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I 
SUMMARY 

This report presents the results of a research program to 
obtain simultaneously a set of blade strain and air-load data for a 
blade of a stoppable rotor configuration arbitrarily oriented with 
respect to the free stream.    The research program summarised 
herein obtained data for such a blade configuration over a wide 
range of shaft tilt angles,   blade pitch angles,and azimuth angles 
during a wind-tunnel test program conducted in the NASA-Ames 
40-by-80-foot wind tunnel. 

The main results of the program were as follows: 

At azimuth angles of 90 and £70 degrees,   the variations 
of the aerodynamic characteristics with angle of attack 
were generally those that might be expected on the basis 
of sectional data. 

The effect of blade beamwise flexibility is very signifi- 
cant as regards the variation of the aerodynamic char- 
acteristics with azimuth angle. 

In the azimuth angle range of 2255 y S 330 degrees, an 
instability was encountered for both positive and negative 
blade pitch angles. 

The contribution of the flexible blade bending slope to 
the effective angle of attack was significant in the estab- 
lishment of the instability boundary. 

A linearized lifting-surface theory for estimating aero- 
dynamic forces on the stopped rotor blade was formu- 
lated.    Limited comparisons were made with test results 
and with other theoretical solutions. 
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F O R E W O R D 

T h i s r e p o r t on t he w o r k tha t w a s a c c o m p l i s h e d d u r i n g t h e 
c o n t r a c t e f f o r t to i n v e s t i g a t e t h e a e r o d y n a m i c and a e r o e l a s t i c c h a r -
a c t e r i s t i c s of a f u l l - s c a l e r o t o r b l a d e s t opped in f l i gh t h a s been 
p r e p a r e d in two p a r t s . T h i s r e p o r t p r e s e n t s a d e t a i l e d d i s c u s s i o n 
of a l l a s p e c t s of t he p r o g r a m and the a n a l y s i s of t h e r e s u l t s t ha t 
w e r e o b t a i n e d . Al l of t h e b a s i c da t a t ha t w e r e c o l l e c t e d d u r i n g t h e 
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M a t e r i e l L a b o r a t o r i e s (USAAVLABS). 

T h e r e s e a r c h p r o g r a m w a s c o n d u c t e d by t h e C o r n e l l 
A e r o n a u t i c a l L a b o r a t o r y , Inc . (CAL) u n d e r USAAVLABS C o n t r a c t 
DA 44-177 - A M C - 3 6 6 ( T ) ( T a s k 1F162204A1 3902) and w a s c a r r i e d 
out u n d e r t he t e c h n i c a l c o g n i z a n c e of M r . W i l l i a m E . N e t t l e s of 
USAAVLABS. 

The r e s e a r c h p r o g r a m b e g a n in Ju ly 1966 and w a s c o m p l e t e d 
in J u n e 1968. P e r s o n n e l a s s o c i a t e d wi th t he r e s e a r c h p r o g r a m i n c l u d e d 
R i c h a r d P . Whi te , J r , , E u g e n e Skel ly , S t ephen King, and J o s e p h Nenni 
of CAL. M r . John McCloud of t he N A S A - A m e s r e s e a r c h s taf f c o n t r i b -
u ted m a n y v a l u a b l e s u g g e s t i o n s d u r i n g the f o r m u l a t i o n and conduc t of 
t h e t e s t s in t h e f u l l - s c a l e t u n n e l and w a s t h e NASA p r o j e c t e n g i n e e r 
d u r i n g the t e s t p h a s e of t he p r o g r a m . 
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INTRODUCTION 

^ 

During the past decade,   the flight speed obtainable with VTOL 
aircraft has r^ore than doubled.    The reason for this rapid increase in 
flight speed has been twofold:   the rapid advance in VTOL technology 
and the introduction of the lightweight free-turbine engine.    The latest 
advances in flight have been made with compound-type helicopters in 
which the rotor is slowed and unloaded by means of a lifting surface. 
It is reasonable to anticipate that the next development step would be 
toward a stopped rotor configuration in which the rotor now being car- 
ried on a compound vehicle would be completely unloaded,   decelerated, 
stopped,  locked in position, and  trailed or stowed, 

Stoppable rotors will necessarily traverse a peculiar operating 
range.    During the last revolution of the rotor,  before coming to a com- 
plete stop,  the blades will effectively vary in behavior between that of a 
high-aspect-ratio wing at azimuth positions of 90 degrees and 270 degrees 
to a very iow-aspect-ratio wing at 0 degrees and 180 degrees.    The aero- 
dynamic load amplitude and distribution on a blade would be expected to 
undergo large variations during this transition from "high- to low-aspect- 
ratio" operation and strong nonlinear effects can be anticipated as well as 
the possibility of aeroelastic problems such as static divergence and flutter. 

There is no verified theory for predicting the aerodynamic loads 
needed to study the blade deformations and stability of rotors stopped at 
any arbitrary azimuth position in flight.    If stoppable rotor configurations 
are,   in fact,   going to be developed on a consistent and rational basis,   then 
there is a need for a proven method of predicting the loads developed by 
such a rotor system in flight.    The primary purpose of the research effort 
reported herein,   therefore,  was to obtain a set of aerodynamic loading 
data that was consistent with the resultant blade deformations for a range 
of pertinent aircraft flight and control parameters for use in checking the 
validity of any theoretical prediction method that is developed.    A secon- 
dary purpose of the research effort was to develop a linearized aero- 
dynamic prediction method which includes the effects of blade deformation 
in order to determine,   through comparison with experimental results,   the 
degree to which such a linearized theory could predict the measured results. 

This report describes the test equipment,  its operation and cali- 
bration,   and the development of the theoretical prediction method; it 
presents and discusses the major experimental and theoretical results 
that were obtained during the research program.    The detailed pressure 
measurements,   blade strain data,   and integrated blade loading data for 
the approximately 750 configurations tested are on file at USAAVLABS. 

. 



DISCUSSION 

A. EQUIPMENT AND TEST APPARATUS 

The p u r p o s e of the t e s t p r o g r a m was to obtain s imu l t aneous ly 
a e r o d y n a m i c and s t r u c t u r a l d e f o r m a t i o n data fo r a " typ ica l " f u l l - s c a l e 
r o t o r blade in a stopped conf igura t ion . A spec ia l b l a d e - r e t e n t i o n s t r u c -
t u r e w a s c o n s t r u c t e d that i n c o r p o r a t e d a l l of the d e s i r e d t e s t f e a t u r e s 
fo r the e f f ic ien t conduct of the e x p e r i m e n t a l p r o g r a m , and a se t of 
spec ia l ly i n s t r u m e n t e d b lades that had been c o n s t r u c t e d p rev ious ly 
and t e s t e d in a n o r m a l he l i cop t e r r o t o r conf igura t ion was used as the 
bas ic r o t o r . 

The spec i a l two-b laded t e s t r o t o r s y s t e m that was a s s e m b l e d 
f o r the p r o g r a m is shown r e a d y fo r t e s t in the NASA-Ames 4 0 - b y - 8 0 -
fcot wind tunnel in F i g u r e 1. While a two-b laded r o t o r s y s t e m w a s used 
f o r the t e s t s , only one blade was ful ly i n s t r u m e n t e d to m e a s u r e the c h o r d -
w i s e p r e s s u r e d i s t r i bu t ions at six spanwise s t a t ions , and the b e a m w i s e 
bending, edgewise bending, and t o r s i o n a l s t r a i n s a t nine spanwise s t a -
t ions . In addi t ion to t h e s e quant i t i es , the n o r m a l f o r c e , b e a m w i s e 
moment , edgewise f o r c e , edgewise moment , and pi tching momen t at 
the root of the i n s t r u m e n t e d blade w e r e m e a s u r e d by a f i v e - c o m p o n e n t 
ba lance s y s t e m which held the root of the blade. Rotor a z imu tha l pos i t ion , 
root ang le of a t t ack of each of the two b lades , and ro to r shaf t ang le (in 
the p lane of the w i n d s t r e a m ) w e r e r e m o t e l y con t ro l l ed f r o m a conso le 
ou ts ide the tunnel . 

F i g u r e 2 p r e s e n t s a d imens iona l drawing giving the pe r t i nen t 
d imens ions of the t e s t i n s t a l l a t ion in the wind tunnel . F i g u r e 3 p r e s e n t s 
a c l o s e - u p view of the r o t o r - h e a d a s s e m b l y showing the v a r i o u s d r i v e 
s y s t e m s . The blade pi tch and shaf t t i l t d r i v e s w e r e l i n e a r b a l l - s c r e w 
a c t u a t o r s that w e r e des igned to change the r e s p e c t i v e ang les a t a r a t e of 
1 /2 d e g r e e pe r second, and the az imu th d r i v e was des igned to r o t a t e the 
r o t o r s y s t e m at a r a t e of 1 d e g r e e pe r second. The blade p i t c h - c o n t r o l 
a c t u a t o r s w e r e d r iven by a h i g h - s p e e d mo to r , and thus a l a r g e - s p e e d 
reduc t ion was r e q u i r e d to obtain the slow r a t e s of blade p i t c h - a n g l e 
change . However , b e c a u s e of the e x t r e m e l y s m a l l amount of f r i c t i o n 
in the b a l l s c r e w ac tua to r , the use of a b r a k e was r e q u i r e d to keep the 
appl ied a e r o d y n a m i c load f r o m ro ta t ing the a c t u a t o r s y s t e m a f t e r the 
d r i v e moto r had been tu rned off. This was a c c o m p l i s h e d by m e a n s 
of a s m a l l f r i c t i o n b rake that was con t ro l l ed through a solenoid that 
r e l e a s e d the b r a k e when e l e c t r i c a l power was appl ied to the d r i v e 
m o t o r . As can be seen f r o m F i g u r e 3, the b lade pi tch d r i v e for the 
i n s t r u m e n t e d blade (des ignated the red blade) was connected to the 
inner housing of the ba lance s y s t e m . 

F i g u r e 4 shows the o v e r a l l de t a i l s of the ba lance s y s t e m . The 
ou te r ba l ance housing was f ixed to the head a s s e m b l y , and the inne r ba l -
a n c e housing ro ta ted ins ide the ou ter housing on two l a r g e r ad i a l b e a r i n g s . 
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O n e s i d e of e a c h b a l a n c e f l e x u r e w a s a t t a c h e d t o t h e i n n e r h o u s i n g , a n d 
t h e o t h e r s i d e of t h e f l e x u r e w a s a t t a c h e d t o t h e b l a d e g r i p r e t e n t i o n . 
T h e c e n t e r of r o t a t i o n of t h e b a l a n c e w a s c o i n c i d e n t w i t h t h e q u a r t e r 
c h o r d of t h e b l a d e . A s p r e v i o u s l y n o t e d , t h e b l a d e a n g l e of a t t a c k w a s 
c h a n g e d by r o t a t i n g t h e e n t i r e b l a d e - b a l a n c e u n i t ( i n n e r b a l a n c e h o u s i n g ) . 
T h e b a l a n c e , t h e r e f o r e , a l w a y s m e a s u r e d t h e f o r c e s a n d m o m e n t s p e r -
p e n d i c u l a r a n d p a r a l l e l t o t h e r o o t c h o r d of t h e b l a d e . 

T h e d i s c b r a k e s h o w n in F i g u r e 4 w a s u s e d t o l o c k ou t t h e s m a l l 
a m o u n t of b l a c k l a s h in t h e a z i m u t h d r i v e t r a i n o n c e t h e d e s i r e d r o t o r 
a z i m u t h p o s i t i o n h a d b e e n o b t a i n e d . T h e b r a k e w a s a n e l e c t r o h y d r a u l i c 
s y s t e m r e m o t e l y c o n t r o l l e d by t h e t e s t o p e r a t o r i n t h e c o n t r o l r o o m . 

F i g u r e 5 i s a d i m e n s i o n a l d r a w i n g w h i c h s h o w s t h e a r r a n g e m e n t 
of t h e f o r c e - b e a m f l e x u r e s in t h e b a l a n c e s y s t e m a n d a d e t a i l e d s k e t c h of 
a t y p i c a l f o r c e - b e a m f l e x u r e . A s c a n b e s e e n f r o m t h e f o r c e - b e a m l a y -
ou t , t h e r o o t e d g e w i s e m o m e n t s (£v*v?) a n d t h e r o o t b e a m w i s e m o m e n t s 

w e r e m e a s u r e d by p a i r s of f o r c e b e a m s on a p p r o x i m a t e l y 2 - f o o t 
c e n t e r s . T h e r o o t e d g e w i s e f o r c e {£F*) w a s m e a s u r e d by a s i n g l e f o r c e 
b e a m , a n d t h e r o o t n o r m a l f o r c e (/v/=v?) a n d r o o t p i t c h i n g m o m e n t {P/IK) 
w e r e bo th m e a s u r e d by t h e s a m e s e t of f o r c e b e a m s s p a c e d on 1 6 - i n c h 
c e n t e r s . T o o b t a i n t h e NFI, t h e s t r a i n s i g n a l s f r o m t h e two f o r c e b e a m s 
w e r e a d d e d e l e c t r i c a l l y ; t o o b t a i n t h e p i t c h i n g m o m e n t , t h e s t r a i n s i g n a l s 
w e r e s u b t r a c t e d e l e c t r i c a l l y . 

T h e d e t a i l e d s k e t c h of a t y p i c a l f o r c e b e a m s h o w s how a b u i l t - i n 
s t r e s s c o n c e n t r a t i o n w a s u s e d to f a c i l i t a t e t h e a t t a i n m e n t of a l a r g e s i g -
n a l f r o m t h e s t r a i n g a g e s w h i l e m a i n t a i n i n g a v e r y r i g i d b a l a n c e s y s t e m . 
W h i l e a c e r t a i n a m o u n t of c r o s s t a l k i s o b t a i n e d f r o m s u c h a b a l a n c e 
a r r a n g e m e n t , i t h a s b e e n s h o w n f r o m e x p e r i e n c e t h a t , by m e a n s of a 
p r o p e r c a l i b r a t i o n p r o c e d u r e w h e r e b y a l l c r o s s c o u p l i n g s a r e m e a s -
s u r e d , v e r y a c c u r a t e f o r c e a n d m o m e n t m e a s u r e m e n t s c a n b e o b t a i n e d . 
T h e l o a d r a n g e s to w h i c h t h e p r e s e n t b a l a n c e s y s t e m w a s d e s i g n e d a r e 
a s f o l l o w s : 

r o o t n o r m a l f o r c e + 1, 200 l b s 

r o o t e d g e w i s e f o r c e (^7v?) + 5 0 0 l b s 

r o o t b e a m w i s e m o m e n t s (a**) ± 1 1 , 0 0 0 f t - l b s 

r o o t e d g e w i s e m o m e n t s (£"K) + 5 , 0 0 0 f t - l b s 

r o o t p i t c h i n g m o m e n t s {PM/?) ± 9 2 0 f t - l b s 

T h e r o t o r b l a d e s t h a t w e r e u s e d f o r t h e t e s t s w e r e t h e i n s t r u -
m e n t e d U H - 1 A b l a d e s p r e v i o u s l y u s e d in 1962 to o b t a i n t h e b l a d e a i r -
l o a d d a t a o b t a i n e d in f l i g h t a n d p r e s e n t e d in R e f e r e n c e 1. A c o m p l e t e 
a n d d e t a i l e d d e s c r i p t i o n of t h e r o t o r b l a d e s c a n b e f o u n d in t h a t r e f e r -
e n c e . T h e b l a d e g e o m e t r i c p r o p e r t i e s a r e p r e s e n t e d in F i g u r e 6, t h e 
b l a d e m a s s d i s t r i b u t i o n i s p r e s e n t e d in F i g u r e 7, t h e b l a d e m a s s i n e r t i a 
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distribution is presented in Figure 8,  the blade-bending stiffness dis- 
tributions are presented in Figure 9,  and the blade torsional stiffness 
distribution is presented in Figure 10.    In the configuration with which 
the present tests were conducted,   the 15-1/4-inch constant-chord rotor 
blade has a diameter of approximately 45 feet.    The trim tab (similar 
to the one shown on the dummy blade in Figure 1) was removed from the 
instrumented blade so that,   when the blade's trailing edge was facing the 
airstream,   the flow would not be disturbed by the protruding tab. 

