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| 1 Including Field Test Data and the Development of an Analytical Mathod
Technical Report R-591
by .

Bruce J. Muga

ABSTRACT

Theoretical and experimental studies were conducted in order to
arrive at some appropriate angineering estimates of the force required to
extract bodles of various sizes and shapes from the ocean hottorn sediments,
A review of the literature concerned with breakout forces Is presented.

From tests conducted in San Francisco Bay on varlously shaped -
cbjects having submerged welights of up to 22,200 pounds, it was found that
the following empirical formula described well the breakout force require-
ment;

F = 0.20A,,, qqe0008401(t-280)

E

where F breakout force, b d

Amex * hurlzontal projection of the maximum contact area, in.?

. ag ™ avarnge supporting pressure provided by the voll to malntain
the embedded object in static aquitibrium, 1b/in.?

-

time allowed for breakout, min

R O

! ‘\-\'in'""w'""' W Results yieldud by the empirical forruls agreed very well with &
‘ v min i pdmplicated theoreticel procedure based on an itarative solution of a lumped

L M effmater model of tha ocean bottom, Solutions wern obtalned for various .
load conditions and battom {object) geometries,
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INTRODUCTION

There is an increasing interest being shown in deop sea operations.
This Intarest, having scientific oriyins, has been augmanted by the need tu
enhance the natlonal security and to prevent catastruphes, As a rasult, the
enginsering aspects of certaln practical problems of Immediate interest have
tended to dwarf the longer termr sclentifin aspects, The study reported
herein, which was sat into motion following the loss of the USS THRESHER,
is concerned with one of these practical problems,

Briefly, the objectivas of the study, appropriately described as the
"breakout force' problem, are threefold., First, sorne appropriate engineering
astimates must be made of the force required to extract bodies of various
shapes, sizes, and skin surface compuositions from the ocean bottom sedi-
ments. Second, it must be determined how far the estimates rmay be in error.
Third, the effectivenass of varlous schemes for reducing the required force
must be evaluated.

The study is a continuing 3-year effort of which this report is intended
to describe the progress made In the first Z years, Thus, although this report
is not considered to be a complete treatrent of the subject matter, it mekes
It possible to estimate the force requirsments with sorne degree of confidence.
In addition, the theorstical treatment has been substantially verifiad by field
tests and Is believed to ba a significant contribution to analytical methods
which heretofore have not been widely used. |t appears that n.any practical
problems exist for which such rmethods have application,

BACKGROUND

Documented experience ralative tc (he problem of freeiny abjucts
from the ncean bottom Is limited. The reports raferenced in Table 1 mention
the 'mud suction’ force; however, no measurements of such a force seem to
have been made. A description of the nature of the problem may be pro-
vided by brlef reviews of the salvage operations listed in Tuble 1,
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Table 1. Selected Marine Salvage Operations

Sunken Objocts !Salvag[;%epgrfa tions prerence
SODRA SVERIGE 1896-97 Anonyrmoaus (1956)
LIBERTE 1911-25 J. Crapaud (1925)
$-61 1925-26 U. S. Navy (1927)
S-4 1927-28 U. S. Navy (1920}
USS SQUALUS 1939 (a) R. A, Tusler (1940)

(b) C. E. Momsen (1964)

USS LAFAYETTE 5
(ex 5§ NORMANDIE) 1042-43 U. S. Navy (1948)

PHOENIXES 1844 E. Ellsberg (1860)

SODRA SVERIGE, The SODRA SVERIGE, a cargo-passanger
staamship witk an ROC:ton displacement, saik In the Baltic Sea in 1896 In a
depth cf 186 feet, The ship came tu rest at a sharp angle from the vertical
and during the coutse of a year sank about 10 feet into the clay bottom,
Calculations indicated that the ship had a submerged weight of 600 tons
and that a forcs of 960 tons would be sufficient to breek it loose from the
bottorn, Sixtean wooden pontoons, each having a lifting force of 80 tons,
were attached 10 the ship and puriiped out. This was sufflcient tn righten
the ship and raise it off the bottom,

LIBERTE. The French battlaship LIBERT’E, with an 8,000-ton
displacement, sank in the harbor at Toulon in 1911, The salvage effor:
extendad over & period of 14 years, During the long period of submergencs,
the wrack settlad into the mud and Crapaud (1925) raports that ''a com-
siderable part of the task of the salvors consisted in breaking this contact
and treeing tha bulk so that It could be lifted and towed away.” No
Information was glven to permit an estimation of the breakout force.

5-81. The S-61 was a 1,230-ton submarine which sank In 1926
approximately 14 miles east of Block lsland, The depth at the cite was
132 feat and the submerged welght was estimated to be 1,000 ton:, The
boat came to rest on a clay bottom with on 11.degree port list. Ellsberg
(1927) estimated that the breakout force was about 8,000 tons. *'i force so
large wu could never hopw to overcome It by diract Iift,”" His plan, which
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wae avaruted airracsfully. was to "break the suction by letting water in
between hull and clay in two ways—first, by rolling the boat to starboard,
and second by lifting her one end (stern) first,”

S-4. The S-4 was an 830-ton boat whict: sank in 1927 in 102 feet of
water off Provincetown. !t was initially and intermittently buried in a very
permeable mud tu a denth of 7 or 8 feet. The boat, whose suhmerged weight
amounted to 722 tons, was raised by lifting the starn first, Saunders (1929)
states that "the bottorn had an upper laver of very soft silt or mud not more
than one foot deep, Undarnesth this, th2 bottom was more soft than hard,
of a decidadly sand character, mixed with minute shells, The texture of the
bottom was sufficiently coarse to permit the pussage of water through it...yet
sutficiently firm to hold its posiiion when excevating tunnels underneath the
vassel, Due to the permeable characteristic of the bottom it s estimated that
tho so-callad ‘suction effact’ on the S-4 was practically nil.” As e matter of
fact, therae are no indications that breakout was a problem,

USS SQUALUS. The salvage of the USS SQUALUS is perhaps the
mast widely reported and documented of all marine salvage aperations. The
USS SQUALUS, which sank In 1938 about 6 miles south of the Isles of Shoals
off Portsmouth Harbor, was a 1,460-ton-displacement boat having a sub-
merged walghit of 1,100 tons. The boat cama to rest with 4 10-degree-up
angle in 240 feet of wator on & mud botiom in which tha stern was buried
up to the superstructure dock, The antire oparation conyisted of flve separate
attempted llfts, thraa of which were from a mud bottom, Only the first lift

" Is pertinent to this report, No estimate of the breakout force is reported;

howsver, in a revisw of the events describing the unsuccessful [1ft of 13 July,
Tusler (1940} Indicates that the ""unknown amount ot mud suction tending
to hold the bow down'' was one of the main factors contributing to the
fallure, Previous to the attemptad Ilft, Tusler statos that ''the how had sunk
down an unknown amount into the soft mud of the bottoin, but due to the
shape of the bow, it was thought that the mud suction would be relatively
Insigniflaant,’ 1n any avent during sach attemptod lift, the USS SQUALUS
wos ralsed by lifting one and first,

USS LAFAYETTE (ex S8 NORMANMDIE), The S5 NORMANDIE
was a 86,000-ton passengar vossal which sank In 49 foat of water adjacant
to Plar 88, Mew York City Harbor, The submergad walaht was ectimated to
ba 50,000 tony, The vosssl conse to rust lying on ong uide In un orgenic river
mud which wag sbout 26 teat thick nnd which was undarlain by a gray
organic siity clay having n comprassive strangth of from 0,3 tn 0.6 ton/f1?,
{This oparation Is of Interost since 1t appears to have baon the first tima the
principles ot soll mechanics ware considarad in o salvage oporation of this
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typa. +he fact that Professor K. Terzaghi served as consultant is a historical
note of soma importance, Hao was not concernad with breakout but rather
with determining If the soil had sufficient strength to support the vessel
without serious movement during the year and a half of praparation for
righting, with the effect dredging would have on the settlement of the ship,
and with the probable effective soil bearing plane.) it was anticlpated that
brenking cantact betwesn the ship’s hull and the mud would be a serious
problem. Accordingly, In addition to pumping out some 16,000 tons of
mud which had entored the hull through the cargo doors and portholes,
numerous porthole patches were fitted with pipes through which water and
compressed air could be jetted to disintegrate the mud. The flotation of the
vessal was preceded by a rotation or turning operation, Mastars (1864} notes
that during the rotation operation, the air and water jots were set to work,
although the vessel did not stick as expected.

PHOENIXES. Yhe PHOEN!IXES ware 200-foot-long floating blocks
of reinforcad concrate which were to be sunk in a line off the Normandy
beaches to provide a breakwatér during the turoposs invesion, Each unit
way 80 feat wide, 80 feet high, und dlsplaced 8,000 tons. They ware divided
w0 watertight compartments and fitted with valves tor controilable flooding,
Approximately 100 of thess PHOEN|XES wera purposely sunk in staging
areas off the south coast of England prior to invasion, The first attempt to
refloat a PHOENIX by pumping falled, |t was ceterinined that the mud
bottom suction was holding the PHOENIYX, down. The traditional method of
braaking this contaot is to apply buoyancy tn one ond and (o use the ship as
a lever, In this manner the contaot la broken along the bottom, eventually
frasing the vessal from the mud. Howevar, In the case of the PHOENIXES
there was not enough time to allow this syatem to work, hacsuse the rialng
tides would submergu the pump platforms befora the levar action could be
made effective. A secund alternutive Is to et alr or water undernesth the
sunken vessel tn partially reduca the contact and jeasen the holding foroe. In
the cas of the PHOENIXES, comprassed air was amployed (all pumps wore
being usad to empty the tiooded compartmants) to raduce the holding force
to allow the excess buayancy to float the PHOENIXES,

In addition to tha case histories oited abova, thore are many othar
racorda of maritime salvage operations In which a ship has beun raised from
o mud bottom under very untavorable clrcumstances, The background
provided hereln is nut Intendad to ba an all-incluslvas traatmant of salvage,
Only those cases in which tho breakout foros was alluded to In the published
Hitoruture wara selacted, 1t is worthy of note, hewavar, that the published
record (Bowman, 1984) of the salvage of tho antire German High Soas fleet,
which wou seuttled at Scapa Fiow, dnos not mantion that bronkou' wis o
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problem. Further, the L. S. Navy's experience with the ex-Garmar
submarine 1108 did not disclose the breakout problam, althaugh the tasts
ware carried out with the submarine eventually lying on a mud bottom
{latter trom Commander Task Unit 40,4.3).

In summary, the problem of freeing vessels ':nm thg ucern bottom
has been racognized for a long time, However, a number of factors in
combination with sach other have tended to prevant'thy synthesis of the
basic principles of naval architactura aid those of solt machanics, The
devalopmant of modarn soll mochanics dates from the work of K., Tarzughl
during the 1920s and 1s a ralatively recant avent in torms ol mat's axperionce
with ses-going vesssls. Moreover, when the unknown bahavior of aouan
bottam sadimanta is consiuered, bne can appreciate wity the marine salvor
attachas more Importance to hydrostatic calculations than 1o gross estimates
of the mud suction atfect,

FIELD TESTS

A fleld \est program wus designad to corrolate the braakout forge with
the breakout time. object sire, objact shape, and sail strangth. The braakout
farce calculated from the resulting amplrical formula was corapared with the
analytiosl value. A detallwd description of the site wisction and soll barings
ls given In Appendix A, A detalled dascription of the seleution of bo.'y shapes
ond dimenalons is glven in Appendix B,

Limnitations

A numbier of fuators disclosad by a prellminury survey and recent
axperience imposed some limitutions on the aandust of the field tests, Thew
factory \vere!

1. The tcete vould not be conducted near any existing pier, whart, or other
fixed structure due to the prawnce of ahal tragmants ancl other debris in the
il

2, Each tost won required to he conductad It an esentially undisturbed
daposit, avan though local remolding of the soll was Known 10 take place,

3. Bince broakout In exsentlally o timuedepunclant proosss, It Is necessary o
anpply relutively constant forae levels aver lang pariods and to measury the
mavemeant of tha objact with respact to the undisturbed doposit inw: 'oh it
Is embadcded,
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Apparatus

The use of a mobile bottom-resting platform, aven if one had been
available, was determined to be uneconomical, A proposal to drive groups of
olles at various locations within San Francisco Bay also provad to be
uneconomlical, It was Intended that the pljes would support fixed decks
from which the tests could be conductad.

mater for messu; ing displacemant
{44} of cbject relative to barge

"‘carpanter” stop
load dynamameter =i

oounterweight loud
tanke-10,000 t0
80,000 pouinde

¥ . ‘ ] ¢ .—'Q_.a
T ) g .

: maeter for measuring
=T "UNCHL warping tup i diwiement (4 )
I VI NI e, N | of birge slative to

il ¥ water supply system tor | battom
it counterwaight icading tanksy |

|

|

|

|

|

|

|

|

|

4 = Ay 4y, where A ls the dispiacement :

o! the objact relative to the bottom

__...L,CE;:A__

\ '
W
Suw”

Flgure 1. Schematlc of tast apparatus.




A 35-fout x 88-fout floating barge, called tha NCEL warping tug, was
selected, larucly becauss of its availuoility. The warping 1+ was modified to
accommndate a counterwoight loading system, a schematic of which is shown
inFigura 1 The counterweight system permits the application of relatively
con-tant loads aver long periods of time, since 11 compensates for tide changes,
varying frecboard, and the short-term heave, piteh. and roil of the barge. The
system consists of a trame composed of pontoons (8 x bx 7 feet) which pro-
vide an olevated support for the counterweight., The counterweight proper
consists of twin G-foot-diarmater by 12-Toot-long tanks, These tanks whon
firvled with varying amaounts of water are capable of providing from 9,000 to
49,000 pounds of force. The foree lovels can be carefully controllod, A
photograph of the system is shown in Figure 2.

