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ABSTRACT

(Distribution Limitation Statement 2)

An approximate solution is given for the effect of an
exponentially decaying pressure pulse traveling with super-
seismic velocity on the surface of a half-space. The half-

space is an elastic-plastic material of the von Mises type.
The effect of a step wave for this geometry and medium was
treated previously. For that case, the peak pressures do
not decrease with increase in depth, while such a decrease

i s obtained for a decaying surface load. The prime purpose
of this investigation is to determine the magnitude of this

attenuation. The approximate solutions obtained are valid

for a limited distance behind the wave front, and are tabu-

lated for different sets of parameters pertaining to the

material and velocity. The tabulated results show that the
peak pressures in the case of the decaying surface load do

decrease with depth, but that the decrease is less than one
might intuitively expect. On the other hand the attenuation

is in general larger than that encountered in the similar

problem of an elasto-plastic material of the Coulomb type.
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SECTION I

INTRODUCTION

In a preceding analysis, Refs. [I] and [2] , the effect

of a step Dressure, Fig. 1, rrogressing with a superseismic

velocity V on the surface of a half-space has been studied

for an elastic-plastic material subject to the von Mises yield

condition

2
J2 =0 (i)

where k is the yield stress in shear and J2 is the invariant

12

1 (2)
2 =  sijsij

The present report considers the more general problem

of a decaying pressure pul p(x - Vt), Fig. 2, moving

with a superseismic, constant velocity V. The problem under

study here is more realictic than the one treated in Refs. []

and [2], but it is also considerably more complex. Because

of the complexity only an approximate solution will be derived,

which is valid for a limited distance from the moving front.

* [] Bleich, H.H. and Matthews, A.T., "Step Load Moving

with Superseismic Velocity on the Surface of an

Elastic-Plastic Half-Space", Int. J. Solids and
Structures, 3, 819-852, 1967. (Also Office of Naval

Research, Tech. Rpt. 38, Contract Nonr-266(86),
December 1965.)

[21 Matthews, A.T. and Bleich, H.H., "Stresses in an
Elastic-Plastic Half-Space Due to a Supereeismic
Step Load", TBL, Ballistics Research Laboratory,
Aberdeen, Md., Tech. Rpt. 4, Co~itract DA-30--069-AMC-8(R),
March 1966.
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The approximation employed is somewhat similar to the one

utilized and discussed in Ref. [3] for a material subject

to a different yield condition.

Because the velocity V of the load is constant, the

resulting stress and velocity fields remain unchanged if con-

sidered in a coordinate system moving with velocity V. In

other words, Refs. [1], (2] and [31 and the present paper

consider steady-state solutions, which may be used as approxi-

mations to actual situations when the velocity V varies

gradually.

It was found in Refs. (1] and (2] that the response to

the step pressure changes in character depending on the range

in which the values of Poisson ratio V, of the velocity ratio

V/cp , and of the intensity of the surface step load p are

situated. As introduction to the problem with a decay of

pressure, some aspects of the results of the analysis for the

steD pressure are restated in the following.

Defining the location of a field point by the polar

coordinates c arid r, Fig. 1, where the origin of the coordi-

nate system lies at and moves with the front of the surface

load, it was found that the stresses and velocities axe

functions of the angle only. For a step pressure there is

[3] Bleich, H.H. and Matthews, A.T., "Exponentially
Decaying Pressure Pulse Moving with Superseismic
Velocity on the Surface of a Half-Space of Granular
Material", Tech. Rpt. AFWL-TR-67-21, rontract
AF29(601)-7082, July 1967.
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therefore no dependence of stresses or velocities on the

radius r, so Lhat there is no attenuation with depth. It was

found, further, that for sufficiently large values of the

surface load, p> PL the solution has the character of

Fig. 3, where the value of PL depends on the parameters V

and V/c .

The configuration shown in Fig. 3 shows two discon-

tinuities, a P-front and an S-front, moving with the veloci-

ties of elastic P- and S-waves

2 2(l-) G (3)

P 1 - 2v p

2 G (4)
S =(

respectively. The locations of the fronts are defined by

the related angles

7 -l 2(l-v)G 15= - sin-i (i-2v)p

7S - sin- 1 [ (6)

The changes in stress and velocity at these fronts are

entirely elastic. There are four "neutral" regions of

uniform stress (and uniform velocity), i.e., regions where

the yield condition, Eq. (15, is just satisfied, but no yield

occurs at the particular instant. There are two plastic

regions, i to , and from 43 to 14 where plastic defor-

mations occur at the particular instant,and where the stresses

4
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(and velocities) vary as functions of the location €. One

of the plastic regions is always located between the P- and

S-fronts, and one between the S-front and the surface.

If the surface load lies below the limit pL , but above

another value PE < PL ' so that

PE < Po < PL (7)

only one of the two plastic regions occurs, which one occurs

depends on the parameters v and V/cp . If these parameters

lie in Range I or II of Fig. 4, the configurations of Fig. 5

or 6 apply, respectively. In these cases two of the neutral

regions shown in Fig. 3 coalesce and become a region of

uniform stress below yield as noted in Figs. 5 and 6. The

damarkation line between Ranges I and II in Fig. 4 is given

by the relation

2

V/c = (-)i) (8)P (l-v)(l-3v)

If, finally, po S PE ' the solution becomes entirely elastic,

Fig. 7.

One detail obtained in Ref. [1] for the step pressure

is crucial for the present purpose. If P is not only larger,

but very much larger than PT , it was found that one of the

two plastic regions in Fig. 3 is of much greater importance

than the other. This means that the energy dissipated and

the changes in stress and velocity in the "important" region

6
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are very much larger than in the other plastic region. In

the "important" region the bulk of energy dissipation and of

the changes in stress and velocity occur for values of very

close to a critical angle for which the basic differential

equations arc capable of a singular, discontinuous solution.

The critica1 angle is connected with the fact, that in the

von Mises material considered, plastic shock fronts may exist,

having a velocity

-2 2(l+V) G (9)
c - 3(1-2\) P

As discussed in Ref. [1], at such shock fronts the state of

stress ahead and behind the front must be at yield. but - in

addition - the major principal stress must be at a right angle

to the front and the other two principal stresses must be

equal. It is shown in Ref. [1] that at such a plastic shock

front all three principal stresses change by the same amount

Aa, while the component of the velocity normal to the front

changes as required by conservation of momentum.

In the present steady-state problem the angle may be

obtained from the value for c,

sin-1 2(+)G3(10)
!V

The location of this front depends on the value of Poisson's

ratio V. If V > 1/8 the critical angle 4 lies between p

and S

__10



While in the actual problem the above stated conditions

for a discontinuity are not exactly satisfied and no shock

front occurs, the conditions ar,, nearly satisfied when

PO >> PL" As a result, very rapid changes were found in

Ref. [11 in an extremely narrow range of the angle 4 neai

when p exceeds about 5. (See the tables in Ref. [2].)0

The fact that for large values of p the plastic effects

are nearly a "shock front" at 4 = 4, suggests that approximate

solutions could be obtained by compressing (approximately)

all plastic effects into a discontinuity in normal pressure

and velocity at 4, and treating the material elsewhere (ap-

proximately) as entirely elastic, even if the yield condition

is slightly violated. For the case of a step pressure p0 > pL'

this approximate solution for V > 1/8 would have the con-

figuration shown in Fig. 8. In addition to the elastic dis-

continuities at 4S and 4p , there is an assumed discontinuity

at , consisting of a change of all three principal stresses

by an amount Au and an appropriate change of normal velocity.

In the region between these fronts the stresses and velocities

are uniform, but the yield condition in one or two of the

regions will be violated. Such violation is considered ac-

ceptable provided it is not too severe.

In view of the fact that correct solutions for the step

pressure are available, there is no need to consider this

case further, but the equivalent approximations ca.i be made,

and will be made below for the case of a decaying surface load.

1U,
e -i
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Assuming the discontinuities stated above, at p I 4s and 4,

it will be assumed that the elastic differential equations

apply in each of the three wedge shaped regions shown In

Fig. 8. Solving the boundary value problem Dosed by the

prescribed surface load and by momentum or continuity con-

siderations, approximate solutions are obtained. After

fin-'ing the solutions the degree of violation of the yield

condition can be checked by computing the ratio,

n = 1"(II)

k

starting near the leading edge of the load. If the solution

in this location and within some distance r from the wave

front is acceptable, the hyperbolic nature of the problem

permits one to accept the solution in the range r < r, even

if serious violations of the yield condition occur elsewhere

for r > r. A further restraint on the range of validity, r,

is the fact that the compressive stress at the shock front

S= 4 must inherently 4ncrease and the solution can only be

accepted within a radius r where this requirement holds.

In the numerical solution obtained later the ratios n

indicating compliance or violation of the yield condition are

stated for each point where stresses are given. For engineering

purposes values up to n = 1.2 were considerel, but a reader may

elect not to use the full range of the solution given if smaller

values of n appear appropriate. It is found that the range of

applicability shrinks as V/c p becomes smaller and anproaches

unity.

~13



The formulation of the problem given below applies only

for values V > 1/8. Therefore the tables given contain only

values V/c > 1.5 and v > 1/8.

14I

1.



