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ABSTRACT

(Distribution Limitation Statement 2)

An approximate solution is given for the effect of an
exponentially decaying pressure pulse traveling with super-
seismic velocity on the surface of a half-space. The half-
space is an elastic-plastic material of the von Mises type.
The effect of a step wave for this geometry and medium was
treated previously. For that case, the peak pressures do
not decrease with increase in depth, while such a decrease
is obtained for a decaying surface load. The prime purpose
of this investigation is to determine the magnitude of this
attenuation. The approximate solutions obtained are valid
for a limited distance behind the wave front, and are tabu~
lated for different sets of parameters pertaining to the
material and velocity. The tabulated results show that the
peak pressures in the case of the decaying surface load do
decrease with depth, but that the decrease is less than one
m2ght intuitively expect. On the other hand the attenuation
is in general larger than that encountered in the similar
preblem of an elasto-plastic material of the Coulomb type.
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SECTION 1

INTRODUCTION

In a preceding analysis, Refs. [1l] and [2]*, the effect
of a step pressure, Fig. 1, rrogressing with a superseismic
velocity V on the surface of a half~space has been studied
for an elastic-plastic material subject to the von Mises yield

condition
J, = kT =0 (1)

where k is the yield stress in shear and J2 is the invariant

J, = L

2 772 513543 (2)

The present report considers the more general problem
of a decaying pressure pul p(x - Vt), Fig. 2, moving
with a superseismic, constant velocity V. The problem under
study here is more realictic than the one treated in Refs. [1]
and [2], but it is also considerably more complex. Because
of the complexity only an approximate solution will be derived,

which is valid for a limited distance from the moving front.

{1} Bleich, H.H, snd Matthews, A.T., "Step Load Moving
with Superseismic Velocity on the Surface of an
Elastic-Plastic Half-Space', Int. J. Solids and
Structures, 3, 819-852, 1967. (Also Office of Naval
Research, Tech. Rpt. 38, Contract Nonr-266(86),
December 1965.)

(2] Matthews, A.T. and Bleich, H.H., "Stresses in an
Elastic-Plastic Half-Space Due to a Superseismic
Step Load", TBL, Ballistics Research Laboratory,
Aberdeen, Md., Tech. Rpt. 4, Contract DA-30-069-AMC-8(R),
March 1966.
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The approximation employed is somewhat similar to the one
%*
utilized and discussed in Ref. [3] for a material subject

to a different yield condition.

Because the velocity V of the load is constant, the
resulting stress and velocity fields remain unchanged if con-
sidered in a coordinate system moving with velocity V. 1In
other words, Refs. [1], [2] and [3] and the present paper
consider steady-state solutions, which may be used as approxi-
mations to actual situations when the velocity V varies

gradually.

It was found in Refs. [1l] and [2] that the response to
the step pressure changes in character depending on the range
in which the values of Poisson ratio v, of the velocity ratio

V/c, , and of the intensity of the surface step load P, are

P
situated. As introduction to the problem with a decay of
praessure, some aspects of the results of the analysis for the

step pressure are restated in the following.

Defining the location of a field point by the volar
coordinates ¢ and r, Fig. 1, where the origin of the coordi-
nate system lies at and moves with the front of the surface
load, it was found that the stresses and velocities are

functions of the angle ¢ only. For a step pressure there is

{3] Bleich, H.H. and Matthews, A.T., "Exponentially
Decaying Pressure Pulse Moving with Superseismic
Velocity on the Surface of a Half-Spmace of Granular
Material”, Tech. Rpt. AFWL-TR-67-21, Contract
AF29(601)-7082, July 1967,
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therefore no dependence of stresses or velocities on the

radius r, so that there is no attenuation with depth. It was

found, further, that for sufficiently large values of the

surface load, p0 > Py o the solution has the character of .

Fig. 3, where the value of PL depends on the parameters V

and V/cP

The configuration shown in Fig. 3 shows two discon-
tinuities, a P-front and an S-front, moving with the veloci-

ties of elastic P- and S-waves

2 _2(1-v) 6
Cp 1 - 2v p (3)

2 ¢ )
¢ = 5 (4)

respectively. The locations of the fronts are defined by

1/ 2(1-v)6
(1-2v)p J )

1 [ G
bg = 2 } (6)

the related angles

<|r

- sin

i
=

¢

i
=
1
n
He
=S
<=

The changes in stress and velocity at these fronts are
entirely elastic., There are four "neuntral" regions of
uniform stress (and uniform velocity), i.e., regions where
the yield condition, Eq. (1), is just satisfied, but no yield
occurs at the particular instant. There are two plastic
regions, ¢1 to ¢2 , and from ¢3 to ¢4 , where plastic defor- P

mations occur at the particular instant,and where the stresses

— e = — ~
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(and velocities) vary as functions of the location ¢. One
of the plastic regions is always located between the P- and

S~fronts, and one between the S-front and the surface.

If the surface load lies below the limit P but above

another value Pg < Py, » SO that

Pg < P, <P (7)

1 only one of the two plastic regions occurs, which one occurs

depends on the parameters Vv and V/c If these parameters

P
p lie in Range I or II of Fig. 4, the configurationsof Fig. 5
or 6 apply, respectively. 1In these cases two of the neutral
regions shown in Fig. 3 coalesce and become a region of

) uniform stress below yield as noted in Figs. 5 and 6. The

demarkation line between Ranges I and II in Fig. 4 is given

by the relation

2
_ (1-2v)
P = TI=v) (1=3V) (8)

V/e

I1f, finally, P, < Pp > the sclution becomes entirely elastic,

Fig. 7.

One detail obtained in Ref. [1l] for the step pressure

l is crucial for the present purpose. If Py is not only larger,

but very much larger than Py it was found that one of the

two plastic regions in Fig. 3 is of much greater importance
than the other. This means that the energy dissipated and

the changes in stress and velocity in the “important" region

e e e e i e - .- T e e ey -




e oy

v T 3m oz
T 3 MREEST T

T

V/e
j P \|
|—2v
V/ep = =
/e J=v)0-3v)
4.0 4 S s
3.0 1 RANGE I
2.0 -9 ) [
® [ 2 [
10 ‘—".z(<
I
0 T T ! l i -
0 0.l 0.2 03 0.4 0.5 v

e PARAMETERS FOR WHICH TABLES ARE GIVEN
IN SECTION

Iv.

FIG. 4




g I

UNIFORM STRESS AT YIELD

N G\0
\C RE

%2 pLAST oy

# W gtRe o

\¢O® R
o o
&
K
\*06* P —FRONT
O
RANGE I SOLUTIONS, P < P P

FIG. 5

P-FRONT

/
RANGE II' SOLUTIONS,
FIG. 6

Pe<P<P,

N ——— e« —




»
i
f [ ]
g
Fy
[
Pl
‘:J
i
|
|
i
|
!
i
o)
|
i
"
t
[
|
1
|
]
1
+
A
i
A
ri
!
ol
1
3
.
:
f
L -
t
‘g
[

p (x~Vt)

L =V

S
P—~FRONT
CONFIGURATION OF ELASTIC SOLUTIONS
FIG. 7
9

T S




o — —

are very much larger than in the other plastic region. 1In

the "important" region the bulk of energy dissipation and of
the changes in stress and velocity occur for values of ¢ very
close to a critical angle ¢ for which the basic differential
equations arc¢ capable of a singular, discontinuous solutjon.
The critica'® angle is connected with the fact, that in the
von Mises material considered, plastic shock fronts may exist,

having a velocity

L2 _2(14v) ¢
€ = IS p (9)

As discussed in Ref. [l], at such shock fronts the state of
stress ahead and behind the front must ve at yield, but - in
addition - the major principal stress must be at a right angle
to the front and the other two principal stresses must be
equal. It is shown in Ref. [1l] that at such a plastic shock
front all three principal stresses change by the same amount
KB, while the component of the velocity normal to the front

changes as required by conservatiorn of momentum.

In the present steady-state problem the angle ¢ may be

obtained from the value for c,

- -1]1 2(1+v) g'
¢ = sin 7 1[——————3(1_2\)) 5 (10)

The location of this front depends on the value of Poisson's
ratio v. If v > 1/8 the critical angle ¢ lies between p

and ¢S

10




While in the actual problem the above stated conditions
for a discontinuity are not exactly satisfied and no shock
front occurs, the conditions ar. nearly satisfied when
P, >> Py - As a result, very rapid changes were found in

Ref. [1] in an extremely narrow range of the angle ¢ nea:r $

when Po exceeds about 5. (See the tables in Ref. [2].)