Tho "carpentar stopper, * shown in Figure 3, allows an adjustiment of
tho langth of the line from tho counterweight to the tast ebject, Itisa
critical piece of equipment since it can bo usod to connoct one lino anywhoro
along tha length of another line without damaging eithar lino, 1t develops the
full strungth of the lings and does not disengage whaen the lines are slackod,

bieahout ceble

Figure 2, Photograph of test apparatus.
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I ne warping IU(J was secured
in position with a two-point moor,
forc and aft. The stern line was
anchoraed with a 9,000-pound STATQO*
anchor and the bow line was mado fast
to the end of a pier, Sufficient tension
was developed in the mooring lines to
resist significant transverse movemants
of the barge. Position was checkod by
measring {with a trangit) the angle of
the v oor ~eiutive to the piar and by
metaering tha bow lina,

Force was moasurad and
racorded by an ly-line calibrated strain-
toge dynsmomater. Displacement of
the test specimen relative to the barge
was measured by a ptitentiometer-
backed wheel driven y the sheave
over which the lifting line was reeved,
Displacements of tha barge relative to
tho bottam wara also measured by &
potentiometer-hacked wheel over
which a small counterwelight and a
mud float were suspended (sea Figure
1). Some difficulty was oxperienced
from floating debris, which tended to
become entangled in the wire line, A
facsirnlle of an oscillogram for one of
the tests is shown in Figure 4,

RESULTS OF FIELD TESTS
Presuntation of Data
The data as reduced from the

oscillograms are paortrayed graphically
in Figures b through 10. It Isto be

* A mooring anchor named sftor the two
NCE L employuoes (Stalcup and Towno)

who designed and developed it.
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Figure 3. Load dynamometer and
carpenter stopper,
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emphasized that these are essentially
raw date which have not been
corracted for oavious arrors, although

some test data were discarded primarily
for reasons of incompletenass, Thae

% IS NS S W . .| clata are presented in the form of depth

of embedmant In Inches versus time in
minutes frem tha beginning of oach
--—~{ test, The beginning of each test vvas
tak an to be the tirme at which the
counterwelght tanks bagan to by fliled

o - 7 with water. For each of the tests,
unliess 80 Indicated, the rate of load
. R .| application (that is, the filling of the
tank.s) was uniform, although It varled
frorn test to test, For each test, the
bt ] upplied load over and above the
rouio Veteemsiben Mt Uit submerged weirht of the test specimen
Tomieiny (oo {In salt water) is indicated. |n addition,

cortain other information |s presented
for each test. This includes (1) the
time alapsed from the placemant of the object to the start of the test; (2} the
location of tha test objact relative to the plar In bearing and distance; and

(3) the locul shear strength at a depth equivalent to the depth of settlement
of the object, The latter was abtalned by diversusing a vane device, To ald
in Interpreting thu figures, the following example I8 ctescribud In detall,

Flgure 4, Facsimlie of test duta,

Example (Test No, 38, Figure B). The test object was a cube which
was placed in position 240 fuet from the pler at an angle of 60 Jegroes
measured clookwise from an Imaginar, line perpendicular to the longitudinal
oxls of the vler and having it orlgin at the southeast corner of the pler. The
object sattlad & distance of 3¢ Inchaes Into the bottom sediments and was
allowed to remain in place undisturbad for 88 hours, |n-situ vane shear
atrength at a depth of 36 inches was measured to be 0.83 pal. The submerged
welght (In salt water) of the cube was 20,000 pounds. At the beginning of
the test a load of 8,000 pounds was applied to the okiject, which corresponds
tu the dead welght of the counterwelght tanks, Water was added at about the
rata of 216 Ib/min, After upproximately 100 minutes, tho total applied force
was 20,600 and the object moved noticeably and broke free of the bottom,

The data from all of the tests ars convanlently displayed In Table 2.
To bring some order out of the large numbear of parametera raquired to
describa the breakout phenomenon, the orlginal raw data prasented In
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Figures b through B have been replotied and asppear in Figures ¥ 1 thnough 14,
The ordinate has been normalized by dividing the instantaneous embedded
depth by the original embedded depth, 1t was expectod that the freeing of
the object or alternatively the failure of the soll medium could be clearly
identifled and correlated both for similar and dissimilar objects. Howaver,
this hope did not materialize,

Formulation of Empirical Equatlon

Unfartunately, the various classical theoriss of falfure vihich have
been widely employed in the practice of soil mechanics and foundation
enginesring, such as the Mohr-Coulomb thecry, assume that the stress condi-
tions alcine determing the state of failure of & material, irrespective of the
load duration and the stress history, However, it has bacome increasingly
¢lear that the loed duration is a major factor In the breskout process, $chmid
and Kitago (1966) stated:

"That cluy solls have time-depandent shaar properties hes been
racognized for a long time, but the profession stilt fraquently approathes
problams of tima-dependunt stress-atrain behavior of clay soils as |f they could
be analysad completely on the hesis of thu theory of elasticity or plasticity
without reqard to the actual rheclngical properties. Time affacts are often
discussed, |f at all, meraely on a qualitative basis, One reason for this may be
the complexity resulting when time is considered an adrlitional varlable in
any problem. Another reasornt may he the difficulty of abandaning old and
tamiliar concepts that usually are sutficlent for most structurel materials, and
another the lack of familiarity of most soil engineers with rhaological theory,
since its opplication to problems of soil mechanics is still developing.

“Thaere appears to be general agresment, huwever, that saturated clay
30ils do behave like viscoalastic or viscoplastic materials, As a consaguerce,
the classical fallure theories...cannnt and do not completely describe the
material behavior of clay solls, Either they have to be modifled {0 permlit
Jquantitative assessment of stress history, temparature, and rate of loading
or they have to be replaced by theories that Include these effects.”

In the classical theories, one or two of such material parameters as
yiald stress, ‘Young's maodulus, or Poisson's ratio are sufficlent to describe
the behavlor of an isotroplc material. Such simplifications are inadequate to
predict breakout behavior, '

To keep the problem as simple as possible and yet retain all of the
essantlal features, the breakout test data will be enalyzed stepwise In the
following paragraphs,

10
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Beginning with a very simple formulation of the mechanics of
breakout, one may sat*

F - kCA (1)

where F = breakout force
C = cohesion, or alternatively & measure of the vane shear sitrength
A = horizontal projaction of the contact area

k = constant which is a function of abject size, object shape, tims
duration of applied force, rate force is applied, soil sansitivity **
and the elapsed time which the object has been in place afier
the initial disturbance

Thus, we may write

ca " K
or log EEA- = logk (2)

Letting C and k take on slightly differant meanings, we may write

X o qehitety 3)

CA
whare C = effective average coheslon along the fallure surface at the instant
of breakout
Q = constant

R = slope of the “fallure ine’’ wnen log (F/C A) Is plotted versus
tima, t

t = time allowad for breakout, or alternatively the elapsed time
during which the breakout force Is applied

t, = raferance time in minutes

e e ——————

*  Tho reader Is refurred to the numenclature on page 31,
** Ratio of cohesion of undisturbed soil to cohesion of disturbed soil at constant water

contoent,
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The constants Q and R are functions of the load duration or strain
rate. In Equation 3, when t = w, the forc 2 required for breakout is a mini-
mum. Convarsely, as t is allowed to approach zero, that is, as the time
allowed for briuikout becomes increasingly short, the force requirement
reaches a maximum ronstant value,

The quantity C requires some comment, since it is also-a time-
depandeni function which is related to the soil sansitivity. It may be
estimated by an equation of the type

c = L. (C _ 2)[1 _ e-bt/(:-:,):] (4)
= s 8

where 8 = degree of soll sensitivity

b = numerical constant used to force C = C for very large {, in
keeping with our knuwledge of thixotroplc material behavior

t, = reference time related to the tnixotropic behavior of 4 matarial
in regaining a stated percentage of its strength after initial dis:
turbancs

To lilustrate that €quation 4 is approximately corract, we note that (1) for
tw0,then G=C/s, (2) fort=ty, C=C, and (3) for very larye t, C = C even
for relatively small values of b, Dimenslonless graphs of Equation 4 are
shown in Figures 15 and 16 for values of b= 1.0 and 8 = 6,0 and 8.0,
respactively. Expsrimental Information on the validity of Equation 4 seems
to be nonexistent. |n addition, the reference time ty seems to be highly
variabile, being very short (that s, on the order of minutes) for such
thixotropic materials as drilling muds and perhaps very long (that is, moeasured
by geologlc time) for many deep marine sediments,

On the basis of experimental test results we may estimates, C, t,, t,,
and the constants Q and R, and then compute the force F requirud to extract
the spacimen as a function of time, t. For example

F = CAQeRit-t! (B)
or for maximum C
F = CAQeRit-t) (8)

It s to be emphasized that the reference times are those determined from
large-scale fleld tests,
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The foregoing illustrates how the field data may be analyzed and used
for predicting breakout, assuming that scale effect Is nagligible. In connsction
with the data reduction it was found that the conesion, C, as ubtained by vane
shear tests, showed marked variability. Thus, as an alternative measure of the
sadiment strength, it was expedient to use the quantity g4, which Is defined as
the average supporting pressure pravided by the soll to maintaln the embedded
objact In static equilibrium, In all of the data reduction since it exhibited very
consistent trends, In a sense this Is fortunate since the problem then becomes
complataly determinate, being no longer dependent on external measuramants.

Some of tha data summarlzed In Table 2 are presented in Flguras 17
and 18, Figures 18a, 18b, and 18c are semilogarithmic grapns of the data
appearing in Figures 174, 17b, and 17¢, respectively. The elapsed time over
wirlch the maximum force was applled appears 8s the ordinate In all figures,

Iri Figures 17a and 17b the absclissa Is the dimonsionless quantity, F/(Apnex Ga);
in Figure 17¢ the absclssa is F/{Aqy). In Flgures 17b, 17¢, 18b, and 18c the
force F ropresents the net breakout force, which is the applied force minus

the submerged welght of tha object, nat only that portion submerged in salt
water, but also that portion of the object embedded in the bottorn sediment,

Figure 18a indicates sume of the trends in selectad data from Table 2.
The coefficients @, R, and t, used in Equation B are also shown on the figure.
Although the data aru extremely limited, the flgure indicates that the forces
required to extract the cube and the prism are higher than those for the
cylinder and sphere. This ssems to be in agreement with previous fleld
experience,

17
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Figure 18b exhibits the clearnst consistent relationships for all of the
included data. That is, the trends shown in Figure 18a for the various shaped
objects appear to be almost entirely obscured when the numerator in the
abscissa is reduced by an amount equa! to the submeryed weight of the
volume of sediment displaced by the embedded object.

From these data, the equation for computing breakout has been
detarmined to be:

F o= O‘ZquAm.xe'°'°°54°“-?°°) (7

where A, = horizontal projection of the maximum contact area
For t= (Q, Equation 7 reduces to

F o= 0.8105Ame (8)
For t = 260 minutes, the breakout force requirement becomas

F o= 02004 A {9

It 15 tv be emphasized that relationsiips such as appowr in Figures 18a,
18b, and 18¢, of which Equation 7 (s typleal, are based on only one type of
sadimon: (that Is, that found In San Francisco Bay) and one slze of test
objects, all ot which were simlilar hoth from characteristic length and bearing
load,

THEORETICAL ANALYS!S

To introduce the theoretical procedure employed in this study it
seer g useful to pause and ask why and In what wav I8 it worthwhile to
procsed with the development ot compliceted modals and procedures. That
question is best answered by the {ollowing quotation from Whitman (1964).

“"Highly complex thaories should seldom be used In soll anginaoring
proctice. The advent of modern computers does not change this conclusion,

“There |s always a basic limitatior upon any computational
procedure that is to be used In design practice——thag user must be able tu
trace a clear relation between aach assumption and the result of miaking this
asstimption, In the case of soll engineering design there is an additional tect;
it I$ aslmost impossible tu ascertaln the actual pattern of nonhomogeneaity
rnat exists in a particular soll duposit,
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"Sophisticated models and procedures are useful only in applied
research, The end cbjectives of any development of such models and
procedures are the clarification of certain puzzling aspects of the behavior of
soil masses to bring greater unity into empirical observations, and the
daotermination of the reascnableness and accuracy of simplifisd methods to
aid the development of such simplified methods for use in practical design
sitvations.”’

Tha essantial nature of the breskout problem diffars from the
ordinary footing problem (that is, pradiction of the uitimate bearing capacity)
in at least two important aspacts,

First, the ordinary footing nroblem is generolly analyzed siatically by
means of uquations or charts developed by Terzaghi. Time-dependent atfects
are not considerad, whereas for some preliminary breakout tests such effacts
wiire uhserved to be important. Second, the loading pattern appliad to the
soll muss by footings is relatively simple as compared to that which might
ax|st befory and after extraction of 8 full-scale submarine or deep-submergance
vahicle, This Is further complicated by the ramolding of the soil In the vicinity
of thu objact, wherees for footings tha soil is assumed to be essentially ungls-
turbed The degree of remolding as a functior. of distance is unknown,
Moreover, laboratary technigues for determining tha stress-strain relationships
for soils undaer comprassive toadings Are wall established. These relationships
are useful in soil englnoering practice, since the tosts from which they are
qerived corraspond roughly to the loading patterns indured by foutings. On
the other hand, little comparable Infarmation has boan developed for solls
undar tanslia loadings, Thus, the symmatry or asymmutry 0f the strassstraln
ralationshipy for solls is not waell ostablished,

In view of thaso difforancos the use of a sophisticated model for
anelvsls of tha broakout procoss seams at loast portially justitied, The word
purtially Is uied sincg one might woll argue thaot 1t is difficult if not impossibla
to modal mathomatically the very complicated two.phase matarial doscr(bacl
genarally as 3oll, 1f this premlsu wern uccaptod, thon pradictions of broakout
bohavlor would be requlred to 1aly oxclusivaly on axporiment follownd by
tho use of rolatively simpla moduls,

Tha theorutleal procadure used in thig study 18 based on o systematic
rumarical procedure, developad by Harper and Ang (1863}, for detarmining
tho displacamonts, atraing and strosses within o plane continuum wheteln
cortain reglons have bugn strained bayond on slustic viold Hmit, Tha material
of the continuum I8 considored 10 bo lsotroplc, olastic—porfectly glantc, and
the problems are solvud for continuously Incropalng oxtornal |nads.