SECTION II

FORMULATION OF iHE APPROXIMATE ANALYSIS

Based on the reasoning outlined in Section I, approximate

solutions for the case of the decaying shock wave, Fig. 2,

will be formulated. Only the case V > 1/8 is considered so

that S> 4' In accordance with the discussion in the Intro-

duction, it is assumed (approximately) that plastic deformations

occur in any element only at the time of passing of the plastic

shock front indicated in Fig. 8, while stress changes tnere-

after are elastic. The applicable elastic relations between

stress rates and strain rates for the present case of plain

strain are

TV i V (12)
x ;x E x y z 1-

whreae -0wil ,I h

0z V&-C + ](14)
z E x y z

xy-2Ly +  x ] =  (15)

xy 2 0y ax 2G
where ax ' cry ' az f T are the stresses, while u, v, are the

displacements in the x and y directions, respectively. In

addition, the equation of motion

x +T (16)

15
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T+ Y p (17)
ax ay t

must be sacisfied. Equations (12, 13, 15) may be integrated

with respect to time, requiring the addition of arbitrary

functions fi(x,Y) of x and y,

i2

_u i-V2-i-E [a x -- Ca y + fz(x,y) (18)

2

av 1-V V a + Oy] + f 2 (x,y) (19)ay : E [- 1--- x y2

[Tyy + 2v =-- T + f(xy) (20)

while Eq. (14) after integration may be written

a= v(G + a ) + f (x,y) (21)z x y 0

The last equation is the only relation containing a , and

simply defines this quantity. It is noted that the arbitrary

functions f1 , f 2 and f,. are not entirely "arbitrary", but

are related by a compatibility relation, as may be seen by

eliminating u and v from Eqs. (18), (19) and (20).

The solution to the differential equations (16-20) may

be expressed in terms of potentials 4 and T which satisfy the

wave equations

+ (22)

T + T 1 , (23)
xx yy 2 tt

cS

16



Subscripts on potentials indicate derivatives. In terms of

these potentials and of two arbitrary functions g and of

x and y, the displacements become

u = P - T + gl(x,y) (24)x y

v = 4) + 'P + g 2(x,y) (25)y x 2

while the velocities 6 and ' are

u =4) -' (26)x y

= D + T (27)
y x

The stresses are

ox = 2G [ 1 ) + 4+ -V 2 (28)
1-2v xx l-2v yy xy

V 1-Vo= 2G [I-- 4 + 4) +' 1 (29)
y 1-2v xx i-2V yy xy

1y

T = 2G [4) + I (' (
xy 2 xx Yy

with a given by Eq. (21).
z

Substitution of Eqs. (24-25) and (28-30) into Eqs.

(18-20) furnishes relations between the three "arbitrary"

functions f, f 2 and f3 , and the two functions g and 92

i.e.,
1g g g2 )

f = 3 = ( + (31)
ax- 2 D ' 3 2 a1



These three relations and the Eqs. (28-30) satisfy com-

patibility indentically, leaving the two functions gl(x,y)

and g 2 (xy) as arbitrary functions in lieu of the related

functions f1 , f2 and f3 .

It is now noted that the velocities 'x and ', and the

stresses a , a and T in terms of the potentials D and T
x y

have exactly the same form as in an elastic Dlane problem

and these quantities will therefore have the same values as

in an entirely elastic problem with the same boundary con-

ditions. The plastic deformations at the shock front lead,

however, to different expressions for u, v and a because the

functions g, , g2 and fo now occur. As will be seen later,

these three arbitrary functions follow from conditions at the

P-front and at the plastic front.

Due to the fact that the steady-state problem is con-

sidered, the surface pressure is solely a function of

- = x - Vt (32)

and the solutions are only functions of t and y. The wave

equations for the potentials then become

(Dy (M 2  _ 1) 4 (3

yy 2.l

yy (Ms 1)

where

V M V (34)
C S c

18



Noting that the open functions f and g which
0 and

are not functions of t, can in the steady-state not depend

on x either, the expressions for displacements and stresses

become

U P -T + g 1 (y) (35)

v 4y + T + g (y) (36)
y ~ 2(

cr = G[2(I + -_) 4 - 2T (37)

a= G 2(M 2 2) P + 2T] (38)Oy G( S -

T = G[24 - (M - 2) T (39)

az = v(ax + ay) + f 0 (y) (40)

To formulate the boundary conditions, expressions will

be required for the normal and tangential velocities n N T

and the normal, tangential and shear stresses YN ' OT ) TN

for planes inclined at any angle 4 (see Fig. 1)

U- - =-cos D - cos ' T - sin Ty (41)

UiT

- cos sins Tsi (42)

_N _ 2 1-2v 2
U [M (1 1-2v sin 4) - 2 cos 214 -

- 2 sin 24) y 4- 2 cos 2 Ty + (Ms - 2) sin 2T (43)

19



aT 2 1-2v 2 +
G [MS + 2 cos 2] (P +

+ 2 sin 24 (P - 2 cos 2- - (M 2) sin 2 Y ' (44)

T N  2
TN = (M2 

- 2) sin 24) * + 2 cos 24 4 y +

+ 2 sin 24 'y - (M2 - 2) cos 24 T (45)

To state the boundary conditions of the oroblem pronerly,

and to be able to make statements on the character of the

solutions, the differential equations for (P and T must be

discussed. While both differential equations are hyperbolic,

the characteristics for D are steeper than the boundary

defining the plastic front, 4p < $. The solution for P in

the region of interest, $ < 4 < 7r, Fig. 8, is therefore

defined by statements on the boundaries 4 = T and 4 = 7r.

D will be a continuous function if the prescribed conditions

at the boundaries are continuous. This being the case, it

will be possible to use for 'D an expansion in a Taylor series

in 4 and y for a region near the origin 4 y = 0.

On the other hand, the characteristic directions for the

differential equation on T are flatter than the boundary,

S > *. The differential equation does therefore not apply

at A .S.'and thc solutions A o ' > lS , and T for

< < S are not fully defined by prescriptions on =

and 4 =. The two functions T and T must, however, lead to

20



values of stress and velocities which satisfy momentum con-

siderations at .1 = swhich furnish additional conditions

for their determination. While at least some of the deriva-

tives of T and T at ) = 4swill not be continuous, each of

these potentials in its region will be continuous, and each

of the potentials T and T can again be expanded in a Taylor

series.

The functions P, T and T are therefore subject to the

conditions listed below. On the surface the normal and

tangential stresses are prescribed. Thus, for an exponentially

decaying surface load, the stresses are

at y = 0, < 0

a Po p
= - e (11 > 0) (46)

0 (47)
k

At the plastic front 4 = conseivation of momentum requires

= PC A6 N  (48)
k k N

k =0 (49)

-= (5o)

N = T z 3 1 (Jl

21
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where J is the invariant

1J = + +o (51),Ii x y z

and where the symbol A indicates the jump in stress, or

velocity at a front of discontinuity and where c and $ are

given by Eqs. (9) and (10), respectively. Moreover, energy

considerations require that the signs of A and 3f the total

normal stress O at $ are equal.

Due to the fact that different expressions T and T for

the solution of the second of Eqs. (33) will be used, it is

necessary to consider conditions at the 3ocation S

Momentum considerations require that discontinuities in the

shear stress TN and the tangential component of the velocity

UT are proportional

at =

ATN =P cS 6 (52)

while all the normal and tangential stresses and the normal

velocity at 4 = must be continuous

at @ =

AoN = 0 ( 3)
AON 0

AMT = 0 (54)

AO 0 (55)z

A6= 0 (56)

N

22



In the assumed approximate solution, the plastic shock

propagates into a region which has been previously stressed

by the passage of the P-front. In this region, 4 F < < '

the stresses are uniform and just at the yield limit.

Their values are:

for < <

__ - /T (i-v) 2 t2p
k / I-2V [1 - 2 sin 2 cot (57)

S i(-v) cos 24 (58)
k 1-2v S

Txy= 2/5 (1-v) .n2

k 1-2\ sin cot p.f9

az -

k 2 sin 24p (60)

The above equations complete the available conditions

for the determination of t.,e potentials P, T and P. After

the potentials are obtained the arbitrary function f (y)

appearing in Eq. (40) can be obtained from Eq. (50). The

arbitrary functions gl(y) and g 2 (y) in Eqs. (35) and (36)

are defined by the fact that displacements at the plastic

front may be computed from the velocities in the region

between p and $, using the relations:

for p < <

u - ( + y cot p) (61)

v =- ( + y cot P) (62)

23



SECTION III

SOLUTION OF THE DIFFERENTIAL EQUATIONS BY TAYLOR SERIES

The differential equations for the potential, to be

solved are

$yy M2  1 ) P = 0 (63)

yy-(M 2 1) T 0
yy

(64)

Tyy - (MS - 1) T 0

The boundary conditions, Eqs. (46-47) on the surface give

at y = O, E < 0

2 Po (65
(N -2) + 2T - e (65)

S G

2y - (M2 2) ' =0 (66)

While the conditions, Eqs. (48-50) at the plastic front give

three equations

at y = tan

G {(M 2 
- ) + cot + + =

2 1 I ilV cos - (67)

24



( 12

k (M - 2) sin 2 4 + 2 cos 2$ (Dy + 2 sin 2- y -

- 2- 2) cos 2 = 0 (68)

* S

k,2 - 2) cos 2$ ¢ - 2 sin 2$ t y + 2 cos 2" iy- +

+ (M - 2) sin 2 T -2 cos 2($ - 4p) (69)

Finally, the five conditions, Eqs. (52-56) at the S-front

lead to only one condition on T and

at y = tan

(Y - T) + tan - = 0 (70)

The surface load is expanded in a series in E

Co
e 1 in m(

0  PO I . (71)
m=0

aoplicable for E < 0, while the potentials D, ' and P are

expanded in double series

ai,

Y b i y (72)

i,j C

ihe differential equations and the conditions, Eqs. (46-56)

are homogeneous, i.e., they contain consistently only second

derivatives of (D, ' and P with respect to and y.

