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by 2, Glansc o:f.' and I, Prizogin
Prysiez, 20, 77;.—7.... 1854)

Tzoulte Pol u-C"‘...("Ja ¢e Mens ¢t Taculto des Sgionces de l
Universito Kibre de sruxoclles, Loisium

] L) :
1. Iptweductien

-

Tae study of acaeequilibrius stetioncyy states constitutes & most
irportant demain of the thomodynz=ices of irreversible shenozana. These '
stotos 2ra characterized by the fact that intensive veoricbles remcin .

constant in tize. Ithes been esteblishad that they bocend estchlishad or

continue cenly under the eifect of “coastral nt.s" izposed on the systex ond

o4
H
I
n.
3
»
«

cevent it from sttaining an equilibnun state, for cxclple, the
systenztic meittenance of a difference of .enpcratt.rc or of comeentraticn,
of chamice! affinity, of B hect flow or a diffusion flcw within the systox

wasrssented., IS the latter is o continuvous madium, the constraints are the

concicicas coiied "ooundary concitians”, M k /u
L Y

I*'

In 2845, caxef us utablioh«b; thoors nAacco"dxr.z to which staticnary

stoies of a systex cor-'espond to ninirun cntrooy praduction, for a ziven

(RS
vaite of the ceatraints ﬂ-}(ﬁ Throughout the proof the-fedlowiag. -

rastrictive hypotheses were inplieds R ~ ~
(1) Lirear rolations between genoralized forces (o affinities)’

w1l Jlews (or velocitios) of irreversibic phencmena. .
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. wesValilliy o the Caszgor rocizuseal! reluzicas,
v -y g » - - : < - - .y L4 cne S Lr A M A
3y Mcactiaslozienl cosfficiints censidonid ©o Lo gensttl,
In c2zd ol ceatinuons Tidic it was nmocsssary to ascumo fn o adilitien thit

Voricus authoos hove sinee studied this predlexs {3,7,8) but tha fnizicl
vostrictiess heve continusd., Rocontly, ono of us hes sunesodud Lr olinie
:-.:::.i:-.:, thez, but by ucilizing o cxceptionzl type ol ceastucint fzex the
naint ¢f vicw of .appll".c:tio:\s {specilfic untropy méd entropic flow irpessd
senzr=tziy ea cho dezzine beundery (9,20). |

Taerofors, the follwm -nw! two nchlens e posed:

. - SN S .o
' ) <2 xndananden.ly ol these r.st*ictivle hypo.hc.scs whet are the,
=ost ponesil properties of eatropy produc:ton‘r
{2) Dcas there axi;t anothor mocsure of ontopy production which
tiles o ¢ minimu= veluo in stationary nomoquilibrip= states whon ot least
czd oI these hypotheses dues not hold? . |

“hc sacond quosticn h.:'.s been taken up recently (11) and has roceived
o odiirzative rospease inm a certain nurber of a‘iuylo cascs., ’rh(‘:j Foesent
coz=unicataon is dovotod to the first questien, ﬂo—tsh'o\"hr:hn* in zezliz

e cinimun of the vezizticael lou searched for reprosents only a peTtic:-

i2r coso of a roze fenoral diflerential law, We conserve at all tine the

synothesis of machzaical equilibrium (‘baryitric velocity 2070 ot il
poinis, or surficlentiy s=all to bs ccafo-ai y with tiic clossicsl hypo asis

of cozll flucttaticns).

.)L'
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fuzzse ficuws or semevaiizcd eurronus JJ, for drwevemsills uisnszoang (2,60

In o comtisuvous madium, g Toorazonts the loczl swaeilic velums cnirody
2,0

Swelusticon ¥IIe, It 2 :evescopic point and a2t tho dnstant ceasicired,
ns cniTedy prcducticn relative o the cntire system is chen written

d;S/¢t = J odv 2.2
V2 szezsce to chbroviats this as

P 3d.5/dt (2.2%)

Lzeciseaing the totsl differential of the function ¢ into & sua of two g

linezr noxtial iifferentials

. 3 3
djo i tjxij end d‘c ] th dxj (2.3)
it bacczes

¢omdoe do | (2.4)

Recasl Suca ghove it follows izmediately from the sizm of {2.1) that for

21i vosizzicns e, o', starting froa the equilibriun stata ¢, cae has

40 = °e"° (2.5)

-
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S oozaing, indiffewanily, cecorxding to the cheice of noth of Iiatcarcilon
. 3 L4 A

v . 9 K
\—.I.' v v o L I F] 1Y

X

A j;'

aidzo or 5 Y, ax, w0
J e J (2.8

inverse., ond in particular for an elementary toamsfsomoticn texminacing
st ejuilibxaa, one ko3 et o' the fizct ordor comditicns
€30 ,d,0¢0 , dos0 ' 2.7
-~
Zeazm uiich ono deduces the Xnewn critoris of stobility et cquilidrmiuz
vith ssocosd to nelshboring states (12), Likewise ia 2 centinuous zadiun the

shoso izegualitices (2.7) sre wr-itten, i-espoctivezy, usiag (2.2):

