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It a sphere moves in & friction-producirg fiuid, propelled by
e force P, which is constant in magnitude and direction, the velo=-
city in the stationary terminal state will_have the direction of
the foroe and will be proportional tp it, Therefore, the equation
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{1) V=¥ F
will be valid and Y could be designated the mobility in the liquid
in question. The veldaddty will be characterized by the w-rk per=-
formed by the acting foroe being equel %o the frictional heat de-
veloped by the flow. Acocodding to equation (1)
2
@ F-V= X :
must, therefore, be the heat produced in the liquid in the unit of F
time, E
Integrating the differential equations of the hydrodynamios %
7
that apply to this situation, Stokes! found thet z
! £
(2) N * T pro—
* where Q. stands for the radius of the Bphere,'& for the coeffiocient g
' 3
of friction. Tne hypothesis here is that Yﬂ?él is a small figure %
as oompayed with the unit 8' which designates the density of the %
liquia, ’ %
If the aoting force, ¥, is the gravity, thus: %
§
41T 3 r\ . ‘
(4) F=3-a 9 (s-s")
1 Stokes, Cambr. Trans, 9, 1851 or Solentific -Papers 3, p. 1, ?§
sse also Lamb, Textdbook of Hydrodynamics (Lshrbuch der Hydro- &
dynanik}, germen by J, ::isdel, lsipzig and Berlin, p. 682, 5
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radius of the sphere can be determined to bde

. ,n’ nv
(5) &< 3 23(3—3'3

from the speed of the fall, the coeffiocient of friction being

& ',
e where s stands for the average speaifio gravity of the sphere. The
&

(e

o

N4 known, according to equatioms (1), (3), and (4).

This theory of Sdokes has recently gained importance since
it has been employed for the determination of atomic electriocal
charge. The principle of this test consists of letting a parti-
cle charged with the quantity of eleotricity e Arcp simply under
the influence of gravity. The speed of fall V; oan be caloulated
according to equations (1), (3), and {4) in the equation:

(6) av o gls-sT) = twpa Vi

and then overlaying the fiaid of gravity by en equi- (or inverse-)
directional electrical field of the intensity £ , of which a speed
of fall will result, to be caloculated from

B ST A AT AR NP R G TSP

e

(7) 1’—%5-&33(5-3'\+e8= _kK\xLV;

From (6) and (7) follows the radius of the particle as well as
ita electrical charge, namely, .

-1 3V'
(8) &=3 ::_:%5 eE=ac sz'V“ V@':_EST)-S—

At the Physioclsts' meeting in Koenigsberg last year, Mr,

Enrenaftl reported on his determination of the atomio electikloal
charge, and it appearci to result from his tests that the atomio

charge is not oonstant but that some particles show a higher, some

L Enrennaft, Phys, Zs. 11, 1910, p. 940,
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a lower charge, as it alsc has been shown by other methods.
The dlscussion resulting from this report centered around the
question as to what would be the reasons for the fliustuations of

the results and thus, among other things, the premises of Stoke's

theory was diacussed.

First of all, it was indicated by Mr, Sommerfsld® that or= of
the pre-conditions for the use of Btoke's formula is the spherical
shape of the falling particles and‘that diso~ or rod-shaped parti-

ples would compe up with too small values for e, using the formula
which is valid for a sphere. )

During & private conversation with some colleagues after the

session descrided above, I posed the question:"low bow 18 it exattly

that discs or rods fali in a friction-producing flgid?” and one per-

éon answered:. "diaos drop down edgewise™, He gave a3 a reason for

his statement that each body would fall in such a way as to adapt

itself to the least resistance of the surrounding fluid. Otherss

nowever, gave the orinion: ™ No, Dises fall front-wise". And, to
make their point, pointed out that playing cards drop frontwise

without any disturbance, M¥hen they are dropped edgewlse, they turn

end over end several times before reaching the ground. These are

pPhenomena which are well-knnwn in aviation. ¥inally, some one still

mentioned that he recalls from his bogkhod having dived for plates
whioch elways sunk right slide up, as they stand on the table, that
is, frontwisse,

Since it appears quite evident that the opinions as to haw a

plate or rod fall in a friction-ppddocing liquid, are quite divided,
may I be allowed to deal with problem in the following lines,

k2]
I~

A. Sommsrfeld, Phys. 2s. 11, 1910, p. 949.

.
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entirely apart from the discussion of Ehrenhaft's test which, in
the msantime, has gone a ecompletely different way.

