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FOREWORD
II

This report contains theoretical and experimental information on the
Basic Finner program. The work was carried out during the period Feb 1966
to May 1968 under the direction of Dr. Johr D. Nicolaides, Chairman of the
Aero-Space Engineering Department, University of Notre Dame. This study
was'authorized under Contract AF 08(63S)-5275 by the Air Force Armament
Laboratory, Eglin Air Force Base, Florida. Program monitor for the /
Armament Laboratory was Mr. C. B. Butler (ATBR).

•Information in this report is embargoed under the Department of State

International Traffic In Arms Regulations. This report may be released to
foreign goveitments by departments or agencies of the U. S. Government

subject to approval of the Air Force Armament Laboratory (ATBR), Eglin AFB,
Florida 32542, or higher authority within the Department of the Air Force.
Private individuals or firms require a Department of State export license.

This technical report has been reviewed and is approved.
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SJl
Basic Finner models are tested in both horizontal and vertical wind

tunnels in order to develop dynamic testing techniques and to perfect new
methods of non-linear analysis. The simple free motions of pure pitching
and pure rolling are first studied. Then, free angular motions of combined
pitching, yawing, and rolling are investigated. While the linear analysis
methods appear to yield good results, the new non-linear analysis methods
are found to be essential in providing an accurate representation of the
various motions and in providing correct values for the various static and
dynamic stability coefficients.
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SECTION I 41

J iNT RODUCIGuNu

The Basic Finner was designed as a fundamental research configuration
"for to- uided finned missiles following World War . 1,2 Numerous studies
havý meen carried out in air and in waer. The air tests have utilized both
wind tunnels and aeroballistic ranges over the entire speed range, subsonic,
transonic, supersonic, and hypersonic. In water, tests have utilized towing
tanks, rotating arms, water tunnels, and free drops. Unfortunately, the
static and dynamic stability coefficients obtained from the various testing

* techniques and facilities do not always agree. Serious unexplained differences
persist.

There is a fundamental requirement to obtain correct values for the
various stability coefficients in order to understand and predict actual missile
performance and accuracy. Therefore the intZoduction of a basic research
program to develop wind tunnel dynamic testing techniques and to perfect
methods of non- linear data analysis was initiated. 18

The Basic Finner is first tested by allowing free yawing motion about
a side support in a horizontal wind tunnel. The resulting, angular position
data is reduced both by a linear method of data analysis and by a new method
of non-linear analysis.

A unique vertical wind tunnel is used in the studies of the free rolling
motion of the Basic Finner mounted on a rear sting support. Again, both
linear and non-linear methods of analysis are employed. In these studies
particular attention is directed towards the determination of the non-linear
induced roll moment coefficient, Cý(CL), which can cause Roll Lock-In and
which is a requirement for Catasirophic Yaw.

Special emphasis is placed on testing techniques which permit complete
model motions in all three degrees of angular freedom. In one testing
technique the Basic Finner is mounted on a side support in a horizontal wind
tunnel. The model is free to pitch, yaw, and roll, except for a small central
section which does not roll. In another 3-D testing technique the model is
mounted on a rear sting in a vertical downdraft wind tunnel.

In all cases the non-linear methodb of analysis are first studied by us-
ing data generated on a high speed computer by numerical integration of the
exact equations of motion. The results obtained by applying the non-linear
analysis methods to this computer data are compared with the known corn-
puter inputs. The non-linear analysis methods are then applied to various
dynamic wind tunnel data.

t3



In these studies particular attention is given to non-linearities in the
static moment coefficient, CM a the damping and lag moment coefficients,
CM 4CMc, and the Magnus moment coefficient, CMCL
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GENERAL METHOD OF ANALYSIS

In general, the various free motions of a missile are described by an
equation of the form

(X +k t(1
a(r) =Ke + C T

It is desired to "fit" this equation to experimental data. The above equation,
however, is non-linear in the unknowns W and X; therefore the convention-
al method of least squares cannot be used.

