising the horizontal divergence t-nd to compensate
each other, explaining perhaps the ever present difficulties of comput-~

ing mutually consaistent values of horizontal divergence. In short,
because of the compensation, it may be impractical to compute divergence

A AN 3 T TN A KT

v Wee ek w

PR

atr all.

Charney's analysis leads from the hydrostatic Eq. 2.22 and the
approximation 2.21 to the form of the Eulerian equations most often

used in meteorology

d. v -~

h-h __1 -

= t fk x v, = ~ 5 vhp (2.36)
= . X3P

g 3z (2.37)

These scales, developed by Charney, are summarized in Table 7.

HYDRODYNAMIC THEORY OF WAVE MOTION IN THE TROPOSPHERE

A most powerful tool aiding the understanding of the dynamics of
the atmosphere below the icnosphere is the hydrodynamic theory of wave
motion. In addition to obviously periodic phenomena, even one-time
oniy, short-time event may be described and understood in terms of
wave motion theory. Since that theory is rewarding to the student
of atmospheric physics, it will be discussed at some length in the
following pages, reviewing the basic hydrodynamic equations, linear-
ization of the equations with some other approximations useful in the
study of the troposphere’, some special.forms of the equations of
limited, but useful applicability, and analyses of typical problems
which may be closely identified with meteorological phenomena. This
section follows the development of the review by Eliassen and

Kleinschmidt (1957).
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TABLE 7. SCALES OF WENTHER PREDICTION

PARAMETER SCALE NOTE
HORIZONTAL DISTANCE s 10% m
VERTICAL DISTANCE H 104 m
HORIZONTAL VELOCITY \Y 10 m sec
HORIZ. VEL. GRADIENT v/s 07 sec” (g_: +%§) ~ 1076 sec”!
HORI?. ACCELERATION cv/s 107" msec —‘%HONZONTAL CORIOLIS FORCE
VERTICAL VELOCITY w 1072 msec”
VERT. VEL. GRADIENT w/s 107 sec”!
VERT. ACCELERATION cwW/s 1078 m sec” 10”7 ACCELERATION OF GRAVITY
VELOCITY OF METEOR. PROP. c 10 m sec
VEL. PROP. OF GRAV. WAVES 10% m sec”
VEL. PROP. OF TIDAL WAVES 10°m sec”
LOG POT. TEMPERATURE (8 = RTPY-I) K 10! srAnacLs::muw_ o
KeH= 210,y = C_P
TIME RATE OF LOG POT. TEMP.  fCV/gH | 107 sec”! | R= €= <, Y
ACCELERATION OF GRAVITY 0 10msec?> | NEGLIGIBLE FOR Az<63 km
HORIZ. CORIOLIS FORCE v 10" %m sec”
HORIZ. EARTH VORTICITY f=2nQsinp 1074 ™!
VERTICAL CORIOLIS FORCE iw 10"%m sec” 10"4 ACCELERATION OF GRAVITY
VERTICAL EARTH VORTICITY j<2 Q3 cosg 1074 o™
LATITUDE @ (o -%)rud
LOG PRESSURE top 1
HORIZ. GRAD. OF LOG PRESS fV/gH 108!
TIME RATE OF LOG PRESS -;“.’1(1 +3) 1078 e
LOG DENSITY tap i
HORIZ. GRAD. OF LOG DEMSITY  fV/gH 108!
TIME RATE OF LOG DENSWY%( 1 +lK) 107 5ec!
TIME s/C 10° sec
ag

TR
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Biasic Hydrodynamic BEquations
In Cartesian coordinates, the complete set of equations governing

the atmosphere are the following.

The equations of motion -
22, 1p (2.38)

N AR

u a,_.u_ a.___.u .a_..“l = 3 - -
SE»+ u 3 + v 3y + W 3z 20 (vsing weesd ) P 3% m
[-\'4 A4 av [\ 5 _lasp 1 2.39
. 5T +u 3 + v 3 + w 3z 2Qusing 5 B + m | ¢ )
L B.._. é._ ] a.—.. - -~ }.QB -l - 2.[2'.:‘.
az + 1 a“ + v a; + v a; 2(eosd 5 3z + o FZ g ( J
and the equation of continuity -
% Vv , oW
é.g . .3_2 .a_g .@.Q. - . ..—u. 3.._._ PN
YR ax + v 3y + WS Plax *+ 5y + 3z (2.41)

These are the four equations in five dependent variables, u, v, w, p,

and p. A fifth relationship, an "equation of state,"™ is usually
derived from some physical restriction on the system based on the

first law of thermodynamics, for example:

Tds=de+pd€“—)= dh-%dp
1

d_.
1 -
CPdT - F dp = CVdT + P &7 (2.42)

The thermodynamic,'or internal energy, of dry air may be
described by the equation

ol
. %tgz—p B +t‘>+];!;:> €2.43)
wherein § = i F.9v, Stokes viscous dissipation function and D
i represents the Eulérian derivative
49
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%% = heat received per unit mass and unit time

e = CVT + constant = internal energy per unit mass
of dry air
6 = entropy per unit mass of dry air.

The thermodynamic equation indicates that internal energy may be
increased by compression, dissipation and heat supply.

As long as the eftfects of water vapor are ignored, the thermo-
dynamic~hydrodynamic state of the atmosphere is characterized by the
velocity field v and the two scalar fields p and p. The change with
time of these fields is described by the above equations of motior,
continuity, and thermodynamic energy.

The effect of water vapor may be taken into account by intro-
ducing the specific humidity as another dependent variable, for
which must be introduced the continuity equation for the water
component, and a suitable energy equation.

Denoting the partial pressure and density of water vapor by p!
and o', its equation of state may be written

-O-.
I
Q
a3

(2.44)

wherein R is the gas constant of dry air, and o = 0.622 is the
relative density of water vapor with respect to dry air. The
enthalpy of water vapor is

h' = cp'T + constant

and of liquid water is

h" = e" + constant
wherein ¢! is the specific heat of water vapor at constant pressure,
¢" is the specific heat of liquid water, and the latent heat of
evaporation is giveu by

L = hf - h" (2-45)
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The enthalpy of water vapor may also be written

h' = ¢"T + L + constant (2.48)

The mixing ratio is defined as

L 4 4
pt == by (2.47)

p P-P
It is a small quantity, of the order 1% in the lower troposphere
and still smaller at greater heights. In unsaturated air it changes
only as a result of diffusion and turbulent mixing, a slow process.

In many cases the mixing ratio may be considered a constant. In
this case, the enthalpy per unit mass of moist unsaturated air

c_ +apte”

?
h = -Ri_?TIT— T + iféfaﬁ-L + constant (2.48)

may be approximated by

h o ep T + p'L + constant (2.49)

and the energy equation for unsaturated moist air is

TDs = Dh - %— Dp (2.50)

as in the case of the dry air energy equdtion. Thus, nonsaturated
air behaves in this approximation in the same way as dry air. In
particular, the isentropic change of state will be very nearly
unaffected by the humidity.

The case of saturated air is, however, different. If a mass
of moist air contains liquid water, so that one mass unit of dry
air is associated with p?! mass units of water vapor and u™ mass units
of liquid water, the vapor may be assumed to be in equilibrium with
the liquid phase so that

p' = P(T) (2.51)
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wherein P(T) denotes the saturation pressure of water vapor with
respect to liquid water with a plane interface. In this case, the
snixing ratio is

pt = P(D) o P%) (2.52)

TOP-PM ™

that is, the mixing ratio in saturated air is no longer a small
constant, but is a function of both p and T. The quantity will
change as a result of condensation and evaporation.

The total mass of the water component per unit mass of dry air

po=pt e
In the absence of diffusion, turbulent mixing and precipitation,

one has an equation of continuity,

!3% =0 €2.53)

The enthalpy per unit mass of the two-phase system is

_ 4
g T + T4%1I' L + constant (2.54)
and the energy equation is
S - ol @P\pr _ (1, , LP
TDs-Dh-pr~(cp+ pdt)DT (p+c,—p2)Dp (2.55)

The difference between the saturated case and the nonsaturated case
is apparent from consideration of the entropy equations.

From the above considerations, one may see that the thermodynamic -
properties of atmospheric air are such that nonsaturated or clear air
behaves nearly like dry air, regardi:ss of humidity, and saturated or
cloudy air has properties differing from those of nonsaturated air
and which are nearly independent of the content of the liquid water
or ice. The total content of the water constituent is primarily
important as a means of determining when saturation will begin and

R
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end, and as means of distinguishing between the two alternate forms
of the energy equation.

Complete Linearized Equations

Since the complete non-linear equations of thermodynamics and
hydrodynamics are difficult to solve, many efforts have been made to
linearize the equations by considering only small departures from a
state of static equilibrium.

The complete linearized equations of motion, derived by the methods

of perturbation theory which result in omission of the advection term
u'y, are given in a converient form by Eckart (1960) in the form:

ou, N
=+ Co(v+TC) P-NQ+axU=F (2.56)

dt
The equation of continuity of pressure is
=+ Cov.U =G (2.57)

The equation for conservation of entropy is

=¢.u=H (2.58)

o

Expressed in sphericsal coordinates (r, 6, A), where r is the distance
from earth center, A is longitude measured from west to east, and @ is
latitude measured from equator north, the equations become

ég% + Co %% + Co TP - N2Q,- Qcospl, = F, (2.59)
E;% + rcgge %;-- Qsingl, + Qcosel, = PX (2.60)
o , L2, gsimy, = F, (2.61)
%-E + Co agz + rcg:e 3‘;’): + 9—% =G (2.62)
%% + Ur =H (2.63)
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wherein boundary conditions are

Ur = 0 at r = r (2.64) |

Ur

0 at r=o (2.65) '

and the variables of the field equations are

- % - 14 g_
U= (poC)* Yy I =53 (1og o)) + c 2 :
o
= -}5 P(Y‘l)
P=(p,C) " 1y G = 22— Q
(pyCyY° )
1
ds T2 %
- fo) p C )°
Q [dz poQJ Py H=—2°2_

E= (g0)% £

(2.66)

The chief error introduced by the linearization is the elimination
of (v . grad v) of the complete equations. In the perturbation
theory approximation, in which GC = 0, the term falls out. However,
for many tropospheric phenomena involving large scale motions, the
perturbation theory approximation is not applicable, and the non-
linearity must be taken into account.

The subscripts ¢ and 1 imply steady state and first order
perturbations, respectively, of the variables, which may be written
as functions of (r, 6, A, t) -

Velocity Velocity Change . .
!O =0 'Y‘l = )"’l (2.67) <
{
Pressure Pressure Change §
P, = Py(2) P} =Py (2.68) §
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Density Density Change
dp
-.1_o__ 9 -
: Po ™ T g az  RI, P PL = P1 (2.69)
Force Force Change
20 =0 £ = va.Gm - F.V P~0
where F = Frictional stress tensor
ey Tidal force potential of
moon less that of the earth
3
=2 r i 2
—2KgMD3 (3 cos“6)
M = Moon mass
Kg= Gravitational constant
Bm= Moon-zenith distance
r = Distance from earth center
Dm= Moon distance from earth
center (2.70)
Entropy Entropy Change

5o = po(cp:,n'ro - Rinp  +

constant) = p o(cvx,np0 -

T (2.71)

e lnp  + constant)
p = Energy density flux

oo
!

Prictional dissipation =

Evy3v=o0

p

Latent heat of sublimation
entropy change indicated
within square brackets

= Tatent heat of sublimation

t

H
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Total heat accession

%b

o

Heat by conduction

Heat by viscous dissipation

Heat by convecetion

Heat by absorption of radiation

11
qrad(z) = p, E E E‘A nt(z,t)F(l)oe A
A 1

'n
Yy

o = Relative density of water
vapor with respect to dry
air

o = 0.622 (2.72)

P =

Saturation pressure of
water vapor

P = P(T) (2.73)

fleat accession change
Q T 9% * 9 *t onv * qcorp +
pad IR (2.74)

qc(z) = 9y v.(KvTo) (2.73)

K = Thermal conductivity
2
= w_
q,(z) =pp 12

p = Coefricient of viscosity
w = Vertical velacity dz/dt

L = Characteristic length
(2.76)

(2.77)

~T
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T = Optical thickness =

1
A« n(z,t)

fc --1'-(-:-—.;— dz

5 = Flux at top of atmosphere
4
o = Photoionization cross

1l .
section

o, = Total absorption cross
A section

Solar zenith angle

]

=
=

€, Efficiency factor for
A conversion to heat (ergs
photonfl) (2.78)

Heat by absorption of corpuscular radiation

qcorp(z) as in qrad(Z) where et

A
ergs per particle (2.79)
Heat loss LIy radiative emission
(=) = po| i3, mas +
* 1.68(10) 1% 228
: o
- 1+ 0.6e =228 , p.9e=322-3
To T

K Mass absorption coefficient
B Pianck blackbody frnection (2.80)
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Other Approximations and Special Ferms

A number of approximations to the conplete equations, other
than linearization, are commonly used. The other approximations
usually take (v.v)y into account, but simplify equations to eliminate
modes of motion usually associated with gravity waves.

None of these are applicable at all altitudes and latitudes .
except as rules of thumb for which the crudest ones - the geostrophic
equation for wind and the hydrostatic equation serve at mid-latitudes
and low altitudes with about 20% urcertainty.

1. Quasi-static Approximatiocn

The quasi-static approximation is one in which
a. Vertical accelaration is ignored in Eq. 2.40

dur _

at
b. Horizontal component of Coriolis force is ignored
in Eqs. 2.38 and 2.39

Horizontal f = 20cosg = O

Vertical A = 20sing
oG,
D
C. (.ﬁt_). becomes —ﬁt_
h
d. div, (pW) becomes divh(puh) (2.81)

If the approximation gg% = 0 is applied consistently, it

is found that the eigenfrequencies (linear response to
small perturbations) are not all rezl. Such an approxi-
mation completely changes the character of the solurion.
The application of setting O C0S 9 = 0 is also in many
cases done carelessly. If done at ail, 0 COS e must be
set to zero in all equations, not only in Eq. 2.5%, where
it makes the most difficulty for easy solutions. If Q
COoS ¢ llr is cmitted from Eq. 2.59, but the term O CCS 8 u\

’

v
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retzined in Eq. 2.58, the equations cease to be self-adjoint,
that is eigenfrequencies become complex, and the nature of
solutions is completely altered.

Although in many circumstances it is possible to justify

the two approximations gg% =0 and Q COS ¢ = 0, the former
seems likely to be untrue at high altitudes, and the latter

is certainly untrue in the tropics.

2. Geostrophic Approximations

The geostrophic approximation includes the quasi-static
approximation discussed above, and, as well, that the Coriolis
rarameter is constant

Q COsSp =0
f = 20 SIN ¢ = constant,

that the earth!s curvature is neglected, that there “s no friction
F =0 in Egs. 2.58, 2.59 and 2.60 and that all processes are
adiabatic

Q=G=H=0 (2.82)

in Egs. 2.58, 2.61 and 2.62. The Egs. 2.58 to 2.62, therefore,
reduce to ‘

3p _ 13p _ .
X T 38 0 (2.83)
30 - __1 3P - _oq si -%
Sy ~ Toose ax -~ sine p U (pycy)

=-20 sin g p U (2.84)
9P _ 3P _ .
3z _ ar ge (2.85)
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This approximation yields handy, easily remembered rules
of thumb; the hydrostatic equation

= . 123p 5
p=-355z (2.88)
and the geostrophic equation
1 (2.87) |

S S — R m
Vo=kx oo sime) WP - XX 523G sin6) 'h

with solutions true within 10 to 20% error in mid-latitudes,
and in high latitudes.

It will not be valid at high altitudes and in the tropics.

The geostrophic wind blows in a direction normal to the
horizontal pressure gradient with lower pressure to the left
in the northern hemisphere (to the right in the southern hemi-
sphere). The geostrophic wind vector is directed along the
isobars in a horizontal surface, or what is equivalent along
the contour lines of an isobaric surface.

A measure of the error of the geostrophic wind equation
is given by the geostrophic departure

_ 2 1{ ~h
Vi - ng =k x E(Dv —D—E)n (2.88)

In the absence of friction, the geostrophic departure Y - gg
is an expression for the horizontal acceleration. The geo~
strophic departures are generally of the order 1 to 10 m sec Y-
hence, on the average are 10 to 20% of ‘the wind.

Differentiation of the geostrophic wind equation with .
respect to altitude z yields the Thermal Wind Equation

[ S N A 1 _ - 1 .
—%g- =-F (k x g—z (-‘;gradhp)) = - % [k x %E (p gradp(-‘;-))]
~ grad_T ’
60

[LTIe T P




VI P ARI o s o e .

3. Quasi-geostrophic Approximation

The quasi-geostrophic approximation includes the geostrophic

approximation
e -9 in Eq. 2.58
Qcosg = 0 in Egs. 2.58 and 2.59
Qsing = 0 in Egs. 2.59 and 2.60
E =0 in Egs. 2.58, 2.59 and 2.60
Q =0 in Eqs. 2.58 and 2.62
G=H=20 in Eqs. 2.61 ard 2.62 . (2.90)

In addition to the geostrophic approximations, since the
horizontal divergence is much smaller than relative vorticity,
the quasi-geostrophic approximation assumes that the motion is
rotational, not solenoidal, and hence, that the horizontal
pressure gradient is quasi-balanced by the geostrophic wind
field. The equations also neglect certain terms required by
conservation of vorticity.

The quasi-geostrophic equations are useful in high and
mid-latitudes. The solution of the equations requires both
upper and lower boundaries as well as lateral boundaries.

The approximation is not applicable to high altitudes
and the tropics.

4, Quasi-solenoidal Approximation

The quasi-solenoidal approximaticn uses all the quasi-

static approximations
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‘ dur n
: dt =0
2 Qcosg = 0
F =0
2
? Q=0
' G=H=0 (2.51)

However, it partitions

Vv, =V +V

~h ~y  ~€
so that v* is the solenoidal part; for which
VvV ..v,. =0
P~
and vE is the nonrotational part; for which
= 2.92
VP X ¥ =0 ( )

Since quih << (§ = k.V x ¥) for large motion systems

we use

.Y,* ='Y"h (2.93)
and with the divergence equation (by taking divergence operation
on Eqs. 2.5%9 and 2.60) so that divergence is not produced, to
reach a double-Poisson equation equating the fields of the
potentials of velocity and vorticity.

5. Barotropic Approximation

The barotropic approximation is a two-dimensional model
represented by horizontal (isobaric) maps. It may be applied
to one or more layers, each of which is a boundary conditior .

for the other.
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The barotropic equation treats large scale motion as
horizontal and non-divergent so that

(%,E+‘,zn.v)(x+g)=o (2.94)
v, - X% =0 (2.95)

This approximation includes all approximations of the others
described above

e =0
Qcost = 0
F =0
Q =0
G=H=0
as well as
Ur =0
& =0 (2.96)

6. Treatment for Computaticnal Simulati _

) If T™(z), p(2), a(z), Tgs Pgs> Ggo» U (2} are the most likely inputs

to be derived experimentally, computational simulation should be

. \ designed so that the values of these measurable variables receive most

emphasis. The variables so used in the simulation computation should
all be sampled at frequency f > 1 min"t and X > 1 km'l, and sub-
sequently filtered so that the data contain no frequencies or wave
numbers larger than 2m times the inverse of half the time step, or of
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half the grid spacing. The sampling at high frequency and small grid
spacing must be done before filtering in order to avoeid deleterious

faliasing." 1In short, the measurements should be instrumented to
sample with frequency greater than ore per minute and by spacings
closer than one per kilometer, before reducing the bandwidth of the
data contained to one sample per period of computer updating and one

sample per 100 to 300 km. Tt

As Eliasson and Kleinschmidt (1957) have pointed out, the general i
solution of the nonlinear hydrodynamic equations is handicapped by the -
following considerations: j

1. The processes are nonlinear in their "mature™ stage

2. The solutions of nonlinear eguations camnot be expressed as
a superposition of eigensolution, hence they cannot be dis-
cussed analytically, but only by numerical or geophysical
methodz.

3. ‘The solutions, called "numerical forecasting™ or "physical
forecasting," was first attempted by L. F. Richardson (1922),
are susceptible to oversensitivity of the equation of motion.
Margules pointed out that the pressure continuity equation
(Eq. 2.62) would require an accuracy of 10"7 sec-l in deter-
mination of div v, which is not attainable from wind observa-

tions (i.e., 10 m sec-l per kilometer implies frequency 10_2

sec™ 1)
4. Internal and external gravitational sound, inertial waves,
and oscillations do not correspond to long period waves seen

on weather maps, and introduce "meteorological noise™ (a term

by Charney (1948)). The "meteorological noise" is evidence
of "aliasing™ or folding back of higher frequencies to appear
as spurious lower frequencies.

Four procedures may be considered as alternatives in seeking
solutions to the fundamental Egqs. 2.59 to 2.63.

1. Calculate the motion with fictitious noise waves included,
and smooth the solution. This method is laborious, as
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pointed out by Eliasson and Kleinschmidt (1957), but also
will yield results which are fallacious because of aliasing.-
2. Change the form of prognostic Egqs. 2.59 to 2.63 so that they
are no longer satisfied by the noise waves. This procedure
is the one followed by each of the major efforts at physical
forecasting. The approximations are called "filtering

approximations,” since their effect is to filter noise fr«m
the solution. Each requires a compromise with accuracy or

generality.