Pirat of all, lev it be noted that a minimal prineiple of the
resistance in the sense used ebove;ror the movemsnt of & #0144 body
in a liquid does not exias%, What seems to heve happened here is a
coafuclon with & theorem by Helmholzl which states that under given
surface conditions, the development of heat et a stationary flow is
lower than at any other movements of the liquid. PMurthermore, the
experiment dealing with dropping of playing cards proves nothing
with regards to our prcblem as we are dealing only with the border-
line case of iafinitgly low speeds treated by Stokes in whioch the |
factors dependent on the inertia of the liquid can be disregarded.
This is the case 1r'%£fé 18 small in comparéson to 1. £ stands for
a linear dimension of the falling body. Now, this condition was
not fulfilled in any way during the tests since for air, s' is
0.00129 and M is 0,00017. V would have to be still small in
comparison to 0.0l om per sec.

Since the t4sta which have been parried out are not relevﬁnt'
¢0 the question that has been posed by us and since it would also
be difficudt to design any decisive eaperiments, we shall now Sry
to determine what kind of soclution is t0 be found in theory.

Instbaddiof determining the velocity and the pressure existing
in any place of the liquid while imparting a movement of a ponstant
spped to the body present in this 1liquid, we can ask ourselveas how
a constant field of Ilow will be modified by a solid body resint in
the same, and what forces and tortional moments must be hrought to

1 4. v. Helmholtz, Wiss. Abh., 1, p. 223.
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hear oor the purpose of holding the body statlio in this flow,
Tais problem i8 covered by these differential equations:

pave s 2L

DV i) Vj - ?6‘: =0
24 Yy

if one the surface of the sclid body

(11) % =0; V4= 0) wu=0

and in infinity possibly the conditions

" - . = 0
(123) v‘ = U, \)3— O) \,&

or
(18b) Ve O, Vg= V5 V=0
or
(120) ¥x= 03 Vy=0i ver W
are valid,
The forces of pressure are given further by the formulaol:
. oy . - 2 DV, -
Pov = —PrEpr Rl e Py p(FE 3
- . D Vs D W
FTJ: PQ'ZP..Q.Y-‘L., e = Pxe ¥ 2z ' %
(13) vy’ Per P TR *
. - Y -1 W -5\
P =p * 20320 gy - o (B2 R
1

H. Mb, 1’ c' p’ 662’ pal'o 314.
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. of filow, any rotational moment is required, for reasons of symmetry,

-G~

The dirferential equatiocna, the limit conditions, and the
pressure are, as can be seen from equations (2) and(13), linear
in the oomponents of veldaity, 1.e,, the superposition of two
solutlon gystsms {part motions) results again in the possidle
solution system (resulting motion).

Consequently, the following principle is direotly acceptable;

The ¢omponents of the forc¢e and the torti&nal motion neocessary
for bolding the s0lid body iu a static position in the resuliting
motion are simply the summation of the corrssponding components
required for the part motions. )

In particular: if & body with three planesfoé symmetry, that _
are vertical with respect to each othsr, whose lines of interjection,’
the "major axes", may lie parallel with the azes of the ocoprdinates,
is in the liquid, and if the velocity in the infinjte has the com-
ﬁoneuts U, V, W, the solution is composed of the threse part motions
that result if we introduce as a condition in the infinibe first
egunation {12a), second (12b), and third {12q),

Now in none of these part motions, characterized by the dbody
lying parallel with one of its major axes to the undisturbed fisld

to hold the body in its poaition; therefore, in the resulting
metion, in which the body has any orisentation whatsoever in regard
to the field of flow, no rotational moment is required either or,
if we go back to the case 1ln which the liquid is situated in in-

finity, the body, however, is moved in the same in a straight line,
the principle velid is:

No tortional moment acts upon the body because of the forocs

of pressure of the liquid, 0Dises or rods whish heve thrss planes

e L R N N
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of symmstry in right angiés with respeat to each other, do, there-

fore, show no tendenoy to act in any particular way when ra;ling
slowly in a liquid,

3 ke e g £ ot noiR ik T AT A
P SRR !