The left side of Equation (1) may be expressed in terms of the experi-
mental data asa,(T) + V, where v is the residual (the difference between
the calculated point and the data point). Equation (1) now becomes,

act) + V : f(t aK, X,w,8) (2)

The five unknowns may be expressed as,
-. aT = aTo + AaT

K = Ko +AK

(A). +A (A)8 = 80+t•8

where ct. T K0 , 0 , etc. are initial approximations. Equation 2 now
becomes

a(t) +V = (.,To+6aTKo +.K\K, Xo k, X +-Aw,8.+A8)( 3)

3
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Expansion of Equation (3) in a Taylor Series gives,

+t )

41 w-T., K., G J

IIa X

(4)

If thP initial approximations are good, the A terms will be small and
the higher order terms may be neglected. Equation (4) is then linear in the
differential correctionsA CL LA K ... and least squares methods
can be applied to their determination. Once the differentia) corrections are
determined they may be added to the initial estimates of the unknowns C- o
'K- , I ... and the process may be repeated to determine a new set
of differential corrections. This Method of Differential Corrections is re-
peated until the sum of the squares of the residuals is a minimum or until
there is no significant change in the unknowns.

4The Wobble computer program employs the Method of Differential
Corrections (MDC) as described above to fit the solutions of the governing
differential equations of motion to experimental angular data. This program
is equipped to fit the simple equation, Equation (1), or the more complex
solution for the Quadricyclic Theory

""= + K e(X2+ +L/ e Pt-tK

(5)

By overlapping fits of small sections of data the motion parameters
can be determined as continuous functions of time. The various aerodynamic
stability coefficients may then be determined from these parameters.

4
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SECTION 1II

ONE DEGREE OF FREEDOM PITCHING MOTION

A Basic Finner model was mounted on a side support in a horizontal 11
wind tunnel and allowed to freely yaw. A schematic of the Basic Finner Is
shown in Figure 1.

I

1-e0 0 *

Ta 1
3 D

Figure 1. Schematic of Basic Finner

In one case ball bearings were used. In a more optimum case, the model
was supported from below by a needle resting in a sapphire jewel cup. These
tests were all conducted at low subsonic speeds.

Linear Analysis

The differential equation for one degree of freedom pitching motion may
be written as 3

or

L4-N, N L + N2a = N3  (7)

2 The general solution, when the coefficients are constants, is given by

C =- K eX (Ai t+K2 e(/X2+Tic )t + K3  (8)

since w, :-W and X , this may be simplified to

5
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C- r + KeAbcos(L-1 +8)
where

.- NI + (10)

21J

- (12)
pU2SDD

The purpose of this analysis was to measure precisely the angle of
attack, a , as a function of time and to use Equation (9) to obtain W and

, and then use Equations (11) and (12) to obtain , and C• ,

It was also desired to test the transformation equations for the stability
coefficients using six different center of gravity positions. Once the moment
stability coefficients, Cm, and(CM,, + C,,) have been measured at one
center of gravity, the axis of rotation may be changed and new values obtain-
ed for each of the six positions on the Basic Finner model.

The equations which relate the stability coefficients at one center of
gravity (or rotation axis) to another center of gravity are3

+ (13)

(14)

The sign convention for the forces and moments discussed above are
shown in Figure 2.

A model of the Basic Finner was mounted on precision bearing on a
side support. 5,6 Optical techniques were employed to obtain the angular
data and measure the photographic plates. A sample of the 1 -D oscillatory
motion is presented in Figure 3.

6
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The results of the UNIVAC 1107 runs in applying the MDC to the
xpe-ri-•ientai data sh owed lth XV ..h... dLAta. I, LAID W

a small probable error of "fit": the average was. 140. This is an independent

indication of the very small error in the angular measurement of the model
motion. Also che values of the stability coefficients C., and (C, +C4 ) I
were well determined. The average accuracy is 1% for "C.., and 2%_for.(CM 9 -tC,, • 1 :

M CA

aY, '" z "
Figure 2. Force & Moment Diagram
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Figure 3. Angle of Attack versus Time
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These moment stability derivatives are plotted in Figures 4 and 5 asr ;a function of center of gravity position.