The numarical procadure Iy agsontially a relaxation tachnlgue a)gllod
to a discrote physical model compased of suitubly urranged stross pointy and
mass points, Once the oxturnally applind Jonds have been ralsod 1o o
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sutticlantly nign fevai, the more ingidy attussed ati6an paings of thy modal
begin to yield and fiow plastically, Thenitintion of yielding is determinoed
by the Mises-Hencky yiold criterion, Thereafter, yialded regions are nssumed
to obay the plastic stress-strain relations postulated by the Prandtl-Ruoss
theory. The numerical method is presented in completa dotail in Appondixos
C through G. Only a brief resuma Is presontad in tha following paragraph,

The lumped parameter model, shown in Figure C-1, is usad In the
procadure developed by Harper and Ang. Tha modal consists of mass points,
ot which the mass of the matarial Is assumed to be concentrated, and strass
points, which connact tho nelghboring mass raints. Displacomonts in the
cortinuum are defined aniy at the mass points, while strossos and stroing aro
detined only at the stresz points, Thy stressus at vach strass point are related
to the movemants of the four surrounding mass points by using a finite:
ditferonce varsion of the stress-strain laws far the continuum. Boundary
conditions aro given In terma of althar extarnol loads acting on the mass polints
or spucitied displacemants of thase mass points,

Figures 18 through 21 are results of an exemple obtained by application
of the numaorical method. In this axamplo, It is assumed that a 4 x 4 x {00t
parellelapiped has ponotrated v distanco of 8 Inchans into a ¥oft maring sodimont
having a yield strongth In simple tansion of 0.6 pal, o Folsson's ratio of 0.4, and
an affactive modulus of olastlelty of 74 pal,

Figura 10 duplota the propagation of plastc stralning witn Increasging
force levels. Flgure 20 shows tha dhatribution of yield rutio parcentilat for a
given lavel of loading, The elastic displacuments et flrst yvinlding are shuwh In
Figura 21, Results glven in Flgures 19 through 31 are basad on an arbltrory
loading of tho boundary mas points, whirh does not Aulte soinalde with the
loading pattern In the fleid tests, Tho application of uniform loudy o the
mass points (that Iy, load intansity Iy conmtant) rasults 1y unegqual movemeant
of thuse mass polnts, which corraaponds to what happens with a flaxiblo
footing, But submarine heels anc other eppandegen ary vary rlgld and cor.
respond to & rigid footing, Thus, tha results given in Flgurey 19 through 21
vubt be considerad with this resorvation, Cartaln cittioulter (o wdjuating the
load inoromants within tha plastic range huve thus far pravantod the procosslng
of displrcsmant.controlied loading pattarn problems, L smmary, o
anomalies ura prosent in the theoratical approach, evan theagh anly tha gross
foatures of tha broakout procos hava thus far been Jtuddiad,

In orcar 1o substantate the rosits obinined by applioation of the
narmerleal tachniqun, a photoslantic ttudy Of this strensstraln pattarng
inducad Ly tunsila loadings i various Boundury geomatrisg wan complated,
Thi datalls oro givan in Appandix FH A urgthang rubbar having o modulus
of atasticity of 8OO pyt and a Pulsson’s ratlo at 0,468 was smployaed for those
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tosts. The tests suoport the results of the numericar technique in ovory

dotad, ot leas s within the elastic range whore the results are comparable, The
cotidition of plasticity cannot bo simulated by the photowmastic mathod. Thas,
the numerical tochnique, which is applicably to both tha elastic and plastc
ragimes, 18 much mora versatile than the photoslastic method and can bo
apprhied to a wida range of problems not necessarily Hmitod by lahoratory
equipmant or the construction of gpaecial models, The prosant verslon of the
numarical method, howaver, {8 Himited 10 a two-dimansionnl troatmont of

tho probiem,

COMPARISON BETWBEN THEORETICAL AND EMPIRICAL
PROCEDURES

An example [y salactaet to compard the 1asults of the thebrationl
procedura with those of the empirical tormula, Data from the photoslastie
el are alio used to amtimate the braakoat foroa,

Let us assume that the keal of the nuclaer rasearoh submarine NAY 1y
burled 8 inches in u marlne sediment similar to that in San Branalio Bay,
Thinsoil 18 saturated clay and can be assumed 1o have o Polsson's tatlo of
OAD andd a yiole shear strangth of 0.0 prl Let us further ossume that the
effactive moculus of alastioity of the sail in 74 pal, which 1y aqual to the
avarage modulus of alastiaity of the tested soil, Thin valug s obtalngd theaugh
trlaxial tasty, The kael I considarad an o parallalapipad OB teat long and 4 teet
wlithe,

Tha braakout foroe ragquited for an immediae pullout bs flest ealouiated
by tha anaty tiasl method given in detadl in Appendixes ¢ through €. 1'he soll
Droputtan aned the objuat geometey are anturad an Inpag 10 the sumputer
program aceording to the format, The lorae Inctemant Ie then sleatad to give
the desired acaurduy, The final torae whiah causen the soll 10 ylald and the
objact to totally detach trom the bottam s the breakout tores, Thikfore
Daw buan found trom U comprtar output 1o ba slightly targor than 91,00
ponnds,

HEOthe ol i constdead o pure elartic mntenal, then the b askoul
forea may ho satimated on w photostastic model data, Based on model
wudy thoorem, we higya
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whare: m = model
F = broakout foreo
L = longth of puarallolnpipad

B width of paraliolepipud

Tax ™ IAXIMUIN shoar stress or strangth
In this case
Fr = 0.14 pounds L =95 fout
ki u 0,75 inch B = 4iant
B w 0,26 Inch Toax 0.0 psl

(i), * 1.6 psl

Subktituting these values In the vquution wu obtaln'

. 8.14(08)(4)(144)(08)
F 0.78(0.26)(11.8) 93,600 pounds

Tha Poisson's titlo for the modal material is 0,48, The photeelastic model

study I8 discussad in Apcondix K,
Tha broakout force (8 aleo calculatad from the amplrical formula

F - °l2°qd A'"" 0‘““"“,
wharn gy = 2.88(1 + (B/L))q,
In this problom
A * 9B{A)(144) In2 = BADD0 In? B ~ A fout (width of paralislapipac)
to = 260 minutoy L = 8h foot Hongth of paratlolopiped)
t w U min {nstan broskout) Ay = 0.0 psl

R = 0.00064

whara g, 18 tho anconfined compromsiva strength and (s vssumed (o bo equal
10 thy yield strength in slimplo sheot,

A




Vane shear strangth: 0.6 psl
Polsson's ratlo: 0.4

\ A Modulius of slasticlty; 74 psi
NCONL N \

NEEN

Lavel of loadingt A~10,800 ib

N

k‘ 814,400 Ib
C-18,000 Ib

oy
Objuct! 4 x 4 x 18:4 parallelepiped
| | | 1 Il ]

Blgure 19, Propagotion of plustic stralning with Inaressing load levels

\ )

Level uf lowiing: 14,400 'b
Oujucts 4x 4 x 181 pacallelopiped
Vene thear strangth; 0.0 psi
Polswsn's ratio) 0.4

Modulus of elastiolty 14 pl

A\

7N
\V

Flonrs 20, Dlatribution of yield ratio pargantiles tor given lavel of loading,

b




Substituting these values in the empirical (unmuias, we Have

ug - 2.86(1 t+ (4/05)](0.8) = 1.78psl

Thus F = 0.20(1.79)(64,900)e 0005410-260) = g0 000 pounds

Thus, comparable predictions of the braakout force for zero elapsed
time according to the theoretical and empirical approaches are 91,000 and
80,000 pounds, respectively.

The theorotical procedure considers nnither the effects of remoiding
or tha increase in strongth due to consolidation, In the San Francisco Bay
tests (upon which the empirical constants were determined), the maximam
bearing loads were very high, much highar than the capacity of the soll near
thae surface to support such loads, Thus, the soil in the immediata vicinity of
the test objact was disturbed and remolded to a considerable degrea. More-
ovol, the objact penetruted a certain distance until the bearing loads were
raduced to a level within the capabllity of the soll to support the imposad
loads, Thare is @ natural Incrasse in strangth with depth due primarily to an
incroase in bulk density and o decrease in water content, Howaver, the
strangth of the soll Is also affected by the presence of the objeat in two
opposing ways, One, raferred to proviously, is the reduction In sirength due
to remolding. The other (s the gain in strength due to consolidation. Eoth
vifacts ocour on vastly different time scates, The loss In strongth due to
remolding tekes place Instentanoously, whoreas the gain In strength due to
congolldation I3 a long-tarm procass depending initially to a large oxtent on
the perreaability of the woll,

it eams likely that {or a given objeot two worst sisuations are
possible, Ona, termed the shollow-ponotration cuso. occurs whon tha soll has
a high ahaar strangth which 8 almost but not quite matchod by the Imposed
bearing loads, This onguras a ¢lose bonding of the objaat skin surtnce to the
nadimuntary layer without Inducing a strongth reduction in tho soil. The
other, tarmad tho deop-penatration case, occurs whun ponotration has baen
8o deep that the volume of dispiacod soil beconios sufficlently large so as to
complotoly dominate tha breakout process, The latter situation Is not to ba
confuned with the volume of matorlal lying butwenn the tailure surtace and
tha objoct boundimy, which 1s a function of tha yross dimensions of tho
objuat, Wo are concornad haro with o givan gonomatry,

In thu theoratica! approach, thu computationsl schomo pormits loods
of uny magnitudo © be apphed to any or all imass points, Again, In the chod
example, oqual Inads ware applied te the mass points locatod on the boundary
geomatry, Thus, unagual roltive movament betwean tho mass points on tha
houndary dro permitted, wheroas in bict, such unegusl movements wto renlized
anly tor Hexibiu mombranos,
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FINDINGS

1. A numerical method of predicting strains, stresses, and displacements ir.
an slastic—perfectly plastic medium subject to loads applied to an arbitrary
boundary geometry was found to be useful in developing a theorstical
prediction of breakout forcas.

2. A complicated computer program, which uses a lumpaed parameter modsal
of the material and an iterative technique to obtain solutions, was found to
be an integral part of the theoretical procedura. The program requires use of
a high-speed large-memory-capacity computer,

3. The computational procedure traces the development of the strass and
disptacement fields in an elastic-—parfectly plastic material under conditions of
plane strain, with specified boundary conditions and force-controlled loading,

4. Results yielded by the computational procedure were found to be verified
by separate photoelastic studies, at least within the elastic range.

B. Data from breakout tasts with large specimens in San Francisco Bay were
found to develop tha following empirical formula:

F = 0.20An,,a ¢0/008401(1 - 280}
Tha geomatry of the braakout object seemad to have ralativaly 1ittie effect on
the breakout force,

6. In g particular oxamiple, the breakout force roquiromont was estimated by
the theoratical procedure to be 81,000 pounds and by tha omplirical procadure
to be about 80,000 pouncls,

CONCLUSIONS

1. The ocean bottom broakout force of an objoct of simple gnometry cun be
ustimated by maeans of an analytical method that uses numarical calculation
by high-spoed computers, Thu mothod takes Into account the plastic buhavior
of soll boyond the elagtic straln rangy,

2. The following ampirlcal formula may be usod to duscribe the braskuut
forcu for an ocean bottom soll:

F o= QAU ottt

2
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RECOMMENDATIONS

1. Whanaver possible, angineers should use the analytical method cutlined in
this report and the appendixes to estimate the breakout force before any

actual salvage operation.

2. When a computer is not avallable, the empirical formula should be used to
determine the breakout force. The constarts Q, R, and t, can be derived from
a limited number of in-situ field test data.

3. More field data shauld be collected to verify the analytical method for
varlous object yeometries and soll sediments.

4. Maro rasearch should be conducted Inte methods for reducing the
breakout force,
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‘ NOMENCLATURE

A Horizontal projection of the contact ares, in.2

Anax  Horizontal projection of the maximum contact
area, in,

! . . i
E B Width of breakout objoct, feet ‘
]
| b Nomarical constant usnd to force _(_J_ = C for vary
large t
! C Cohuslon, or altarnatively 8 measure of the vana
shaar strangth, psi
: [} £:tfective average cohesion along the fallura surface
] at the instant of broakout, psl [
i 5
o F Breakout force, pounds ,
]
i '
0 k Conatant which Is a function of ubjoct size, object
E . . shapn, thime duration of applied forca, rate force s
: apphud, soit sonaltivity, and the olapsed time which
y the object has boun in place aftor tha Inltlal
' disturbance
.t L Lungth of bruakout ubject, foet
. Q Constont
1 s
. i) Averagia supportlng prassara provided by the soll to
¢ malntain the nmbodddod objoct In statle aquiib:
. rhim, pal
)
W, Uncontinad comprossive strangth, pal !
5 1
R Slopa ol e "faliure Hne™ when log (R/GA) i
B plottud vorsas time,
] Dioggran of kol winitivity !
;
{ Vit allowed tor broakoot, minutos
. ty Heterence thna rolatad 1o thy thixotrophe balavior
(' Af o mater o ogainng o stated porcanage of 1
’ weength aftor inital disturbance, minotes
f o Hotorne o Hime, it
r Tox PAgs i n aliodl sttens o strngih
b
r
i
b
Y Al
i
]
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Appendix A
SITE SELECTION AND LABORATORY TESTS

by M. C. Hironaka

Tha fleld tests wero carrieg out In San Francisco 3ay about 300 yords
southoast of Pler 3 st Hunters Point (Figure A-1;. San Francisco Bay was
salocted bocause it is the only location on tho Weast Coast In ralotivaly shallow
wator whoro thoro axist large undistarbad doposits of fine grain sacdimonts
whose physicat charactoristics are roasonably similar to those of tha doop
ocunn basing,

The spacitic alto 18 ono which Is relatively fren of the shalls and dabtls
which are ganerally found adjacent 1o plars, whatves, and sea walls, and
which mako such locations unsultable for fisld tosts, Figure A.2 showa the
dopth contours at the sita and the sallsprafile locations along whilch soll
corus wore rotriaved, Flguros A3 through A-B are schamatio olavations of
the soll layaring based on a datalled examination of tha soll cores, Table
A-1 gives statlstical information on the laboratory soll tasts for certain
suleclad Gorgs,