The fact that for large values of L3N the plastic effects
are nearly a "shock front" at ¢ = ¢, suggests that approximate
solutions could be obtained by compressing (approximately)
all plastic effects into a discontinuity in normal pressure
and velocity at ¢, and treating the material elsewhere (ap-

proximately) as entirely elastic, even if the yield condition

is slightly violated. For the case of a step pressure Py > Py s

this approximate solution for Vv > 1/8 would have the con-
figuration shown in Fig. 8. 1In addition to the elastic dis-
continuities at ¢S and ¢P , there is an assumed discontinuity
at ¢, consisting of a change of all three principal stresses
by an amount Ac and an appropriate change of normal velocity.
In the region between these fronts the stresses and velocities
are uniform, but the yield condition in one or two of the
regions will be violated. Such violation is considered ac-

ceptable provided it is not tco severe.

In view of the fact that correct solutions for the step
pressure are available, tlere is noc need to consider this
case further, but the equivalent approzximations ca. be made,

and will be made below for the case of a decaying surface load.

11
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Assuming the discontinuities stated above, at ¢P , ¢. and $,

S
it will be assumed that the elastic differential equations
apply ip each of the three wedge shaped regions shown in
Fig. 8. Solving the boundarv value problem posed by the
prescribed surface load and by momentum or continuity con-
siderations, aporoximate solutions are obtained. After

finting the solutions the degree of violatien of the yield

condition can be checked by computing the ratio,

n = (11)

starting near the leading edge of the load. If the soluticn
in “his location and within some distance r from the wave
front is acceptable, the hypervolic nature of the problem
permits one to accept the solution in the range r < ;, even
if serious violations of the yield condition occuxr elsewhere
for r > r. A further restraint on the range of validity, r,
is the fact that the compressive stress at the shock front

¢ = ¢ must inherently *ncrease and the solution can only be

accepted within a radius r where this requirement holds.

In the numerical solution obtained later the ratios n
indicating compliance or violation of the yield condition are
stated for each point where stresses are given. For engineering
purpeses values up to n = 1.2 were considered, but a reader may
elect not to use the full range of the solution given if smaller
values of n appear appropriate, It is found that the range of

applicabi’ity shrinks as V/c¢, becomes smaller and avproaches

p

unity.

13
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The formulation of the problem given below
for values v > 1/8. Therefore the tables given

values V/cP > 1.5 and v > 1/8.
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SECTION II

FORMULATION OF 1HE APPROXIMATE ANALYSIS

Based on the reasoning outlined in Section I, approximate
solutions for the case of the decaying shock wave, Fig. 2,
will be formulated. Only the case Vv > 1/8 is considered so
that ¢S > ¢. In accordance with the discussion in the Intro-
duction, it is assumed (approximately) that plastic deformations
occur in any element only at the time of passing of the plastic
shock front indicated in Fig. 8, while stress changes there-
after are elastic. The applicable elastic relations between
stress rates and strain rates for the present case of plain

strain are

R 2
. = A"_!. _ l - . _ . l“\) 13 - __\)_ hd
€, =5, =3 [0 Vo, - V6 ] o, - 15 Uy] (12)
. 3V 1 . . . 1-v2 V. .
€y=§'§='€["’°x"°y'\’°]=(E)['-i?\-)ox+°,] (13)
€, 50=% [—\)0x - \)cy +6,] (14)
A = 1 _a_g_ ?L}..’. = L
xy - 2 [Sy *al T3 T (13)

where ox s oy s oz , T are the stresses, while u, v, are the

displacements in the x and y directions, respectively. In

addition, the equation of motion

90 .
x 9T U
— S = > {
ox + y e t (16)
15
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; must be sacisfied. Equations (12, 13, 15) may be integrated
? & with respect to time, requiring the addition of arbitrary

i

|

functions fi(x,y) of x and vy,

2
du _ 1-v \Y

2 3

% 3 1 vz

LAY ol A G

; 3y~ E [ oy Ox t oy] + fz(x,y) (19)

: 1 ;du v, _ 1

i

while Eq. (l4) after integration may be written

f 5, = V(o +a) 4 £ (o) (21)

The last equation is the only relation containing o, and

simply defines this quantity. It is noted that the arbitrary

functions fl , f2 and f3 are not entirely "arbitrary", but
are related by a compatibility relation, as may be seen by

eliminating v and v from Egqs. (18), (19) and (20).

e e

The solution to the differential equations (16-~20) may

be expressed in terms of potentials ¢ and ¥ which satisfy the

wave equations

. L
| L B X ¢, (22)
P
y o+ y o= Loy (23)
XX vy 2 tt
s

16




Subscripts on potentials indicate derivatives. In terms of
these potentials and of two arbitrary functlions 84 and 89 of

X and y, the displacements become

[=4
[}

- ¥y o (x,y) (24)

<
[}

¢y + Wx + gz(x,y) (25)

while the velocities 4 and v are

u = Qx - Wy (26)
v = ¢y + Wx (27)
The stresses are
_ 1-v \Y
0x = 26 [1-2v ¢xx + 1-2v ¢yy - ny] (28)
_ V 1-v
Oy = 26 I755 %xx * 103w by * Yyl (29)
_ _1_ - U
T = 2G [¢xy + > (Wxx 'yy)] (30)

with o, given by Eq. (21).

Substitution of Eqs. (24-25) and (28-30) into Egs.
{(18-20) furnishes relations between the three "arbitrary"

functions fl , f2 and f3 , and the two functions gl and 82 s

i.e.,
3g dg g 98
= 1 I 1.1, "2
fl T 0x ’ f2 T 3y f3 2 (ay + ax) (31)




These three relations and the Egs. (28-30) satisfy com~
patibility indentically, leaving the two functions gl(x,y)
and gz(x,y) as arbitrary functions in lieu of the related

functions fl , f2 and f3 .

It 1s now noted that the velocities 4 and ¥, and the
stresses o, > oy and T in terms of the potentials ¢ and V¥
have exactly the same form as in an elastic plane problem
and these quantities will therefore have the same values as
in an entirely elastic problem with the same boundary con-

ditions. The plastic deformations at the shock front lead,

however, to different expressions for u, v and g, because the

functions g1 » 8y and fo now occur. As will be seen later,

these three arbitrary functions follow from conditions at the

P-front and at the plastic front.

Due to the fact that the steady-state problem is con-

sidered, the surface pressure is solely a fuunction of
£ = x - Vt

and the solutions are only functions of £ and y. The wave

equations for the potentials then become

2
byy = M7 - 1) &gy 1

= (M, - 1) Vv
Wyy (Mg ) EE J
where
\Y) \
M= 3 M, = —
cP S cs

18
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Noting that the open functions fo s 8 and By which
are not functions of t, can in the steady-state not depend

on x either, the expressions for displacements and stresses

become

u = ¢€ - Wy + gl(y) (35)
= ¢ + V¥, + 36
v y £ 8,(y) (36)
VM2
Ox = G[2(1 + 'i:?\')') ¢€§ - ZWEy] (37)
2
g = G[M_, - 2) ¢ + 2¥ 38
g = GLOIg = 2) & + 2, ] (38)
To=c(20, - (4% - 2) ¥, (39)
gy § £

g, = v(o  + cy) + £ (y) (40)
To formulate the boundary conditions, expressions will

be required for the normal and tangential velocities 6N s &T

and the normal, tangential and shear stresses ON R GT s Ty

for planes inclined at any angle ¢ (see Fig. 1)
6N
7? = ¢ ¢ ¢€£ - cos ¢ ¢€y ~ cos ¢ ?gg -~ sin ¢ w&y (41)
L.IT
~ = - cos ¢ ¢€E ~ sin ¢ ¢£y - sin ¢ wEE + cos ¢ wa (42)
(o)

N [Mg (L - %5%2 sin2¢) - 2 cos 2¢] ¢€€ -

2
- 2 + 2 + - ¥
2 sin 2¢ ¢€y 2 cos 2¢ Wgy (MS 2) sin 2¢ £e (43)

19
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PRV

1-2v
1-v

cﬂpf

cosz¢) + 2 cos 2¢] ¢ +

(1 - £E

+ 2 sin 2¢ ¢ ~ 2 cos 2¢ VY - (M2 - 2) sin 2¢ Y.
&y S (‘

gy &

N 2

-— = (M" - 2) sin 2¢ ¢ + 2 cos 29 ¢ +

£E gy

+ 2 sin 20 V -(Mé-Z)costh‘l’

Ey 33

To state the boundary conditions of the problem propoerly,
and to be able to make statements on the character of the
solutions, the differential equations for ¢ and ¥ must be
discussed. While both differential equations are hyperbolic,
the characteristics for ¢ are steeper than the boundary ¢
defining the plastic front, ¢, < $. The solution for ¢ in
the region of interest, ¢ < ¢ < w, Fig. 8, is therefore
defined by statements on the boundaries ¢ = ¢ and ¢ = T,
¢ will be a continuous function if the prescribed conditions
at the boundaries are continuous. This being the case, it
will be possible to use for ¢ an expansion in a Taylor series

in £ and y for a region near the origin § =y = 0.