The transducers located on the test blade were of two types: 
strain gages to measure the beamwise,   edgewise,   and torsional strains 
at nine spanwise stations,   and pressure gages to measure the chordwise 
pressure distributions at six spanwise stations.    Figure 11 shows the 
spanwiäe location of the strain gages and pressure gages,   and Table I 
lists the chordwise location and pressure range of each pressure gage 
on the blade.    Figure 12 shows both the pressure-gage and the strain- 
gage installation at approximately 85-percent span.    As can be seen, 
the strain-gage installation is a relatively standard one using four active 
gages for each of the three independent strain readings.     This type of 
strain-gage installation was used instead of rosettes,   as the majority 
of the strain-gage instrumentation previously installed for use in the 
flight-loads program was not of the rosette type (Reference 1) and was 
adaptable for the present tests. 

In the pressure-gage installations,   two types of gages were 
used:   a NACA-developed miniature differential pressure transducer 
previously installed in the blade (Reference 1) and an absolute pressure 
transducer (Reference 2),     The differential gages measured the differ- 
ences between the upper and lower surface pressures.     The absolute 
pressure gages were used to measure the differences between the 
wind-on and wind-off surface pressures.    The absolute pressure 
transducers were installed only at the 85-percent span station in an 
attempt to obtain a more complete definition of the pressure distri- 
bution than would have been available from the existing differential 
gages.    As can be seen from Figure 12,   a chordwise epoxy fairing 
was made for the 85-percent span station in an attempt to mount the 
absolute surface gages external to the blade without disrupting the 
airflow.    Prior to testing,   the recesses in the epoxy fairing for the 
gages were filled with a soft plastic to smooth the contour. 

A 10-volt,   3, 000-cps  excitation supplied by a power amplifier 
was used to excite both the strain gages and pressure transducers. 

Figure 13 shows the installation of the transducers used to 
measure the blade pitch angles of the instrumented and dummy blades 
with respect to the rotor-head baseplate.    The transducers for both 
blades were one-turn,   precision rotary potentiometers mounted at 
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Table I 
LOCATIONS AND RANGES OF PRESSURE GAGES 

CHORDWISE STATION 

{% CHOROJ 

2.1 

3.7 

9.0 

12.9 

16.9 

22.6 

33.5 

it7.8 

62.0 

68 9 UPPER 00,9 SURFACE 

68 9 L0WER 
bB-9 SURFACE 
75.1 

82.0 

85.9 

88.0 

9il i    UPPER 
^^•l  SURFACE 

qu 1 LOWER 
^•]  SURFACE 

97 0 UPPER a'•0 SURFACE 

97 n LOWER 3',u SURFACE 

UPPER 
SURFACE 

SPANWISE STATION (^radius) 

fpsij 
55.7 
fpsij 

'ABSOLUTE GAGES 

15 

15 

8 

8 

75.it 
(psi) 

15 

15 

85.2 
rpsl) 

15 

15 

15 

15 

15 

15 

l| 

2 

5-20* 

5-20* 

2 

5-20* 

2 

5-20* 

5-20* 

5-20* 

5-20* 

90.1 
^psi) 

15 

15 

15 

15 

95.0 
(psi) 

15 

15 

15 
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the center of rotation of the inner housing of the balance for the 
instrumented blade and at the center of rotation of the blade-bearing 
housing for the dummy blade.    Both potentiometers were powered by 
a stabilized 40-volt dc power unit. 

Figure 14 is a close-up photograph of the rotor head installed 
in the tunnel prior to testing.    The transducers used to measure the 
shaft angle a id azimuth angle can be clearly seen in this picture.    The 
transducer used to measure the shaft angle was a 270-degree precision 
rotary potentiometer mounted at the center of the shaft tilt bearing housing. 
The azimuth angle transducer was a 10-turn rotary potentiometer driven 
through a friction contact with the azimuth brake disc (Figure 4).    One 
revolution of the rotor head corresponded to approximately eight turns 
of the rotary potentiometer. 

Since the azimuth potentiometer was driven by the brake disc 
through a friction contact,   a wind screen (not shown in the photograph) 
was used to prevent the airstream from altering the contact pressure 
and a remote means (optical) of checking on possible slippage was used 
to monitor the performance of the transducer.    A fuller discussion of 
the remote optical check system is presented in the section describing 
the operational procedures followed during the wind tunnel tests. 

All transducer signals,   position transducers,   pressure gages, 
strain gages,   etc. ,   were recorded both on a digital readout system 
installed in the control room of the NASA-Ames 40-by-80-foot full-scale 
wind tunnel   (Datex II)   and by two 50-channel,   type 7-119 oscillographs. 
The two readout systems were employed to insure that,   if the primary 
digital data recording system (Datex II) malfunctioned,  backup direct 
analog traces would be available to obtain the desired data.    In addition, 
if other than "static conditions" prevailed,   time analog traces would be 
recorded.    The latter was the primary reason that the analog  backup 
system was believed to be    eeded,   as it was suspected that the blade 
would not remain stationär/,   under certain test conditions,  for the 
relatively long time required by the Datex II unit to punch all the data 
on digital cards (approximately 12 seconds).     Because of mismatched 
impedances,   the analog and digital data could not be recorded simul- 
taneously.    A switching system was developed,   therefore,   to place all 
the transducer signals on either the Datex II system or the analog 
recording system.     Figure 15 presents a block diagram of the entire 
instrumentation system and indicates the switching arrangement that 
was used. 

Figure 16,   a photograph of the instrumentation installed in the 
wind tunnel control room,   shows the eight banks of amplifiers and the 
switching box for signal transfer to either the digital recorder or the 
CEC recording oscillographs,which are also shown in the photograph. 

Figure 17 is a photograph of the Datex II strip chart readout, 
which permitted an immediate inspection of the data that were being 
punched lor each channel on the cards during every cycle of data taking. 
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F i g u r e 18 i s a photograph of the t e s t o p e r a t o r ' s con t ro l panel . 
All the con t ro l s and a p p r o p r i a t e r eadou t s of b lade pi tch ang le and b lade 
s t r e s s fo r the dummy blade (white blade) w e r e on the l e f t , and the con t ro l 
panel and readou t s f o r the i n s t r u m e n t e d blade ( red blade) w e r e on the 
r ight . The readou t s and con t ro l s fo r a z imu th angle and shaf t t i l t ang le 
common to both b lades w e r e in the c e n t e r p a r t of the con t ro l panel . 

Each d r i v e s y s t e m had two swi tches ; one to t u r n the power 
on or off to the r e s p e c t i v e c o n t r o l , and a t h r e e - p o s i t i o n , s p r i n g - l o a d e d 
switch to d r i v e the con t ro l in e i the r a plus or a minus d i r ec t ion . At the 
top cen t e r of the con t ro l panel was a mul t i channe l s e l e c t o r switch which 
al lowed the a p p r o p r i a t e s igna ls to be a c c u r a t e l y r ead out on a d igi ta l 
v o l t m e t e r . The blade pi tch ang les , shaf t t i l t angle , a z i m u t h angle , 
con t ro l s y s t e m vo l tages , and i n s t r u m e n t a t i o n vo l tages w e r e a l l se t and 
checked by m e a n s of the digi ta l v o l t m e t e r so that a c c u r a t e p a r a m e t e r 
va lues could be obtained. It should be noted that the r eadou t d ia l s on 
the con t ro l panel w e r e used only as a quick v i sua l indica t ion of the ro to r 
and blade pos i t ions and that the digi ta l v o l t m e t e r and the r e c o r d i n g 
s y s t e m s w e r e used to se t and r e c o r d a c c u r a t e va lues of the p a r a m e t e r s . 

B. EQUIPMENT CHECKOUT AND CALIBRATION 

P r i o r to sh ipment of the ro to r s y s t e m to the NASA-Ames 40-
by-80- foo t wind tunnel fo r t e s t s , the e n t i r e s y s t e m was a s s e m b l e d and 
checked out fo r p r o p e r ope ra t ion . In addit ion, a l l m a j o r i n s t r u m e n -
tat ion s y s t e m s w e r e comple te ly and c a r e f u l l y c a l i b r a t e d so that only 
check ca l i b r a t i on would be r e q u i r e d a f t e r ins ta l l a t ion in the tunnel . 
The p r i m a r y m e a s u r e m e n t s u b s y s t e m s w e r e c a l i b r a t e d independent ly , 
and then a s a comple t e unit . T h e s e s u b s y s t e m s w e r e the a m p l i f i e r -
analog r e c o r d i n g s y s t e m , the f o r c e - m o m e n t ba lance at the root of the 
i n s t r u m e n t e d blade, the v a r i o u s pos i t ion t r a n s d u c e r s , the p r e s s u r e 
t r a n s d u c e r s on the blade, and the s t r a i n gages mounted on the i n s t r u -
mented blade . The digi ta l r e c o r d i n g s y s t e m ins t a l l ed in the con t ro l 
r o o m of the wind tunnel at A m e s was se t and c a l i b r a t e d a f t e r the r o t o r 
s y s t e m had been mounted in the t e s t sec t ion . The following sec t ions 
of the r e p o r t wil l d i s c u s s the ca l i b ra t i on p r o c e d u r e s and r e s u l t s obtained 
fo r each of the m e a s u r e m e n t s u b s y s t e m s that w e r e c a l i b r a t e d independent ly . 

A m p l i f i e r - A n a l o g Record ing S y s t e m 

The a m p l i f i e r - r e c o r d i n g s y s t e m was c a l i b r a t e d in two s t e p s . 
The a m p l i f i e r inpu t - to -ou tpu t vol tage amp l i f i c a t i on fo r each a t t enua to r 
se t t ing was checked to i n s u r e that the spec i f i ed r a t i o s w e r e a c c u r a t e to 
within 1 p e r c e n t , a n d then the g a l v o m e t e r de f l ec t ions in the r e c o r d i n g 
osc i l l og raph w e r e d e t e r m i n e d for each t r a n s d u c e r channel in t e r m s of 
the vol tage output of the a m p l i f i e r s . Table II p r e s e n t s the r e c o r d e d 
t r a c e def lec t ion of each t r a n s d u c e r channel p e r volt input to the a s s o -
c ia ted a m p l i f i e r se t at an a t tenua t ion of unity. 

7 



Tl 

1 Table II 
AMPLIFIER-OSCILLOGRAPH CALIBRATION CONSTANTS 

TRANSDUCER 
TRACE 

IDENTIFICATIOK SPANWISE 
LOCATION 
(% SPAN; 

CHORDWISE 
LOCATION 

(% CHORD; 

CALIBRATION, 
C0NSTANT(vo1ts/in. 

OF TRACE DEFL.) 
UT AMPLIFIER 

ATTENUATION =  l) 
OSCILLOGRAPH 

NUMBER 
GALVANOMETER 

NUMBER 

STRAIN QAQES 
INSTRUMENTED 
BLADE 

BEAM BENDING 9 93.0 - 0.116 

BEAM BENDING 8 86.9 - 0.114 
BEAM BENDING 7 80.7 - 0.115 
BEAM BENDING 6 70.8 - 0.117 

BEAM BENDING 5 61.0 - 0.116 
BEAM BENDING 1 51.1 - 0.113 

BEAM BENDING 3 37.3 - 0.113 

BEAM BENDING 2 29.4 - 0.114 

BEAM BENDING 1 16.6 - 0.132 

EDGE SENDING 21 93.0 • 0.106 
EDGE BENDING 20 86.9 - 0.115 
EDGE BENDING 19 80.7 - 0.112 
EDGE BENDING 18 70.8 - 0.112 

EDGE BENDING 17 61.0 - 0.112 
EDGE BENDING 16 51.1 - 0.109 
EDGE BENDING 15 37.3 - 0.112 
EDGE BENDING m 29.4 - 0.108 
EDGE BENDING 13 16.6 - 0.113 

TORSION 35 93.0 . 0.115 
TORSION 34 86.9 - 0.112 

TORSION 33 80.7 - 0.116 

TORSION 32 70.8 - 0.113 
TORSION 1 31 61.0 - 0.114 

TORSION 30 51.1 - 0.111 
TORSION 29 37.3 . 0.112 
TORSION 28 29.4 " 0.116 
TORSION 27 16.6 - 0.112 

BALANCE BEAMS 

XI 2 39 - - 0.096 
X2 2 10 - - 0.092 
X3 2 41 - - 0.094 
XH 2 42 - - 0.099 
X5 2 43 - - 0.090 
X6 2 44 - - 0.096 
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Table II - Continued 

TRANSDUCER 

TRACE 
IDENTIFICATION SPANWISE 

LOCATION 
{% SPAN) 

CHOROWISE 
LOCATION 
{% CHORD) 

CALIBRATION 
CONSTANT (volts/in. 

OF TRACE DEFL.) 
fAT AMPLIFIER  . 

(ATTENUATION = l) 
OSCILLOGRAPH 

NUMBER 
GALVANOMETER 

NUMBER 

DIFFERENTIAL 
PRESSURE GAGES 2 1 41.1 3.7 0.105 

2 2 41.1 16.9 0.100 
1 12 41.1 33.5 0.116 
1 39 41.1 62.0 0.116 
1 1*0 41.1 85.9 0.117 
2 3 55.7 2.1 0.106 
2 1» 55.7 9.0 0.107 
2 5 55.7 16.9 0.103 
2 6 55.7 22.6 0.102 
1 ill 55.7 62.0 0.114 
1 42 55.7 88.0 0.112 
2 13 75.4 2.1 0.102 
2 m 75.4 9.0 0.104 
1 43 75.4 62.0 0.118 
1 44 75.4 88.0 0.112 
2 7 85.2 2.1 0.107 
2 8 85.2 3.7 0.106 
2 9 85.2 9.0 0.105 
2 10 85.2 12.9 0.105 
2 11 85.2 16.9 0.103 
2 12 85.2 22.6 0.103 
1 36 85.2 47.8 0.114 
I 45 85.2 62.0 0.121 
1 46 85.2 75.4 0.114 
I 47 85.2 88.0 0.115 
2 17 90.1 2.1 0.103 
2 18 90.1 9.0 0.105 
2 19 90.1 16.9 0.104 
2 20 90.1 22.6 0.105 
1 37 90.1 62.0 0.112 
1 50 90.1 88.0 0.118 
2 21 95.0 2.1 0.105 
2 22 95.0 9.0 0.100 
2 23 95.0 16.9 0.103 
1 49 95.0 88.0 0.114 

ABSOLUTE 
PRESSURE GAGES 

TOP SURFACE 2 29 85.2 68.9 0.096 
LOWER SURFACE 2 30 85.2 68.9 0.095 
TOP SURFACE 2 31 85.2 82.0 0.085 
TOP SURFACE 2 33 85.2 94.1 0.099 
LOWER SURFACE 2 34 85.2 94.1 0.095 
TOP SURFACE 2 35 85.2 97.0 0.098 
LOWER SURFACE 2 36 

'    '—r"      ■              '   —:=   Mt 
85.2 97.0 0.098 
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The Balance System 

The balance system was calibrated by the instrumentation- 
calibration group of CAL's Transonic Wind Tunnel Department,   which 
has been responsible for the instrumentation and calibration of all the 
balance systems developed for use in that facility.    The balance was 
calibrated by applying known loads in each of the six balance-component 
directions independently.    The balance was also subjected to known com- 
bined loadings.     The data from these calibrations were used to determine 
the matrix relating the applied loads to the balance output signals.    The 
differences in the calibration constants between positive and negative 
loadings were also determined.    The balance conversion matrix (balance 
beam transducer outputs to loads) as determined during calibration is 
presented in Figure 19.    The plus or minus sign in front of each row 
of the conversion matrix indicates which set of numbers in each row 
should be used for either a positive or a negative load.    Care had to be 
used during data reduction,   therefore,   to insure that the correct set 
of matrix elements was used.    It is noted,   however,   that if the 
balance beam signals X, through X^  resulting from a positive normal 
force and drag force were used with the matrix elements for negative 
forces,   positive forces would be obtained although their magnitudes 
would be incorrect.    The results would indicate,  however,   that the 
matrix elements for a positive force should have been used to obtain 
the correct forces and moments.    The automatic digital data reduction 
program always used the coefficients for positive forces first and then 
the sign of the calculated forces was checked with the assumption.    If 
either of the forces was found to be negative,   the program would auto- 
matically recalculate the loads based upon the other set of coefficients. 

It is noted from inspection of the balance conversion matrix 
(Figure 19) that it is not diagonal and that reasonably large interaction 
conversion constants are present. 