The static moment transformation equation, Equation (13), was fitted
by least squares to the data in Figure 4. Also the damping moment trans-
formation equation, Equation (14), was fitted by least squares to the data of
Figure 5.

The P. E. of "fit" of the two transformation equations is of the same
order as the accuracy of C , and (C•, • 2, ) in Table 1. Thus the trans-
formation relations were tested and found accurate. We have also obtained
from the transformations the values for the force stability derivatives as in
Table I.

80

t20
0'• 0 " I 2. ....3 .. 4_.. 5 _6----7

C.G. CoCL.- BASF.

Figure 4. CM., versus C.G. Location

16 0 0 0S" x"

200

0 2 4 6 8
C.A CAL- BASE

Figure 5. CMq + CM, versus C.G. Location
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TABL P I TRANSFPORMAATTON rDAT'A

Static Moment Tr-a1sformation (C. G. =5.0) 2

Coefficient Value from Fit Probable Error

C: -40.1 +.168
-12.9 +.126

Probable Error of Fit +0.561

Dynamic Moment Transformation Data

cM9 I C,, -439.9 + 12.5
i C -120.3 + 9.4

Probable Error of Fit + 41.75

By applying MDC repeatedly to overlapping short sections of data, non-
linearities in the stability coefficients may be studied. In Figures 6 and 7,
the stability coefficients are plotted as functions of RMS N and RMS .
It is seen that C m.• and (Cm + C, ), and probably Cp, and
( Cr9 + C,,) are quite non-linear.

10.0

•9.6

9.2

4. 5 6 7
R.S cc (Jos.)

Fig. 6. CM . versus RMS c4
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uo180

+

140

12 14 16 18 20

Fig. 7. CMq + CMK versus RMSq

Application of the linear theory to overlapping small sections of data gives
only an indication of non-linearities in the aerodynamic stability coefficients.
Therefore to determine more accurately these variations, a non-linear
mathematical model must be utilized.

Non-Linear Analysis
For the case where the stability coefficients are nonlinear functions of

angle of attack as follows:

CM (a)o+CMp0
CM(4) = C M + CM%, + ..SCM•(Q:CM~±C+c• 2 +... (15)

t L2'

The approximate solution of the differential equation, Equation (6) is given
as

(16



where, for quadratic variations in Equation (15),

Iii

2K(O)(C+ C 4(CMtiCM KU

K K Q 4((+Cm])
(C,+CH QSD * 2

" " -41V (17)

SCc IQSD
-CQ:,,,,CMM

-CMSr 8 E _ _ _ _ _

M= (-T-~-i~ f (19)
I!

,A Equation (16) may be fit to the angular data and Equations (17) to (18)
then employed to obtain the non-linear variation of the stability coefficients
with angle of attack. Figure 8 shows C$') to be non-linear and of a'Woft-
spring" nature. Figure 9 shows that Cm(c i -*C ,, also demonstrates non-
linearity, but its variation is of a "hard spring nature.

It has been shown3'4' 8 that for the case of a variable frequency
(C,,. / 0 in the wind tunnel) the amplitude, K(t), must be corrected as
follows

KdT.) = K(It) •/ (20)

In order to examine the degree of accuracy of the approximate non-linear
solution, numerical integrations of the equation of motion, Equation (6),
were performed using a Fourth Order Runge Kutta scheme. Nominal values
of the aerodynamic coefficients were input and the subsequent time history
of -((t was then fit and the non-linear theory applied to the results. Table
II shows the percent errors obtained from this analysis.

11



TABLE II. PERCENT ERROR FROM ANALYSIS

Coefficient Input Output Percent Error

-30.0 -29.94 0.18
C +15.0 +15.07 0.47

-75.0 -74.83 0.21
Cml+ co o, -50.0 -55.74 11.49

- 1.0 1.0 0.