On the other hand, the characteristic directions for the

differential equation on Y are flatter than the boundary,

va

> ¢. The differential equation does therefore not apply
S q
at ¢ = ¢S , and the solutions ¥ for ¢ > ¢S , aud ¥ for

d < ¢ < ¢g are not fully defined by prescriptions on ¢ =7

- - -

and ¢ = ¢. The two functions Y and ¥ must, however, lead to

20
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values of stress and velocities which satisfy momentum con-
siderations at ¢ = ¢S,which furnish additional conditions
for their determination. While at least some of the deriva-
tives of ¥ and ¥ at ¢ = $Swill not be continuous, each of
these potentials in its region will be continuous, and each
of the poéentials ¥ and ¥ can again be expanded in a Taylor

series.

The functions ¢, ¥ and ¥ are therefore subject to the
conditions listed below. On the surface the normal and
tangential stresses are prescribed. Thus, for an exponentially

decaying surface load, the stresses are

at y =0, £ <0

9 p
L= -2t (u > 0) (46)
-;-= 0 (47)

At the plastic front ¢ = ¢ conservation of momentum requires

at ¢ =9
AJ -
1 _ 3pc ,.
= ° Tk AuN (48)
éET_ =0 (49)
= = = ig =
AoN = AoT = Aoz = Ag = 3 AJ1 (50)
21
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where J1 is the invariant

J, =0 4+ 0 + o0 (51)

and where the symbol A indicates the jump in stress, or
velocity at a front of discontinuity and where ¢ and ¢ are
given by Eqs. (9) and (10), respectively. Morenver, energy
considerations require that the signs of A¢ and of the total

normal stress ON at ¢ are equal.

Due to the fact that different expressions ¥ and ¥ for
the solution of the second of Eqs. (33) will be used, it is
necessary to consider conditions at the location ¢ = ¢S .
Momentum considerations require that discontinuities in the
shear stress T, and the tangential component of the velocity

N

ﬁT are proportional

at ¢ = ¢¢

ATN = p cg At (52)

while all the normal and tangential stresses and the norxrmal

velocity at ¢ = ¢S must be continuous

at ¢ = ¢g
Aoy = 0 (53)
Aog, = 0 (54)
Aoz =0 (55)
Ad, = 0 (56)
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In the assumed approximate solution, the plastic shock
propagates into a region which has been previcusly stressed
by the passage of the P-front. In this region, ¢F < ¢ < ¢,
the stresses are uniform and just at the yield limit.

Their values are:

for ¢, < ¢ < ¢

Ox _ - /3 (1-v)
K

2 2
T30 {1 - 2 gin ¢S cot ¢P]

9% - /3 (-v)

K T T 1oav o cos 26g
T

xy _ 2V/3 (1-v) _. 2

X 12y sin ¢s cot ¢P
o
7% = ;ﬁ; sin 2¢P

The above equations complete the available conditions
for the determination of t.ue potentials ¢, ¥ and ¥. After
the potentials are obtained the arbitrary function fo(y)
appearing in Eq. (40) can be obtained from Eq. (50). The
arbitrary functions gl(y) and gz(y) in Eqs. (35) and (36)
are defined by the fact that displacements at the plastic
front may be computed from the velocities in the region

between ¢P and 5, using the relations:

for ¢, < ¢ < §

[=

i

1
<fe.

(8 + y cot ¢P)

v=-=(§+y cot ¢P)
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= SECTION III

SOLUTION OF THE DIFFERENTIAL EQUATIONS BY TAYLOR SERIES
The differential equations for the potentials to be

solved are

2 =
ny - (M° - 1) ¢Es = 0 (63)
3
. - y) -
i wyy - 0ig = 1) ¥ =0
) (64)
— 2 ;. -
Wyy - (MS - 1) ?EE 0

The boundary conditions, Eqs. (46-47) on the surface give

at y =0, £ <0

]
2 5 _ _ Po u
(MS - 2) ¢£E + ngy = T e (65)
i
2¢Ey - (MS - 2) ng = 0 (66)

While the conditions, Egs. (48-50) at the plastic front give

three equations

at vy = £ tan ¢

G 2 - .. - _
n {M® - 1) ¢€g + cot ¢ [wgy + ngl + wgy}
Y3 1 1/1-v D
= = =T “i' v*“-l_’_v cO \ g - "'P) (67)
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% {(M2 - 2) sin 2¢ ¢€€ + 2 cos 2¢ ¢€y + 2 sin 2¢ wa -
. 2 - =
- (Mg - 2) cos 26 wgg} = 0 (63)
’ 9-{(»12-2)c052$¢ - 2 sin 2§ &, + 2 cos 29 ¥, +
k 33 gy £y
+ (Mg - 2) sin 2¢ ng} = - ‘/—23 cos 2($ - ¢p) (69)
Finally, the five conditions, Eqs. (52-56) at the S-front
lead to only one condition on ¥ and ¥
at y = £ tan ¢S
¥, - F + ot ¥, -7 =0 7
(Fgg = Tgg) + ran 05gy = Fpy) (70)
. The surface load is expanded in a series in §
ué T 1
D e A m m
P& =P, L Zrw & (71)
m=0
applicable for £ < 0, while the potentials ¢, ¥ and ¥ are
expanded in double series
¢ ai,lj
G T _ i 2
P L bigj &5V (72)
= 1
W s ] Ci’z

The diffzarential equations and the zonditions, Eqs. (46-56)
are homogeneous, i.e., they contain consistently orly second

derivatives of ¢, ¥ and ¥ with respect to £ and y.

25




Substitution of Eqs. (72) into Eqs. (63), (64) and (66-70)
results therefore in linear equations for the values ay g0

b which couple only those terms with indices

1,2 * 1,2
m = 1+¢-2, The potentials can therefore be conveniently
written as a series of polynomials. Each set of polynomials

of class m can be determined independently from the poly-

nomials for a different value of m.

® m+2

8 . 5o NEY R (73)
m=0 i=0
¥ *® m+2 , .
GY _ ) W(m) W(m) - Z b(m) el ym+2—1 (74)
k m=0 1=0 i
i} ® m+2 .
QE zoﬁ(m) W(m) - z cim) Ei ym+2-1 (75)
m= 22

The case m = 0 corresponds to the step load and, while
quite simple, is treated differently, see Appendix I. For
each value m > 1 there are (3m + 9) unknown coefficients

)
aim)‘ F(m‘ cim). Substituting the second derivatives of

o
Eqs. (73-75) into the conditions on the boundaries of the

regions, Egs. (65-70), yieldssix equations for each value

*
m > 1:
m
(M2 - 2)(m + 2)(m + 1) a + 2(m + 1) ¢ = - 32__— (76)
S ‘ 02 m+1 g
2(m + 1) a_,. - (ﬁg - 2)(m* Dm + 1) e, =0 (773
m+2
i (b, - c,) 3 (tan 6™ o (78)
i=]1 j j

*)

The superscripts used in Eqs. (73-75) have been omitted
for simplicity.
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(m+ 1)m+ DM = 1) a_ ., +cot § b0+

+ (m + 1)(tan )" [cot & a; + byl +
m+1l - j-1 ?

+ § (m+ 3 - j)(tan §) {{Tm + 2 - 55m° - 1) +
j=2

+ (3 - 1) cot2 $) am+3—j + [(m + 2 - j) cot ¢ +

+ (j - 1) cot ¢] bm+3-j} = 0

(m + 2)(m + 1)[Nga_ . + Ngb_.,) + (m + 1)(tan $>m[N6al
m+1 i1

+ ) (m+ 3 - j)(tan ¢)j {tm + 2 - 3) N, +
j=2

+ (j - 1) cot ¢ N6] am+3—j + [((m+ 2 - j) NS +

+ (j - 1) cot $ N7] bm+3—j} = 0

(m + 2)(m + 1)[N93 +

m+1
+ z (m +
j=2
+ (3 - 1)
-3 -1

m+2

3 - §)(tan $)3
N

7 cot 01 a .,

N6 cot ¢] 'om+3

N gbrsg) + (m + 1)(tan $)m[N7al

T {lm o+ 2 - ) Ny +

+ [(m + 2 - §) N -

-3 10

b
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+ N7bl] +

(80)