3. Before time integration of Eqs. 2.59 %o 2.62, the initial
values of pressure and wind may be adjusted to sach other so
that no noise waves of appreciable magnitude will occur in
the solutions. This is tantamount to filtering values of U
and P so that they retain no frequencies or wave numbers to
produce noise in the solution. This step is a desirable one,

SN b et e ke ot

but in itself may be inadequate.

4. Compute the motions, by Laplace or Fourier transformation, in
the (w, K) domain wherein the band limits of the data and the
computed variables may be rigorously controlled. In order
that the results of such a laborious process may be appro-
priately realized, it will be worthwhile to design the (w, K)
characteristics of the input data to avoid the errors of
aliasing and to exclude the unwanted frequencies and wave
numbers. Accordingly, it may be necessary to extend the
effort to the design of instruments for meteorological

observation.

The fourth procedure listed above has received small attention.
In the advent of more capacious and faster computers, and of efficient
algorithms for Fou-ier transformations (Cooley and Tukey, 1265), this
procedure should b2 given appropriate consideration.

Solving the Complete Equations »

MacDonald (1962) has described the form of the eigen solution
equations for wave solutvions of Egs. 2.59 to 2.63. These eigen
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solutions to the perturbation relations may perhaps be numerically
caiculable. MacDonald assumed solutions of the form

u = u(r, g) 20O
= P(r, ) e2(KA-ot) (2.97)
Q = Q(r, 8) e2{KX-we)

where k is the angular wave number associated with longitude, and it
is recognized that r and 6 coordinates are not separable. -

To obtain a partial differential equation in the spatial coordi-
nates (r, 8, A) of form

2 2 2
:\ §—§P + 2B —g—-g—-— + C 2—2?- + lower order terms = 0 (2.98)
ar rod 36

The character of the equation is given by the sign of AC-B2, which is
given by the sign of:

[e?(uP-N2-0%) + N2aPsin®e] = w'-uP (N2+0%) + N°QPsin’e (2.99)

-1

For frequencies larger than 0 (one per 12 hr = 2.3 (10)-5 sec )

w > N3 AC - B2 > 0 Elliptic (i.e., 2-D potential equation)
w < N3 AC - B2 < 0 Hyperbolic (i.e., equation of vibrating

string) (2.100)
w = N3 AC = 32 Parabolic (i.e., equation for linear heat

conduction)
For frequencies less than Q
Elliptic, if w2(N2 + 0%) < o* + N20Psine -
(2.101)

or if N >l and & < Qsin®B

L 2
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In short, for case

N<uw Differential equation is Elliptic :
1sin® < w < N Differential equation is Hyperbolic (2.102)

0 < w < (Qsing Differential equation is Eiliptic } )

Por the case of solutions involving characteristic lengths L > 100 km,
and characteristic periods greater than 10 min, the equation is el-
liptic for w < Qsin® and hyperbolic for w > (ind (as seen in Fig. 26).

ACOUSTIC

0.6-1.5 rad min—] N
( 10 min )-‘ 1.6( 'IO)-zsec‘ 3

(12 he)"! 2.3(10} sec”' @
Qsin6 {——P—-- FOR WEATHER PREDICTION
- k
E - IMPLIES ELLIPTIC (105m) !
pP- ® PARABOLIC -1
H- "  HYPERBOLIC (100 km)

FIGURE 26. Form of Differential Equations for Atmospheric Simulation
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The solutions of the hyperbolic differential equation are
analcegous to those of the equation of the vibrating string; those of

the elliptic differential equation are analogous to those of the two-
dimensicnal potential equation, and those of the parabolic form to
those of the linear heat conduction equation.

In solving the complete equations in the case of global circula-
tion, one may take advantage of the notion that the frequencies of
interest are in every case smaller than the Vaisala frequency, N

N =3 (.g-g + 10 deg/km) (2.103)

which varies between 0.6 < N < 1.4 for 0 < z < 140 ki, as discussed
subsequently in this report.

On this basis, the equation may be solved as a hyperbolic
equation for cases in which w > {Isinf, and as a parabolic equation
for w = sinB, and as an elliptic equation for w < Qsin8,

The hyperbolic equation may be solved by integration; the
elliptic differential equation may be solved differently as a boundary
value problem in two dimensions and the parabolic differential equa-
tions as-a boundary value problem in one dimensipn.

Typical Wave Motions

As indicated by the equations for the hydrodynamics and thermo-
dynamics of the atmosphere, heat sources and sinks are necessary
in order to maintain motions in the atmosphere against frictional
dissipation. However, heat sources and frietion are comparatively
slow effects which do nc™ directly lead to the very rapid changes
seen on weather maps in disturbed regions. Hence, although heat
sources and friction are of vital importance in creating the supply
of potential energy, they are usually negligible in effect during N
a limited time interval of conversion from potential to kinetic ¢
energy. In the limited time interval, the motion may be treated as {

é8
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if adiabatic and frictionless. Most of the work in dynamic meteor-
ology has been done on the basis of the theory of small-scale linear,

frictionless and adiabatic oscillations.

%
E
i
¢
k4
3 -

Perturbation theory, applied in the form of the linearized
equations described above, may be used to study the small scale
oscillation, and, in particular, the stability properties of the
The existence of any one discrete eigenfrequency which

.

atmosphere.
is imaginary or complex so that the corresponding eigensolution will

grow exponentially with time suffices to prove that the state is

unstable,

In any kind of oscillation or wave motion, the energy will
fluctuate between kinetic energy and some other energy form. It
is natural to classify the various types of oscillations and waves

according to the energy forms involved. In this respect there are

three fundamental types of hydrodynamic oscillations and waves:
a) OGravity waves: In pure gravitational oscillations, the
energy is stored as gravity potential when it is not in kinetic form.

b) Acoustic waves: In pure compressibility or acoustic
oscillations, the energy is stored as internal energy when it ic
not in kinetic form.

¢) Inertial oscillations: In the case of perturb tions of
steady currents, the kinetic energy of the current represents a

supply of energy from which the kinetic energy of the perturbation

may be fed. There exist, therefore, pure inertial oscillations in

which only kinetic energy is involved.
Besides these three fundamental types there are mixed types,

where apart from the kinetic perturbation energy, two or three forms

of energy are involved. Actually nearly all wave motions in the
atmosphere are of such mixed character; however, when one energy
storage form predominates the wave is described as being predomi-

nantly gravitational, acoustic or intertial in character.
The following discussion of atmospheric waves is along the lines
developed by Eliassen and Kleinschmidt in 1957.
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Wave motion under the influence of gravity on a resting earth

Two topics may be described without reference to the rotation
of the earth: static stability, and combined gravitational-compress-
ibility osciliations.

Static stability. As shown by Fjortoft (1946), the criterion

of static stability can be derived rigorously from the energy equation,

The second time derivative of the energy store cannot be negative if
grad @ and grad S, have everywhere the same direction. That is
ds
P )
< “de >¢c

(2.104)

at all levels implies static stability.

In a simpler, but less exact, concept consider an air mass in
equilibrium, and let a small air particle at the level z, where the
pressure is p_, the density p  and the entropy s  be displaced to a
level 2y where the equilibrium state is characterized by Py> P> and
s, It is assumed that the displacement of the particle does not
disturb the equilibrium pressure field sc that the particle arrives at
the level 2, in a state characterized by By> o’, and Sq- As a result
the particle is then exposed to a vertical buoyancy force per unit

mass
P’ =0y
F=-g —F (2.10%)
[
Since the density may be considered as a function of pressure and
entropy,
dp =y dp - p ds (2.1086)
wherein
-3 =
Y=g, and w =2 (2.107)
2 RT p
Sy
70

- - B T o g




?

The particle and the environment have the same pressure, but
different entropy this

A L . e . LR B

d
k p' - py = mlsy - s9) =p 52 (2 - 5) (2.108)
and hence
= - 9u gs - o 2,109
F o az (Zl ao) ( )

Since F is reckoned positive upward, the buoyancy force will accelerate
the particle towards the equilibrdum position if . g% > 0, and from
this position if this configuration is not met, thus indicating
stability in the first case, and instability in the second.

As a measure of the static stability, we consider the restoring
buoyaney force per unit length of vertical displacement. This
quantity has the dimension of (frequency) squared. Its square root
is termed the Brunt-Vaisala frequency N

2 = r -9 ds _g ds
T s e = 5= = == (2.110)
2y - 24 p dz cp 2

Also by the gas equation,

2
=9p (DT _3T/3z (2.111)
W T (DP 3p/ez
For dry or nonsaturated air,
= géﬁ—: g ﬂ g._ {
W =228 T(az + 2 (2.112)
2
. and for saturated air,
T
i N2 =%(§;+ 5m) (2.113)

Dry or nonsaturated air is statically stable when the potential
temperature increases with height, or when the lapse rate of temper-
atures does not exceed g/cP = 0.01 °c m}. oOn the other hand, if
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the air is saturated, then the lapse rate for moist air sm must be
used. The moist-adiabatic lapse rate is a function of p and T. At
\ low temperatures,

by = g— (at low temperatures)
p
5, = 0.0065 °cm™t  (at 0 °C, 1000 mb)
6, = 0.0042 °C m 1 (at 20° ¢, 1000 mb) (2.114)

The static stability of cloudy air is seen to be considerably less

than that of clear air with the same lapse rate. If the air mass

is statically stable as long as it is nonsaturated, the mass

will be unstable if saturation occurs. Such cases are usially ra2ferred
to as Yeonditicnal instability."

The principal difficulty in dealing with systems where conden-
sation occurs lies in the circumstance that the location of the
regions of saturated air will depend upon the motion itself. Con-
densation will normally take place within the ascending currents,
whereas clear air prevails in regions of subsidence. Combirned
gravitational-compressibility oscillations.

Waves which combine the effects of gravity and compressibility
are important in the troposphere in that they account in general
for the short periodic fluctuations of winds--the gusts and other
wind phenomena that seem to have phase coherence as opposed to
turbulence that lacks it. Eckart, 1960, has given a careful discussion
of the forms of these waves. The foliowing description of the
fundamental solutions of the wave equations for an isothzrmal atmo-
sphere, taken after Eliassen and Kleinschmidt (1957), greatly over-
simplify the problem, but illustrate the general nature of the waves.

For an isothermal atmosphere, the coefficients Nz, T and co2

are taken as constant:
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1
2
N = [9 (a—T- + 9—)] (Brunt-Vaisala frequency)

p
1 1 9%
r={—%-35 . g (Large scale stability parameter)
c o]
o}

C
C0 = EP RT (Speed of sound) (2.115)
v

In the atmosphere, the above coefficients (Eq. 2.115) are not constant,
but have values similar to those illustrated in Fig. 27. The perturba-
tion equations of motion aré satisfied by solutions of the form,
wherein £ and { are displacements in the x, and z directions.

TEMPERATURE
2 5 TEMPERATURE STABILITY STABILITY
co (km/sec)”  GRADIENT LARGE SCALE SMALL SCALE
0.08 0.12 _
120 . s
AE£80 - < -
N i i
40 - D -
i I
0! ;<_...: TR f
250 360 -5 0 0.02 0.04 0.4 1.2 2

T(°K) (°K /km) r(rad/km1)  %%(rad/min)?

FIGURE 27. Dynamic Characteristics of Field Equation Variables
(After Eckart, 1960)

2

g = - 1 _1,_123 Ni = :m et(b( + Mz + Vt) (2.116)
90g v

¢=-a- et (X + mz + vt) (2.117)
pO

2

p = -A __JL% ’N;“i"":'m' et (kx + mz + vt) (2.118)

pO
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and where A is an arbitrary amplification factor, and k, m and v
are three constants satisfying the dispersion relation

(r2 + m?')v2 =(k2 - cozvz)(NQ - v2) . (2.119)

The constants k and m are the horizontal and vertical wave numbers,
respectively and v is the frequency.

The different types of fundamental solutions may be conveniently
represented in the frequency-wave number (v, k) diagram for the
isothermal planar atmosphere of Fig. 28,

The horizontal line v = N represents purely vertical oscillations
in an undisturbed pressure field. The line k2 = c02v2 represents
Lamb waves whose horizontal phase velocity (-—) equals the speed of
sound Cye For coiven values of k and v2, thg dlsper51on relation
(Eq. 2.119) gives a corresponding value of m”~ (square of the vertical
wave number). Tha curves m2 = constant are a family of hyperbolas.
The hyperbola m2 = 0 separates the domain of external waves (m2 < 0)
which have finite amplitudes at the boundaries (such as near the
earth's surface) from the domain of internal waves (m2 > 0), for
which the amplitudes at the boundaries are zero. The internal waves
may, therefore, be subdivided into low frequency internal waves
(lower region) which are dominated by the influence of gravity and
hence are called ™internal gravity waves,™ and high frequency
internal waves (upper region) which are dominated by compressibility
terms, hence called "internal acoustic waves."

Any of the eight combinations tk, #m, £v will satisfy the
dispersion relation (Eq. 2.119). Linear combinations of the eight
solutions give the various types of possible real solutions. These
include the following:
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2

A, External waves for which - m2 =m >0

1
1. Standing oscillations may be represented by

1
po2C = A sin kx ™2 sin vt (2.120)

2. Waves with horizontal propagation may be represented by

pog = A éhmtz sin (kx + vt) (2.121)

By inspection of the term é*mtz, it may be inferred that external
waves cannot occur in a layer of air confined between two rigid
horizontal planes, nor as free waves over a level ground in an
infinite atmosphere of uniform stability. External waves may exist
as forced waves, produced by motions of the boundaries, as in the
phenomenon of mountain waves, or as free waves in an atmospheric
layer which is bounded by other layers with different properties.
Propagation of external wave energy is transported horizontally

in the direction of propagation, but this energy cannot be transported
in a vertical direction.

B. Internal waves, for which m2 >0

3. Standing oscillations, represented by

%

Po C =A sin kx sinm z sin vt (2.122)

The wave energy flux for this form vanished when averaged over one
period. The low frequency type, called gravity waves and modified
by compressibility, represents a circulatory motion. The high fre-
quency type, called compressibility or acoustic oscillations and

modified by gravity, represents a more complicated streamline pattern
of different kinematics.

4, Waves with horizcntal propagation may be represented by

Pogﬁ = A sinm z sin (kx + vt) (2.123)
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The wave energy has a mean value, averaged with respect to z and x

(or t), which is

2 2 o 24
a= 2 NQ? -0y (2.124)
k¥ - ¢ v
o
The mean wave energy flux is
2
2 2
-§=-£\_1<.LN_2§:_\J__Q)_,'§_~,0 (2.125)
x 4 v 12+ m z

That is, the wave transports energy in the direction of propagation

5. Waves with vertical propagation may be represented by

%

Po £ = A sin kx sin (mz + vt) (2.126)

The mean wave energy (averaged with respect to x and z, or t) equals
that of horizontally propagated waves (Eq. 2.124). The mean wave
energy flux is:

2 2 2
E = F o= A2 om VP - %) .
E, =0, F, = — (2.127)

z 4 v 47 4+ m

Comparison of the sign of the vertical energy flux with that of the
vertical phase velocity (~ v/m) indicates that the signs are equal
for high frequency internal waves (vz > N2) and opposite for low
frequency internal waves (v2 < N2). Thus, low frequency internal
waves (so called "gravity" waves) with vertical propagation possess
the unusual property that they transport energy in a direction
opposite to the direction of propagation.

6. Waves with tilting phase-lines, represented by

po%C = A sin (kx + mz + vt) (2.128)
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These waves have a horizontal as well as a vertical propagation.
The mean wave energy is twice the value given by Eq. 2.124. The
mean horizontal wave energy flux is twice the value given by Eg. 2.125. i
The mean vertical energy flux is twice the value given by Eq. 2.127.
‘ The vertical cnergy propggation, opposite to the vertical velocity,

A . e

Tt v g

oceurs again when V2 < N

; Axially symmetric wave motions in a circular vortex

% In the vortex motions of the atmosphere, inertial stability
considerations must be taken into account in addition to the static
stability considerations described in the previous section.

Pure inertial stability. A revolving mass cf fluid possesses a
particular kind of stability, usually referred to as inertial
stability, first found by Rayleigh.(13916), then treated by V. Bjerknes
and Solberg (1929).

The circulation e of a circle R = constant, z = constant

of a homogeneous and incompressible fluid rotating around an axis

with no external force is

¢ = 2nRPw (2.129)

where R is the distance from the axis and z is the distance from a
rlane normal to the axis. The kinetic energy of the vortex bounded
by a rigid surface of revolution symmetric with respect to the axis

ind enclosing a volume T is

2
= 20; = | S
](.V = vac at = 55 dar (2.130) .
8n" KR
T T

Suppose that, in addition to the vortex motion, there is also an .
axially symmetric meridional motion, characterized by a meridional
velocity field Ve The total kinetic energy of the fluid is

Km + KV = constant

ebAal Taaar = e

~
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wherein .

VzmpdT
m 2

T

The field corresponding to an extremum of }<.V may be obtained by
requiring the variation KV to vanish for a virtual meridional dis-~

placement, so that
2 . ,
pc, grad o, * grad P, * 0 {2.132)

The above equation shows that the pressure increases with R and is
independent of z. So also does c, depend only on R, being inde-
pendent of z. The balanced vortex is stable with respect to axially
symnetric motions when K.V is a minimum; that is, when 002 increases
monotonically with R, The criterion of inertial stability may,

therefore, be written

a coz/d R>0 for all values of R (2.133)

The stability criterion can also be derived, in a less rigorous
manner, by means of the particle method. The particle is chosen as
a symmetric circle which is assumed to expand, or contract, without
change in circunlaticn, through an undisturbed environment. If 002
increases with R, then a symmetric circle which has been brought to
expand will arrive-in 2z environment which rotates faster than the
circle itself. The pressure gradient which balances the centrifugal
force of the environment will exceed the centrifugal force of the
displaced circle and thus give a net restoring force, which may be
termed a "dynamic buoyancy.™ The vortex is thus inertially stable,

and the restoring force per unit mass and per unit length displacement

normal to the axis is found to be

2= ad c 2 (- grad ) = —SQ—— ESQ (2.133)
vV, gr o ° g Py 2n2R3 drR .
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This quantity has the dimension of a frequency squared and may be
taken as a measure of the inertial stability. If co2 decreases with
R, the dynamic buoyancy, acting on an expanding or contracting circle,
will be directed away from its equilibrium position, thus indicating
inertial instability.

In an inertially stable vortex an axially symmetric disturbance
of the balanced state will result in inertial oscillations. In these
motions, the meridional displacements satisfy differential equations
anglogous to the perturbation equations for two-dimensional gravi-
tational waves, with vt2 instead of vs2. For inertial oscillations,
the displacements normal to the axis are the ones which give rise to
restoring forces, while the displacements parallel to the axis are

inactive and must be driven by the pressure force alone.

Combined effect of static and inermdial stability

The stability with respect to arially symmetric motions of a
compressible baroclinie vortex in a gravity field is an example of
the combined effects of static and inertial stability.

The energy equation of the system is
K, £ K, - & - E = constant (2.135)

wherein Km is the kinetic energy due to the meridional motions, Kv
is that due to the vortex motion, § is the gravity potential energy of
mass, and E is the internal energy (all of these are energy per unit).

The motion is such that a fluid line which at one time forms a
symnetric circle around the axis will always remain a symmetric circle.
Its circulation ¢ as well as its specific entropy s will remain un-
changed. COonsequently, the change of the quantity J = KV +9% - L
will depend only upon the meridional displacements ng. J may be
considered an "effective potential energy" or energy store for the
meridional motion. Differentiation of J with respect to time, and
the continuity of potential @, implies that J will be an extremum
when
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| 2 1 2.136 g
i grad ¢ + c,° grad g, + E-grad p, =0 (2.136) §
The second variation of J is.given by ?
c E
2. _ 1 v . 1
6J—2f[6£m.M.6£m+ch,l:(d1v6_gm {
. c_RT grad p 2 ;
_———o -
) + —g——-agm . 5 ) ] podT (2.137)
where M is a tensor defined by
(2.138)

-1 - ; 2 (.
M= N grad So ( a, grad po) + grad c, (-grad ¢V)
If the quadratic form 6L, - M. sgh is positive definite, then 52J
is positive for all virtual axially symmetric meridional displace-
ments, J is a minimum, Km is bounded, and the vortex is stable with

respect to axially symmetric disturbances.

The criterion for a stable vortex is then

1 2
Det(M) = E; grad s, x grad ¢ . grad ¢ x (-grad ¢,) > O (2.139)
and
1 grad p,
Trace(M) = = grad So \" 5
p Po
+ grad co2 . (-grad ¢V) >0 (2.140)

Stability criteria for the baroclinic vortex applied to the atmosphere.

In an absolute frame of reference, the motion of the atmosphere
is nearly a circular vortex motion around the earth's axis. Consider

the earth as a sphere with radius a. In a point with latitude &% and
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height z above the earth's surface, the distance from the axis is
3 R = (a g z) cos} (2.141)
and the absolute circulation of a symmetric circle is

e, = 2r R + Ru) (2.142)

where 0 deunotes the angular speed of rotation of the earth, and u
the relative zonal wind speed, assumed independent of longitude.