25



Substitution of Eqs. (72) into Eqs. (63), (64) and (66-70)

results therefore in linear equations for the values ai,

b , c i , which couple only those terms with indices

m = i+X-2. The potentials can therefore be conveniently

written as a series of polynomials. Each set of polynomials

of class m can be determined independently from the poly-

nomials for a different value of m.

G (i) m) m (n) i m+2-i
k = i= ( -- a. ( y (73)

m=0 i=O

- Om+2

-- = X T(m) T(m) = b(m) i ym+2-i (74)
m=0 i=0 1

m+2 (i) i m+2-i

k I T (m) %m)= I c y (75)
in=0 1.-

The case m - 0 corresponds to the step load and, while

quite simple, is treated differently, see Appendix I. For

each value m > 1 there are (3m + 9) unknown coefficients

(M) I'(M) (M)
a m . i n c i Substituting the second derivatives of

Eqs. (71-75) into the conditions on the boundaries of the

regions, Eqs. (65-70), yieldssix equations for each value

m > 1:

(M2 - 2)(m + 2)(m + 1) am+ 2 + 2(m + 1) c+ 1  - k )! (76)

2(m + 1) am+ - (M2 - 2)(m + 2)(m + ) c = 0 (77)

m+2
(b - cj) j (tan S ) m + 2 - j  0 (78)

The superscripts used in Eqs. (73-75) have been omitted
for simplicity.
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2(m + 1)(m + 2)[( 2 
- 1) a+ 2 + cot b +

m+2 m+2

+ (m + 1)(tan $)m [cot $ a + bl] +

+ (m + 3 - J)(tan 0 {[(m + 2 j)(M - 1) +
j=2

2-+ C0 - 1) cot $] a+ 3 _ + [(m + 2 - j) cot $ +

+ (j - 1) cot $] b 3 } = 0 (79)

(m + 2)(m + 1)[N 5 am+ 2 + N 8 bm+ 2 ] + (m + 1)(tan )m[N 6 a1 + N7 b1 ] +

+ I (m + 3 - j)(tan 1)J {[(m + 2 - j) N5 +J=25

+ j - 1) cot $ N6 ] am+3_ j + [(m + 2 -j) N 8 +

+ (j - 1) cot $ N7 ] b m+3_j 0 (80)

(m + 2)(m + l)N 9 am+ 2 + N1 0 bm+ 2 ] + (m + 1)(tan 4)m[N 7a I - N6 b I ] +

+ Cm +3- j)(tan J1)J {[(m + 2 - J) N +j=2 
9

+ (j - 1) N7 cot] am+3_ j + [(m + 2 - J) N 1 0

- (j - 1) N 6 cot 4] b+ 3 _} 0 (81)
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where

N = M2 - 2 + sin2  4 -2I 2 -M 2

2

M -4

N ) sin2

2 2

N 3  = 2 + (1-1S  4) si

N = 2 2 ) sin 2

N 5  (M 2 _ 2) sin 2 '

(82)

N 6  = 2 cos 2

N 7 = 2 sin 2

N8  = 2 s  2) cos 2

N9  =2[cos 2 + (M 2 _ M2)(1 + 2av 1 M2 + D12 sin 2 ]

N 2= 3 2 o

N = - (M2 - 2) sin 24

Substituting Eqs. (73-75) into the wave equations, Eqs. (63-64),

-nd equatin coeffe~nts f like. powers of and yiel ds

(3m + 3) recurrence equations
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qam_2q+2 ('2  1 ) m+2

2 1 )q a 61

m-2q+- am+1 Hq-2,m Z m,£

2 _ I) q  
q

m-2q+2 - bm+2 £= n ,£ (3

bm_2q+l (M - 1)q b 1  6 2q-2,m I=q m,

Cm_2q+2 (M -)q m+2 P

2 q
b(M 2 _1q b 6 1

m-2q+l S - m+ 2q-2,m M,£

' where

(m - 3 - 2Z)(m + 4 - 2£)

P =l

2(2q - 1)

S (m+2- 2)(m+ 3 - 22..)
m, 22(2 + 1)

1 if 2q - 2 # m (84)

2q-2 ,m

0 if 2q - 2 = m

< < 2m + 3 + (-i) m

Equations (76-81) and Eqs. (83) givze the required number of

(3m + 9) equations for the (3m + 9) unknown coefficients a.

b i and c .
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Substitution of Eqs. (83) into Eqs. (76) to (81) reduces

the system to a set of six linear, nonhomogeneous, simultaneous

equations, involving only the unknowns a+ 2 , a+ I , bm+2

b After solving for these values, them+1 ' Cm+ 2  Cm+l

stresses, velocities and displacements for each of the m com-

ponents of the surface load may be computed at any location

( ,y) behind the front at .
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SECTION IV

NUMERICAL RESULTS AND DISCUSSION

Numerical results from the relations derived In the

previous section were obtained on a digital computer,

truncating the series solution by retaining terms up to

and including m = 7. Retention of terms m > 7 would have

required the use of double precision, in spite of the fact

that the computer employed carries 14 digits. The stresses

found are presented in Tables II to XXVIII and in the ac-

companying figures, for all combinations of the velocity

ratios V/Cp = 1.5, 2.0, 4.0 and of Poisson's ratio V = 0.15,

0.25, 0.35, and for three peak values of surface loading.

The values of p0 /k are selected to permit iaterpolation and

extrapolation.

The approximation employed restricts the applicability

of the approximate solutions to distances from the front of

the applied load where the ratio n, Eq. (11), exceeds unity

only moderately. To check this matter, the Tables indicate

the value n for all points where stresses are listed.

Truncation of the series further limits the validity of the

results to points where 11f < 1.7 and only such points are

listed. Finally, the range of applicability of the present

solution is limited by the fact that the approximate results

can only be accepted as a reasonable approximation in the
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range where the shock is compressive. The tables have been

restricted in range such that this requirement is never

seriously violated.

For each set of values V and V/c considered, results

for three levels of the load po/k are given. For values of

PO/k below the minimum considered, the elastic solution

presented in Appendix II may be used, because this will

generally result only in a very slight violation of the yield

condition. For values po/k between the lowest and highest

values given in the tables, interpolation between the three

values given can be used without serious error, except at

point (1). For values po/k which exceed the highest value,

00max(p 0/k) considered, the principal stresses at all points,

except at point (1 ) can be obtained by using the results

a i for the respective highest value of p0 /k, and adding the

increment

(in) . max(p/k) - po/k (85)

to each value a in the table applicable for the value

ii
max(Po/k). The increment a (in) is inherently negative,

i.e., compressive. Stresses at point (U) are always those

shown in the tables fqr all values p0 /k above the minimum

considered.

1. Discussion of typicaJ results

The results for V/c P 2.0, v = 0.25 for the three loads

PO /k =4.0, 6.0 and 10.0 are discussed as typical.
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The principal stresses IL/k, o2/k, a3/k, the angle 0

between the direction of a and the "-axis, and the values

of n .ndicating violation of the yield condition are tabulated

at fourteen points on a rectangular grid in the E-y plane.

The results for these cases are given in Tables XIV - XVI.

In every table point I has three sets of stresses because

the stress field tere has a directional singularity, i.e.,

the values depend on the direction of approach 4, and the

results differ depending on whether 4 p < < < ) < S or

S < 4) ii. Trie three sets of values at point 1 immediately

behind the front of the anplied load are equal to those due

to a step load without decay. In each of these three tables,

the yield violation at point 1 is the same, n = 1.056. The

yield viola:ions for a step wave, for a range of the para-

meters V/cr , v and p0 /k are shown in Fig. 9. For each com-

bination of V/c and V there is a limiting load, above which

the degree of violation, n, remains constant. This is due to

the fact that the effect of any higher value of p0/k results

only in a jump in the stress invariant J at 4 = 4, a matter

which does not affect the von Misas yield condition.

In order to judge the seriousness of the yield violation

at point 1, n = 1.056, Table I gives the exact values of the

stresses a./k and of the angle 0, for a load of p /k = 4.41.

as obtained in Ref. [I].
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TABLE Ia = 0.25, V/Cp 2,0, po 4.41k

(Exact Stresses)

Location -l/k -2/k -0 3 /k 0

p <  < 1 2.598 0.866 0.866 60.000

42 < < 4)S  4.20 2.47 2.47 67.460

< 4 < 43 4.20 2.47 2.47 78.980

< 4 < i 4.41 2.63 2.73 90.000-3

The comparable stresses in the approximate solution for

po 4.41k are

TABLE Ib v = 0.25, V/cp = 2.0, Po 4.41k

(Approximate Stresses)

Location -0 1 /k -a 2 /k -F 3 /k 0

< 4 < 2.598 0.866 0,866 60.000

< 4 < 4s  4.345 2.613 2.b!3 60.000

s < < 4 4.41 2.549 2.549 90.000

The differences in the vrincipal stresses in the two

tables are not large, the maximum being 7%. While the

values 0 listed in Table Ia agree with those in Table Ib,

it i3 noted that in the exact case the value 0 varies

between < < 42 from 60.000 to 67.460 and between

43 < 4 < 44 from 78.980 to 90.000. In the approximate
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TABLE II

RESULTS FOR Os0.50 V/c = 1.5 p0  4@0k

Pt.A . 1 / .......