Elnatly, Flgure A prasants ¢ typloal sample of the rasults of wlaxlal
tosts of cartolo soll samples, Volues of cohaslon obtalned from tha teluxial
tants appearad 10 ayrad with corrasponding valuas obtained feom vanu shear
tosts, "The bulging of the soil smple, which oouaerad [ tha latter itage of
the trloxiul Wasts, lands to make the ramalnder of the teiaslal tast results
Wmewhat lass than meaningful,
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Fable A1, Continued
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Appencix B
LITERATURE SURVEY OF BODY SHAPES AND DIMENSIONS

b i3 J, Muga

A thorough raview of tho literature on existing body stwprs and
dithensicns of possible intarest to the breakout force problum was conducted
for the purpose of establishing spocific guidelines tor deslgning the axperi-
montal test program, One larga class of ho dy sliapes namely abchors, wis
oxcluded from this study, 1 wak tolt that the irregular nonformali,ed shapes
presuitad by anchors constituted o compleve study In Hsalf and that there
would be little to galn from the attemptad axtrapolation of data avallable
from tests on anchor shapes to othor shapu,

Although It was known that the shapes of certaln clussitied objects
would be ot Interest, they alev ware excluciad In arder (o malntain o wide
dissamiration and gisteibution of the results of tha tust program, The study
war. tocusd on two gategotios o1 botdy shapas, The thet category ingluded
fu'l:size U, 8, Navy submatines, the vanous types of which ate indicated
Tablo B, Al of these vessals have essantially @ oylindrieal hull, Howevar,
el it ung of tha target submarines TS5T) hus o prismatic ractangulie keal
attachad W the underslda of the hull, The second eategory Includued the
growing family ot deep submerganae vahicles, summarized in Tabla (32, 1t
I 1o b notad that tig OOLPHIN (AGHES:BHB) I8 ltod 11 both aategor e,
Howaver, dita on the DOLPHIN paetingnd to the breakout tores problam
did not appear In tow opan published Warature, OF the othn vessels, the
MOTAY, NG and @x 10 sapin (o tall o the largur olise o8 desp auilbe
mergenda vehilales haying approximately the same contant are, For soma
veasblg, suuh as the ALUMINAUT and ALVIN, data on st tace sottaot dres
with noL cnadily avallable,

Trie shapuns o the bottam contact mambare of (ha deap subinerganoe
vuhiolas variad o el lipsolds and priwimg Gractanguin and eylindeieal) haviey
yrge ngthansdimmets raton o ourg compact boding such ns canes and
i on,

ram tha foragaing tbsalations, the hasic sbapies, sizen, and walginte
wute selec o tor thin st progeaims, SEzek atdd walghte wistae seloctod on the
bawlk ot 1) beating toad simibar to that which might ba exparianced in tha
warst possibla situation, [ sunlace contact atea, s G available welght
handling capability,

Dimenalons and additional descriptions ot this test objacts are shown
i Toble B4,
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Annbandix G
THEORETICAL ANALYSIS

by B, J. Muga and W. [, Atkine

INTRODUCTION

Fhe cost ot ol soate bragk ont testy, watho syt tost specimens and
sorl propetties, gk ey 1 attea tve to formalate s ey e pengive mnthod of
predic ting brogkout totces Thin appemdiy tobon s onci thooretiopl siody
which Is basod vn s dutetical mathod of prodieying botlom breakout farces,
It s Intendad that contidence can e davalopnd in the metbad by calibrating
thi abialyteal tmodel to a telativaly simall numbar ot fullscaly fluld tnsts,
Tharaattar, the analytival method it be used 10 pradict breakout under 4
vitty Wity tange uf elrcumstancu, .

1he foliowity sections present [ detidl pestinent backyiound infor
mation, deactibe the numstical iwthod, devalop the conatitutive squations
fronm the thwory of porteatly plastie golids, and indlcats how thase equations
coi b comblnmd W provide b systenstie iaierleal solution of contabived
plastie (ow problems, Finally, soma axangpiy probivims ara given (o demon
strato tha use ot the coimbuter progeatn,

UBACKAROUND

Platpet and Ang CEY Bave dovelosped o systomatle nunwelcal
procudiure for deteroinieg U dlspliocvmmnts, stralim, aind sl within g
Pl ORI WheT el car b nogloes bave Dasistramad bayond an
bt hodod Hosit, Aw anptad Tor s by Ui sbuedy, ths procetiut s iy renteieted
1 Bt probiems with plane steay condithons, Tha materiat of the cotinuam
[s rontdderad W be Motropie, slastic porfactly plastic and s probleims s
silvad for continaously dncesortog extarnal Toads, Untoading from w pliatically
whhaibo ke e bod conaldonod,

Flarput and Ang statee thnt P tha noriatical procodere i ssannGally o
tobisation tae hnbgue applied Lo a dise o plhiyateal model compoed of saitabity
At anged wirons potods and s potnts,"t Once the e torad Tomding b bonn
Pabnecd Voea ot Hsently Bigh loved, U oo Bighly steessed roglons ol the ino el
Dogin 1o yinkd and flow plaatically,  Tha initintior ot yistding s dotacinibad by
thet Misas-Honeky ylold titerion, Dhoreafer, yistducd rogionn aia assatiand Lo
nboy The plastic stress stendn ations poatulsted by tn Prandt! ovss Waoey,

Al




Use of the discrete model permits a problem i continuum mechanics
with an infinite number of degrees of freedom to be replaced by a correspond-
ing probiem in particie mechanics having a finite number of degraas of freedom,
The basic advantage of such a tachnique is that it makes possible the salution
of problems not easily solvecd by mathematical analysis, particularly probleins
involving pertial loadings and complicated boundary condlitions, This is of
considerable importance to the breakout force problem since many different-
shaped objects are to be retrieved under a variety of embedment conditions,
The basic disadvantage of the use of a discrete model, as pointed out by Harper
and Ang, Is its very finiteness; that Is, stresses and displacements are determined
only at a finite number of points, He -, frequently the finite model can
furnish only « rough quantitative measure of the true but unknown solution !
in the continuum,

To galn soma notion of the accuracy of the model, Harper and Ang
solved a proolem in plane slasticity using an analytical solution and compared
the rasulits to those from the numerical solution using the model, The results
. from the two solutions agreed very well,

‘ Whitman (19684) has considered the use of the numerical method
developed by Harper and Ang for analyzing two-dimensional and three-
dimensional boundary value problems Involving soil.* Whitman concluded !
that immediate progress with the problem of multidimensione; contained
plastic flow would rasult from application of the numerica! method, and
that the use of the theory for a perfectly piastic solid permits a first step in
the develooment of procedures for analyzing contained plastic flow In solls,

Chrlistlan (1968} hes used the numerical method developed by Harper
and Ang to Invastigate the stress and dispiacement fields for an elastic porous
-material under conclitions of plane strain with rectanguler boundaries and
force- or displacerrent-controlled loading,

Whitmen and Hoeg {1966) have examinad the performance and
accuracy of tha Harper and Ang numerical method and used it to analyze
the developmant of the plastic zone beneath a strip footing resting on an
olestic- -perfectly plastic foundation material, The computed results for 1ie
flexlble an! rigid strip footings analyzed in their study showed the gradual
developmc. 't of the plastic zone, the corresponding displacement fislds, and
the accumulation of footing sattlements as the ful. shearing resistance of the
for:ndation inaterlal was mobilized. The load settlement -, 38 approached .
asymptoticelly the bearing capacity, which was In 3,r “munt with *he ultimate
load predicted by plastic theory,

NPT P

e Sttt i e

* In a boundary value problam, one seeks to determine the response (that Is, stresses,
strains, displacements) of a system (that Is, a deformable mass of soil) to a specified set
of boundary conditions {that is, roplied loars or displacemerit),
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While the medium p-operties in the study performed by Harper and
Ang corresponded to stesl rather than soil, and tharefore the conclusions are
based on the behavior of such an idealized "'foundation’ matarial, the resuits
do provide valuable Insights Into the behavior attendant an the loadiig of
solls, The lumped paramater model can tolerate any type of stress-strain
relationship, and future studies can introcuce stress-strain proportles and
yvield phencmena better represanting soll materials,
Although the basic calculations used in the Harper and Ang numerical
method are very simpie, the large number of caiculations required to solve
even a simple practice problem preciude the vse of hard calculations, There-
fore the entire procadure for handling plane strain problems of contained
plastic flow in an alastic—perfactly plastic continuum has been coded in
FORTRAN Il for use on the IBM 7094 digital computer, The computar
program used In this study Is an extensive revision of a program written for
Whitman (1664) at the Stanford Research Institute, By revising the program,
compilation and execution tima has been reduced, some loglcal errors have
been corrected, and the output has been reorganized to facllitate Its use,
This appendix praserits the numerical method developed by Harper
and Ang and documents the revised Whitman nrugram, No attempt has been :
made 10 axtend the theory,

LUMPED PARAMETER MODEL

Harper and Ang (1963} note that there are very faw solutions for
problems of contalned plestic flow, That Is, thare are very few solutions
which trace the development of the stress and strain patterns in a body of
material from the time that yielding first develops at some point In the
material until the deformations finally increase beyond all bounds,

One criterion that has been used in the selection of a mathematical
modal is thut there be mathematical consistency between the finite difference
equations governing the behavior of the model and the differential equations
governing the behavior of the continuura, This means that the equations for
stresses, strains, equilibrium, and compatibility, which are derived directly
from the model, should be the same as a set of finite difference equations of
the corresponding differentlal relations governing the continuum, Harper
and Ang point out that if this requirement Is met, the requirement of equal
detormations in the modol and corresponding continuum will be automatically
satisflad, The model proposed by Herper and Ang, and used herein, satlsfiss
this criterion, ?
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Description of the Model

Figure C-1 shows the lumped paramatar model used In the nrocedure
developed by Harper and Ang. This model consists o1 .nass points and stress
points,

The mass of the material is assumad to ba concentrated at the mass
points and the strains within the material are given in terms of the displace-
ments of the mass points, Each of the mass points is connected through the
stress points to the neighboring mass points. Three components of stress and
strain are defined at e1ch stress point (two normal components and a shear
cumponent). Displacemants in the continuum are defined only at the mass
points while stresses and stralns are defined oni: at the stress points, In the
modei representation, springs are shown at the stress points for conceptual
purposes only, The stresses at aach stress point are relatud to the movemants
of the four surrounding mass pnints using a finite difference version of the
stress-strain laws for the continuum, No attempt is made to define a set of
springs whose action would be equlvalent 1o the action of the continuum,

Actual computations are carrled out in terms of the forces F, , F,,
F, at each stress point {Figure C-2). These forces are equal to the corre-
sponding components of the strass tensor multipiied by the appropriate

fraction of the grid spacing,
fom N = nlnto:ﬂl} /<\ 5

coordinates

y X

displanements
of masa pointa

Figure C-1, Lumped parameter model for continuum,
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stress point

coord'nates

x

directiane show positive senee of forose as they act
upon surrounding mews points

Figura C:2, Foroes at stress point of lumped paramaeter modsl,

Harper und Ang and Whitman note that there are two important
adventages of tho model configuration, First, all elements of the strain and
stress tensors are deflned at the same point, This is espacially importart In
extanding the use of the model to problems of plasticity, Second, the
horizontal and vertical boundaries of the model contain only mass points,
Thus, boundary conditions given in terms of either external load- acting on
the mass points or spscified displacements of the mass points can be applied
with agual ease,

Relation of the Modal to the Finite Ditference
Equations of the Continuum

The notation and example presented by Harper and Ang ars used to
illustrate the relation of the numerical model to the finite difference equations
of the comtinuum, The following notation is used:

1, Superscript letters refar to strass point locations,
2. Subscript letters x and y refer to the direction of the axes.
3, Subscript numbers refer to mass point locations,

4, Displacement components in the x and y directions are glver, by
u and v, regpectivaly.

B, Sign convention is that shown in Figure C-2,
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For Flgure £-1 the compnnants of the strains at a typical stress point, a, are
defined as follows:

2 o Usa " Ua
[ 5

Vg = Vv
' - ..E._G._ﬂ cn

gy = U Vg = Vv
NI Tl R Tl
Z 3 3

where ¢ = normal strain
v = sghear struin
8 = diagonal distance between mass points
These straing, which are derived directly from the model, ara identics! to the

finlte difference expressions far the difterential tcrain-digplacement relations
from tha classlcal thizory tor plane continus Jnder small deformations:

gu by du 3y
g‘u-;- gvﬂ-—;- 7w-—;+—’-‘-

Using the sign convention of Figure C-2, the equation of squilibrium
in the X direction tor a typical Interior mass point, 43, is

1
(B - F9) + (B3 - k31 + 2 a0 (c2)

whare X = body force per unit volume
E = component force at stress point
The volume of & parallelepiped o7 unit thickness and area A2 = §2/2 is con-

sidered concentrated at each mass point, |f the thickness of the model is
taken as unity in the z direction, forces at the stress point a can be obtained

from the stresses:
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FS = ol (c-3)
y Y 2

6'1

Fl.v = Tx.y -_2_

Using Equations C-2 and C-3, the following aquation of eguilibrium, in terms
of stresses, is obtained:

o - 0% rb -¢d
"6"", LBy x =0 (C-48)

A similer aquation Is cbtained for the y direction:

b d [ [
Oy = Oy Tuy " Tuy

3 + ; + Y =0 (C-4ab)

Thesae equilibrium equations, C-4s and C-4b, are identical to the
finite differance expressions for the differential equatians of equilibrium
governing the corrasponding continuum:

In dy
dy dx

Harper and Ang state that '‘the strains In the model wilt nacessarily
satisfy the compatibility relation, since strain compatipility is essentlally a
requirement placed on the three components of strain in order to insure that
they correspond to a physically possible displacement configuration, The
model deals diractly with displacements, and the strains are defined directly
in terms of these displacemunts. Hence, It can be expected that the strains
derived from the displacements of the model will exactly satisfy the com-
patibility condition,"”
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It is also possible to express the equations of equilibrium in tarms of
displacements, For an seiastic continuum, the strass-strain relations for plane
suain, as glven by Prager and Hodge (1951}, are

E
%" e caw (1 e b eyl
= £ (1 Je, + ]
o = aTT oy - viey *oves (C-B)

E

whera E = modulus of slasticity of the material
v = Polisson's retlo of the matorial

Combining Equationa C-1, C-3, and C-B, the three force components at struss
point a In terms o displacements are

- E [ Ly Usa = Uan Ve = Vs | S
B avoezn 1Y =3 T2
' E___ i Ly Vea Vs Usq - \-'43- S .
Fy EERET) L(1 v) 3 3 2 (C-8)
Pl oenbo [U83-Ya4  VE4“Vaa| §
o211 +) ] ) 2

The three axpressions in Equetion C-8 are Hooke's strass-strain relationships
for nlane strain in terms of displacements, Substitution of these and simllar

reistions for the forces originating at the other stress paints (b, ¢, and d)
into Equation C-2 results In the following equation of equilibrium in the x
direction, in tarms of displacermen ., as given by Harper and Ang:

B4 - Qugy +

u
3?+

E u
20T + o)1 = 3) 200 - ) 52

(1 -2 Usy - 2Usy * Yae + (vez = Vaz) = (Va4 - Va3

62

62

b4

)
]+ X=0 7

HMUP e g g g




——rer
-

o g aimg LT

b g TR SRR BT

A similar equation exists for equilibrium in the y direction, Note that
Equation C-7 is tha saima as a finite differance equation for the differentia!
equatlon of equilibrium governing tha continuum:

S-S - .2-2-‘.". + - _8_"3. * ___3’\"_ Awn 0
2(1+v)(1-2v)[2“ oo B I 117 M

Boundary Conditions

In general, houndary conditions (for either continua or discrete
maodals) can ba of two types: either the forces acting along some boundary
¢r tha displacements on the boundary are presciibad, It has bean previously
inn:ad that the modsl is suitad to either type of prescribed condition, Some
of the more common boundary condlitions which may be Imposed on the
rnodel are doacribad in the following paragraphs.