Under these circumstances, the criteria for stability may be

written

6ca

—=} < 0 (Stabie) (2.143)

dp s
where the index s means differentiation at constant s, i.e. in an
isentropic su-~face. Also, it may be written, if z is neglected with
respect to a, as

u z) o _1f8z PR - a4y
(20 + R) [(1 + a) sin & 3 (M)s cos & 2 (ai)s] >0 (2.144)

(Stable)

Since the slcpe of the isentropic surface is very small, the term in
cosé may also be neglected, so that the criterion becomes

A+ 2 tan s - (32) > 0 (Stable) (2.145)
a oV, s

If use is not too great, the second term may be neglected so that

- [22) >o Stable (2.146)

Y/
In this form, the criterion applies sirictly to a straight, parallel
current of arbitrary direction on a flat earth, rotating with angular
velocity @ sin §.
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It is noteworthy that the direction of least stability is nearly
along the isentropic slope. The result is commonly superimposed
meridianal circulations in flat cells oriented along the isentropic
slope.

Application of the above criterion to atmospheric currents has
indicated two kinds of flow patterns where the stability with respect
to meridianal or transverse circulations is normally small and where
the current may be unstable in pronournced cases. The first type is
the frontal zone in the lower troposphere, in which the unstable
direction coincides with the frontal slope. The significance of
the instability is that the air makes little resistance against an
upgliding motion in the direction of the frontal slope. The other
type of flow, where the stability is small, is found in the upper
troposphere to the south of strong jets. Here the isentropic surfaces
are almost horizontal, so that there is little resistance just south
of a jet stream maximum against meridianal or transverse circulations
in fiat horizontal cells superimposed upon the current. In all other
parts of the atmosphere a pronounced stability with respect to meridi

anal motions seems to prevail.

Two dimensional wave disturbances of linear currents

If a mean current u is defined by averaging with respect to X,

then

(2.187)

1

53

]
o

u=1u+ut W o=
Cad

constant is, apart from

I

the transport of momentum through a line 2z
a density factor,

= otaT (2.148)

the change in mean velocity is

u
i'=_é..
Z

2.149
5T 3 utw? ( )
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! and the rate of change of kinetic energy of the mean flow is

lOJ

%E 5 u?) = -y Tt (2.150)

o/

2

s0 that iategoation through the layer gives the total kinetic energy
of the mezn motion

z
oy - - dutw’ .
dt ~ 3z .
)
%2 d3u .
= atwt g;-dz > 0 (Stability) (2.151)
%

For amplifying perturbations, d Km/d t must be negative, that is,
the momentum transport must be directed from layers with large u
values to layers with small u values.

Stability of zonal currents in the case of horizontal

non-divergent motion

Fjortoft, R. (1950) has generalized the theory of stability of
linear currents so that it applies to two-dimensional non-divergent
motion on a sphere. This case is of interest in meteorology, since
at a level near 500 mb, the large scale motions may be approximated
as horizontal and non-divergent.

Consider the earth as a sphere with radius a, and latitude $§.
The area of a ring between § and 3 + d§ is

aF = 2ma’cosgdd = 2maRdé (2.152) )

The absolute circulation along a latitude circle is

= .1
ca(§) 2wRu (2.153)
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where a bar designates mean values over a latitude circle. The two-

dimensional velocity field defines a scalar vorticity, i.e, the
absolute vorticity component Ca normal to the sphere, which is
individually conserved.

From theorems of Stokes and Xelivin for the conservation of

circulation

>

/ gadF = coastant

F

(2.154)
.
From the principle of conservation of total absolute angular momentum

F

2
f P'gadP = constant (2.155)

By

From Eqs. 2.154 and 2.155, a zonal current is stable if ga varies
monotonically with latitude., If e, for such a current is plotted
as a function of F, the curvature of the profile curve will be of

one sign in all latitudes.
If the mean absolute angular speed of rotation along a latitude

cirecle is

a
Q.= (2.156)
a ZUR?

then, as shown by Fjortoft (1950), a zonal current is stable if the

values of Q_ in all latitudes where 6L /3% < O are larger than any
~a 8L :
value of {_ in latitudes where —5§-> 0. These stability criteria

are sufficient, but not necessary.

Introducing the relative circulation
c = 2nRu (2.157)
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then

[pd

i}
3]
=
:)M
+
Q

a
ac
S -
£a = " TBF
% _ a__2c
oF ne BF2
c
Q =0 + ~—=5 (2.158)
2R
The time rate of change of kinetic energy of the wean flow is
F,
2
514
m_ 4. 2
at ~ at / ¥, dF
5y
B
’ Qg %% (2.159)
= a3t gr> 0 (Stable) .
Fy
Then if
?C aw
- YR S 2.160
5€ = 2" 3R ¢ )
wherein W is the northward eddy £lux of angular momentum
(2.161)

wm = 2rrR2 oy
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then
F,
> W
—.}Sn. = - Q .—ﬂ dp
ot ~a aF
Fy
2 30
=/ W, 52 dF > 0 (Stable) (2.162)
F)

Measurements of the mean meridianal eddy flux of angulzr momentum
indicate a pronounced northward flux south of the latitude of maximum
westerlies, in agreement with the fact that a northeast-southwest
tilt of troughs and ridges, corresponding to a positive correlation
between u' and v'! is predominant in these latitudes. North of the
maximum westerlies, on the other hand, only small values of W, are
observed which are partly directed southward. On the average,
therefore, d Km/d t is positive in the atmosphere, indicating that
kinetic energy of the perturbations is continually being converted
into kinetic energy of the mean current. Perturbations in general
must take their energy from scurces other than the kinetic energy of
the mean current., This does not exclude the possibility, however,
that some growing disturbances (perhaps the factest growing ones)
develop their instability as one of this type, taking part of their
energy from the kinetic energy of the mean zonal current.

Rossby waves. The application of the theory of horizontal,
non-divergent motion to large scale currents in the atmosphere is
due to Rossby and colleagues (1939).

Noting the conservation of the vertical component of the absolute
vortiecity ¢y = (A + ) = 0, with the notation

8 =%§L=2_0__°£2. (2.163)
P a
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the conservation may be described by

8l - -

Y S A v 394 (2.164)
Rossby derived a wave of form

V=g . sin K(x - ct) (2.165)

in a non-divergent flow, and constant g8, to have a velocity of
propagation

cC=C=1 - B (2.166)

Rossby's formula says that the waves propagate westward relative to
the air at a speed proportional to the square of its wavelength.
The waves of wave number ks

kg = J%—— (2.167)

are stationary. Waves with wavelengths greater than the stationary
wavelength Ls = 2n/ks move westward and shorter waves eastward.

Shearing instability

A linear current of a homogeneous and incompressible fluid is
possibly unstable if the shear of the velocity profile has a maximum
somewhere within the layer. Instability of this kind is particularly
pronounced if the shear of the current is concentrated in a shear
line, which represents a discontinuity in the velocity field.

Hoiland (1942) has derived the shearing instability by adapting the
vorticity equation. Intrecducing a unit vector E tangential to the
line of the shear discontinuity s, and letting the sliding vorticity
€ in @& point on s be defined by

~

=(y ~Y%) -t (2.168)

™
l
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so that

8c

; T -(gi -vy,) grad v .t (2.169)

~2

L : This may be generalized to the case when the two fluid layers, of

) ' velocity y; = Y,, y, = U, have different densities py, p,, and there
is a uniform gravity field directed normal. to the undisturbed surface.
If the jower fluid is the heavier one, the effect will act to stabi-

. lize the system, waves longer than a certain critical wavelength will

[PV

be stable, and shorter waves unstable. Perturbation theory gives, :
in this case, a formula for the velocity of propagation.

)
o = Py + pol, . ‘/g Pr =~ Py P3P (U, - U.)°2 (2.170)
Py + Po h Py * P2 (Pl + P2>2 1 2

The system described by the above equation is unrealistic because
étrict veloeity discontinuities do not exist in nature. If the
velocity discontinvity is replacad by a transition laver of continuous
velocity variation, this will not have noticeable effect upon waves

of wavelength considerabliy longer than the depth of the transition
layer, but waves of comparable or shogfér dimension will not be
stable. In this case, the amplifying Eaves are confined to an inter-
mediate band of wavelengtns, whose width depends upon the differences
in veloeity and density in the upper and lower layer and the depth

of the transition layer.

Billow clouds, which are formed in a layer of high static
stability and strong vertical wind shear, are generally assumed to
. result from instability of this kind.

Wave motions in 2onal currents

Considering a steady, linear, barotropic current, Eliassen and
Kleinschmidt (1957) describe an equation in third degree in ¢, the
velocity of propagation of wave motion in which the particles move
horizontally under a horizontal pressure force which is independent

of height.
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' 2
‘ o - (u, - ] fu -c-8) =22 (2.171)
k k
3
3 wherein H = RT/g, A = 2asind, The equation has two large roots,
approximately given by
Cwns u, x ‘l gH (2.172)

which are predominantly sound waves, slightly modified by gravity.
The third root of 2,171, which is much smaller is found by neglecting
(uo - c)2 versus gH, yielding

u - 8
° 2.17
C s > (2.173)

14+ A

ng2

This root agrees with the observed speed of vaves in the westerlies
in order of magnitude, and is an improved, but still approximate
form descriptive of the Rossby waves. The difference is slight for
wavelengths less than 6000 km.

Fjortoft (1951) obtained a generalization of the Rossby formula
to the case of the baroclinic current. This simple but crude theory
introduced the advective assumption that entropy changes result from
horizontal advection only. Using the hydrostatic and geostrophic
equations, Fjortoft derived the formula for velocity of propagation

as
c=n -%¥8-4 5-2—-(u2-u2) (2.174)
TR P -

The radicand vanishes for waves whose wavelength is

’ I %
- ’ 2 2 2
Ll = 2y 'E— ( u” - u ) (2.175)
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This quantity may be calculated 1if u, is known at all levels.
Clearly, L1 increases with increasing wind shear. For wind profiles
observed in the westerlies, L_.L is the order of several thousand
kilometers, even for moderate wind shear.

A more compllcated solution, for the two layer baroclinic
atmosphere middie, has been worked out by P. D. Thompson (1961),

According to Charney (1947) amplific-tion will take place pro-
vided the wavelength is shorter than the critical value Ll' According
to Fady and Fjortoft sufficiently short waves are again stable, so
that amplification is confined to an intermediate band of wavelengths.
The growth rate for a given wind shear has a maximum for a certain
wavelength L of the order of 3000 km, which depends upon both

max
latitude and static stability,

Vs
me = I5ind (2.176)
When the polar front hac been discovered by the Norwegian

schcol about 1920, V. Bjerknes and his collaborators put forward
the hypothesis that the extratropical cyclones are amplifying wave
motions which develop spontaneously on the frontal surface as a
result of some kind of instability comnected with it., H. Solbery
{1928) investigated theoretically the possible wave types in a
system consisting of two statically stable, barotropic layers of
different density moving zonslly at different speeds and separated
by a sloping interface. Solberg found that two types of amplifying
waves are possible ir this system. The first type is of very short
wavelength, up tc a few kilometers, and has clearly nothing to do
with cyclones. The second type is found in a band of wavelengths
of the order 100G to 2000 km which is in agreement with the dimensions
of cyciones. Since the latter type have certain kinematical features
in common with growing cyclones, it represents one possible explana~-
tion for the growth of cyclones., One explanation for the two wave
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types is the following. The growth of very short unstable waves

is due to the shearing instability connected with the wind discon-

tinuity at the frontal surface. At sufficiently short wavelengths,

the shearing instability dominates over the static stability, so

that the disvcurbances amplify. However, as the wavelergth increases,

the: static stability becomes relatively more important, and for

wiavelengths greater than a few kilometers, the waves are stable. -
For all the shorter wavelengths, the earth's rotaticn has no notice-

able effect; the fluid particles move in orbits in planes nearly -
vertical. As the wavelength is further increased, however, the

earth's rotation has the effect of turning the orbital planes towards
the horizontal, so that the static stability becomes less effective.
From a certain wavelength on, the role of the static stability has
been thus reduced so that the shearing instability again dominates,
and the waves become instable. These longer instable wavelengths
are the cyclone-~like long waves, with quasi~horizontal particle
orbits., For still longer wavelengths, the inertial stability due to
the earth's rotation comes to dominate, and the waves are again
stable,

Solberg!s long unstable waves take their energy from the kinetic
energy of the mean zonal motion, whereas the potential energy of the
system is ircreased during their growth. Since it is known that the
perturbations in the westerlies on the average lose energy to the
kinetic energy of the mean zonal flow, it does not seem possible
that Scolberg's type of instability is responsible for the growth
of all kinds of disturbances in the westerlies. Certain types of
frontal waves of relatively short wavelengths may develop in accord-
ance with Solberg's theory.




GENERAL CIRCULATION

The conception, "general circulation™, comprises the largest
wind systems in the spectram of atmospheric motions down to systems
of the magnitude of the cyclones and anticyclones. Averaging over
sufficiently long periods of time does away with the smaller among
these systems. The remaining ones Aare large streams encirecling
the entire globe which remain ncarly unchanged when annual averages
are taken. These are in the first instance implied by the term
general circulaticn. Cortain irregularities are caused by land and
sea distribution and by mountains. The following treatment is largely
taken from reviews by Lorenz (1967), Starr (19568), and Mintz (1961).

The motion in these currents, which have a crude symmetry with
respect to the earth’s axis, is predominantly zonally directed, but
has also a meridional component that transports energy poleward from
the equator.

The principal problem pertaining to these streams is the ques-
tion of their maintenance. Friction opposes their continuation,
presumably seeking to reduce all velocities to that of a solid
rotation with the earth, that is to produce a general calm. To rain-
tain the general circulation against friction, heat sources and sinks
are necessary. The theory of the general circulation thus differs
from much of the other theoretical work that has been performed in
that both friction aiid heat sources and sinks are drawn into considera-
tion. Friction and heating energetics lead to flow, which is taken as
an assumed parameter by most mathematical treatments.

The eddy motions evolving from the predominantly zonal currents
comprise the convective cells for the conversion of essentially heat
energy into kinetic energy in a rotating atmosphere. There are two
modes of response of a convective model: symmetric and cellular.
The symmetri¢ mode, which occurs when the rate of rotation is small,
is meridionally similar to the field of motion induced in a non-
rotating stratum of gas by a constant and symmetric distribution of
heating at low and cooling 2t high latitudes. Such non-rotational
motion is devoid of zonal components and takes place in meridianal
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planes, being identical for all longitudes. The symmetric mode is that
field of motion induced in a curved stratum of gas having a relatively
slow rate of basic rotation about the polar axis and heated by a con-
stant and symmetric distribution of heating at low latitudes and cool-
ing at high latitudes. It is characterized in the meridianal plane as
a single cell with air rising near the equator and sinking near the
pole. As compared with the non-rotating case, relative westerlies
appear at higher and relative easterlies at lower latitudes with a
sloping surface of separation between the two. The flow is still the
same at all longitudes, thus being symmetric about the polar axis.

The cellular mode, called also a high-rotation regime or Rossby
regime, is developed by passing from the low-rotation regime by keeping
other quantities the same but increasing the rotation a moderate amount.
Such motions are turbulent, forming in the meridianal plane three cells.
Of these, the cell in middle latitudes has a mean circulation, in the
meridianal plane, which is contrary to the local thermal forcing, in-
volving a descent of relatively warm gas and an ascent of colder gas.
This forced effect is a result of the turbulent character of the
motions. The relative mean flow of the cellular mode also shows
westerlies at higher latitudes ard easterlies at lower latitudes.

The convection in the turbulent regime is difficult to picture
simply because of the random components of motion associated with it.
However, convection requires a net systematic statistical effect, in
the sense oi cold gas sinking and warm gas rising.

The radiative cooling at high latitudes and heating at low lati-
tudes creates a pool of dense and a pool of light gas, creating a
zonally distributed store of available internal and potential energy
for conversion into kinetic. The effect of the turbulence is to break
off smaller masses of cold gas at individual longitudes here and there,
which then migrate to middle and lower latitudes and do their sinking
sporadically in these places. Also, the warm gas is first moved in
individual poleward-moving streamers toward middle and higher latitudes
over narrwu. longitude sectors, to be then displaced upward by the sink-
ing and horizontally spreading cold gas blois. In the turbulent
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process are four steps of the energy cycle of the earth's atmosphere:
(1) the generation of zonal available potential plus internal energy

by differential heating through radiation; (2) the transformation of
the zonal available into the eddy available form of this energy; (3) the
transformation of eddy available potential plus internal energy into
eddy kinetic energy, evidenced by a pattern along a single zone of warm
air in general rising and cold air sinking; and (4) a transport oi
momentum either in the direction of or contrary to the gradient of mean
flow. Required for the latter transport, called an effect of negative
viscosity, is a supply of eddy kinetic erergy, drawn from the eddies by
conversion of other forms of energy (potential, internal, etc.) within
the eddies or transferred from another scale of eddies, including
smaller ones in which case the smaller ones must receive a supply from
other sources. In the case of a system in which the eddies are
thermally driven, the heat dissipated by braking of the mean flow by
friction or the heat produced by hydromagnetic action, by the second
law of thermodynamics, cannot again be used to drive the eddies.

Following the notation of Starr (1968), u, v, and w are the zonal,
meridional, and vertical components of wind velocity, R, ¥, and 6 are
the radius, latitude, and longitude coordinates of the earth, and p
and p are the pressure and density of the atmosphere. BAlso, a bar (-)
denotes the time average of any quantity, & prime (') the departure of
a quantity from its time average, brackets ([]) the average of any
quantity with respect to longitude. and a star (¥*) the departure of a
quantity from its longitudinal average. The operators —, ', [}, and

ola

* are commutative.

The wind field vector components may be resolved with such nota-

tion according to the formulae for U

o +a (2.177)

1]

u

u = [fu] +u* (2.178)
and thus, in greater detail,

u = [{U] +0* + [U]' +u*’ (2.179)
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Resolutions of the fields of temperature T, specific humidity q, and
other quantities may be similarly performed. Since his data consist
mainly of observations at standard pressure levels, Starr lets U repre-
sent the time average for fixed A, ¢, » (not the same as for fixed A,
p, 2). Similarly, [U] is the average with respect to longitude along

a latitude circle on an instantaneous isobaric surface.

To a considerable extent the features appearing respectively in
the fields of [U], U*, [U]' and U*' are those appearing in the field
of [U], in U but not [G], in [U] but aot [U]), and in U but neither T*
nor [U]. Similar remarks apply to the features of T and q. However,
some meteorological features, such as the jet stream, do not clearly
fall into any one category.

The fields of U and U! in (2.177) are called the long-term or
time-averaged or standing motion and the transient motion. The compo-
nents (U] and (V] are called the zonal circulation and the meridional
circulation, and the components of U* and V¥ are called eddies. The
field of [W] demanded by continuity is also included as part of the
meridional circulation. Thus the terms in (2.179) are respectively
the time-averaged or standing zonal and meridional circulations; the
time-averaged or standing eddies, the transient zonal and meridional
circulations, and the transient eddies.

To avoid ambiquity in use of the terms "zonal'™ and "meridional®
in this ceport, a "zone" means a latitude circule or a region extend-
ing along a latitude circle, "zonal motion"™ means motion parallel to
the zones, and is synonymous with 1, "meridional motion" means motions
parallel to the meridians or meridional planes. A "zonal average"
means ~n average within zones, or with respect to longitude, and
"zonal symmetry" dernotes invariability within zones.

Figure 29 shows the cellular meridional flow suggested by Rossby
(1945). Although some features of his model are no longer acceptable,
Rossby's picture welates the meridional cells to the wavy bounds of
the polar front zone and the horse latitudes, which separate the polar
easterlies and the mid-latitude westerlies, in one case, and the mid-
latitude westerlies and the equatorial easterlies in the other.
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FIGURE 29. Cellular Meridional Circulation on a Rotating Earth
(After G.C. Rossby, 1945)

EQUATOR

The vertical distribution of annual mean zonal velocities in the
atmosphere, averaged for all longitudes [U], adapted from observational
material compiled by Buch (1954) for the Northern Hemisphere and by
Obasi (1965) for the Southern Hemisphere is shown in Fig. 30. More
recent compilations, such as that by Starr (1969) given in Figs. 31 and
32, suggest that Buch's maximum westerlies are slightly too low.

The vertical distribution of annual mean meridional velocities in
the atmosphere averaged for all longitudes [V] is shown in Fig. 33.
These data given by Starr (1968) were adapted from Lorenz (1967) who
in turn utilized observational materiai from Buch (1954) for the
Northern Hemisphere and by Obasi (1963) for the Southern Hemisphere.
The horizontal arrows in Fig. 33 were obtained by calculation from
measurements of momentum transports and other observed data. The
vertical arrows are only schematic and are not to scale. 1A more recent
compilation of Northern Hemisphere data is given in Figs. 31 and 32.

The vertical distribution of the mean annual eddy transport of

angular momentum 27R’ cos® & {{UVT] + [U*V*]} in the actual atmosphere

is given in Fig. '34. The data of Fig. 34 were adapted by Starr (1968)

atter Lorenz (1967), who used data compilations of Buch (1954) for the
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Northern and of Obasi (1963) for the Southern Hemisphere. Both the

effect of transient eddies and of the standing eddies are included.