1* 0.001)0.000 2.03 -0.47 -0=7 48138 1b
0.00 Q~uu -. 72~-1.87 -. 98 48.89

5* -0.099 0.00 -3.578 1.8467 *16 48*189 1.OoV

6* -,0.9 0.050 -3.5C9 -1.460 -1.787 9.64 1925v
7 -0.299 0.050 -3.1 -1.3 -1.715 9000 o.9bl
8 -0.199 C.100 -39275 -1.710 -1.710 48.195 1,.ou
4 -0*299 0.100 -3.404 -1.33 -10791 t9.311u 1.12.U

6C -0.299 0.150 -3.313 -1.580 -1.58 8965 160.uk

11**** -0*199 0.094 -3.737 -1#395 1lc718 d9.zUo 102b9
12**** -0s299 0.141 -3.615 -1*249 -1*591 68846 1(,27t

)3 -1.51)0 G.uu -J.89o4 -v.576 -1.351 90.UuV', ua.39u

* For ~< <

For <

** For < *< <
At +

ATz 1.357 k
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TABLE III

RESULTS FOR V = 0.150, V/cp a 1.5, Po x 6.0k

NOT TO SCALE

10o s a 154.67
u 153,40

Pt. 14 y C1 /k o2/k a3 /k 0

1* 0.000 0.000 -2.103 -0#371 -0.371 48e189 1.000
I** 0.000 0.000 -5.720 -3.987 -3.98' 48.189 1.000
1*** 0.000 0.000 -6.000 -3.707 -3#987 90c000 1.250
2 -0.059 0.000 -5.651 -3.622 -3.922 90.000 1.094
3 -0.1l9 0.000 -5#321 -3.538 -3*860 90.000 0.950
4 -0.179 0.000 -5*012 -3.456 -3.802 90.000 0.817
5 -r 059 0.030 -5.591 -3o859 -3s859 48.189 1.000
6 -0.119 0.030 -5,547 -3e479 -3.796 89.630 1.113
7 -0.179 0.030 -5*223 -3.401 -3.735 89.668 0v970
8 -0.119 0.060 -5.456 -3.733 -3733 489199 1.000
9 -0.179 0.060 -5o447 -3340 -3.671 896278 1*132

10 -0s179 0.090 -5.344 -3.611 -3.611 48.198 1.000
11**** 0119 0*056 -5.759 -3.421 -3.741 89.262 1.267
12**** -0.179 0o085 "5.644 -3o284 -39622 88.923 1.276
13 -1.500 0.000 2o010 -i.335 -3.033 90,000 0.855

For p < ' <

S For < <
T vs

For S <  <

At +**** At S

AT * 1.357k
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TABLE IV

RESULTS FOR V = 0O150, V/cp 1.5, P0  1060k

ii4 3

__ 7 6

NOT TO SCALE

11p 4138s18

@S= 154*67

10= 153.40

P t )i )iy C!/k 2/k 3/k 6 n
2 3

i* 0#000 0*000 -2*103 -0&371 -0*371 48*189 1,000
I** 0.000 0.000 -9.720 -7.987 -7.987 48.189 1.000
1*** 0.000 0.000 -10.000 -7.707 -7.987 90e000 1@25U
2 -09039 0.000 -9.608 -7.612 -7.914 90.000 1.075
3 -0.080 0.000 -9o231 -7&518 -7.844 90.000 06909
4 -0.119 0.000 -8.869 -7.425 -7.776 90.000 0.753
5 -0.039 0.020 -9.576 -7.844 -7.844 48.189 1.000
6 -0.080 0.020 -9.490 -7s451 -7.772 89.552 1.096
7 -0.119 0.020 -9.118 -7c361 -7.703 89.550 0.931
8 -0.080 0.040 -9.436 -7.702 -7702 48.205 1.001
9 -0.119 0.040 -9.375 -7.292 -7.632 89.126 1.117

10 -0.119 0.060 -9.298 -7o564 -7.564 48.205 1.000
11**** -0.080 0.037 -9729 -7.387 -7*711 89s173 1.269
12**** -0.119 0.056 -9o599 -7o230 -7s576 88.787 1.279

*For Sp < <

** For < < ¢S

For S < <

+**** At $

AT = 1*357k
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TABLE V

RESULTS FOR v = 0150, V/c 2.,p = 30

43I

NOT TO SCALE

P t . a 1...........

1* ~ ~ ~ ~ ~ ~ ~ ~ ~ p 0.0 0.0 213 -031 -031 000 .0
0.00 0.00 -. 59 -1.27 -. 12 6000 1 1 .0 0

2t 140M281 0.00 -2a6 2/k8 3 /k8 900 n.0
3 -0.561 0.000 -1./12 -0.605 -0.877 60*000 0.5714* -0a82 0000 *U -1289 -le127d -0.17 90.000 0.425

2 -06281 0.100 -29266 -0U683 -0.86 60.000 1.0

6 -0.561 0.100 -2.048 -0.576 -0s742 91.690 0.8bb7 -0.842 0.100 -1.540 -0.425 -04643 92o970 0.5918 -0.561 0.200 -2.367 -U.635 -03635 60.000 1.Uu~,1 -0.842 0.200 -1.855 -0.387 -0@521 93.180 0.81210 -0.842 0.300 -26157 -0.425 -0.425 60.000 1.00011**** -0e561 0.190 -2.430 -0.531 -0.644 91.330 1.OU612**** -0.842 0.285 -2t190 -0.337 -0.438 926UUU 1.042

* For < <

** For * < b< .

** For 4,< < r
s

At +

AT 0,.94 4 k
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TABLE VI

RESULTS FOR v = elblD, V/c U2.0, P0  6.0k

4 3 2

* NOT TO SCALE

lp

0
Pt. IA py ai1/ l k n

1* 0.000 0.000 -2.103 -0.371 -0.371 60.000 1.000
** 0.000 0.000 -5.859 -49127 -4.127 60.000 1.000

1*** 0.000 0.000 -6.000 -3.986 -4.127 90.000 14124

2 -1.122 0.000 -1.953 -2.630 -3.317 90.000 0.682

3 -1.403 0.000 -1.474 -2s377 -3.201 90.000 0.867

4 -1.683 0.000 -1.107 -2.148 -3.117 90.000 1 006

5 -1.122 0.400 -4.078 -2.345 -2.345 60.000 1.000
6 -1.403 0.400 -3.118 -2.071 -2.160 106.660 L,*580

7 -1.683 0.400 -2.516 -1.707 -2.016 127#04f. 0.408

8 -1.403 0.500 -3.736 -2.005 -2.005 60.000 1.000

9 -1.683 0.500 -2.865 -1.766 -1.838 108.970 0.615

10 -1.683 0.600 -3.430 -1.698 -1.698 60.000 1.000

11**** -1.403 0s475 -3.584 -2.010 -2.040 97.520 0.900

12**** -1.683 0*570 -3.249 -1.720 -1.736 99.080 0.879

** For $ <

*For *<
At** A

AT = 0944k
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TABLE VII

RESULTS FOR v 0.150, V/c p 2.0, p = 10.0k

NOT TO SCALE 1

#15

P t. 11 a/k a /k a3 /k 0n

1* 0.000 0.000 -2ol1'3 -0.371 -0.371 60.000 1.000
** 0.000 0.000 -9s85,9 -8.127 -8&127 60.000 1.O00

1*** 0.000 0.000 -l0.OOC -7.986 -8.127 90.000 1.124
2 -0.280 0.000 -7o553 -7.308 -7s658 90.000 0.179
3 -0.561 0e000 -6.716 -5s705 -7.292 90.000 0.803
4 -0.701 0.000 -6o447 -4.958 -7.140 90.000 1.114
5 -0.280 0.100 -8.996 -7.264 -7.264 60.000 1.000
6 -0.561 0.100 -6.899 -6.548 -6.842 117.688 0.188
7 -0.701 0.100 -6.425 -5.856 -6.667 71.592 0.416
8 -0.561 0.200 -8.218 -6.487 -6.487 59#989 0.999
9 -0o701 0.200 -7.183 -6.177 -6.285 102.388 0.552

10 -01,701 0.250 -7.859 -6.128 -6s128 59@989 0.999
11**** -0#561 0.190 -8.108 -6.460 -6.518 95.150 0.935
12**** -00701 0.237 -7.703 -66122 -6.165 96.651 0.900
13**** -1.500 0.508 -5.824 -4.466 -4.466 106.026 0.784
14 -1.500 0.000 -5.168 -2#225 -6.538 90.000 2.203

*For < <

**Fork <

For s

At +

AT 0.944k
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TAb.E VIII

RESULTS~ FOR v=0.150, V/c P 4*Q, P a 360k

1*1 0.0 000 213 -037 2.7 7512 .0

0.00 0T00 S298C126A126LE52 .0
1*** 0.00 0.000-3.0124-.269.0 .2

2~~~~~~~~~~ -058 0.0 6.57s.73-.9390502.