Symmetrio. |f the continuum is known to possass symmaetry about a
vertical axis through a calumn of mass points, a3 shown In Figure C-1, then

the boundary condition an the right edge of the model may be spucitied s
follows:

Ug " Vi

l » 1,2“!"0
Vig ™ Uy

infinite. The model may be used to simulate an Infinite half-space.
In Eigure C-1, consider the problem of Imposing boundary conditions on the
fur-left column of mass points. For vertical loadings which are symmetric
about the centerline, it has been assumed that the horizontal displacements
of this far-left column are zero, and that the vartical displacements of this
far-left column will be equal to the vertical displacements of the coliinn of
mass points Immediately to the right of this boundary column, When these
vertical and horizontal motions are resolved into displacements in the x and y
directions, tha boundary conditions become

1
Uy = 7 Uiz * Vi)

1 i =-12..,8
Vii = 7 Uiz + vj3) ’
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Specifled by Loading Arrangement. |f an external load is to bo
snplisd to the top surface of the continuum, the mode! wlll hava the
appropriate concentratad loads applied to the top row of mass points, Thase
concentrated load. muy approxirnate a distributed load or represent actual
concentratod joads.

Fixad. if It is desired to hold the base of tha continuum fixed
ayninst displacement, the displacenient componants of the bottom row of
mass points are simply set equal to zery,

These axumples Indicate the manner in which boundary conditions
ara prascribed for the model, A varisty of practical, signiticant conditlons
can be concalvad, but an extensive treatmant of pessible boundary conds
tions s buyond the scope of this study,

CONSTITUTIVE EQUATIONS FROM THE THEORY OF PERFECTLY
PLASTIC SOLIDS

Prager and Hodyge (1851) hove provided a careful detinition tor the
perfectly plastic solid.

Any constitutiva relationship of the thaory of plasticity may be
divided into the following threa parts;

1. Stress-strain relations for the slastic region

2, Yiald criterion to define the initlation of yisiding

3, Stross-strain relations for the plastic reglon
These thres major divisions of the theory will be discusaad atter the assoolated

" sssumptions and |imitations ore listed, and after a net of notation that will be
useful in the disoussion of the theory [s Introduced,

Harper and Ang (1063) otate: ''There are three main assumptions
underlying the thaory of parfectly plasti s matarial usecd In this Investigation,
Thesa can be ntated as follows:

"1, Itis ussumed that the Misas-Hencky vield condltion accurately
determines the beginnning of yield, General conslderations of
isotropy and symmetry can furnish only the genera! fornt of the
yleld condition, Beyond this, any yield condition s a hypothesls
which only tests can Justity,

2. It Is assumad that there is no permanent volume changs, This
assumption, justified on the basis of axpsrimental avidence for
metals, leads to the result that the plastic strain s aqual to the
plastic deviator strain,
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"3, During the plestic tlow, it s
assumed that the -eviator
strain rate ten. or I8 praporlion:
&l to tho Instantaneous deviator

oy strass, This (s the familiar
l

Prandti-Rauss pustulate,

I ¢ “n addition to those threy main
-0 assumptions, it ls possible to list
Y sevaral other restrictions nn the
- .l_ theory:

"4, The material must be lsotrople,
This condition Is usad In davel-

Rigure C.3, Btreseatrain curve for oping the general form of the
elastio=perteatly plastic materisl yleid condition,

In simple tenalon or compremion,

"8, Thers is no work hardening,

and the material foliows the

atrassstraln disgram of {Figure C:3) when subjected to aimple
tension or comnression,

"0, No unioading cccurs, Once ¥ stress point has yielded, It remuins
yialded under succossive Incrernents of external load.

"7, Tima effects of loacling, sich as creep, are ignored,

"8, Diwplacernents are small 30 that the small deformation thuory of
olasticity spplies.”

Tha following definitions and notation are introduced for the purposs
of describing the partinant constitutive cquatians used In this study!

Oy Tuy T
Total stress tensor = 8T = [r., o, 1,

!'“ r" 0|'

$ 00
Spharical stress tensor = 8% w |0 3§ o

o v

K7
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8, Txy Txz

Doviator stress tensor = 8° = | 7, s 1,
T2 Tyr 8 1
where 8 = mean normal stress = 1/3 (g, + 0, + g;)

s, = normal x componentof 2 = g, - s

8, = normal y componentofS® = g, - s

8, = normal z componentofS® w g, ~ 8 P
it
With this notation ! |
Pl
ST = 88 + 8P ' 3 i
s, *+ 8 + 3 =0, + o0, + 0, - 38 =0 it
Principal normal stresses are ciasignated by o4, a;, and a,. Principal normal ?
components of the strass deviator ire : |
o
Hh =0 -0 .t
8 = 0n - 8 R
3
5 ® 03 - 18 S
3
1
Pl
A completely similar notation exists for strains: ;
1
™ 1 1] ’ |
cu 'E‘ 'ny ?7][ : 1
1 1 o
Total strain tensor = ET = T & T Tn !
1 1
2T Tha & J
¢ 0 O ‘ |
Spherical straintensor = E® = Jo e o .
coo0e :
4
i
k
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Deviutor strain tensor = EP =

where @ =

[
]

[

1
7 T

1
Li Yxz

1
X ? Yuy

1

2

1

8y 7 Yyz

Tya

mean normel strain =*1/3 (e, + €, + €,)

normal x component of EP = ¢, - @
normal y component of E? = e, - 8

normal z component of E°® = ¢, - @

With this notation

Principal normal strains are designated as e,, €3, and e5. Principal normal

ET = ES + EP

3 Tuz

e, + e + 8o = ¢ + e + g - 3en~0

components of the strain deviater are

ey = € - 8
Gy = ¢, - 0

€ = €3 - 8

Elastic Strass-Strain Relations

-

In the alastic ranga the relationship between the elements of the stress
and strain tensors Is assumed to be that of Hooke's law, |t is convenlent to
express this linear relationship in terms of the elements of the deviator stress
and deviator strain tensors:

s, = 2Ge, 3, = 2Qe,

Ty ™ G Txy

Tx ™ BYy Ty "

5, » 2Ge,

Gy,

g, + o, + g, = 3IK(e, + e, e
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(c-8)

(C-9)
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The relationshine in Equation C-8 can be expressed mora eoncisely as

8P = 2GEP (C-10)

! ‘ Note that the expressions In Equation C-8 or Equatior C-10Q are not six
independent relations since addition of s, +8, + 8, = Q gives an identity.
Therafore, Equation C-9 is neaded to glve a complete statement of Hooke's
law,

Yield Criterion
& The yield point is determined by the Mises-Hencky yield criterion:

3 Jg = k? (C11)

e s S il | i S e T b i e i+ e

where J, = second Invariant of the stress deviator tensor

k = yleld stress In simple shear

Ja is defined by

Jg = '%'"1’ + 4?4 %) = _12_(.“2 o ) ot ot bt

et ot v e ] b e e o,

- ';-(0,. -0 + (o, -~ o) + (o, - 0,)?

ol gt o+ "'uy2

P

For plane strain problsms, the yleld condition reduzes to

|
|
O, = 4
|i J = { " 20) b oyt = K (C12) |
a |
; i
P
‘ [
i ¥y .
b !
o i
o 60 ]
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F Combining Equat.ons C-12 and (-3, we obtain tor any yielded strass point
| 82 _ (Fx- FyY K2 6
| Jg"'- = + F,w2 L
i 4 2 4
1
3

{ill another useful form tor the yield criterion is obtained by substituting the
expressions in Equation C-5 into Equation C-12;

2(1 + v)k]? k\2
(6 = e)? + 7y = [——E——] ) (-5)

:

!

r

T Using Equations C-1 for the strains at a typical stress paint, 8, the yisld
criterion becomes:

t

|

2
(Upa = Uqg = Via + Vaa)? + (Ugg = Ugq + Vgq = Vgg)? = (EGE) (C-13)

Plastic Stress-Strain Relations

plastic flow, It is convenient to express the strain tensor in terms of elastic
and plastic components, Single primes wiil be used to denote an elastic
tcomponent, and double primes will denote a p'astic component., Dots will
1 denuta rate of change with respect to increment of external load.

The essential natura of the relations between stress and strain durirg
plastic flow Is given by Equations C-14 and C-156. The assumption of no
permanent change of voluma is stated mathematically as

" 1

l
l‘ In order to relate stress and strain in a material which is undergoing

} o = e tey+ey) =0 (C14)
I L
This implies that the plastic strain deviation is idantical to the plastic strain,
or .
. .;I - E‘:: oiv' - elvl .l; - el?l
. . The assumption that during plastic flow the deviator strain rate tensor 3
! is pronortional (o the instantaneous deviator strass tensor is stated mathemat-
- izaliy as
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2Ge, = ¢85, 2Ge; = ¢s  2Ge, = ¢s,

no VR tor (C-15)
G‘Y,.,y = ¢r,, Gy = &7y, G'sz = 9Ty,

where ¢ = & proportionality factor

The expressions in Equation C-15 are in the same form as the elastic
stress-strain relations given in Egquation C-8.

The basic relationships which are assumed during plastic flow have
been presanted. At this point it is necessary to apply these relations, along
with the yield criterion (Equation C-11) and the elastic relations {Equations
C-8 and C-9), in order to develop the final relationships between the stress
rates (Incremental stresses), strain rates {incremental strains), and instantaneous

stresses,

The plastic strain rates have been expressed in terms of strasses by
Equation C-16, Similarly, the slastic strain rates are expressed in terms of
stress rates by differentlating the expressions in Equation C-8 with respect to

external load:
2Ge, = 8, 2Gé, = 5, 2Ge, = i,
G'V'x'v - ""xy Gy * T Gyy, = +y|
Combining the elastic and plastic strain rates glves the total strain rate:

2Ge, ~ 2Ge; + 2Ge, = §, + o3,
2Ge, =~ 2Ge, + 2Ge, = 3§, + ¢35,
‘ 2Ge, = 2Ge; + 2G6, = 8, + 98,
Ghey = Gy + B3 = 4y + 01y, OO
GYa = GYr *+ GV ™ T + 474
GYye ® Gvyy + Gyyp ™ 7, + 97,
Note that these relations apply only during plastic flow, that is, when

Jp k¥ and J; = O
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In order to eliminate the proportionality factor ¢ trom the expressions
in Equation C-16, it is convenient to introduce the notation

W= se + se + s +7

v xy Txy * T Yxe Tt UTRT

where W may be interpreted as the rate at which stresses do work during a
change of shape, and 1o note that

T

J, = 5.8 + 8,8, + g8 + Zr,vr,v t 21T v 27,7,

y2

By multiplying the first thres expressions of Equation C-16 by s,, 8, 8,, and
the last three by 21,,, 27,, 21,,, respectively, and adding, we get

2GW = s, + ¢82 + 55, + 087 + g5 + ¢8?
2T Ty b 201,20 + 2r,T, * 207,70,
+ 21,7, + 261,
= Uy o2t af et 20 2n,2 4 20,0
= Jp + 2¢d,
But during plastic flow, J; = k?and J; = 0. Hence, 2GW = 2¢k? and
o = GW/K2

Substituting this value of 9 into the expressions in Equation C-16, it
is possible to solve for the devlator stress rates, which gives

: . W - LW
s, = QG(O,( -mll> Tey ™ G(’ny "T(T"'rxv)

- : W - . W
S = 2G(°V "2";'5‘\;\) Tve ™ G('Vn "';'5"’”) (C-17)

- . W . LW
5, - ZG(O, -;-k_:l l') Tyy ® G(')'vl -F 1'“)




e,

R T R

To ob:tain the total stress ratas it is necessary to add the deviator stress
rates from the expressions in Equation C-17 o the spherical stress rate, which
can be cbtained by differentiating Equation C-Q with respect to external load:

s = 3Ke (C-18)

Adding Equations C-17 and C-186 results in the total stress rates:

. W .
26(9, --z—k—i s,‘) + 3Ke

o, = 5, + 8

Y
o, = 8 4+ 8 = 26(6,--—- s,) + 3Ke
. (C-19)
Tay ® G(v,w -—-r,v)

- : W
Txa G (7“ - F "x:)
. . W
Tyz G('va - 'k'.: 1'")

The expressions in Equation C-18 give the desired relationships between the
stress rates, strain rates, and instantaneous stresses,

To spply the expressions in Equation C-19 to the numerical model, it
Is necessary 1o reduce them to an incremental form, Note that for plane strain
problems the number of relations is reduced from six to three. Therefore

Ag, = As, + As

Ao, = QOs, + A8 (C-20)

AW
ar,, - G(Ar.v - --k-; T’W)
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For plane strain onditions, the expressions in Equation C-17 are reduced to

As, = 2G{Ae, - -A—Ws,)
2k?

ds, = ZG(AOV -%sv)

AW
Afxv = G (A'ny - —';—2- T“)

and Equation C-18 becomas
As = 3KAs = K(Ae, + Ac)

The Increment W becomes
AW = 8,40, + 8 A0, + 8,40, + 7, 4AY,, (C.21)

But 3, = 0, - -:1!—(0,. + o, +0p)

Where, for plane strain
o, = vig, + o))
and during plastic flow

y--l
R

oy + 0
Hence n,-%(o,+av)--%-(a,,+ov+ X V).o

+ -
Thus |,-a,-%(o,+oy+a"2o")-a" Zy
(C-22)
1 0.+0y ay = 0y
y "o -5 (oo — 5 " %
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1 2¢, - ¢
0,'8,(-—3-(8,‘4'!')'————"3 .