N.

bhl
g &

g 8

PRESSURE, m
8

0

-1
S. POLE UNITS m sec

FIGURE 30. Zonal Velocities (After Starr, 1968)

The annual average curves derived from observations in the actual
atmosphere giving the relative mean angular velocity about the polar
axis [U]/R cos% (dotted line), the northward angular momentum transport
by turbulent .eddies 2% cos?s.f p[UTVT]dz (smooth line) and the angular
momentum transport by mean meridianal circulations 21R? cosZ&J p[U]1[V]dz
(dashed line) are shown in Fig. 35, The two transports are integrated
vertically through almost the entire mass of the atmosphere (up to 20
km). The angular velocity represents a vertical aerage through the
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same mass. All curves are by Starr (1968) who adapted them from the

‘ review by Lorenz (1967) who in turn used data analyses by Buch (1954)
for che calendar year 1950 for the Northern Hemisphere and by Obasi.
(1965) for the calerdstr year 1958 for the Southern Hemisphere. More
recent data by others, including the data by Starr (1969) given in
Figs. 31 and 32, corroborate in a general way these data. The dif-
ference between the hemispheres, shown in Fig. 35, is real. Also, &

negative eddy viscosity effect is illustrated by the data that have

largest numerical values of eddy transport located in the zones of
greatest shear in angular velocity.

Equator
it { Angular
Angilar . 2 - .
velocty  [wl/Rcosp 2FREcos’fplu vz ntl?gggg:tm
-..30
120
NA
4»10 ' §
e
é.o/ N. Pole :;)
n
. T-10 NS
2mR?cos?pfp [ul{v]dz -
$-20
[~30

FIGURE 35. Angular Velocity Averaged over Vertical and Angular Momentum
Transports Integrated over Vertical (After Starr, 1968)
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Fagure 31 shows data, recently compiled by Starr (1969) from re-
ports of about 800 stations over the five-year period starting May 1,
1958, which describe the long-term (60-month) time- and zonally-
averages in the Northern Hemisphere of zonal wind [U], meridional wind
[V] and stream function §. The stream function § measures mass flow.
Between adjacent lines of the stream function, mass transport is con~
stant. The mass flow is dependent on cos?, since

it
it

a3 2mR cosd [V]
q_%% = -21R? cosd (W]

In Fig. 32 are shown the seasonal averages of the same data used for
Fig. 31.

Also shown in Figs. 21 and 32 are the momentum parameters:
[awr) cos“% which is proportional to the northward angular momentum
transport by transient eddies, [U]/cos? which is proportional to the
relative angular velocity and fﬁf_*]coszé which is proportional to the
northward angular momentum transport by standing eddies.

Figure 36 displays vertical meridional cross sections through the
atmosphere shéwing (a) the distribution of the mean temperature [T],
(b) the distributicn of northward heat transport by transient eddies
to be obtained from the vaiues of [V'T! Jcos? by multiplying the values
by 2nCpR, and {c) the distribution of nor:hward heat transport by
standing eddies to be obtained from the valuves of [V*T*]cos® by multi-
plying the values by 2nCpR. These data were obtained by Starr (1968)
by automatic computing from five years of daily data at ten levels for
about 700 stations in the Northern Hemisphere.

Figure 37 shows the transport of water vapor across latitude
circles by the motions of the atmosphere on a mean annual basis for
the calendar year 1958, adapted by Starr (1968) from transport calcula-
tions, by Peixoto and Crisi (1965) over the Northern Hemisphere, and
by Starr, Peixoto, and Mckean (1968) over the Southern Hemisphere.
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FIGURE 37. Tronsport of Water Vapor ( After Starr, 1968)

Just as there exists a transfer of kinetic energy from the eddies
to the O harmonic (i.e., the mean zonal kinetic energy), a redistribu-~
tion of kinetic energy takes place among the wave numbers from 1 to 15
and probably bheyond. Figqure 38 shows the results of a spectral study
based upon daily hemispheric wind data for a period of nine years at
the 5 km level (near 500 mb). The main loss to other wave numbers is
from the central band, from wave numbers 5 to 11 inclusive, correspond-
ing to wavelengths at 45 deg latitude of about 2000 to about 5000 km.
This energy is given up to both lower and higher wave numbers, with the
loss being made good again by a transformation of potential and heat
energy into kinetic in this central band. At the right in the diagram
is shown the loss of kinetic energy from each wave number to the zonal
flow. All 15 wave nunbers feed emergy to the zonal flow. The
especially large loss from the box for wave number 2 prchably reflects
a monsoonal action.
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1963,

Fiyure 39 is after Oort
(1964) and Starr (1968) and is a
schematic diagram illustrating
the balance of four types of
energy for the annual average
condition of the entire atmos-
phere. The parentheses enclose

Starr's estimates.

Tne arrow C indicates a flow
of energy from the eddies to the
The heating of the
atmosphere indicated at the top

mean flow.

of the diagram is due to such
sources as heating by condensa-
tion ¢f water vapor and by
radiation.

Table 8 shows five-year and
seascnal averages for the trans-
formations of energy in the at-
mosphere, derived by Starr (1968).
His estimates are derived from
available data for the Northern
Hemisphere atmosyphere for the
period May 1, 1958, to April 30,

Because of nonlinear effects, the figures for the total five-

year period are not equal to the means for the four individual seasons.

Wave Regime of Thermal Circulation

Mintz (1961) has noted that there are two regimes of large-scale
thermal circulation that can develop in a thin layer of fluid which is

gravitationelly held to s rotating sphere and is heated at the equator

of rotation and cooled at the poles.

In each of these general circula-

tiocn regimes the fluid pecofcrms two basic functions which can hold for

a rotating sphere:
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8. TRANSFORMATIONS OF ENERCY IN THE ATMOSPHERE,
UNITS OF 10

20

ergs sec™? (After Starr, 1968)

KE signifies kinetic energy and P+I is potential
plus internal energy.

Pericd

5 years
(60 months)

Spring
(15 months)

Sunmer
(15 months)

Fall
(15 months)

Winter
(15 months)

Generation
of zonal KE
by trans-

ient eddies

Generation
of zonal KE
by standing
eddies
Generation
of zonal KE
by merid-
ional circu-
lations

Generation
of eddy P+I
by trans-
ient eddies

Generation
of eddy P+I
by standing
eddies

+ 6.5

+ 0.5

+20.3

+ 5.3

+ 0.5

-11.1

+14.2

+ 4,3

+ 7.6

+ 6.7

+ 1.1

+28.5

+ 9.7

- 6.1

+ 1.0

+33.0

+18.2

against frictional di
by the wave region.

521

szipation,
Discussion of the symmetric region is given to

illustrate why the earth is in the wave regime,

.
[«

[ée]

heat from the ejquatorial heat source to the polar cold source, and it
produces the kinetic energy necessary to maintain the circulation
The earth's atmnsphere is characterized




In the symmetric regime of general circulation, the fluid in
all longitudes, ascends near the equator of the rotating sphere,
flows poleward in the upper levels, descends near the pole and
flows equatorward, increasing in intensity with height in the

direction of rotation of the sphere. In this regime the meridional

and zonal components of the motion are the same in all longitudes.
The circulation is symmetric about the pole, as shown in Fig. 40,

In the other form of general circulation, called the "wave
regime,"” the flow is characterized by large amplitude horizontal waves
{baroclinic Rossby waves described earlier by Eq. 2.174) in the middle
and upper levels, and by large horizontal eddies (cyclones and anti-
cyclones) in the lower levels of the fluid, as shown schematically in
Fig. 41. In each hemisphere, the centers of the cyclones, in the mean,
lie closer to the pole than the centers of the anticyclones and, as a
result, the relative zonal flow at low levels, when averaged over all
longitudes, is easterly near the equator and easterly near the pole,
but westerly in middle latitudes. In addition, in the wave regime the
zonally averaged meridional circuiation is reversed in middle latitudes,
as shown in the figure.

In the wave regime of cjrculation, there are the tongues of warm
fluid moving poleward in some longitudes, while at the same
elevation tongues of colder fluid move equatorward in other longi-
tudes, which produce the poleward heat transport that balancas
the differential latitudinal heating. Unlike the wave regime,
in the symmetric regime & net poleward heat transport occurs only
when the vertical lapse rate of temperature is less than the
sdiabatic rate, so that the northward moving fluid of Fig. 41.

has a higher potential temperature than the southward moving fluid,

Critical polesward temperature gradient

Mintz (1961) has described the critical poleward temperature
gra”d” nt for dynamic stability of each wave number in the symmetric
re riwv:. Change in poleward temperature gradient may affect the
¢ ma, ic stability. For temperature gradient smaller than the critical

temperature gradient, the symmetric regime is stablie; for larger
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gradients, the symmetric regime is unstable and waves develop. In his
development Mintz uses the two-level baroclinic model, applying the
quasi~geostrophic vorticity equation

EEH X (2.180)
5T ° ~¥g . V(l;g + f) - fveyg+k e+ yxF .
to levels 1 and 3, taken as the 250 and 750 mb levels, and the

thermodynamic equation

20 -y . gp- w38, 8 &
3t - Y Ve - w 3p t cpT q (2.181)

~

to level 2, taken at the 500 mb level. Where Qg =k * Vx Xy

is the vertical component of the curl of the geostrophic wind,

w = 3p/dt is the vertical veloecity in x, y, p-space, § is the
potential temperature and & is the rate of non-adiabatic heating
per unit mass. Mintz makes further use of the geostrophic wind

equation
=9
Ny T F k x vz (2.182)
the equation of continuity of mass
vV 'y = -3vw/3p (2.183)
Poissonfs equation for potential temperature
R
p °p
6 = T(_§) (2.184)
p
the equation of state
m >
T = p";ﬁ (2.18%)
and the hydrostatic equation
_ =-9p (2.186)
pg = .
0%
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In the above expressions, £ = 2 Q sin & is the Coriolis force,

? is the rate of rotation of the planet, & is the latitude, F is
the horizontal frictiog force, Vv is the horizoncal del operator on
the isobaric surface, k is the unit vertical vector, t is the time,
2z is the height of the isobafic surface, v is the horizontal
velocity, g is the acceleration of gravity, p is the vertical eddy
viscosity, & is the density, s. = (1 ~ iﬁ) is the static stability,
v = 91/3z is the vertical temperature gradient, Yg = - g— is the
adiabatic vertical temperature gradient, R is the universal gas
constant, i is the mean molecular weight, cp is the coefficient of
specific heat at constant pressure, a is the radius of the earth,
M is the net heating of the atmosphere on the equatorward side of
the central latitude.

Using the relations developed by P. D. Thompson (1961) for
the two level baroclinic atmosphere, and linearizing by neglecting
the heating and friction terms and by requiring that the zonal
component of the geostrophic wind be horizontally uniform and
independent of time, Mintz describes the behavior of any sinusoidal
perturbation of zonal flow as being determined by the parameter

-3F 2.2 .2
5 =( .2 - ; Qam)\4 r (2.187)
d8 Rn“(A"=-n")*
where
1
2¢ 2
- 20m p 8
A= (Tzs) (2.188)

and n is the planetary wave nunber, i.e,, the number of waves around

the hemisphere. When 5 < 0, the perturbation at both levels oscillates

about its initial amplitude. When § > 0. the perturbation grows in
amplitude without limit--that is, the waves amplify and the wave
perturbation acts to reduce the poleward temperature gradient.
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Critical temperature gradient and dominz»t wave number

A plot of the neutral curve § = 0 as a function of poleward
temperature gradient (- aT2/a $) and planetary wave number n is shown
in Fig. 42, As may be seen in the figure there is a critical value
of the poleward temperature gradient.

1 [} | 1 | I T 1 ] ‘ T R
- .
s |
N
V4 B 6§<0 6§ <0 A
u.
O |
o i
=
Z L N
D
A
:%:’ : (-3T,/2p) =KTys
o
|—- -
70 p— H ]
! H
5<0 : 5<0
| 1 1 { 1 1 1 1 E 1 1 1
0 0.5 x/2]/4 1.0

n, IN UNITS OF A

FIGURE42. Stability of the Symmetric Circulction (After Mintz, 1961)
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— (2.189)
of )crit cp 2

below which § < 0 for perturbations of all wavelengths. When
(- aT /a¢) barely exeeeds (R/c )T oS> perturbations of planetary
wave numbor n = x/24 have § > O whlle longer and shorter waves
. still have & < 0. This particular value of wave number is a
critical one, and is termed the "dominant wave number':

(2.190)

"o

N4

Should the poleward temperature gradient be larger than the c¢ritical
value (R/CS)TQS, then 6 is positive over a broader range of wave-
lengths. However, it is never positive for wave numbers larger

than A.

Velocity of wave propagation

The dominant wave number ng is important because the critical
value of(~a§3/a¢) never can be very much exceeded except when
A S 1. We may imacgine a differential hecting AQ which exceeds the
heat transport characteristic of the symmetric regime and thereby
makes the poleward temperature gradient(:ﬁTE/BQ) gradually increase
to approach its critical value from below. Because of irregularities
of the surface of the atmosphere, small amplitude perturbations in
all wavelengths will always be present, As(-eT2/a¢) passes its
critical value, perturbations whose wavelengths lie near the dominant
wavelength will start amplifying, and transport heat polewards.
Thermal equilibrium will first be reached when the waves have grown
large enough in phase lag and amplitude for the poleward transport
to balance the heating. As the waves continue to grow, the heat
transport becomes larger than the AQ heat input,(-afa/a¢) in time
is reduced to less than its critical value, giving rise to an
oscillation in which thermal equilibrium is maintained by the ?
waves only in the long term average.




oy

The criterion for the establishment and maintenance of the
wave regime, is whether (- aTz/aw)H =pQ is larger or smailer
s

than (- 3aT,/3@) ., wherein (- 3aT,/3¥).,, _,.~ is the poleward
2 crit 2 H_=AQ
temperature gradient sufficient to trangport the net heating
of the atmosphere on the equatorward side of the central latitude
under steady state symmetric circulation

=37 2
2 N2 O°m (2.121)
=(===—11Q
( o )HS=AQ ("9R3“2)

and the critical value of net heating is

= ———l 2.182)
Achit (

That is, when

(3), (%)
) 4 =1q EY] orit (2.193)

and

the wave regime of general circulation will form.

In the long time average, the heat transport equals the net
heating equatorward of the central lavitude. The total poleward
heat transport acress the central latitude by the waves when the
surface winds are weak compared to the upper levels is compared to

the upper levels is

2

2 .
e t7?
1 DDGPS.2 sin a (2.184)

Hw = Egn

where @ is the phase lag between the waves at levels 1 and 3. H )
depends net only on the magnitudes of V2 and o but also on the

cerrelation batween them, BAn order of magritude estimate of the




wind speed average of levels 1 and 3 required for wave regime trans-

port of net heating AQ is

72 2(1/ B N P (2.195)
2%ma cpnps(sin 307)

Wave dynamic parameters of the earth

The theoretical determination c¢f the regime of general
circulation of the earth's atmosphere is obtained by comparing
AQ with Achit‘ To a first approximation, Q for the earth is
independent of the temperature distribution. The net heating per
unit horizontal area, as a function of latitude is (S(1 - A) - W),
where S is the incident solar radiation derived from astronomical
celations, A is the planetary albedo, taken as a constant A = 0,34,
and W is the long-wave radiation emitted by the planet. This yields

the mean annual distribution of S(1 - A) shown in Fig. 43,

Because tha earth has extensive oceans that are heated by the
sun, there is widespread and persistent vpward diffusion of water
vapor from the ocean source, and the air in all latitudes is in a
state of near saturation. Mintz assumes for his model of the earth
that the relative humidity is uniformly high in all latitudes and
that there is sufficient water vapor in the atmosphere so that all
the outward radiation may come from the water vapor in the air.

Under these conditions, where the temperature is high, as it is near
the equator, the water vapor which emits the outgoing radiation wilil
be at relatively high levels in the atmosphere; where the temperature
is lcw, as it is in the troposphere of the poles, the emitting water
vapor will be at lower levels. But the intensity of the outgoing

. radiation, which depends essentially only on the temperature of the
water vapor and not on its elevation, will be of the same magnitude
everywhere, Hence, in Mintz'model, the outgoing radiation W is taken
as constant with latitude. For thermal equilibrium, the magnitude

of W must equal the latitude mean of S(1 - A) which is known. Hence,
there results a net heating between the eaquator and latitude 370,
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and the pole of 10,6 (10)'° cal day™*

AQ ~ 10.6(10)*° cal day !

(2.196)

Further, Mintz takes the following values of the earth parameters:

a = 6.37(10)°n

g = 9.81 msec 2
Q= 7.29 (20)"° sec™t
— nenO
T2 = 260°C
cp = 1004 XJ 1:or{-1 deg—l
R/m = 287 KJ toﬁ—l deg_l

u o= 2.2(10) %con m T sec™t

= ~g/c, = -10% /¥m

Ya
y = yd/2
s=(-X)y=0.5

Ya

to derive the computer parameters

AQ = 5.1(10)12 KJ sec™t
_ 12 -1
Qi = 0.6(10)*° KJ sec
-aT
(~5¢2) = 310°C/rad
H_=AQ
S
-aT
( a¢2) = 38°%¢/rad
crit
Yy = 6.36
nd = 5,4
Ly = 5300 Km
1
2)f -1
V. = 13 m sec
‘N
w=AQ

=9m sec-l

(2.197)

(2.198)




and the pole of 10.6

Further, Mintz takes

o =

(10)19 cal daty"l

AQ ~ 10.6(10)~° cal day * (2.196)

the following values of the earth parameters:

6.37(10)%n
9.8lmsec—2

7.29 (10)"° sec™t
260°C

1004 XJ ton * deg *
287 KJ ton - deg *

2.2¢10) %ton m + sec *

~gie, = -10%/¥m

yd/2

(1 - .Y...) = 0.5 (2.197)
Ya

to derive the computer parameters

AQ
Achit

()
1) -
H.=0Q

op crit

= 9 m sec

5.1(10)%2 XJ sec *

0.6(10)%2 KJ sec *

= 310%/rad .

38°C/rad

6.36
5.4
5300 Xm

13 m sec-l

1l (2.198)
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For the Mintz model of the earth's atmosphere the differential heating
AQ dis many times larger than Achit’ the maximum for a dynamically
stable symmetric circulation. Since with only symmetric circu-
lation the poleward temperature gradient required to transport the
heat from the equator to the poles would rcquire a gradient of

310% per radian, but the critical dynamical limit of the poleward
temperature gradient is only 38% per radian, planetary waves must
develop in the atmosphere whose greater efficiency can transport the
net heating. The number of waves around the earth will be the
nearest whole number to the dominant wave number ny = 5.4,
corresponding to the dominant wavelength at latitude 45 deg of

5300 km, The root means spare meridional wind is 9 m sec*l.

The computations described above are for an atmosphere in which
there is no release of latent heat of condensation. If condensa-
tion is taken into acccunt then the saturated adiabatic process
rate yg must replace the unsaturated adiabatic process rate Y4
over about one-half of the wave domain, so that

s*=l‘[(l~l-)+ (1~—1-)] ~ 0.3 (2.199)
2 Yq ¥s

The effect of replacing s in the computations by s*, after the

waves have developed to the extent of producing condensation, has
two important consequences: it reduees the critical poleward tempera~
ture gradient with only a small change in the dominant wave number,
and it produces a condition of hypercritical instability leading to
a rapid rate of wave amplification in the ore dimensional case and

a rapid rate of cyclogenesis in the two dimensional system,

As illustrated by Fig. 44, this hypercritical instability ensues
when the vertical motion of the amplifying perturbations brings
about condensation in the ascending branches of the waves, causing
the stability criterion to change abruptly from RIps RIgs®

to o .

p P
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FIGURE 44. lllustration of Hypercritical Instability of Atmospheric Waves Resulting

Because s¥/s -

from Wave-Produced Condensction (After Mintz, 1961)

0.6, about two-thirds of all the potential energy

that was slowly stored in the buildup of the temperature gradient
to its magnitude 5— T2$ now is available for rapid conversion to
kinetic energy. Tgerefore, in this model atmosphere, waves which

-1
would grow only slowly and to moderale amplitudes (rms v, = 13 m sec )

when the temperature gradient is brought past its critical value

from below and no condensation is permitted, will with the conden-

sation grow rapidly and for a shorter time to larger amplitudes.

With the larger amplitudes, Hw >> AQ and the poleward temperature

gradient fallfagapidly to the saturation-critical value —f— Tzs*. »
Orly after (-3-¢—2-) falls below -&}3- Tzs""‘ do the waves die ogt, so

that the cycle may begin again wgth -6—13 Tzs again as the determining

value for the next releave of hypercrgtical instability.
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The following Table 9 shcws Mintz' theoretically predicted
values of the critical {and hence the limiting) poleward temperature
gradients, the dominant wave numbers, and the root mean square
meridional wind for his model of the earth's atmosphere, compared
with the observed values for the real earth atmosphere. Both

sets are yearly avevrages.

TABLE 9. THEORETICAL AND OBSERVED VALUES OF CRITICAL POLEWARD
TEMPERATURE GRADIENT DOMINANT WAVE NUMBER
AND MERIDIONAL WIND (After Mintz, 1961)

PREDICTED OBSERVED
(=)
2 _ ng0
3¢ /crit, s=0.5" 38C /rad (-a‘fz)
_ (e}
3¢ / observed 29C /rad

(-a?z) )
30/ crit, s*=0.3~ 23C /rad

nd(s =0.5) 47 n =bor7
Nis*=0.3)=7 d, observed

-1
s( V ~ 9 = -1
m ( 2 )HW=AQ ms rms( V2 )observed 10.6ms

The agreement between the theoretically derived quantities for
the Mintz model atmosphere and the observed quantitcies for the real
atmosphere of the earth is good. The observed poleward temperature
gradient falls almost halfway between the tw -limiting values, the
observed dominant wave number is in close agreement with the theo-
retical numbers, and the observed rms meridianal wind is approximately
the same as the theoretical estimate,
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with respect to seasonal changes of the general circulation,
Mintz notes first that the intensity of the atmospheric waves
depends dirgg%%y upon AQ. Neither the critical poleward temperature
gradient (—Sa—)crit, and hence the actual poleward temperature
gradient, nor the dominant wave number ny depend directly upon 4Q.