A model of the basic finner was mounted on a jewel support to
minimize bearing friction in the angular oscillations. 7 Again, optical techni-
ques were employed to determine the angular data. Several tests were con-
ducted at one c.g. position to establish repeatability of the stability coeffi-
cients.

This dramatic difference in the nature of the non-linearities of these
two important stability coefficients requires further study.

Of particular interest is the high degree of repeatability of the test
runs. This fact provided added confidence in the application of the non-linear
theory.

212

)/

OL (4.4.)

Fig. 8. CM c versus a
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Fig. 9. CMq + CMc versus cx

Mean values of the coefficients of the polynomial expression for the
aerodynamic stability coefficients of Equation (15) are shown below.

= - 22.65 M = 68.31

CCMq + CM)= - 193.58 {C4, + C,,},= - 19334.

These results suggest that the non-linear method of analysis should be
used in order to obtain accurate values for the stability coefficients. It has
been shown 4 that the "log J- ,ecrement" technique yields highly inaccurate
results for the damping moment when the restoring moment is non-linear.
Although use of Equation (2u) tends to provide better results in this regard,
it is ctrongly recommended that the complete non-linear method be
employed.

13
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SECTION PV

ROLL LOCK-IN 3

It is well known that missiles and sounding rockets experiencing
resonance instability have suffered abnormally large angles of attack un-
expltinable by resonance alone. This phenomena, known as Catastrophic
Yaw , results from a lunar-type motion of the vehicle in the resonance
region. This motion is characterized by the angle between a given fin and
the (rotating) plane of the angle of attack being essentially constant, i.e.
roll lock-in. 3 In order to more fully understand the effects and hopefully
control roll lock-in, the simplified case of pure rolling motion at a constant
angle of attack was first examimed.

The governing equation for a rolling missile at constant angle of
attck i'.

Ix0 = L(SA)+ L(pUya)+ L(7,ac)

where

L(S A.) C(8 AC ) Q Sd = roll moment due to fin cant

L(p),y,a,) = CJ( p i y, ) Q Sd = roll damping moment

L( yI.) = C , cQ S d = induced roll moment

p = 4' for C. = constant.

Theory and experiment have shown that the induced roll moment for a

cruciform finned missile may be approximated by a sine function as

L(ya) = L(a) SIN 4y

Therefore the differential equation of motic.n may bet written

L(SA) + L(rpra) + L(a) SI N 4 = x (21)

Linear Analysis
For the case where the roll damping moment is assumed to vary

linearly with the rolling velocity and the inherent non-linear sine function
approximated by a straight line tangent to the curve at the trim angle,
Equation (21) may be written

14



It
LsSAA+ L )• + L•,/a = x• (22)

Since the coefficients of the differential equation are assumed constant, the
solution for Equation (22) is the same as the solution for pitching motion dis-cussed previously, and therefore we may write

- (23)

.C = (24) 1
.ty• QSd

21x XC, p QSd

2Ik (25)

Two horizontal wind tunnel tests were conducted at supersonic
speedslO to obtain a time history of 'Y , for a Basic Finner exhibiting roll
lock-in at a constant angle of attack. One test demonstrated damped roll
oscillations while the other undamped. Figures 10 and 11 show the dainped
and the undamped oscillation respectively.

0%

GSo0 0<
0l * * * .*

0 . * 0

o Io 00

F 10 R .i : vesu •
0 "*14

Figure 10. Roll Orientation versus Time
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Pigure 11I. Roll Orientation versus Time

By fitting Equation (9) to the above angular data by the Method of Differential
Corrections to oeqtain u and o, Equations (24) and (25) were used to com-
pute Cti and of. These results are presented in Table III.