3~~~~~~~~~~~ -078000139-.61-.0 07634
4 -11740.00 -0926-0.45 -. 81 90.00 .23

10 01.104 09200 -2.102 -09372 -0.372 75o526 0.999
11*** -090 0.129 -2o314 -0.584 -0.260 108.183 10098

2** -1s587 0.190 -16 -0.255 -0.383 114.461 1045
13 -1.500 0.000 -0.667 -0.36 -0.976 90.000 U@221

4 l14*OO -0 6 -*7 085 9*0 s3

5* Fo 8 090 243P0 1 -*6 552 1U(

Fo _078 0l0 -*4 06O -o7 0o9 o1

7** At 14 010 -o41 -*4 U54 194 *

8t 009442ko4 -s1 0o1 554 9

9 -1#14 Oo13 -1972 -0#45-*7 1*9 o710.1I a0 212 -032 -0 2 7o4 09



TABLE ix

RESULTS FOR v = 0.150, V/c. m 4.0, p =6.0kp0

NOT TO SCALE

*12

P t ).zy a 1 /k a 2 /k ar3 /k e n

1* 0.000 0.000 -2.103 -0.371 -0.371 75.520 1.000
** 0.000 0.000 -5#968 -4s236 -4#236 7b.520 1.000

1*** 0.000 Oi-000 -6.000 -4.204 -4#236 5" .000 1.028
2 -0.294 0.000 -4o473 -3e747 -3.939 90c000 0.377
3 -0.587 0.000 -3.361 -30335 -3s710 90.000 .).209
4 -0s881 0.000 -3.302 -2.486 -3s533 90.000 U,524
5 -0.294 0.050 -5.470 -3.738 -3s738 75.52U 1.000
6 -0s587 0.050 -4.214 -3.196 -'39468 119.020 0.527
7 -0.881 0.050 -3.451 -2.578 -3.261 49.700 0.459
8 -0.587 0.100 -5.016 -3.288 -3.288 75.520 1.000
9 -0.881 0.100 -4.181 -2.495 -3.044 128.680 0.860

10 -0.881 0.150 z-4.607 -2.879 -2.879 75.520 1.000u
11**** -0.587 0.095 -5.085 -36,129 -3.300 116.430 1.083
12**** -0.881 0.143 -4.891 -2.473 -2.896 123.800 1,291
13 -1w500 0.000 -1.335 -2.469 -3.276 9(;.000 0.975

* For~< <

** For 4< <

For _ <7

At** A

AT 0@442k
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TABLL X

RESULTS FOR v =u.150 V/cp '.u 0 lusik

13 21

NOT TO SCALE

Pt. ly o/k 0/k 0/k 0

Pt41 -035 a.u -13d /k u~ -76a 2 /k a3 / 0

5* 0*117 0.020 -9.626 -7.894 -7.894 75.520 1.U~jv
6* -0.23 0c020U -9998 .'.558 -7.26 107.500 lJ.56L

7 -0.352 0.020 -7.765 -7.145 -7.503226.6 90.311*5
3 -0.235 0*000 -1929 -7.568 -7*829 75.520 .016d
9 -0.352 0.040 -8.441 -7.099 -7s370 19.720, veil-.
10 -0.352 0.060 -9766 -7s292 -7.252 75.520 1.uUo

11** -0.235 09040 -9*269 -7#563 -7o568 109.48w o.99u

12**** -0.352 0.057 -9e058 -7.072 -7.264 117a250 1.U95
13 -0.650 0.000 -6.675 -5.220 -7.29u 90.000 1.ub4

** For < <

** For s N: <

*At +

Lvrc 0.442k
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TABLE XI

RESULTS FOR v = 0250, V/c p 1.5, P z 4.0k

14 2 1

NOT TO SCALE.

p-138s18

- 157.36

-15020

P t l a1/Ik 0 2 /k a 3 /k 0 n

1* 0.000 0.-000 -2.598 -0s866 -0s866 48e189 1000u

** 0.000 0.000 -3o900 -2.168 -2.168 486189 1.000

1*** 0.000 0.000 -'*.00 -2.069 -2#,168 90.000 1.087

2 -0.174 0.000 -3.359 -1#802 -1.*941 90.000 0.861

3 -0.349 0.000 -2.820 -1.567 -1.748 9000 0.677

4 -0.524 0.000 -2.368 -1.*360 -1.583 90.000 0.529

4w5 -.0.174 0.100 -3.677 -1.945 -1*945 48.189 1.000
6 -0.349 0.100 -3.243 -1.526 -1.732 87.783 0.937

7 -0.524 0.100 -2.717 -1.326 -1.*550 88.079 0.746

8 -0.349 0*200 -3.467 -1.735 -1.735 48.189 1.000

9 -0.524 0.200 -3,149 -1.252 -1.535 85o850 1.04!3

10 -0o524 0.300 -3.270 -1,@538 -1#538 48.189 1.000
11**** -0s349 0o145 -3.468 -1.491 -1.,731 86.718 1.079

12**** -0#524 0.218 -3.239 -1.*233 -1.534 85o430 1.081

13**** -1s500 0s,625 -2.281 -0.107 -0.652 81.240 1.131
14 -1e500 04000l( -0.89t0 -U9543 -1*009 9000 U.242
15 -1.500 0*858 -2.369 -0.637 -0.637 48.189 1.000

- * For ~<P<$I'** For < <

I** For < <

At=1.223k
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TABLE XII

RESULTS FOR V 0.250, V/cp =15, p 0 6.0k

14 4 3 i

NOT TO SCALE 9

10 - 1 5 0 2 0

Pt. lpy a 1/k a 2 /k a 3/k 80

1* 0.000 0.000 -2.598 -0.866 -0e866 48.189 1.000
i** 0.000 0.000 -5.900 -4v168 -4.168 48s189 1.000
1*** 0.000 0.000 -6.000 -4.069 -4.168 90.000 1.087
2 -0.174 0.000 -5.038 -3o669 -3@828 90.000 0.748
3 -0.349 0.000 -4.230 -3.316 -3o538 90.000 U.476
4 -0@524 0000 -3.552 -3s005 -3o290 90.000 0.273
5 -0.174 0.100 -5o565 -3.833 -3o833 48.189 1.000
6 -0.349 04100 -4.867 -3o251 -3.513 86.467 0.867
7 -0.524 0.100 -4.077 -2.952 -3.241 86.432 0.584
8 -0.349 0.200 -5o251 -3.518 -3.518 48.189 1,000
9 -0.524 0.200 -4.731 -2.836 -3.218 83.742 1002

10 -0.524 0.300 -4.955 -3@223 -3.223 48&189 1.000
11**** -0349 0.145 -5.208 -3s198 -3.512 85.145 1.081
12**** -0.524 0.218 -4#868 -2.806 -3o217 83o299 1.091
13**** -lo200 0.500 -3.817 -1.542 -2s248 78.788 1.164
14 -1.200 0.000 -2.085 -1.806 -2.624 90.000 0.415

** For p < < S

*** For S <  < _r

At +

AT = 1e223k
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TABLE XIII

RESULTS FOR V e0250, V/cp 1035, P0 = 10.k

13 4__ __ _ 3___ __1

NOT TO SCALE

1 #9

P t. 14 11y /k a /k a /k 0n

1* 0*000 0.000 -2o598 -0.866 -0.866 48.189 1.0uu
*1** 0.000 0.000 -9.900 -8.168 -8.168 48@189 1.000

3*** 0.000 0.000 -10.000 -84069 -8s168 90.000 1.087
2 -0*174 0.000 -8.397 -7.402 -7.601 90UUU U6526
3 -0.349 0.000 -7.051 -6s814 -7.117 90.000 U.159
4 -0.524 0.000 -6.295 -5@921 -6.705 90.000 0.392
5 -0.174 0.100 -9*342 -7.610 -74610 48.189 1.JUU
6 -0.349 0.100 -8.122 -6.697 -7.077 83.278 0.737
7 -0.524 0.100 -6.811 -6s192 -6@623 78.957 0.317
8 -0.349 0.200 -8e817 -7.085 -7.085 48.189 .ou
9 -0.524 0.200 -7.910 -5.989 -6.584 79.569 009t,3

1.0 -0.524 0.300 -8#325 -6.592 -6.592 48.189 1000u
11**** -0.349 0.145 -8.694 -6.602 -7,074 82.168 1.097
12**** -0.524 0.218 -8.142 -5s936 -6.583 79.413 1.134
13 -1.060 0.000 -5.029 -3.463 -50774 90.000 1-;79