- N6bl] +
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¢ -
®
where
‘ w2 2. 2 2
- Ny o= Mg - 2+ sin“§ (4 - 247 - NQ) )
Pt ok Mg - 4 )
. i N2 = - ( 2 ) sin 29
n
: ' _ 2 . 2
o N, -2+(ns 4) sin“¢
|
| ME - )
N4 = ( 7 ) sin 29
2 \ -
Ny = (M7 - 2) sin 24
Y (82)
N6 = 2 cos 2¢
M = 2 o
|7 FA Sin 2¢
N = - (M2 - 2) cos 2¢
8 S
Ny = 2[cos 2¢ + (Mg - \12)(1—+M) - -:ZL Mg + M2 sinzti)']
2 + av/3
N =-(M2—2) sin 29
: 10 S )

Substituting Eqs. (73-75) into the wave equations, Eqs. (63-64),

and egquating ccefficiente of like powers of £ and vy, yields

(=20 Bap B SR A T S 4 3 S

(3m + 3) recurrence equations
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H
i
3
!
‘}, q
F
3 2 q )
. a = (M° -1 a I P
| m-2q+2 ) m+2 2=1 m, %
|
. ) q

i = < q B
! am-2q+l (i 1) am+l 62q—2,m 221 Pm,2
! - 2 _ q q
! bm—2q+2 - (MS L bn+2 221 Pm,£
g ) (83)
!
" - 2 _ q 9 -
i Pro2qer = Mg = D7 by Sh0iam 221 P2
; _ 2 q q

cm—2q+2 - (MS -1 “m+2 zn Pm,l

=1
- (2 q 1 5

“m-2q+1 = (MS 1) Cm+l 62q-2,m 221 Pm,l J
' where
' p o Am+ 3 - 28)(m + & - 29) ‘
: m, % 22(2% - 1)
b 5 _m 4+ 2 - 20)(m + 3 - 28)
: m, L 22(22 + 1)
i 1 4f 2q -2 +#m (84)

62q-2,m =

0 if 2q - 2 = m
2m + 3 + (-1)"

1<qcz 4 )

r
Equations (76-81) and Eqs. (83) give the required number of
(3m + 9) equations for the (3m + 9) unknown coefficients a;

;
. bi and y

| .
|
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Substitution of Eqs. (83) into Eqs. (76) to (81) reduces
the system to a set of six linear, nonhomogeneous, simultaneous

equations, involving only the unknowns a 42 v qn4q 0 bm+2 ,

b , c

n+l o+l After solving for these values, the

Cm+2
stresses, velocities and displacements for each of the m com-
ponents of the surface load may be computed at any location

(§,y) behind the front at §.
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SECTION 1V

NUMERICAL RESULTS AND DISCUSSION

Numerical results from the relations derived in the
previous section were obtained on a digital computer,
truncating the series solution by retaining terms up to
and including m = 7. Retention of terms m > 7 would have
required the use of double precision, in spite of the fact
that the computer employed carries 14 digits. The stresses
found are presented in Tables II to XXVIII and in the ac-
companying figures, for all combinations of the velocity
ratios V/cP = 1.5, 2.0, 4.0 and of Poisson's ratio v = 0.15,
0.25, 0.35, and for three peak values of surface loading.
The values of po/k are selected to permit iaterpolation and

extrapolation.

The approximation employed restricts the applicability
of the approximate solutions to distances from the front of
the applied load where the ratio n, Eq. (l1l), exceeds unity
only moderately. To check this matter, the Tables indicate
the value n for all points where stresses are listed.
Truncation of the series further limits the validity of the
results to points where |u€| < 1.7 and only such points are
listed. Finally, the range of applicability of the present
solution is limited by the fact that the approximate results

can only be accepted as a reasonable approximation in the
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range where the shock is compressive. The tables have been
restricted in range such that this requirement is never

seriously violated.

For each set of values v and V/c_, considered, results

P
for three levels of the Load po/k are given, For values of
pO/k below the minimum considered, the elastic solution
presented in Appendix II may be used, because this will
generally result only in a very slight violation of the yield
condition. For values po/k between the lowest and hlghest
values given in the tables, interpolation between the three
values given can be used without serious error, except at
point (1*). For values pO/k which exceed the highest vaslue,
max(po/k) considered, the principal stresses at all points,
except at point (l*) can be obtained by using the results

oi for the respective highest value of po/k, and adding the

increment

oiin) = max(pO/k) - polk (85)

to each value G, in the table applicable for the value

i
max(po/k). The increment oiin)

*
i.e., compressive. Stresses at point (1 ) are always those

is inherently negative,

shown in the tables fqr all values pO/k above the minimum

considered.

1. Discussion of typical results

The results for V/cP = 2.0, v = 0.25 for the three loads

polk = 4.0, 6.0 and 10.0 are discussed as typical.
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The principal stresses Ol/k’ °2/k' 03/k, the angle 8
between the direction of ¢ and the {-axis, and the values
of n «ndicating violation of the yield condition are tabulated
at fourteen points on a rectangular grid in the £~y plane.
The results for these cases are given in Tables XIV - XVI,
In every table point 1 has three sets of stresses because
the stress field there has a directienal singularity, i.e.,
the values depend on the direction of approach ¢, and the
results differ Jdepending on whether ¢, < ¢ < d, ¢ < $ < g or
¢S < ¢ < . The three sets of values at point 1 immediately
behind the front of the anplied load are equal to those due
to a step load without decay. In each of these three tables
the yield violation at point 1 is the same, n = 1.056. The
vield violations for a step wave, for a range of the para-
meters V/cI , V and polk are shown in Fig. 9. For each com-
bination of V/cP and v there is a limiting load, above which
the degree of violation, n, remains constant. This is due to
the fact that the effect of any higher value of p /k results

o
only in a jump in the stress invariant Jl at ¢ = ¢, a matter

which does not affect the von Mises yield condition.

In order to judge the seriousness of the yield violation

at point 1, n = 1.056, Table I gives the exact values of the

stresses 0,/k and of the angle 8, for a load of pU/k 4,41,

as obtained in Ref. [1].
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TABLE Ia = 0.25, V/e, = 2.0, p_ = 4.41k

(Exact Stresses)

Location -0,/k =T, /K —04/k 0
op < 9 < 0 2.598 0.866 0.866 60.00°
by < & < b 4.20 2.47 2.47 67.46°
b < ¢ < ¢, 4.20 2.47 2.47 78.98°
by < ® < m 4.41 2.63 2.73 90.00°
L

The comparable stresses in the approximate solution for

P, = 4.41k are

TABLE Ib v =0.25, V/e, = 2.0, p_ = 4.41k
(Approximate Stresses)
Location —ol/k -02/k —03/k 0
o, < ¢ < § 2.598 0.866 0.866 60.00°
§ < ¢ < o 4.345 2.613 2.613 60.00°
bg < 9 < 9 4.41 2.549 2.549 90.00°

The differences in the principal stresses in the two
tables are not large, the maximum being 77%. While the
values 6 listed in Table Ia agree with those in Table Ib,
it i3 noted that in the exact case the value 0 varies

between ¢1 < ¢ < ¢2 from 60.00° to 67.46° and between

¢3 < ¢ < ¢4 from 78.98° te 90.00°. In the aoproximate
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TABLE II

RESULTS FOR v = 04150 V/CP 3 le5 P, = 4,40k
i
L 15 Y 3 2 |
S 7 6 T
| i
I NOT TO SCALE 9 /
ﬁ* " 8
3 12
(pP = 138015
. %,
“ ¢g = 156067
£ 5 / ¢ = 15344v
3 ¢§
'
b
' )
| Pt. 3 Hy ol/k 02/k 03/k e n
i% 0e¢000 OQeQUD =26103 =0s37]1 =0e371 484189 levuvu
X 1%% 04000 GeUUU =3472v =1e987 =~1s987 48el8Y levuu
: 1%%% 0e000 GCeUVU =440UU =167UT =1e987 90e0QUY le2bV
% 2 =0e099 0000 =34619 =14613 =1e¢916 904000 leUbl
| 3 =0e199 0Qe000 =34275 =1e522 =~1e851 90s000 VeG2l
a 4 =06299 06000 =2¢964 =10434 ~1e¢791 Y0e0LU Ve BUU
5 ~0e099 0e050 =3¢578 =1eB46 =~leblb 482189 ledU
f 6 =0e¢199 06050 ~365C9 =1e¢460 =1¢778 B9e645 leluc
7 «00299 0s050 =36173 =1¢379 =1e715 594748 Ue9ou
8 =06199 CelO0 =36443 ~1e710 =10710 484195 leOLU
9 00299 06100 =34404 =14313 =1a64DH 894311 lel23
ic =0e299 06150 =34313 =14580 «=14580 484195 lavuvy
11%%k% =«04199 06094 =34737 =14395 =1c718 89eclU 142069
12%%%#% =(0e299 0elél =34615 =1e269 =1e59]1 BBeEGO lozi>
13 =1e500 GQoeUUU =J489U =uUesb76 ~1le3b1 9JeCCLWV Ve 3Yu
* FOT ¢, < ¢ < ¢
’ xx For § < ¢ < ¢
*%%  For ¢S < ¢ <7
Xxrk At 4>+
S
AT= 14357 k
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TABLE III