TABLE III. STABLE AND UNSTABLE ROLL COEFFICIENTS

SDynamic Stability Mach No. GftPC

Stable 3.50 -6.66 -. 027
SUnstable 3.50 1.1 -I.019

Non- Linear Analysis 1 '
S-The first approximation of Kryloff and Bogoliuboff 12 was applied to

the non-linear differential equation of motion, Equation (21),for the case of
zero fin cant. While the induced roll moment term -' inherently non-linear,
the functional dependence of the roll damping moment, k~p•• on '6
was also included.

S~By considering qualitatively the damping force distribution across the

fins combined with the fin-body wake effect, the dependence of L(p, ( ,,-:1
on ' may be determined. As in the case of the linear analysis L(p , ,c-
was assumed to vary linearly with the rolling velocity.

16



-'L(.p, 7,c.) =Lp(%Q)p (LPG)+Le0.(GXY- ~ ~(6

Ph.

45 ,

Therefore the equation of motion may be written

L.~~~ Po2' 4 '.°) ."2

Ix Ix IS-

An approximate solution to the above non-linear equation is given as

Y' = K COS Ct+6 ) (28)

whereFu 1 L ,(4,,, ru

4C, -SIN 4y,. (29)
i7 C K COS (wt e-+v ) (28)•

K 2-0) c,i~ /-4 C, ,..+
4,C QS I

2 V2 C6 QSd

P2

C,.c4Q + QSd J11(4K) (o
KK

17



In addition, the non-linear damping moment enable!d the accrate redi.ti.n...
of a limit cycle in roll oscillation. The non-linear solution yields an equa-
tion for the time rate of change of the amplitude as follows

d _ LpK K3

Hence, for a limit cycle

dK

and therefore dt

KP = constant (31)

L < 0 L, >0

To investigate the accuracy of the limit cycle prediction, Equation (27) was
numerically ihtegrated with the linear and non-linear damping moments re-
lated to the initial amplitude as given by Equation (31). Results yielded roll
oscillations which damped 0.250 after 10 cycles of oscillation.

In addition, numerical studies were performed to substantiate the
approximate non-linear solutions, Equations (28) to (30). The governingdifferential equation was numerically integrazed to yield a time history of

I it) . Equation (28) was then fit to these results by the Method of Differen-
tial Corrections and Equations (29) and (30) applied to compute C ,
C r , Cl• Io . The percent errors were computed with respect to the
input values. A correction to the amplitude, similar to that of the 1-D
pitching motion, must be applied due to the frequency variation. The results
"shown are for a damped roll lock-in oscillation with an initial roll angle of
700. See Table IV.

TABLE IV. PERCENT ERROR OF COEFFICIENT COMPUTATION

Coefficient Input Output % Error

-2.0 -2.02 1.00
15.0 14.42 3.87

C, t•1 0.5 .4998 .04

Subsonic wind tunnel tests are currently being undertaken to obtain
aerodynamic data on the Basic Finner configuration from angular measure-
ment of roll oscillations. A jewel support system mounted in a vertical

18
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.,,,-u .tu at t' e Aero-Space Engineering Department, Univer-sity of Notre Dame, has drastically reduced the effect of bearing friction.At the present time calculations have been made to determine the inducedroll moment coefficient at several angles of attack. The results shown beloware for a basic finner model with flat plate fins.

BAZIC F to.wE- ,

(PLAT ¶>LA" -TPi
S0.4

0 .50 15

Figure 13. C, (ot) versus Angle of Attack

The variation of the induced roll moment coefficient with at corn-pares favorably with that of Rhodes and Shannon 13 on cruciform-finned con-figurations. In addition, the data in Figure 13 de.monstrates the possIbilitythat C (om) may be negative for C,< . This is also in f'reement with theresults obtained on other cruciform finned configurations.

19



SECTION V

THREE DEGREE OF FREEDOM MOTION

A three degree of freedom pitching, yawing, and rolling model was
designed for low subsonic dynamic wind tunnel testing. These tests included
both a ball bearing side support system for use in a horizontal tunnel14 and
a jewel cup rear support system for use in a vertical "blow down" tunnel. 15

In the case of the side support, the entire model was free to roll except for
a small cylindrical section at the center of gravity, while for the jewel
support system no rolling constraints were applied.