24e¢, - Q¢

de, = 3
(C-22
2e, - ¢ con'td)
’v-ey";_(c)t+ ev)- Va n
Ae = 2Acx - Ae,
v 3
Substituting the values of Equation C-22 into Equation C-21 yislds
AW = o0, = 0,l(As, = Ae,) + 1,8, (€23

Substituting the expressions for AV/, As,, and s, trom Equations C-22 and
C-23 In Equation C:20, Ao, becomes

1
24¢, - Ae, '5 oy = oyl Aey = Aey) + 7y BYyy (g, - o,
Ao, = 2Q T 3
2k?

+ KlAe, +Ae, )]

Collecting terms givas

4G + 3K G [0 -6\
do, = Al.[—r—-;’-(—?—l)]

]
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Similar expressions are obtained for Ao, and A,

2
- . o, = 0
Ag, = Ae,[————ZG; 3K % (——'-" ) ]

+ Ar,v[—% Tay (-a"—;—ol>] (c-26)

G Ox = Oy ]
+ A!v :E Ty (-—-!——) 1
ralv L ot

+ Av,, G( - T’—) (C-26)

Combining Equstions C-1 and C-3 with Equations C-24, C.26, and
C-28, ond rearranging, the three force componants at the stress paint a In
terms of olnplacemant_a are -

AF, = A(Augq = Augy) + BlAvgy = Avey)

« ClAugy = Augy + Avyy = Avqy) (c27)
ARy, = BlAuge = Augg) + Aldvgy = Avy)

+ ClAugy = Augq + Avgs - Avgn) (C-28)
AR,y = -Claugy - Ausy) + ClAvgy - Avyy)

+ D(Au“ - AU4‘ + AV.. - AV‘Q) (0'29)
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v/here the A denotes change during an external load increment and

_ifacrak @ .
A 2[ 3 kyaz“:*‘Fv)-]

_1[-26+3K , G 2
8 2[ 3 * k2 52 (F"'F")]

C - ;;G—bz-F,v(F, - F

1 4G
T[G - PETY (F")’]

v)

o
]

Equations C:27, C-23. and C-20 are the ralationships with which the
incremental force components in a plast-c region are computed, These
Incremental force components are added to the existing force components
(Fy, Fy, and Fy,) ot a yieided stress point to obtain the total forces.

In order to compute the quantities Au and Av which appear In
Equations C.27, C-28, and C-2D, two 88ts of displacements corresponding to
two consacutive load levels ure required. Qne set of displacements s tha sat
which is being generatod for the current load; the other set s that computed
for the previous load, The quantities Au and Av are computed as the
difference in displacermnants detarmined for these two loads,

Fquations C.27, C.28, and C-20 are lincar: thatis, 1f A, B, C and D
aro constants, then tho changes in forco 8re linear with regurd to changes In
displacemant, Actually, the equations are not linear since In ganeral £, P,
Fyy Will change duririg plastic flow, Thus, it [s necessary to procead in &
step-wise lineat foshion,

General Form ot the Plastivity Equations

In ganaral, tho application of tha plasticity equations to the Harper
and Ang modal s closely assoclatac with the thras stages of material behavior
prosanied In the pravious sections, The plasticlty relations which describe
these thran stuges of material behavior in tarma of stress point forces snd
mass point displacements are usad 10 describe the behavior of the numarlonl
modal,
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Thesa relatians, which have been deveioped in the previous sections,
can be genaralized by adopting the follr ~ving subscript notation:

LR
UL
LL
UR

Force-Displacement Relations: Elnstic Case. The expressions
(Equationy C-8) which relate olastic stress point forces to mass point dis.
placements can be ganeralizad as

lower right
upper left
lowar left
upper right

E

Fo a0 =29 [“ = Plugn = ugy) 4 ovlvy, - v._m)]

E
Fy = T30 [ﬂ - WV = vun) vl - Uu;.)] (C:30)

E
Fay ™ 7350 ML = vun tven = ol

Yield Criterlon, The yleld ariterion (Equation C.13) in terma of mas
point displacements can by genaralized m

(Uen = uge = v * vy

]
+ (U = ugn +ven = vt e (%{'-) (C.31)

Rorce:Displacement Melations: Plastic Case. The expressions
{Equations C+27, C:28, and C:20) which ralute Inaremantal plastic stress point
forces 1o mass point displacements can be generalized s

ar, = AlAugp - Quyy) + BlAvy, = Avyp)

= ClAuy = Auyp = Qvpp = Ay}
aF, = Blauy = duy) + Aldvy, = Avyp)

+ ClAuy, » Augp = Avpp = Avy) (c.32)
ar,, » - Cldugp = Auyy) + Clavy, - Avyy)

+ D{duyy = Auyn - Avip = Avy,)

6o
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. 114G + 3K G 2
where A 3 [ 3 - 17 (F, - Fv)]

-293 + 3K G 2
[ 3 g F"]

PRI TATCR

G
C "'.-(—2-'6—2 F,V(F‘ - Fv)

"
i

5‘ v [0 - o] '-?
T
. , Equations C-30, C-31, and C-32 ara tha form of the plasticity relations ]
- actually used in the numerical method, 3
3 5 NUMERICAL METHOD ;
: ; When a problem In continuum mechanics is rewlaced by a corresponding
i problam In particle mechanics Involving a discrete mo lal, the displacermants to 7
| ot satisfy uqullibrium must be determined, One method 1s to write and solve the i
i sat of sirultaneous inear algebrale equations (squations similar to Equation
¥ ‘ 2; C.7) for the unknown displacement components u and v at each mass point,
g | h‘{ Harper and Ang {1963) note thet such an approach has significant disadvan.
E | !’ tages. The praparation of the squations, whethar It is done by hand or by an '
E-' | {) intricatd program for the computer, Involves a conslderable amount of labor,
3 } i In addition, even with machires as large as the IBM 7004, the number of )
, f sauations which can be golved by the standard library subroutines is limited. .
} v

it

Perhaps riost iImportant, the changes In tae coefficlents for the displacements

resulting from the ylelding of one or rngra stress points are not easy to detar-
mine.

T TR

A mora flexible and practical approach to the problem as suggestod by
Harper and Ang (1963) and Whitman (1964) is to employ 4 relaxation
1 technique. Such an approach eliminates completely the preparation of
) simultaneous equatlans, anct can handle saveral thousand displacement com-
ponents, An additional advantage of the relaxation method Is the physical
meaning that can be attached to each stap ot the procedure. This is very
halpful in determining plastic forces and displacements,
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Relaxation Procedure

The relaxation procedure used for deterinining the equilibrium
displacements is summarized by the flow diagram in Figiure C-4. Following
the discussion given by Harper and Ang, all mass points of the model are
initially in equilibrium with zero displacements and no extarnal load, The
first increment of axternal load is then applied to any or all mass points,
thus destroying the equilibrium of the lcaded mass points. The following
operations are then performad for each mass point of the model.

The forces acting on a mass point are determined as follows:

External forcas acting an tha mass point are given as a part of the loading
pattarn applied to the model. Internal forces, origlnating at the stress points,
are determined uniquely by Equation C-30 in the si3stic range from the
displacements surrounding the stress points, After a strass point has visldsd,
the force components at that stress point are determined both by the
surrounding displaccments and the past history of that particular stress point.
Incremantal plastic forces (Equation C-32) are then added to the last set of
equillbrium forces at the strass point to ohtain the current total plastic forces
acting ot the ylelded stress point,

After the forces acting on a glven mass point are determined, a
summation of all the forces acting In the x direction Is made, In general,
this will result In a residual force which is an indication of the amount by
which tha mass polnt is out of equilibricin in thu x direction. The mass point
Is then displaced through a small distance In the x direction equal to the
product of the residual force and a flexibillty coefficlent,

Simlilar operations are performed for the y direction, These operations
place the current mass point in equillbrium, though in ganeral the equilibrium
of surrounding mass point. will bo upset by a smell amount., The procedure Is
repeated for each muss point until evary mass polnt has bean moved once in
the X direction and once in the y dirgction, thus completing one cyele of
relaxation,

Aftar avery relaxation cycle, eech mass point I3 inspected to detarmine
if it s In equilibrium. If not, the rolaxation process is repsated until all mass
points are in equillbrium within thu accuracy prescribed by a convergerice
critorion. After all rriass points are in equilibrium, all the stress polnts aig
inspacted for yielding by Mises-Hencky yield criterion (Equation C-31) and
tha yielded regions are recorded, All the displacements anu forces for the
oquilibrium confiyuration just obtained are also recordad,

If clagired, the external load is glven a new increment, and the
complute procedure is repaated for each load increment In order to trace
the davelopment uf plastic ylelding {froem one stress point to another,
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Figura C-4. Flow diagram for reiaxstion procedure.
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This relaxation procedure has been coded for use on the digital
computer. Aihough the basic calculations are simpig, 8 comnplax progrant is
needed to handle all of the logical decisions that the computer must make as
it distinguishes between yielded and unyiclded stress points and computes
the magnitude of the (oad incremeant needed to just cause yielding at cne
additional stress point,

Program PERFPLAS 11

Tha computer program used in this study is a revision of the program
(PERFPLAS |} developed for Whitman (1984) at the Stanford Research
Institute, The revised program has beer named PERFPLAS |1 {PERFactly
PLAStic) and Is writtan in FORTRAN || for the IBM 7094 digital computer.

At present, program PERFPLAS |1 will permit the use of up to &

36 x 36 grid of mass points (36 x 36 stress points). The allowable grid size
can be Increased by Increasing the storage allocated by the program’s
dimension statemants,

The boundary conditions can be of four types: free, fixed, reflacted,
or infinite, A free boundary s one in which the mess points can move in any
direction and a fixed boundary Is orie in which the mass points cannot maova.
A retlected noundary is a line of symmetry between two haives of u symmet-
rical problem for which it is necessary to solve only one half, An Infinite
boundsry is an approximation of the condition far from the loaced area, in
that mass polnts can move only parallel to the bourdary in such a manner
that normal lines ramain normal to the boundary,

In PERFPLAS 11, the left boundary is limited to a fIxed or an Infinite
boundary. The right boundary Is limited to a fixed, a symmestrical, or an
infinite boundary. The top boundary is tiralisd 10 a fres boundary.

The basic step In the progrem Is the application of a trial load Increment
and tha successive relaxation of mass points until the systerm comes to equlli-
brium, The program keeps track of stress points which have ylelded and uses
the plastic equations accordingly {Equation C-32),

Two load optlons have been programmed into PERFPLAS 11, These
load options are the samc when the material deformations are elastic, and
differ only after the material has yielded at some point. Initially, a small load .
{known to be lass than the load required to cause first yielding) is applied.
When the specified standard load increment is used, the initial load Is Incre-
mented until the first stress point yields, Thereafter, the two lodd nptions
differ:

1. When the first load optian I= used, the load will continue to be
Incremented by the specified standard load increament until the
load attalns the specified maximum value.
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2. When the second {nad option {s used, rhe load will ha incramented
by the specified standard load increment, but each time a new
stress point yislds the load will be reduced to a ievnl which will
just cause this stress point 10 vield, This process continues until
the load attains or slightly exceeds the specified maximum load.

The ralations required to downgraue the toad whan the second load option iz
is used are presented in Appandix D.

Whenever an adjustment is to be made in the results of a trial load
incrament, the program determines the amount by which the load increment
riust be changed and then adjusts all computed displacernents and forcas
accordingly. By using the second load option, the propagation of yialding
within the material may be studied in detail (ane stress point at a time).
However, 118 exacution time of the prugram will be increased. 1t was found
con.enlent to use the first load option for the first run of all new problems,

In the range where plastic deformations occur, the load incroments
should be sufficlently smal! so that the developmant of the plastic zone is
gradual. This keeps the errors due to linear extrepolation to a minimum,

A3 mentloned praviously, approximate linearized equations
{Equation C-32) are usad to compute the forces at aiready yislded stress
points, For this reason, the yield condition may be axceaded at these strass
polnts at the and of an increment of plastic straining, and a carrection must
be Introduced to bring the torces back to the yield surface, The relations
required to make this correction are prasentad In Appendix D. In
PERFPLAS !l, subroutine CORRECT makes this correction. Subroutine
CORRECT is applied after equilibrium has heen established under the glven
load increment. This subroutine alters the forces at each previously ylelded
strags point without altering any displacements, As a result, the surrounding
mass points are slightly nut of equllibrium,

A convergence criterion Is needed to specify what accuracy is desired
in the iteration process foliowiing each applied load increment. The criterion
adopted Is that the ratio of the next incremental adjustment In displacement
to the total displacement at the mass point should ba I8 than or equal to a
prascribed value, The next incremantal adjustment in displacement Is
determined by multiplying the unbalanced force acting on a mass point by an
elastic flexibitity coefficlent, Displacements are adjusted in both the x and y
dirgctions to bring the masy points into equilibrium, and the convergence
criterion Is applied to all mass points,

The elastic flexibility coefficlent for @ mass point is developed
subsequently. This coefficient is used for both elastic and plastic deforma:
tions, As a rasult, the numbar of iterations required to establish equilibrium
increasas sharply after a large number of stress points have ylelded.
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In program PERFPLAS 11, the /_\/
mass points are identified by & double
subscript {1,J). | indicates the vertical (
position of tha mass paint {the row)
and increases vertically downward, m‘
J indicates the horizontal position ot 11, 3
the mass paint (the columu) and
increases from left to right, Stress g;‘:":'t
points are identified by a double sub- )4
script (1,J) corresponding to the mass
point above and to the left of the stress
point, This subscript notation is

strens point
1-1,J

stream point strems point
illustrated in Figure C-B, £ et (W]
Using Program PERFPLAS I, Figure C-5. Mass point and stress
Whitman and Hoeg {1968) have paint subscript nowtlon used in
studied the performance and accuracy program PERFPLAS 11,

of the Harper and Ang mathematical

model. From this study, it Is suggested that a convergence criterion of 16"
or 10°® should be used. Christian (1966) has shown that the numbar of
Iterations required for equilibrium increasas sharply |f Polsson's ratio exceeds
0.48, This Is becausa the expression {1 = 2v) appears in the denominator of
the slastic force displacement equations {Equation C-30), As Poisson's ratio
approaches 0,6, the exprassion {1 - 2») approachas zero,

The FORTRAN deck of program PERFPLAS 11 can be compiled in
iess than 3 minutes on the IBM 7094, Compiling time r:an be eliminated by
using a hinary deck on production runs, Exacution time increases {for a
given value of Polsson's ratio) as the number of mass points increases and as
the number of ylelded stress points increases, A detailed study of execution
time has not been made.