** For 4~< <

**For < < .

At** A

AT 1.223k
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IABLE XIV

RESULTS FOR v 0.250, V/c p 2tO, p 0 4Ok

14 4 3 1

7 6

141II
NOT TO SCALE 9

IS a 150000

~sxS 163.22

10 s - 158.12

Pt. 1 Y /k a2 /k a3 /k 00

1* 0.000 0.000 -2.598 -0,866 -0.866 60.000 3.000

* .0000 0.000 -3.936 2.203 -2.203 60000 1,000

1*** 0.000 0.000 -4e000 -2s139 -2.203 90.000 1.056

2 -0.996 0.000 -1.477 -1.026 -1.294 90.000 0.227

3 -1.245 0.000 -1.151 -0#847 -1.168 90.000 00181

4 -1.494 0.000 -0.896 -0.693 -1.066 90000 0.187

5 -09996 0.400 -2.960 -1.228 -1.228 60.000 1.00

6 -1.245 0.400 -2.502 -0769 -0.999 54.610 0.941

7 -1.494 0.400 -1.871 -0.674 -0.817 899640 0.654

8 -1.245 0.500 -2.758 -1.026 -1.026 60.000 1.000

9 -1.494 0.500 -2.334 -0s603 -0.814 55.000 0.944
10 -1.494 0.600 -2.572 -0.840 -0.840 60.000 1.000
11***'4 -1.245 06375 -20329 -0.831 -0.997 87.040 0.821

12**** -1.494 0.450 -2a093 -0.640 -0*812 86o950 0.794

13**** -1700 0,513 -1.916 -0.496 -0o671 86.990 0.774

14 -1.700 0e000 -0.725 -0.579 -0s995 90.000 0.211

* Forp <4 <
** For < < s

*** For S <  < _r

****At

AT 0.900k
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I TABLE XV
RESULTS FOR V O*20.50 V/ce p 2.0, p0  6.0k

14 4 3 -

_ _ _ 7 6

NOT TO SCALE -

13 p 150.00

10

Pt Ily a1 /k U2 /k a 3 /k 0n

1* 0.000 0.000 -2.598 -0.866 -U.866 60.000 1.000
0.000UO 0.000 -5.935 -4.203 -4s203 60.000 1.001)

1*** 0*000 0.000 -6.000 -4.139 -4.203 90.000 10056
2 -0*996 0.000 -2@469 -2.216 -2.840 90.000 06313
3 -1.245 0.000 -2.201 -10726 -2.650 90.000 0.462
4 -1.494 0e000 -1.969 -1.343 -2.497 90.000 0.577
5 -0.996 0.400 -4.471 -2.739 -2.739 60.000 1.001)
6 -1.245 0.400 -39796 -2.040 -2.39b 51.966 0.9,e8
7 -1.494 0.400 -2.806 -1.941 -2.123 899261 0*456
8 -1.245 0.500 -4.169 -2.437 -2.437 59.996 1.OoOO
9 -1.494 0.500 -3.542 -,1.792 -2.119 b2o540 U&930

10 -1.494 0.600 -3.890 -2.158 -2.158 59@996 1.0u0
11**** -1.245 0.375 -3o497 -2.172 -2.393 84*9583 u0.09
12**** -1#494 0.450 -3.143 -1.886 -2.116 84.693 0.6(>9
13**** -10700 0.512 -2.878 -1.670 -1.905 84.666 0.64U
14 -1.700 0.000 -1@799 -1.087 -2.390 90.000 U&652

For < <

**For cfs < < 7r

AT a 0.900k
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TAB3LE XVI

RESULTS FUR v = 02b0, V/cp 2.0, p0  IU10.k

144

S7

NO O CL

Pt. a~~1 2k a/ 3 k 8

1* 0000 .000 -2.58 -. 866 -0.86 60000 .00
1** .00 0.00 -. 935 -8.03 -. 20 60.00 .00

6 -0.980 0.100 -7.301 -6.599 -U.0386 .97 0.361 eu

2 -0.747 0.100 -7795 -7.661 -6.42 94.499 U6281

8 -0*498 0.200 -86249 -6.890 -6.890 9#000 10006

9 -0.747 0.200 -6.869 -5.79 -6.322 83.656 U*817
10 -0.747 0.300 -8o037 -6.35 -6.35 69.993 1.000
61** -0.498 0.150 -8.048 -6.622 -6803 84.920 U@761
72** -0.747 0.225 -7.231 -5.o671 -6.236 82s489 'J.6b

l3**** -10009 0350 -6.41 -6.365 -5683 804732 Uj.580

14 -1.000 0.000 -56.347 -3.678 -5o925 90.000 1.166

** For < <

** For < _ 7

A t

A 0.900k
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TABLE XVII

RESULTS FOR v 0.250, V/c P 4.0, P 0  4eik

NOT TO SCALE -___

112

Pt. 1A Iy a 1 /k C2 /k a3/k 00n

1* 0.000 0.000 -29598 -0.866 -0@866 75.522 1.000

i*** 0.000 0.000 -4.000 -2o234 -2@251 90.000 1.U14

2 -0.527 0.000 -2.360 -1.546 -1.669 90.000 0.439

6 -1.054 0*3.00 -2.112 -1.105 -1.248 111.589 0.5P45

7 -1.581 0.100 -1&379 -0.599 -0s938 124.339 U0390

8 -1.054 0.200 -3.053 -1.322 -1.322 75.524 0,0999

9 -1.581 0.200 -2.027 -0&594 -0.883 la.0U34 U.157

10 -1.581 0.300 -2.678 -00946 -0.946 75.524 U4999

ll**** -1.054 0.153 -2.604 -1.174 -1.268 110.672 Q*,799

12**** -1.581 0.230 -2e244 -0s640 -0.888 119.195 0.6863

13**** -16750 0.255 -2.159 -0.476 -0.780 121.233 U,897

14 -1.750 0.000 -0.687 -0.676 -1.033 90.002 US203

15 -1.750 0.331 -2.569 -0.838 -0.838 75.524 0.999

** For cp < *<
**For <

At +

AT = 0.043k
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TABLE XVIII

RESULTS FOR V 0,250, V/cpr 4s0, P0 = 6.ok

14 4 3

NOT TO SCALE 9

13 = 165.52

10 s x171.70
S = 169,26

Pt. i Iy F1 lk Ca 2 1k 3/k 8o

1* 0.000 0.000 -2,598 -0.866 -0s866 75.522 1.000i** 0.000 0.00 -5.983 -4.251 -49251 75o522 1oUUU1*** 0.000 0.000 -6,000 -4.234 -4.251 90.000 1.014
2 -0.527 0.000 -3,541 -3.201 -3,378 90.000 0 1b9
3 -1.054 0.000 -2.510 -2.089 -2.842 89.999 U#377
4 -1.581 0.000 -2.024 -1.22 i -2.506 90.00u 0.6455 -0.527 0.100 -5,237 -3,505 -3,505 75,522 1,000
6 -1.054 0.100 -3.383 -2.326 -2.747 129.020 0.532
7 -1*581 OlO0 -2.516 -1.334 -29282 56@390 C.625
8 -1.054 0.200 -4,588 -2.857 -2.857 75.526 V09999 -1.581 0.200 -3,358 -1.455 -2.199 133.128 0.959

10 -1.581 0.300 -4.026 -2.294 -2s294 75.525 0,999
11**** -1.054 0.153 -4.071 -2.479 -2#777 121s415 U.846
12**** -1.581 0.230 -3o646 -1.563 -2.207 129.772 1066
13**** -1.700 0.248 -3#575 -1.369 -2s092 130.937 1.124
14 -1.700 0.000 -1,934 -1.U87 -2.448 9o.Uuv 0.687

S For p < < (P

** For < < S

*** For S <  <

At +

AT 0.043k
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TABLE XIX

RESULTS FOR V=Us250, V/c2 = 4.0i P0  10&0k

~ NOT TO SCALE

IPt. IA Il aI/k a 2 /k a 3/k 6n

II1* 0.000 0.000 -2*5983 -0.866 -0.866 75.522 1.000

-1** 0.000 0.000 -9&983 -8.251 -8v251 75.522 1.6000

1*** 0.000 0.000 -10.000 -8.234 -8.*251 90.000 1.014

'I2 ..0*263 0.000 -7#682 -.7a283 .7.434 90.000 U0.01

3 -0s527 0.000 -6#513 -5.901 -6.796 890999 0.457I4 -0@791 0.000 -5&883 -4.533 -6.296 90.000 0.921

5 -0s263 0e050 -9.339 -7.607 -7.607 75*522 1.000

6 -.0*527 0.050 -7*392 -6.508 -6@846 127.183 0.445

7 -0.791 0m050 -6#336 -5.187 -6s251 64.304 0.640

a -0.527 0*100 -8.738 -7.007 -7.007 75.529 0.999

19 -0#791 0.100 -7.268 -5.640 -6#298 133o341 0.818

10 -00791 0,150 -8.179 -6.448 -6.448 75.528 0.999

ll**** -0.527 0e076 -8.149 -6.695 -6.918 118o565 0.783

I12**** -0.791 0.115 -7.620 -5.777 -6.332 128.929 0.94!5

113 -0.930 0.000 -5.596 -3.945 -6.077 90i30 1.118

** For *< < <

**For < <

At** A

I AT = Q,43k
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TABLE xx

RESULTS FOR V U*0350, V/c p 1.5, 0 Po 4sk

HNOT TO SCALE 1
H9

I ,I

p t 1 y. o1 /k a 2/k a 3 I/k 6 0n

*1* 0.000 04000 -3.752 v,2#020 -2.020 48.189 1.000
1** 0.000 0.000 -4.112 -2.380 -2.380 48&189 1000U
1*** 0.000 0.000 -4.000 -2#493 -29380 90s00O 0.904
2 0Oc150 0.000 -3.442 -2@139 -2.061 90.000 u.775
3 -0.300 0.000 -2o963 -1@83U -1.785 90.000 U.667
4 -0.450 0.000 -2* 50 -1.562 -1#547 90.000 0&574
5 -0.150 0.100 -3.9b0 -2e227 -2.227 48.189 1.0000
6 -0000 0.100 -3*411i -1899 1.s920 85*469 0.866
7 -0.450 0.100 -2&93' -1.621 1.o655 85.712 0.746
8 -0.300 0.200 -3.812 -2.080 -2.080 48.189 1.000
9 -0.450 0.200 -3*508 -1.541 -1.785 47.700 1@02