Using the measured poleward transport of sensible heat at the
central latitude, which is about four times greater in summer than
in winter, to arrive at a rough estimate of the seasonal values
of the differential heating of the atmosphere, Mintz obtains

12 | -1
Aqummer 2(10)™" XJ sec

12 -1
AQwinter ~ 8(10)™° XJ sec (2.200)

From this, Mintz concludes that the rms meridianal wind must be twice
as large in winter as in summer; this is approximately what is
observed.

On the other hand, the static stabilities, s and s¥, change
relatively little with season in the earth's atmosphere, since
the greater winter upward heat transport is compensated by the
greater heat of condensation produced by the waves and released in
the lower half of the atmosphere. Observations show that at the

( )

(-sz)
3¢ winter

This seasonal change of poleward temperature gradient is relatively
small compared to the fourfold increase in AQ. The dominant wave
number depends inversely on the square root of the static stability.

1t

22°¢/rad

36°C/rad (2.201)

Therefore, in spite of the large seasonal change in AQ, the wave
number can decrease only slightly from summer to winter (from 7 or 8
to S or 6), as is observed.
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Effects of the oceans and continents

There are several important ways in which the oceans influence
the general circulation of the atmosphere of the earth. One of these
is that evaporation from the oceans i‘eeps the atmosphere in a state
of near saturation. With its characteristic temperatures, the
order of magnitude of which is given by the effective insolation

S(1 - A), near saturation means sufficient water vapor in the
earth's atmosphere to make the infrared emission to space almost
constant with altitude. As a result, the differential heating

AQ exceeds the critical value for a stable symmetric circulation and

the wave regime results.

A second important effect of water in the earth's atmosphere
is that once the static stability s is reduced to its new value s¥
by condensation in the waves, the heat of condensation thereafter
keeps s¥* constant. In the wave regime there is a positive correlation
between the ascending motion and the temperature to produce a net
upward transport of heat which, by itself, would make the space-
averaged vertical gradient of temperature more stable. The heat of
condensation, however, is almost entirely released in the lower half
of the atmosphere, in contrasv with the principal cooling term, the
divergence of the net vertica’® infrared radiative flux, which is
relatively constant with elevation., Being released in the lower
half ~f the atmosphere, the heat of condensation therefore opposes
the reduction of the space averaged vertical temperature gradient by
the upward heat transport of the waves. In this way, s* remains
relatively constant in value.

In addition to the effect of evaporation from the ocean producing
the water vapor of the atmosphere, the oceans also importantly
influence the atmosphere through the seasonal storage of insolation.
Since little insolation is absorked by the earth's atmosphere
directly, by far the larger part of the effective insolation S(1 - B)
is absorbed by the underlying surface, Because land has small thermal
conductivity, especially when dry, little heat is stored in tie land
as the season changes. In contrast, the upper layer of the oceans
has a high chermal eddy-conductivity and produces a large seasonal
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storage of insolation. Since the temperature of the ocean surface

changes little with the season, the heat transfer from ocean to over-

lying atmosphere has relatively seasonal variation. If a planet were

completely ocean covered, the A would have only a small seasonal

variation. On earth there is sufficient ocean area, even the northern

hemisphere, for ) to maintain a preponderance over échit throughout

the year, and thereby maintain the normal wave regime year around.

As a conszquence of the storage process and the limited
longitudinal extent of the oceans, there is the important effect
of the seasonal storage of insolation by the oceans in producing
large zonal variations in the heating of the atmosphere. In
the winter of the northern hemisphere, for example, in middle and
high latitudes there is strong relative cooling of the air over

the continents and heating over the oceans as the air of the tropo-

sphere flows from west to east. Over the continents the air cools
because S(1 - A) is smaller than W, while the temperature of the
ground adjusts itself to the temperature of the air because the
thermal conductivity of the ground is small. When the air that ha
been cooled over a continent moves over the ocean again, it is hea

s
ted

because it is colder than the warm ocean surface, while the temperature

of the ocean surface remains almost unchanged because the thermal
eddy-conductivity of the oceans is large. There are two important
consequences of this zonally varying heating of the atmosphere.
One is that low-level convergence is produced in the longitudes
where there is heating of the air and low-level divergence when th
is cooling. As a result, in the winter season there will be gener
low level horizontal convergence over the oceans and divergence
over th2 continents, and thereforé, lower mean surface pressure ov
the oceans than over the continents. In the summer season, the
reverse pattern of heating and cooling and reverse distribution of
high and low surface pressures over oceans and continents will occ
At the éame time, the heating established in the upper levels an
ultra-long-wave pattern of opposite phase to the surface pressure

distribution.
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The second important consequence of the zonally varying heating
due to the ocean-land contrast is that it affects the horizontal
temperature gradients, and hence the baroclinic stability at the
coast lines. Especially near the eastern coastlines of the two
northern hemisphere continents in the winter season, the contrast
petween cold continental air and warm maritime air produces a
zone of large horizental temperature gradient and hence a zone of
maximum baroclinic instability. Thus, the eastern coastlines
become preferred regions of baroclinic wave development. Af a
baroclinic disturbance moves eastward from its source region of
maximum horizontal temperature gradient and moves through the
region of maximum heating, and consequent surface convergence,
of the ultra-long atmospheric wave, the low-level cyclonic rart of
the moving disturbance is amplified. 1In this way the baroclinic
wave-cyclones, instead of being uniformly distributed around the
globe, are concentrated in the oceanic longitudes, especially in
the winter season.

Stil) another important influence of the ocean lies in its own
ability to transport heat. The mean latitudinal heat transport by
the ocean is indirectl, estimated to be about 1(10)Y° cal day 1 at
the central latitude of the northern hemisphere, and hence has no
controlling on the form of the atmospheric general circulation,
since a reduction by that amount from the 10.6(10)19 cal clay"l
required poleward heat trans»ort would not change the circulation
from wave to symmetric regime. However, important aspects of the
atmospheric circulation, within the wave regime, can be influenced
by the oceunic transport of heat. BAs a hypothetical example, an
anomalous axcess of insolation, resulting from a periocd of non-
cloudiness, could be stored in the ocean in a region of down-
welling current,. This anomalous heat, when brought to the surface
and transferred to the air, couvld affect the phase of the ultra-
long atmospheric waves. Because of the interaction between the
ultra-long waves and the baroclinic disturbances, this could
result in a shift of the tracks of the rain producing baroclinic
disturbances, east or west, resulting in long-~period weather
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anomalies over extensive regions of the globe. The atmosphere's

small heat capacity and large velocity gives the atmosphere

a short memory for anomalies of insolation, but the ocean with
its large heat capacity and small velocities, has a long memory
for anomalies of insolation.
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III. PHYSICS OF THE STRATOSPHERE AND MESOSPHERE
Extending in altitude between the two temperature minima of the
temperature-altitude profile illustrated in Fig. 4, the stratosphere
and mesosphere form a region from perhaps 15 to 80 km altitude,
characterized by a temperature maximum in the 40 to 60 km range,
which acts somewhat as a barrier to the flow of energy, in forms

other than radiative and conductive, between the two vzgions of
Energy within the region < - derived
Wave

the atmosphere which bound it.
mainly by absorption of solar ultraviolet radiation by ozone.

motion in the stratosphere and mesosphere is strongly suppressed.

TEMPERATURE STRATIFICATION
The temperature maximum is due to the absorption of solax UV
in the 2000-3000 A region, largely by the Hartley system of ozo.e
for which the absorption cross section peaks near 2600 A (See Fig. 19).
The transition corresponding to the photodissociation of ozone is

2 g
R e T S

VR R et £ SN e

.
b

03 + h v (Hartley) - 02 -

N ..

k. ~ 1% 1072 sec™! above 40 km. (3.1)

1
At the altitude near 50 km the atmosphere is optically thick

for this wavelength region, that is

g(h) = 1 for h = 50 km
wherein g(h) = U(Hartley)J/. n(0,3h") dh! (3.2) .
h »
PRECEDING PAGE BLANK
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ALTITUDE KM

n(03; h) is the particle number density of ozone at altitude h, as
given by Nagata et al. (1957) and plotted in Fig. 45.

80 p—
------ (2)(3) (1)
(4) TS
40
40
OBSERVED
(1) K-9M-~16, DEC. 13, 1965, 15:20 JST
(2) L-3H-2, JUL. 23, 1966, 13:35 JST
(3) K-9M-21, DEC. 5, 1966, 11:00 JST
i
20 - -
THEORY
(4) CRAIG (1965)
(5) HUNT (1966)
0 9 10 n 12
10 10 10 10 10

OZONE CONCENTRATION MOLECULES/CM>

FIGURE 45. Ozone Concentration as a Function of Height
(After T. Nogata et al., 1967)

Although n(03; h) peaks at h = 20 km, since E(h) = 1 already
at 50 km, the peak heating occurs at the relatively higher altitude.
Evidently, above the tropopause, the ozone concentration may be
explained by "photochemical equilibrium", that is, the ozone concen-
tration is determined by the balance between the Hartley absorption
reaction (3.1) and the processes

0+0+M"02+M;k4;
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[Above the upper mesosphere, k, >~ 3 x 10-33cm65ec-1] (3.3)

0+02+M"03+M;k5;

[ks = 5.6 x 10711 exp (:-2—.%52) cmGSec_l] (3.4)
0+03'-2 0’2"; k6;

&Elow the lower mesosphere; k. = 8.2(3,0)'35 expeggécmssec'ﬂ

(3.5)
02+M¢ 0‘§+M (3.6)
Under steady-state conditions for which
(a/dat) n(0) = (d/dat) n(02) = (d/dt) n(03) =0 (3.7)

At altitudes of 50 km and above the concentration of ozone is
drastically reduced because of the higher intensity of solar UV
which leads not only to the ozone photodissociation (3.1), but also
to the 02 dissociation reactions:

0, + h v (Schumann-Runge)} - 0(3}") + O(lD); 0g3

2
[09 < 10717 cm2] (3.8)

-~ 2
02 + h v (Herzberg) - 2 0(3P); clO;E’lO £ 10 23 cm] (3.9)

The details of the photochemistry of atomic oxygen and ozone.
in the stratosphere are complicated by reactions involving water

| Hunt, 1966 and Leavy, 1969].

At altitudes below 20 km, i.e., in the troposphere, the ozone
concentration is higher than can be explained in the terms which
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describe it for the strafosphere and resosphere. Evidently this
high concentration arises from low-ievel photochemistry of a differ-
ent nature, such as that generating smog, etc.

To summarize, at altitudes above S50 km £(h) < 1 because there
is too little ozone to make the atmosphere optically thickj; at
altitudes below 50 km, since most of the solar radiation incident
on the atmosphere has already been absorbed at higher altitudes
(¢ > 1), there is inadequate solar radiation in the Hartley band to
heat up the atmosphere.

Having explained the temperature maximum at the stratopause,
the lower bound of the stratosphere and the upper bound of the
mesosphere will next be described.

The lower bound of the stratosphere is given by the tropopauze,
which corresponds to the temperature minimum between the tropopause,
or that portion of the atmosphere which is in direct "contact™ with
the surface of the earth, and the thermopause.

If the temperature gradient (with increasing beight) within
the troposphere is negative, so that the adiabatic lapse rate

~dT/dh < g/e, (3.10)

(where g = acceleration due to gravity and cp = specific heat at
constant pressure), there is possibility of a fluid mechanical
static instability by which a parcel of air of slightly different
temperature can move a significant vertical distance, leading to
overturning of the atmosphere. Such an overturning in the tropo-
sphere is particularly visible in the case of cumulus clouds.

The vertical moticn arising from static instability is of
vital importance in keeping water droplets or ice crystals in
suspension in the troposphere. Since the terminal velocity of a .
spherical water droplet of  lu radius predicted by the Stokes'
formula is about 10-2 cm/sec, modest mean vertical motions may keep
such droplets in suspension.
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The clouds made up of ice and water particles fulfill an
essential role in maintaining the thermal balance of the troposphere
by absorbing, re-radiating and scattering solar and terrestrial {
radiation, as well as by the large thermal inertial provided by -
their heat capacity.

There are rare occurrence. of other types of clouds at higher
altitudes-"nacreous clouds", whicl: occur rarely between 20 and 30 km
under certain geographic and climatic conditions associated with
strong winds, and "noctilucent clouds™ which occur occasionally
between 75 and 90 km, also associated with winds.

Under meteorological conditions the criterion for the mainte-
nance of turbulence is commonly expressed in terms of the dimension-
less Richardson's Number Ri, which is the ratio of the restoring
buoyancy force per unit length of vertical displacement to the
square of the wind shear

(g/T)(R®T/3z + g/cp)
Ri =
(u/3z)?

where u is the horizontal wind velocity. Turbulence persists if

(3.11)

Ri < Ric (3.12)

where various values of Ric have been quoted, ranging from 2 down
to 0.4 (Schlichting, 1960),

Typical values of Richardson number, as computed for « arious al-
titudes, are plotted in Fig. 46. Also indicated are the + ues of
temperature and of wind velocity used in the computations. in Fig.
46(a), Kochanski's wind data (Kochanski, 1964, 1966) are taken with
temperature profiles of the U.S. Standard Atmosphere to be a basis for
estimates of Reynolds and Richardson numbers. In Fig. 46(b) are
Zimmermann's computations of Richardson number based on Sechrist
et al, (1i969) data of simultaneous measurements of wind and tempera-
ture. Zimmermann's data show that turbulence may occur low in the

mesosphere under some conditions.
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Conclusions to be drawn from the data on Richardson Number ar-
rayed in Fig. 46 is that turbulence in the troposphere is unambiguously
present, that the existence of turbulence in the stratosphere and
mesosphere is unlikely, and that turbulence in the lower thermosphere
is near the critical limit for suppression by the temperature gradient.

That the tropopause is sometimes abrupt is evidenced by the
distinctive flat anvil-top of thunderclouds delineating an altitude
above which condensed water cannot exist stably, and where the
instabilities discussed above no longer occur. Above the tropopause
there may be strong, steady, prevailing winds driven by the rotation
of the earth as well as by the day/night and equator/pole heating
and cooling.

The upper limit of the mesosphere is set by the mesopause, the
minimum in temperature below the thermosphere which is heated largely
by the Schumann-Runge continuum leading to the photodissociation
of 0,, and above the stratopause arising from the heating ascribed
to the Hartley continuum of ozone. The inversion due to the
Schumann~Runge heating represents a smaller heat source than that
of the stratopause, so that the conductive heat flow in the meéo-
sphere is ftrom below upwards along-a negative temperature gradient.

ENERGY BALANCE AND FLOW

As in the D-region of the lower thermosphere, the chegistry of
the stratosphere and mesosphere is complex, involving not only the
minor species ozone and its decomposition products as indicated in
Eqs. 3.1, 3.3, 3.4, 3.5, 3.6, 3.8, and 3.9, bul alsc hydrogen com-
pounds resulting from the dissociation of water vapor.

Horizontal transport of energy may be effected by means of strong
prevailing horizontal winds, of speeds 50-100 m/sec (CIRA, 1965, p.
41 ££).

Figure 47 shows schematically the vertical energy transfer from
the sun and within the various upper atmospheric regions, Other
than for radiation directly from the sun, from region to region, the
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transport is generally vertically upward, not downward.
density decreases with height energy transport from a higher region
is little able to affect a lower region. ‘
to its lower density, always has smaller heat capacity than
the lower region, the higher region cools by radia

rather than conductively heats the lowev region.

Since

The highar region, due ;

ve emission

The following mechanisms for vertical energy transport have

been considered -

(a)

(b)
(c)
(d)

(e)

radiative transport; given the prevailing

temperatures 200 - 300° X, the vibration-rotation
levels in the infrared (2 - 30 u) are most important

to this process

molecular diffusivity
turbulent diffusivity
transport by organized macroscopic flows such

as vertical winds or gravity waves
chemical transport ( e.g., atomic and molecular

oxygen are transported from one altitude to
another where they recombine, releasing the

bond-energy).

Of these mechanisms, chemical transport (e) can clearly be
considered negligible because of the low degree of dissociation.
Molecular diffusivity (b) can be calculated by the standard tech-
niques (Chapman & Cowling, 1939; Hirschfelder, Curtiss & Bird, 1954).
Radiative transport (a) is possibly the most important single
mechanism. By the theory of chemical reactions, quenching and the
difficult conversicn of vibrational into trarslational energy, perhaps
half of the solar excitation absorbed remains in the form of vibra-
The transfer of vibration energy.to form infrared-
active species, which then re-radiate, tends to be rapid compared

tional energy.

to vibration-translation deactivation.

By these simplifying con-

siderations, the radiative transport ray be calculated by the gen-
erally recognized techniques of Xondrattev, (1965) and Goody (1964)
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after the appropriate partition of energy from solar input into
infrared active vibrational and rotational energy has been made.

The large-scale mechanical transport of enefgy, either by
ordered motions, such as vertical winds or various other types of
waves, or by random motion (molecular diffusion or turbulence).
Because of static stability considerations (high Richardson's Number)
random, or non-phase coherent motions, appear not to be important
for vertical transport of energy in the stratosphere, in sharp
contrast to the situation in the troposphere. Some phase coherent
(ordevred) motions of importance in the stratosphere and mesosphere
are the driven motions of the tides (with periods of fractions of
a solar day) and of the plentary waves, with longer periods. These
are discussed in greater length in the following section.

MECHANICAL TRANSPORT BY WAVE MOTION

One may consider the large-scale mechanical transport of energy
to be accomplished by wave action, which is phase coherent, and by
turbulence, which is not phase coherent. Eckart (1960) nas given an
excellent description of the several modes of wave action indicating
that frequencies greater than the Brunt-Vaisala frequency

N = éi o1 + the waves propagate like sound waves (hence are
o 32 o

termed "acoustic waves"), frequencies smaller than the Brunt-Vaisala
frequency but larger than the Coriolis frequency (Q = 2 day_l) are
characterized by the effect of gravity on buoyancy dominanting over
the spring-like compressibility effect (hence are called "gravity
waves™). Some of the gravity waves are propagated in modes with
zero amplitude at the boundaries (hence they are termed "“internal
gravity waves").

Waves of another type are those called by Laplace Moscillations
of the second kind" and include the tidal oscillations and the
planetary waves. The tidal oscillations have periods corresponding
to 1/) of the solar or lunar day (A = 1, 2, 3) for frequencies in the
order of the Coriolis frequency; planetary waves, which have also
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been described in one form by Rossby, have smaller frequencies than

the Coriolis frequency.

The major period of the atmospheric tidal oscillations is half Y
d solar day, rather than half a lunar day, as would be expected from
the application of Newton's theory of gravitation. Siebert (1961)
has shown that solar heating plausibly gives rise to the semi-diurnal
tidal oscillation, with the diurnal solar heating tide suppressed by
anti-resonance effects, Adding to Siebert's calculations for the
effect of water vapor absorption, S. T. Butler and X. A. Small (1963)
have shown that the water vapor and ozone absorption together
can adequately account for the observed ground level atmospheric
semi~-diurnal and terdiurnal tides.

Theory and observation described by Charney and Drazin (1961)
both indicate that only components of planetary waves (time scale
long compared to a day), which are of global extent can propagate
upward out of the troposphere into the stratosphere and mesosphere.
R. E. Dickinson (1968) has described the following characteristics
of the terrestrial planetary waves:

1. Planetary scale disturbances interact with the vorticity
of the earth's rotation and propagate through the
atwosphere as planetary waves.

2. Planetary waves are everywhere evanescent in the presence
of an easterly zonal wind.

3. Strong westerly winds trap the vertical propagation of
planetary scale waves.

4. Trapping of vertical propagation of planetary waves is
absent locally near the equator.

5. Planetary waves are guided by horizontal shears. Examples
are illustrated in Fig. 48 which is a schematic of the
winter-summer zonal winds and the trajectories of planetary »
wave rays in the presence of the winds. The maximum westerly
jet in middle latitudes at the stratopause acts as a reflecting
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barrier. The latitudinal variation of winds suggests the
formation of polar and equatorial wave guides where the winds
are weaker. Rays in the polar wave guide undergo multiple
reflections between the pole and the westerly jet, setting
up a standing wave normal mode in latitude. Also, in the
equatorial wave guide, the rays are defiected ontc the zero
wind line where they are absorbed, giving rise to rapid at-
tenuation with heic¢i't,

6. Planetary waves in weak zonal winds are strongly damped by
radiative processes, In Fig. 48 (after R, E. Dickinson, 1268)
is shown the damping time for wave numbers one and two
versus zonal wind for a number of values of the parameter
representing fractional damping in one density scale height,
The shaded region of parameter space indicates where the
damping is severe enough to cause wave amplitudes to decrease
with height. '

7. Zonal motions may be coupled to both soiar radiation heating
and plenetary saves,

Of the several types of wave motions listed above, the planetary
waves seem to dominate the circulatior of the troposphere; the planetary
waves and tides dominate the stratosphere and mesosphere. In the
lower thermosphere, in contrast, the gravity waves are important.

Gravity waves are observed within the troposphere, stratosphere,
mesosphere, and the lower thermosphere. They give rise to the wind
fluctuations which are seen at low levels as gusts. Observed at
higher altitudes as deflections of smoke trails, they have impressive
magnitude in the lower thermosphere, where Kochanski's (1966) analysis
shows them to be comparable in amplitude to the tides.