At the completion of the balance calibration,   values of dummy 
load resistors that could be applied across the arms of each balance 
beam bridge were determined for full-scale loads so that electrical 
calibration checks of the balance system could be easily made during 
the tests.    The dummy load resistors (DLR's) that were established 
for the 100-percent load condition of each balance beam are as follows: 

*3 

88, 000 ohms 

78, 000 ohms 

36, 000 ohms 

36, 000 ohms 

64, 000 ohms 

40, 000 ohms 

The calibration of the balance system as an independent unit 
indicated repeatedly that,  through the use of the balance conversion 
matrix,   the forces and moments could be determined within 1 percent 
of their designed full-scale values.    Checks made during calibration 
of the entire system established that the loads could be measured to 
within only 1-1/2 percent of the designed full-scale values.    Using this 
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latter percentage as the possible error range,   the various forces and 
moments have the following error bands: 

root normal force {MF*) 

root edgewise force (£FX) 

root beamwise moments (£/*/?) 

root edgewise moments (£rtR) 

root pitching moments t^**) 

+ 20 lbs 

t7 lbs 

tl66 ft-lbs 

+75 ft-lbs 

+ 15 ft-lbs 

Position Transducers Calibration 

The azimuth angle transducer was calibrated by setting the 
bladf» at prespecified azimuthal positions and recording the voltage 
output from the transducer.    The prespecified azimuthal positions 
consisted of twenty-four 15-degree increments.    The 15-degree incre- 
ments were marked on the circular rotor-head baseplate.    This base- 
plate rotated with the blade.    A fixed indicator,  having a scale scribed 
on it,   was mounted so that the indicator scale and baseplate scale were 
in close proximity and could be read simultaneously.    The indicator 
scale was divided into increments of 0. 1 degree.    Thus,   the prespeci- 
fied azimuthal positions could be read to within t 0. 1 degree.    The 
results of the calibration are presented in Figure 20.    It is believed 
that,   on the basis of the results obtained during the calibration,  the 
azimuth angle could be set to within + 0. 5 degree when the transducer 
output was read on the digital voltmeter located on the operator's 
console. 

The transducer for the shaft tilt angle, a,,  the instrumented 
(red) blade pitch angle,and the dummy (white) blade pitch angle were 
calibrated using an inclinometer capable of measuring to 0.01 degree. 
The results of these calibrations are shown in Figures 21 through 23. 
It is believed,  on the basis of the calibration,   that the shaft tilt angle 
and blade pitch angles were measured to within t 0. 20 degree if the 
linearized curves presented in Figures 21  through 23 are used.    It 
is noted that the accuracy of determining each of the respective angles 
was significantly improved (+ 0. 10 degree) when the digital voltmeter 
was used to set given angles for which a specific output voltage was 
known. 

Pressure Gage Calibration 

The equipment used during calibration of the pressure gages 
is shown in Figure 24.    A pressure fitting was contoured to the cross 
section of the blade so that one whole chordwise station could be cali- 
brated at one time.    Since a vacuum was applied to the gages, a good 
seal between the pressure fitting and the blade could be obtained through 
the use of a fibrous putty.    The vacuum gage was capable of indicating 
0.01 psi.and 0.005 psi could be easily estimated.    All gages were 

11 



-T^ —■        .1        um 11 " 

calibrated at 0. 20-psi increments for increasing and decreasing pres- 
sures up to a maximum pressure of 4 psi.    The results of those cali- 
brations for typical I-,  2-,   4-,   8-, and 15-psi differential gages are 
presented in Figures 25 through 29; for the 5- to 20-psi absolute gages, 
in Figure 30.    Table III presents the calibration constants in terms of 
volts per psi for all the gages mounted on the blade. 

It is noted from the results presented in Figures 25 through 
30 that the transducer outputs were surprisingly linear throughout the 
pressure range of interest.    It is noted,  for example,   that the 1-psi 
differential gage was linear up to three times its designed output,  and 
the 15-psi gage was surprisingly accurate in a pressure range of fl psi. 
Although it has not been indicated in the figures,  the repeatability of 
each of the gages was remarkably good,  with the differences being too 
small to be plotted.    On the basis of the results obtained,   it is believed 
that the pressure gages were sufficiently well calibrated so that the 
readings for all gages can be expected to have an error of no more 
than +0. 2 psi for the pressure range of interest (0 to +2. 5 psi). 

Calibration of Blade-Mounted Strain Gages 

The calibration constants for the strain gage sets which meas- 
sured the beamwise,   edgewise,   and torsional moments are presented in 
Figures 31 through 33.    These constants were obtained as follows:   con- 
sider the beamwise gage set calibration constants given in Figure 31 as 
typical.     The beam was loaded at a given station with a beamwise moment. 
The signal from the gage set which was designated to measure beamwise 
moments was recorded for each instrumented spanwise station.    The 
signal from each beamwise gage set was recorded as the moment was 
increased at the given station.    A plot of signal output versus moment 
applied was made for each spanwise station,  and the resultant slope 
(volts/ft-lb) was determined.    The point of application of the moment 
was changed and the process repeated.    The slopes obtained at each 
spanwise station for the various load stations are presented in Figure 31. 
For purposes of data reduction,   the slopes at each station were averaged; 
the averaged values are presented in Table IV.    Coupling between the 
various moments was neglected. 

To determine the moments induced by the blade weight,  the 
blade was supported in a horizontal position.    This position was used 
as the zero moment reference position during pretest calibrations. 
The moments due to the blade weight were measured with respect to 
this reference position.    The beamwise and edgewise deflections of 
the beam were also measured and are presented in Figures 34 and 35, 
respectively.    The torsional deflection of the blade due to its weight 
was not measurable. 

During the tunnel tests,   however,  the zero reference position, 
for reasons of convenience,  was chosen as that of the blade deformed 
under its own weight.    The moment data were then appropriately modified 
to account for the weight contribution. 
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Table TFI 
PRESSURE-GAGE CALIBRATION CONSTANTS 

GAGE 
LOCATION 

CALIBRATION 
CONSTANT 

#    VOLTS/PS 1    . 
(ATTENUATlON=I) 

GAGE 
LOCATION 

CALIBRATION 
CONSTANT 

.    VOLTS/PS 1     . 
(ATTENUATIONS) [% SPAN) {% CHORD) (% SPAN) {% CHORDj 

4M 3.7 0.161 85.2 17.8 0.275 

»1.1 16.9 0.160 85.2 62.0 0.620 

1*1.1 33.5 0.120 85.2 68 Q    UPPER 68,9 SURFACE 0.060 

m.i 62.0 0.983 85.2 •• • Ä 0.069 

m.i 85.9 0.670 65.2 75.1 0.520 

55.7 2.1 0.116 85.2 82 0   UPPER 8/"0 SURFACE 0.051 

55.7 3.7 0.117 85.2 88.0 0.326 

55.7 16.9 0.179 85.2 au .    UPPER 
^^•, SURFACE 0.055 

55.7 22.6 0.119 85.2 «•' Ä 0.076 

55.7 62.0 0.651 85.2 "•o Ä 0.011 

55.7 88.0 0.810 85.2 or o    LOWER 97-0 SURFACE 0.053 

75.1 2.1 0.121 90.1 2.1 0.163 

75.1 9.0 0.118 90.1 9.0 0.123 

75.1 62.0 0.525 90.1 16.9 0.113 

75.1 88.0 0.710 90.1 22.6 0.165 

85.2 2.1 0.106 90.1 62.0 0.331 

85.2 3.7 0.121 90.1 88.0 0.135 

85.2 9.0 0.125 95.0 2.1 0.151 

85.2 12.9 0.111 95.0 9.0 0.160 

85.2 16.9 0.118 95.0 16.9 0.075 

85.2 22.6 0.120 
es     s"  .. "      ■     —     . ■  -s= 

95.0 88.0 0.530 
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Table II 
STRAIN-GAGE CONVERSION CONSTANTS 

% SPAN BEAHWISE 
(volt«/ft-1b x  103) 

EDGEWISE 
ivolts/tt    lb  K   I03 

TOM I« 
UlU/ft-U a lO'JI 

93.0 1.560 0.017 l.tN 
8b.9 1.790 0.162 l.tN 
80.7 1.3IW 0.239 l.ltt 
70.8 1.819 0.267 I.SM 

61.0 1.670 0.280 I.M2 

51.1 1.760 0.269 1.210 
37.3 1.890 0.200 I.MO 

UA 1.810 0.167 i.tu 
16.6 

1      .-       ..■-:-: 

0.61*0 0.U6 o.itr 
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It should be noted at th is point that a c o n s i d e r a b l e e f fo r t was 
expended in an a t t emp t to obtain blade load d i s t r ibu t ion data f r o m a 
knowledge of the b lade def lec t ion data a s d e t e r m i n e d f r o m the s t r a i n 
gages . This e f fo r t fa i led to yield any mean ingfu l da ta . It i s bel ieved 
that the r e a s o n s fo r the f a i l u r e w e r e twofold. 

The f i r s t r e a s o n was the m a t h e m a t i c a l n a t u r e of the equat ions 
d e s c r i b i n g the r e l a t i onsh ip between the loads and m o m e n t s and d e f l e c -
t ions . This r e l a t i o n s h i p can be wr i t t en in m a t r i x f o r m a s 

[el - H IM 
w h e r e 

{£} co lumn m a t r i x of b lade def lec t ions 

[1} column m a t r i x oi b lade loads and m o m e n t s 

[c] s q u a r e m a t r i x of blade in f luence coe f f i c i en t s 

The m a t r i x [c] can be d e t e r m i n e d expe r imen ta l l y . Mathemat ica l ly , it 
is p o s s i b l e to obtain the i n v e r s e of the m a t r i x [c] and, hence , to obtain 
load i n f o r m a t i o n f r o m def lec t ion data (i. e. , s t r a i n s igna ls ) . However , 
p r a c t i c a l d i f f i cu l t i e s a r i s e in obtaining the i n v e r s e of the m a t r i x [c] when 
[c~\ has o f f -d iagona l e l e m e n t s which a r e l a r g e c o m p a r e d to the main d i ag -
onal e l e m e n t s . The m a t r i x [c] is then sa id to be i l l - condi t ioned ,and an 
a c c u r a t e i n v e r s e i s obta inable only under v e r y s t r ingen t condi t ions . F o r 
the c a s e in hand, t h e s e condi t ions w e r e not m e t . A m o r e de ta i led d i s -
cuss ion of th is p r o b l e m is p r e s e n t e d in R e f e r e n c e 18. 

A second r e a s o n fo r the lack of s u c c e s s of the e f fo r t was that , 
f o r the s t o p p e d - r o t o r conf igura t ions , b lade de f l ec t ions could a r i s e 
which r e s u l t in non l inea r r e l a t i ons between the appl ied loads . Since 
the en t i r e a p p r o a c h is based upon the t h e o r y of l i nea r superpos i t ion , 
it did not succeed . As an example , c o n s i d e r the pitching de f l ec t ion 
of the blade root . A cont r ibu t ion to the pitching def lec t ion f r o m the 
d r ag load a r i s e s when t h e r e is a spanwise bending def lec t ion . However , 
th is spanwise def lec t ion is due p r inc ipa l ly to the blad» n o r m a l f o r c e . 
Hence, a pi tching def lec t ion a r i s e s which is p ropor t iona l to the produc t 
of the d rag and n o r m a l f o r c e act ing on the blade. 

C. WIND TUNNEL TEST PROCEDURES 

A f t e r the t e s t r o to r had been mounted in the wind tunnel , f ina l 
c a l i b r a t i ons of the shaf t t i l t , b lade pitch, and az imuth angle t r a n s d u c e r s 
w e r e conducted. Check ca l i b r a t i ons w e r e a l s o conducted on a l l t r a n s -
d u c e r s to i n s u r e that they w e r e opera t ing c o r r e c t l y and that t he i r c a l i -
b ra t ion cons tan t s had not changed. 
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Since the axis of the force balance at the root of the instru- 
mented blade rotated with the blade during pitch changes,   the gravity 
effect of the blade on the balance had to be determined over the range 
of blade pitch angles,   shaft tilt angles,  and azimuth angles at which 
the tests were to be conducted.    A series of "static runs" (no free- 
stream velocity) were conducted prior to the "wind-on" tests to obtain 
the balance tares for the expected range of rotor parameters.    Over 
a hundred data points were taken during the "static runs" to provide 
balance tare values for various combinations of ihe rotor control 
angles, or, ,  ^ , ^. 

Prior to each data run (a data run is measured from the 
time the air is turned on to the time the tunnel is shut down),  the 
instrumented blade was put at zero azimuth angle,and the shaft tilt 
angle and blade root angle were also placed at zero.    All instrumen- 
tation channels were balanced,and all transducer signals were then 
recorded for a standard attenuation on each channel.    These signals 
were considered to be initial zeros.    At the end of each data run,   the 
same procedure was carried out to obtain final zeros, except the instru- 
mentation was not rebalanced.    Comparison of before-and-after run 
zeros permitted "instrumentation drift" to be evaluated.    It was found 
to be negligible in all cases. 

The tests were conducted by an operator who sat at the control 
console in the forward portion of the run shack,  where he could have a 
full view of the rotor.    Figure 36 is a photograph of the test operator's 
station.    The transit to the right of the test operator's station was used 
to check for slippage of the friction wheel on the azimuth transducer 
during a run.    This was accomplished by setting the rotor at j^ = 90 
degrees with the digital readout and then viewing two scribe marks on 
the rotor head (one on the rotating side and one on the nonrotating side) 
to see if they were properly aligned.    If the offset between the scribe 
marks indicated that more than approximately 1/4 degree of slippage 
had occurred,   the tunnel was shut down and the transducer reset.    This 
had to be done only once during the tests,  when the amount of slippage 
indicated that the azimuth angle was approximately 0. 4 degree in error. 

The test operator communicated with the instrumentation and 
data engineers located in the back of the run shack (Figure 16) through 
a sound-powered telephone set. 

The test procedure used to obtain the data varied because of 
limits imposed by static loads and instabilities.    To obtain the data at 
the low dynamic pressure, p=   15 psf,  the red blade pitch angle and the 
shaft tilt angle were held fixed and the azimuth angle was varied.    For 
nominal dynamic pressures of 30 and 45 psf,   the azimuth angle was 
held fixed and the red blade pitch angle and shaft tilt angle were varied 
to obtain the data at the desired conditions. 
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The primary limits that were imposed on the conditions at 
which data could be obtained were dynamic instabilities encountered 
in the azimuth-angle range of 225 to 300 degrees,   and a prespecified 
maximum beamwise stress of 30, 000 psi at the blade critical section. 
The blade critical station was chosen to be the 28. 4-percent span since 
this was the inboard-most station prior to the increase of blade stiffness 
at the root.    Thus,  the largest blade stresses would probably occur here. 
The maximum spanwise stress was arrived at by taking three-quarters 
of the allowable stress for the weakest material used in the blade.    The 
moment at the critical station which would cause a stress of 30, 000 psi 
was approximately 5, 500 ft-lbs. 

The nominal conditions for which data points were obtained at 
nominal dynamic pressures of 15,   30 and 45 psf are presented in Tables 
V,   VI,  and VII,   respectively.    In all,   over 700 data points were obtained 
during the tests. 

D.    PRESENTATION AND DISCUSSION OF RESULTS 

The results that will be presented and discussed in this report 
are primarily those obtained from the balance measurements.    All the 
basic data that were obtained during the test program will be held on 
file at USAAVLABS.    Figure 37 presents a typical printout of the various 
data items that were obtained at each test condition.    As noted in Fig- 
ure 37,   the test parameters are listed in the upper right-hand corner 
of the data page.    These parameters consist of the dynamic pressure 
(lbs/ft^),   blade azimuth position (degrees),   shaft tilt angle (degrees), 
blade root pitch angle (degrees),  and the run and point numbers which 
define the sequence of the actual test points.    Next is presenLed the 
matrix of pressures,   differential and absolute,   in psi.    Each column 
of the matrix represents the chordwise pressure distribution at a given 
spanwise station.    Most of the pressures presented are differential; 
however,   those denoted by the symbols TS and LS are absolute pres- 
sures.    The TS symbol indicates the pressure measured on the upper 
surface of the blade at the given station,   and the /•? denotes the lower 
surface pressure.    Positive readings denote pressures which correspond 
to positive lift; therefore,   pressures below atmospheric are positive for 
the upper surface while pressures above atmospheric are positive on the 
lower surface. 

Considerable care should be exercised in interpreting the 
pressure distributions that were obtained,  particularly for azimuth 
positions ranging from 180 degrees to 330 degrees.    This caution is 
given as the trailing edge of the blade was blunted because of the signif- 
icant number of gage instrumentation wires that were bonded along the 
span near the trailing edge.    The effect of the blunted trailing edge 
might be significant when the flow is such as to make the trailing edge 
a leading edge.    Furthermore,   upon inspection of the data,   it was found 
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Table! 