W/ ite , /)0 , axP/ g O (2.¢)

Sirst let us consider the domein of veiidity of ths restricticas zoczlled

ia ?ar. 1. ¥e write the linear phencmenological reluticas i

) Jj = Iijk‘k (2.9)

siith loczl Onsagex's ncipro;al rolations,

!.jk - ij = constant . (2.10)
Ja will thea have: .
i ijx - d 2.11 .
oG also )
do -Zdja -deq : (2.12)

sy =32ns of the restrictions (2.9)(2.10) the two diflazoxntizl forms (2.3)

£z tho equal.
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Ciocider Sor the mezant the cooe of any elemamtony truisonmantiln
LLSUeVN SoTivon o nea~cquilibriun szates ciad not suljeostod uo el

roservicticns, The coxclusiems (2.7) zud (2.12) are ro loinger velid, Nsves-
theless we shcll go cn to descastrcte thar the three rxlztiens (2.8) =mexiin
vhon the systes coasiderod is submitted to the conditions of Jixec lizits
o temperature and chenlerl poteatical, uy.

Ta fiot, 2l the calculotions necessary to descastratd thic iy 03
found &n o study Ly P. Mazur, carriid out for studyizg the zinizun in the
catrepy nroduction., (8) But the nuxmercus ostrictive conditicas which
sceezpany thot devslopoent did not porzit the auther 3o bring out tuis
sensral sisnificonce.

Ceasider in the first instenco the simple case of heot transsort by

coxduction in o solid (str.'j; x,:ar"a:j).‘ YYe have here

* '

W oaf rad a2 wliave/ wegaaf il @2ay
1 ot .

Tt v I LTI v
Zor all ::cn-volatilc solids, isotropic or mot. Irtvocuco, with tho help ol

intesration by parts, the integral over tho 'boundnry surfoco O of volume V.

»

-t bocomos
/
-1 ‘1
WS Tl T avie (2.19)
o= jn LT it
v

Too voundary conditions being considerod stationary, tho surface intecr:zl

vanizhos. 2rinzing in the conditiom of locsl energy comservation,

b, - sdlvi =0 (2.35)

R e

L an ¢ ——————
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we utaln Jov (2.49)

» b,
P . - -,.. v & RN
L 8 - . p-.‘ ,.,':. | :‘,,l -—. ey
= D et vk} B
N VR Y,
LRid Somomstrates (he stited poepcrty sinmce spocifie oot is mescsoomily

sesitive s e result of the knevm cendition of stodle coulilidsivs, daduscd
in adclition by {2.7). Ceansider new tho zenorsl ecse ¢ 2n coon frston

svessivle zhenozera 23 & Tesult of the

o

Lhidh will Do the sect of
sizultanecus effects of hect conducticn, diffusicn ool of s dismieel
Teootacas botueen tThe ¢ coastitucits. Ths local producticn of cntucpy is
vitien, iz this csse (2-6)

-> -1 - @* .
os Y. grad T Lp 8 [F /azued(u /] sTv ) (2.17)

Wetyooys; PRl ?)
-y
vheze Pudy  Topresonts tie diffusion cursent of canstituent Y.

T cc.;.j“"r.ted force is the aifinity of diffusion vhich we assuzo tc b2
“consasvative™ (2)., We cénit in addition thet tho actions at 2 distane: H
depard caly ca the positicn of the poin. ccasidored (3:'7/3:’0) Finzily,
in tha thixd tomm, v, desisnates the rato of reactica p aud A is the
cermezponcin: chenieal affinity; it is r=lated to the nolontial b trorLn h

inser=adiary of stoichidzotric coefficients ,V" and molar ansses Ny threooh
the woiztion (2,6,13)

' )
hye .; yw xy Y/'r (2.18)
Iy iy o3 mizscning &8 in the proceeding exanpla, wo cdtiin this tiss,

fzax dntissntica by pamts and elicimeticn of deundary temss,

) ': - p4 he ar 'rl I - 29 =g
5 LTp b * 7~ diviE) S ;;_ -2 v, - div 2 :; ) avI_ 0 e {2,258
3-::. v '- Ya? 1 Y Y3 1("('!’% T e
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pot flr e Iy My eiv 3 12,23

o . oan
» 0w .o s cun e va: e » - - - B - <%
Wielv Ny TiLolsent g niss Iroetion of ccastituent ¥ oond s, Whe

lavemmel wnawgy balases; ot

;‘\ - -

p.-::- - IY vy FY - c.v [N (2.2;

o selatien (2.19) baccmas:
- - '1 " - 7
2uf o33 3T I !ﬂ"\. GTh oy (2.22)
-.- v g;_& -0‘ ' “, —-.....:;'- G

uiich, alter soverzl cileuletions pravicusly develepad in tha study by

P, wzzux eized ovs [loc, cit.(l), see especially transformatica (4.290)-

- P 2 -' -
-:5-?' i A .P..c."; (_:__) YY' 3y I 39» " cv (2.25;
e v Ot zpy. a: 9_ - ‘