In the first order, in the lower thermosphere and below, by
neglecting the effects of viscosity and assuming the conservation of
energy as the wave motion is propagated upward, one may note that
since the density decays upward as exp (-z/H), the wave velocity
must increase upward as exp (z/2h). The tides and the gravity waves
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accordingly may be expected to have velocity values three orders of
magnitude greater at 100 km than at the earth's surface. At 50-km al-
titude, on the other hand, gravity wave and tidal velocities may be
but little more than an order of magnitude greater than at the surface.

Mahoney (1968) has descrived results of tracking falling ROBIN
spheres by two different radars simultaneously, to show as in Fig. 49
that the wave motion common to the two tracks of the same sphere
(tracks 1 and 3 in the figure) is of finite, but small amplitude in
the stratosphere, and correlates well with the motion of a second
ROBIN sphere falling at the same time about 48 km distant.

Xochanski's (1964) data shown in Fig. 50 show values of winds at
Fort Churchill (60o N) and Wallops Island (30° N) and elsewhere. The
large amplitudes of wind in the stratosphere and mesosphere are thought
to be mainly due to tidal and planetary wave effects.

STRUCTURE OF ATMOSPHERIC TURBULENCE

The study of irregular motions in the atmosphere, by means of
rocket releases of chemicals and by means of meteor trails, hes estab-
lished a region between 85 and 110 km called turbosphere. In this
region irregular motions of both turbulent and non-turbulent nature
have been observed, as described in Fig. 51. The curve in Fig. 5J.
represents the diffusion coefficient calculated using the altitude
variation of the atmospheric density. temperature, and molecular
weight given by the 1965 COSPAR international reference atmosphere
for a 10.7 solar flux index 85, 0400 h, while the two lines with bars
indicate the theoretical extremes of variation with season and solar
cycle (Golomb and MaclLeod, 1966).

Their investigations by experimental means have led to different
interpretations (Zimmerman, S. P., 1966; Justus, C. G., 1966) and
cast doubt to the existence of natural turbulence (Bedinger and
Layzer, 1969).
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Measurements at 104 km indicate an energy dissipation rate of
€=5x 103 cgs and a molecular viscosity of v = 106, yielding an
internal scale of turbulence (see Fig. 51).

k-l - (v3/e)1/4

Y
~ 3 x lO3 cm
The maximum horizontal scale of turbulent inhomogeneities may be esti-
mated of the order 3000 km, and the vertical scale of the order of the
scale height H. This indicates that the spectrum of atmospheric

144



turbulence is very broad, compared to spectra in laboratory turbulence,
suggesting that one ought to find some portions of the spectrum obeying
the Kolmogoroff law (Xolmogoroff, 194la, 1941b):

F o~ 23y 5/3 (3.13)

Lower altitude flights over Australia confirm such a 5/3 - law, see
Fig. 52 (Reiter, E. R. and Burns, A., 1966). However, at high alti-
tudes (85 to 100 km), the presence of wind shear and buoyancy, or
gravity waves, should cor:.licate the structure of turbulence.” It has
been contemplated that the turbulence may be generated by internal
gravity waves (Hodges, 1967).
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The characteristic frequency N, given by

N2 = .g/.g .X_-.:.L. “+ g
T\R Y dz
determines the mode of the gravity wave, and is called the Brunt-
Vdis¥la frequency. It serves also to derive the buoyancy subrange of
the turbulent spectrum, which is found on a dimensional argument to be

F o~ N2 (3.14)
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Here T is the temperature, R the gas constant, and y the ratio of
specific heat. Measurements in the troposphere have found a portion
of spectrum obeying the k'3 law (Tchen, 1969a}), see Fig. 53. Spectra
in the altitude of 85 to 160 km have also been compiled by Rosenberg
(1967), after normalization to their scale heights, see Fig. 54. The
data includes coverage of both upper and lower layers; that for upper
layers may include the effects of gravity waves. According to the
reduction by Tchen (1969a), these spectra follow also the k"3 law.
See also Zimmerman (1969), Figs. 55 and 56.

It is evident that the wind shear should be strong enough at those
altitudes to destroy the isotropy and to supply energy from the
permanent wind shear to the turbulent motion. One may, therefore, ask
whether the -turbulent spectrum under such a wind shear would alter the
Kolmogoroff law (Eg. 3.13) or the buoyancy law (Eg. 3.14). In this
respect, Tchen (1953, 1954) has found a spectrum .

F o~ (c/u) k1 (3.15)

in the shear production subrange, with support from experiments ir
wind tunnel turbulence, see Fig. 57 and Table 10. This result has
been used by Zimmerman (1966) to derive the chavacteristic parameters
of turbulence. Recently, by means of a cascade model of shear turbu-
lence, Tchen (1969b) stipulates that the spectrum (Ea. 3.15) is valid
in a wave number region smaller than a critical value ks

kg = (mz/e)l/z, wg = ldu/dz | = wind shear freguency

and that k should be sufficiently small that the vorticity function

X
2fdh'k‘2F
0
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TABLE 10. DATA FOR THE ENERGY SPECTRUM IN A BOUNDARY
LAYER AND IN A PIPE (Tchen, 1954)
Distance Local
Experi- from mean
mental Type of Um; wall; | velocity ut
points flow 8; cm | cm/sec 6/x2 gradient | cm/sec c
+ Boundary 7.6 1524 0.05 Large 119 1
laver
A Pipe 12.3 3048 0.008 Large 256 3.87
X Boundary 7.6 1524 0.8 Small 32 1
layer
g Pipe 12.3 3048 0.69 Small 113 2.51
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and consequently the inertial transfer should not intervene. By in-
creasing k, still within the above region k <« ks’ the inertial transfer
begins to intervene. From that point on, the spectral law (Eq. 3.15)

is to be followed by a new spectral law

F o~ wi K3 (3.16)

in the shear turbulence.

We note now the difficulty for the same k™% law in Eq. 3.14 and
Eq. 3.15 te represent twe different phenomena: one due to a buoyancy
force and the other due to a wind shear. A discrimination between the
two would be possible by a careful normalization of the experimental

data to N or W 5 respectively.

We conclude that it is extremely hard to discriminate and
characterize a turbulent motion. We believe that it should possess
the following features: an irregular ncnlinear motion having a snec-
trum with a production, a mode transfer, and a dissipation. The mode
transfer is a nonlinear mechanism vesponsible for the *transfer of

energy across the spectrum and must be present in general,
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IV. PHYSICS OF THE THERMOSPHERE AND IONOSPHERE

The region above the mesopause, called the thermosphere, par-
ticularly affects radio communications and decay of low orbits of
earth satellites.

GENERAL CHARACTERIZATION

As shown in Fig. 5, a profile of the temperature in the upper
atmosphere as a function of altitude has a minima at 15 and 85 km,
The region above the 85 km temperature minimum is called the thermo-
sphere. 1Its upper limit, commonly placed at about 500 km altitude,
depends significantly on latitude.

The thermosphere is characterized as follows:

(a) Temperature T increases with height h, going from perhaps
180° K at h = 80 km to perhaps 1500° X (+50%) above 400 km.

(b) The number density decreases from 10'6 times its sea-level
value at 80 km down to 10722 times its sea-level value at
500 km; or from 4 x 10** cn™3 at 80 km to 5 x 107 em™> at

50 km,

(¢) There is a uniformly mixed region from sea level up to per-
haps 100 km. Above 100 km, the composition changes markedly
with altitude.

(d) For more than 200 km above about 90 km there is a relatively

5 6 =3

-1 com ~.

Because of the drastic fall-off of neutral density, the

uniform density of free electrons, n, ~ 10

plasma effects are important at the higher altitudes.

These characteristics (a) - {d) may be grossly explained as

follows. PRECENG PASE BLARK
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For particles of mass M and temperature T in a gravitational
field, the density falls off with height according to:

~(h - h)/H
p (h) =p (ho) e 3 H=XT/Mg ~ 10 km "scale height.," (4.1)

As a result of photochemistry and flow, this simple rclation
(4.1) does not, in fact, give the whole story. It is, however, a
first approximation.

The precise/specific reasons why the atmosphere is uniformly
mixed up to perhaps 100 km and not above are subjects of present
scientific controversy. The rotation of the earth combined with
differential day/night and equator/pole heating gives rise to large
scale atwospheric winds. These move in a horizontal direction be-
cause of gravity but there are a number of large convection cells
which overall serve to produce a large scale low frequency stirring
and which also give rise to various high frequency disturbances in-
cluding "internal gravity waves" and "turbulence" (Hines et al, 1965).

The fluid mechanical motions which lead to these irregular mo-
tions are large enough to keep the atmosphere uniformly mixed up to
perhaps 100 km, where the gas kinetic mean free path is 16 cm.

The principal reason for the temperature increase above 80 km
and for the composition change is that solar ultraviolet and X-racia-
tion is absorbed in these upper fringes of the atmosphere and leading
to dissociation and ionization, and consequently heating. At the 80~
150 km level the biggest absorption mechanism by far is the Schumann-
Runge continuum of 02

3~ 3 1 -
02(X Ib) + hchh-R - O("P) + 0("D) + K.E. (4.2

As produced by solar radiation, the approximate energy balance of
this process is as follows

-
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Avh, o

wavelength of maximum absorption is 1500 A,
i.e., hy

8.26 ev (4.3a3)

i

energy to dissociation 02(x3z;) into 2 0CP) = 5.12 ev  (4.3b)

1.96 ev (4.3¢)

n

energy to excite O(3P) to O(lD)

balance of energy, which appears as kinetic
energy

1.18 ev (4.38)

The energy of elec*ronic excitation eventually appears a kinetic
energy as a result ¢f quenching processes:

oy + N, - 0%p) + N,(vib) + K.E. (4.4)

2

Since one electron volt (kT = 1 ev) corresponds to a temperature
T = 11,6000 X, and since about 1% of the atomic oxygen recombines
over night to be re-dissociated in the morning, the process is the
single most substantial source of heating of the thermosphere. It is
moreover supplemented by kinetic energy of macroscopic mechanical mo~
tion which is transported upwards in the atmosphere by "internal
gravity waves" (Hines et al, 1965) or by "internal gravity shocks"
(Layzer, 1967).

At altitudes above 150 km the photo-ionization of C and N2 con-

tributes significantly to the photochemistry, and presumably also the.

heating, but there is much less flux of solar energy at the higher
energies corresponding to wavelengths less than 11,200 A. Also there
are fewer available absorbing atoms and molecules, since above 150 km
there only remains 10"8 of tne earth's atmosphere, or 10l7 cm"2

column. Thus the rise in temperature above 150 km is slow,

The scale height H of Eq. 4.1 depends on molecular weight as
well as on temperature, In the region above h = 100 ¥m where the air
is no longer uniformly mixed there will be a diffusive separation of
the different species, with the lighter species (He, 0) at the higher
altitudes. This effect supplements the photochemistry to cause a
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reduction of net molecular weight with increase in altitude from a
value 29 at 80 km to a value 18 at 500 km.

Above about 200 km, the fraction of free electrons becomes ap-
preciable (Delcroix, 1965)

. n
number density of free electrons _ e -4,
total number density - n o 710 5 h > 200 km (4.5)

under these conditions the motion of the atmosphere is determined
largely by the motion of the ionized, rather than the neutral, con-
stituents. In other words, the geomagnetic field tends to become a
more important factor than the prevailing winds. In the high alti-
tude region (h > 200 km), plasma effects dominate over the effects of
continuum fluid dynamics.

At altitudes above 80 km, where there is a significant degree of
dissociation, the partition of the energy of the atmosphere in dif-
ferent degrees of freedom differs drastically both from that of
equilibrium air at room temperature, and that of equilibrium air at
the more representative temperature of 1500° K. As a result of solar
radiation, more energy is available as energy of dissociation of the
02 molecules. There is also more ionization and more bound-state
electronic excitation than is characteristic of local thermodynamic

equilibrium (LTE).

In Fig. 58 are shown the fractions of principal neutral species.
The data of Fig. 58 derived from CIRA-1965, show the change of rela-
tive proportions due to diffusion without other mixing above about
100 km., 1In Fig. 59 is shown the variability in electron density en-
countered in a number of measurements.

The breakdown of energy in different degrees of freedom, based
on the standard temperature and the composition data of Figs. 59 and
60, is shown in Fig. 60.
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For the electronic energy there are three curves in Fig. 60: a
theoretical curve representing LTE and constituting a plausible lower
bound, and two other curves deduced from experimental airglow re-
sults., Specifically, there are only three electronically excited
states that have to be considered, the states (al ) and possibly
(blz;) of 02 which are respectively 0.98 and 1.60 ev above the ground
state (x3>:;), and the state O(1D) which is 1.96 ev above the ground
state.0(3P). Since all other electronic states of O, 02, N2, NO,
etc. are more than 4 ev above the respective ground states, their
overall occupation is extremely low because of the unfavorable
Boltzmann factor exp (- E/kT). However, they may be important for
specific processes.

Thus of the three curves for electronic energy in Fig. 59, the
experimental data refer to airglow on Oz(alag) and O(lD), while the
theoretical LTE curve is mainly due to Oz(alAg). The experimental
data should not be extended in altitude range.

Walker (1968) alleges that the free electrons have a temperature
larger than the neutral species by & factor of two at h = 100 - 140
km, Walker accounts for the higher temperature to be a result of the
Schumann-Runge aksorption, described by Eq. 4.2 by which a large
amount of O(lD) is produced in this altitude range. The 0(1D) trans-
fers energy efficiently into the vibration of N2 by the quenching
reaction:

- o¢py + N, - oC’P) + Ny(v) + X.E. (4.6)

Despite the spin change, Zipf (1968) has given evidence that the rate
constant of process (4.6) is perhaps 1071 cm3/sec, and that possibly
half of the energy of process (4.6), or 1 &v transfers into the vi-
bration of Nz. Since the interchange between kinetic energy of free
electrons ana vibrational energy of N2 is rapid (Schulz, 1962);
Walker (1968) interprets the observed enhanced kinetic energy of the

electrons in terms of a vibrational temperature of N, of 3000° K.
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Walker's result is included in Fig. 60, but should not be regarded as

generally accepted.

Also shown in Fig. 60, the kinetic energy of a 100 m sec-l wind,
typical of these altitudes, is a minor contributor to the overall
kinetic energy.

Until recently, the terrestrial atmosphere was thought to be
mixed to a uni.orm composition to a uniform height of approximately
100 km. In the altitude region 80-100 km the uniform mixing was
thought to be affected by atmospheric turbulence which terminated
abruptly at a "turbopause™ at approximately 100 km, Above the turbo-
pause the various chemical species were supposed to diffuse sepa-
rately, each with its own scale height

Hy = kT/#;9; j = 0, 0,, NO, N,, Ar, He,.... (4.7}

Experimental work cited in Table 11 gives evidence that critical
levels in the upper atmosphere such as the "turbopause," referring to
"cessation of turbulence," or "homopause," referring to "cessation of
uniformity," may vary by as much as 20 km in altitude depending on
latitude, season and possibly even time of day. Evidence from a
number of sources indicates the existence of stratification Lelow
the turbopause; e.g., sporadic-E, wind shears and different ion struc-
ture on 3 vertical scale of order 1-3 km (Kochanski, 1964). Evidence
for compositional changes with altitude near the homopause has been

reviewed by K. S. W. Champion (1967, 1968, 1969).

The evidence concerning the state of motion of the lower thermo-
sphere may be summarized as follows:

Below 80 km, the atmosphere is uniformly mixed at all times,
while above 120 km it is diffusively separated, as evidenced by
measurements of the Ar-N2 concentration ratio (Kasprzak et al., 1968).
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Over all altitudes up to perhaps 200 km there is evidence for
horizontal winds. In the region 60-160 km the magnitude is typically
up to 90 m/sec, while the direction varies, according to Kochanski
(1964), whose data ave given in Fig. 50 in the discussion on the
stratosphere ard mesosphere, and Bedinger and Constantinides (1969).

Bedinger and Consiantinides (1969) have statistically analyzed
wind date derived from 57 chemical release trails over Wallops Island,
Virginia, released in evening twilight (23), morning twilight (19),
and otherwise during the night (15). The height interval covered by
the trails ranged from 63 km to 220 km, of which range data from the
heights 80 to 190 km was statistically analyzed. Sample size in the
interval 906 to 150 km exceeds 30; in the interval 90 to 130 km sample
size exceeds 50. The seasonal distribution of the data is the follow-
ing: Spring, 10 traijls on 7 occasions; Summer, 20 trails on 6
occasions; Fall, 11 trails on 7 occasions; and Winter, 16 trails on S

occasions.

Figure 61 shows the average wind speed in the range of altitude
90 to 150 km, ranging in value from less than 50 to above 90 m sec—l.
Figure 62 shows the North and East components of the average wind and
their standard deviations. The ratio of standard desiation to mean
varies from 1 to 2. Figure 63 shows the average value of the vertical

wind shear and its North and East components.

There is evidence of "internal gravity waves" of a nature
described in the section on the stratosphere and mesosphere. In the
thermosphere, the gravity wave amplitude increases from 60 km up to
about 180 km, and théh falls off, as describec by Kochanski (1966),
whose results are shown 1in Fig. 64.

From rocket-borne mass spectrometer results (Narcisi and Bailey,
1965) and ionosonde measurements of sporadic-E, there is clear evidence
of horizontal structure in the 80-100 km region, tyrically with
vertical scale of 1 to 3 km, lifetime on the order of one hour and
horizontal extent of about 100 k.
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Spreading of rocket release vapor trails of sodium, tri-methyl
aluminum (TMR), and other materials show a marked change in effective
diffusion coefficient at altitudes in the range 100-120 km. The
effective diffusion coefficient at the lower altitudes, significantly
larger than the molecular coefficient, has been called an "eddy
diffusivity."

The probing of the atmospheric turbulence by chemical releases
poses two questions: (1) the passage of rockets or chemical dispensers
unavoidably induces disturbances which should be elimirnated in the
interpretation of data, and (2) the diffusion of the passive conta-
minant by the turbulent motion in the atmosphere does reflect the
structure of the atmospheric turbulence, but the two motions are
obviously not identical. Their relation should be investigated.
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Radar returns from the ionization trails of meteors in the same
altitude regime show the same effect as an onset of turbulence. Be-
cause cf the smaller size, the inducing of turbulence by the passage
of the meteor is less likely than in the case of rocket-releases.

Experimental data éhown in Fig. 51 exhibit values of effective
diffusivity which are larger than molecular diffusivity at altitudes .
below about 120 km. Since many of these data were obtained by measure-
ments of the up-trail, which differ substantially from measurements
made on the down-trail, the reality of the implied effective or "eddy"
diffusion coefficients shown in Fig. 51 are controversial.

Explanation of observational data should give reasons for a
well-defined turbopause at altitudes of about 100 km3; below which the
atmosphere is turbulent and above which it is laminar, Turbulence
arises when a fluid is cubjected to a strain too severe to be re-
lieved by molecular transport in the form of a velocity, temperature,
or concentration gradient. Strong destabilizing concentration
gradients are uncommon in the atmosphere. The atomic oxygen gradient
arising in the O—O2 cycle described above is in fact stabilizing, not
destabilizing, so that it will not induce turbulence. However,
velocity gradients (wind shear) and temperature gradients are of com-

mon occurrence in the atmosphere,

The criteria for production of an instability leading te tur-
bulence by velocity and temperature gradients may be described in
terms of a Reynolds number Re and a Richardson number Ri. Instability
due to wind shear is implied by Reynolds number, in‘terms of a

transverse coordinate,

Re > Recrit ~ 3000 (4.8) .

wherein R.ecrit is a critical value of Reynolds number
Instability in the presence of a density or temperature gradient

under gravity is implied by Richardson number:

Ri <Ri_ ;. ~0.04 -1 (4.9)

wherein Ricrit is a critical value of Richardson number.
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The Reynolds number is defined (Schlichting, 1960, p.13) as
follows

inertial force p U du/ox
Re = o = ~p V d/u (4.10)
frictional force u 82 u/ 3z

where u = local velocity (horizontal, in x-direction)
z = vertical coordinate (perpendicular to the flow)
= densivy of fluid
= viscosity of fluid
characteristic dimension of fluid motzun

< T o
H

= free stream velocity such that gradient is ~ V/d.

The Richardson number Ri is defined (cf. Goody, 1964, p. 367}

Ri< = (g/T) (3T/3z + g/cp)//(au/az)2 (4.11)

Under representative conditions for typical horizontal wind

-1

speeds 100 m/sec, and wind shears of 1072-10 sec™d,the effective

Reynolds number is greater than the critical value Recrit for al-
titudes below 80~110 km, implying a tendency for turbulence. At
higher altitudes the Reynold's number is generally much lzss than
Recrit'

In the stratosphere and mesosphere, between altitudes 20 and
about 80 km the Richardson number is always far greater than the
critical value, implying strong stabilization against turbulence, as
shown in Fig, 46. However, because the positive temperature gradient
in the lower thermosphere is stabilizing, not destabilizing, the
tendency of the lower thermosphere to turbulence is marginal below
about 110 km, Relatively small disturbances in the lower atmosphere,
present because of meteorological,.tidal, and diurnal variation, may
be amplified in propagating upwards, in the form of "internal gravity
waves! (Eckart, 1960, ahd Hines et al., 1965), or even lead to the
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thought of "in.ernal gravity shonks" (Layzer, 1967). Such an ampli-
fication may be reasoned in an elementary fashion by the conservation
of momerntum

p u2 = constant (4.123)

30 that, since density decreases with altitude

p ~e 8/ (4.12b)

=he velocity will consequently increase with altitude, according to:

3o~ e~l'-5/ 2H L 4.12¢)

PLASMA AND HYDROMAGNETIC EFFECTS

fhe significance of the ionization in the upper atmosphere is
evidenced by the reflection of radio waves. The phenomenon is techno-
logically exploited for purposes 0. radio communication.