The usar of program PERFPLAS |1 must provide certain data
describing the problem. The data can be In any consistent set of units, und
the output will be In the same unlits. A data inout guide is glven in
Appendix E,

A glossary of notation used In PERFPL.AS i Is given in Appendix F
and a listing of the FORTRAN deck Is given In Appendix G, Alsc listed in
Appendix G Is the input data for the sample problam which wlli be discussed
subsequently, Program output will be discussed In connection with the
sample problem.
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Flgure C:8, Sohiematic of sample probleny,

SAMPLE PROBLEM

A sample problem has been selected to familiarizt: the raader with
the numerical method and program PERFPLAS |1,

The problem selected is the seme s that presenied by MHarper and
Ang (1963), This elementary problem (Figure C 8) was selarted because it
can be readily sclved by hand, Therefore, the numerical procodure can be
iflustrated in detail,

In Figure C-B, only mass points 12 and 22 are free to move. and due
to symmatry about a vertical line through these mass points, the u and v
displacements at & mass paint are equal:
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Uiz = V92 U 7 Vyy

Hence there are only two unknown displacaments, uy; and ugz. By means of
the material constants, dimensions, and loading shown in Figure C-6, it is
possible 10 write two simultaneous linoar algebiraic equations (similar to
Equaticn C-7) for the elastic bekavior of the system in terms of the two
urd.NSwWns, Uy and ugz. Solution of these twe equations yields

Uy = Vo = 1.429x10°%inches
{C-33)

Uga = vpp = 3.671x10°%inches

These values will now be used to measurs the progress of tha
relaxation procedure. Converting these displacements to elastic force com:
ponents at stress point 12 by using Equation C-30 gives

(F,),, = -7.867 klips

12

(Fy),, = -0.714kip (C-34)

12

(ny)12 - '2-143 k'p'

Before the systematic relaxation procedure is begun, It Is first
naecessary to convert external loads to concentratad loads for application at
the loaded mass points and to determine the flexIbility cosfficients for each
mass point. For exampte, If an external vartical pressure of 14.14 ks Is
acting on the top surfaca of the modal shuwn In Figure C-8, the concentrated
vertical force acting on mass point 12, which arises from this pressure acting
over a distance of A/2 = 1/2 inch on sither side of mass point 12, is

P, = (1414 ksl)(% + % Inch)(l inch) = 1414 Kkips

whers the thickness of the modal is 1 inch. This vertical force is then
resolved into components in the x and y directions for spplication to mass
point 12:

P P
Py = —f== 10kips P, = === 10Kips

"2 V2
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The flaxibility coefticient for a mass point is obtainad by determining
the defiection caused at the mass point by 3 unit componant forca. All
adjacent mass paints are assumed fixed, and the floxibility coefficient
determined will be for the direction of the applied unit force. For example,
a unit force of 1 kip applied in the x direction at mass point 22 Is resisted by
internal furce components at strass points 11, 12, 21, and 22. By using the

sign convention shown in Figure C-2 and by summing the forces In tho x
direction at muss point 22, we get

(¥Fy),, = ()

Doy = (R % (Bl = () + 1 =0

x¥12

Expressing (F,)ra, (Fu),, (Fuyly, and (Fy,) o in terms of displacerments by

means of Equation C.30, and noting that all displauement components except
liaq &re zero, we get

. EQ - . ., _2E
’ [(‘1 T - 2v AN u)]“"

(€.38)
2(1 + (1 ~ 2)

or Yz *® Boane " i = vy

Equaticn C-36 glves 1he flexibility coefticiert for a typical intarlor mass
point in the x dirsction and has units of Inches/kip. Due to symmaetry, this
is ulso the flexIbility coafticient for a typlcal interior mass point in the y
diraction,

From Figure C-1 it can be seen that the tlexibility contficient for ,_
mass point 12, which is a typlcal top boundary mass point, is twice that ot
the flexibliity coefficient for mass point 22, or

] _ A it - 2v)
g ~ 2 )g B 4E

If E and v take on the values 1,000 ksl and 0,25, raspectively, s
shown In Figure C-u, these flexibility coefficlents become

()

g = Uyl

;g ™ 126 10°? In./kip

gy = (), = 8.28x 10" In/kip

With tha values for the concentrated external loads and the flexibility
coefficients known, it is possible to bagin the relaxation procedura. The
“sllowlng step numbers refer to the flow diagram of Flyure C-4,
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Sutuyg = v,2 = uzz = vy = 0. Also set force components = 0,

Apply Incremaont of oxtornal load to mass point 12
(r'.)w = 10 kips

(Py}y, = 10kips
Begin with muss point 12,

No strass point has ylelded, since all stross componhants are
inltially zoro, Go to Bb,

On the tirat cycin, nll forco components ara zoro since the mass
nolnts have not moved, -

On tho first syclo, only external forces aro nontuto. Mence
(Fudyy = (Pdyy = +10kipe
(Fv)" = {Py)y, = +10kip
Nowuyg = olduyg + (f) 5(Fy),,
ujg = 0 + (0,00128)(10) = 0.0128 Inoh
Simllarly

vig » 0 + (0.00128){10) » 0.0128 inch

Noto that those displicemants of maoss point 12 dostroy tha
oquilibeium of mass point 22,

Tho current mass point, 12, 18 not tho Lot mass paint, Qo to 8,
Take muss polnt 22. Go tu 4,

Again no stross polnt has yielded, sinco vialding con oceur only
aftar oqudlibrium 18 rosched, Go to bb,
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Step

Bb

Oporation

Force components at struss points 11 and 12 are computod from
Equation C.30, taking into uccount that ell displncemants are 7eto
OXCaNt Uyy ™ V3 And Ugg * vaz. Note that anly thosa componenits
neting on mass point 22 ara computed,

E
(Fydy, ™ N4 [V« )lvgg = vyg) + plugy = Uyg))

. '+"b1l\‘.‘ 003..".6..3; [(1 - 0:28)(0) - 0.28{0.0128))
L -2-5 k‘p.

L m-!m gy = Uy * vag = ¥y

- i 040 40 00128

u "2|' k‘pl

(F.)" ] m, (10« phugy = upyd * wlvgy = vyl

« g (11 - 0m0) - DaB0OYZEN

- ‘21' klpl

A
LU Towiam AUTTIRRIPI S PP

- g 0 - 00128 + 0 - 0
« =3B kips
Note that for tha tirat cycle, mass point 22 has not baan moved.

Hunce, ugg * vay = 0and all farce componanta at stress pe'nts
QY ond 22 = 0. Fram symmatry, [t can abio be conelu, ad that
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Step

oy

Ogorm_lg__n

(Fudyy ™ (Fuyly,

(FV)W " (P')H i

The oquality of the shearing forces and the normal forcas ot a stryss
point on this first cycle is a co'ncidency,

Fullowing tho sign convention of Figure .2

TP, = = (Radyy = (B b Faly Faay

m o=(-2.8) « (-2.8) = +8.0kips
TlBylge * =(Bylyg = (Puydy, + (Bydyy + (Ryyly
u «(+2.0) « («2.8) = +8.0kips
Nowugy = oldugy * (h)y, BIFyly,

upg ® O + (0.000828)(8) = 3,128 10" inchm

Simlilarly
vag ® U + (0.0000728)(6) = 3,128 x 10*9 Inches

Note that thess ciaplacaments of mass point @2 dest: oy the
aquilibrium of mass point 12,

Thin I the last mass point end the and of the tirat eyule of
reluxation, Qo te 10,

All masa pointa arg not Inaquitibrium since the displacame ity

gy and vag undar wtap 7 above destrayed the aquilibrium of maw

point 12, Thorafore, tharn munt § e g second cycle of ralaxation,

buginning 4t stap 3. Note, howeyar, that In only ona gycin of '
ralaxation and displacement, compuananty have attained nantly

Q0% af thair final viluas

The oparstions Hstad above domonstrate the procedure tor alastlo

behavior. Suppow that a autticient number of relacation cyctos have baen
parformud to bring both mask polnts 1 within an coce prabio arror (n tha
aquttibrium egquations, Tha following discumion indicetos how the yiaeld
critaclon v applied (Stap 11 of Figure C-4) and bow the force componants
ot u ylaldod strom polat (Stap B of Figars G4} ore computed,
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Yo ibustrate the application of the yleld criterion, assume that tho
yiald stress in simple tension for the matarial 's 35 ksi. Then the yield stress
in simple shear Is

- ovlold §_5_ -
k -2 2 17.6 ksl

Using the equillbrium disple:ements from Equation C-22 and applying the
viwold criterion {Equation C-31) to stross point 12, wo get

k8\?
(Ugy = Uyg = Vzg *+ Vial? + luzg - Upg *+ Vaa - vl < ("5‘)

(0 - 001428 - 0003871 + 0)?

2
+ (0.003871 - 0 + O - 0014207 |'(_17-!15>°s$.:14)
memsaaes e s
3T + 0.28)

0.000434 < 0.00383

and for ntrass point 22 we get
k)2
gy - Uyz = Vag * Vaa)? + Wga = Uza * Vag - vaal® < ('5)

(0 - 0,003871 - 0 + 0)?

+ (0 - 0+ 0 - 00003871)° < !lZ-_J_:”c;:_w, :

M+ 0.28)
0.0000288 <« 0.00383

Theratore, both utress points hive not yielded at an oxternal prassure of
14,14 ksl, Fhst yielding wili taku ploca ot strass point 11 and 12 at an

axternal pressure of
,J 0.00383 .
5.000434 14.14 kel 42 ksl
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Nota that this value of external stress is considerably greater than the yisld
stress in simple tension or compression of 3% ksi assumed for the material,
This Is a characteristic of failure or yielding In two dimensional stress systems,

Until the external load leve! has reached 42 ksi, all forces and
displacements increase linaarly. When this elastic limit has been reached, the
corrasponding torces and displacements are 42/14.14 times those of
Equations C-33 and C-34:

Uig ™ vya ™ 4.244 x 10°? inches
Uy ™ Va9 = 1081 x 10°?inches

(Fy),, = =23.34kips (C-28)

(Fay)yq = -8.37 kips

These values are rocorded and are used to determina the total forces and
displacaments for the first oad Increment sbove the 42-ksi load leval,
Suppose now that the evternal load level is increased to 49,08 ksi, As
a first aggroxlmatlon to the final displacaments at this new load lavel, the
displacements ut Equation C-36 are increased in the same ratio as the loady:

Uy = vyp (%%3-) (0.04244) = 0,04980 Inch
(€37)

Ugg = Vgp ® (9{,‘-,‘%9)(0.01051) = 001240 Inch

Note that two sets of displacements are avallable: tha last sat of equilibrium
displacements, Eguation C-36, end the currant set of displecemants,
Equation C-37 (which in ganeral |a not compatible with the condition of
squltibrium). These two sats of displacements are necessary in order to
compuia the incremuntal plastic force components as discussad pravicusly,

These incremantal plastic force components can ve computed from
Equation C-32 tor stress point 12 as follows:

(Fl)” - A(AU,; - AUH’ + B(AV" - AV”))

~ClAugg « Auyy = Avyy - Avyy)
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(Fy)12 = B(AU23 - AUqQ) + A(AVQQ - AV13)
+ C(Auzz - Auyz - Avay - Avyy)

-C(Au;a - AU12) + C(AV22 - AV13)

12
+ D(AU:Z - AU13 - AV;:; - AV12,\
« 146G 3K G BTN
where A = - { 3 YT [(F")az (l"y)”] }
. 1)-2G + 3K G 12
8 2 { 3 ¥ K252 [‘F'hz - (Fv)mJ }

C = =% (Fu)y, [(F,),, - (Fy),,]

1 ae 2
D - ?[G - K262 (F’W)n]

1+ »)

m

K=z
Note that these sguations require instantareous values of the force components
If the incramental force components dra to be computed. For small increments
in the external loading, the Instantaneouy forces are very nearly equal to the
forces at the last equilibrium configuration, Equation C-36,

Thus, the incremental relationships by which the incrernental force
components in tha plastic region can be computed may be determined. The
next step requires an approximation of the forces at the stress points by adding
the Incremental forces to tha last sat of forces, Finally, the torces ecting at a

ylelded stress point are computed, and the relaxation technique proceeds as
before.
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Appendix D
DERIVATION OF SELECTED EQUATIONS
by W. D. Atkins

In this appendix, the equations necessary to apply the downgrade
option in PERFPL.AS 11 are derived and then the equations used in subroutine
CORRECT are presented,

Downgrade Option

The vield criterion equation Is the equation of a circle with 1ts center

al the origin and a radius of § k ; \

2F,
(F, - F, )2 52k "

) + sz - ["'“\

- 2 2 o §2y2 -
o (Fy - FJ? + 4F, 2 = 82k k "
where F, = force In x direction at a stress point ,)?5'(

v force in y direction at a stress point

diagonal distance betwean mass points

F
va = ghaur force on the Xy plane at & stress point
]
3

yleld stress in simple shear of material

Only tha linear elastic case wlill be considerad, That Is, it Is assumed that the
forces at any stress point will vary linearty with veriations in applied ioads.
Further it wili be assumad that the forces at a stress point which has ylsided
at the current loading are computed using the elastic equations, Referring
to Figure D-1, the subscripts 1, 2, and 3 danote conditions bafore, at, and
after yield,
Mathematically .

e - ] <o

[(F“: “ E”)’ + 4FW2’:|”2 = 5k, yleld criterion

[(F"a - Fyg)? + 4Fwaz]‘lz > bk
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Figure D-1. Soll yleld criterion,

What is required to be found Is the load increment, AR, necessary to
change the state of stress from condition 3 to condition 2, Setting the load
equal to L, then Ly - L, « AL, orchangeinload and Ly - L, = AR, or

12
load increment, |1 there is a change In [(F, - F,,)2 + 4F”7] , than a
unit change in load is

[(Fus - Fu)? *+ 4R 2] - - R 7+ 4R,

Al

and thdt the value of

1 AL
[(F'z ) FV:) ¥ 4F*Vn] bk

Then )
m'-“ AP ”"11]”' M {[0"3‘*");;: F"i']m . [(F,‘-F”)’ * ”“‘z]"’} . bk
Finally
142
AR = iak ) [(F*a DN 4':"3:] EAL

[(F"a ) Fya)z ' 4FW32]”2 i [(F"l - FH): * 4va12]m
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Subroutine CORRECT

At the end of an incremen* of plastic straining, the stresses at an
alraady yielded point may exceed the yield condition, since approximate
linearized equations are used. For any assumed increment of plastic strain
along a chosen diraction, the force-displacamant relations given in Appendix
C will indicate changes in stress lying along the tangant to the Mohr circle.