¥While the results up to this point were the consequence of ths
iinearity of ths equations and of the properties of symmetry of the
body, we have to define the shape of the body more preeissly in order

e w2
R % NE et A AR TR S iy

to be able to determine the proesss of the mo%ion in detail,
As a result, we will assume that a diso i3 a flattened-out

rosstional ellipsoid while a rod 18 an elongated rotational ellipsold;

the long half axis will designate 2, the short one ¢. The formulae
pertinent to tha statlonary motion have been esatablished by 0berheckl
From these formulae, it can ba seen that the mpbility ¥ , i,e.

tbe relation of theivelooity of the body to the acting force can be
- caloulated from the

oA DL VAN S I A TN o.v:.';v,%'s#-.,vxmw:;u:m;*

. f
ey~ Yo7 T b
. -} o
' =
(15) Xeg = e o

depending whether the motion ocours in the direction of the long or

e
NP S A A

the short axis,

In this oasea, for discs where a=b>o i

1 et i
5 § (i @)
(1) . 2 Joaa \etTA (a*+ X\)
3 - %
'
1 oberbeck, Crelles Journal 81, 1876, p. 62; see also H. Lamb, %

l.0. par 326.
2 H. Lamb, 1.,0., par 326, formulae (6), (7), (14), (15).
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and for rods, whers & » b =

t q_,""" \
{18) 8 mm‘Sm‘ ( Coe A * (et « X (a_"i'%h i

' (‘_"'
{19) 8 (V- Sm evx A \c"«-f\)

Carrying out the squares for discs gives:

e '3
| \- 2 & o Zo
% = 3 Qre Cmt-"f | - ryy
(1a8') .~ <+ ‘__&_.‘. %
LS
c!-
g . 3|22 ¢ %
171 2 = = - —
(17') < " = Qve Qo3 - ‘/
G" 2

(16') is used for edgewise motion while (17') is used for fronte

wise motion,

If the diso is flattened to the point where the second powers
of g; can be neglected, (18') and (17') were transforms into:

A e
asy Bu= T (- 2

[ ¢ a.

ary %, = 2T0C

E——_—,

%

If, on theecother hand, the flattened rotational ellipsoid deviates

8o little from the spherical form that 1 -{‘:_beoomas very small the
equation will become:

o e
ey B0 = 1+ 2= (1 E)

(7o) Oe= |4 —?("%)
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Is the cese of rods, the caloulation will be quite similar,
Carrying out the squares required in {18) and (19) will yleld:

-
[ \'\‘V‘"’ e 2
P Ls - .
ila'} l—t * :__._C.___
o I “J*"ri: =
cf.
o 2- 3= ,\} -£: b=}
(197) B, T o) s | LV

“5 | 3 = ‘ "
- X
& d - V = o

(318') and (19%) are ﬁsed for the motlons parallel with and vertical
to the axis of the rod respeotively.

For small values or-°— :

(1811} D = -3;{2\. -‘}
L e -%—{2.1. --—-H%

&
Por small values of i -"g

e
aon Be s 14 E (1-E)
=
S

(- )

In Table 1, the values of Sxand Sc have been caloulated for
various axis ratios acoording to equations (26°), (17'), and (18¢%)
and (19'; for disoe and rods,

(lgtn) %c. = \‘\'
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TAELE 1

mlo

for disos for rods

0.0 1,767 1,178

(1P 8 1,631 1.174 3.783 2,817

0.2 1.516 1.160 2.799 2,108

0.3 1.418 1,145 2.267 2.815

0.4 1.335 1.125 1.914 1,606

0.6 1.198 1.084 1.467 1.326

0.7 l.139 1.083 1.314 l.224

0.8 1,088 1.041 l.191 1.138

0.9 1.041 1.019 1,091 1.063 :

1.0 1,000 1.000 1.000 1,000 s
k4 .