Jut siance zccoxding to the stability criterim of diffusica equ 11ibriza one

zuse have {12):

;VY 301! 39'{ > 0 (2.24)

3:.:1 1y Jd(x /a0av € 0 | (2.25)
ot

the elual sim re.o:ring exclusivaly to tae staticnary stote.

e,

e nave cvtalned thezafcra in this way a senacsl princinls of =odorctien

cvawsidle phanczanc, sceording to which tho vosiztion ln tinms of the

cSfeieh s o ganaralized forecs X, dn & system undow ok conseralin: ef
L4

ssasfcnzoy txhaves aluays in 2 nmoarer such es o dininiex (nsweny —vol i,

vt o wm - -




wo ROLLTS G LS SUdJel, LT whanks to ho fiuctuotiin whocry, 1o
viiiialng puosentad ohove is slso opplicsdlo in the nzisniiiiosl ef
mrdtonoell cquilivziva, e zelusicns (2.17)-(2.25) et vein nolificd miee

vICed wiat machaniezi Jovees ratain nracticalily their ecailivosiun vilve

Joving posturbations.  (locel dscdaric tramsfoimaticns in Sluids, viseoueus .
Jowses Tomzining tero os in the reipgndeshood of ::cc..:.-.;c..- ecullidzivs)
1, T2 tiv coatrary, pprocizble difforoncas inm velccisics arise teswecn
LSi.nooning pasticlss, che law (2.25) will not be geaerclly vzlid,

Cns Xnews, on the other hzad, het in the expressicn (2.1) of tae cairozy

arocuction, the cl-ozce of fluxas anc forces is not unlcuely imposad;

sificos in gsneral, that the choice lcaves the ontropy production invorione

¢ =tX y’j . ‘j*’;J“ (2.26)

In {2.25) cx the caatrary, the choice is no longoer arbitrary. The fices —ust
to those which appear explicitily in the bzlancs of mass and eanergy (2.20)
e=d (2.21). Ye hope to retumn eventually to this quastion. |

Wa ceasicer finally the particular c2se of the staticnary state for
vaich e has the equality sign in (2.25), (AX;/9t=0),

e dosionate Jg the floes selative to this state. .Tnay caacel the

-

siohe-hinl Za=ar of the balances (2,20) and (2.21). Tharofore (2.19) zives:

3
[:j 3 (3%,/3t)ev = 0 (2.27

Jor .l slezaatary d.splacc:unts starting fron any sictionery s:izte O whiote




T, AP R - . . . . . .o N .
LoSslleus Thot Do Ly isplacizent (weul or vistus Sl Loit

..-‘ A 1) .Od-ll; :-
-
N rares. - ~ey - tsves .. 22 -y
e JITUSS SSea a4 stallc ..&‘.'.’ sweC, the limdss romoinis e Jined, ¢ne nes
. B
C_) ] 6.? C—aa-\-)
(4

vt e yes eV K . " :. e S
o5 ecuolity shows o cewsain anslogy wivh whe tagronzin prineldle in

nochwaics in tho czse of woa-holcu.;.c relations (14); {iiv cgulvaiient of
wori 6 uen-xclonczic forces ca::cspc:d To tha texr: 8.7),
(%4

W orote finclly that the proparty (2.25) cpleaTs zs ¢ diract censiguinge ol

2o st23ility cenditions of couilibrium thormodynanics,

3. Cilecsificeticn of stztionary states, In the jirticulor case where the ho-

2z ¢f minimim emtrcpy production is valid, the stoility of stctiencry
o223 Is cosily discussed .(3). Thoce stationary states coe ssible which
corsaszond to & miaimum in entropy production (st umifora touperssture].
3 Tore cenezal t.‘\eorea which we ave going to psove will pernit & clisci-
Sizaticn ef stoticory states frca the point of view of stibility clth~uis 2
d

ifsvent. In eifect, onu roquires that cnce the stcticzasy siote i ;

svoluticnory lauws.,

Ciosida= thea any sr=ll virtvel displscoment whotever, 4, stazting frea

& stztioznacy state 0, the state varizblos boliang held censtint ot the

e - G W o oo

Lemdaries of she systez (T &=d vy in ths preceedins excu3la), ==d tho
ssndizicne of cachonical ecuilidrium g2 the displsesuin:, or in its zeisides-
Lozl vozadn sctisfied es we have previcusly szecified, .ot us explsin st

nene & wiha virtusl displecesents thus regarcdsd € esroasiend t0 & real

K

|
|
|
i
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oinslyvanilin ol Tal systinm.,  we edbtiin Jon thaso suill Jlrwlaciuenis