The mapping of the electric and magnetic fields, together with
the distributions of ions and electrons in the upper atmosphere have
been recently the subject of active experimental studies of ionized
metallic vapcr clouds.

A parameter which descritod tne relative importance of collisions
between electrons, charged heavy particles and neutral particles is
the collision frequency. Denoting the collision frequercy Vi as the
frequency of cellisions between particles of species i and j, where i
and j may be called e for electrons, i for icns, and n for neutral
particles, one may write usin¢ relatiors of Hochstim (1969), and
Ratcliffe and Weekes (1960)

_ N 3279 12/2 122 _of 7\-3/2
= K9 v .
\)ei 3.633 =373 inil + - 172 ~ 6.1 (19) 300 Ne (4.13)
T [N (T_+T))]
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T R kel "
i cgy-11 -4 -9f_T_ .
Ven = 2.33 (10) Nn {1~1.21(30) Te] ~ 4.4 (19) (304) Nn (4.14;
(for N2 as neutral gas)
- -9 Nn M Ne
Vip © 2.6 (10) ° ———— by Chapman according to Hochstim (1969) (4.15)
M

where M is the mean molecular weight, Ne’ Ni’ and Nh are electron and
ion densities (cm—3), and T = T, = Te is the temperature in degrees

Xelvin.

The ratio Vei/Ven is plotted irn Pig. 65 as a function of altitude,
using expressions of Chapman (Hines et al., 1965) and the electron
density range of Fig. 64. The ratio is larger than unity for altitudes
above 210 to 270 km. Below about 150 km, in the D- and E-regions, the
electron to neutral collisions cleariy dominate. Above altitudes from
150 to 200 km, the electron to ion collisions must also be taken into

account.

Martyn (1959) estimates the value of v :» v,
23 s

respectively 880, 2300, and 9 sec ° at the Fl ledge, and 900, 40, and
1 sec’l at the Fz peak. Thus in the Fl ledge, electron collisions are

and Vin to be

mainly with neutral particles, and in the F2 iayer, mainly asith ions.
kochstim's (1965) computations corroborate Martyn in a general way.
In®the upper F region, in which electron collisions are mainly
with ions, since Vei & T“3/2, as temperature increases during the day,
the collision frequency decreases. Conversely, since Ve & T, in the
D- and E-regions, wherein electrons collide chiefly with neutral
particles, the collision frequency will increase with increasing

temperature during the day.

In the case of a larce ratio of gyro frequency to c¢ollision
frequency, the ions and electrons are conctrained to move along rather
than across the magretic field lines. The gyro frequencies are

electron gyro frequency Wpo = eB/mc (4.16a)
ion gyro frequency wps = eB/H.c \1.16b)
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The ratios wBe/Ven’ wBi/Vin are plotted in Fig. 66. Figure 67 shows a
plot of theoretical values (solid line) of collision frequency and
experimental determinations, quoted from Hines et al. (1965). 1In
terms of gyro frequency criteria, the electrons follow the field for
h > 75 km while the ions follow the field only for h > 125 km. In
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FIGURE 65. Plasma Effects (After Bauer, 196%)
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the intermediate region (75 to 125 km) the electrons and ions are con-
strained by different forces, suggesting the possibility of net cur-
rents, which are observed to occur. Such occurrence is the "dynamo
region® discussed by Hines et al. (13965).

One energy input into the earth's atmosphere from the sun, in
particular in the case of solar storms, flares and other disturbances,
comes in the form of charged particles, The bulk of the energy is
carried by 10 Xev protons and low-energy electrons having roughly the
same velocity as the protons. The protons moving along geomagnetic
field lines enter the earth's atmosphere in the auroral zones of the
polar regions where they excite auroras and heating, leading to
significant density variations.

R different but important effect is the reflection of radio

waves from the ionosphere. Even a small electron density can cause
an important effect. The plasma frequency as a function of altitude

[Nig

w, = (ne e/me) (4.18)

is plotted in Fig. 65. Electromagnetic signals of frequency w < wp
are reflected on normal incidence .on an optically thick layer of

electron density ng, or plasma frequency wp.

Effects of Coulomb screening, characterized by the Debye radius,

given oy
2.5 L
hD = (kT/41-,ne e" ) = 6.9 (T/ne)‘ cm. (4.17)

are not important in the thermosphere, Typical values of the Debye
radius hD are of the order 0.3 cm, which is less than the mean free
path above 80 km and yet very much greater than the Landau radiug
= 22 pm
r,o=e /KT,
Time-dependent phenomena such as magneto-hydrodynamic waves,
discussed by Poeverlein (1967), may have significant effects on the
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overall structure and motion of the thermosphere above 100-200 km, at
an altitude gependent on the specific phenomenon under investigation
as well as on the latitude and the solar activity.

A second topic under which the upper atmosphere may be described
and its regions subdivided is that of chemistry. The solar insolation
especially in the very energetic wavelengths causes ionization. The
chemical reactions which take place in the stratosphere, mesosphere,
and thermosphere are many and important in consideration of energy

transformations.

In the technologically interesting regions of ionization, the
chemistry of dissociation, driven by the solar radiation, and not the
ionization itself, primarily determines the constitution and charac-
teristics of the upper atmesphere.

The species that can be jonized may be arrayed in the order of
ionization potential given in Table 12.

The wavelengths corresponding to the ionization potentials of
21l atmospheric constituents listed in Table 12, with the exception
of sodium and other metals, are in the vacuum ultraviolet. The
significant photoionization occurs above the sensible atmosphere,
dominantly as the ionization of 02 by the Schumann-Runge continuum
radiation band. Both 02 and NO may be ionized by Hydrogen Lyman
alpha which goes through to 60-80 km.

tent by solar X-rays. Johnson (1961) has described the available

energy to be:

(lltraviolet
1350 - 800 & -7 -2
19.25 - 14,5 ev | Total fiux = 5 x 10 " w cm
X-ray, at soler maximum
504 + factor 2 -8 -
250 ev Total fiux =2.5 x 10 W Cm
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TARBLE 12, TIONIZATION POTENTIAL OF MTMOSPHERIC CONSTITUENTS

pFirst lonization wavelength,
pecies Potential (ev) A Commenits
Na 5.12 2420 Metals have very low IP's,
i.e. even small concentra-
tions can be major Sources
of ionization at lower al-
titvudes
NO 9.25 1340 NO is a minor species but
with a very low IP: NO* is
important for 70-120 km.
0, 12.05 1030 ob is important for 100-
160 km.
c 13.6 910 ot is important from 150~
500 km.
H 13.6 91C §* is important above 500
kim.
N 15.5 800 P is so high that ¥}
2 - - 2
is not important
N 14.55 850 X isntt common (Np isn't
photodissociated much by
solar UV), and it has a
high IP.
Ar 15.7 7sC Too high IP to be impor-
tant.
He 24.5 510 Too high IP to be impor-
tant.
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The ions produced at various altitudes, according to Bortner &
Kummler (1968), Narcisi & Bailey (1965), Johnson (1965), are listed
below:

H+
300 knm
—
140 km } _____ o
120 km 2
————— not
90 km P
o km} ----- Mg*, 8107, H0", HeO,", etc

The chemical reactions involving the principal constituents of
the lower therrosphere are complicated. They include the following
processes:

(a) photo-ionization:

hy + 0, ~ o; +e (4.18)

hv+G6 -0 +¢ (4.19)
I - + -

hy + h2 N2 + e (4.20)

(b) charge transfer: (Exothermic charge transfer processes are

rapid)
ot + 80 -NOT + 0 (4.21)
+ + .
N2 + O2 - 02 + h2 (4.22)

(c¢) recombinacion:

0 +e -3 + hv radiative - slow (4.23)




0f + e  +M-0 +M  3-body - slow at (4.2%)
high altitudes
and low density

Not + e - N' + O" dissociative - rapid (4.25)

Although the air constituent NO is minor, it is metastable chemically.
Also because NO has the lowest ionization potential of any of the air
species, NOT accumulates as the end-result of a chain of reactionms.

At the higher altitudes of the lower thermosphere there is no
NO, lots of N2, 0, and some 02. N; charge transfers to O; and O%.
Since 01 can not recombine as fast as O*, it accumulates.

At the lower altitudes the chemistry is complicated (Bortner and
Kummler. 1968).

NO is photo-ionized by Hydrogen Lyman alpha (Craig, 1965).

Mg, Si0, deposited as a result of meteor ablation around 90-100

km are easily ionized.

Hydrated water ions gt (HQO)P, n=1, 2,... are present.

Because of the relatively high densities of the lower altitudes,
significant numbers of negative ions, O;, cog, NOE, especially at
night, are formed by dissociative attachment processes of type

e + AB~A + B

Excited states due to chemi-ionization are also present.

The several subregions of the masosphere and lower thermosphere
have been categorized according to the degree of ionization by geo-
physicists interested in the propagation of radio waves, as the C-,
D~, E~ and F-regions. The C-region is in the lower mesosphere; the
D-region is within the upper mesosphere; the E-region in the lower
thermosphere, and the F-region is in the upper thermosphere. The
ionospheric F-region has a lower limit at the Top of the E-region at
a heigh of about 140 km and no generally accepted upper height limit.
Each of these regions is distinguished from the others in its chemical

nature.
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The bulk of the atmosphere in the F-region is neutral gas. Since
mixing processes other than diffusion are of little significance, the
composition of the F-region is determined by ionization production
and loss processes and by diffusive separation of the chemical con-
stituents. In the lower F-region, the principal constituents are
molecular nitrogen dominating atomic oxygen. With increasing alti-
tude, atomic hydrogen becomes the dominant constituent. The scale
neight at the base of the F-region is about 30 km.

The formation of the F-layer below 600 km is governed by the

continuity equation

%’t:' +div (Nv) = q - L(N) (4.26)

wherein N = electron density

local mean electron velocity
production race of electron

- Ho <
I

I

loss rate of electrons and

) L) = o N° + B N (4.27)

recombination coefficient

1]

wherein a
g = attachment coefficient

For equal densities, the flux of ionization transport becomes
(Hines et al., 1965, Eq. 4.3)

div (Nv) = div [N(vem + Vp + vD)] (4.28)

by which three types of movement are recognized explicitly, i.e.,
movement caused by electromagnetic forces, by temperature changes of
the atmosphere, and by plasma diffusion. The solution of the con-
tinuity equation is complicated if all three types of ionization

wovement are simultaneously taken Into account.
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Below about €00 km, the F-region's neutral atmosphere consists
primarily of O and Nz, with 02, N, H and He as minor constituents. The
type of electron loss depends on the pusitive ions present. Elec-
trons may combine directly with atomic ions or dissociatively recom-
bine with O;, N; and N0, The combination with atomic ions is sc
slow that below the F2 peak the rate is negligible compared to that
tor dissociative recombination.

The most important loss reactions in the F-region are those for

0 (Hines et al, 1965, Eq. 4.4 and 4.5)

0" +0, =0} + 0 (4.29a)

Cp + & - 0% 4 O%F (4.29b)
and those for N2

0" + N, -NO* + N (4.30a)

NO* + e —N* +0 (4.30b)

The rate of the general reaction of (4.29) and (4.30a) is (Hines

et al, 1965, Eq. 4.6)
an(oh)

dt

= - K n(0") n(xy) (4.31)

The rate of the general reaction of (4.29b) and (4.30bd) is

Me - _x
at T "2

N_ n(xyh) (4.32)
In (4.31) and (4.32), Kl and K2 are constant rate coefficients; Ne
is the electron.member density; n{XY) is the density of neutral di-
atomic molecules (02 or N2)5 n(Xy") is the density of positive di-
atomic ions (O; or NO¥). The attachment coefficient (B) of (4.27)

equals
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describe it for the stratosphere and mesosphere. Evidently this
high concentration arises from low-tevel photochemistry of a differ-
ent nature, such as that generating smog, etc.

To summarize, at altitudes above 50 km £(h) < 1 because there
is too little ozone to make the atmosphere optically thick; at
altitudes below 50 km, since most of the solar radiation incident
on the atmosphere has already been absorbed at higher altitudes
(E > 1), there is inadequate solar radiation in the Hartley band to
heat up the atmosphere.

Having explained the temperature maximurm: at the stratopause,
the lower bound of the stratosphere and the upper bound of the
mesosphere will next be described.

The lower bound of the stratosphere is given by the tropopauce,
which corresponds to the temperature minimum between the tropopause,
or that portion of the atmosphere which is in direct "contact" with
the surface of the earth, and the thermopause.

If the temperature gradient (with increasing height) within
the troposphere is negative, so that the adiabatic lapse rate

~-dT/dh < g/cp (3.10)

(where g = acceleration due to gravity and cp = specific heat at
constant pressure), there is possibility of a fluid mechanical
static instability by which a parcel of air of slightly different
temperature can move a significant vertical distance, leading to
overturning of the atmosphere. Such an overturning in the tropo-
gphere is particularly visible in the case of cumulus clouds.

The vertical moticn arising from static instability is of
vital importance in keeping water droplets or ice crystals in
suspension in the troposphere. Since the terminal velocity of a .
spherical water droplet of i radius predicted by the Stokes'
formula is about 10™2
such droplets in suspension.

cm/sec, modest mean vertical motions may keep
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B = Kl n(XyY) (4.33)
and the recombination coefficient (a) of (4.27) is
a= K2 (4.34)
The net loss rate for the reactions 4.29 and 4.30 is (Hines et al.,
1965, Eq. 4.6c)
- aB N2
L(N) Lou “ T i oW (4.35)

where ¢ is constant and 8 is height dependent,

If B> a N, as in
the lower F-region, then

L(N) = ¢ N2; B >>aN (4.36)

If B << a N, as in the upper F-region, then

L(N) 2= B N;3B << a N (4.37)
high

and the net loss is controlled by an attachment-like process

Although an appreciable fraction of the solar ultraviolet radia-

tion is consumed in producing N ions, mass spectrometry indicates

N2 to be relatively scarce in the entire F-region.

This scarcity of
1154

2 ions implies that either the dissociative recombination of N+ is

so rapid that it makes no contribution to observed ionization, or
that the reaction (Hines et al, 1965, Eq. 4.9)

N‘Q‘ +0-NOY 4+ N (4.38)

preferentially prevents the rapid removal of all electrons,

thereby
making a substantial contribution to F-region ionization.

184

Bidnatarin v w0 5




J

Lok >

Measurements of the F region made at night, when q = 0, suggest
that the attachment coefficient has the empirical value

_a (=—
Iy 21074 e 0 (4.39)

B (sec
It is apparent that loss processes for day and night in the F-region
are different, possibly due to a temperature dependence of the rate
coefficients, to a progressive change in abundance of constituents,
or to the different height distributions of the principal positive

ions.

~

The temperature of the F-regior: is not accurately known. The
electron temperature Te and the neutral gas temperature Tn are prob-
ably equal at night, but unequal during the day.

In the ionized E-region, which ranges in height from an upper
limit at about 140 km to a lower limit at about 90 km, a well defined
layer of ionization is found with its peak near 100 km.

Above about 100 km, mixing processes characteristic of the lcwer
levels appear to quench, with the consequence that diffusive separa-
tion of the chemical constituents takes plece. Also at 90 to 100 km,
there is an important chemical change resulting from the photo disso-
ciation of O2 intce O, which becomes complete at about 160 km.

The ionizing radiations responsible for the E-layer must be of
such nature that they penetrate the regions above without serious loss,

then are absorbed withir the E-region. Early attention was drawn to
the possibility that the pertinent radiation may be specific to the
ionization of 02, a molecule known to be virtually absent above about
160 km. BAnother source would be x-rays of wave length 10-J004,
shorter than the broadband 100-1200A for which N2 has appreciable

; seems to have a large

3sec—1, vhose effect is to »

2ross sections. The ionization produced N

6

recombination coefficient of 10~° or 10 em

remove N; ions nearly as rapidly as they are produced.
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The dominant electron loss process in the E-region is one of
dissociative recombination with rate coefficient &, suggested by
Bates and Massey (1947). The reaction is of the form

DY+ e - Y)F - x* 4 v (4.40)

in which a positive diatomic species (such as N;, OZ or NOt in the D-
and E-regions) combines with an electron to form one or two excited

atoms.

The estimates of dissociative recombination coefficient are

o, (N5) = 3(10)~7 om® sec™t (4.81a)
o, (03) = 1.7¢10) "7 em> sec™t (4.41b)
o, (N0 = 2(10)"8 om> sec”t (4.41c)

The collision frequency for electrens in the E-regicn is given in
Fig. 67.

The D-region extends from the lowest level of atmospheric ioniza-
tion (as low as S50 km) to about 20 km. It includes the level of the
mesopause, at 80 to S0 km height, where the temperature reaches a
ninimun varicusly estimated from 130° K to 250° K. In the D-region
and below, the atmosphaere is subject to convective overturning whick
leads to a mixing of atmospheric constituvents. As a result of the
mixinq, the relistive concentrations of most chemical species are

tually indenendent of height.

>

I addirvion to Ng and “2, in the approximate proportions of 4:1,
variocus trace constituents pisy roies in important processes., For
exarple, cog and O3 §1ay an important part along with O in maintain-
ing radiative enargy balance and so in contrelling the Lcherature
distribution. The ionizaticn balance mey be similarly influenced by
the Trace czonstituent KO.
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MCTION OF PLASMAS IN THE UPPER ATMOSPHERE

The plasma ir. the upper atmosphere consists of electrons, ions,
and neutral particles which interact among themselves and move in
certain configurations of external electric and magnetic fields. In
addition, induced fields are alsc excited by the motiun of the ionized

components.

In the following secticn an orbkital theory of a single charged
particle in an electric field and a magnetic field is develcped, and
some elementary features of the motion, tecgether with the characteristic

parameters involved, are reviewed.

Since the orbital theory deces not reproduce the collective effects
in the motion of an assembly of particles, it is necessary to develop a
hydrodyramic theory to describe the motion and plasma phencmena in the
upper atmosphere, e.g., aurora, airglow, instability, wave propagation,
etc. A hydrodynamic theory describing the motion of charged particles
requires the knowledge of transport coefficients: conductivity and

diffusion tensors.

In a later section, a theory of transport coefficients for both
the weakly ionized gas, valid at altitude up to 200 km, and the
strongly ionized gas, valid at altitude above 200 km is presertad. Not
included in the theory, however, is the effect of fluctuations in the
structure of such transport properties which exhibit anomalous trans-
port phenomena. Discussions of the hydrodynamic equations for a plasma
including such transport properties are also omitted.

ELEMENTARY FEATURES OF THE ORBITAL MOTION OF AN IONIZED GAS IN AN
ELECTRIC AND MACNETIC FIELD

The following paragraphs discuss in turn interaction processes be-
tween particles, trajectories of charged particles, and particle drift.

Interaction Processes

Consider first the short-range collisions, or binary collisions,
of which the simplest type is the elastic collision. A particle of
charge e and mass m placed at the origin of coordinates, exerts a
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potential e/r at the point r from the origin. The distance of clusest
approach L is obtaiaed by balancing the potential energy with the

mean kinetic energy,

2

%—=KT
o]
yielding
o KT

where T is the temperature, and K is the Boltzmann constant. LR is also
called the Landau impact parameter. If n is the number density, giving
the mean spacing "etween the particles n_l/s, the mean free path xf, or
the distance between two consequent collisicns is found from the rela-

tion
2 -
nro xf =n
giving
2

Ag = (rro w7 (4.42)

and the ccllision time
Teo11 = kf/v'ch (4.43)

where
%

Vth = {(KT/m)

By rearrangement, we find

2 1
_ const 1 KT m \°
Teoll = Inhn V&) &GP (4.44)

where 1n A has approximately a value 10.
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For a plasma, distant encounters are also important, which extend
beyond the limit r,. The theory of Debye-Hlckel for electrolytes in-
troduces a shielding distance xD, called Debye distance. When a single
particle in a vacuum exerts a potential e/r, the same particle in a -
plasma does not extend its influence to such a long distance, on
account of the cloud of particles surrounding it and shielding its
electric tield. On a dimensional argument, the balance between the
kinetic energy and the potential energy is written

where v is tie velocity and ¢ is the potential. ii the thermal speed
is taken as representative of the average velocity, and the potential
e/kD is truncated at the Debye distance, and the same equation of
energy balance is applied for n particles having charges n e in a Debye
sphere, one finds, after omitting V,

-~ XT _ne e
Ay H TR (4.46)
D
yielding
——T
ky = %Tl = (4mne? /xT)? (4.47)
D

1
- . - 4
The numerical coefficient (4m)<

called the Debye wave number.

comes from an analytical theory; kD is

Many problems of plasmas exhibit features which do not depend on
collisions of the scales T, and AD, e.g., in oscillations of wave-
length larger than XD and T, Under such a ecircumstance, the motion
of an electron is characterized by a self-consistent electric field E
and is determined by the dynamical equation




L R e P

and the Maxwell equation

o
w)]

[2

=4neny (4.49)

o/
«t

where v is the velocity of the electron. For a constant density n,
the system may be reduced to the form

a2v
~ . u?v =0 (4.50)
2 D~
Jt
which has an oscillatory solution with a frequency
1
wy = (4 e® n/m)? (4.51)

called the plasma frequency.