TABULATION OF NOMINAL TEST  CONDITIONS 
(DYNAMIC PRESSURE,  ^ = 15 psf) 

X...INDICATES A TEST POINT 

AZIMUTHAL 
POSITION 
(/  ) 
deg 

SHAFT 
ANGLE 
If,) 
deg 

BLADE ROOT ANGLE, & ,   deg 

-3 -1 +2 +7 + 12 +17 

90 +10 

+5 

0 

-5 

-10 

X 

X 

X X X X 

X 

X 

X 

120 + 10 

+5 

0 

-5 

-10 

X 

X 

X X X X 

X 

X 

X 

150 +10 

+5 
0 

-5 

-10 

X 

X 

X X X X 

X 

X 

X 

180 +10 

+5 

0 

-5 
-10 

X 

X 

X X X X 

X 

X 

X 

210 +10 

+5 

0 

-5 

-10 

X 

X 

X X X X 

X 

X 

X 

240 +10 

+5 

0 

-5 

-10 

X 

X 

X X X X 

X 

X 

X 

270 +10 

+5 
0 

-5 

-10 

X 

X 

X X X X 

X 
X 

X 
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Table H . 
TABULATION OF NOMINAL TEST CONDITIONS 

(DYNAMIC PRESSURE, <f. - 30 ps f ) 
X...INDICATES A TEST POINT 

AZIMUTHAL 
POSITION 

( / ) 
deg 

SHAFT 
ANGLE 

BLADE ROOT ANGLE, & , deg AZIMUTHAL 
POSITION 

( / ) 
deg Kfs ) 

deg -8 -5 -2 +1 +4 +7 + 10 +12 +13 + 16 +17 +19 +22 
30 +5 

+2| 
0 

-2* 
-5 X X X 

X 
X 

X 
X 

X 

X 
X 
X 
X 
X 

X 
X 
X 
X 
X 

X 
X 
X 
X 
X 

X 
X 
X 
X 
X 

X X X X 

60 +5 
+2 i 
0 

-2k 
-5 X X X 

X 
X 
X 
X 
X 
X 

X 
X 

X 
x 

X 
X 

X 
X 

X 
j 

X 
X 
X 
X 
X 

X 

X 
X 
X 
X 
X 

X X 

X 

X X 

90 +5 
+ 2 j 
0 

-2i 
-5 

X 
X 
X 

X 
X 

X 
X 

X 

X 
X 
X 
X 
X 

X 
X 
X 
X 
X 

X 

X 

X 
X 

X 
X 

X 

X X 

X 

105 +5 
+2k 
0 

-2k 
-5 

X 
X 

X 
X 
X 
X 

X 
X 
X 
X 
X 

X 
X 
X 
X 
X X 

X 
X 

X 
X 

120 +5 
+ 2 j 
0 

-2i 
-5 

X 
X 

X 
X 
X 
X 

X 
X 
X 
X 
X 

X 
X 
X 
X 
X 

X 

X 
X 
X 
X 
X 

X X 

X 

135 +5 
+2* 
0 

-2* 
-5 

X 
X 
X 

X 
X 
X 
X 

X 
X 
X 
X 
X 

X 
X 

X 
X 

X 

X 
X 
X 
X 
X 

150 + 10 
+7^ 
+5 
+ 2k 
0 

-2k 
-5 
-74 

X X 

X 
X 
X 
X 

X 
X 
X 
X 
X 

x
x

x
x

x
x

x
x

 r—
 

X 
X 

X 
X 

X 

X 

X 
X 

x 
X 

X 

X X 

X 

X X 
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Table 31 ~ Continued 

(DYNAMIC PRESSURE, y = 30 psf) 
X...INDICATES A TEST POINT 

AZIMUTHAL 
POSITION 

SHAFT 
ANGLE 
r«j) 
deg 

BLADE ROOT ANGLE, 0 , deg 

-8 -5 -2 +1 +4 +7 +10 +12 +13 +16 + 17 +19 +22 

165 +5 
+2i 
0 

-2i 
-5 

-n X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

i 
X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

x 
X 

X 

X 

1      180 +i4 
+12 
+10 

+7i 
+5 
+2i 

C 
•2i 
-5 
-n 

-10 
-12 
-14 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X X 

X 

X 

!      210 +5 
+2^ 
0 

-2i 
-5 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

|       225 +5 
+2i 
0 

-2i 
-5 

X 
X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

x 

X 

X 

X 

X 

X 

240 +5 
+2^ 

0 
-2i 
-5 

X 
X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X X 

X 

X 

255 +5 
+2i 

0 
-2i 
-5 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

x 
X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X X 

X 

X 

X 
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Table VI - Continued 

(DYNAMIC PRESSURE, ^ = 30 psf) 
X...INDICATES A TEST POINT 

AZIMUTHAL 
POSITION 
(/ ) 
deg 

SHAFT 
ANGLE 
(«5) 
deg 

BLADE ROOT ANGLE, 0 , deg 

-8 -5 -2 + 1 +n +7 + 10 +12 + 13 +16 +17 +19 +22 

270 +5 

+2^ 

0 

-2i 
-5 x X 

X 

X 

X 

X 

X 

X 

X 

x 
X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 
X 

X 

X 

x 
X 

X 

X 

285 +5 

0 

-2i 
-5 

X X X 

X 

X 

X 

X 
X 

X 

X 

X 
X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

300 +5 

0 

-2i 
-5 

X 

,x 
X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 
x 

X 

X 

X 

X 

X 

330 +5 

0 

-2i 
-5 

X X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

* 
X 

X 

X 

X 

x 

X 

X 

X 

X 

■ 
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|                         Table VIJ!                          | 

TABULATION OF NOMINAL TEST CONDITIONS 

(DYNAMIC PRESSURE, ^ = 45 psfj 

X...INDICATES A TEST POINT                   j 

AZIMUTH AL 
POSITION 

(>  ) 1       deg 

SHAFT m\ 
deg 

BLADE ROOT ANGLE, (9 , deg 1 

+H      ! +7       | +10     | 

30       j 2i 
0      | 

X 

X       | 
X 
X          | 

X 
X           5 

1         60 2i 
o    1 

X       | 

X      j 
X         j 
x      1 

x     1 
x     1 

i        90 2i 
0 

X      | 

X     1 
X         j 
X 

X        I 

X        | 

105 2*      i 
0 

X      i 
X 

x 
X 

X        ! 

x     1 
120 2i 

0 
X 

X 

x 
X 

X        { 
x   i 

!      135 2i 
0 

X 
X        | 
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that very low pressure levels were indicated in certain azimuthal posi- 
tions.    Consequently,  great reliance was placed on the integrated loads 
measured by the balance system.    Analyses of the pressure data were 
utilized primarily to assist in the interpretation of the other measure- 
ments wherever possible. 

The spanwise distributions of the blade flatwise,  edgewise, 
and torsional structural moments are presented immediately below the 
pressure matrix,as shown in Figure 37.    As previously noted,  these 
moments do not include the gravity moments due to blade weight ; 
thus,  they are the true aerodynamic moments.    Finally,  the balance 
data are presented.    The balance was fixed to the blade root,  and the 
data presented here are in the balance frame of reference. 

It was necessary to correct the balance readings for the tares 
due to blade weight.    Consideration of these tares resulted in a modi- 
fication of the balance error limits from those presented on page   11 
(note particularly the root edgewise force and root edgewise moment). 
The balance data presented in the tabular listings and in the plots to 
be presented herein,   therefore,  have the following error limits: 

root normal force {Hffi) t 25 lbs 

root edgewise force (£/V?) t^ lbs 

root beamwise moments   (5Mf) tl75 ft-lbs 

root edgewise moments    {(MX) +125 ft-lbs 

root pitching moments      {?**) +15 ft-lbs 

Data obtained at azimuth angles of 90,   270,and 180 degrees 
will be discussed first.    For azimuth angles of 90 and 266 degrees,  the 
various forces and moments as measured by the balance system have 
been combined to yield the lift, drag,   rolling moment, drag moment, 
and pitching moment.    For the azimuth angle of 180 degrees,   only the 
balance measurements are presented. 

Figure 38 presents the variation of lift with blade root geo- 
metric angle of attack for the blade at azimuth angles of 90 and 266 
degrees.    The sign convention of the composite angle of attack which 
is made up of the blade root pitch angle, 6* ,  and the shaft angle, a, , 
for both azimuth positions is indicated on the respective plots.    It 
should be remembered that this blade had 11 degrees of linear twist 
(washout) from root to tip.    It is noted that the data presented on these 
plots were not obtained from a single run but were obtained from runs 
conducted throughout the entire series of wind tunnel tests for various 
combinations of shaft angle and blade pitch angle.    It was gratifying 
to observe that all the data seemed to plot on fairly smooth curves 
with only the anticipated amount of scatter present. 

li 
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In analyzing the results as presented in the data plotted in 
Figure 38,   it is noted that the apparent integrated nonlinear stall 
effects,   as measured by the balance,  are much more pronounced at 
90 degrees than at 266 degrees, in that, at 90 degrees,   the lift drop-off 
is more severe.    It is interesting also to note that apparent stall occurs 
at a lower root geometric angle of attack when the trailing edge is into 
the airstream than when the normal leading edge is in this orientation. 
This result is what might be expected based upon sectional data pre- 
sented in Reference 8.    The nonlinear stall effects,   as indicated by 
the data presented in Figure 38 for both azimuth positions,  are more 
like those of a "soft stall",   in that a sharp break in the lift curve is 
not obtained.    It is believed that this "soft stall" characteristic is due 
to the fact that the lift is the air load integrated over the whole span; 
thus,   the blade is effectively slowly stalling with increasing angle of 
attack. 

It is noted that,  at 0 degrees geometric angle of attack,   the 
blade is developing approximately twice the lift magnitude at an azimuth 
position of 266 degrees than it is at 90 degrees.    It is believed that this 
difference is due,   in part,   to the blade twist resulting from the aero- 
dynamic pitching moment.    At 90 degrees azimuth,   the aerodynamic 
pitching moment about the quarter chord at 0 degrees geometric angle 
of attack is very small; while at 266 degrees,   the aerodynamic pitching 
moment is significant and in a direction so as to increase the effective 
blade angle of attack.    Calculations based on the measured torsional 
strains indicated that the blade tip was twisted approximately 2 degrees, 
which would increase the total blade lift at i^ = 266 degrees by approxi- 
mately 100 pounds.    This increment in lift due to twist reduces the 
differential lift magnitude at 0 degrees angle of attack to 150 pounds 
between the 90- and 266-degree azimuth positions. 

It was suspected that this remaining difference in lift might be 
due to an unknown tunnel flow misalignment.    This suspicion was sup- 
ported by the fact that the root geometric angles of zero lift differ by 
3 degrees for the 90- and 266-degree azimuth positions.    If the blade 
did not have any tip effects and was rigid,  the root angle for zero lift 
for both azimuth positions would be one-half of the blade twist or 
approximately 5-1/2 degrees.     This angle of zero lift is 1-1/2 degrees 
higher for the 90-degree orientation and 1-1/2 degrees less than that 
measured at an azimuth angle of 266 degrees.    While flow angularity 
could explain the noted differences,  a flow angularity of this magnitude 
could not be justified on the basis of (low calibrations conducted pre- 
viously by NASA-Ames. 

The total aerodynamic rolling moments measured by the 
balance at ^ = 90 and 266 degrees are shown in Figure 39.    The inter- 
esting point to be made concerning these data is that the angle for zero 
rolling moment is almost the same as that for zero lift at ^ = 266 degrees, 
and only 1 degree different from that for zero lift at ^ = 90 degrees.    The 
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difference in the angle of zero lift and zero rolling moment would be 
expected to be approximately 2 degrees for a rigid blade having a linear 
twist distribution of 11 degrees.    It is suspected that the disagreements 
might be attributed to three-dimensional elastic effects. 

i      t 

The pitching moments about the quarter chord versus root 
geometric angle of attack are presented for azimuth angles of 90 and 
266 degrees in Figure 40.    It is noted that the pitching moments at 
P = 266 degrees are much larger than at y = 90 degrees.    This is as 
expected because of the significant difference in the distance between 
the center of pressure and the quarter chord a.t f = 90 and 266 degrees. 
The difference in the variation of the pitching moment with root geo- 
metric angle of attack is also significant between y/ = 90 and 266 degrees. 
Sectional data presented in Reference 8,   however,  tend to confirm the 
differences in the characteristics that were measured.    The large 
decrease in the pitching moment above 13 degrees at ^ =90 degrees 
is possibly due to stall,which tends to move the integrated effective 
center of pressure aft of the quarter chord as stall progresses along 
the span of the blade.    At y/ = 266 degrees,   the variation of the pitching 
moment with angle of attack would be expected to be more linear.    In 
this case,   the chordwise shift of the center of pressure with angle of 
attack is a smaller percentage of the distance between the center of 
pressure and the quarter chord than it is at y = 90 degrees.    Thus,   a 
significant nonlinearity in the pitching moment about the quarter chord 
would not occur until a much larger portion of the blade has become 
stalled.    In addition,   it is noted that the pitching moment at v* = 266 
degrees would not change sign as it does at f = 90 degrees, as the blade 
stalls with increasing angle of attack since the center of pressure will 
move forward only to approximately the 50-percent chord station. 

The variations of the drag force with blade root angle are 
shown in Figure 41 for ^ = 90 and 266 degrees.    It is interesting to 
note that the root geometric angle of attack for minimum drag is 
approximately the same for both azimuth positions and that both 
curves are approximately symmetrical about the angle of minimum 
drag.    It is somewhat surprising,  based on sectional data presented 
in Reference 8,   that the drag force at ^ = 266 degrees was not signifi- 
cantly larger than that at 90 degrees.    On the basis of sectional data, 
it would be expected that the drag force would be at least twice as large 
a.t f - 266 degrees as it is at ^ = 90 degrees over the range of angle of 
attack for which results were obtained.    A rational explanation for the 
approximate equivalence of the drag forces at the two azimuth positions 
could not be determined. 

* 

The variation of the drag moment with root geometric angle 
of attack is presented in Figure 42.    It can be seen that the point of 
minimum drag moment is roughly the same for both azimuth positions, 
approximately 6 to 7 degrees,  which is about 3 degrees less than the 
angle for minimum drag.    The drag moment curves are again approxi- 
mately symmetrical about the angle for minimum moment at both jf = 266 
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and y = 90 degrees.    The rate of moment incrMa« with bUd* «nglt from 
the minimum is significantly larger for p = 266 dogrevs than it It (or 
jf = 90 degrees. 

Figure 43 presents the variation of the ratio of lift to drag 
with root geometric angle of attack.    It it noted that the mammum 
values of 1/0 occur at approximately 12 degrees and that the ma»l> 
mum value at ^ = 266 degrees is much less than it is at # ■ 90 degrees. 
The ratio of the maximum values at 90 and 266 degrees is approxl« 
mateiy 3.5:1,  which compares to a value of approximately S. 6:1 based 
on sectional data.    The fact that the present measurement of this ratio 
is approximately the same as the value based on sectional data is coin» 
cidental.    As was noted previously,  the individual measured blade forces 
did not exhibit the same variations with angle of attack as the forces based 
on corresponding two-dimensional sectional data. 

Figure 44 presents the variation of the root normal force sad 
root beamwise moment with shaft angle for an asimuth angle of spproal* 
mateiy 180 degrees.    In this aaimuthal orientation,  ihe blade becomes 
a low-aspect-ri tio wing with respect to the free-stream veloclty.and 
the shaft angle becomes a measure of the geometric angle of attack for 
the wing.    As a result,   one might expect that the variation of the blade 
aerodynamic characteristics with «haft angle would be similar to that 
of a low-aspect-ratio wing.    This appears to be the csse.as evidenced 
by Figure 44.   It is noted that the root normal force is small over the 
entire range of geometric angle of attack.    Further,  the variation of 
the normal force with geometric angle of attack is nonlinear,as might 
be expected for a low-aspect-ratio wing.    The corresponding moment 
variation is also nonlinear.    The magnitudes of the moments reflect the 
fact that the moments are taken about the blade root and the effective 
moment arm is large.    The moment plot indicates that blade divergency 
might be reached at a smaller negative shaft angle (I.e.,  geometric 
angle of attack) than for positive shaft angles.    It is believed that this 
is due to the effects of the blade spanwise flexibility.    At aero shaft 
angle and wind off,  the blade tip is bent down approximately 1 foot 
due to the blade weight.    This spanwise distribution of blade deflecttoas 
causes the geometric angle of attack of the blade with respect to the 
free-stream velocity to be different from the shaft angle.    11 the blade 
were rigid,  the blade geometric angle of attack and the shaft angle would 
be identical.    Thus,   as the shaft angle is increased in the negative direc- 
tion,  the blade flexibility causes a more rapid increase in angle of attack 
due to the additive contribution of the blade weight and aerodynamic loading 
than indicated by the shaft angle.    A similar effect occurs as the shall 
angle is increased in the positive direction.    However, at some positive 
shaft angle,  the aerodynamic blade load and moment distribution Is such 
as to just balance the weight load and moment and effectively remove 
the contribution due to blade deflection due to weight.    Above this value 
of shaft angle,  the blade bending due to aerodynamic loading,  now in a 
positive direction,  again begins to contribute in an additive manner to the 
annde of attack. 
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Thus, if d i v e r g e n c e w e r e to occu r , it might be expected to 
occu r at s m a l l e r nega t ive sha f t ang le magni tudes than for pos i t ive 
sha f t a n g l e s . 