Linear Analysis 3

The differential equation for 3-D angular motion may be written as

m- +M + M-+ iMpLPcL CL -iP (32)

The general solution when the coefficients are constant may be written as

a.•e K 2 + Ke + +-K (33)

2 3 4

*here X9  (C+M•,CM,) QSd.• ~( -CM-t- ..--- Cl C0*-MP( Zd

21Ix 2V (3)

(2I

21 22T

+4Ic QS d
The aerodynamic coefficients may then be solved as

C 1 c 2 I (W6
QSd

20
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SMi C .,"2J1 ,1 V (37)

C =CV_ + Ma (38)
Ma Q QSd 27 - 21

These tests were directed towards an evaluation of the stability
coefficients from 3-D angular motions with primary emphasis on obtaining

In a similar manner as for the I-D pitching motion, optical techniques
were employed to obtain the experimental 3-D angular data. An example of
the complex angular motion is presented in Figure 14.

4

-- 3

Figure 14. a versus

By overlapping fits of small sections of data the motion parameters can be
determined as contintious functions of time. The aerodynamic stability
coefficients may then be determined from these motion parameters.

21



Sectional fits of Equation (33) to the above data resulted in a "probable
error of fit" ranging from 0.50 to 0.20 as shown in Figure 15. The resulting
mean percent error is approximately 2% to 3%/0.

Wd

u.5
wow
Uj.2

.2

0 2 4 6

TIME (serc)

Figure 15. Probable Errors versus Time

The motion parameters obtained from sectional fits of the angular
motion of Figure 14 are presented as functions of time in Figures 16 to 18.

It is seen from these results that small non-linear variations are
present.

Using these motion parameters in addition to wind tunnel conditions
and model mass parameters the stability coefficients CM4, . + Q•MA

CM Po• were computed from Equations (36), (37), and (38) respectively.
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The test runs were conducted at low subsonic speeds at one c. g. position.
Figures 19,20,21 present CM, C, + C I ,C t,,o as a function of
mean angle of attack. The. sectional fits yielded variations of the stability
ce~ffice~nts with angle of attack which compare favorably with those obtained
from the 1-D linear a•dnon-linear aaiss.
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Ln addition, 3-D tests were C ILUtUC.'L u 01 - .. . .. .... .... ..

on a jewel sting support in i.he Notre Dame vertical "blow down" subsonic

wind tunnel. The 3-D oscillations were obtained and reduced in a manner

similar to that of the above analysis. It should be noted that this is a rear

support, in contrast to the oide support of the ball bearing system. This

jewel system minimizes the bearing friction as well as reducing the support

Interference. The stability coefficients C Mx and C M p,, obtained from

several tests are presented in Figures 22 and 23. For the tests conducted,

only the precession mode of oscillation was obtained. Hence, a value of

C Mt C M - 350 was used in determining the values of CM P,

65
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Figure 22. CM C versus CL
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In the comparison of C M c it should be noted that the values in Figure
22 are larger than those of the previous 1-D and 3-D analyses. This results
from the c.g. location in addition to the fact that the jewel supported model
was equipped with roll tabs on the fins, thereby increasing the fin area by
12.5%.

The various stability coefficients of this linear analysis appear to vary
with angle of attack. Thus it is essential to reconsider the solution of the
equation of motion in which the stability coefficients are non-linear functions
of the angle of attack.