Figure 68 shows plasmas of various densities and temperaturss.

The two limiting lines represent

Ag 2 Ap

and

respectively.

Trajectories of Charged Particles

LA charged particle, of mass m and charge e, moving through an
electric field E and a magnetic field B satisfies the basic equation

of motion
e X2 4.52
’“EE=e(§.+ =) (4.52)
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The equation possesses simple solutions in several special cases as

described below.
moves with a counstant acceleration e§/m.

When E

vanishes, the

When B vanishes, and E is constant, the particle

acceleration e v x B/mc is perpendicular to v arnd brings no change to

the absolute value of v:

entailing

Since B does not change the parallel componert of velccity, it will leave

a 2y -
gt (my) =0
2 _ 2 2
‘Y::V//"f'vl

= constant

(4.53)

2
Y/ = constant
L
10° -0,
‘ THERMOMNUCLEAR PLASMA CORE OF STARS
o
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7 ‘CORE OF
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FIGURE 68. Characteristics of Plasmas (After Tchen, 1968)
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I1f Elvanishes and B is constant in time and space, the motion in
the plane perpendicular to B will pe a gyration of angular frequency,
called cyclotron frequency (or gyro frequency)

o, = eB/me

for a singly charged particle, or

mc =Z e B/mc

for a multiply charged (Z times) particle.
to B has a radius

hal =

c

s

The component will not be affected by B.

Vi

(4.54)

(4.55)

The gyration perper:.icular

(4.56)

When the two motions are

combined, the resultant particle path wiil be a helix of constant

pitch around the magnetic line of force.

Particle Drifts in An Electric Field and Gravitational Field

If E and B are constant in time and space, one finds a solution

of 4.42, constant in time and space,

E x

]

v =
B2 ~a

(4.57a)

called the drift velocity. The compiete solution

v=V +v!
.~ -y~

(4.57b)

satisfying 4.42 consists of a constant part Yd and a variable part X.“
The latter is determined by the following equation obtzined by a sub-

stitution of 4.57a and 4.57b into 4.42:
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avt ( vix B 1
ma%-=e1§+ = +§s(§x§)x§}
(4.58)

: Any motion defined by 4.58 consists of a gyration around the magnetic
line of force independent of E, at the cyclotron frequency, and a

* uniform acceleration along the line of force due to E”. The effect of
E in 4.57a and 4.538 will also be present in 4.57b and, therefore, will
change the radius of gyration 4.43. In view of such a change, a drift
of the center of gyration (or "guiding center") of the particle will

This feature is shown diagrammatically in Fig. 69.

gccur.

FIELDS + PARTICLE ~ PARTICLE
HOMOGENEOUS imAGNETIC FIELD O
( © = OUT OF PAPER)
E=0 NO DRIFT NO DRIFT
HOMOGENEOUS MAGNETIC FIELD O
HOMOGENEOUS ELECTRIC FIELD l
g DRIFT g QRIFT
HOMOGENEOUS MAGNETIC FIELD O
HOMOGENEOUS
GRAVITATIONAL FORCE
<¢=——DRIFT DRUFT et

FIGURE 69. Drifts Produced by an Electric Field and a Gravitational Field
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1 Iv is to be remarked that the role of an electric force eE can be
X replaced by any other force (e.g., a gravity - mg) to produce a
similar feature as described above. In view of the change of charge e
into m the gravitational drift

Vd = gi/u)c (4.59)

will depend on the sign of the charge of the particile.

Particle Drifts in An Inhomogeneous Magnetic Field

Consider a particle moving in an inhomogeneous magnetic field
parallel to the z-axis, with a strength varying along the x-axis. The
particle vhich gyrates in the xy plane will change its radius of gyra-
tion over the orbit, so that a drift will result, as shown in Fig. 70.
By using the first order approximation in Vd/vJ_, Alfvén (1950)
developed the formula

v B

=57, 4 (4-50)

ot

where V B is the gradient of B in the plane perpendicular to B and VB.
L ~ ~

+ PARTICLE - PARTICLE
{INHOMOGENEOUS '0)
MAGNETIC FIELD
GRADIENT OF B 1 t

-=-- DRIFT DRIFT —e=

FIGURE 70. Drift by an Inhomogeneous Magnetic Field
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If a particle moves with a velocity vy along a curved magnetic
field with a radius of curvature R, we expect a similar drift
. 2
vy 2
d R ma, (4.61)
2
= v
f /Rw
according to 4 59 with the gravity force mg ”eplaced by the centri-
fugal force mv”/R. By neglecting the current for a strong B, we have
v B
= = -3
R B
The two drifts 4.60 and 4.61 from the inhomogeneous magnetic
field amount to
1 2 2
V, == (v, + L v
da "~ oR ( / =Y, ) (4.62)

They are in the same direction of B x vB.

The orbital motion of a single particle in an external electric
and magnetic field described in this section is not a valid description
of the motion of an assembly of particles. Such an assembly involves
new effects, such as the norme.l and shear stresses due to the inter-
action between the particles of like kinds or unlike kinds, and the
effect of the self-consistent electric field induced by the motion of
the particles. A hydrodynamic theory to include these effects is
elaborated in the following section.

TRANSPORT PROPERTIES OF PLASMAS IN THE UPPER ATMOSPHERE

In the following description of aggregates of charged particles,
the topics discussed in turn are: weakly ionized plasmas such as the
ionosphere below 200 km, arbitrary degrees of ionization such as the
higher ionosphere, and the expression of some features in geomagnetic
polar coordinates.
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Weakly Ionized Plasma

The important role played by the development of electric and
magnetic field on the motion of a plasma is a fundamental feature of
plasma dynamics, as distinguished from the hydrodynamics of a neutral
gas. The diffusion and conductivity properties of plasmas are
important in studying the origin and structure of plasma inhomogeneities
in the ionosphere, and their scattering of radio waves. For atmospheric
conditions of dimension inhomogeneities longer than the mean free path,
it is necessary to consider the hydrodynamic equations of motions of all
constituents: electrons, ions, and neutral molecules, together with the
Maxwell equations of the fields.

The equations of motion of the three components, denoted by indices
a and b are:

1w
(L)

dv Vx
mn —==-Yp_ +m.n. g +ne [|E+2
dt a aax=z< a t~ c

a a a
(4.63a)
RN Vap (Va = YJ
a_ _.3_
3E = 3T +‘!a.V (4.63L)

where the number density n, and the velocity Va satisfy the equation of
continuity
on

a - p _ 4.64)
5t + v.(na Ya) P-1L ( .

The right-hand -ide represents the production and loss processes which
will be subseque.cly neglected. Other notations are: m is the mass,
P, the pressure, g;the gravitational acceleration, e, the charge, E
the electric field, B the magnetic field, and Vab the collision fre-
quency between the particles of kinds a and b.
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In the low altitude of the atmosphere (i.e., up to heights of
about 250 km), the magnetic field can be considered as constant in

time and position, as the electron pressure is small compared to B2/8ﬂ.
Consequently, the Maxwell equation

curl E = 0 (4.65)

is valid. In view of the small Debye length, the condition of quasi-

neutrality holds

n; =r, =n (4.66)
entailing
div j, =0 (4.67a)
where
(4.67b)

i=en (g - v

is the electric current. The divergence-fiee condition of the current
is a consequence of the equation of continuity for the electrons and
ions.
Further the pressures satisfy the equation of state
(4.68)

p, = nKTa > K = Bolzmann constant:

For constant Té and Va (n = neutral molecules), one may complete the
system of equations for the determination of the variables: Ngs Ya»
P> E, i: It will be convenient to express the gravity

g=0.° g

197




( in terms of the scale height

KT,
H =2 (4.69)
gma

e, =0 0, 1 (4.70a)
gp = B/B (4.70b)
€a
- 2
Ea m E+ Qa Y, X &g (4.70c)
Qa ='eE B/ma (gyrofrequency, negative for electrons) (4.704)
- %
vtha = (Kré/ma) (4.70e)

Consider now the ionosphere up to 200 km, where the collisions
between a charge particle and a neutral molecule predominate. In
calculating the transport properties, neglecting the inertial terms
of the momentum equation, one considers the asymptotic behavior, re-

duced to
ea
0=0, ¥, X8 ~ Van (Xa‘.‘ln)“‘ﬁ;; E-E (4.71)
where -
VT e
= 2 —a I~
Fa =V tha T 'R tE (4.72)
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Bv further introd. xing the notations

=y - a = 1
Na Ty T Ay 276
e_B
£ = Qa = 2
m_cC
a van a \’an
ea
= (—=—E -
~a (m ~1 i"a)/oa
a
E,=E+vy, x B/c

the asymptotic momentum equation 4.71 is reduced to
- 1
o - Y 8 =0
X3 * =g Ka-y'a'r'y'a

giving the components of Yfa parallel and perpendicular * B:

% = ¢ .
Vad s Yar
- 1 2
e Z —— v u e. + K_u
Va; 1+ k 2 ( a ~a x ~B a ~a)¢
a

or in terms of En and F

"a®avas T ®ay

n_e_v¥ =g
Yaa¥ ay ap

- =3
+oan By x &), - Oy e (E, x ep),
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(4.73a)

(4.73b)

(4.73c)

(4.73d)

(4.74a)

(4.74b)

(4.74¢)

(4.75a)
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where
n_e2

6&/’ Ty T maQa Ka//; Ky = ¥a
a a
5 =0 = "a% K. 3 K._= s (4.75b)
aP = "ap ~ mQ_ "aP ’ “aP 4 | 2 '
& = = iafg X - X = —--Kaa
aH “aH maQa “aH * "aH 1+ Kag

The generalized Ohms law (4.75a) for the particles a can be re-
written as

* =L & -

n Va s, G ‘En D 'VNa (4.76)
where
vT e

N ¥n a ,~d

= —_—t —=

n n T *tH
a a

and the diffusion tensor 'BA is shown relatzd to the conductivity tensor

8y by the relation

(4.77)

]

Qas
=

B

callzd the Einstein relation.

In a cartesian coordinate system where the z-axis (/) is parallel
. . ~ .F
to B (as in Fig. 71), g and ,E,a have the form
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ap ~O.H 0

(6a)ij = |%au %ap 0
0 0 oy

QéP —DaH 0

(Ba)1j = DaH DaP 0
0 0 Daﬁ

The columns and the rows are numeratved by the indices i and j respectively,

Ogp is calied the Pedersen, OaH the Hall, and Cay the direct conductivity.

oy is the conductivity parallel to the magnetic field and is that
which would exist for all directions in absence of the magnetic
field.

op is the conductivity parallel to that component of electric
field that is normal to the magnetic field. op is often called
the "Pedersen conductivity.™

oy is the conductivity for a direction perpendicular to both elec-
tric and magnetic fields. is often called the "Hall con-

ductivity."

Oy

From the above transport relations for each constituent. and from
their difference for icns and electrons, the relatiorn for the curyent
density j may be asrived.

3=g -E -eD.wN (4.80a)
where
5=8. -6 3;D=0D, +D
L7991 "% 22T 2T Re (4.80Db)
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Fe, AND B ARE LOCALLY IN THE PLANE OF THE PAPER

# 1S PARALLEL TO B _ _
P 1S NORMAL TO / IN THE PLANE OF Fe AND B
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As indicated by 4.75p, the conductivity tensor for earh species

e2

na a ~

»n

6_ = X

~a m_Q A
aa

depends on the tensor Koo and the global conductivity § and diffusivity
§ for the mixture of ions and electrons are explici:ly § and b&:

_ nec _ = NeC y
op =5 K ~K)y s & =75 K Ky (4.81a)
op =282 (K, - K)Dp, bp= 2K + K p (4.81b)
. _ nec = nec
o, = - 2 (K; - KDy » by 5 (X, + Koy (4.81c)
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Figure 72 shows the tensors Ky versus altitude. According to

s b asaas d28 D At AR Mai

4.76 and neglecting vNa and Ya

1

Ya, " .2, Tay
&y &
m_Q, a” /i
or B
= = K (4.82)
c%y a”

and similarly for other components. Thus, Fig. 72a shows the formula
4.82. Furthermore, according to 4.81, the quantities

AW = Hec oy = (Ki - Ke)# , etc

are shown in Fig. 72b.

Arbitrary Degree of Ionization

The above transport properties have been derived for the case of
a weakly ionized plasma, wvhere the collision between the charged
particles themselves is negligible compared to the collision between a
charged particle and a neutral particle. This is the case a 1titudes
lower than 200 km. At higher altitudes, the collision between the ion
and electron is not negligible and has to be included in the study of
transport properties and plasma motions. The plasma has then a high
degree of ionization. Thus fer an arbitrary degree of ionizavion, the
transport properties are found to be Gurevich and Tsedilina, "67):

2
e'n
- = (4.83a)
e/
me(ven * vei)
} »
2
. emnmn 2,2
o = o [\,ei *ovg (1 + ni/vin)_]l (4.83b)
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(Adapted from Hines et al., 1965)
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_ €e™n 2,2 .
Sen= 1 % [1 * Mg Vei/MiVin + O/ "in] (4.83c)
e
2 Y
ojy = =1 en (4.83d)
M Vin Yei ¥ Ven
_ _e’n (V2 + Q%) (4.83e)
012 m A Ven * venvei e :
iVin
e2n Oi 2 2
o5 = T3 (Vo + MyVeiVip/Me + ) (4.830)
iVin
KT 1 mv_.
= . (1+2-28, 0 =7, =1 (4.84a)
el m._ v + v m.v € 1
e ‘en in i"in
.KT MeVei f
ep = -m—"z'; [(\Jen + Vei)(l + 2 ;——) + ;—2—- (‘)en + 2\Jei) (4-841))
e *iVin in -
2
-XTQ my . Q.
eH= e 1+ 3 _-E.E.’. _%_. (4.840)
meA m Vin Vin
KT 1 v + 2v .
Dy, = — en ei (4.844)
s Vsl V. + V.
i Yin Ven ei
KT 1 2 me\)ei
DiR = m_—ZI —— ("en + \'ei)(\’en + 2vei) + Qi(l + 2 ;—-——-—-) (4.84e)
i™ Vip iVin
KT 1 2 2 mi
DiH = ;“ '\';2— Ven * Qe - ™ VeiVin (4.84f)
i in e
2
m vy . Q.
A = ("en + \:ei)2 + ﬂi(l + 2 2821, —%—) {4.54g)
MjV¥in  Vin
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The Einstein relation (Eq. 4.77) is invalid for a plasma with an

arbitrary degree of ionization.

The following conclusions and observations can be drawn:

1.

with the exception of DH’ all transport properties trans-
verse to the magnetic field decrease with decreasing
collision frequency, while all parallel components increase.
The large parallel conductivity in the upper atmosphere
suggests that disturbances produced in the sporadic E-layer
may influence a plasma inhomogeneity in the higher altitude
by the joining lines cf force.

The current density nev® formulated above in Eq. 4.44 is
useful in transforming the equation of continuity into an
equation of diffusion, by a substitution for ny, - Such an
equation is an equation of diffusion of the second order, if
the self-consistent electrostatic field E is neglected. The
inclusion of the effect of such a field will transform into
a diffusion equation of fourth order, which is responsible
for a spreading of a plasma inhomogeneity in the atmosphere
elong with the diffusion process.

In the presence of an external electric field Eo’ the drift
velocities of the electrons and ions are

~

c
_ e
Veo = ¥n™ Eeff,e (4.85a)
en
éi}:
Vio = 30 * op ~eff,i (4.85Db)

depending on the effective electric fields ‘or electrons and

ions:
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m g .

- 1y s e :

Eegre =Bt S X B~ (4.86a)

C e )

1

- 1 ™59 ,

Eeff-.l = E«O + -(-:- v x B+ -—e—-—- (4.86Db)

4. The motion of plasmas in the atmosphere will depend on the
~agime of the plasmas, i.e., whetner they contain fluctua- ?
tions or not. The presence of the micro-fluctuations will :
change the transport properties, and hence the motion and the
structure of plasma inhomogeneities in the atmosphere. A
preliminary attempt of the investigation of such nonlinear
effects has been made by Tchen (1969).

5. Experiments with visible artificial ion clouds as plasma
inhomogeneities have been performed as a means of studying
the interaction processes between the interplanetary plasma
and the artificial plasma inhomogeneities (Haerendel, Lust,
and Rieger, 1967). The experiments help in the understanding
of the interplanetary plasma and its properties.

Geomagnetic Polar Coordinates

For many purposes it is advantageous to use a system of magnetic
pelar coordinates described in the following paragraphs:

In the F-region and above, gy is very much larger than 9p and Oy
which become vanishingly small.

In the D- and E-regions, a horizontal current system may be
imagined to be flowing in a relatively thin spherical shell with
possible conjugate sources and sinks in the Northern and Southern
Hemispheres. 1In this special case, except at highest latitudes,
vertical current density may be ignored. Consider a coordinate system
(x, y, z) whose axes point to the south, east, and zenith, respectively.
In this new coordinate system, the tensor G of (4.78) becomes, when I
is the magnetic dip angle, positive in the Nerthern Hemisphere. (Hines

et al., 1965).




Ra>
Hi

.2 2 .
o.psm I+o//cos I o//smI

-oHsmI o//

(o// - 02) sin I cos I

o cos I

(4.87)

. 2 . 2
(o//-og) sin T cos I -lJHCOSI o cos I+9/51n I

Since vertical current density JZ vanishes, one may eliminate E_ 2
for example, from the three component equation (4.80a), written in
the x,v,z coordinate system, leading to a two dimensional relation-
ship between horizontal components of the total ejectric field and

Jx’ J. of the current density in the form

y
_ - (4.88a)
Jx— Oux Ex + nyEy
(4.88b)
J, = E E
y " % x T %y Yy
wherein
- |
Oyx = T Sp 9y (4.88c)
-3 .
= .8
o-xy T o9 0'// sin I (4 8d)
= 5 (g, sin®I + o, cosT) (4.88e)
D’yy - 0'? U[/ 03 .
T =op cos?I + o sin°T) (4.88£)
5
6z = op t 0—; . (4.88qg)
o may be regarded as components ¢f a two-dimensional con-

xx* Oxy? Syy
ductivity tensor relating horizontal current density to horizontal

components of the total electric fieid.

In the special case where E is independent of height, the height
integrated conductivity tensor, with comporents fo . dz, -rcxy dz,

[' Oy dz relstes the height integrated horizontal component of the
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current density ['g_ dz to the horizontal component of the total electric
field. These components which play an important part irn theories of
the dynamo current system are shown, for typical mid-day condition, in

Fig. 73.

= 500 ~
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FIGURE 73. Height Integrated Conductivity Versus Latitude
(After J. A. Fejer, 1953)




Over much of the earth (i.e., in latitudes higher than 10 deg),
the height integrated conductivity foxy dz by which meridional currents
result from east-west variations of potential, is seen to predominate.
At the magnetic dip equator, however, fcxy dz vanishes, and large
values are assumed by the height integrated conductivities foxx dz,
by which meridional fields produce meridional currents, and fcy dz,

y
by which east-west fields produce east-west currents.

Although in the foregoing treatment the gravitational and pressure
terms of 4.63a are neglected, it may be that these terms can assume
importance in the F-region and above. Symmetry about the magnetic
equator and the zero value of the current density parallel to B in the
F-region and above are assumed.

The pressure and gravitational terms in the H component of 4.80a
reduce to

~E
~ -~ _FP (4.89)
Ven = Vin T B

In vector nucation the common transverse drift velocity of 4.89 is

ExB ExE
- when measured with respect to the neutral gas, and = 5 when
B B

measured with respect to the coordinate system in which E is measured.

In the j/ component (parallel to §) of 4.89, and *the corresponding
equation for ions, the pressure and gravitational terms cannot be
neglected. The condition which follows from Jd=101is

Ve, = "i// =Yy (4.90)

leading to (Hines et al., 1965)

m, W, v, = Feﬂ =-e E; + m g sin I -'ﬁ 92 (4.91a)
» (4.91b)
myowy v” = Piﬂ = e Eﬂ + m;g sin I - E VlPi :
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Addition of 4.9l1a and 4.¢lb and substitution of

when X is Boltzmann's constant and T is the temperature, asswicd equal
for ions and electrons, results in the velocity of "ambipolar diffu-

sion" along the lines of force, to be

X B(TN)]

- sin I s K
vy = (ﬁé w, + my w, ) ﬁn% 4~mi)g t 4§ dz (4.393)

where z is the height and (IN) is assumed independent of latitude.

The uvpward component v, of velocity vy is given by

v, = -V sin I (4.94)

Moreover, isothermal conditions are assumed and we use the dimension-

less height

h = -f% (4.953)
where the ion scale height is

B = XT (4.95b)

F mi g

and if m_ and m,u, are neglected in comparison with ms and m;ws then
4.93 and 4.94 become

==9 209N} .2 (4.96)
Vz &y [} + N> sin™ I

Equation 4.96 indicates the vertical coriponent of the velocity of ambi-
polar diffusion due to gravity and pressure along the magnetic lines

of force.
2i1
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Equations 4.89 and 4.94 indicated drift velocity with respect to

medium which itself may move with neutral particle velo-
If the assumption 4s made for the

= 0, then 4.89, 4.94, and

the neutral
city v, with respect to the earth.
P-region that neutral particle velocity ¥,

4,96 indicate velocities with respect TO earth.
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