Note, a l so , that the e f f ec t s of blade f lex ib i l i ty tend to e m p h a -
s i ze the non l inea r behav ior of the b lade a e r o d y n a m i c s with g e o m e t r i c 
angle of a t t ack over and above that which might be expected if the b lade 
w e r e r ig id . 

F i g u r e 45 p r e s e n t s a plot of the spanwise momen t d i s t r ibu t ion 
of the b lade fo r v a r i o u s shaf t ang le s . Note that the spanwise d i s t r i bu t i ons 
of m o m e n t s for nega t ive shaf t ang les a r e v e r y s i m i l a r , while t hose f o r 
pos i t ive shaf t ang les d i f f e r in shape f r o m one a n o t h e r . The shapes of 
the momen t d i s t r i bu t ions for pos i t ive and nega t ive shaf t ang les a r e a l s o 
d i f f e r e n t . Not unti l aes «s 14 d e g r e e s does the shape obtained f o r pos i t ive 
shaf t angle begin to look l ike the shapes obtained for nega t ive shaf t a n g l e s . 
It is bel ieved that this behav ior is a l s o due to the e f f ec t s of blade spanwise 
f lex ib i l i ty . It is p roposed that the change in shape of the momen t d i s t r i -
bution c u r v e s in the r ange -Z*acs*. 7 d e g r e e s is a t t r i b u t a b l e to the r educed 
ef fec t of blade spanwise d e f o r m a t i o n s which a r e min imized in th is r a n g e 
due to the balancing of the a e r o d y n a m i c and g rav i ty loads . 

The fac t that i n c r e a s e d dynamic p r e s s u r e i n c r e a s e s the a e r o -
dynamic loading and, hence , the b lade de f l ec t ions would lead to the 
expecta t ion that i n c r e a s i n g dynamic p r e s s u r e would i n c r e a s e the non-
l i n e a r behavior of the b lade a e r o d y n a m i c s . This s e e m s to be s u b s t a n -
t ia ted in F i g u r e 44 by the behav ior of the n o r m a l f o r c e and m o m e n t at 
^ = 45 psf a s c o m p a r e d with t h e i r behav io r a t £ = 28 ps f . 

F i g u r e 46 p r e s e n t s the v a r i a t i o n s of the root edgewise f o r c e 
and momen t and the root p i tching moment with shaf t ang le . rt is noted 
that a l l of t h e s e quant i t i es a r e not much l a r g e r than the p o s s i b l e m e a s u r e -
ment e r r o r s ; hence , t h e r e is c o n s i d e r a b l e s c a t t e r in the da ta . 

F i g u r e s 47 through 51 p r e s e n t the a z i m u t h a l v a r i a t i o n s of the 
roo t n o r m a l f o r c e , root b e a m w i s e moment , root edgewise f o r c e , root 
edgewise momen t , and root pi tching m o m e n t s , r e s p e c t i v e l y , a s m e a s u r e d 
by the ba lance s y s t e m fo r t h r e e d i f f e r e n t shaf t ang le s and f o r a n u m b e r 
of d i f f e r e n t b lade pi tch ang l e s . Steady va lues of the v a r i o u s f o r c e s and 
m o m e n t s could not be obtained f o r c e r t a i n combina t ions of a z i m u t h and 
blade pi tch ang les because of e i the r a dynamic ins tab i l i ty or load l i m i t s . 
T h e s e a r e a s have been noted on a l l the f i g u r e s . The l imi t load was 
based upon a 30, 000-ps i b e a m w i s e s t r e s s l imi t that was a r b i t r a r i l y 
imposed at the c r i t i c a l blade sec t ion . Because of the b e a m w i s e s t r e s s 
developed by the g rav i ty load, l a r g e r pos i t ive va lues of a e r o d y n a m i c 
b e a m w i s e m o m e n t s could be obtained tnan the a p p r o x i m a t e l y 6, 000 f t - l b 
nega t ive a e r o d y n a m i c b e a m w i s e momen t l imi t . 

No data a r e p r e s e n t e d fo r a z imu th ang les of 0 + 30 d e g r e e s 
b e c a u s e of i n t e r f e r e n c e e f fec t s in t roduced by the wake of the r o t o r 
head. 
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The variation of the root normal force with azimuth angle for 
zero shaft angle,   shown in Figure 47,   is what might be expected,   in 
that,   as the blade angle is increased,   the normal force on the advancing 
side gets larger in the positive direction and larger values in the nega- 
tive direction are obtained on the retreating side.    It can also be seen 
that,   as the root blade angle is decreased,   negative values of the normal 
force can be obtained on the advancing side and positive ones on the 
retreating side.    Regardless of the blade angle,   the normal force is 
approximately zero at the 180-degree azimuth position.    The change 
in the azimuthal variation of the normal force that is obtained with 
the blade pitch angle suggests the possibility of developing a constant 
normal force around the azimuth if the proper blade pitch-control 
schedule can be provided.    Since,  at zero shaft angle,   the normal 
force is zero for any blade pitch angle at f = 180 degrees,   the only 
possible constant normal force is zero.    Figure 48 presents the 
approximate blade pitch-control schedule that would be required at 
zero shaft angle to obtain a zero normal force around the azimuth. 
This curve was constructed by cross plotting the data presented in 
Figure 47 to determine the blade angles which would result in a zero 
normal force at various azimuth positions.    While the variation pre- 
sented in Figure 48 must be considered as approximate,   these results 
demonstrate that the pitch-control schedule required to obtain zero 
normal force at the blade root around the azimuth would be rather 
complicated. 

The results presented in Figure 47 for other shaft angles show 
that changes in the shaft angle have a large effect on the azimuthal varia- 
tion of the normal force.    The exception to this is at ^ = 180 degrees 
where the normal force has only a small variation with shaft angle and 
the effect of blade pitch angle is,   as previously noted,   nonexistent.    For 
a positive shaft angle of 5. 18 degrees,   it appears from the results pre- 
sented that,  in the range of azimuth angle 30<i'< 180 degrees,  the blade 
may have been stalled over much of its span as the blade angle was 
increased from 10. 19 to 13. 21 degrees.    The normal force does not 
increase significantly for this increase in blade root pitch angle. 

The variations of the root beamwise moment with azimuth 
position for three shaft angles and several blade pitch angles are 
presented in Figure 49.    The variation of the root beamwise moments 
with azimuth angle is as what might be expected on the basis of the 
variation of the root normal force for the same test conditions.    It is 
noted that,  at y = 180 degrees,   the change in the root beamwise moment 
with shaft angle is larger for negative shaft angles than it is for positive 
shaft angles,  although the change in the normal force was about the same. 
This could be the effect of blade beamwise bending,which probably shifts 
the load outboard.    It is apparent, when the variations of the root normal 
force and root beamwise moments with azimuth angle are compared,that 
the pitch control schedule required to make the beamwise moment con- 
stant around the azimuth would be different from that required to accom- 
plish the same objective with the normal force. 

28 

***—■"**M»-»a■   

« 
^  •m - '--■    --■■-"—.^-j^^u^^-^-^. ,.  , 



The variations of the root edgewise force with azimuth angle 
are presented in Figure 50 for three different shaft angles and for a 
number of different blade root pitch angles.    In viewing these curves, 
it must be remembered that this force is oriented parallel to the blade 
root chord.    Since the blade root chord is at an angle of attack with 
respect to the airstream,   the root edgewise force is not the same as 
the drag force which is in the windstream axis system.    It is inter- 
esting to note that,   generally,   the root edgewise force is larger on 
the advancing side,   30<V<180 degrees,   than it is on the retreating 
side,   180</'<330 degrees,  for the range of blade angles tested.and 
that the minimum variation in the force with azimuth angle was obtained 
for a shaft angle of -4. 77 degrees.    The edgewise force is not generally 
in the direction one would expect,in that,  with the leading edge facing the 
airstream,  the edgewise force is such as to put the leading edge in com- 
pression.    The strain-gage data verify this result,as the edgewise strain 
indicates leading-edge compression along the entire blade span for posi- 
tive pitch angles at ^ = 120 degrees.    It is noted,  however,   that,   when 
the root normal force and edgewise force are resolved to obtain lift and 
drag,   positive values of drag (with respect to the airstream reference 
system) are obtained on the advancing side of the rotor disc. 

The variations of the root edgewise moments produced by the 
root edgewise forces with azimuth angle are shown in Figure 51.    It is 
noted that,  as with the root edgewise force,  the variation of the root 
edgewise moment is generally larger on the advancing side of the disc 
than it is on the retreating side and that the minimum variation was again 
obtained for all blade angles at a shaft angle of -4. 77 degrees. 

At a shaft angle of 0. 01 degree,  the root edgewise moment for 
for a root pitch angle of + 1. 11 degrees abruptly reverses in direction 
between ^ = 100 and 130 degrees.    No explanation for this anomalous 
behavior was found. 

The variation of the root pitching moment about the blade quarter 
chord with azimuth (Figure 52) is what one would expect -- small over 
the advancing quadrant of the disc and large over the retreating quad- 
rant of the disc,where the moment arm is relatively large because of 
the shift in the center of pressure from the quarter-chord to the three- 
quarter-chord position.    It is apparent from the data presented that 
relatively high control loads can be expected over the retreating quad- 
rants of the disc as a rotor system is being slowed to a stop during the 
conversion cycle from a helicopter to a fixed-wing aircraft. 

While other data of the type obtained during the present tests 
are not generally available,   some data obtained for a tbree-bladed folding 
rotor system in the nonrotating mode are available for comparison (Refer- 
ence 9).    The blades that were tested had a diameter of 33 feet,  a 14-inch 
chord,   and -9. 43 degrees of linear blade twist, and were cantilevered at the 
root.    That rotor system had 2-1/4 degrees of coning,whereas the present 
rotor system had none.    Except for the coning of the rotor system,  the 
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two rotor blades had similar geometric characteristics.    The relative 
stiffness of the blade reported in Reference a,   however,  was higher 
than that for which data have been presented hf rein. 

Figure 53 compares the azimuthal variation of the root beam- 
wise moment as measured by the balance system during the present 
tests with that obtained by means of strain gages at the root of the blade 
that was reported in Reference 9.    It is noted that the azimuthal varia- 
tions of the moments are very similar.    It is somewhat surprising,   how- 
ever,   that larger beamwise bending moments were obtained with the 
smaller diameter,   smaller chord blade of Reference 9 than with the 
blade used to obtain the data reported herein.    While the coning angle 
would be expected to have this effect,   such a large change in the moment 
for only 2-1/2 degrees of coning would not be expected. 

As previously noted in Figures 47 through 52,  data could rot 
be obtained for various combinations of blade pitch angles and shaft 
tilt angles in the azimuth angle range 225< \P<300 degrees because of 
dynamic instabilities. 

Figure 54 presents basic stability boundaries that were deter- 
mined from the data obtained during the tests at various shaft angles. 
The data presented,   unless otherwise noted,   were obtained at a dynamic 
pressure of 28. 95 psf,which corresponds to a Reynolds number of approxi- 
mately 10" per foot.    As indicated in Figure 54,   the stable region was 
between the two boundaries, and the unstable regions were above the upper 
boundaries and below the lower ones. 

At azimuth angles of less than 220 degrees,  instability boundaries 
were not obtained for values of the independent parameters within rea- 
sonable bounds.    At if = 224 degrees,   blade stress limits were reached 
before the lower instability boundaries c-juld be determined for shaft 
angles «, < 2. 5 degrees.    When the instability was encountered,  a low- 
frequency blade beam-bending oscillation could be seen to start and 
increase in amplitude.    As the amplitude of the low-frequency oscilla- 
tion built up,  a much higher frequency blade beam-bending oscillation 
would also become visible.    While the oscillatory characteristics were 
approximately the s^me on both sets of boundaries, the low-frequency 
bending amplitudes would become larger when the blade was at negative 
angles of attack (lower set of boundaries) than when the blade was at 
positive angles of attack (upper set of boundaries).    For example,  the 
low-frequency oscillatory amplitudes associated with the lower bound- 
aries would sometimes be allowed to reach + 3 to 4 feet by visual estl» 
mation before the blade angle was changed to stop the oscillatory motion. 
while + 2 feet was about the maximum for the upper boundary. 

The solid points shown in Figure 54 denote data points tnat 
were obtained for p ■ 43. 7 psf,  and the arrow that is associated wtth 
each point is the direction in which the blade angle was being changed 
when the instability was encountered.    The symbol shape indicates 
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the ^ = 28. 95 psf c u r v e with which each data point i s a s s o c i a t e d . The 
point a t f = 224 d e g r e e s and f. - 43. 7 psf was obtained at a sha f t ang le 
which was d i f f e r en t f r o m any of the f. - 28. 95 psf da ta . F r o m the r e s u l t s 
that a r e plot ted, however , it can be s een that t h e r e i s a r e a s o n a b l y l a r g e 
ef fec t of p, p a r t i c u l a r l y a t # - 224 d e g r e e s . 

Ana lys i s of the o sc i l l og raph r e c o r d s showed tha t the h i g h e r -
f r e q u e n c y osc i l l a t ions involved c h o r d w i s e and t o r s i o n a l mot ions a t a 
f r e q u e n c y a p p r o x i m a t e l y equal to the f i r s t c a n t i l e v e r t o r s i o n mode of 
the blade (Table VIII), and the l o w - f r e q u e n c y osc i l l a t i ons w e r e a t the 
f i r s t - c o u p l e d f l apwi se bending mode of the b lade (Table IX). 

The r e s u l t s shown in F i g u r e 54 ind ica te that shaf t t i l t angle , 
az imuth angle , and blade pi tch ang le w e r e a l l independent p a r a m e t e r s . 
While the shaf t t i l t angle is a s ign i f i can t p a r a m e t e r , i t is noted that i ts 
e f fec t is a p p r o x i m a t e l y independent of the a z i m u t h angle . In an a t t e m p t 
to d e t e r m i n e if, in fac t , the shaf t angle and blade p i tch ang le s w e r e 
independent p a r a m e t e r s a s ind ica ted in F i g u r e 54, the to ta l ang le of 
the blade root with r e s p e c t to the a i r s t r e a m d i r e c t i o n was computed 
a s a funct ion of a z i m u t h . The r e s u l t s of combining t h e s e ang le s a r e 
shown in F i g u r e 55. As can be seen , a l l the data points fo r each s t a -
bil i ty boundary a t a given az imu th fa l l within a band of a p p r o x i m a t e l y 
± 1 d e g r e e . Since a l l the boundar i e s fo r d i f f e r e n t shaf t ang le s become 
e s sen t i a l l y a s ing le boundary, the sha f t angle and blade root pi tch angle 
a r e not independent p a r a m e t e r s , and the p r i m a r y p a r a m e t e r of the 
ins tab i l i ty at a given az imu th loca t ion is j u s t the root g e o m e t r i c ang le 
of a t t ack with r e s p e c t to the a i r s t r e a m . It i s f e l t that the s c a t t e r a t 
each of the a z i m u t h loca t ions a t which data w e r e obtained could be 
reduced somewha t if the s m a l l amoun t s of the s t eady e l a s t i c t o r s i o n a l 
de f lec t ions of the blade w e r e taken into account . This has not been 
done, a s it is be l ieved that such a s m a l l c o r r e c t i o n would not change 
the ba s i c conclus ion that was r e a c h e d f r o m the r e s u l t s p r e s e n t e d in 
F i g u r e 55. 