Thus, after several successive plastic strain increments, the stress
condition might wel! be in excess of the yisld condition. To prevent this, &
correction must be made at the end »f each increment to bring the stressas
back to the yield surface along the radius through the straess state existing at
the end of the increment, The correction to ko applied is derived in the

following pages.

Referring to Figure D-2, the following quantities are known:

0,26
Fog ™ 3

It is required to find

ay,0 Tayg &
PR I e
Oy + Oy, ) Uxg * Oy,
2
Oy, 8 Tuyy

xv,"'—i—'

/ (6,(2, r,“) computed

(6,‘1, r,‘”) sdjusted

Oy,
F,,1 ~ =
Tuy

\5V1'T"V1)

ot 4 -fet— Ry

Figure D-2, Mohr circle.
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It is nocessary te define

0., - 8.\

M Y2 :
' : Tmaxg ™ R? = J<_—§_) * Txnz
2 H - 2
[ : (zF,2 2F,, 2

55 ), (?“xv:)
F o A\ 5
4 Feg = Fuo\°
2 Y2

o ‘}K_'z__) * Py

Thus Ry = \/J_,

ojn

:

and since after adjustment

then R| = Kk

el aainatiant tantS ey

i L 2 2 2 2 .
. ! Ry [ 9xa "Vz) Nl BT .
; 2 2
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e R (F_*_z_ FV?) Fat Fry
X R2 2
Fow K <F"2 i FV:) + Fug * Fug
LX] f_-Jz 2
k [F«-Fy Fe + Fy
or F,' - -—< ) ¢ ——
NI 2

‘,_Ja 2 P 2
F F
F”1 - —{- 1 +..L * .-2! 1 - _k_.
NE> NE-
similarly
Oy, = H - _"v; = "_.
Ry R2
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! 2F,, 2F,, 2F,, 2F,,
2f, Rl -TT ),

B 5 " R, 2 )
} . El. sz - F,,3 \ F!z + sz
E V2 R, 2 4
|
| - F F, + F
| or L. <_!_ ") poo_y
k. Y Ja 2 2
Fy k ) Fv ( k )
B SRR A S
i and again
‘ ' T.” 'r.v:
i; | Ry~ R
‘ {
k ' * R,
' ' ! T B eamm r
%- { } XYy RQ ( XV:)
¥
{ ‘1 i\ z_Flh R1 (2 FIV:)
- i a Ra b
. ! : Ry
o | 1 Ry Fava
or Fuy! @ k
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Appendix H

PHOTOFLASTIC STUUY OF THE DISTRIBUTION
OF MAXIMUM SHEAR STARESR IN AN ELASTIC MEL (UM

bvC. L. Liu

Photoalartic metheds of dotarmining tha maxinum shear stross
distribution offer a conveniant and inaxponsive maana of supporting the
numarical results obtained from thy computer program aad the maasure
ments of the fleld test program. Tha vircular polariscope parmits &
visuslization of ths shear stress patterns which develup ds loacs are applied
to & notched two.dimensiunal model.

Test Specimen and Apparatus

The photoelastio medium used In thes tusts |y urethane rubber
having a modu'us of alusticity of 800 psi and a Polsson's ratio of 0,48, Thia
Is equivalent to a value of 74 pal for the madulus of alasticity ax measured
by performing triaxial tests on some telected clay sediment cores obtalned
from Sun Francisco Bay.

Loads ware applied to the urethane rubber via relatively rigld
plexiglass (Lucite) forms which were machined to bracisly tit the notchad
area of the urathane rubber, The materials ware bonded by an apnxy cement,
Ditfloultias in machining the urethane ribber and In bonding the two materials
resulted In the development of residual stresses espuciaily noticeable at the
internal corners, Aluminum templutes were found to be woll sulted for making
tho models, See Figure M1 for the genaral speaimen dimaenslons,

The tust apparatus used in the axpariment Is shown schematically In
Flgure H:2, Briefly, the Isoshromatic pattern of a specimen strained in the
steel angle frame [s viewsd through the polarisaops analyzer, and the Image
la recordad by the Sinar camera, A simple mechanical jack Is used to position
the spocimaen, Figure H-3 llustrates how the tenslen force on the spaciman s
controlled by @ wing nut. The tenaile force on the model was aytimated by
reproducing the stress pattern with a known foice applied by o simple iever
Falance tystam, as shown In Figure H.4,

Procedure
The callbration constant € [ the ratio of the moximum shear stress,

Pmm: tO the ordur of birefringence N of the lsochromatic pattern, A 2.Inch
ciraular urethane rubber disc was used tor nelibration. A photograph of thy
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disc loaded in pure comprassion by 4.6 pounds is shown in Figure H-5, The
center of the disc Is the reference point. The birefringence order at this point
18 6.0. The value of 1, at the center was calculeted analytically: 75, ™
4F/ntD, The compression force is 4,6 pounds, the madel thickness, t, is ;
0.26 inch, and the modsl diameter, D, is 2 inches. The value of 1,y at the }
refarence point is found to be 11.6 psi. Thus, the value of C is equal to
1.91 psi. To aid In data reduction, the linear shear-birefringence reiation is -
shown in Figure H-6.
Photographs of unloaded specimens revealed internal strasses which
were found to exist near the notched internal ccrners. These spacimens wers
then tested with loads sufficient to produce clear, distinctive birefringences
of a reasonable quantity. A half-embedded circular cylindrical specimen was
subjected to approximately equal load Increments until fallure, and saquential
photographs were taken. The force levels in each case ware estimated by
reloading the spacimen with the lever halance system so that the Isochromatic
pattern in the photographs was reproducsd.

oanterling

| plexigless
1/4ein.diam hole { 1/4.1n, thlek

T Apaxy cement

-

e 3,010,

28n, ]
urethane rubber
11410, thick
' i
‘ (, spOXY cement
0.8 In ploxigiase , 4

Figure M1, Typical dimensions of soli moduin,
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turn wing nut to apply tentlon ~. 1 g 'l ‘
»

' abject modal

AT i a1 IR e

objeat modet
~

N
\.‘- circuiar polarisaops
)
/

\
\ ‘o/
~ b I -
’ ' Lin, S, VBN 0 In,
' I L i _ o)
] 10 In, ..,7#7\77_
! & 680 § (weight 2f beam) .
100¢
| 1,000
Figure H.4, Force measursmant cletail,
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All nf the photographs were taken with black and white Polarcid
Land type 57 films and a Wrattan 77a yellow filter, 1t was found that the
best dark-field polariscope picture was made by using 3000 ASA film with an
£32 opening and an exposure of 7 seconds. A blue monochromatic light
source was used since it gave more distinctive black and white photographs.
In all of the photographs, a transparent scale was used as a length reference.

Results

A summary of model dimensions is shown in Figure H-7, Figures H-8
to H-16 stiows a group of models undsr tensile [oadings. Sequentlal photo-
graphs of model F under stepwise load increments are shown in Figures H-16
to H-18, Each loading Is given in Table H-1,

Interpratation and Application

Based on the photoalsstic principlg, the maximum shear stress, 7pm,
is proportional to the birefringence order N. Tha 7, distribution is clearly
shown In wach of the isochromatic photographs. Each black curve may be
assigned a birefringence order along which the value of 7., is constani.
Qualitative conclusions can be inferred directly from the photographs;
howsver, quantitative conclusions require a determination of the proportional
or calibration constant,

By obsarving the growth of tha birefringance pattern during tha test,
ohe may determine the direction of the birefringence variation. Referring to
Flgure H-9, the curved arrows indicate the directions of increasing birefringenca.
For example, the vaiue of 7, Is zero at the free corner, is low at the canter of
the Intertace, and is highast at the lowar corners of the Joint, Consequently,
failure is initlated at the Internal corners and would extend downward and
Inward following the "ridge”* of the r,,, contour to form a fallure arc, which
is indicated with & dashed line.

Feilure curves for the other boundary geometrics are also indicated in
the partinent photographs. As shown In the sequential photographs,

Figures H-18 to H-18, the fallure curve is Independent of t1e external loading
for a given boundary geometry, Behavior In the plastic range cannot be
simulated with the urethane rubber models.

In order to make some quantitative estimates of maximum shear stress
under a glven loading, the following formula Is useful'

Tom ® CN (H-1)
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where 7. is the maximum shear stress in the model at 3 point corresponding
to the birefringence order N and C is the calibration constant. Thus, for any
paint in the inedium, the maximum shear st'ass may be calculatec. To
extrapolate the results to fisld conditions, tha foliowing formula Is given:

_ Flmtn

Fm Lt Tmm ‘H'z’

where m = model
F
L
t

applied force

lerigth

thicknass

T maximum shear stress In prototyps

In order to compute the breakout force, rearrange Equation H-2 into
the following form:

F o e [ e H-3
L tm (fmm) (H3)

The procedure requires {1) selection of a critical point In the medium and
(2) determination of the level of lnading F, at which the maximum shear
stress reaches tha yleld stress at the critical point. The critical point is
located at the canter of the fallure ridge. The breakout force Is easily
calculated from Equation H-3,

~ Asanexample, suppose 1 i desired to ¥ind the meximum shear stress
at a point 36 Inches left of the centerline and 24 Inches below the sediment
rirface of & 4 x 4 x 1B6-foot parallelupiped which Is embedded 6 Inches In the
soll under an auplled luad of 10,200 pounds. This embedment condltion
corresponds to the boundar geomstry of Figure H-8, where 1he equivalent
point Is designated 8s point A, The birefringence order N at A Is 4 5. From
Flqure M-8, 7,m ™ 8.6 psi, and from Table H-1, F = 6,14 pounds, s0 that
{rom Equation H-2

_ 10,000(0.75)(0.26)(8.8) _
T Eaa@eneng . - 003

which is the predicted maximum shear stress. As another example, suppose
we are interested in determining the breakout force of a 4 x 4 x 16-foot
paratlelapiped embedded 6 inches in a soll having a shear yielding stress of
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0.6 psl. First, the critical point, which is point B in Figure H-9, must be

I found. With a birefringence order of 6, the value of 7, is found from H
{ Figure H-6 to be equal to 11.6 psi. Using Equation H-3, we have 3
' i
' _ 0.6i6.14)(48)(160)(12) _ :
ﬁ t F T0.751(0.26)(11.6) 14,760 pounds 3
= Thisvalus will be higher than the actual force since fallure does not . ‘
occur simultaneously at all points along the failure are, During the Ffallure ’
P process, the transfer of load along the failure ridge causes the stress at the
| critical point to attain the yield point much earlier than predicted, However, q
! ' the omissian of the plastic consideration does not detract from the value of :
: the study reported on herein, it is useful to (1) support the numerical i
%. a technique given in Appendi»es C through G, (2) visualize the mode of failure, q
el and (3) prasent approximate engineering estimates of the breakout force, '
;' Teble H-1. Caiculation of Forces on Models
' L 0 F Figure
Model oy | tnd | (b) | Number
A 28,0 0 8.67 .8 ‘
B 17,5 0 6.14 H.8 :
c 18.5 0 6.68 H-10 ;
D 19.0 0 6.47 H-11 '
E 300 | 180 | 031 M-12 5
¢ G 18.0 0 8.25 H-13
H 16.0 0 5.81 H-14 '.
| 17.0 0 8.03 H.18 i
: F 13,6 0 5.26 H-16 i
F 30,0 0 8.90 H.17 3
77
Model

e.g. F 0

L 2 —
! I 0n, -
] % 890¢ ‘
1009
‘. 1,0009 .
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1/16in, 1

[r—

T b~ e amn,

model A \ < {
half circle

model F

"— 3/4in, —1
3/32in. l
P

!

3/18 In,

1/2in,

mode| B
ciraulor are

medel G

\s- 3/4ln, -4

—

!

modei C

haif sliipse I

l— (/4 In, ﬁ model H

¥
3/8 in,
[

L— 3/4 in, ~m

FIZ In.ﬁ

modal D

1/8 In,

elliptiosl are

J/4'n,
model B
Figure H-7. Gsomatries of models,
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Fligure H:11, Model D, vartically loaded.

Figure H-12. Model E, vertically loaded.
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verticall

Figure M. 18, Model |,

Figure H:14, Modsl H, vertically loaded.
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Flyure H 18, Model F, 14,80-p0

Figure H-17. Madel F, 3 .00-pound tension,
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Resulits ylslded by the empirical formula agrasd very well with a complicated theoretical
Procesiuic bvead on an iterative solution of & lumped parametar model of the ocsan vottom.
Solutions were obtaine. *~ various luad conditions and bottam (abjact) yeomeu i, |
\

DD o473 (FAaE 1

n
——
$/N Q101,427,000 Tocurlly Clansilicatlon




T

£ -tz ioes

ERY WORDYD

LINK A LINK &

LINK €

ROLE

w T RoLE wt

LT

wr

Breakout forces

Salvage

Ocean hottom
Mathematicat soil model
Continuum mechanics

Fleld tests

.E-D_ I'u.l.v.u‘ 473 (BACK)

(PAGE 2)

Unclassifled

Recurliy Clauaification