IKBIEE

If the force, I , forms the angleg with the diso (or rod)
axis, the velooity vector v will produce an angle P with the
axis (the illustration relates t:: discs), the relationships. being: '

- Vs Y 3o (20)
- e ‘ Yo = tkt.

\'s"v =<;!:§@u§ (200)

. (B ? - .(g Fc.’ %
N s By diviaion of both equations, (20')

gives: '

PN ' + Th‘:ﬁz‘* '%

3PN ? A (21) .

P

-

As a oconsequence, it follows that when ~'+ O and N 3,5— .
the direction of the velooity and that of the foroe e¢oinoide,

The maximum deviation betwsen the directions of velooity and
for occur, apoording to (21) when

%
- = MR —_— ‘5 -
(21a} % D ¢ Ty (\ 3. \"Q: ,\)

)

is a maximum, 1In the case of rods,%' ? is positive and thep

o AR R AT ) R NS
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the relationship beoomea:
(22) "‘3&’\13._' Yy ¥° &

that 18, N and P cozplets each other to become $0° {for rods,
S and ¢ are interchangable).

R T )

In table 2, the angles 3) in different axial ratios -§; for
which ¥~ 3 for diséa andd- P for rods, have the maximal value,
and these values ¥- 3 and 9- ? y Or 1n other words, the devia-~

tions between the velocity and force directions, are shown.

Table 2
[ A for disocs for rods
ia a- q_ % % H 9. - ? }
e 2 . ,"
0,0 399 41°¢ 11° 32 549 447 ' 19© 281t .
0.1 40 18! 9 24t 50 11 10 22!
0.2 41 11! 7 38! 49 032! 8 06'
0.3 41 56! 6 o8 48 11° 6 22¢
0.4 42 33 4 54 47 31! 5 02t i
0.5 43 06" 3 48! 46 sm 3 54t t
0.6 43 35! 2 50 46 27¢ 2 54 [
0.7 44 01! 1 58! 48 01! 2 o2¢ r
0.8 44 22' 1 18! 45 39! 1 18! 4
0.9 44 41! 0 38! 45 22t 0 44 i
1,0 45 00 0 00 45 00 0 00

Ino Table 3, ultimately ¥P- N anda- @ are caloulated as runctions-‘ %
for very flat disos and very thin rods (.g. = 0) for which% is 1.5

<

I

(2 resp.). l
Table 3 i
5 for discs for rods
. - O -
0° i 0° 00! 0° 00!
~ 10 4 49 4 58 )
20 8 38 9 41 ;
20 . i oS4 i 54 i
40 11 32 17 14 ;
50 10 47 19 22
60 ) 8 57 19 06
70 8 21 16 04
80 J 18 9 28
80 6 00 Q (¢]0)
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From Table 2, it can be seen that the non-vertical fall of
particles in a liquid, oconclusion can be drawn concerning their
deviation from shherical shape, however, this oriterion is not
very sharpiy defined as was pointed cut by Mr., Sommerfeld during

an exchange of letters concerning this question. The reason for

this is that, in the mnst extrame cases, the deviation from the
vertical is 11° 32' in the case of disos, and 19% 28' in the case
of rods.

The equations which are pertinent to the deteramination of the
atomic charge (equations (6) and (7)) now take the form:

() 3oacy (s-+) = J’M‘

(7*) %&‘tg(sw'ﬁ*ee = ‘-WSFV:.

dnd from thenm: o= v, !

2(s-5 %) 3 r“

te') e€ =aw (V,-V) V_r:g' T

in place of equation (8) and, to be sure, the value Q ia

replaced by G‘_and é; according to whether the disc is falling
edgewise or frontwise,

In the case of rods, the anelogous squations are:

/

= Vi
@) 0= 3\2(8’*

P T
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it in the these equations, the <S values valid for rods are substi-
tuted.

Sommerfeld mentioned in the discussion that the values calculated
by Ehrenhaft for e would have to be multiplied byﬂfgzhin the partie
cles were very thin discs or bylf%ér if they were very thin rods,

As we can see from formulae (8') and (8'') as well as from the
assyntotio values of O (equations (16''), (18''), and (19''}),
this result 1s correct, no matter how the particles are orientited
~with respect to the vertical.
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