While the combina t ion of the sha f t and blade pi tch ang le s into 
an equivalent blade root angle r e l a t i v e to the a i r s t r e a m indica ted that 
t he se two angles w e r e not independent p a r a m e t e r s , the plot of the data 
indica ted that the compos i t e blade ang le a t which the ins tab i l i ty o c c u r r e d 
was s t i l l s ign i f ican t ly dependent upon the az imu th ang le . It is bel ieved 
that th is a p p a r e n t dependence upon a z i m u t h ang le is a s s o c i a t e d with the 
bending de f l ec t ions expe r i enced by the blade in the v ic in i ty of the s tab i l i ty 
bounda r i e s . Unfor tunate ly , no i n f o r m a t i o n i s c u r r e n t l y ava i l ab le which 
def ines the e f fec t on a e r o e l a s t i c s tab i l i ty bounda r i e s of l i f t ing s u r f a c e s 
when l a r g e loads or d e f o r m a t i o n s a r e p r e s e n t . However , an in tu i t ive 
a r g u m e n t ( s imi l a r to the one p r e s e n t e d on page 26) f o r the c a s e in hand 
would imply that, if l a r g e blade de f l ec t ions ex is ted , they cont r ibu ted 
to the e f fec t ive angle of a t t ack of the b lade . F u r t h e r , s ince the blade 
loadings and, hence , the blade de f l ec t ions a r e s t rong func t ions of the 
az imu th angle , it might be expected that the in s t ab i l i t y boundar i e s would 
a l so exhibit a s i m i l a r dependence . 
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Table VIM 

UNCOUPLED BLADE CANTILEVER FREQUENCIES 

MODE FREQUENCY 
cps 

MODE FREQUENCY 
cps 

1st BEAM BENDING 

2nd BEAM BENDING 

3rd BEAM BENDING 

i*th BEAM BERING 

1.18 

8.03 

22.46 

43.17 

5th BEAM BENDING 

1st TORSION 

2nd TORSION 

3rd TORSION 

72.03 

26.00 

69.27 

113.56 

Table TT 

COUPLED BLADE CANTILEVER BENDING FREQUENCIES 

MODE FREQUENCY 
cps 

GENERALIZED COORDINATES & CHARACTERISTIC SHAPE 

BEAM BENDING SHAPE CHORD BENDING SHAPE 

1st COUPLED BENDING 

2nd COUPLED BENDING 

3rd COUPLED BENDING 

4th COUPLED BENDING 

5th COUPLED BENDING 

6th COUPLED BENDING 

7th COUPLED BENDING 

1.23 

7.08 

8.76 

23.22 

44.42 

47.24 

72.44 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1st CANTILEVER 

2nd CANTILEVER 

2nd CANTILEVER 

3rd CANTILEVER 

4th CANTILEVER 

4th CANTILEVER 

5th CANTILEVER 

-0.15 

+ 1.60 

-0.62 

+0.58 

-0.18 

+5.10 

-0.04 

1st CANTILEVER 

1st CANTILEVER 

1st CANTILEVER 

2nd CANTILEVER 

2nd CANTILEVER 

2nd CANTILEVER 

3rd CANTILEVER 
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In order to illustrate the sensitivity of the boundary to blade 
pitch angle,   Figure 58 presents the oscillatory strain data for the blade 
at a pitch angle 2 degrees less than that for which the results were pre- 
sented in Figure 57.    As can be seen from the traces presented in Fig- 
ure 57,  the torsional oscillations are fairly persistent while the chordwise- 
bending traces do not show much indication of oscillations at the torsional 
frequency.    It is also noted that there is not much low-frequency beam 
bending for these conditions.    A prominent characteristic of both of the 
instability boundaries was that high-frequency oscillatory motions did 
not become apparent visually until after the low-frequency beamwise- 
bending oscillations became fairly large.    This was a very beneficial 
feature during the tests,   as the stability boundaries were deter nined 
by visual observation using the beamwise-bending oscillations as an 
indicator. 

The characteristic frequency of the instabilities was nearly 
equal to the uncoupled torsional frequency of the blade.    Also,   the 
local geometric angles of attack of the blade sections were large. 
These factors led to a suspicion that the instabilities were associated 
with stall flutter.    Evidence that supports this contention is presented 
below. 

Figure 56 presents an oscillograph record showing the beam- 
wise,   chordwise,   and torsion strain signals at a noted instability con- 
dition.    Although the traces are somewhat weak because of the repro- 
duction,  the following characteristic features can be determined from 
the strain traces: 

1. The torsional oscillations are approximately at 
the uncoupled torsion frequency of the blade 
(Table VIII). 

2. The chordwise-bending oscillations are at the 
uncoupled torsional frequency. 

3. Large beamwise oscillatory bending occurs at 
the first-coupled bending mode frequency of the 
blade. 

4. There is almost no high-frequency response at 
the uncoupled torsional frequency in the beam- 
wise strain signals. 

5. The high-frequency torsional and chordwise 
oscillations are modulated at the first-coupled 
flapwise-bending frequency (Table IX). 
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Not all of these features were distinctive in all of the oscil- 
lograph records taken at the stability boundary points.    However,   the 
particular records discussed herein are representative of those in 
which these characteristics prevailed. 

The strain signals presented in Figure 56 are for a point 
on the upper stability boundary.    For this point,   note that,   in addition 
to the above features,  the modulated amplitudes of chordwise bending 
and torsion reached maximums just after the maximum upswing of 
the beamwise-bending signal occurred,   and the chordwise-bending 
oscillations are in phase with the torsional oscillations. 

Figure 57 presents the oscillatory strain signals for a point 
on the lower instability boundary as plotted in Figures 54 and 55.    It 
is noted that the same basic characteristics as listed for the oscillatory 
strain traces shown in Figure 56 are present,   except that the chordwise- 
bending signals are out of phase with the torsion,   and the peak ampli- 
tude of the modulated oscillation occurs just after the maximum down- 
swing of the low-frequency beam bending. 

To relate the motions of the blade to the signals presented in 
Figures 56 and 57,   it is noted that the positive directions of beam bending, 
chord bending, and torsion are up on the oscillograph record.    Positive 
beam bending creates compression on the top surface,  positive chord 
bending creates compression at the geome ric trailing edge of the blade, 
and positive torsion twists the blade in a nose-up direction. 

Thus,   if Figure 56 is considered,   it appears that the blade 
beamwise-bending oscillations are such as to contribute a plunging 
velocity,which increases the absolute magnitude of the local angle of 
attack (remember that the free-stream direction is from the trailing 
edge to the leading edge) while the blade is moving up,and decreases 
the local angle of attack as it moves down.    Thus,   if the blade were 
close to the stall range due only to the steady angle of attack,   the 
beamwise-bending oscillations would carry the blade into the stall 
range during part of the cycle and then out again during the remainder 
of the cycle.    Thus,   the bending oscillations could precipitate the stall 
which would now take on dynamic stall characteristics rather than 
static stall characteristics,  and it might be expected that the torsional 
oscillations would grow and decay in phase (nearly) with the beamwise- 
bending oscillation frequency. 

On the lower boundary where the geometric angles of attack 
are in the opposite direction,   it would be expected that the maximum 
amplitude of the torsional oscillations would occur just after the 
maximum downward oscillation of the beamwise bending.    This 
appears to be substantiated in Figure 57. 
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Other experiments precisely like those reported herein have 
not been conducted previously.    However,   there have been a number 
of investigations conducted to determine regions of negative pitch 
damping associated with airfoils oscillating about the stall angle of 
attack.    These can be referred to,  at least in a qualitative manner, 
to determine if,   for the conditions of the present tests,   one might 
expect a stall-associated instability.    It should be noted,   however, 
that for the present tests,   the airfoil trailing edge was into the 
airstream,and the aerodynamic characteristics of the airfoil would 
be expected to be somewhat different from those for an airfoil having 
a normal orientation with respect to the airstream.    It is believed 
that the effect of the "sharp leading edge" would be a difference in 
the static aerodynamic characteristics around stall, and the difference 
in the dynamic characteristics of stall would be primarily due to the 
effect of having the pitch axis at the three-quarter chord.    Halfman 
(Reference 10) showed that the primary effect of leading-edge sharp- 
ness is a reduction in the static stall angle.     Ham   (Reference 11) 
indicates that the primary effect of the aft pitch axis is to reduce the 
dynamic stall angle.     For the reduced frequency of 0. 70 at which the 
instabilities were obtained in the present study,   the data that Rainey 
presented in Reference 12 indicates that negative aerodynamic damping 
can be obtained for the blade angles at which the present instabilities 
were encountered.    This fact is believed to further substantiate the 
thesis that the present instabilities could have been stall flutter. 

E.    DEVELOPMENT OF A LINEARIZED AERODYNAMIC PREDICTION 
TECHNIQUE 

A technique of predicting the aerodynamic characteristic* of 
a rotor blade at arbitrary azimuthal position has been developed using 
conventional lifting surface theory tailored for this specific application. 
The detailed development of the theoretical prediction technique and the 
method for solving the resulting equations are presented in the Appendix. 
The wing was represented by a distribution of bound vorticity and the 
wake by trailing vorticity, whose strength distribution is related to the 
bound vorticity by the Helmholtz laws.   Application of the Biot-Savart 
law to calculate the velocity field associated with a distribution of 
vorticity results in the following integral equation relating the local 
wing loading and the local wing slope (i. e.,   the angle between the local 
tangent to the mean camber line and the wind reference in the plane of 
the wind vector). 

where o/jr.y/ is the local wing slope and Jrt*» H») is the local wing loading 
(difference between upper and lower surface pressures).    Here the Kutu- 
Joukowski relation relating loading to the bound vorticity has been used; 
i. *.,£(*:*,)'tvr(g0, y.)  where /f*,.^#;i« the bound vorticity distri- 
bution.    The derivation of the integral equation (Equation I) is given 
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in References 3 and 4.    In this equation, <z(x,y)y* the known quantity 
.nui «/y^,. y,;   is the unknown.    The method of solution employed is 
that of assumed loading modes.    That is,  the functional form of J^(Mm,f0) 
is assumed,  this form being linear in certain undetermined constants. 
These constants are later evaluated by requiring exact tangency at a 
specified number of points on the wing.    However,  before this was 
accomplished,  it was advantageous to perform a transformation of 
variables on Equation (1).    This was done by choosing a coordinate 
system fixed to the blade with origin at the geometric center of the 
blade.    The spanwise dimension was nondimensionalized by one-half 
of the span and the chordwise dimension by one-half of the chord.    This 
transformation deforms the wing to a yawed square and is depicted in 
the following sketch. 

LEA0IN0-E00E SINGULARITIES 

Equation (I) is then transformed to 

U) 
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where   £0(£o. fo)^ assumed to be of the following form; 

P, * 

** " TTTfil + (f-?:)* 
where 

(3) 

whtr« the *« and •/i^art iht undetermtned contunu to b« «vatuatcd. It 
it noted that ihr firtt bracketed expression in 4 snd ^ gives the type 
of loading that would be expected ll one could (ormaUy split the span* 
wise snd chordwise flow over the wing.    These were chosen in this 
form to that the loading would spproach the proper limits for f e^ual 
to sero or 90 degrees.   The last bracketed term in ^ and ^ was added 
to prevent the loading at the apes from dropping to sero for intermediste 
vslues of (P.    It will be noted that the loadings were formed by mulii- 
plying the first three terms of s Birnbsum chordwise series by aa 
sppropnate spanwite function.   The composite loading then possesses 
sn sppropnate airfoil «type singularity at the leading edges snd has no 
loading st the trailing edge« to conform to the Kutta condition.   The 
exprettion for the losdtng contains Sb undetermined constant». 
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The e x p r e s s i o n f o r i s then s u b s t i t u t e d in E q u a t i o n (2), which 
can then be i n t e g r a t e d to g ive a n e x p r e s s i o n of the f o r m 

a* (<?.?) - 21 £ (A (f, O'f.g + L (?• f ^ 

which is l i n e a r in t he aJs a n d T h e aJs and a r e now found by 
s e l e c t i n g J v a l u e s of / a n d c v a l u e s of y s u c h tha t LXJ - 36. In th is 
f a s h i o n , a s y s t e m of 36 l i n e a r a l g e b r a i c equa t i ons is ob ta ined f r o m 
Equa t i on (6). T h i s s y s t e m of equa t ions i s t hen so lved f o r t he as and 
U,'s . The i n t e g r a t i o n r e q u i r e d to ob ta in Equa t ion (6) m u s t be p e r f o r m e d 
n u m e r i c a l l y . S ince t he k e r n e l of Equa t ion (2) c o n t a i n s a s t r o n g s i n g u -
l a r i t y , t h i s i nvo lves c o n s i d e r a b l e w o r k in i s o l a t i n g the s i n g u l a r i t i e s 
b e f o r e n u m e r i c a l i n t e g r a t i o n can be p e r f o r m e d . The i n t e g r a t i o n is 
c o n s i d e r a b l y e a s e d by m a k i n g u s e of C h e b y s h e v - G a u s s q u a d r a t u r e . 
The t h e o r y f o r t h i s q u a d r a t u r e s c h e m e is g iven in R e f e r e n c e 5. The 
a p p l i c a t i o n of t h i s q u a d r a t u r e to l i f t i ng s u r f a c e p r o b l e m s w a s ev iden t ly 
f i r s t m a d e by Hsu ( R e f e r e n c e 6). To a l a r g e ex ten t , t he p r e s e n t a n a l y s i s 
i s a n a d a p t a t i o n of H s u ' s t e c h n i q u e to t he yawed wing c a s e . H o w e v e r , 
s i n c e t he wing p l a n f o r m f o r t he p r e s e n t a p p l i c a t i o n w a s not s y m m e t r i c a l 
f o r a r b i t r a r y yaw, many of the c o m p u t a t i o n a l e c o n o m i c s a v a i l a b l e f o r 
t he s y m m e t r i c a l c a s e could not be e m p l o y e d . 

T h e load ing m o d e s u s e d in the p r e s e n t a n a l y s i s , a s can be s e e n 
f r o m E q u a t i o n s (4) and (5), w e r e e s s e n t i a l l y p a r a b o l i c in the s p a n w i s e 
d i r e c t i o n . The c o n v e n t i o n a l c h o i c e f o r t he f u n c t i o n a l v a r i a t i o n in t he 
s p a n w i s e d i r e c t i o n i s e l l i p t i c . H o w e v e r , t h i s c h o i c e i s exc luded f r o m 
the p r e s e n t a n a l y s i s b e c a u s e c e r t a i n i n t e g r a t i o n s to be p e r f o r m e d r e q u i r e 
a f i n i t e s p a n w i s e s l o p e of t he wing t ip . 

F o r s y m m e t r i c a l p l a n f o r m s and e l l ip t i c s p a n w i s e m o d e shape , 
H s u ( R e f e r e n c e 6) w a s a b l e to u s e t he t h e o r y of G a u s s i a n q u a d r a t u r e 
to d e v e l o p exp l i c i t e x p r e s s i o n s f o r s e l e c t i o n of t he s p a n w i s e and c h o r d -
w i s e c o l l o c a t i o n po in t s such tha t the e r r o r in l i f t i s m i n i m i z e d f o r a 
g iven n u m b e r of p o i n t s . U n f o r t u n a t e l y , the s a m e a n a l y s i s canno t be 
e m p l o y e d f o r t he yawed c a s e . 

S ince t he c o m b i n e d load ing on the wing i s of the f o r m g iven by 
E q u a t i o n (3), i t w a s thought to be d e s i r a b l e to u s e the s a m e e x p r e s s i o n 
to ob ta in the c h o r d w i s e and s p a n w i s e c o l l o c a t i o n po in t s and tha t t h e s e 
po in t s shou ld be s y m m e t r i c a l l y l o c a t e d about the m i d c h o r d and m i d s p a n 
l i ne of t he wing. T h e s e l e c t i o n s w e r e 

ij' ~ (i£)7r *• • 
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L o c a t i o n of t he c o l l o c a t i o n p o i n t s a t t h e s e c h o r d w i s e c o o r d i n a t e s r e s u l t s 
in a m i n i m u m e r r o r ( for a g iven n u m b e r of c h o r d w i s e c o l l o c a t i o n po in t s ) 
in t he c h o r d w i s e i n t e g r a t i o n f o r s e c t i o n a l l i f t . T h e s e l e c t e d s p a n w i s e 
c o l l o c a t i o n - p o i n t l o c a t i o n s p r o v i d e t he m i n i m u m e r r o r in t h e d e t e r -
m i n a t i o n of t h e m o m e n t of a p a r a b o l i c s p a n w i s e l oad ing . 