10 -0.450 0.300 -3v671 -1*939 -1.939 48e189 100
11**** -0.300 0.101 -3.418 -1.900 -1.923 85s407 0.870
12**** -0.450 0.152 -3.17 -1.634 -1.720 83.528 U@862
13 -1.600 000 -u.803 -0.349 -*0.511 90.000U 0.230

* For ~< <P

** For < <

*For s

At +

AT la1082k
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TABLE XXI

RESULTS FOR V = U0350) V/p 1.5, p = 6.0k

NOT TO SCALE

P t 11 y /k a /k a3 /k 0n

1* 0.000 0.000 -3.752 -2.020 -2.020 48@189 1.0(A)
0.00OsO0 0.0VU -6.112 '-4.380 -4e380 48.189 1.Ou(

1+'** 04000 0.000 -6.000 -4.493 -4.380 YO.0UU 0.904
2 -0e150 0.000 -5.164 -3s962 -39902 90.OUU 0.711
3 -0.300 0.000 -4o444 -3.499 -3.488 90.000 U*54-b

*4 -0.450 0.000 -3.825 -3.096 -3.130 90.000 0.411
5 -0.150 0.100 -5.883 -4.151 -4.151 48.189 1.0,]0

*6 -0.300 0.100 -5.123 -3s595 -3.690 83.244 09856
7 -0.450 0.100 -4.403 -3.178 -3#293 83.082 0.61b
8 -09300 0.200 -5.662 -3o930 -3.930 48.189 1.0J0
9 -0.450 0.200 -5.206 -3.122 -3.487 47.497 10112

10 -0s450 0.300 -5.45U -3.718 -3.718 48.189 1.000u
11**** -0.300 0.101 -5.134 -3.596 -3a694 83.165 09861
12**** -0.450 0.152 -4.069 -3.190 -3.390 80w461 0.859
13 -1.500 0.000 -1.376 -1.335 -1.657 90.000 'u.175

* For t< <

** For < *
**For < _

At +

AT le1082k
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TABLE XXII]RESULTS FOR v = 0350, =/c 1.5, p 0 10.0k

ii14 4 3 1

11
NOT TO SCALE - ___98

13 p =138.18

=lbl.32

=146.3U

Pt. 14 Iy a 1 /k a 2 I/k a3 I/k 6n

1*JU 0.00 000 -3.752 -2.020 -Z.020 48.189 1.Ou
0.00 0.000 10.U IU112 -8.380 -8.380 48.189 1.000

1*** 0.000 0.000 -10.000 -8.493 -8.380 90.000 0.904
2 -0.075 0.000 -9.277 -8.035 -7s967 90.000 u.737
3 -0.150 0OoL, -8.606 -7.601 -7.582 90.000 ue5b.3
4 0Ue225 0.001) -1.984 -7.2U8 -7.225 90.000 0.443
5 -0.075 0.050 -9.920 -8.187 -8.187 48.189 1.0j0
6 -0.150 0.050 -9.234 -70713 -7.782 84.016 0.858
7 -0.2.5 0.050 -8.565 -7.305 -7.405 83o435 o61%ou
8 -0.150 0.100 -9.730 -7.997 -7s991 48.188 10000
9 -0.225 091U0 -9.320 -7.271 -7*bOO 47.54U 1.Jluo

10 -0.225 0.150 -9.544 -7.812 -7.812 48.188 1.000
ll 1**** -0.150 0.050 -9.243 -701L5 -7.785 83.952 U986.3
12**** -0.225 0*076 -8.902 -7s339 -7.505 81.296 u.85b
13**** -0.300 0.101 -8.580 -6e974 -7*23b 7 8e9ltj 0.bb,
14 -0.300 0.000 -7.407 -6.836 -69893 9U@UUU U0314

** For < '

**For <P < nr

At +

AT ls1082k
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TABLE XXIII

RESULTS FOR V U.350, = 2.0, p 0 =4.0k

NOT TO SCALE 9_____

h = 166.10

Pt. lc Iy a /k a /k a /k0

1* 0.000 0.00U -3.754 -?2.020 -2.020 60.000 1.000
0.00 0.000OUU -4.037 -2.305 -2.305 60.000 1.000

1*** 0.000 OeoOO -4.000 -2e?43 -2.305 90.000 U6961
2 -0v109 0.000 -3.585 -2.9b9 -2.074 90.000 vebbb
3 -0.218 0.000 -3.214 -1.874 -1.866 90.000 v.776
4 -0.299 0.000 -2s964 -1.723 -1.726 90.000 0.715
5 -0e109 0.050 -:)&944 -ie212 -ZoilZ 60.oUU 1.000
6 -0.218 0.050 -3.530 -1.980 -1.986 88.108 0.893
7 -0a299 0.050 -3.254 -1.820 -1.833 88.213 U$.'3
8 -0.218 0.100 -3.8352 -2.120 -2.120 59.9,97 1.000
9 -0*299 091U0 -3s638 -1.861 -1.954 58s2!"3 1.000

10 -0.299 0.137 -3.786 -2.054 -2.054 59.',)7 1.000
11**** -0.218 0.054 -3o557 -1.988 -1.996 87*93d Q).9U3
12**** -0-299 0.074 -3.408 -1.866 -1.890 b7.21b 0,863
13**** -1.S00 0.371 -1.836 -0.522 -U.717 79.975 0.10U8
14 -1.500 0.000 -0.890 -0.401. -0.53' 90eo00 w.k52

** For < < (s

**For _

At

AT= 0.847 k
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TABLE XXIV

RESULTS FOR V U90350, V/cr = 2.0, P0  6*uk

NOT TO SCALE -

p t 11 a 1 /k cr2 /k ar3 /k 0n

1* 0.000 0.000 -30752 -2.02U -2.020 60.000 1.0'I0
0.00 0.000OUU -69037 -40U5 -4.305 60.000 1.000

1*** 0.000 0.000 -6.000 -4.343 -4s305 90.000 0.967
2 -0s437 0o000 -3o875 -3@065 -3.114 90.000 (,9453
3 -00765 0.000 -2.791 -2o392 -2&500 90.000 Uo206
4 -1.311 0.000 -1.624 -1.615 -1.819 89o999 0.115
5 -0s437 0.200 -5o495 -3.763 -3s763 60o000 1.000
6 -0.765 0.200 -4.408 -2.404 -2.907 52.029 1.042
7 -10311 06200 -2.321 -1.804 -1.966 81.448 Q02b4
8 -00765 00350 -5.120 -3.388 -3@388 59.996 1.000
9 -1.311 0.350 -3o592 -1.470 -2.182 49.447 1.080

10 -1.311 0.600 -4o550 -2.818 -2.818 59.997 1000u
11**** -0s765 0.189 -4.023 -2o685 -2.879 79.699 U0723
12**** -1.311 0.324 -3.065 -1s818 -2.138 74o556 0.647
13**** -1.550 0.383 -2.728 -1.508 -1.869 74,.975 0.626(
14 -1.550 0.000 -1.383 -1.269 -1.614 90*OOC 0.175

** For~ < <

**For s. < < ITI At
AT = 0,47 k
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TABLE XXV

RESULTS FOR V 0.350, Vfcp 2.0, p 0 10.0k

Pt.~~ a1/ a2 /k 3/k

0.00000 1003 -830 -8.056000 10

1*** 0.000 0.000 -10.000 -8p343 -8.305 90.000 0.967
2 -0#218 0.000 -8.036 -7.171 -7e208 90.000 0.489
3 -0.437 0.000 -6v458 -6.213 -.*320 90.000 UJ.12te
4 -0@655 0.000 -5.430 .5.190 -',*60Z 90.000 0.207
5 -0.218 0.100 -9o575 -7.843 -7.843 60.000 1.000
6 -0.437 0.100 -7a826 -6.597 -60795 79e099 0.660

27 -0.655 0.100 -6.281 -5.722 -5o948 73e468 0.281
8 -0.437 0.200 -9.133 -7.401. -7.401 59.994 1.000
9 -0.655 0.200 -7s875 -5.800 -6.400 50s897 1.0b7

1.0 -0&655 0.300 -8.712 -6.980 -6.980 59.994 1.000
l1**** -0s437 0*108 -7.957 -6.624 -6o839 78.643 0.715
12**** -0.655 0.162 -7.139 -5.867 -6.216 73s189 0.657
13 -1.500 0.000 -3.489 -2.225 -3.b885 90.00) u.86