RESULTS FOR V = 04150, V/cP » 1e5, P, = 640k
13 4 3 2 |
7 6 l///g
o
SCALE °

ug

Ce000
0000
0000
~0e¢059
-0e¢1)9
=0e179
= 059
-0ell9
«-0e179
=0es119
~0e179
~0e¢179
«0s1l9
=04179
=1¢500

14357k

Hy

0,000
04000
0000
0.000
0000
0000
04030
0030
04030
0060
04060
04090
0056
00085
00000

A
-
A
3 1

o,/k

=2e¢103
-50720
=52000
«=5e651
=5,321
-54012
=54591
“50547
=54223
50456
=5e847
=5e344
=54¢759
=5e644
20010

g./k

[

-0e371
~34987
~36707
=34622
=34538
=3e456
-34859
=3e479
=34401
=34733
=3e¢340
=34611
~34421
~34284
=1¢335

¢P x 138019
¢S ® 154467

¢ = 153440

o,/k 6°

~0e371 484189
=3e987 484189
~3+4987 90000
~3¢922 904000
-3¢860 904000
=34802 90,000
34859 484189
=30796 894630
~34735 894668
=30733 484199
~3¢671 894278
~3¢611 484198
=3e74)1 894262
~34622 884923
~34033 90,000

n

1000
1,000
16250
1.094
0950
0.817
1000
16113
06970
1,000
le132
14000
le267
le276
0+855




TABLE IV

RESULTS FOR VvV = 0,150, V/cP = 1le5, P = 1040k

T
NOT TO SCALE o

| $g = 154467
’//|° ¢ 153440
=
$ 3
; ¢p
E . Pt. ug uy Ol/k 02/k 03/k 6° n
‘ 1% 0¢000 0s000 =24103 =0e371 =0e371 48¢189 14000

1%% 0¢000 00000 =94720 «=T7¢987 =74987 48B¢189 1,000
R 2 2 04000 064000 «106000 =74707 =7+4987 904000 16250
E’ 2 =06039 04000 =94608 =7¢612 =T74914 90000 1075
=0e080 06000 =94231 =7:518 =T7e844 904000 04509
=00119 06000 =84869 «=7,425 «T7¢776 904000 06753
~00039 06020 =9¢576 =T74844 =T48B44 45,189 1,000
=0e080 00020 =9:490 =T74451 =74772 89552 14096
«00119 06020 =9411l8 =7:361 ~T74703 894550 04931
=04080 06040 =94436 =7¢702 =T7e¢702 484205 14001
=0e¢119 046040 =96¢375 =T76292 ~74632 896126 lell7
10 =0e119 04060 =94298 =T70564 =T7e564 484205 1,000
11#%%# «0,080 0s037 =94729 =7:387 =T7e711 89.173 le269
¢ 12%%4% «Ce119 06056 =94599 =7,230 =~74576 884787 16279

VoO~Jgoowmpsw

»* For ¢_ < ¢ < o
3 P
K *% For ¢ < ¢ < bg
i *un For ¢, < ¢ < 7

* 4% At ¢;

- AT = 14257k
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TABLE V

RESULTS FOR vy = Valb0, v/cP = 240, P, = 3s0k
4 3 2 i
T S ‘,f"

s
NOT TO SCALE ‘///’,/’//A
S

> 6
,/”/41;

Pp = 150400
P
¢3
. ¢S 2 16129
Mo $ = 16Ge38
¢
¢P
[o]
Pt. ug uy ol/k 0,/k Oq/k 8
1% 04000 04000 =2:103 =04371 =04371 604000

1%% 04000 0,000 =2,859 =1e127 =1e127 604000
1%%% 06000 040UV =3,00U =0,986 =1e127 6UL00Q
=0e281 04000 =2,266 =Ve783 ~«04986 900UV
=0e561 DeUUY =1,4712 =~U0eb605 =0e877 904000
=0e842 0,000 =1,293 =0s448 «0a790 90,000
~04281 06100 =~=2,600 ~Us868 ~=Ue868 604000
=0e561 00100 =2,048 =0e576 =0e742 914690
=0e842 06100 =1.540 ~0e425 =06643 924970
=04561 04200 =2,367 =0e635 =0,635 604000
~0e842 06200 ~14855 =0e387 =04521 934180
~0s842 04,300 =24157 =0e425 «0,425 604000
11%%%% «~0,561 06190 =2¢430 =06531 «=0e644 914330
12%%%% «~04842 0,285 =2:190 =0e337 =0e438 92.00U

[
OVv.oOoONO'"ruN

* For ¢, < ¢ < ¢

A
[

* For ¢ < ¢

#x%  For ¢S < ¢

A
E |

xna® At ¢;

LT = 04944k

41

e ——— — .

| i e

14000
1.000
lel24
Ue8U4G
0eb717
Ue425
1« 0OLU
De80C
0eab91
levuv
Oe81l2
1,000
1.065
1.042
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TABLE VI

RESULTS FOR v = 04150, V/c, = 240, P, = 640k
4 3 2 |
7 6 /F
i
NOT TO SCALE ‘/”/”,,r‘
9
‘//" 8
’,/”‘IZ
¢ ¢p = 150400
[
¢g = 161429
3 10 $ = 160438
¢P
. [0
Pt. 183 Uy ollk 02/k o3lk 9 n
1% 06000 0e0QU0 =24103 =0e371 =0e371 6C«000 14000
L% 06000 06000 =50859 =4¢127 =4¢0127 604000 16000
1%nn 06000 06000 =6,000 =3,986 =44127 90,000 lell4
2 =1e122 06000 =14953 =2e630 «3¢317 904000 0e68¢
3 210403 060C0 =14474 =24377 =3420+ 90,000 0e867
4 =)1e683 064000 =16107 =~2e148 =34117 90.000 1 006
5 =10122 06400 =44078 =20345 =2e345 604000 14000
6 w]le403 06400 =34118 =24071 =264160 1U64660 Leb58U
7 10683 06400 =24516 =1e7U7 =24U16 1270040 Us4us
8 =16¢403 06500 =34736 =26005 =24005 604000 1,000
9 =10683 06500 =2¢865 =le766 =14838 1084970 0eb615
10 16683 06600 =3e430 =1e698 =1¢698 604000 14000
J1#8%% =16403 06475 =3e584 =24010 =20040 976520 06900
12%%%% =10a683 06570 =3:249 =14720 =1e736 994080 0e879
* For ¢, < ¢ <&
#% For ¢ < ¢ < g
%% For ¢S < ¢ <L
xux® At ¢;
AT = 06944k
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TABLE VII

RESULTS FOR v = 04150, V/c, = 240, p_ = 1040k
14 4 3 2 ]
7 6 ¥
| "/////,/‘qfl’
3 NOT TO SCALE :L/,, .
] / 12
13
””//’,a $p = 150400
% 10 dg = 161428
; s ® = 160438
®
| ¢
: p
| o
. Pt. ug uy cllk 02/k 03/k ¢} n
|
5 14 04000 04000 =24103 =0e371 =0s371 604000 14000

. 1 04000 0+,000 =9.853% =84127 =84127 60,000 1000

14%x 06000 00000 =104000 =74986 =84127 90,000 lel24
=04280 04000 =74553 =74308 =7+658 90,000 Uel79
=0e561 04000 =64716 =54705 =74292 90,000 C.8U3
=0s701 04000 =6¢447 =44958 =T74140 904000 lells
~0¢280 04100 =84996 ~=Te264 =T74¢264 604000 1,000
=0e561 06100 =6e899 =6e548 =64842 1174688 0.188
~0s701 0e100 =64425 =54856 =64667 716592 0e416
~0e561 04200 =~B8e218 =64487 =—=60487 5324989 04999
=0e701 06200 =74183 =64177 =-64285 1020388 04552
10 ~00701 04250 =7e859 =64128 =64128 59989 0+999
11%#%% =04561 04190 =84108 =64460 =64518 954150 04935
12%%%% =0,701 00237 =74703 =60122 =64165 964651 0:900

TR e
DoOJowmpPwiNn

w

L 13%#%% =14500 06508 =54824 =4s466 =64¢6466 1064026 ¢T84
' 14 =1¢500 04000 =54168 =24225 =64538 904000 24203
* For ¢P <d < d
*% For ¢ < ¢ < ¢g
21" For ¢S < ¢ <
93t At ¢;
AT = 04944k