. 3
e ave w

SRR Lving stbsroerad (2,27) Suea (2,23), tho cenditica:

u//;_asjax dv30 3.2
A J

VLIS NS cquality sign has baea Tetaing si:'.ca; seceuwaing o (2,23, it
is unssls to cor cad to ncn-s:.'.:i.o-..ry zransformaticn of the syoten, In
coditiss, since the distritutiaon low of disnlaceman .‘.‘:J is »onlez in
veloms V, cne doduccs izmadiatoly fron (3.1) the local condizicon wiich we

WOAIe 10 Cfivsteonday anpronisaticn:

z__x.J,/zxk) O I AR Y (3.2}

cr, in = o= explicit mernar:

zjkca§i/axk)°axkax->o (3.2

J

=.3 index 0 s=forrinc to the statiocnasy sta
wnen this rolaticn is satisfied ot all noints of the systea, it will
than bo uxcbhle to leave its stctionacy state eccording to the 3acroscodic

125 6 w.oraodyaazics,

Sach is notadly the case when the phercmanological laus ars linecy,

"z oin {2.S) for the cendizion (3.3) i- verified idontically and indepondonst

o e mezisictive hypotheses repaated in part 2 2ad in part 3 of poragrosh

(soeinizity and eaastaney of phnenomanological coofficients). Ia fzc:, the

caeweny preiverica (2.1) is vhen wrizten:

(-2}

jk(zle %) 5%y 20 (3.4)

Leich 9rescridos tho sien of the quadrstic form (3.3),

10
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Sl moues Thot ho Qlossification ol suaticncuy stotis In Lsssaloinss
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Lo SSukitiia (Sl3) Is solotive vo TaO nodianicos Ty wnldy s osoten

'l

e v W 2 Wt - - - . e p e . o> ‘-, BN ol
LRUSLSC L3 L3091 LNUON CT L8dV3 & stiiicnciTs stars,  Noverilolioo, This
e am e T - ~athl 19 $ . ‘et . T
CIneiiion S5 not censuitite & stdllility eclzerien mue, iy smuzhine e The
. cozs a - 3 Y % f o . “ -
suiticnily sidte ccnsidorad, oxecnt in tas esca whan ¢ u o fsoon onast teucl
S

v .. - . (R

elilorential, Jor ond i3 unsbio to duduec frem it the ovoluticn which the sysiz..

. ..

Wil owndivro s o ovesult ef lecsl Jluctucticas, mot relatsd o ke I

Loveraing nzoToscenic transformcticns,

~e cenziusicns, Ve oy suszerize os folleus :he mese nonersl shemmedymazic

seeseTiics of & systen cutsido equiiibTivm prior to considariilion of any
norticular shenozenciogical laws:
{2} w2 enctrony varintians =2y be dsceanosed into two namx
iS = 4,8 + diS | (4.2
Y2 senang w33, Jdus to the irseversible pheaczsnz in the interior of ﬁhe?
zy7e7 .2 Ueing alwuys positive (or zero st ecuilibriuz):
’ 4530 (4.2)
{k; tha voriztion of entropy producticn par wait of tius:
P 2d,S/de o | (4.3)

Pl .

eeCCiissls 150 into two tems:

dP = d v de ' (4.4)

ST which ha socend, d.a to 3ho varizticn of gererclized forcos or nities,

i clusys noaative ziong real treasfornaticas (or zero in tho stationery stese)

d‘?; 0 (¢.5)

wanen <ha ecndizicns irpesed on the systen st its bdeundesy oo statioazsy. .
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madise oz To total diffgrenticle intvoducing notentinls harzeterisil
2 sys:ion't bohovios cnd osnacizlly of its stebilisy., i czsi (2),
thoos ciToumsiancss degond essuntially oo euverior coaditvicns izsoced o
13 systea (isolctad systen, isotherzzl, ot constInt volume, eixin o
Slosed, saae)e In cise (b) these ci-cwstances reitte nost theeisely o
e ;cch:n;s: by which chaages {r the entrony produstics wrd effuvcted (4.55.

Tao insquality (+.5) together with (4.4) parait fouseaing wdes uh;:
ccaditions antrody productiory itsolf decraasas in tho course of tho ciznge.
Tais lost point was davalopcd in work with Dr. H. C. MNei (15), specificzily
for ths cz3s of chomical rer.ctims.

ﬂe MK DT QQI with whoa wo have had fruitful discussions coicerning
a3 predtot txested in this study.
Racaived 15 auly 1954
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