S ince t he p r e s e n t a n a l y s i s i n v o l v e s s e v e r a l d e p a r t u r e s f r o m 
c o n v e n t i o n a l l i f t i ng s u r f a c e d e v e l o p m e n t s , it w a s f e l t d e s i r a b l e to 
a n a l y z e t he z e r o s w e e p o r yaw c a s e u s ing the s a m e t e c h n i q u e s u s e d 
in the yawed c a s e and to c o m p a r e t he r e s u l t s wi th R e f e r e n c e s 6 and 7. 
In p a r t i c u l a r , it w a s d e s i r e d to a s s e s s the i n f l u e n c e of u s ing p a r a b o l i c 
r a t h e r t han e l l ip t i c s p a n w i s e load ing m o d e s and a l t e r n a t i v e s e l e c t i o n s 
of c o l l o c a t i o n p o i n t s . T h i s h a s been done f o r a n a s p e c t - r a t i o - o n e , 
r e c t a n g u l a r wing and the r e s u l t s a r e s u m m a r i z e d in T a b l e X. T h e 
p r e s e n t p r o g r a m d u p l i c a t e s H s u ' s r e s u l t s ( R e f e r e n c e 6) when e l l ip t i c 
s p a n w i s e load ing m o d e s a r e u s e d wi th H s u ' s c h o i c e f o r t he l o c a t i o n s of 
c o l l o c a t i o n p o i n t s . With the s y m m e t r i c a l d i s t r i b u t i o n of Equa t i on (7) 
a s t he c h o i c e of c o l l o c a t i o n - p o i n t l o c a t i o n s , t he e l l i p t i c load ing m o d e s 
g ive r e s u l t s wh ich c o m p a r e v e r y f a v o r a b l y wi th t h o s e of R e f e r e n c e s 6 
and 7. With the s a m e c h o i c e of l o c a t i o n s f o r the c o l l o c a t i o n po in t s , t he 
p a r a b o l i c s p a n w i s e load ing m o d e s g ive a t o t a l l i f t t ha t i s only s l i gh t l y 
h igh . H o w e v e r , the r e s u l t i n g s p a n w i s e d i s t r i b u t i o n of i n t e g r a t e d c h o r d -
w i s e load ing , in t h i s c a s e , p e a k s n e a r the wing t i p s . T h e r e f o r e , t he 
r e p r e s e n t a t i o n us ing p a r a b o l i c load ing m o d e s in c o m b i n a t i o n wi th 15 
c o l l o c a t i o n po in t s l o c a t e d a c c o r d i n g to Equa t i on (7) i s c o n s i d e r e d u n s a t -
i s f a c t o r y . In an a t t e m p t to i m p r o v e the r e s u l t s wi th p a r a b o l i c load ing 
m o d e s , a m i n i m u m - s q u a r e - e r r o r p r o c e d u r e w a s u s e d wi th 30 c o l l o -
c a t i o n p o i n t s and 15 u n d e t e r m i n e d c o n s t a n t s . T h i s did not r e s u l t in 
s i g n i f i c a n t i m p r o v e m e n t . It a p p e a r s then tha t m o r e m o d e s a n d / o r an 
a l t e r n a t e l o c a t i o n s c h e m e f o r t he c o l l o c a t i o n po in t s wi l l h a v e to be c o n -
s i d e r e d to a c h i e v e a s a t i s f a c t o r y r e p r e s e n t a t i o n emp loy ing p a r a b o l i c 
s p a n w i s e load ing m o d e s . 

A l though t h e r e w a s s o m e q u e s t i o n of t he a d e q u a c y of the p a r a -
bol ic load ing m o d e s and the c o l l o c a t i o n - p o i n t l o c a t i o n s in t h e unyawed 
c a s e , t h e c o m p u t e r p r o g r a m f o r the a r b i t r a r i l y yawed wing w a s , n e v e r -
t h e l e s s , d e v e l o p e d us ing th i s r e p r e s e n t a t i o n . H o w e v e r , i t s a p p l i c a t i o n 
to the c a s e of a n a s p e c t - r a t i o - o n e wing yawed a t 45 d e g r e e s did not 
p r e d i c t t h e s y m m e t r i e s in t he load ing w h i c h a r e i n h e r e n t in the p r o b l e m . 
T h i s f a i l u r e canno t be a t t r i b u t e d to t h e u s e of p a r a b o l i c m o d e s o r p a r -
t i c u l a r c o l l o c a t i o n - p o i n t l o c a t i o n s , but w h e t h e r i t i s due to a n e r r o r in 
t he t h e o r e t i c a l f o r m u l a t i o n o r in the c o m p u t e r p r o g r a m r e m a i n s a n 
u n a n s w e r e d q u e s t i o n unt i l f u r t h e r s tudy c a n be m a d e . 

F . C O R R E L A T I O N O F T H E O R E T I C A L AND E X P E R I M E N T A L R E S U L T S 

In v i ew of the d i f f i c u l t i e s d i s c u s s e d a b o v e , t h e o r e t i c a l c a l c u -
l a t i o n s f o r c o m p a r i s o n wi th m e a s u r e m e n t s w e r e l i m i t e d to the s p e c i a l 
c a s e s f o r t he unyawed wing c o r r e s p o n d i n g to the r o t o r b l ade a t if = 90, 
180, and 270 d e g r e e s . E l l i p t i c s p a n w i s e load ing m o d e s w e r e u s e d wi th 
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Table X 
COMPARISON OF VARIOUS THEORETICAL RESULTS FOR 

LIFT OH AN ASPECT RATIO = 1.0 RECTAHGULAR WIHG 
METHOD CL as 

COLLOCATION POINTS 

CAL PARABOLIC LOADING 

MODES M(j = 0 

1.5806 

(2 j -1 )7T £j = c°s 1 ; jmax = 3 
max 

(2 i - l )TT 
7j - COS , 'max ® 

1 max 

CAL ELLIPTIC LOADING 

MODES MM = 0 

1.1*535 

5"i = COS 9 I ' Jmax ~ 3 
1 4Jmax 

( 2 i - l ) r r 
1\ - COS ' 'max ® 

' 'max 

HSU (REF. 6) MN = 0.2 

* = o 
1.51 

1.48 
r ZJ77" . i - o 
S =-COS ' Jmax ~ i 

j 2 W ' 

? i =-COS -•> 'max = 3 

'max ' 

HSU (REF. 6) M„ = 0 .2 

MN = O 

l.i»97 

1.1*7 =-COS ^"'7r • j = 5 
j 21 +1 ' W 

t J max T I 

». /V-=5 
'maxT ' 

NASA KERNEL FUNCTION 
(REF. 7) 

1.455 (FOR SELECTION OF COLLOCATION 
POINTS SEE REF. 7) 

JONES 1.57 SLENDER-WING THEORY 
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18 c o l l o c a t i o n po in t s l o c a t e d in a c c o r d a n c e wi th Equa t i on (7). T h e 
c o m p u t e d r e s u l t s and the c o r r e s p o n d i n g m e a s u r e d v a l u e s a r e p r e -
s e n t e d in T a b l e XI f o r the t h r e e a z i m u t h p o s i t i o n s when the s h a f t t i l t 
ang le , oCa , = 0 d e g r e e s , t he b l ade r o o t p i t ch ang le , dK , = + 13 d e g r e e s , 
and the d y n a m i c p r e s s u r e , ^ , = 28. 85 p s f . In g e n e r a l , the a g r e e m e n t 
be tween the t h e o r e t i c a l and e x p e r i m e n t a l r e s u l t s i s not s a t i s f a c t o r y . 
H o w e v e r , a s d i s c u s s e d below, s o m e of t he d i s c r e p a n c i e s c a n be 
e x p l a i n e d . 

Table XL 
COMPARISON OF MEASURED AND PREDICTED RESULTS 

ocs = o", &n • + / 3 ? = 26.8S psf 

V - 90 DEGREES y = 180 DEGREES f = 270 DEGREES 
MEASURED COMPUTED MEASURED COMPUTED MEASURED COMPUTED 

LIFT 
Ob) 

700 520.11 3 5.44 -333 -529.2 

ROLLING MOMENT 
(ft-lb) 

6071 4248.7 -61 -104.74 -3536 -4402.5 

PITCHING MOMENT 
Cft- lb) 

91 -2.705 -1 -1.651 238 339.26 

DRAG 
Ob) 

22 11.44 0 -34 -13.17 

DRAG MOMENT 
(ft-lb) 

331 64.88 0 -518 -25.57 

In c o m p a r i n g the r e s u l t s ob t a ined a t ^ = 90 d e g r e e s , i t i s 
no ted t ha t t he l i f t , r o l l i n g m o m e n t , d r a g f o r c e , and d r a g m o m e n t a r e 
u n d e r p r e d i c t e d . It i s b e l i e v e d tha t a r e a s o n tha t t h e d r a g f o r c e and 
m o m e n t a r e l e s s than m e a s u r e d i s t he f a c t t ha t t he p r o f i l e d r a g a n d 
f r i c t i o n d r a g w e r e not c o n s i d e r e d in t he c a l c u l a t i o n s . 

T h e d i f f e r e n c e in t he p r e d i c t e d and m e a s u r e d l i f t and r o l l i n g 
m o m e n t c o r r e s p o n d s to the i n c r e m e n t a l l i f t and r o l l i n g m o m e n t t ha t 
would be ob ta ined f r o m a 2 - 1 / 2 - d e g r e e c h a n g e in t he a n g l e of a t t a c k . 
A s p r e v i o u s l y no ted in t h i s r e p o r t , t he e x p e r i m e n t a l r e s u l t s tha t w e r e 
ob t a ined i n d i c a t e d t ha t t he roo t g e o m e t r i c a n g l e of a t t a c k f o r z e r o l i f t 
w a s a p p r o x i m a t e l y 1 - 1 / 2 d e g r e e s d i f f e r e n t f r o m tha t e x p e c t e d f o r a 
r i g i d b l a d e hav ing no t ip e f f e c t s . F l o w a n g u l a r i t y , h o w e v e r , i s not 
b e l i e v e d to be t he c a u s e of t he d i s c r e p a n c y b e t w e e n t h e o r y and e x p e r i -
m e n t , a s a f low a n g u l a r i t y of a n y w h e r e n e a r the m a g n i t u d e r e q u i r e d 
could not be j u s t i f i e d on t h e b a s i s of c a l i b r a t i o n r e s u l t s ob t a ined f o r 
t h e N A S A - A m e s 4 0 - b y - 8 0 - f o o t wind t unne l . 

F o r <p = 270 d e g r e e s , t he s a m e g e n e r a l c o m m e n t s c o n c e r n i n g 
t h e c o r r e l a t i o n of the t h e o r e t i c a l and e x p e r i m e n t a l r e s u l t s a p p l y . 
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CONCLUSIONS 

It i s concluded that the p r i m a r y ob jec t ive of the r e s e a r c h p r o -
g r a m w a s r ea l i z ed , i.n that a se t of blade s t r a i n and a e r o d y n a m i c loading 
data w e r e obtained s imu l t aneous ly fo r a nonro ta t ing he l i cop t e r b lade 
a r b i t r a r i l y o r i en t ed with r e s p e c t to the f r e e s t r e a m . In addi t ion to 
th is g e n e r a l conclus ion , the following spec i f i c o b s e r v a t i o n s a r e m a d e 
a s r e g a r d s the a e r o d y n a m i c c h a r a c t e r i s t i c s of a r o t o r blade f ixed with 
r e s p e c t to the f r e e s t r e a m : 

1. At a z i m u t h ang les of app rox ima te ly 90 and 270 
d e g r e e s , the v a r i a t i o n s of the l i f t , ro l l ing moment , 
and pi tching momen t about the q u a r t e r chord with 
ang le of a t t ack a r e a s expected, based on sec t iona l 
da ta . 

2. The m i n i m u m d r a g f o r c e s at a z i m u t h ang le s of 90 
and 270 d e g r e e s a r e about equal, which is not what 
would be expected, based on sec t iona l da ta . 

3. The n o r m a l f o r c e and rol l ing momen t tend to z e r o 
a t an a z i m u t h angle of 180 d e g r e e s for a l l sha f t 
t i l t and b lade ang les t e s t e d . 

4. The data a p p e a r to be cons i s t en t with the expecta t ion 
that b lade b e a m w i s e f lex ib i l i ty would r e d u c e e i ther 
the dynamic p r e s s u r e or the r o t o r shaf t t i l t angle 
a t which blade bending d i v e r g e n c e o c c u r s at an 
a z i m u t h angle of 180 d e g r e e s . 

5. The blade pi tch angle i s an ine f f ec t ive con t ro l 
p a r a m e t e r at an az imuth angle of 180 d e g r e e s . 

6. F o r a l l az imuth angles except t hose a t 180 + 10 
d e g r e e s and 360 ± 10 d e g r e e s , the r o t o r shaf t 
angle and blade pi tch angle a r e s ign i f ican t con t ro l 
p a r a m e t e r s . 

7. The a z i m u t h a l v a r i a t i o n s of the d r ag and d r ag momen t 
f o r any blade pi tch se t t ing d e c r e a s e a s the shaf t t i l t 
ang le i s v a r i e d f r o m + 5 d e g r e e s to - 5 d e g r e e s . 

8. The roo t n o r m a l f o r c e or root b e a m w i s e bending 
m o m e n t can be m a d e z e r o at each az imu tha l 
pos i t ion by p r o p e r cho ice of blade angle . 

9. The magni tude and a z i m u t h a l v a r i a t i o n of the b lade 
roo t pi tching m o m e n t about the blade root q u a r t e r 
chord tend to be s m a l l fo r the blade on the advancing 
s ide but l a r g e fo r the r e t r e a t i n g s ide . 
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10. In t he a z i m u t h a n g l e r a n g e of 225 S tf> < 330 d e g r e e s , 
a d y n a m i c i n s t a b i l i t y i s e n c o u n t e r e d f o r both 
p o s i t i v e and n e g a t i v e b l a d e r o o t g e o m e t r i c a n g l e s . 
T h e r e i s s o m e e v i d e n c e in t he r e c o r d s p r e s e n t e d 
t h a t the i n s t a b i l i t i e s have the c h a r a c t e r i s t i c s of 
s t a l l f l u t t e r . 

11. T h e c o n t r i b u t i o n of t he f l e x i b l e b l ade bend ing s l o p e 
to the e f f e c t i v e a n g l e of a t t a c k i s s i g n i f i c a n t in the 
e s t a b l i s h m e n t of t he i n s t a b i l i t y b o u n d a r y . 
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RECOMMENDATIONS 

On the basis of the results obtained during this program,  it 
is recommended that the following additional research efforts be under 
taken in support of the successful development of stoppable rotor con- 
figurations : 

1. Obtain aerodynamic and strain data for a stoppable 
rotor configuration in the stopping and starting 
operational modes. 

2. Conduct additional tests with rotor blades having 
different stiffnesses,   twist distributions,   and 
planforms to determine the effects of these 
parameters on the instabilities that were 
encountered. 

3. Continue the development of a suitable theory 
for predicting the aerodynamic characteristics 
of stoppable rotor configurations. 