Non- Linear Analysis 16

For the case where the stability coefficients are non-linear functions
of angle of attack
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an approximate solution for the complex angle of attack is given as
"(X'ico)l + K (40)

where for quadratic variations in Equation (39),QSd92 r21VCM + C=2 '2V d,(lPIx)2 ~ XK,2 42K

(CM, Z OM,, KC•,,M) ,F•2,

-- Io2C161 a4IC)M~2 ,

K,2  (C2 Pap, CMsj10

C~i2)] + tI)t( CM + PaW ET J

(41)

xl 1
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Since Equation (40) is an approximate solution, a numerical evaluation

was conducted. Sample aerodynamic stability coefficients in the form of the
quadratic variations in Equation (39) were input to a computer program which
numerically integrates the 6-D equations of motion. A wind tunnel angular
motion was simulated. Using the a and /2 output by the 6-D computer
program, fits of the theory, Equation (40), were made to the angular data using
the WOBBLE computer program to determine the stability coefficients. A.
comparison of the results obtained from the WOBBLE fits with those input to
the 6-D program are given in Table V. As shown in these results, the approx-
imate non-linear solution accurately represents the numerically integrated
data.

This technique was applied to several tests of a particular 3-D of free-
dom cruciform-finned model aL low subsonic velocities. 17 "Fits" of Equation
(40) through (42) yields the non-linear aerodynamic stability coefficients,
Figures 24 through 26 present the non-linear variation of CM , CM + ÷CMa
and C M Pt with angle of attack.

TABLE V. EVALUATION OF NON-LINEAR SOLUTION

6-D Wobble
Coef. Input Output % Error

CM C -113. -113. 0

C 1067. 1060. 0.7

-3000. -3006. 0.2

49249. 50570. 2.7

C, , 1000. 1003. 0.3

po, 16416. 15780. 3.9
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Mean valu~es of the coefficients for the polynomial representation of

the angle of attack variation of the stability coefficients were found to be

C•,,o =- -412. C - 1122.

( C• C,,,•) = -9154. (CI+ C,.jZ= - 212,633.

CMp•° = - 577. C = 6469.

1F
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In analyzing the above results it is seen that the restoring moment

exhibits "soft-spring" characteristics while, the damping moment shows a

"hard spring" variation. This is the same trend as observed in the previous
1-D and 3-D results. Further study is required in this regard.
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SECTION VI

CONCLUSIONS

Various non-linear methods of data analysis have lýeen developed and !
evaluated by utilizing computer generated data and by comparing the results

with the original inputs. In the case of the non-linear pure pitching motion,
C.A,. and(CA + C,,. ) agree to. 18%0 and .21% respectfully, and the non-
linear quadratic coefficients CM,, and (CM + CM., )z agree to. 47%0 and
11.5%. In the case of the nonlinear pure ro'iling motion C A ,. agrees to an
accuracy of 1.0%0 and the non-linear quadratic coefficient Co• (• ) and,
C X (CO) agree to 3.87%, and . 04% respectfully. In the case of combined
pitching, yawing and rolling motion 1X and ( I

.01% tnd .2T%. The non-linear coefficients C,,, and, C.. .. ).agree to .770
and 2%0. Of particula" importance is the Magnus coefficient ' * which
agrees to .3%0 and the non-linear quadraic Magnus coefficient, CA
which agrees to 3.9%o.

Various new dynamic wind tunnel testing techniques were deve toped and
the data was reduced by using the new non-linear methods of analysis. The
experimental data was found to be well represented by the theories for the
three non-linear motions considered: pure pitching, pure rolling and com-
bined pitching, yawing, and rolling. The values for the associated stability
coefficients C,•. , ( C,• -' C, ), C,. and C% (o) compare well
in repeated tests and the detailed results are all represented. It is concluded
that the various motions are definitely non-linear and that the non-linear
methods must be used for their reduction and analysis. It is suggested that
previous disagreement between data from various facilities may be due to
these serious non-linear effects.

For the Basic Finner configuration it is found that the non-linear re-
storing moment is of the "soft-spring" type while the non-linear damping
and lag moments are of the "hard spring" type. Future study is suggested in
this area.

Of particular importance are the new dynamic wind tunnel testing
techniques utilizing special jewel supports which permit nearly frictionless
free motion. The unique vertical "downdraft" wind tunnel has yielded excel-
lent data on pure rolling motion and on combined pitching, yaN ing, and
rolling motions.
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