*For p< <c

** Forc <cP<c

**For <

At + A

0T.O847k

'1 _ 67
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TABLE XXVI

RESULTS FOR V 0.350, V/cE, 4.0, p = 5s0k

43 2

NOT TO SCALE

Pt. aI / r2 /k a3/k 00n

1* 0,000 0.000 -3.752 -2,02U -2s020 75.522 1.000

0: o000 0:000 -5.005 :3:273 -3.273 75.522 1.000

1** u*00 *UU -5UUU-3*78-3.273 90.000 U6995

2 -0s470 0.000 -3v124 -2.189 2.4Z35 90.000 0.5Z6

3 -0.940 0.000 -1.952 -1.483 -1.578 9U.000 v*.4

4 -1.410 0.000 -1*218 -1.016 -1@158 90.000 0.1U3

5 -0#470 0.100 -4.583 -2.851 -24851 75.522 1.000

6 -0.940 0.100 -2.840 -1.869 -1.897 98o950 0.553

7 -1.410 0.100 -1.804 -1#180 -19294 110.612 0.332

8 -0s940 0.200 -4*194 -2.463 -2.463 75o521 (,.99L,

9 -1.410 0.200 -2.534 -1,620 -1.587 73o550 0.537

10 -1.410 0.300 -3.838 -2.106 -2.106 75.541d 0.999

ll**** -00940 0.113 -2.993 -1.938 -1.958 98.376 0.603

12**** -1.410 0.170 -2.339 -1.418 -1.481 lUb.188 0.514

** For 4)< <) <

**For s< <I

At** A

AT 0.431k
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TABLE XXVII

RESULTS FOR v 0.350, V/cp 4.0, p 0 7*0k

4 32

NOT TO SCALE

S9

p t 1 a1 /k a 2/k a 3 /k 6n

1* 0.000 0.000 -3.752 -2.020 -2.020 75.522 1000U

** 0s000 0.000 -7.00f5 -5s273 -5.273 75.522 1.000

1*** 0.000 0.000 -7.000 -5.278 -5.273 90.000 0099."

2 -0Q*47U 0.000 -4.374 -30754 -3.820 90.000 0.340

3 -OP940 0.000 -2.765 -2.732 -2.900 899999 0.088

4 -1@410 0.000 -2.112 -1.705 -2#311 89.999 0.309

5 -0.470 0e100 -6.414 -4.682 -4o682 75&522 1.000u

6 -0.940 0.]l00 -4.009 -3s273 -3e347 107.300 0.405)

7 -1.410 0.100 -2.722 -2.145 -2.502 46.569 0.290

8 -0.940 0.200 -5.870 -4.139 -4.139 75.521 0.999

9 -1.410 0.200 -3.547 -2.958 -2.912 71*222 0.354

10 -1.410 0.300 -5e371 -3.639 -3.639 75.521 0.999

11**** -0.940 0L113 -4.217 -3.376 -3.433 105.202 0.,471)

12**** -1.410 0.170 -39373 -2.575 -2.764 119.950 U.417

j * For p *
** For < < - s

At** A

AT 0*43a1k
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TABLE XXVIII

RESULTS FOR V 050, V/cr 4.0, po = 10.k

4 3

-- --- -

NOT TO SCAL

P t. 14 y (Y /K k a 3 ( /kfl/

1* 0.000 0.000 -3.752 -2.020 -2.020 75.542 1.0U0
0.00 0.000OUU -10.J05 -8.273 -8.273 15*522 1.000

j*** 0.000 0.uu -10.000 -8.278 -8.273 90.000 %).995
2 -0.470 0.000 b.2'46 -6.101 -b.198 90.000 o.0P'~
3 -0.940 0.000 -4*,b88 -3.904 -4o883 90.000 0.5 8
4 -1.500 0.000 -3.615 -2.225 3.920 90.000 0.9U3
5 -0&47U0 oaoO -9.161 -7.42' 7.429 75.522 1.000
6 -0.940 0.100 -59876 -5.265 -5s.)21 1260944 0.306
7 -1.500 0*100 -4.219 -2.975 -4.140 68.375 U.b9o
8 -0.940 0*200 -8&384 -69652 -6.652 75.520 0.999
9 -1.500 0.290 -4.761 -4.552 -4#649 b6*927 .#U

10 -1.590 0.319 -79542 -5.811 -5.811 75o521 0.999
1!**** -0.940 0.113 -6&131 -5.454 -59644 121.934 U..349
12**** -1.500 0.181 -4.968 -3.te80 -4.528 51.378 )#547

* For < < (<

** For (P< <P <S

** For < <

At +

AT 0.431k
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case the value 6 stays at 60.000 for p < < S and at

90.000 for 4S <  < W.

Looking at results for other grid points it is seen

that at point 10 in Table XIV the plastic shock has reached

a small tensile value, indicating that the requirement of

compressive shocks is violated from there on.

For the higher loads p /k = 6.0 and 10.0, Tables XV, XVI,

the shock remains compressive in the entire range of the tables.

Table XV for p0 /k = 6.0 is limited only by the condition

> -1.7 due to the truncation of the expansions. For the

highest load po/k = 10.0, the validity is limited to PJ > -1.0

because the yield condition in the surface, beyond point 14

would be violated excessively.

For other values of V and V/c the situation is generally

similar. Violation of the yield condition for low values of

PO/k occurs first on the S-front, while for higher values of

PO/k the violation appears first on the surface.

2. Range of depth for which results apply

The previous discussions considered the validity of results

with respect to a nondimensional depth py. It is appropriate

to consider values of 4 of physical interest to find out for

what actual depth y results have been obtained.
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Let t = 0.2 sec, V = 4000 ft/sec, then Vt 800 ft.
0 0

For the typical values v = 0.25 and V/c = 2.0 discussed above,

information on peak pressures for values of the surface load

Po = 4.Ok and 6.Ok are contained in Tables XIV and XV up to

about My = 0.6 or for a depth of 480 feet. A time history

can be plotted using interpolation for the depths My = 0.5

or 400 feet. For the same values of v and V/cp , but

po/k = 10.0, the limit of applicability is My = 0.3, or about

240 feet.

In general, for larger values of V/c and for larger

values of po/k the depth for which the results apply decreases.

*0

I 7
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SECTION V

CONCLUSIONS

An analytical approach has been presented to describe

the effect of a decaying pressure moving with superseismic

velocity V > 1.5 c on the surface of a half-space of an

elastic-plastic material subject to the von Mises yield con-

dition. Numerical results have been obtained for a wide

range of surface pressure and material properties. Due to

simplifications in the analysis the results obtained are

approximate and restricted to target points of limited depth,

as discussed in Section IV.

Information on the stress field for exponential decay

of the applied load is contained in Tables II - XXVIII and

in the accompanying figures. Comparing the effects of step

loads given in Ref. [1] with the new results for decaying

loads, it is found that in the latter case the peak and sub-

sequent pressures decrease with depth, which is not the case

for a step load. However, the decrease found at any depth y

is smaller than thu decrease of the applied pressure at the

point on the surface directly above the target point, i.e.,

at a distance equal to (-y/tg c) behind the shock front. This

is graphically shown in Figs. 10 to 18. While the attcnuation

is therefore less important than one might expect, it is still

greater than found in a similar analysis, Ref. [3], for an

elastic-plastic material of the Coulomb type.
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APPENDIX I - Special Case, m = 0

Although an approach analogous to that used in the text

for m > 0 may be used for m = 0, it is considerabiv simpler

to derive expressions for a step pressure using the simple

configuration shown in Fig. 8, consisLing of three shock

fronts only.

For < <

° 1  AO

A = -(86)
k

K2 a 3  V A P  
(87)

where

DAoe  
- /Tu-v) (88)

k l-2v

For < < S

o P -1 Ac P  A-
- + (89)k k +k

02 3 A P  V + L-j (90)

k k k '1-v k

where

=O -P + 2(l-v) sin 2p, sin 24-= - - +  !-- [ cos 2 + (
k k 2 1-2v S cos 2%S

75



For S < < w

l P

k k (92)

c 2 2-2 i - V t a n 2 k S  s i n 2 p
-3 cos e + + in2 cos + + (93)

03 V 3 %__ ) + A'

k 2 - k (94)
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APPENDIX II - Elastic Solutions

The exrressions for the stresses in a purely elastic

*material subjected to a step pressure may be found in Ref. [1].

The equivalent expressions for a decaying surface pressure are:

For (P < ( < S

A = P (g-. ,)

k F cos 2(S e (95)

VA.. E 2 2 (96
[1 - 2 sin cot e (96)

k k S P

Cr P

z Au P  I V i-2P
=i - - [ t i_ -) s i n 2 p e ( 9 7 )

kU [2 sin2 cot (p] e (98)

A2 P PO (l-V) cos 2(PS  (99)
k k 2 2(cos 2S + (1-2\) cos - p) - (1-V)]

= y cos 
1P -- sin e (100)

For (S <(P < 1T

- po1J
k -0 

(101)k k
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cx AGP i2¢ ¢ p (li p A S  (-,S

- - 2 sin O cot ]p le k sin 2 S e (102)

AG p (-2) (-p

k k 2(1-v) sin 2 p e (103)

T -Aci
P  2¢ i( - p) tv s r -

= u [2 sin 2 cot *p1e + cos 2¢8 e (104)

ATS 1-2V sin 2 0P AMP

k 2(-v) cos 2 S k- (105)

y Cos € S

S sin s (106)
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