4. Develop a theory for predicting the stall flutter 
characteristics of stoppable rotor configurations. 
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Figure 20. AZIMUTH ANGLE CALIBRATION CURVE 
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Figure 21. SHAFT TILT ANGLE CALIBRATION CURVE 
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Figure 22.  PITCH ANGLE CALIBRATION CURVE -  INSTRUMENTED BLADE 
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Figure 23.  PITCH  ANGLE CALIBRATION CURVE - DUMMY BLADE 
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Figure 21. PRESSURE GAGE CALIBRATION EQUIPMENT 
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Figure 25.  TYPICAL CALIBRATION CURVE FOR 1-PSI  DIFFERENTIAL MGE 
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Figure 26.  TYPICAL CALIBRATION CURVE FOR 2-PSI  DIFFERENTIAL GAGE 
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Figure 27. TYPICAL CALIBRATION CURVE FOR l-PSl DIFFERENTIAL GAGE 
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Figure 28.  TYPICAL CALIBRATION CURVE FOR 8-PSI  DIFFERENTIAL GAGE 
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Figure 29.  TYPICAL CALIBRATION CURVE FOR  I5-PSI   DIFFERENTIAL GAGE 
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Figure 30.  TYPICAL CALIBRATION CURVE FOR 5- TO 20-PSI  ABSOLUTE QAQE 
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Figure 34. BLADE BEAMWISE DEFLECTION UNDER ITS OWN WEIGHT 
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Figure 35. BLADE EDGEWISE DEFLECTION UNDER ITS OWN WEIGHT 
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-RUN NO. 4— — POINT NO. 4— 

DYN. PRESS.  = 28.95 
AZIMUTH 90.5 
SHAFT TILT   = 5.47 
ROOT PITCH    = 10.29 
RUN 4      POINT 4 

BLADE PRESSURE DISTRIBUTIONS  (LB/lN.SQ) 

CHORDWISE SPANWISE LOCATIONS 

LOCATIONS PERCENT SPAN 
PERCENT 

CHORD 41.1 55.7 75.4 85.2 90.1 95.0 
2.1 0.970 0.818 0.618 0.600 0.385 
3.7 1.120 0.566 
9.0 0.708 0.467 0.470 0.385 0.264 

12.9 0.302 
16.9 0.536 0.399 0.467 0.233 0.201 
22.6 0.311 0.183 0.096 
33.5 0.220 
H7.8 0.094 
62.0 0.110 0.093 0.094 0.043 0.055 
68.9 TS 

LS 
-0.174 
0.029 

75.H -0.184 
82.0 TS 0.045 
85.9 0.059 
88.0 0.048 0.013 -0.159 0.023 0.018 
94.1 TS 

LS 
-0.270 
-0.238 

97.0 TS 
LS 

-0.257 
-0.0*7 

BLADE STRUCTURAL MOMENT DISTRIBUTIONS  (FT-LR) 
PERCENT 

SPAN FLATWISE CHORDWISF TORSION 

16.6 4.368E 03 -1.635F 03 
29.4 3.382E 03 -3.125E 02 2.054E 01 

37.3 2.643E 03 -4.040E 02 4.847E 01 

51.1 1.820E 03 -3.040E 02 3.899E 01 

61.0 7.964E 02 -6.702E 01 4.294E 01 

70.8 4.077E 02 9.925E 01 1.339E 01 

80.7 1.978E 02 8.178E 00 1.067E 01 

86.9 6.010E 01 8.224E 00 

93.0 1.360E 01 

BALANCE DATA 

1.742E 00 

PMR{FT-LB) NFR{LB)          BMR{FT -LB) EMR(FT. -LB)           EFR{LB) 

7.882E 01 8.454E 02        7.648E 03 -1.602E 03       -1.972E 02 

Figure 37.     TYPICAL PRINTOUT FOR EACH  DATA POINT 
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Figure 46.  ROOT EDGEWISE FORCE,   EDGEWISE MOMENT,  AND PITCHING 
MOMENT VS SHAFT ANGLE FOR f = 180 DEGREES 
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Figure 47.  ROOT NORMAL FORCE VS AZIMUTH ANGLE FOR 
VARIOUS SHAFT ANGLES AT q = 28.93 
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160 

AZIMUTH  ANGLE,   deq 

Figure M.  VARIATION OF BLADE ROOT PITCH ANGLE FOR ZERO NORMAL FORCE 
AT ZERO SHAFT ANGLE 
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Figure 49.  ROOT BEAMWISE MOMENT VS AZIMUTH ANGLE FOR 
VARIOUS SHAFT ANGLES AT q = 28.93 
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Figure 50.  ROOT EDGEWISE FORCE VS AZIMUTH ANGLE FOR 
VARIOUS SHAFT ANGLES AT q = 28.93 
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DATA,  REF.  9, «s = 0, ^R =  12.7° 
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Figure 53.   VARIATION OF ROOT BEAMWISE MOMENTS WITH AZIMUTH ANGLE 
FOR TWO DIFFERENT ROTOR BLADES 
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Figure 55. COMPOSITE STA3ILITY BOUNDARIES 
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APPENDIX 

DETAILED DEVELOPMENT OF THE LIFTING .SURFACE 
INTEGRAL EöUATlÖN AND ITS SOLUTION  

The basic lifting-surface problem is embodied in the solution 
to the following integral equations for iC(x0,ijle),  the blade loading: 

*<-■*>■'eUfwl'+wtrttrnV''**' (8) 

This equation is derived in References 3 and 4.    The "finite part" of the 
divergent integrals is understood here (see References 3 and 4).   Cc(z.y) 
is the local slope of the wing surface in the streamwise direction and is 
considered as known.   S  is the wing planform.    Equation (8) is the result 
of representing the rotor blade by a distribution of bound vorticity [whose 
strength is proportional to   iC(x0.ya) ] and the wake by trailing vorticity, 
whose strength is related to the bound vorticity by the Helmholtz laws. 
Equation (8) can then be interpreted as a linearized version of flow 
tangency at the blade surface.    Equation (8) is solved by assuming a 
functional form of ^^'y«,),which is linear in certain unknown constants. 
The integration indicated is then performed to obtain a linear relation 
between ^f^.y^and these unknown constants.    The unknown constants 
are then evaluated by requiring exact flow tangency at a compatible 
number of points (referred to as collocation points) in the rotor plan- 
form.    The integrations must be performed numerically and require 
isolation of the strong singularity in the kernel of Equation (8). 

The overall approach to the problem was that employed by 
Hsu (Reference 5).    However,   the details of the problem are vastly 
complicated owing to the nonsymmetrical pianform under consideration. 
Because of the rectangular planforms that are under consideration at 
arbitrary yaw angles,   it is advantageous to make the following trans- 
formations of independent variables,   the first being a rotation of axis 
such that 

X   - £ Cos ^ -n'sir> p 

y = $ ^s** f ~ 1 cos f 

then,  a nonuniform stretching by letting 

/ -   t'/e 

7  '   f'S* 
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where c is one-half of the chord of the wing and b is one-half of the wing 
span.    As can be seen,   this transformation reduces the wing to a yawed 
square.    Equation (8) then becomes 

It is now assumed that  £(€*.>?,) is of the following form ; 

5 ^z 

^"^'{FJ7 "/^ (10) 

where 

^ " ^-^ jUöc +0-0* fo+Aozft •>■ a-oj ft + Cbo+ tf \ (l-4*) 

+ [etl0 + a,f fe * Otztf * au fr+ a,„ fr](t- //) 

♦■ (V " 7 Ä " ?" f/j ««• (*'<.) * As, (*- to) * d-J* (f- (c)io\   (11) 

This form then contains 18*'-»   and 18-/i, for a total of 36 unknown 
coefficients for which a solution must be obtained.    These mode shapes 
also restrict the range of if such that f « -1 and ( = -\ must always 
physically represent the leading edges of the wing,since these lines 
are the square root singularity lines of the loading modes.    This 
implies that the azimuth angle must be in the range of Otf>-'£, 
However,  this represents no loss of generality, since any yaw position 
can be transformed to an equivalent aerodynamic problem with ^ in 
this range. 
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Equations (10),   (11),and (12) can now be substituted in Equa- 
tion (9) and integrated to yield an expression of the form 

a(4.^) - 4*0 Aoo * A0f aw + A02 ci02 + AC3 <z0j + A0+ 0,0+ + A,oa,0 

■+ Af,a.f/    4 At2 au + A,3 ai3 ± A/4CLf/). + Aea&to + A2,0,2, 

4Ua.U      +  A240.23   "*   ^24-0,24    "*■   AjoO-jC   ■•■   ^/ÄJ/+  Aj2^JZ 

to 

21 

^■12^22      +^23 2*4    *"  ^2*^24   "•■    ^W4M   
+   **tUst   +   ^-SZ^SZ 

* inn JA JJ^SJ (13) 

where 

^TJT  -   ^/rjr (V, 7,) 

Since &(f,ff)is known, ^   values of ^ and i' values of ^ such that tV^" = 36 
can be selected and exact tangency require 1 at these locations (collocation 
points).    Then,   Equation (13) represents a system of 36 linear algebraic 
equations that can be solved for the a.'s and Jf* . 

To obtain the As and Is ,  the integration of Equation (9) is 
divided into two parts.    We first let 

and 

Then, at/£7; can be expressed as 

(14) 

(15) 

(16) 
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wHCTrai  m Jl 

where 

and 

(17) 

(18) 

Only the detailed evaluation of X will be discussed in detail since there 
are many similarities involved in the two integrations.     P, and £,  are 
regular functions in f0lrfo and present no problems for integration. 
However,  the square singularity in the denominator of the kernel func- 
tion requires special treatment before numerical calculation can be 
accomplished.    Tt  is first integrated with respect to r}0. 

I. 
t   c rr'    Pt(t,-t,) 

cos*? 

'SrrTJ,      ft ■ (}   J,     cos'* f? - ?.]' ^    *' 

dfrdf» 

(19) 

bo / -; J-TT ri *.»,   • 1 ;  
'>] 

(f-t0) * cos* [r/-/.)'^} V'J*]* 

(f-r.)co*1>[su,*(f-t0)*±cosf(tl'i)\ (10) 

The ^ integration of the lait integral in Equation (19) >■ accomplished 
numerically by Chebyshev-Gauas quadrature (Reference 5).    Briefly, 
this quadrature can be summarised as 

f.i tu) 
dt 

* 

Z H*) 

where the *, are selected according to the rule 

%i  •   cos 
(%-') 

(il) 

Ul\ 
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where the integral is exact if /fcjis a polynomial of degree lees than 
/*•/.   Otherwise,  the degree of precision is /#-/. 

Then 

/     c   /' tde-fe) 

P.t 

and it is to be remembered that 

•   j-Z r(tp.fi.)3*(f"e.i) (23) 

Now, continuing treatment of the first integral in Equation (19), w« let 

 —    •   Milc»' 7#) (24) 

and,using the first term of its Taylor Series expansion,  *,(<,.'},  la 
calculated as 

(25) 

'\\\vx\*,(f0.'},) is a well-defined function.    Equation (19) can now be 
written as 

1*1'  *,<*.>*.) /' 6'(f:f.-t.f)    .       ., 

(26) 
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We now let 

with 

tt-qo 

and now the first integral in Equation (26) presents no pr 
numerical integration. In the second integral, the rje int 
performed analytically as 

c f' &,(**. 7o.t-'?)l .      _     _ 
>r /  —JTT^ r *w ■ Jt*J$ * J4 

oblem for 
eg ration is 

(27) 

where 

C<MV (28) 

(29) 

* • - ^^-^1 ♦«*• ^t •'> ♦ < A* ^r/*- r# A 

* J ^'f*""»'"^'*- o^cfffSl^o,. t)„rtm0 p) 
(SO) 

no 



I"1'1   

Examination of 7» shows that it is singular at £, = f* *% + ■£■ cotiftfai) if 
-fstfi* f ,    J* is sing\xl&r at fe*iiet*(*-£cotf('r+f)    ii-f*fot*f.    These 
singularities must be isolated before the/^  integration can be completed. 
Then,   the second integral in Equation (26) is evaluated as 

'*(M0),,_   ,      f'mu.fr) »tit*.?*) 

U&.iiUx, 

(31) 

The following integrals are evaluated analytically; 

f/sfo.IlUt- Wf)-eg^fos^ fycas f(n*n*cs>r,^f-fÜ^*Cö*Hl*f) 

in 



wmm —^1 MOTH, in«       PI 

Also,   let 
■Jf.M* 

^ CÄ, /. 7; ■  Hi (4.. ?,) - H< (t,% Mfa 

T' '£& *'(**'?"*'?) 

7^7 

Then,   Equation (26) becomes 

(34) 

(35) 

(36) 

'-    * 

X' -JZ.ZZ (f-ti)* "ifa.fft'fiJifi*»'*'?) tr* P.I 0»! 

Or f,t t 

which, when £*ftre chosen,  is tn form (or direct numeric«! evAluelioo. 

The unknown «'« «re conumrd in *,.*%. «^.^.aod ^ , «»d, belore 
solution can be accomplished, they must be tefMrated so that Equattoo 
(37) will be la the (orm o( Equation (I S). f,   it than treated similarly 
to f, and the resulting eapresston is 

r  ^ 

in 



wbtr« 

•nd 

wtUi 

*•"   -FITTJ St<u^ 

*.(i*f.) 

Ä -1« 

'•«•*» •J&L.ä 

Clfl 

(40) 

HI) 

(41) 

*i(f.<t.l) •*/€..*.) 'S,(i..f.) . ./yy 
Try (41) 

(44) 

(4») 

fr • fi ****(£'> (44) 

Kmf*fi***"*mO (47) 

^Ä. %.*. f) • 3f *''*• ^' ^ f ^ (4t) 

^.^f-fell^J (44) 

I 

III 



where 

_b_ 

-Sfn(stn?)^~£ Jf |[^f-* t+fli'lft**.*'*)s9n(^nP)|     (52) 

_ > 
f* (f: S.f) -       *,     Urn/ j C 3 '*» *(?*■') * ^ CO* /^ -7, ) I 

» »1611 1 #;^^J^[^V»>*^C^#^^*^JiHW^|     (53) 

(54) 
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h r 
Wfjfi • -, ^--—T'W^t(?-')*CSinWt*')[l*\bco3t(q.i)i-cSi.nt(£*l) 

b cos 41 sm it l I 

-\l>cost(if*l)* csint(!+i)\}n\bcosif'('i*0*csif>tte+})\ *2b cos/> \ 

^hc(f'f)J~2c{f'0-6f?*/JjL\[h%,//-c'(t*f)2l -cU*l)\ *2h 
b Sen 

*ctt* OUt I [h%* i)*+c(t*0 ']*b(^n\*b (ri-DU \[b'(7- if* e(t* 1) f 

-c(f+/) \*c(f*t}Jm,x\[i,*(f.ti**c(f*0*y* Hl-n) I } (56) 

Here,   t6   and <^  have been specialized for the range of ^ of interest. 

For convenience,   we introduce the following functions: 

l      7»-70 7#     It* 7* 

( f»   90 i 7»'fß 

I f» - f* if»     10 
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r06 = '-Ä £>/ 

T«,   = 0   for    Mi. e/ 

^7 

T,7 

ft7 

*•** 

r*7 O     ioj 141 ^ i 

-f. 
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- 

oJO - j ivM*-* f*'fr 

Mo*   ' 

H*t,'0  for   1^1«/ 

AÄ 
^ 

'tf7 'K 

/^ /7 

*/i *7 

MX7 = O for \Wzi 

"oo   -   2 So 

"of = J?/ -f 

Ho*. -- fV-*i* 

Nos    --   ff! -3V 

K -  fe// -*£ 

Then the 4i and /i can be expressed as follows: 

^ 
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■ 

t0f 8rA, 

+ (*'$,)(t-ft) fair} ~j~ Tn JA -j^TorJr 

r     A* 

Aoz - 
/  ^■ 

Aos " 

+[(t-4r}*0, -z(f-f;)*T0i] rs +-[0'tp)*ei-z(i-&)ir07]T+ 

+ (f-tp)(f-f/}?/J,j -~ TaiJ, -~Ta?Jr 

■'o* 8r* 

uo 

ZI.  C'li)*(*-?,)Qo*r* -sfX \('-fp)*o*J* 

^ lU-€r) Ro4 t-zC-fd* 7-ot]j-3i-[(f-fP)ß<,4 -z((-zt)i r07] J. 

Bf* F.t fi*t ar r*f  '■ 

■('-f/)('-7f)r,} -£ r,6 J, *~ T„ Tf 
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r      4y 

Aft - 

*(f-fß)(f-&)7cJs-j -~ T1t>J; -X 7;7 j> 

or9p.t fi.f 8r p./ I 

+ (1-^)0-^)^1 Js] -j~ T^T* +— TnT7 

r  & 
■'/3 -^~ZZ (i-ti)*{i-4t)Qo3 Ji -~rZ [(f'*t)R*s ft 

r   4/ 
»A* 

^20 = 
TT r   *, 

P't/Kt örpT/  L 

i-MMfHf-tf) Tr] ~± Tu^ +± Tz7j7 
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Uf 

12Z 8w 
toz^z. 

»^/ 8rs r*/ ft-/ r'' 

! 

or*' p.i p*/ r*/ 

6™ P.t fi-r f"' 
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r     A* 

*31 
If . P      f 

-r17(t-frtT4-(i-ti)(l -{fj, 'im)Tty^ rl7T7 

r   4/ 

r   A; 

t-oo - ~ 

r   ■f 

-or = 

r   -ds 

'-az 

■'oi ■-• ■ Me? K7 

Irr 47r 
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r   v 
T-OJ 

tir tv 

■04 =■ 

+ H-fr) h (f-fc) K*]~ T^T— + -j-.— 

r     ^ 

t-to  ■ 

+ \(f-?;)V00-2(f-'rj)iM,t] Kg * \{t-^)N00-2(1-^M^ 

j-TT 

r   *> 

■ft 

+Tr 

n = 
drtj 

r   4/ 
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r    AS 

■t3 

+TT- 

■f+ 

r    is 

"--/ ,5--/ a'dyj8-/   L 

' ) 4-Tr < rr 

-20 
J7_ 
8r* 

r    & 

r      Ay 

-z/ = 

)        *w 4-rT 

r   & 
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^9 = 

4-7r 

-t* 3rA 

- **(' i*)1** -Oft )70 a - ji-fff)**!'*; ***• 

U4 
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