43
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TABLE VIII

RESULT3 FOR Vv = 04150, V/cp = 440, P = 340k
13 4 3 2 |
7 . 6 ‘,f/g
al
NOT TO SCALE 5
" R
12
) / og = 170476
10 ~
¢ = 170433
¢
%
Pr. uf Uy al/k 02/k 03/k 9° n
1% 06000 0e000 =26103 =0e371 =0e371 750522 1000
1% 06000 06000 =24968 =14236 =1e236 754522 1000
1a%n 04000 06000 =3,000 =1+204 =14236 904000 1027
2 «06587 06000 =1e667 =0e783 =06973 90900 0e865
3 =0e798 04000 =14349 =0e661 <=0¢907 ©S0.000 Ve 348
4 =1¢174 0e6000 =0e926 =0e475 =0e815 904000 Ve235
5 =0e587 06100 =24493 =0e761 =0e761 754522 1000
6 «0e798 06100 =24046 =04600 =0s670 1076294 Oe815
7 =1el74 04100 =1e471 =00343 =06545 113343 VebUV1
8 =0e798 06136 =2e342 =0e612 =0e612 754549 04998
9 =1e174 00136 =1724 =0e294 =~0e472 1144592 0e779
10 =1el/4 06200 =24102 =00372 =0e372 754546 Ce999
ll#nd® =0e798 00129 =2e314 =0e564 =0e620 1084183 0.988
12%%%% =1,174 06190 =24146 =0e255 =0e383 1146461 1,056
13 =14500 0000 =0¢667 =06336 =0e756 904000 0e221
* For ¢, < b < 9
*% For ¢ < ¢ < o
4 For ¢S < ¢ <
+
*iEH% At ¢S
At = 06442k
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TABLE iX
RESULTS FOR v = 04150, V/CP = 440, po = 640k

[N VSN

k 13 4 3 2 ]
7 6 A,/’g
lﬁ/
NOT TO SCALE °
1 | L~ 8
S 2
o bp = 165452
3 . ¢' q)s = 170677
1 . 0 -
; $ = 170033
: 3
Pp
. Pt. ug uy o /k 0,/k 0,/k 8° n
1» 04000 OCa000 =2,103 =0s371 =0371 75520 14000

1% 06000 05000 =5:968 =4e236 =44236 724520 1000
1w Oe000 02000 =64000 =4,204 =44236 64000 1,028
=00294 00000 =4o473 =34747 =3e939 90000 0e377
=0e587 04000 =3,4361 =34335 =3,710 90,000 U209
»0e881 06000 «34302 =24486 =34533 90,000 Ve524
=00294 06050 =5,470 ~34738 =34738 754520 14000
06587 00050 =44214 =34196 3468 1194020 Qe527
=0e881 06050 ~3e451 =24578 =34261 494700 04459
=0e587 06100 =5,016 =34288 =34288 754520 1.0U0
«0s881 0100 =44]181 =2¢495 =3,044 1284680 0.860
4 10 ~0e881 0e150 =44¢607 =2¢879 =26879 754520 1:900
1 11%%%% =0e587 04095 =5,085 =3¢329 ~34300 1164430 14083
! 12%%%% «0e881 0ell43 =4,89) =2,473 =2+896 1234800 1,291

VONOWMEWN

13 ~14500 04000 =14335 =24469 =34276 9C+000 0e975
i
‘ » For ¢, < ¢ < ¢
' e For § < ¢ < ¢g
Hn For ¢S < ¢ <

' YT At ¢;

! ATt = 04442k

oM T
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! TABLE X

% RESULTS FOR v = 04150 V/c, = 6e0 p_ = lusck
i

1

§ I3 4 3 2 !
% 7 6 ‘/”s
é\
I al
¥ NOT TO SCALE .
! L
‘ 12
{
; ’ $p = 165452
5 ) . ¢, = 170477
10 S
,/’/) $ = 170433
¢
#p
!
. Pt. ng ny o /k o,/k 04/k 0° n
!
| 1% 0600V 0sUU0 =241U3 =0e371 =0e372 754520  leuuy
o 1 %% 0s0GU CTeUUU =9¢968 =Re236 =Bes236 SUeOUL  levuy

1% 0600V QeVUU =10eVUU =84208 =8B4¢236 90000 levdt
~06117 0e000 =859 =T7+883 «=5s022 90400V ved4d
~00235 0el00 =/¢906 =7¢584 =T6829 90:00u celbn
«00352 0e0UU  =74305 =T7eU30 «=T4656 YUevLL vesle
«001l7 00020 =9Y4626 =T48%4 +~74¢894 7154520 leUuU
=06235 0c020 =8B¢586 =7e558 =T7,688 1UTeHUU Veb6UL
=00352 Ce020 =T74765 =Tollb5 =T7¢503 126e4bU Uadll
~0e23% 0040 =94292 =T74568 =T74568 754520 levuu
~00352 06040 =8444]1 =74099 =74370 1194720 Ue7lu
10 =0e352 06060 =84976 =Te252 =74¢252 754520 levuu
11%%%% =04235 0e038 =94269 =Te523 ~T7e¢575 1094480 Ve9d 92
12%%%% =0e352 0e057 =94058 =746072 =T7¢264 117e250C lsUvd

TOXR
VW~ygoUwmdswNn

13 =0e650 06000 =6¢675 =56220 =7429U0 9YLe0O0U le062
5 For ¢P < ¢ < ¢
* 9 For $ < ¢ < ¢S

A
=

* For ¢S < ¢

*eak At ¢;

Ate 0442k
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SN
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} TABLE XI
RESULTS FOR v = 04250, v/cP 2 1e5, P, = 440k
% . 4 4 3 2 1
R
-
‘ Li s _—F
! v
: NOT TO SCALE o ‘,,/””A
: s
| e
? /
| & ) ,,,r”'/d's ¢p = 138418
. P, //////;,o bg = 157436
; ‘ , $ = 150420
% el
Ly ¢ :
L |
1R .
: Pt. ug uy o /% a,/k 04/k 6° n
EY
' 1% 00000 0n00U =20598 =0e866 =0e866 48e¢189 14000

1% 04000 06000 =34900 =24168 =24168 484189 1,000
1% 04000 06000 44000 =24069 =26168 904000 1,087

; 2 -0e174 04000 =34359 =14802 =1e941 904000  U.86l

! 3 ~04349 04000 =26820 =1¢567 ~1e748 904000  Cab77
{1 4 =04524 04000 =24368 =14360 =14583 90,000 0,529
v 5 ~0e176 04100 =34677 =1¢945 =1e¢945 48s189 1,000
L 6 ~0e349 04100 =34243 =14526 =1e732 874788 04937
Bt 7 ~0e524 0¢100 =20717 =1e326 =1¢550 884079 04746
o 8 ~0e349 04200 =34467 =14735 =1e735 484189 14000
‘ o ~0¢524 00200 =34149 =16252 =14535 854850 1043
2 10 ~04524 00300 =34270 =1¢538 =1eb38 484189 le00U
11##%% =04349 00145 =34468 =14491 =14731 864718 14079

|

o 12%%%% «0e524 06218 =34239 =14233 =1e534 85430 1,082
i 13#%%% =14500 04625 24281 =0s107 =0e652 8le240 14131
1

{

14 =1¢500 05000 =U+sB90 =Ue543 ~=14009 90000 Qe242
15 ~1¢5CGC 04858 =24369 =04637 =04637 454189 14000
A PR * For ¢P <6< d

*% For ¢ < ¢ < ¢S
; x%% For ¢S < ¢ <

Rax¥% At ¢;

AT = 14223k
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TABLE XII
RESULTS FOR v = 04250, V/c, = 145, p_ = 640k
i
%
f: 14 4 3 i |
z : ]
! |
|
1 NOT TO SCALE :i”"
: / 2
| ‘/””,,f‘ls op = 138418
! bo = 157436
?, 'S
¢ = 150420
¢ ¢
P
[o]
Pt. ug uy ol/k 02/k 03/k 8 n
1% 06000 06000 =24598 =~0e866 =0e866 48¢189 10000
1% 04000 04000 =5,900 =4,168 =44168 484189 14000
1#%% 04000 04000 =64000 =4.069 =44168 906000 14087
{ 2 =0e174 04000 =54038 ~34669 =3¢828 90000 o748
3 =0e349 05000 =~44230 =~34¢316 =34538 90.000 Uet76
4 =0¢524 05000 =3,552 =34005 =34290 90s000 0e273
‘ 5 =0el74 04100 =5¢565 =34833 =34833 484189 14000
] 6 =0e349 06100 «44867 =34251 =34513 864467 0a867
7 “~0e524 04100 =44077 =24952 =3¢241 8644632 Ue584
A =0¢349 06200 =5.251 =3e518 =34518 484189 14000
9 =04524 00200 =644731 =24836 =34218 834742 14002
10 ~04524 00300 =44955 =34223 =34223 484189 14000
i 11%%%#% =04349 00145 =54208 <~34198 =34512 B85e¢l45 14081
12%%%% =04524 00218 =44868 =24806 =3e¢217 834299 14091
13%%%% =14200 00500 =34817 =14542 =2248 784798 1lelb4
14 ~1¢200 06000 =~2.085 =14806 =20624 904000 0Oeblb
! * For ¢, < ¢ < ¢
*%  For ¢ < ¢ < ¢S
##% For q)s <¢ <
ARF® AL ¢;
} AT = le223k
‘t
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TABLE XIII

RESULTS FOR V = 04250, V/ec, = 145, P, = 100k
13 4 3 2 {
7. 6 _—TF
NOT TO SCALE /'n/
9
\/ B
"”,’/’,//’Alz bp = 138418
¢s ¢S = 157436
/ 10 ¢ = 150420
2
Pp
o
Pt. ug ny o,/k 0,/k o4/k 9 n
1% 0s000 06000 =2,598 =0486& =0e866 4E189 leOUU
1% 06000 06000 =94900 =84168 =84168 484189 1e000
1#%x 0e¢000 06000 =104000 =8a2069 =84168 90.000 ls087
2 =0s174 06000 =8439T7T =Te402 =T7e501 9000V Veb206
3 ~0e349 06000 =T7,051 <=5e81l4 =76117 904000 Vs l59
4 «06524 06000 =60295 =54921 <=6+705 90000 Ue392
5 0174 0e)U0 =95342 =T74610 =74610 484189 leJduvu
6 =0e349 06100 =84122 =64697 =TeUT7 834278 07317
7 =~0e524 04100 =0e8l)l =66192 =66623 784957 Le3l7
8 =0e349 00200 =808l7 =74085 =74085 48as189 leOCV
9 “06524 00200 =74910 =5¢989 =56584 794569 Oe9r3
1 ~06524 04300 =84325 =64592 =6+592 484189 1,000
11%%%% =04349 0el45 =84694 =64602 =7s074 824168 1,097
12%%%% =0e524 06218 =8e¢l42 =54936 =66583 79413 lel3a
13 =14060 06000 =~5,029 «34463 ~54774 90000 1179y
* For ¢, < ¢ < ¢
#**  For ¢ < ¢ < ¢
##% TFor ¢S <¢ <
xuu% At ¢;
AT = 14223k
51
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1ABLE XIV
RESULTS FOR Vv = 04250, V/c, = 260, p = 4e0k

14 4 3 2 |
. ) ;
' NOT TO SCALE 9
-
13 ¢P = 15000
af”’ d. = 163422
¢, 10 °S
o = 158612
] @
i qbp
T
(s}
' Pt. nE uy ollk 02/k 03/k 8 n
1% 06000 06000 =2¢598 =04866 =0e866 604000 1000

1% 06000 06000 =3.936 26203 =26203 604000 14000
10 06000 06000 =44000 =24139 =24203 904000 1s086
«00996 06000 =1e477 =14026 =14294 904000 06227
~16245 04000 =14151 =04847 =1el168 90000 Csl81
«lal94 04000 =04896 =04693 =16066 900000 0187
=00996 06400 =2¢960 =14228 ~14228 600000 1,000
~1e245 00400 =24502 «=04769 =00999 544610 04941
=14494 06400 =14871 =0¢574 =0e817 890640 0e654
«1e245 04500 =24758 =14026 =14026 600000 14000
«1¢494 00500 =2433L =04603 =~=0e814 554000 0e944

10 ~1e494 06600 =24572 =064840 =04840 604000 1900

11%%%%¢ =14245 06375 =20329 =~0e831 =~04997 874040 0821

12%%%% =14494 06450 =24093 =0¢640 =00812 860950 Qe794
° 13#%%% 14700 06513 =164916 =0e496 =00671 86990 De774

14 “«1¢700 0e¢000 =06725 =0e579 =0¢995 904000 Oe211

VoJowvmduwNn

A

L * For ¢P < ¢ )
x% For ¢ < ¢ < ¢
»#%x For ¢S < ¢

. ¥unx At ¢;

| A
=

At = Q4200k

| ;s

oo o SR o AP Nt Ak S N et




TABLE XV

RESULTS FOR V = 042%0, Viep = 240, Py = 660k
14 4 3 g |
et 7 6 P
/f///”APﬁ’/"
NOT TO SCALE 9 . 5
12
13 ¢P = 150400
- ‘ ¢ = 163422
¢ 10
s -
= 158411
¢P
Pe. ug ny o, /k 0,7k 04/k 6° n
1% 00000 0¢0U0 =24598 =Ue866 =0s866 602000 14000
193¢ 04000 06000 «=5493% ~4e203 «44203 604000 1000
1%%% 06000 04000 =64000 =44139 ~40203 906,000 le0b56
2 =00996 06000 =24469Y =2,216 «2¢840 906000 Oe313
3 =1e245 04000 «=24201 =106726 =20650 904000 Vef62
& =10494 04000 =14969 =14343 =24497 90000 Ueb17
5 =~0e996 06400 =44471 =~2,739 »24739 604000 1s00U
6 =10245 06400 =3,796 =24040 ~2¢396 514966 Ve928
7 =1e494 00400 24806 =1,941 -20123 £94261 Os456
8 =1e245 00500 =44169 =2,437 =2e437 5H%4996 12000
9 =10494 06500 =34542 «]1,792 =20119 524540 Ge93U
10 =1e494 0s600 =34890 =24158 =24158 5949986 1000
L1##%% =]4245 04375 =34497 =20172 =24393 844958 Ve 709
12%%%% =] o049, 064450 =324143 =1e886 =24116 B4+¢693% Geb0Y
13%%u% =]14700 06512 =2,878 =14670 =14905 844666 Geb4U
14 =1e700 0e000 =1e799 =1e087 =24390 90000 Gebb<
* For ¢P < ¢ < 6
*%* For ¢ < ¢ < ¢g
*#%% For ¢S < ¢ <
HUREAL ¢;
AT = 04900k
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TABLE XVI

RESULTS FOR v = 04250, V/e_ = 240, p_ = 1040k
P 0

NOT TO SCALE

”””’,/J 150,00
¢ : ' 163622
¢;
158411
3
3
3 o]
. Pt. ué uy ol/k 02/k 03/k ] n
1% 06000 OeVUU =2:598 =0eB866 =Ue866 604000 1le00U
U 1%% 06000 0eVU0 =9,935 =84203 =842U3 60000 l.0UV

1 %% 06000 0s0UU =1UsLUU «84l139 =84203 90,000 1,056
06249 04000 =T74795 =T7e241 ~=T7e428 9UUOY Vedll
=0e498 06000 =6¢499 =6¢075 =66812 Y0000 Ue 369
0747 0s000 =54879 =44737 =~6322 9000V UsB1l7
m0e249 00100 =Y4254 =TeH22 =Te5d2 6J.VU0 100U
«0s498 0s100 =7e301 =66599 =0eB03 86697V 0e361
~0eT47 00100 =52959 <«=54¢6061 =6e433 84499 Dadtb
06498 06200 =8e622 =64890 =64¢890 59499¢ 1000
=0e747 06200 =6eB69 =HeGT79 =bHedl4 B3e6L6 Ce&obG
~0e7467 06300 =8a4037 =6¢305 =630 594993 1000
11%%%% =02498 06150 =86048 =64622 ~64834 B4e925 Ce769
12%%%% «0a747 06225 =T7e231 =5e967 =60236 B24589 Deb0b
13#4%% «1e000 06301 =6449)1 =He365 =5e680 80473 Jeb iU
14 16000 06000 =4¢347 =34678 =592 90000 lel6b

-
cwo~NoUMmPsLLN

G

N

€1

#* For ¢P < @

|
% . * For ¢ < ¢ < ¢S

T

*#% For ¢S < ¢

I xNeE At ¢;

i
=3

At = Ce900k

ittt win it kg s S
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b i e

TABLE XVII

RESULTS FOR v = 06250, V/cP = 440, P,

4 4

NOT TO SCALE

%
/ 1]
¢ :
¢P
Pt. uE By ollk
1% 04000 06000 2,598
1%% 06000 06000 =34983
%% 0,000 00000 =400V
2 06527 06000 =236V
3 =1e¢054 02000 =14393
4 =1e¢581 0000 =~0.819
5 ~0e527 06100 =34485
6 =16054 00100 =2e112
7 =1e581 0100 =1e379
8 =1e054 00200 =34053
9 =1e581 06200 =24027
10 -1e581 06300 =24678
11%#%%% =14054 06153 =2.604
12%%%% =14581 0230 =24244
13%%%% =14750 0a255 =24159
14 m1e750 04000 =U.687
15 wle750 00331 =~24569
* For ¢P < b < $
*% For ¢ < ¢ < bg
x#% For ¢s <$ <
Era¥® At ¢§
At = 04043k

=0eB866
-2e251
=24234
~1e546
~1.085
~QsT61
=1e753
=14105
~0e599
=1e322
=0e594
=0s946
=-1sl74
=0e6490
=076
“00676
~(0e838

57

~0e 866
=2ed51
=20251
~10669
~-1e¢312
~1+087
=1e753
-]e2068
-0s938
-1e322
-0+883
-~04946
-1e268
=0e888
-Ys 780
-14033
-0+838

165452

17170

-
w
n

169426

-
"

756522
756522
90.000
90000
90000
906000
754522
111589
1240339
759924
121034
75524
1104672
119.199%
1214233
QU002
750524

1.000
1000
l.014
VeHp39
Velb9
Oel74
1.000
Vet 4d
0e390
0Ve99Y
Ve I57
Ve999
Le 799
0,863
Us. 897
Ue203
Q999
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TABLE XVIII

RESULTS FOR V = 0,250, V/cP = 430, P = 640k
14 4 3 2 |
7
NOT TO SCALE 9

//»/””413
$. .
¢P
Pt. ug uy ol/k ozlk 03/k
1% 0e000 06000 «24598 =0e866 =0e866
1% 04000 0e0UD =5,983 =44251 =44251
1%%% 04000 06000 =64000 =44234 =44251
2 =0e527 00000 =3454]1 =34201 =3,378
3 =1le054 00000 =2¢510C =24089 =2.842
4 =1e58l 06000 =2,024 =14228% =2.500
5 =0e527 00100 =54237 =3:505 =3,505
6 =10054 04100 =3¢383 =2.326 =2e747
7 =158l 05100 =2¢516 =1¢334 =~2,282
8 =1e054 00200 =44588 =2¢857 =24857
9 =1e581 00200 =34358 =1¢455% =2,199
10 =158l 06300 =44026 =24294 =2,294
11%#%%% @) 4054 Gelb3 =4,071 =2¢479 =24777
12%#%%% =16581 00230 «=3¢646 =1¢563 =24207
13%%%% 14700 00248 34575 =1636Y =2.092
14 =1e¢700 0s000 =14934 =1sU87 =2.448
# For ¢P <P < 9§
*% For ¢ < ¢ < bg
*#% TFor ¢S < ¢ <
*ea® At ¢;
AT = 04043k

58

165452

-©- -
wn
n

171670

169426

S
N

60

759522
T5e522
904000
90.000
89999
9C.000C
75e¢522
129.020
564390
75¢526
1334128
754525
1214415
1294772
1304937
9V UUL

1000
l.000
1.014
0el6Yy
Ce377
Oeb4)b
1.000
053¢
Ce6d5
Ve 999
De9b9
Ca99Y
Ve846
1,066
lel24
Ve 687
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RESULTS FOR V

TABLE X1X

= 04250, V/cp = 4405 P,

2 1060k

I3
) NOT TO SCALE
s
$
. Pt. i1
1% 0000
N 1%% 0000
1% % 0000
2 -(¢263
3 ~0e527
4 “0e791
5 -0e263
Y (06527
7 -0e791
8 ~0e527
9 -0eT791
10 =0e¢791
11%n%% =0e527
12%%%% =0e791
13 -0+930
»* ¥For ¢P < @
*% For ¢ < ¢
*%% For ¢S < ¢
N xenx At ¢;
AT = 04043k

Wy

0000
0000
0,000
04000
0000
0000
04050
04050
0,050
0100
0100
0.150
0076
0s115
00090

AN
=g €+l

©

o,/k

~2e598
-94983
«-10.000U
=T74682
-52513
=-5,883
=94339
-T76392
=6e336
=8+738
=T+268
~8e179
=8¢149
=74¢62Q
~54596

oZ/k

=0eB866
~8e¢251
~84234
-~7¢283
=5s201
~44533
-Teb07
-64508
~54187
«T74007
-5¢640
=-5e448
654695
54777
~39945

¢
¢
¢

o,/k

«0¢866
-84251
-t1e251
=Tel34
~5e4796
-5e296
-7e607
-5eB46
-64251
~Te007
-6e298
~6eh4B
-64918
-64332
-64077

s " 17170

= 16926

756522
15522
904000
90400V
89999
90000
75:522
127183
6443204
756529
133e341
754528
118565
1286929
90000

1000
14000
1014
UedVl
0457
Ce921
1000
Qa5
0«640
Ve999
De81lY
0999
Qe783
0e945
lells
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TABLE XX

RESULTS FOR V = 04350, V/e, = 15, P, ¥ 4e0k

[Py

, 13 4 3 2 |
é 7 )
1 AT
1 4 NOT TO SCALE
| 9
f / 8
’ 12
¢p = 138426
s ¢ = 161432
i 0 -
i b = 146430
!
| ®
I
f %
3 o Pt. ug Uy cl/k 02/k o3lk g° n
3
. 1% 00000 0:000 =3¢752 «24020 =24020 48¢18% 14000
1% 06000 04000 =44112 =24380 =24380 484189  1s000
1#%% 06000 0es0UU =44000 =24493 =2,380 904000 04904
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case the value 0 stays at 60.00° for ¢P < ¢ < ¢S and at

90.00° for bg < ¢ < m.

Looking at results for other grid points it is seen
that at point 10 in Table XIV the plastic shock has reached
a small tensile value, indicating that the requirement of

compressive shocks is violated from there on.

For the higher loads pO/k = 6.0 and 10.0, Tables XV, XVI,
the shock remains compressive in the entire range of the tables.
Table XV for po/k = 6.0 is limited only by the condition
Mg > -1.7 due to the truncation of the expansions. For the
highest load po/k = 10.0, the validity is limited to u§ > -1.0
because the yield condition on the surface, beyond point 14

would be violated excessively.

For other values of v and V/c_, the situation is generally

P
similar. Violation of the yield condition for low values of
pO/k occurs first on the S~front, while for higher values of

pO/k the violation appears first on the surface.

2, Range of depth for which results apply

The previous discussions considered the validity of results
with respect to a nondimensional depth uy. It is appropriate
to consider values of U of physical interest to find out for

what actual depth y results have been obtained.
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4000 ft/sec, then % = ve_ = 800 ft.

For the typical values v = 0.25 and V/cP = 2,0 discussed above,

Let to = 0.2 sec, V

information on peak pressures for values of the surface load
P, = 4.0k and 6.0k are contained in Tables XIV and XV up to
about Uy = 0.6 or for a depth of 480 feet. A time history
can be plotted using interpolation for the depths py = 0.5
or 400 feet. For the same values of Vv and V/cP , but

pO/k = 10.0, the limit of applicability is uy = 0.3, or about

240 feet.

In general, for larger values of V/cP and for larger

values of po/k the depth for which the results apply decreases.
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SECTION V
CONCLUSIONS

An analytical approach has been presented to describe
the effect of a decaying pressure moving with superseismic
velocity V > 1.5 cp on the surface of a half-space of an
elastic-plastic material subject to the von Mises yield con-
dition. Numerical results have been obtained for a wide
range of surface pressure and material properties. Due to
simplifications in the analysis the results obtained are
approximate and restricted to target points of limited depth,

as discussed in Section IV.

Information on the stress field for exponential decay
of the applied load is contained in Tables II - XXVIII and
in the accompanying figures. Comparing the effects of step
loads given in Ref. [1l] with the new results for decaying
loads, it is found that in the latter case the peak and sub-
sequent pressures decrease with depth, which is not the case
for a step load. However, the decrease found at any depth y
is smaller than the decrease of the applied pressure at the
point on the surface directly above the target point, i.e.,
at a distance equal to (~-y/tg $) behind the shock front. This
ig graphically shown in Figs. 10 to 18. While the attcnuation
is therefore less important than one might expect, it is still
greater than found in a similar analysis, Ref. [3], for an

elastic~plastic material of the Coulomb type.
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APPENDIX I -~ Special Case, m = 0

Although an approach analogous to that used in the text
for m > 0 may be used for m = 0, it is considerabiy simpler
to derive expressions for a step pressure using the simple
configuration shown in Fig. 8, consisting of three shock

fronts only.
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) APPENDIX II - Elastic Solutions
1
T
The exrressions for the stresses in a purely elastic
x ¢ material subjected to a step pressure may be found in Ref
j§ The equivalent expressions for a decaying surface pressur
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